Vé mjt sé dang phwong trinh ham da thirc

Phuong trinh ham da thirc 1a mot dang toan kho, dé giai dugc cac phuong trinh ham loai nay, chung ta
can nam rd khong nhing cac k¥ thuat giai phwong trinh ham ma con cac tinh chat va cac dic trung co
ban cua da thirc (nghiém, h¢ sé, bac, tinh lién tuc, tinh hitu han nghiém, tinh kha vi ...). Trong bai viét
nay, chiing ta s& dé cap dén mot sé dang phuong trinh da thic co so db 101 giai trong ty nhau: xay
dung nghiém va chtimg minh cac nghiém d6 vét hét tap hop nghiém.

1. Phwong trinh dang P(f)P(g) = P(h).

Bai toan tong quat: Gia st f(x),g(x) va h(x) 1a cac da thirc thuoc R[x] da cho thoa man diéu kién:
deg( f)+deg(g) =deg(h) . Tim tit ca cac da thic P(x) thudc R[x] sao cho:

PLf ()1P[9()] =PI (1), VxR | ,
Nghiém cua phuong trinh ham (1) c¢6 nhi€u tinh chat dic biét giip chiung ta c6 thé xay dung duoc tat
ca cac nghiém cua no tur cac nghi¢m bac nho:

Tinh chit 1.1. Néu P,Q 1 nghiém cta (1) thi P.Q ciing 12 nghiém cua (1).

Chtrng minh:

(PQ)h(X)]=

(P.Q)(h(x)) = (P)(h(x)).Q(h(x)) = P(f(x)).P(g(x)).Q(f(x)).Q(a(x))
= (P.Q)(f(x)).(P.Q)(g(x)).

Hé qua 1.2. Néu P(x) 13 nghiém cua (1) thi P"(x) ciing 13 nghiém cua (1).

Trong kha nhiéu trudng hop, hé qua 1.2 cho phép chung ta mo ta hét cac nghiém cua (1). Bé lam diéu
nay, ta c6 dinh ly quan trong sau day:

Pinh 1y 1.3. Néu f, g, h 1a cac da thirc véi hé s thuc thoa man diéu kién deg(f) + deg(g) = deg(h) va
thoa man mot trong hai diéu kién sau:
(1) deg() # deg(g) , ,
(i)  deg(f) = deg(g) va f* + g* £ 0, trong do f*, g* 1a hé sO cao nhat cua cac da thirc fva g
tuong ung.
Khi d6 v6i moi s6 nguyén duong n ton tai nhidu nhat mét da thirc P(x) c¢6 bac n va thoa méin phuong
trinh (1).

Chirng minh:
Gid st P la da thirc bac n thoa mén phuong trinh (1), deg(f) = f, deg(g) = g, deg(h) = h, cac h¢ sO cao

nhat cua P, f, g, h tuong Gmg 1a P*, f* g* h*. So sanh hé sd cao nhét hai vé ciia cac da thic trong
phuong trinh

P(f(x))P(g(x)) = P(h(x))
Tacd P*(f*)".P*(g*)" = P*(h*)" tir d6 suy ra P* = (h*/f*g*)".

Nhu vay, néu gia sitr nguoc lai, ton tai mot da thirc Q bac n (khac P) cling thoa méan phuong trinh (1)
thi Q* =P*vataco

Q(x) =P(x) + R(x) v61 0 <r=deg(R) <n
(ta quy udc bac cua da thitc déng nhat 0 bang -oo, do d6 deg(R) > 0 dong nghia R khong dong nhét 0)
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Thay vao phuong trinh (1), ta dugc
(P() + R(f))(P(9) + R(g)) = P(h) + R(h)
& P(OP(g) + P(NR(g) + R(AP(q) + R(NR(g) = P(h) + R(h)
& P(MR(9) + R(HP(9) + R(NHR(9) = R(h) )
Bay gio ta xét cac truong hop

i) deg(f) = deg(g). Gia sir f > g. Khi d6 bac cta cac da thirc ¢ vé trai (2) 1an luot 1a nf + rg, rf
+ ng, rf + rg, va do nf + rg > rf + ng > rf + rg nén vé trai c6 bac 1a nf + rg. Trong khi d6 vé
phai c6 bac 1a rh = r(f+g) < nf + rg. Mau thuan.

