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PREFACE

This book contains one hundred highly rated problems used in the train-
ing and testing of the USA International Mathematical Olympiad (IMO)
team. It is not a collection of one hundred very difficult, impenetrable
questions. Instead, the book gradually builds students’ algebraic skills
and techniques. This work aims to broaden students’ view of mathemat-
ics and better prepare them for possible participation in various mathe-
matical competitions. It provides in-depth enrichment in important areas
of algebra by reorganizing and enhancing students’ problem-solving tac-
tics and strategies. The book further stimulates students’ interest for
future study of mathematics.






INTRODUCTION

In the United States of America, the selection process leading to par-
ticipation in the International Mathematical Olympiad (IMO) consists
of a series of national contests called the American Mathematics Con-
test 10 (AMC 10), the American Mathematics Contest 12 (AMC 12),
the American Invitational Mathematics Examination(AIME), and the
United States of America Mathematical Olympiad (USAMO). Partici-
pation in the AIME and the USAMO is by invitation only, based on
performance in the preceding exams of the sequence. The Mathemati-
cal Olympiad Summer Program (MOSP) is a four-week, intense train-
ing of 24-30 very promising students who have risen to the top of the
American Mathematics Competitions. The six students representing the
United States of America in the IMO are selected on the basis of their
USAMO scores and further IMO-type testing that takes place during
MOSP. Throughout MOSP, full days of classes and extensive problem
sets give students thorough preparation in several important areas of
mathematics. These topics include combinatorial arguments and identi-
ties, generating functions, graph theory, recursive relations, telescoping
sums and products, probability, number theory, polynomials, theory of
equations, complex numbers in geometry, algorithmic proofs, combinato-
rial and advanced geometry, functional equations and classical inequali-
ties.

Olympiad-style exams consist of several challenging essay problems. Cor-
rect solutions often require deep analysis and careful argument. Olym-
piad questions can seem impenetrable to the novice, yet most can be
solved with elementary high school mathematics techniques, cleverly ap-
plied.

Here is some advice for students who attempt the problems that follow.

e Take your time! Very few contestants can solve all the given prob-
lems.

e Try to make connections between problems. A very important
theme of this work is: all important techniques and ideas featured
in the book appear more than once!

e Olympiad problems don’t “crack” immediately. Be patient. Try
different approaches. Experiment with simple cases. In some cases,
working backward from the desired result is helpful.

e Even if you can solve a problem, do read the solutions. They may
contain some ideas that did not occur in your solutions, and they
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Introduction

may discuss strategic and tactical approaches that can be used else-
where. The formal solutions are also models of elegant presenta-
tion that you should emulate, but they often obscure the torturous
process of investigation, false starts, inspiration and attention to
detail that led to them. When you read the solutions, try to re-
construct the thinking that went into them. Ask yourself, “What
were the key ideas?” “How can I apply these ideas further?”

Go back to the original problem later, and see if you can solve it
in a different way. Many of the problems have multiple solutions,
but not all are outlined here.

All terms in boldface are defined in the Glossary. Use the glossary
and the reading list to further your mathematical education.

Meaningful problem solving takes practice. Don’t get discouraged
if you have trouble at first. For additional practice, use the books
on the reading list.
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ABBREVIATIONS AND NOTATIONS

Abbreviations

AHSME American High School Mathematics
Examination

AIME American Invitational Mathematics
Examination

AMCI10 American Mathematics Contest 10

AMC12 American Mathematics Contest 12,
which replaces AHSME

ARML American Regional Mathematics League

IMO International Mathematical Olympiad

USAMO United States of America Mathematical Olympiad

MOSP Mathematical Olympiad Summer Program

Putnam The William Lowell Putnam Mathematical
Competition

St. Petersburg St. Petersburg (Leningrad) Mathematical
Olympiad

Notations for Numerical Sets and Fields

Z the set of integers

Z, the set of integers modulo n

N the set of positive integers

No  the set of nonnegative integers

Q the set of rational numbers

Q* the set of positive rational numbers

Q° the set of nonnegative rational numbers

Q™  the set of n-tuples of rational numbers
¢ R the set of real numbers

Rt  the set of positive real numbers

R®  the set of nonnegative real numbers

R™  the set of n-tuples of real numbers

C the set of complex numbers
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1. INTRODUCTORY PROBLEMS

Problem 1
Let a, b, and c be real and positive parameters. Solve the equation

Va+bz+vVb+cx+vVe+ar=vb—azr+ Ve—bxr+ va—cz.

Problem 2
Find the general term of the sequence defined by zo = 3, z; = 4 and

2
Tn+l1 =Ty — NIy
for alln € N.

Problem 3
Let z1.x9,...,x, be a sequence of integers such that

(i) =1 <z, <2, forv=1,2,...,n;
(ii) z1 +z2+- +z, =19
(iii) 22 + 2+ + 22 = 99.
Determine the minimum and maximum possible values of

3 3 3
-T1+-’1f2+" +.’En

Problem 4
The function f, defined by

ar +b
f(x)—m,

where a, b, c, and d are nonzero real numbers, has the properties

f(19) =19, f(97)=97, and f(f(z)) ==z,

d
for all values of x. except —

Find the range of f.



2 1. Introductory Problems

Problem 5
Prove that ( b)2 b ( b)2
a— a—+ a—
< —— _Vab<
8a - 2 s g

foralla > b > 0.

Problem 6
Several (at least two) nonzero numbers are written on a board. One may

. b
erase any two numbers, say a and b, and then write the numbers a + 2
and b — g instead.
Prove that the set of numbers on the board, after any number of the

preceding operations, cannot coincide with the initial set.

Problem 7
The polynomial

l—z422—z3 4. 4216 g7
may be written in the form

a0 + a1y + a2y® + - - + a16y*° + ar7y?’,

where y =  + 1 and a;s are constants.
Find as.

Problem 8
Let a,b, and ¢ be distinct nonzero real numbers such that

1 1 1
a+-=b+-=c+-.
b c a

Prove that |abc| = 1.

Problem 9
Find polynomials f(z), g(z), and h(z), if they exist, such that for all z,

-1 ifr< -1
If(@)] - lg(z)] + h(z) ={ 3z+2 if-1<z<0
-2z +2 ifz>0.



1. Introductory Problems

Problem 10
Find all real numbers z for which
8 +27% Z
12z +18* ~ 6
Problem 11

Find the least positive integer m such that

1
()
<m
n
for all positive integers n.

Problem 12
Let a,b,c,d, and e be positive integers such that

abcde =a+b+c+d+e.

Find the maximum possible value of max{a, b, c,d, e}.

Problem 13
Evaluate

3 + 4 - 2001
1+2143 21 4+314+ 4! 1999! + 2000! + 2001!"

Problem 14
Let t=+va2+a+1-+va2—-a+1,acR.
Find all possible values of z.

Problem 15
Find all real numbers x for which

10¥ + 117 4+ 127 = 13" + 14%.



4 1. Introductory Problems

Problem 16
Let f: N x N — N be a function such that f(1,1) = 2,

flm+1,n) = f(m,n) + m and f(m,n+1) = f(m,n) —n

for all m,n € N.
Find all pairs (p, q) such that f(p,q) = 2001.

Problem 17
Let f be a function defined on [0, 1] such that

f(0) = f(1) = 1 and |f(a) — £(b)| < |a - b,

for all a # b in the interval [0, 1].
Prove that )
HORIGIRES

Problem 18
Find all pairs of integers (z,y) such that

2’ +y’ = (z+y)”

Problem 19

Let f(z) = ﬁ for real numbers z.

1 2 2000
f(éﬁ) f(éﬁ)*"'”(ﬁ)

Problem 20
Prove that for n > 6 the equation

Evaluate

has integer solutions.

