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KI THUAT PHAN TiCH BINH PHUONG HOAN V]
SUM OF CYCLIC (S.O.C)

I/ Léi néi dau.

Batdang thrc hoan v 1a nhirng bai toan ridep boi su phéat béu don gian nhe
nhang @a chung. Tuy nhién, & giai chung thi ngoc lai, viéc tim ot loi giai cho
chdng vo cuing at va va khoé kian. Vadéi véi nhitng bai toan c6 &ang thrc tro 1én
thi moi viéc lai cang t nén kho klin hon. Sau mt thoi gian hpc hoi kinh nghiém va
tim toi, tdida timdugc Mot Ki thuat dé danh gia cho ning kit ding thrc hoan v don
gian. Dodd khé cia cac bai toan nétdi khi mot sb 16i giai co dbi chatdai, nhung bu
lai & ta co th 1am chit cho ndt s bai toan ¢ay 1a ndt didu bit ngd ma K thuat nay
mang Ai).

Cing xin néi thém rag: kit dang thic hién dai rat phong phu ¥i rat nhiéu bai
tap. Tuy nhién i bat dang thrc hoan v vong quanh thi khac, nétrit nén co th coi
la nhitng bai toarhiém. Viéc tao ra ndt bat dang thic ding da la kho maté bat dang
thirc d6 hay thi cang khodm, néndéi véi bat dang thic hoan v thi diéu do lai cang
khé thrc hién. Vi thé ki thuat nay chi 1a mt cdng cunhd nhung lai v cling Kiu ich
dé cac lan c6 thém rit huéng gii quyét cac bai toan & dang thrc hoan v vong
quanh ba .

Mz du bai vét duoc hoan thanh trong lGc tdang cin trai nén rd mét, nheng
t6i vain 65 ging hoan thanh bai &i nay trong mt ngay trqg dai 26-3-2009 Poan
thanh nién @ng sin H5 Chi Minh). Vi thé t6i 5 rat hoan nghénh rimg sr déng gop,
tim toi sdng o thém cho kthuit nay r phia cac fn. Moi thic mic —doéng gop y
kién xin vui long lien & theodia cH:

E-mail: vnineq@yahoo.conhaic YM: vnineq

Tae gia

Wz

.
(O F
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11/ Co s& cua ki thuat.

Sé&that bat ngy néu toi ndi Wi cac kan ring @ so cia K thuat nay la plrong phap

phan tich binh prong S.0.S: lalva kit dang thic thuan nhit ba bén a,b,c \é dang:
S(b-9°+ §(e ¥+ § a )hb=20

Péi vai bat dang thic dbi xiing ba bén thi viec quy \é dang chinh ic S.0.S nh
trén ladon gian gilp ta @ dang gai quyét bai toan. Tuy nhiénjdi voi bat dang thic
hoan v vong quanh thi cach quy tréiéi khi khéng thich bp va to ra cac B s
S, 'S; S rat cong kénh va kho x Ii. Trong truing hop d¢6 ¢6 ndt cach khéac la quyéy
dang: (T6i tzm @i nd la phan tich binh plovng hoan ¥S.0.C)

S,(b-9°+ §(e ¥+ I a )bz (S-a)b-b)c-c)

Céach quy trén c6 gol?:

- Tha nhat: ddi véi cac ding hoan vvong quanh thi ndrtnhién vadon gian hon
cachdua v S.0.S chinh ing.

- Tht hai: d6i véi bat dang thrc hoan v thi ta chi cin xét nét trong 2 kil ning sau:
+ Mot trong ba & 1a I6n nhat (gia s 1a a= max{a,b,c}), thi ta xét 2 wong hop cod
thé xay ra lda=b=c vaazc= b.

+ Mot trong bao giita 2 $ kia (g s 1ab), thi ta xét 2 teong hop co thé xay ra la

azb=cvac=b=a.

Vi vy, néu vé trai va S khdng am thi ta ckét trrong hop c=b=a ma b qua
truong hop a=b=c.