i) deg(f) = deg(g). Khi dd, hai da thic dau tién & vé trai ca (2) cung c6 bac 1a nf +rg=ng+
rf va c6 thé xay ra su triét tiéu khi thuc hién phép cong. Tuy nhién, xét hé s6 cao nhit cia
hai da thuc nay, ta co hé s6 caa x" * trong da thu:c thi nhat va tht hai 1an luot bing
P*(f*)"R*(g*)", R*(f*)'P*(g*)". Nhu thé, bac cua x™*" trong téng hai da thirc béng
P*R*f*rg*r(f*(n Vg™ r)) # 0 do f* + g* = 0. Nhu vay, bac cia vé trai cta (2) van la nf + rg,
trong khi d6 bac ctia vé phai 1a rh = rf + rg < nf + rg. Mau thuan.

Dinh 1y dugc ching minh hoan toan.

Ap dung dinh 1y 1.3 va hé qua 1.2, ta thiy rang néu Po(x) 1a mot da thuc bac nhit thoa min phuong
trinh (1) voi f, g, h 13 cac da thirc thoa mén diéu kién cta dinh 1y 1.3 thi tit ca cac nghiém cua (1) s&
c6 dang: P(x) =0, P(x) = 1, P(X) = (Po(X))".

Sau day, chung ta s€ xem xét mot sO vi du ap dung ctia cac tinh chat noéi trén.

Vi du 1. Tim tit ca cac da thic P(x) v6i hé sé thuc thoa man phuong trinh

P(x%) = P*(x) 3)
vo1 moi X thudc R.
Loi giai: Ta c6 cac ham f(x) = x, g(x) = x, h(x) = x? thoa mén céc diéu kién cua dinh 1y 1.3, va ham
P(x) = x 12 ham bac nhét thoa man (3) do d6 cac ham P(x) =0, P(x) =1, P(x) =x",n=1, 2, 3, ... 1a tat
ca cac nghiém cua (3).

Vi du 2. (Vietnam 2006) Hay xac dinh tat ca cac da thic P(x) véi hé s thyuc, thoa man hé thire sau:
P(X%) + X(3P(x) + P(-x)) = (P(x))* + 2x° (4)
véi moi s6 thuc x.
Loi giai: Thay X = - x vao (4), ta dugc
P(x*) —x(3P(-x) + P(x)) = (P(-x))* + 2x* (5)
Trur (4) cho (5), ta dugc
4x(P(x) + P(-x)) = PX(x) — P*(-x)
& (P(X) +P(x))(P(X) —P(-x) -4x) =0 (6)
(6) dung véi moi x thudc R, do doé ta phai co
+ Hoidc P(x) + P(-x) = 0 dung véi vo sb cac gia tri x
+ Hoic (P(x) — P(—X) — 4x = 0 dling v&i vo s0 cac gia tri x
Do P 1a da thirc nén tir day ta suy ra
+ Hoac P(x) + P(-x) = 0 dling v&i moi x
+ Hodc (P(x) — P(—x) — 4x = 0 ding v&i moi X
Ta xét cac truong hop:
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+P(X) +P(-x) =0
Khi do ta c6 phuong trinh
P(x?) + 2xP(x) = (P(X))* + 2x°
& PG =X = (P(x) — x)°
Pit Q(x) = P(x) — x thi Q(x%) = Q*(x). Theo vi du 1 thi Q(x) =0, Q(X) = 1, Q(X) = X". Tir d6 P(x) =x,
P(X) = x+1, P(x) = X" + x. So sanh véi diéu kién P(x) + P(-x) = 0, ta chi nhan cac nghiém: P(X) = X va
P(x) =x*'+x,k=0,1,2 ...
+P(X) —P(-x) —4x =0
Khi d6 ta c6 phuong trinh
P(x?) + X(4P(X) — 4x) = P*(x) + 2x°
& PE) = 2x2 = (P(x) — 2x)°
Pit Q(x) = P(x) — 2x thi Q(x%) = Q*(x) va nhu thé Q(x) = 0, Q(X) = 1, Q(X) = X". Tir d6 P(x) = 2x, P(x)
= 2x+1, P(x) = X" + 2x. So sanh véi diéu kién P(x) — P(-x) — 4x = 0, ta chi nhan cac nghi¢m: P(x) =
2X, P(x) = 2x+1vaP(x) = x* +2x,k=1,2,3 .
Téng hop hai trudng hop, ta co tit ca nghlem cua (4) la CaC da thirc
P(x) = X, P(X) = 2x, P(x) = 2x+1, P(x) = x*** + x, P(x) = x* + 2x v6i k=2, 3, ...