Problem 21

Find all pairs of integers (a, b) such that the polynomial az!? + bz'6 + 1
is divisible by 2 — z — 1.
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Problem 22

Given a positive integer n, let p(n) be the product of the non-zero digits
of n. (If n has only one digit, then p(n) is equal to that digit.) Let

S =p(1)+p(2)+ -+ p(999).
What is the largest prime factor of S?7

Problem 23

Let x,, be a sequence of nonzero real numbers such that
Tpn—2Tn—1

Ty = ————
21:71—2 —Tpn-1

forn=3,4,....

Establish necessary and sufficient conditions on z; and z; for z,, to be

an integer for infinitely many values of n.

Problem 24
Solve the equation

22 -3z=vVz+2.

Problem 25

For any sequence of real numbers A = {a1,a2,as,- -}, define AA to be
the sequence {a; —a;, a3 —az, a4 —as,...}. Suppose that all of the terms
of the sequence A(AA) are 1, and that a;9 = agy = 0.

Find a;.

Problem 26
Find all real numbers z satisfying the equation

2"+ 3" -4 46" -9 =1.

Problem 27
Prove that
80
16 < — < 17.
Problem 28

Determine the number of ordered pairs of integers (m, n) for which mn >
0 and
m® 4+ n® 4+ 99mn = 333,



6 1. Introductory Problems

Problem 29

Let a,b, and c be positive real numbers such that a + b+ ¢ < 4 and
ab+ bc+ ca > 4.

Prove that at least two of the inequalities

la—b <2, |b—¢<2, Jc—a|<2

are true.
Problem 30
Evaluate
- 1
AY] AN

= (n—Kk)(n+ k)
Problem 31
Let 0 < a < 1. Solve

z* =a”

for positive numbers z.

Problem 32

What is the coefficient of z2 when
(1+2)(1 +22)(1 +42) - (1 + 2°2)
is expanded?

Problem 33
Let m and n be distinct positive integers.

Find the maximum value of (™ — z"|, where z is a real number in the
interval (0, 1).

Problem 34
Prove that the polynomial

(z-a1)(z—ag) - (T —an) - 1,

where ay,az, - -, a, are distinct integers, cannot be written as the prod-
uct of two non-constant polynomials with integer coefficients, i.e., it is
irreducible.
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Problem 35
Find all ordered pairs of real numbers (z,y) for which:
(I+2)(1+2)(1+2") = 14y
and (1+y)1+¢>)(1+y*) = 1+2z".

Problem 36
Solve the equation

2027 — 1)2% + (2% —2)z =2t -2
for real numbers z.

Problem 37

Let a be an irrational number and let n be an integer greater than 1.

Prove that
1

(a+\/m>%+(a— az—l)"

is an irrational number.

Problem 38

Solve the system of equations
(1 — 29+ 23)° = zo(x4 + 25 — T2)
(r2 — 23 +24)° = x3(T5 + 71 — 73)
(x3 — x4 +25)° = z4(x1 + T2 —4)
(Ta—z5+11)° = x5(x2 + T3 — T5)
(x5 —x1 4+ 22)° = z1(z3+ 24 — T1)

for real numbers x1, T2, 3, T4, Ts.

Problem 39
Let z,y, and z be complex numbers such that

TH+y+z=2,
?+y?+22=3

and
zyz = 4.

Evaluat
valuate ] ] ]

zy+z-—1 +yz+:c—1 +zw+y—1'
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Problem 40

Mr. Fat is going to pick three non-zero real numbers and Mr. Taf is going
to arrange the three numbers as the coefficients of a quadratic equation

i+ x4+ _=0.

Mr. Fat wins the game if and only if the resulting equation has two
distinct rational solutions.

Who has a winning strategy?

Problem 41

Given that the real numbers a,b,c,d, and e satisfy simultaneously the
relations

a+b+c+d+e=8and a®+b%+c?+d?+e? =16,

determine the maximum and the minimum value of a.

Problem 42
Find the real zeros of the polynomial

Py(z) = (22 + 1)(z — 1)® — az?,
where a is a given real number.

Problem 43
Prove that

for all positive integers n.

Problem 44
Let
P(z) =aox™ + a1z '+ +a,
be a nonzero polynomial with integer coefficients such that P(r) =
P(s) = 0 for some integers r and s, with 0 < r < s.
Prove that ax < —s for some k.

Problem 45
Let m be a given real number.
Find all complex numbers z such that

ol 2+ z 2—m2+m
z+1 x—1) '
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Problem 46
The sequence given by zo = a, 1 = b, and

1 1
Tnt1 = 3 Tn-1 +x_ .

is periodic.
Prove that ab = 1.

Problem 47
Let a, b, c, and d be real numbers such that

(@® +b* = 1)(c®* +d* — 1) > (ac + bd — 1)*.

Prove that
a?+b>1land 2 +d?>> 1.

Problem 48
Find all complex numbers z such that

(3z+1)(4z+ 1)(6z + 1)(122+ 1) = 2.

Problem 49
Let 1,22, -+,Zn—1, be the zeros different from 1 of the polynomial
Pz)y=z"-1,n>2.
Prove that
1 1 4t 1 _n—1
l-z  1-x l—zpny 2
Problem 50

Let a and b be given real numbers. Solve the system of equations

z—yy/x% —y?

y—z /2% —y?
V1—x2+y?

for real numbers z and y.

a,
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2. ADVANCED PROBLEMS

Problem 51

Evaluate
2000 + 2000 + 2000 - 2000
2 5 8 2000/

Problem 52
Let z, y, z be positive real numbers such that z* + y* + 2% = 1.
Determine with proof the minimum value of

3 3 3

x N y 4 z
1—28  1-—¢y®  1-2%

Problem 53
Find all real solutions to the equation

2% 4+ 3% 4 6% = 12,

Problem 54
Let {an}n>1 be a sequence such that a; = 2 and
_ Gn 1
An+1 = 2 + o

for all m € N.
Find an explicit formula for a,,.

Problem 55
Let z, y, and z be positive real numbers. Prove that
z + y
s+ /(@+y)z+2) y+/(y+2)y+2)

Tttty
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Problem 56
Find, with proof, all nonzero polynomials f(z) such that

fE) + f(2)f(z+1)=0.

Problem 57

Let f: N — N be a function such that f(n+1) > f(n) and
f(f(n)) = 3n

for all n.

Evaluate f(2001).

Problem 58

Let F be the set of all polynomials f(z) with integers coefficients such
that f(z) = 1 has at least one integer root.

For each integer & > 1, find my, the least integer greater than 1 for
which there exists f € F' such that the equation f(z) = my has exactly
k distinct integer roots.

Problem 59
Let z; = 2 and
Tntl = T% — Tn + 1,

forn > 1.
Prove that

QR S NI SR N R

2277 Ty oz Zn 22"’

Problem 60

Suppose that f : Rt — Rt is a decreasing function such that for all
z,y € RY,

fla+y)+ f(f(@) + fW) = f(fle+FY) + fy + f(2)))-

Prove that f(f(z)) = z.
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Problem 61
Find all functions f : Q — Q such that

flz+y)+ f(z—y) =2f(x) +2f(y)

for all z,y € Q.

Problem 62
Let % <a<l.
Prove that the equation

2} (z+1) = (z+a)(2z + a)
has four distinct real solutions and find these solutions in explicit form.

Problem 63
Let a, b, and ¢ be positive real numbers such that abc = 1.

Prove that
1 1 1

<1.
a+b+1 +b+c+1+c+a+1 -

Problem 64

Find all functions f, defined on the set of ordered pairs of positive inte-
gers, satisfying the following properties:

f(.’l),.’l)) =z, f(a:,y) = f(y,x), (z+y)f(a:,y) :yf(x,x+y).

Problem 65

Consider n complex numbers z, such that |zx] < 1, &k = 1,2,...,n.

Prove that there exist e, ez, ...,e, € {—1,1} such that, for any m < n,
|e1Z1 +e222 + -+ emzml <2.