Cuwi cung ding xin kru y ludn 1adéi véi cac bai toan saddy ching taing cH
xét tnrong hop c=bx>a(khi d6 (a-b)(b-9(c- 920= db+ Pe t& ab+r b Q)
con Wi truong hop a= b= c thi S(a- B(b- §( e <0, va ta ch phai lam theo plrong
phap trugn thing S.0.S 1a ang minh kAt ding thrc:

S.(b- %+ §(c ¥+ I & )b20
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[1l/ Phan tich co sb.
l.av’+bc+cd-db-Be éa&( a M b)E <€)

2. ab? + b + ca2—3ab(;:%( ab+ bor da ab bc?cta 3 Pe Ba ‘ab’bc? e )a

:%((a—b)(b— O(c- 3+ 4b ¥+ be B+ Ca )5)
5 @b b-c ca_—(a b )}ehp
"a+b b+c cta (arbB(b Nehn

a b c_l(a+b+a—b brﬁbceaeja_l( a b b c <)
. + + == + + ==| 3+ + +
atb btc cta 2 a b B c ¢ a atb b+c ct

:1(3_ (@-b)(b-9g(c- 8)]

2

2\ (at+b)(b+g(c+ 3
5.a*+bc¢+cd-db- Be éa&(a b ) a)bb)c—<)

~ Bén cah céac phan tichossy nay con it nhicu cach phan tich khac ma camtub
thé tu tim thay trong qua trinh gi toan.
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IV/ Xay dung dinh li.

Chung ta&xay drngdinh Ii, dua ra cac tiéu cHim tir cach phan tich

S(b-9°+ (e ¥+ & & )bz (S-a)b-b)cc)

Chu y:¢ day ta chixétden truong hop cz b= a

Nhu thé thi (a-b)(b- 9 =0 nén

S(b-9°+ §(e ¥+ & a b= § b)o+ ,S-a+b-b’e (S 3 b

=(5+8)(a P+( s+ 3( b)E+2,5-2)0b) ez 2[(,6,)6,+5)(S- K b )or2,( S)a-b)

Do d6 bt ding thic s dugc ching minh réu ta clirng minhdugc

2[5 +5)(5+ §+2 5 50

Xay deng trong tr nhu trén king cach tacha-b=c-b-(c- 9 va b-c=b-a—(c- 3,

ta ding duoc thém 2 tu chuin nira.

Tiép tuc xay drng: ta co

S(c-9=§eb b} > 4%<)hb)

va S,(b-9°+ S(a F=22/ 8 S(b)a—<)
Do d6 bit dang thrc € duwoc ching minh ®u ta ching minh dugc
45,+2/S.$2 % e }

Ngoai ra ta con c6,(b- 9+ §( e ¥+ & a 623y ,S,S(6-b’€c-c’@-d’

Nén [t dang thic $ dugc ching minh rgu ta chirng minhduoc
275,552 8(a b X € )

Hé thong cac Kt qua trén ta co cAc tiéu chn sau:
1. S+520 $+ 5202/ S ¥ ,$ )52 ,5(S9=8
S,+520, 5+ 5202/ S ¥ .8 )52 .5(59=2b
S+520 S+ 8202/ & N % )52 .S(Sh=8
5,20,$20,2/S.S+4S 8¢ R
S,20,§20,$20,2/ S5 6—¢ B (
S,20,§20,$20,2/ S5 $b R (
S,20,$20,$20,27SS.S °Y-a )b-b)c-c pal

Cac tiéu chan trén At tien dé xir Ii nhitng bai toan cé cacdisd s,; S; Scong kénh
(dac biéet Iatlgu chuin 1 rit manh). Tuy nhién éu ta dgip nhing bai toan 4t chit dén
noi khong tie ap ding duoc tiéu chi nao thi c6 & cach khac latit c=a+ x+ yva
b=a+ x(x, y=0). Cach lam nay gilp ta cOéhoai di a mot cach nhanh chéng ah
cach phan tich trén ¢b c-a= x+ y b- a= »). Hon nira ta hi con co tke 1am chit cho
bat dang thrc nhy cac bén conthira lai. CAc bai todn apuhg saude lam sang d
thém chadiéu nay. " ‘ o

Ngoai ra, ta con coé érchia ntd nhicu truong hop nira trongc=bz a dé de dang
giai quyet bai toan.

) N OO 0N
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V/ Ap dung vao giai toan.