Vi du 3. Tim tit ca céac da thirc véi hé sb thuc P(x) thod man drfmg thtrc sau véi moi s6 thuc x
P(x)P(2x?) = P(2x%+x) @)

Loi giai: Cac da thirc x, 2x% 2x>+x thoa min diéu kién dinh 1y 1.3, do d6 ta s& di tim nghiém khong
ddng nhat hing sb v4i bac nho nhat cua (7).
Xét truong hop P(x) c6 bac nhat, P(x) = ax + b. Thay vao (7), ta co
(ax + b)(2ax’+b) = a(2x3+x) + b
So sanh hé s6 cua cac don thirc ¢ hai vé, ta duoc hé
a’=2a,2ba’=0,ab=a,b’=b
Hé nay vo nghiém (do a # 0) nén ta co thé két luan khong t6n tai da thirc bac nhat thoa mén (7).
Tiép tuc xét truong hop P(x) co bac 2, P(X) = ax? + bx + ¢. Thay vao (7), ta c6
(ax? + bx + c)(dax*+2bx?+c) = a(2x3+x)? + b(2x*+x) + ¢
& 4a%° + dabx’ + (dac + 2ab)x* + 2b53 + (ac + 2bc)x® + bex + ¢ =
4ax® + dax* + 2bx> + ax® + bx + ¢
So sanh hé s6 cac don thurc ¢ hai vé, ta dugc hé
4a* = 4a, 4ab = 0, 4ac + 2ab = 4a, 2b* = 2b, ac +2bc =a, be = b, c’=c.
H¢ nay c6 nghitma=c =1, b 0 Nhu vay, P(x) = x? + 1 1 da thtc bac 2 thoa min (7). Tir hé qua
1.2 vadinh 1y 1.3, ta suy ra (X +1) 1a tat ca cac da thirc bac chan (khong dong nhat hang s6) thoa min

(7).

Thé con cac nghiém cua (7) c6 bac 1¢? RO rang da thire x? + 1 khong “sinh” ra dugc cac nghiém béc
le. Rat may man, ta co thé ching minh cac da thirc bac I¢ khong thé 1a nghiém cua (7). De chung
minh diéu nay, dua vao tinh chat moi da thirc bac 1é déu co it nhat mot nghiém thuc, ta chi can ching
minh néu P(x) 1a mot da thirc khong dong nhat hang sd thoa man (7) thi P(x) khong c6 nghiém thuc
(day chinh 1a ndi dung bai Vietnam MO 1990).