Problem 66

Find a triple of rational numbers (a, b, c) such that

VV2-1=¥a+Vb+ e
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Problem 67
Find the minimum of

1 1 1
log,, xg—z + log,, .’l)a.—z +---+log,, xl—z

where z1, za,...,Z, are real numbers in the interval (%, 1).

Problem 68
Determine z2 + y2 + 2% + w? if

2 2

z Y

T p_ptp_ gl gz b
AR L.

e_pte_mitpg_gTp_p "
zz y2 2'2 w2

- -2 e e
.'1:2 y2 2'2 w2

g g g gt

Problem 69
Find all functions f : R — R such that

flef(@) + (@) = (f(2)* +y
for all z,y € R.

Problem 70
The numbers 1000, 1001, - - -, 2999 have been written on a board.

Each time, one is allowed to erase two numbers, say, a and b, and replace
1

them by the number 3 min(a, b).

After 1999 such operations, one obtains exactly one number ¢ on the

board. Prove that ¢ < 1.

Problem 71
Let a1, as,...,a, be real numbers, not all zero.

Prove that the equation

Vitaiz+V1+az+--+vV1l+a,z=n

has at most one nonzero real root.
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Problem 72
Let {a,} be the sequence of real numbers defined by a; =t and

ant1 =4a,(1 —ay)

forn > 1.
For how many distinct values of ¢ do we have ajg93 = 07

Problem 73
(a) Do there exist functions f : R — R and g : R — R such that
flgl@) =2 and  g(f(2)) =2°
for all x € R?
(b) Do there exist functions f : R — R and g : R — R such that
flgx))=2* and  g(f(z)) =2*

for all z € R?

Problem 74
Let0<a; <az---<ap, 0<b; <bg--- < b, be real numbers such that

Suppose that there exists 1 < k£ < n such that b; < a; for 1 <7<k and
b; > a; for i > k.

Prove that
ajaz - -an Z blbg-"bn.
Problem 75
Given eight non-zero real numbers ay,as, - - -, ag, prove that at least one

of the following six numbers: ajas + aza4, a1as + azas, aiar + azas,
asas + a406, A3a7 + a4as, asa7 + aeas is non-negative.

Problem 76
Let a, b and c be positive real numbers such that abc = 1.
Prove that

ab + be + ca <1
a®+b5+ab BS4+cP+bc +aS+ca "
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Problem 77
Find all functions f : R — R such that the equality

f(f(z) +y) = f(2® - y) + 4f(2)y

holds for all pairs of real numbers (z,y).

Problem 78
Solve the system of equations:
3r—y
T+ PN
T+ 3y
_2T% 9
L Y2

Problem 79
Mr. Fat and Mr. Taf play a game with a polynomial of degree at least 4:

z2n +_1,2n—1 +_z2n—2+.”+_$+1.

They fill in real numbers to empty spaces in turn. If the resulting poly-
nomial has no real root, Mr. Fat wins; otherwise, Mr. Taf wins.

If Mr. Fat goes first, who has a winning strategy?

Problem 80

Find all positive integers k for which the following statement is true: if
F(z) is a polynomial with integer coefficients satisfying the condition

0<F(c)<k for ¢=0,1,...,k+1,
then F(0)=F(1)=---=F(k+1).
Problem 81
The Fibonacci sequence F;, is given by
F=FR=1F,=F,nu+F, (neN)
Prove that

3 3
Pt Fr o

F,
2 9

—2F23n

for all n > 2.
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Problem 82

Find all functions u : R — R for which there exists a strictly monotonic
function f : R — R such that

fl+y) = fl@)u(y) + f(y)
for all z,y € R.

Problem 83
Let z1, 22, ..., 2z, be complex numbers such that
|z1] + |z2| + - + |z = 1.
Prove that there exists a subset S of {z1, 22, ..., 2,} such that
SEEE
z€S
Problem 84

A polynomial P(z) of degree n > 5 with integer coefficients and n distinct
integer roots is given.

Find all integer roots of P(P(z)) given that 0 is a root of P(z).

Problem 85
Two real sequences z;, 3, ..., and y1, Y2, . . . , are defined in the following
way:
L1 =y1=V3, Tnp1=2n+ 1+ 22,
and

_ Yn
T T

for all n > 1. Prove that 2 < TnYn < 3foralln>1.

Problem 86

For a polynomial P(z), define the difference of P(z) on the interval [a, b]
([a, b)v (a’ b)a (aa b]) as P(b) - P(a)

Prove that it is possible to dissect the interval [0, 1] into a finite number
of intervals and color them red and blue alternately such that, for every
quadratic polynomial P(z), the total difference of P(z) on red intervals
is equal to that of P(z) on blue intervals.

What about cubic polynomials?
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Problem 87

Given a cubic equation
@+ P+ _z+_=0,

Mr. Fat and Mr. Taf are playing the following game. In one move, Mr.
Fat chooses a real number and Mr. Taf puts it in one of the empty spaces.
After three moves the game is over. Mr. Fat wins the game if the final
equation has three distinct integer roots.

Who has a winning strategy?

Problem 88

Let n > 2 be an integer and let f : R? — R be a function such that for
any regular n-gon A1 A; ... A,,

f(AD) + f(A) + -+ f(A,) =0.

Prove that f is the zero function.

Problem 89

Let p be a prime number and let f(z) be a polynomial of degree d with
integer coefficients such that:

(i) £0)=0,f(1)=1;

(ii) for every positive integer n, the remainder upon division of f(n)
by p is either 0 or 1.

Prove that d > p— 1.
Problem 90
Let n be a given positive integer.

. . 1
Consider the sequence ag, a1, -, a, with ag = 3 and

2
a
k—1
ar = ag—1 + )
n

for k=1,2,---,n.
Prove that
1
1-—<a, <1
n
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Problem 91
Let a1, as,...,a, be nonnegative real numbers, not all zero.
(a) Prove that z™ — a1z~ ! — -+ —a,_17 — a, = 0 has precisely one

positive real root R.
(b) Let A=3""_ a5 and B=3""_, ja,.

Prove that A4 < RB.

Problem 92

Prove that there exists a polynomial P(z,y) with real coefficients such
that P(z,y) > 0 for all real numbers z and y, which cannot be written
as the sum of squares of polynomials with real coefficients.

Problem 93

For each positive integer n, show that there exists a positive integer k
such that
k= f(z)(z+1)" + g(z) (@™ + 1)

for some polynomials f, g with integer coefficients, and find the smallest
such & as a function of n.

Problem 94
Let = be a positive real number.

(a) Prove that

N
(z+1)---(x+n) =z

n=1

(b) Prove that
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Problem 95
Let n > 3 be an integer, and let

XcsS=1{12,...,n°}

be a set of 3n? elements.

Prove that one can find nine distinct numbers a,,b,,¢c, (: =1,2,3) in X
such that the system

ar+biy+cz =
2T + boy +coz =
a3z +bzy+czz = 0

has a solution (xo, Yo, 20) in nonzero integers.

Problem 96
Let n > 3 be an integer and let z;, 9, - -, z, be positive real numbers.
n
1
S that =1
uppose tha Z T4z,
=1
Prove that

\/_;1‘+\/_T_2+...+ Inz(n—l)<%+\/%2_+...+ \/i_n>

Problem 97

Let x1,x3,...,x, be distinct real numbers. Define the polynomials
P(z)=(zx—z1)(x—x2) - (T — zp)

and

Q) = Pl) (ot s )

T — I T — T2 r— Ty

Let y1,y2,...,yn—1 be the roots of Q. Show that

rln?_}]n |z; — z,| < Izn;é?ly’ =yl
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Problem 98
Show that for any positive integer n, the polynomial

f@)=(@"+2)% +1

cannot be written as the product of two non-constant polynomials with
integer coefficients.