~ C6 le mpi ki thugt ciing xuit phét i mjt bai todn naa76. Va tdi @ng vdy, toi xin
bat dau kang n¥t bai toan ki dau cho kithuit nay nat cach tinh o

Bai to4an 1.Cho céc 8 thuc khéng am a,b,c. Gimg minh lat dang thic
a’b+b’ct ¢ a
a®+b’+ c3+3abcm2ab(a+ B+ b¢ b+ 3+ cae ¥

L i giai. 7

Néu a= b= c thi a’b+ e+ ¢a> a+ bé+ c3 nén theo fit dang thic Schur thi

b+ bPc+ Ca
B+ +C+3abci DT C A s Py Gr3abe alf & bt b a€ )i
ab2+bc2+cee b D) b@ Xﬂ- (( )

Néu c= b= a thi bit dang thrc dugc viét lai nhu sau

a’b+bPc+ Ca j

a’+b’+c-3abct3ab —1|=>ab(a+ b+ bd b+ ¢+ cl e 6 at
{ab2+bc2+cé (a+ b+ bq br ¢+ cé e B

= Z(@rbrg((a- P +(b- g2+ (o ) - EAE I HE By qpo g o g2r ¢ ¥

ab” + bc*+ cd

1 , 1 1 3abc(a- b(b- 9(c A
@E(a+b o(a- b +§(b+c—a(bf+§(& a J§ € )az T bt

3abc(c- g S
ab’+bc*+cd
Quy ddng, rat @n va nhdém cacdshang li véi nhau taduoc bat dang thrc twong
duong la

2bc2(\/§:—a)+ aB(c p+r B e br A% % ‘at@ A a@ A 8@ ? abe

Bat dang thic tréndling docz b= a 7 o
Vay ta co ta cdfieu phai chang minh.bang thrc xdy ra khi va chkhi ba bén bing
nhua hdac mot trong 3 bén bing 0 va 2 kin con hi bang nhau.

Theo tiéu chén 1 thi ta chcan ching minh 2Jac+ c+ a- b-

Bai toan 2. (Nguyn Trong The) Chizng minh eing vd a,b,c>0 thi:
a b® c a+ b+ c
+ + >
7 2a’+b* 20°+ ¢ 2¢+d& 3 ‘ , ‘
Loi gidi. dé cho gn ta ki héu > la tong cyclic (moi tong gom 3 $ hang). Bang
cach bén doi twong duong ta co
3_
z;z—f‘szzo - 3 (@ -alf)2t + )22+ &)= 0

= 3 aW+2) ad+2) dB+) déz4) abt+2d dbier2) ‘at

- 2 (a0 + @ P-24 ¢+ (At+ AbE-2 A= 2(Y Ca'b *d)

= 2)ab’(a- g+ @¢(a h’22(a Wb Y e }D B> ‘ab
Bay giv gia Sr a=max{a,b,c}. Néu c<b thi lit dang thrc trénding nén ta chphai xét
khi a=c>b. Ta € chitng minh

28’0’ (a- 9’ + 28 C(c- B>+ dé( & P22(a X € % *de ahbc )
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Xét 2 truong hyp:
Truong hop 1. Xét khic-b< a-c, ta co
b’(a-0*+ad(a h?’=2d06(a W e prd4 2d a )¢ € )
Vi @b’ +2a°¢2 a ( &+ ber B)nén suy rdidu phii ching minh.
Truong hop 2. Xét khic-b> a- ¢, tuong tr nhu trén ta co
2a’c*(c-b*+ a@F(a h?z22d&d(a W e prdad a ) —<)
Vi @’ +2a°¢- &( ¢+ be- b)> Atk Abe ¥ be h= ‘g bc)b * albe o) 20
Nén ta @ng cddieu phii chimg minh. 7
Vay bat dang thrc dugc chrng minh xongbang thrc xay ra khi va ctkhi a=b=c.

Bai toan 3. (VIF) Cho céc 6 thirc khéng am a,b,c. Gimg minh
4a , 4 A4 a + bé+ cd+ abg

>7
a+tb b+c cta db-BPe ta abc

L &i giai. theo cach phan tickveso 4 thi it ding thic dugc viét lai thanh
5 3_(a—b)(b— o(c-3), aBb+ bé+ ca+ abc1 6
(a+b)(b+ 9(ct+ 3 dbr be ta abc
(@-b(b-9(c- 3 _2(a bk e R,
~ @%b+ bt Car abc (a W b X € )a
_ (a=b)(b-g(c- e)[(a+ BB X e r2(ab beca a))]c
(a’0+bPct Car abd( & W b X € Ja
_ [(a-b)(b-9(c- 3]’ >0
(a®b+bPct Car aby( & H b X € )a
Bat dang thic trén hén nhiénddng.
Vay ta codieu phai chitng minh.bang thirc xay ra khi va chkhi a=b=c.