That vay, gia st o la nghiém thyc cua P(x), khi do 20° + o ciing 1a nghiém ciia P(x). Néu o > 0 thi ta
6 a, o+ 20°, a + 2a’ + 2(a + 2a°)°, ... 1a ddy ting va tit ca déu 1a nghiém cua P(x), mau thuln.
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Tuong tu, néu o < 0 thi ddy néi trén 1a ddy giam va ta cling c6 P(x) c6 vo sb6 nghiém. Néu a = 0, dat
P(x) = xQ(x) v&i Q(0) # 0, thay vao phuong trinh, ta c6
XQ(X)(2x°)Q(2x%) = (2°+X)“Q(2x*+x)
=>  Q(X)(2x)"Q(2X) = (2x*+1)"Q(2x*+x)
Thay x = 0 vao ta dugc 0 = Q(0), mau thuan.

Vay P(x) khong c6 nghiém thyc, co nghia la P(x) khong thé c6 bac 1é. Noi cach khéc, bai toan da
dugc giai quyét hoan toan.

Nhu da ni & phan cudi clia bai trude, phuong trinh dang P(f)P(g) = P(h) con c6 thé giai bang cich
x€t cac nghiém (c6 thé 1a phuc) cia da thirc P(x) = 0. Sau day ching ta xét mot vi du nhu vay:

Vi du 4: Tim tt ca cac da thic khong hang s6 P(x) sao cho

P()P(x+1) = P(*+x+1) (8)
Loi giai: Gia sir a 1a mot nghiém cta P(x) = 0. Khi d6 @® + a + lciing la nghiém. Thay x bang x - 1, ta
c6 P(X)P(x-1) = P(x* — x + 1)
Vi P(a) = 0 nén ta ciing suy ra 8’ — a + 1 ciing 12 nghiém cua P(x) = 0.
Chon a 13 nghiém c6 modul 16n nhit (néu c6 mdt vai nghiém nhu thé thi ta chon 1 trong ching). Tir
cachchontasuyraja®+a+1/<|a|va [@>—a+1|<|a|
Ap dung bat dang thtrc v& modul, ta c6
|2a|<|a®+a+1|+|-a+a—1<|a|+]|a|=]2al
Nhu viy ddu bang phai xay ra & cic dang thirc trén, suy ra véi
(a®+a+1) = s(-a*+a-1) voi s 1a mot sé duong nao do.
Néula®+a+1|<|a’—a+1|thi2ja?—a+1|>|a*—a+1|+|a’+a+1|>]|2a| suyraja®—a+1|>|
a| Tuongtutir[a® +a+1|>|a’—a+ 1, cingsuy ra|a’ + a + 1| >| a |, mau thuln véi cach chon a.
Vayl@®+a+1|=|a’—a+1. Trdos=1vataco(a®+a+1)=(-a’+a—1)
suyra a>+1=0, suy raa= =i va nhu vay x* + 1 1a thira s ctia P(x). Tr day P(x) = (x* + 1)"Q(x),
trong d6 Q(x) 1a da thuc khong chia hét cho x* + 1. Thay vao (8), ta c¢6 Q(x) ciing thoa man (8).

Néu nhu phuong trinh Q(x) = 0 ¢6 nghiém thi lam tuong tu nhu trén, nghiém c6 modul 16n nhét phai
la +i. Nhung diéu nay khong thé vi x* + 1 khong chia hét Q(x). Ta di dén két luan rang Q(x) 14 hing
s0, gia st do la c. Thay vao phuong trinh, ta dugc ¢ = 1.

Nhu vay tit ca cac nghiém khong hing cua phuong trinh (8) c6 dang (x* + 1)™ véi m 1a sé nguyén
duong.

Chu ¥ rang két luan cua dinh 1y khong con ding néu f va g 13 hai da thirc ciing bac va c¢6 hé s cao
nhat d6i nhau.

Vi du v6i phuong trinh ham da thire P(x)P(-X) = P(x%-1) (9) c6 thé tim dugc rang c6 2 da thirc bac
nhat, 4 da thirc bac 2 thoa man phuong trinh. Bai toan mo ta tat ca cac nghiém cia (9) hién nay,

theo chaing toi, vin con 1a mét bai toan mé.