Problem 99
Let f1, f2, f3 : R — R be functions such that

a1 fi +azxfa+asfs

is monotonic for all a;,az,a3 € R.
Prove that there exist c;, ¢z, c3 € R, not all zero, such that

c1fi(z) +caf2(z) +cafa(z) =0

for all z € R.

Problem 100

Let z1,z3,...,x, be variables, and let y;,y2,...,y2n—1 be the sums of
nonempty subsets of z;.

Let pi(zx1,...,%,) be the k' elementary symmetric polynomial in
the y; (the sum of every product of k distinct y;s).

For which k and n is every coeflicient of py (as a polynomial in zy,...,z,)
even?

For example, if n = 2, then y;, y2,y3 are 1, x2, 1 + 2 and

P1 =Y + Y2 +y3 = 2z, + 212,
P2 = Y1Y2 + Yays + Ysy1 = T3 + T35 + 3122,

D3 = Y1Y2Y3 = 93%932 + xlxg'

Problem 101

Prove that there exist 10 distinct real numbers a1, as, ..., ajo such that
the equation

(x—a1)(x—a2) - (z—aw) =(z+a)(z+a2) (z+a)

has exactly 5 different real roots.
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Problem 1 [Romania 1974]
Let a, b, and c be real and positive parameters.

Solve the equation

Va+bz+vVb+cx++vVe+axr=vVb—azx+Vec—bz+Va—cx.

Solution 1

It is easy to see that x = 0 is a solution. Since the right hand side is a
decreasing function of z and the left hand side is an increasing function
of x, there is at most one solution.

Thus z = 0 is the only solution to the equation.

Problem 2
Find the general term of the sequence defined by zo = 3, ;1 = 4 and

)
Tptl =T — NIy

foralln € N.

Solution 2

We shall prove by induction that z, = n + 3. The claim is evident for
n=20,1.
Fork>1,ifxy_1 =k +2and z =k + 3, then

Thpr = h_y — kzk = (k+2)2 — k(k +3) =k +4,

as desired.
This completes the induction.
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Problem 3 [AHSME 1999]
Let z1,3,...,z, be a sequence of integers such that

(i) _1<z; <2, for1=1,2,...,n;

(ii) T+ T+ + 1, =19
(iii) 22 + 23 +--- + 22 = 99.
Determine the minimum and maximum possible values of

z?+w§+-~-+zi.

Solution 3

Let a,b, and ¢ denote the number of —1s, 1s, and 2s in the sequence,
respectively. We need not consider the zeros. Then a, b, c are nonnegative
integers satisfying

—a+b+2c=19and a+ b+ 4c=99.

It follows that a = 40—c and b = 59— 3¢, where 0 < ¢ < 19 (since b > 0),
S0
3+z3+ - +23=-a+b+8=19+6c
When ¢ =0 (a = 40, b = 59), the lower bound (19) is achieved.
When ¢ =19 (a = 21,b = 2), the upper bound (133) is achieved.

Problem 4 [AIME 1997]
The function f, defined by

_ar+b

fla) = cc+d’

where a, b, ¢, and d are nonzero real numbers, has the properties
f(19) =19, f(97) =97, and f(f(z)) =z,

for all values of z, except —%.
Find the range of f.

Solution 4, Alternative 1
For all z, f(f(z)) =z, i.e.,

ar +b
a(cw+d>+b




3. Solutions to Introductory Problems 29

i.e.
(a®> +bc)z +bla+d)

c(a+ d)z + be + d?

)

ie.
c(a+d)z? + (d? — a®)z — b(a + d) = 0,

which implies that c¢(a + d) = 0. Since ¢ # 0, we must have a = —d.
The conditions f(19) = 19 and f(97) = 97 lead to the equations
19°%c=2-19a+b and  97%°c=2-97a+b.
Hence
(97% — 19%)c = 2(97 — 19)a.
It follows that a = 58¢, which in turn leads to b = —1843c. Therefore
58z — 1843 1521
f(z) = T — 58 =58+ x — 58’
which never has the value 58.
Thus the range of f is R — {58}.

Solution 4, Alternative 2

The statement implies that f is its own inverse. The inverse may be
found by solving the equation

ay +b
=

cy+d

for y. This yields
dr—b
-1 _
f= (@)= —cr+a’

The nonzero numbers a, b, ¢, and d must therefore be proportional to d,
—b, —c, and a, respectively; it follows that a = —d, and the rest is the

same as in the first solution.

Problem 5
Prove that

(a—b)?% a+b (a — b)?
< — =V <
8a - 2 o< —gp

foralla>b>0.

Solution 5, Alternative 1

Note that ) )
va+ Vb va+vb
(%) == (9557)
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i.e.

(va + VB(va - VB
4a

(Va+vb)*(va - vb)®
b Y

<(Va-vb)?< y

ie.
(a—b)?° _a-2Vab+b _(a—b)’
8a 2 - 8 '
from which the result follows.

Solution 5, Alternative 2

Note that
a+b\?
— | —ab 2
atb - 2 _ (a—b)
2 atb o5 2a+b)+4vab
2

Thus the desired inequality is equivalent to
da > a+ b+ 2Vab > 4b,

which is evident as a > b > 0 (which implies a > Vab > b).

Problem 6 [St. Petersburg 1989]
Several (at least two) nonzero numbers are written on a board. One may

. b
erase any two numbers, say a and b, and then write the numbers a + 3

and b — % instead.

Prove that the set of numbers on the board, after any number of the
preceding operations, cannot coincide with the initial set.
Solution 6

Let S be the sum of the squares of the numbers on the board. Note that
S increases in the first operation and does not decrease in any successive
operation, as

at? 2+(b—g):é(a2+bz)>a2+b2
2 2 4 -

with equality only if a = b =0.
This completes the proof.
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Problem 7 [AIME 1986]
The polynomial

l-z+z? -2+ + 2 - 27
may be written in the form

a0+ a1y + axy® + - + a1y’ + ar7yt’,

where y = z + 1 and a;s are constants. Find a,.

Solution 7, Alternative 1

Let f(z) denote the given expression. Then

zf(z) =z -2 +2%—.. —z'8
and
(1+z)f(x) =1-z.
Hence 1 LR s
)= fy—1)= = .
f@) = fly=1) = 34— -
Therefore a; is equal to the coefficient of y* in the expansion of
1- (y - 1)18>
ie.,

18
az = (3> = 816.

Solution 7, Alternative 2
Let f(x) denote the given expression. Then

f@)=fy-)=1-(y-D+@E-1°-—(@y-1"
=1+(1-y+1-y)?++1-y"

o (BY o (BY o (A7) (18
27 \2 2 2) \3)
Here we used the formula

(D+QZJ=GID
()=()-r

Thus

and the fact that
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Problem 8
Let a, b, and c be distinct nonzero real numbers such that
1 1 1
a+-=b+-=c+-.
b c a

Prove that |abc| = 1.
Solution 8
From the given conditions it follows that
a—-bzu, b—czﬂ, and c—a = a—-b.
ca ab

be

Multiplying the above equations gives (abc)? = 1, from which the desired
result follows.

Problem 9 [Putnam 1999]
Find polynomials f(z), g(z), and h(z), if they exist, such that for all z,

-1 ifz< -1
If(z)] —|g(z)| + h(z) =4 3z+2 if-1<z<0
-2z +2 ifz>0.