Bai toan 4. (UK TST 2005)cho céac 8 thyc drong a,b,c sao cho abc=1. @hg

minh ring: -2%3 , b*3 , c+3
(a+1)® (b+1F (c+1f

Loi giai (VIF). do abc=1 nédat a % b=
Bat dang thrc trén duoc viét lai nhu sau
3x2+xy+3f+ yz+3%+ Z’§3©§ % ¥12+ y glz{ Z ) jz N
(x+y)* (y+2* (z X 4|\ x+y y+z Z X

+1{(x+y)2—(x—y) L P-(y B (2 R-( 2 ﬁ‘}s
4 (x+ y)>? (y+2? (z+%°

2 2 2
I IR A IR O +(Z_j
X+y y+ z z+
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Néu (x-Yy)(y- 3( = ¥<O thi kit trén hén nhiéndang.

{ a j . 3§/((x—y)(y— 2z sz
20 ) mimon | Gory)(y+ A2 X

nén ta chcan ching minh &=NOY=AZ Xy orhevy 274 2 ¥>0(lubnding).
O minh ey a(ar 3=t Ay Yz 2200 9

Néu (x-y)(y- 3( = yzomi(i‘yj +[ y= Zj

+y y+ z

Vay ta codiéu phai chirng minh.bang thre xay ra khi va chkhi a=b=c=1.

C6 tlé néi hai bai toan trén khongire phai sir dung dén mot tiéu chian nao é.
nhueng mit khac hi cho thiy duoc céi bi khi phan tich @ S(a- B(b- ¢( e .

Va bay g¥ chiing ta & thyc hign lam chit mot so bat dang thrc bang cac bin con
thera nhr @& néio Loi noi dau.

Bai toan 5.Cho céc 8 thic khdng am a,b,c. @Ging minh lat dang thic
4(a+b+0)°’ > 27( alf + bé+ cd+ ab):
L i giai.
Néu a= b= c thi ab’ + bc®+ c& + abe ab+ btr da alnén
27(ab? + b+ cd + aby< 2 ( ab+ ber ca+ dv Be Ga o
2

Do d6 ta chi can ching minh27(ab® + bc*+ cd + ai+ bé+ ca+ a8 & b )t
- 8(a’+b*+C’)23( alf + bé+ ca+ ab+ b+ c3+6 al
Bat dang thrc trén hén nhiéndlng theo bt dang thic AM-GM
Néu c= b= a thi ta vet bat dang thrc lai nhu sau:
4% a’+12) a’b- 15 alf - 3abe (

- 4(Za3—3abc)—g[2(ab{ a- ) -6 ab§+277(2 abY @20

= 2@+b+ [ Y (a- ]2 X (db- )22 (e Wb K e ¥

o (4b+4c+ a)(b— o+ (4c+ 4a+ h(e F+ (4 a4k oa b= 27(€ Wb (<
~ (5a+5b+8c)(c- b} + (8a+ 5br 5c)(b- & + 2(4a b 4d(e B(H % 27(< Kb X-c
Dit c=a+ x+ y b= a+ ». Bat dang thirc duoc viét lai nhu sau
y*(18a+ 8y+ 13x)+ ¥ (18a+ Sy+ 10xy 2(% 5¢ 4y )Xy 27xyX
Loai a thi ta chi cin ching minh
y*(8y+13x)+ X (By+ 10x} 2(5% 4y)xg 27xy(x y» 5w 4w 6x+ 3%
Taco2(xX’+x+ ys)AM;GM6x2y R+ y+§ 2 6

M-GM
Do d6 ta cédiéu phii ching minh o
Bay gio nhr da ndio phan Xay drngdinh I, ta & lam chit bat dang thrc nhy cac
bién con thra:
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1 3 27
,5-%83(%+ Yan), 2,00, 0 ¥ =5 de X
Nhu vay la ta cé lt dang thrc chat hon la: wi k =min{a h ¢ va t=max{a,b,c}thi
3 27
4(a+b+cf 2 27( &l + b+ ca+ abpr Kt X

Cac bn dung lo cach lam cit nay chi ding trong njt truong hyp ma tadang
xet, i trong trong hop ngroc laiaz bz ¢ thi sau khidanh gia bt dang thic
(a-b)(b-9(c- 9<0<—(a B( b ¥ e ¥ cdng véc con hi chi Ia van de tuong tr.