Bai tap:
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1. (Bulgaria 1976) Tim tit ca cac da thic P(x) thoa min diéu kién
P(x* — 2X) = (P(x-2))°
vO1 moi X thuoc R.

2. (TH&TT 7/2006) Tim tat ca cac da thic co hé sb thuc thoa man
P(X)P(x+1) = P(x*+2) véi moi x € R.

3. (Bulgaria 1988) Tim tit ca cac da thirc P(x) khong phai hing sb sao cho P(x*+1) = P3(x+1) véi moi
X.

4. Tim tit ca cac da thirc P(x) chi c¢6 nghiém thyc thoa méin phuong trinh (9).

5. Tim it nhat mot da thirc khong c6 nghiém thyc thoa méin phuong trinh & bai toan (9).
Phwong trinh dang P(f)P(g) = P(h) + Q.

Bay gio chung ta xét dén phuong trinh dang

P(f)P() =P(h) +Q (1)

(Dé tién theo dbi va khong qua ric rdi trong ky hiéu, ta danh sd lai cac cong thuc tir 1)
trong do f, g, h, Q la cac da thirc da cho, deg(f) + deg(g) = deg(h).

Vé6i phuong trinh (1), néu Q khong dong nhat 0 thi ta s& khong con tinh chat "nhan tinh" nhu dang 1.
Vi thé, viéc xay dung nghiém tr¢ nén khé khan. Pay chinh 1a khac bi¢t co ban ctia dang 2 véi dang 1.

Tuy nhién, ta vin c6 thé ching minh dwgc dinh 1y duy nhat, duoc phat biéu nhu sau:

Dinh ly: Cho £, g, h la cac da thirc khong hang théa man dleu kién deg(f) + deg(g) = deg(h), Q la mét
da thirc cho trude. Khi d6, v6i mdi s6 nguyén duong n va s thyuc a, ton tai nhidu nhit mét da thic P
thoa man dong thoi cac diéu kién sau:

1) deg(P) = n, ii) P* = aiii) P(f)P(g) = P(h) + Q

Phep chimg minh dinh ly nay hoan toan tuong tu v6i phép chimg minh dinh 1y da dugc ching minh ¢
phan 1.

1. Tim tat ca cac da thic P(x) thoa min phuong trinh
P?(x) - P(x%) = 2x*

2. Tim tat c4 cac da thic P(x) thoa min phuong trinh
P(-1) = PA(x) - 1

3. Tim tat ca cc bd (a, P, Q) trong d6 a la héng s6 thuc, P, Q 1a cac da thirc sao cho:
P2(X)/Q*(x) = a + P(x*)/Q(x*)
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3. Mt s bai tap tong hop

S

7.
8.
9.

P(3x) = P’(x)P”(x)P””’(x)
P(x) thudc R[x]: P(x%) = P(x)P(x-1) (Ireland 1994)
P(x?) = P(x)P(x+1)
P(x) thudc Z[x] 16P(x?) = [P(2x)]* Nam Tu 1982)
Tim cac da thirc f(x) thoa man: f(f(x)) = f(x)™ voi m > 1 nguyén cho trudc (Hong Cong 1999)
Cho da thirc P(x) = ax® + bx + ¢, a # 0. Chtrng minh rang véi s6 n thudc N tuy y khong ton tai
nhiéu hon mot da thirc Q(x) thoa méin dong nhat:
Q(P(x)) = P(Q(x)) v&i moi x thuoc R (Hungary 1979)
(x-1)P(x-1) = (x+2)P(x) (New York 1976)
2P(x) = P(x+1) + P(x-1) (New York 1975)
P(u? - V?) = P(u+V)P(u-v)

10. Nhiing da thirc hé s6 thuc nao c6 P’ 1a udc cua P?
11.P(x®) = P(X)P(x+1)

12.Tim P va Q trong R[x] sao cho: P* = 1 + (x*-1)Q°.
13.P(x+P(x)) = P(x) + P(P(x))
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