Solution 9, Alternative 1
Since x = —1 and =z = 0 are the two critical values of the absolute
functions, one can suppose that

F(z) = alz+1|+blz|+cx+d
(c—a—-bz+d—a ifzx<-1
= (a+c—-bz+a+d if-1<z<0
(a+b+c)x+a+d ifz>0,
which implies that a = 3/2, b= -5/2, c=—1,and d = 1/2.
Hence f(z) = (3z + 3)/2, g(x) = 5z/2, and h(z) = —z + 3.
Solution 9, Alternative 2
Note that if 7(z) and s(z) are any two functions, then

r+s4|r—s|
max(r,s) = ————.
2
Therefore, if F(z) is the given function, we have
F(z) = max{—3z — 3,0} — max{5z,0} + 3z +2

(=3z — 3+ |3z +3|)/2 — (5z + |5z])/2 + 3z + 2
1
|(3z +3)/2| — |5z/2| —z + 7
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Problem 10

Find all real numbers = for which
8% 427 Z
122418 6’

Solution 10
By setting 2% = a and 3* = b, the equation becomes

a®+6 7
a?b+b%a 6’
ie.
a?—ab+b* 7
ab 6’
ie.
6a® — 13ab + 6b%> = 0,
ie.
(2a — 3b)(3a — 2b) = 0.
Therefore 2+! = 3*+! or 2*~! = 3%*~! which implies that z = —1 and
z=1

It is easy to check that both z = —1 and = = 1 satisfy the given equation.

Problem 11 [Romania 1990]
Find the least positive integer m such that

<2n) "
<m
n

for all positive integers n.

Solution 11
Note that

(2:) < (2(;1) + (21n> ot (;Z) Q41— am

and for n = 5,
(150> =252 > 35,

Thus m = 4.
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Problem 12
Let a, b, ¢, d, and e be positive integers such that

abcde=a+b+c+d+e.

Find the maximum possible value of max{a,b,c,d, e}.

Solution 12, Alternative 1
Suppose that a < b < ¢ < d <e. We need to find the maximum value of
e. Since
e<a+b+c+d+e<be,
then e < abcde < Se, i.e. 1 < abed < 5.
Hence (a,b,¢,d) = (1,1,1,2), (1,1,1,3), (1,1,1,4), (1,1,2,2), or
(1,1,1,5), which leads to max{e} = 5.
Solution 12, Alternative 2
As before, suppose that a < b < ¢ < d < e. Note that

1 + 1 1 1 1

" bede ' cdea | deab ' eabc ' abed
1 1 1 1 1 3+4d+e

<444l _2TRTE

_de+de+de+e+d de

Therefore, de <3 +d+eor (d—1)(e—1) < 4.

Ifd=1, thena=b=c=1and 4 + e = e, which is impossible.
Thusd—1>1ande—1<4ore<5.

It is easy to see that (1,1,1,2,5) is a solution.

Therefore max{e} = 5.

Comment: The second solution can be used to determine the maxi-
mum value of {z1,z2,...,z,}, when z1,z2,...,z, are positive integers
such that

1T Tp =21 +Z2+ -+ Tqp.

Problem 13
Evaluate

3 . 4 2001
1+20+3 " 2143+4! 1999! + 2000! + 2001!"
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Solution 13
Note that

k+2 k42

K + (k+ 1!+ (k +2)! E1+k+1+(k+1)(k+2)]

1
k!(k + 2)

k+1
(k + 2)!

(k+2)—1
(k + 2)!
1 1

E+D!  (kt2l

By telescoping sum, the desired value is equal to

1
20011°

1_
2
Problem 14

Letz=va2+a+1-Va2—a+1,a€R.
Find all possible values of z.

Solution 14, Alternative 1

Since
Va2 +]a[+1> [al
and
z= 2a
Va?+a+1+vaZ—a+1’
we have

|z| < |2a/a| = 2.

Squaring both sides of

z+vVat—-a+1=+Va2+a+1

yields

2zv/a2 —a+1=2a — 22
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Squaring both sides of the above equation gives

v 2002 _ 4
4(z* — 1)a* = 2%(2® —4) or a® = %
Since a? > 0, we must have

2 (z? - 4)(z? - 1) > 0,

Since |z| < 2, 22 —4 < 0 which forces 22 —1 < 0. Therefore, —1 < z < 1.
Conversely, for every z € (—1,1) there exists a real number a such that

t=va+a+1—-Vva2—a+1.

Solution 14, Alternative 2

Let A = (—1/2,v3/2), B = (1/2,V/3/2), and P = (a,0). Then P
is a point on the z-axis and we are looking for all possible values of
d=PA- PB.

By the Triangle Inequality, |PA — PB| < |AB| = 1. And it is clear
that all the values —1 < d < 1 are indeed obtainable. In fact, for such
a d, a half hyperbola of all points @ such that QA — QB = d is well
defined. (Points A and B are foci of the hyperbola.)

Since line AB is parallel to the z-axis, this half hyperbola intersects the
z- axis, i.e., P is well defined.

Problem 15
Find all real numbers z for which

10" + 117 +12% = 13* + 14",

Solution 15

It is easy to check that x = 2 is a solution. We claim that it is the only
one. In fact, dividing by 13% on both sides gives

107 (T 1Yy

13 13 13) 13/ °
The left hand side is a decreasing function of z and the right hand side
is an increasing function of z.

Therefore their graphs can have at most one point of intersection.
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Comment: More generally,

a®+(@+1)?+ - +(a+k)?
=(a+k+1)2+(a+k+2)*+- + (a+2k)?
fora =k(2k + 1), k e N.
Problem 16 [Korean Mathematics Competition 2001]
Let f: N x N — N be a function such that f(1,1) =2,
fm+1,n)= f(m,n)+mand f(m,n+1) = f(m,n) —n
for all m,n € N.
Find all pairs (p, q) such that f(p,q) = 2001.

Solution 16

We have
flpg) = flp-lLg9+p-1
= f(p-2,9)+(-2)+(p-1)
= f1,9+ 2220
= Jg-1)- -0+ EE2Y
o aa-D | plp1)
f(l)l)_ 2 + 2
= 2001.
Therefore

p(p—1) 4q(g-1) _
5 5 = 1999,

i.e.
(p—q)(p+qg—1)=2-1999.

Note that 1999 is a prime number and that p—¢ < p+¢—1 for p,q € N.
We have the following two cases:

1. p—g=1and p+q — 1 = 3998. Hence p = 2000 and ¢ = 1999.

2. p—g=2and p+q—1=1999. Hence p = 1001 and ¢ = 999.
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Therefore (p,q) = (200Q, 1999) or (1001, 999).

Problem 17 [China 1983]
Let f be a function defined on [0, 1] such that

f(0) = f(1) =1 and |f(a) - f(b)] < |a—b],

for all a # b in the interval [0, 1].
Prove that

f(@) = FO) < 5.

Solution 17
We consider the following cases.

1. |a—b| < 1/2. Then |f(a) — f(b)| < |a—b] < %, as desired.

2. |a — b| > 1/2. By symmetry, we may assume that a > b. Then

[f(a) = f®) = [f(a)— f(1)+ f(0) — f(b)|
< f(a) = F(DI+1£(0) — £(b)]
< la—=1[4+10-b|

1-a+b-0
1—(a—b)
1
< "2',
as desired.

Problem 18
Find all pairs of integers (z,y) such that

2?4y’ =(z+y)
Solution 18
Since z3 +y3 = (z +y)(z? — zy + y?), all pairs of integers (n, —n), n € Z,

are solutions.
Suppose that x + y # 0. Then the equation becomes

?—zy+y’=z+y,

22— (y+)r+y>—y=0.
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Treated as a quadratic equation in x, we calculate the discriminant
A=y’ +2y+1-4y° +4y=-3y> +6y+1.
Solving for A > 0 yields

3-2V3 3+2\/'
3 SYsS—3

Thus the possible values for y are 0, 1, and 2, which lead to the solutions
(1,0), (0,1), (1,2), (2,1), and (2,2).

Therefore, the integer solutions of the equation are (z,y) = (1,0), (0, 1),
(1,2), (2,1), (2,2), and (n,—n), for all n € Z.