Bai to4an 6.Cho céac §é thuc khdng am a,b,c. Gimg minh lat dang thic
a®+p’+c+2(a’b+ Per ¢ a=3( ab+ bt A
L oi giai.
Néu a= bz c thi 2(a’b+ bPc+ ¢9=2(aB+ b+ c3 vaa+b*+c= al+ bé+ cd nén
bat dang thrc hién nhiéndung. ,
Néu c=b= a thi bat dang thrc duoc viét lai nhu sau
(a+b(a-B°+(b+ 9(a B’ +( e ¥ a P=5(a }f b )¢ € )
- (2a+b+c)(b- d+(2c+ a+ B(e F2(b N e M3 €7 )
Dit c=a+ x+ y b= a+ ». Bat dang thirc duoc viét lai nhu sau
X*(4a+2x+ y)+ ¥ (da+ 3x 2y)> xy-4a 3% 3y
Loai adi thi ta chi cin ching minh
X(2x+ Y+ Y(@Bx+2y= xy(3% 3Y)= 2%+ 23> 2%
Bat dang thic trénd(ng do2x’+y* > 2x'y
Ciing nhr bai toan trén, ta c6 éHam chit bai toan va thduoc:
a’+b’+c+2(a’bt et ¢ a=3( ab+ bt cza+g (k-t )k

Bai toan 6. (VIF) cho céc 8 thuc dwong a,b,c. Cling minh
2+ +E 3 2(a2b+ b’ c+ cza)— abc>

+=, >

ab+bc+ ca 2 2(ab2 + b+ caf)— abc

S
2

L oi gii.
4 2 — = N\ . .
Néu a=bx ¢ thi 280+ et 8- abe, ) han @ dang suy ratidu phii ching minh

2(ab’ + bc + c&) - abc
Néu c= b= a thi bit dang thic dugc viét lai nhu sau

(@a-b*+(b-0*+(c- 3" 6(a B(b X e n

ab+bc+ ca B 2(ab2 + bc?+ caf) - abc
M (=D + (b= 9% +(c- &° _ 2| (c=b)" +(b-a"+(c- B(b- 3] _ 6(c-b)(b- 3
ab+ bc+ ca ab+ bc+ ca ~ ab+bct+ ca

c-a
>
ab+ bc+ ca z(ab2 + bc2+ caz) - abc

Quy ddng va rat @n bat dang thrc trén thanhe(b- a)(c- 9 +2cd+34 2 0

Nén ta chcan ching minh
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Bat dang thic trén hén nhiénding. \Ay ta codiéu phii chirng minh.Dang thrc xay
ra khi va cti khi a=b=c.

Bai to4an 7.Cho céc & thuc khdng am a,b,c. @ing minh kit dang thic
a+b’+¢c 3
—2abc+Z|(a— B(b- 9(c 3|

L &i giai. that ra ta c6 th ching minh it dang thic manh hon 1&;

LEVLE anor | (a- B(b- o( e Al

Khéng nit tinh Hng quat gi sir c=b> a. Bat dang thrc trénduogc viét lai nhu sau
a’+b’+c*=3abcr3|(a B(b (e A
- (a+tb+9[(a- B +(b- ¥+(c ¥ |26](a N b X € H
Ap dung tiéu chén 4, ta ci phii chang minh6(@a+b+ c)-6(c- 8= 0~ 12a+ 6= (
Bat dang thrc trén hén nhién.
Vay ta codieu phai chirng minh.bang thrc xay ra khi va chkhi a=b=c
3/3+9

o1
AHDHC abor t e“f_ |a-b)(b- o(c- 3|

Nhung dé gial quyét bai toan nay thlan phii nho ¢én cdng cuham $, nén khong
tién nhic dén o day.

That ra hing $ t6t nhat trong bai toan trén I% , tic 1a ta co Bt dang thirc
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V1/ Bai tap ap dung.

Qua cAc vi du trénda phan nao néi Iéndiém manh cia ki thuat nay, va bay
gio’ cac ban thir ap dung phwong phap nayde giai quyet cac bai toan:

Bai to4an 1.Cho céc 8 thic khéng &m a,b,c sao chd+b? + ¢ =3. Ching minh
, ab’ + bc*+cd <2+ ab
Bai toan 2. Cho cac 8 thuc khéng am a,b,c sao chd+b”*+ ¢ =1. Ching minh

@+b+9(a-B(b- §( e ass

Bai toan 3.Cho céc §é thuc khéng am a,b,c. éimg minh lat dang thic
a b c 3abc
+ + + >
b+c cta atb 2(ab’+bc*+cd)
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