Problem 19 [Korean Mathematics Competition 2001]
Let

1@ =1

for real numbers z. Evaluate

1 2000
f(2001> +f(2001) +f<2001)
Solution 19

Note that f has a half-turn symmetry about point (1/2,1/2). Indeed,

2 2.4 4
41-2 +2 7 4+2-47 4742’

fA-=z)=

from which it follows that f(z)+ f(1—z) = 1.
Thus the desired sum is equal to 1000.

Problem 20
Prove that for n > 6 the equation
P R
i 13 €2
has integer solutions.
Solution 20
Note that
1 1 1 1

PE R 7 R e ER S e O ES
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from which it follows that if (z1,z2, -+, 2,) = (a1,a2, - -, ay) is an inte-
ger solution to
Lyl 1o
z? 2 2
then
(1:1, T2,y Tn-1,Tny Tntly Tnt2, zn+3)
= (ala Az, ,An_1, 2ana 2ana 2ana 2an7 )
is an integer solution to
1 1 1
Stttz —=1
Ty I3 Th+3

Therefore we can construct the solutions inductively if there are solutions
forn =6,7, and 8.

Since z; = 1 is a solution for n = 1, (2,2,2,2) is a solution for n = 4,
and (2,2,2,4,4,4,4) is a solution for n = 7.

It is easy to check that (2,2,2,3,3,6) and (2,2,2,3,4,4,12,12) are solu-
tions for n = 6 and n = 8, respectively. This completes the proof.

Problem 21 [AIME 1988]
Find all pairs of integers (a, b) such that the polynomial

az'” + bz + 1

is divisible by 2 — z — 1.

Solution 21, Alternative 1

Let p and ¢ be the roots of 2 — z — 1 = 0. By Vieta’s theorem,
p+q =1and pg = —1. Note that p and ¢ must also be the roots of
az'” 4+ bz'® +1 = 0. Thus

ap'” + bp'® = —1 and aq'” + bg'® = —1.

Multiplying the first of these equations by ¢'®, the second one by p!S,
and using the fact that pg = —1, we find

ap+b=—¢'® and ag+ b = —p'S. (1)

Thus

Pls—qle 8 81/, 4 4y, 2 2
a=ﬁ=(:v +¢)P" +)P +4°)(p+9).
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Since
p+qg = 1,
P+ = (p+q)-2pg=1+2=3,
ptg = (P +d) - 2p2q2—9—2=7
P+ = P+ -2t =49 -2=47,

it follows that a =1-3-7-47 = 987.
Likewise, eliminating a in (1) gives

b pi7 — 17
p—q
= p+pPq+pd+-- +¢'°
= (p' +¢'%) + pa(p"* + ¢"*) + P*G*(p'? + ¢'?)
++ " (P + %) + PP
= P+ -+ + - PP+ +1
For n > 1, let k3, = p*® + ¢**. Then k; = 3 and k4 = 7, and

2n+4 + q2n+4

p
= "+ + ) - PP +¢7")
= 3koniy2 — k2n

k2n+4

for n 2 3. Then ke = 18, ks = 47, klO = 123, k12 = 322, k14 = 843,
k16 = 2207.
Hence

—b=2207— 843 +322 - 123 +47-184+7—-34+1=1597

or
(a,b) = (987, —1597).

Solution 21, Alternative 2
The other factor is of degree 15 and we write

(152 —crqz' + -+ 1z — o) (2? — z — 1) = azx’” + bz’ + 1.

Comparing coefficients:

2°: ¢ =1,

Il:lt Co—Cl=0,Cl=1

x?: —cg— ¢ +¢c2 =0,c0 =2,
and for 3< k<15, zF: —cp_o—cr_1+cr=0.



42 3. Solutions to Introductory Problems

It follows that for k < 15, ¢ = Fj41 (the Fibonacci number).

Thus a = Ci5 = F16 = 987 and b = —C14 — C15 = —F17 = —1597 or
(a,b) = (987, —1597).

Comment: Combining the two methods, we obtain some interesting
facts about sequences k,, and F5,_;. Since

3Fony3 — Fonys = 2Fony3 — Fongg = Fonya — Fonya = Fonga,
it follows that F3,_1 and ks, satisfy the same recursive relation. It is

easy to check that ko = Fy + F3 and kg = F5 + F5.
Therefore ko, = Fon—1 + Fon41 and

Font1 = kon — kon—2 + kon—a — - + (=1)"Tky + (-1)™.

Problem 22 [AIME 1994]

Given a positive integer n, let p(n) be the product of the non-zero digits
of n. (If n has only one digit, then p(n) is equal to that digit.) Let

S =p(1)+p(2)+---+ p(999).

What is the largest prime factor of S7

Solution 22

Consider each positive integer less than 1000 to be a three-digit number
by prefixing Os to numbers with fewer than three digits. The sum of the
products of the digits of all such positive numbers is

(0-0:0+0-0-14+---49-9-9)-0-0-0
=0+1+---+97°-0.
However, p(n) is the product of non-zero digits of n. The sum of these
products can be found by replacing 0 by 1 in the above expression, since
ignoring 0’s is equivalent to thinking of them as 1’s in the products. (Note

that the final 0 in the above expression becomes a 1 and compensates
for the contribution of 000 after it is changed to 111.)

Hence
S=46%—1=(46—1)(46>+46+1)=3%.5.7- 103,

and the largest prime factor is 103.
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Problem 23 [Putnam 1979]
Let z,, be a sequence of nonzero real numbers such that
Tn-2Tp—1
Tp=—""""

2$n—2 — Tp-1
forn=3,4,....
Establish necessary and sufficient conditions on z; and z; for z,, to be
an integer for infinitely many values of n.
Solution 23, Alternative 1
We have

1 2Cp0—Tp1 2 1

Tn Tn—2Tn-1 Tn-1 Tn—2

Let y, = 1/z,,. Then ¥, — Yn—1 = Yn—1 — Yn—2, i-€., Y is an arithmetic
sequence. If z, is a nonzero integer when n is in an infinite set S, the
yn’s for n € S satisfy —1 <y, <1.
Since an arithmetic sequence is unbounded unless the common difference
is 0, Yy — Yn—1 = 0 for all n, which in turn implies that z; =z = m, a
nonzero integer.
Clearly, this condition is also sufficient.
Solution 23, Alternative 2
An easy induction shows that

T1Z2 T1Z2

T - Dz — (n—2)z2 (21— 22)n + (222 — 71)’

forn=3,4,....
In this form we see that x, will be an integer for infinitely many values
of n if and only if ; = 5 = m for some nonzero integer m.

Problem 24
Solve the equation

22 —3z=Vr+2

Solution 24, Alternative 1
It is clear that x > —2. We consider the following cases.

1. —2 <z < 2. Setting £ = 2cosa, 0 < a <, the equation becomes

8cos®a — 6cosa = \/2(cosa + 1).

2cos3a = ,/4coszg,

or
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from which it follows that cos3a = cos 3.
Then 3a — § =2mn, m € Z, or 3a+ § =2nm, n € Z.
Since 0 < a < m, the solution in this case is

r=2cos0=2, x =2cos4?7r, and z = 2cos477r.

2. > 2. Then 23 — 4z = z(z? — 4) > 0 and
P—r-2=(z-2)(z+1)>0
or

T >Vzr+2
It follows that

2 —-3x>z>Vr+2
Hence there are no solutions in this case.
Therefore, z = 2, £ = 2cos4n/5, and z = 2 cos4n /7.

Solution 24, Alternative 2
For x > 2, there is a real number ¢ > 1 such that

1
42
r=1t +t—2.

The equation becomes

1\° 1
(t2+§) —3<t2+-t-15>: 2+ 3+2

(" - 1)(° -1) =0,
which has no solutions for ¢ > 1.

Hence there are no solutions for = > 2.

For —2 < z < 2, please see the first solution.
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Problem 25 [AIME 1992]

For any sequence of real numbers A = {a1,a2,as, -}, define AA to be
the sequence {az — a1,a3 — az,a4 — az,...}.

Suppose that all of the terms of the sequence A(AA) are 1, and that
aj9 = agy = 0.

Find a;.

Solution 25
Suppose that the first term of the sequence AA is d.

Then
AA={d,d+1,d+2,..}

with the nt! term given by d + (n —1).
Hence

A={a,a1+d,a1 +d+(d+1),a1 +d+(d+1)+(d+2),...}
with the nth term given by
1
ap =a1+(n—-1)d+ E(n— 1)(n - 2).

This shows that a,, is a quadratic polynomial in n with leading coefficient
1/2.

Since a19 = ago = 0, we must have
1
an = E(n —19)(n — 92),
so a; = (1—19)(1 — 92)/2 = 819.

Problem 26 [Korean Mathematics Competition 2000]

Find all real numbers x satisfying the equation
2T+ 3 —44+6"-9"=1.

Solution 26

Setting 2% = a and 3* = b, the equation becomes
1+a?+b2—a—-b—ab=0.

Multiplying both sides of the last equation by 2 and completing the

squares gives
1-a)?+(a-b?+(b-12=0.
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Therefore 1 = 2% = 3%, and x = 0 is the only solution.

Problem 27 [China 1992]
Prove that
80
16 < — < 17.

Solution 27
Note that

2 1
(TR = e <
Therefore

80 1 80
1 _VE) =16,
;\/E>2;<\/k+ k) 16

which proves the lower bound.
On the other hand,

2 1
z(ﬁ-ﬁ):m>7ﬁ

Therefore
80 1 80
Z—<1+2Z(\/E—\/k—1) —2v/80—1<17,
k=1 \/E k=2

which proves the upper bound. Our proof is complete.

Problem 28 [AHSME 1999]

Determine the number of ordered pairs of integers (m, n) for which mn >
0 and
m® +n3 + 99mn = 33°.

Solution 28
Note that (m +n)3 = m3 + n3 + 3mn(m +n). If m + n = 33, then

333 = (m+n)® =m® +n3 + 3mn(m +n) =m? + n3 + 99mn.
Hence m + n — 33 is a factor of m3 + n3 + 99mn — 333. We have

m® +n® + 99mn — 33°
= (m+n — 33)(m? + n? — mn + 33m + 33n + 33?)

— %(m +n—33)[(m —n)® + (m 4+ 33)% + (n + 33)2).
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Hence there are 35 solutions altogether: (0,33), (1,32), ---, (33,0), and
(—33,-33).

Comment: More generally, we have

a3 + b3 + ¢® — 3abe

=%m+b+oﬁa—m?+@—@2+@—afy

Problem 29 [Korean Mathematics Competition 2001]

Let a,b, and c be positive real numbers such that a + b+ ¢ < 4 and
ab + bc+ ca > 4.

Prove that at least two of the inequalities

la—b <2, |b—c|<2, Jc—a|<2

are true.
Solution 29
We have

(a+b+c) <186,
i.e.

a’ +b% + ¢ + 2(ab+ bc + ca) < 16,

i.e.

a2 +b%+ <8,
i.e.

a?+b*+c%— (ab+ bc + ca) < 4,

i.e.

(a=b2+(B-c)+(c—a)* <8,

and the desired result follows.

Problem 30

Evaluate

~ 1
X_: (n—k)!(n+k)!

k=0
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Solution 30
Let S,, denote the desired sum. Then

S, =

2n
1 1 (271) (2n>]
(2n)! 2 L=0 k n
_ 1 1 [ion 2n
= o2 [2 " (n)}
_ 2271—1 N 1
T (2n)! T 2(n!)2
Problem 31 [Romania 1983]
Let 0 < a < 1. Solve . )
za — aI

for positive numbers z.

Solution 31

Taking log, yields
a” log, x = z°.

Consider functions from Rt — R,
f(z) =a* g(x)=1log,z, h(z)=2a°

Then both f and g are decreasing and h is increasing. It follows that
f(z)g(z) = h(z) has unique solution z = a.

Problem 32
What is the coefficient of z2 when

(I1+z)(1+22)(1+4z)--- (1 +2™x)

is expanded?
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Solution 32
Let

fa(@) =ano+aniz+ -+ a2 =(1+2)(14+2z) - (1+2"x).
It is easy to see that a, o =1 and
an1 =142+ - +2"=2"+1 1,
Since
fal®) = fao1(x)(1+27x)
(142" - Dz +an—122>+-) (1 +2"2)
= 1+ (2" -1 z+ (an_12+2" —-2") 2% + - -,

we have
a’n,2 = an—1,2 + 2271 - 2”
= Gp_2,2 + 2271—2 _ 277.—1 + 22n _9on
= a1+ (2*+2°4+ - +22") - (22 4+ 2%+ +27)
4(92n—2 _
= 2+%_4(2n—1_1)
_ 22n+2 -3. 2n+1 +2 _ (2n+1 _ 1) (2n+1 _ 2)
= 3 — 3 )
Problem 33

Let m and n be distinct positive integers.

Find the maximum value of |z™ — z"|, where z is a real number in the
interval (0, 1).

Solution 33

By symmetry, we can assume that m > n. Let y = 2™ ™.

Since0 <z <1,z™ < z™ and 0 < y < 1. Thus

1
|zm _ l.nl =" — ™ = 12"'(1 _ zm—n) — (yn(l _ y)m—n) m-n

Applying the AM-GM inequality yields
n n \"[/(m-n)y\" —n
ra-m = (75) (552 a-v

m-—n n
o (n (S o\
- m-—n n+m-n

nn(m _ n)m—n

mm
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Therefore
|xm—x"|§(n (m—n) )m_nz(m—n)(n—)m_n_
m™ mm
Equality holds if and only if
(m-ny _,_ y
n

or L
n\m-n
r=|— .
m

Comment: For m =n+ 1, we have

n
n+1 < n

T S

for real numbers 0 < z < 1. Equality holds if and only if x = n/(n + 1).

Problem 34
Prove that the polynomial
(z—a)(z—a2) (z—an) - 1,

where a1, a2, -, a, are distinct integers, cannot be written as the prod-
uct of two non-constant polynomials with integer coefficients, i.e., it is
irreducible.

Solution 34
For the sake of contradiction, suppose that

f@)=(z-a)(z—az) - (z—an) -1

is not irreducible. Let f(z) = p(z)q(z) such that p(z) and gq(z) are two
polynomials with integral coefficients having degree less than n. Then

g(z) = p(z) + q(z)

is a polynomial with integral coefficients having degree less than n.

Since
p(ai)q(a;) = f(a;) = -1
and both p(a;) and g(a,) are integers,

Ip(a:)] = |g(as)| =1
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and
p(a;) +g(a;) = 0.
Thus g(z) has at least n roots. But degg < n, so g(z) = 0. Then
p(z) =—g¢(z) and  f(z) = —p(z)?

which implies that the leading coefficient of f(z) must be a negative
integer, which is impossible, since the leading coefficient of f(z) is 1.

Problem 35
Find all ordered pairs of real numbers (z, y) for which:
A+zx)Q+2H)(1+2*) = 14y
and (1+y)A+y)A+y") = 1+z".

Solution 35
We consider the following cases.

1. zy = 0. Then it is clear that = y = 0 and (z,y) = (0,0) is a
solution.

2. zy < 0. By the symmetry, we can assume that £ > 0 > y. Then
(1+x)(1+22?)(1+2z*) > 1 and 1+ y” < 1. There are no solutions
in this case.

3. z,y > 0 and = # y. By the symmetry, we can assume that z >
y > 0. Then

A+x)A+z)A+2)>1+2" > 14y,
showing that there are no solutions in this case.

4. 7,y < 0and z # y. By the symmetry, we can assume that z < y <
0. Multiplying by 1 -z and 1—y the first and the second equation,
respectively, the system now reads

1-2® = 1+y)(1-z)=1-z+y —zy’
1-9® = (1+2)(1-y)=1-y+z" -2y
Subtracting the first equation from the second yields
2® -y = (2 —y) + (&7 —y") —2y(2® — ). (1)

Sincez <y<0,z8-48>0,r—y<0,z7"—y" <0, —zy <0, and
28 — y® > 0. Therefore, the left-hand side of (1) is positive while
the right-hand side of (1) is negative.

Thus there are no solutions in this case.
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5. z = y. Then solving
l1-28=1-z+y -2y’ =1-z+2" - 28
leads to z = 0,1, —1, which implies that (z,y) = (0,0) or (-1, —1).

Therefore, (z,y) = (0,0) and (—1,—1) are the only solutions to the
system.

Problem 36
Solve the equation

2027 — 1)z% + (2% — 2z =27+ -2

for real numbers z.

Solution 36
Rearranging terms by powers of 2 yields

272 + 27+ (22 — 1) = 2(z2 +z— 1) = 0. (1)
Setting y = z% — 1 and dividing by 2 on the both sides, (1) becomes
Wr+2°y—(z+y)=0

or
z(2¥-1)+y(2*-1)=0. (2)
Since f(z) = 2% — 1 and z always have the same sign,

z(2¥ —1)-y(2° - 1) > 0.

Hence if the terms on the left-hand side of (2) are nonzero, they must
have the same sign, which in turn implies that their sum is not equal to
0.

Therefore (2) is true if and only if z = 0 or y = 0, which leads to solutions
r=-1,0, and 1.

Problem 37
Let a be an irrational number and let n be an integer greater than 1.

Prove that N .
(a+\/¢12———1)" +(a— az—l):

is an irrational number.
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Solution 37
Let N N
N=(a+ a2—1)"+(a— a2—1)",

b=(a+ Va2 —1)*

Then N = b+ 1/b. For the sake of contradiction, assume that N is
rational. Then by using the identity

1 1 1 1
m+1 — - m 1 _ -
ot e (00 2) (o 2) - (7t )

repeatedly for m = 1,2, ..., we obtain that ™ + 1/b™ is rational for all
mée N.

In particular,

b"+bin=a+\/a2—1+a— a2 —-1=2a

is rational, in contradiction with the hypothesis.

and let

Therefore our assumption is wrong and N is irrational.

Problem 38
Solve the system of equations

(x1 — 22 +23)° = xo(xg + 25 — T2)
(T2 — 23 +24)> = z3(25 + 21 — T3)
(Ts—T4+25)° = za(z1 + T2 — T4)
(xg — x5 +11)° = z5(x2 + T3 — T5)
(x5 — 1+ x2)2 = z1(x3 +74 —21)

for real numbers z,, z2, z3, T4, Ts.

Solution 38
Let xx45 = xx. Adding the five equations gives

5
Z(&zk — 4Tk Tty + 2T Tho) = Z (=} + 2z Tp2).
k=1 =

It follows that

5
Z — T Tk+1) = 0.

k=1
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Multiplying both sides by 2 and completing the squares yields

5
Z(wk — zk41)° =0,

k=1

from which z; = o = z3 = 4 = x5. Therefore the solutions to the
system are
(xla Z2,X3,24, 1:5) = (a'a a,a,a, a)

for a € R.

Problem 39
Let z,y, and z be complex numbers such that z+y+2z = 2, 2 +y?+22 =
3, and zyz = 4.

Evaluate
1 1 1

xy+z—1+yz+x—l+zx+y——1'

Solution 39
Let S be the desired value. Note that

zy+z—l=zy+l—-z—-y=(x-1)(y—1).

Likewise,
yz+zr—1=(y—1)(z—-1)
and
zz+y—1=(z—1)(z—1).
Hence
¢ 1 N 1 N 1
 @-D-1) y-DE-1) (z-1E-1)
_ r+y+2z-—3 _ -1
z-Dy-DE-1) (@-F-1E-1)
-1
- zyz— (zy+yz+zz)+z+y+2-1
-1
T 5—(zy+yz+ex)
But

2zy+yz+zr)=(z+y+2)? - (2 +y*+2H)=1
Therefore S = —2/9.
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Problem 40 [USSR 1990]

Mr. Fat is going to pick three non-zero real numbers and Mr. Taf is going
to arrange the three numbers as the coefficients of a quadratic equation

2+ _z+_=0.

Mr. Fat wins the game if and only if the resulting equation has two
distinct rational solutions.

Who has a winning strategy?

Solution 40

Mr. Fat has the winning strategy. A set of three distinct rational nonzero
numbers a, b, and c, such that a + b+ ¢ = 0, will do the trick. Let A, B,
and C be any arrangement of a,b, and c, and let f(z) = Az?> + Bz + C.
Then

fA)=A+B+C=a+b+c=0,
which implies that 1 is a solution.

Since the product of the two solutions is C/A, the other solution is C/A4,
and it is different from 1.

Problem 41 [USAMO 1978]

Given that the real numbers a,b,c,d, and e satisfy simultaneously the
relations

at+b+c+d+e=8anda®+b* +c* +d?+e® =16,

determine the maximum and the minimum value of a.

Solution 41, Alternative 1

Since the total of b,c,d, and e is 8 — a, their average is z = (8 — a)/4.
Let
b=xz+b, c=z+4+¢c, d=zxz+d;, e=z+e;.

Then b1+C1 +d1 +e =0 and

(8—a)?
4

16=a+4z> + b2 +ct+di+el >a’>+42>=a’+
or
0 > 5a — 16a = a(5a — 16).

Therefore 0 < a < 16/5, wherea =0 ifandonlyif b=c=d=e =2
and a =16/5 if and only if b=c=d =e = 6/5.
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Solution 41, Alternative 2
By the RMS-AM inequality, (1) follows from

2>(b+c+d+e)2 (8 —a)?

- 4 - 4 )

B+ +d>+e
and the rest of the solution is the same.

Problem 42
Find the real zeros of the polynomial

P, (z) = (z* + 1)(z — 1)? — ax?,

where a is a given real number.

Solution 42

We have
(£ +1)(z* - 22+ 1) —az® = 0.

Dividing by z? yields

eo8)frse oo

By setting y = z + 1/z, the last equation becomes
y>—2y—a=0.

It follows that

1
x+;=1:l:\/l+a,

which in turn implies that, if @ > 0, then the polynomial P,(z) has the
real zeros

_1+yVT+a+tVa+2/T+a-2
- 2
In addition, if @ > 8, then P,(z) also has the real zeros

T1,2

1-Vitatva-2/T1+a-2
z3.4 = 2

Problem 43
Prove that

for all positive integers n.
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Solution 43
We prove a stronger statement:

We use induction.
For n = 1, the result is evident.
Suppose the statement is true for some positive integer k, i.e.,

Then
1'§”2k—1 2k +1 1 2k+1

24 2%k %42 Bkl k42

In order for the induction step to pass it suffices to prove that

1 '2k+1< 1
V3k+1 2k+2  V3k+4

This reduces to

2%k +1\% 3k+1
2k +2 3k+4’

ie.
(4k? + 4k + 1)(3k + 4) < (4k? + 8k + 4)(3k + 1),

i.e.
0<k,

which is evident. Our proof is complete.

Comment: By using Stirling numbers, the upper bound can be im-
proved to 1//mn for sufficiently large n.

Problem 44 [USAMO Proposal, Gerald Heuer]

Let
P(z) = aoz™ +a1z" ' + -+ +a,

be a nonzero polynomial with integer coefficients such that
P(r)=P(s)=0

for some integers r and s, with 0 < r < s.
Prove that ar < —s for some k.
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Solution 44
Write P(z) = (z — s)z°Q(z) and

Q(z) = boz™ + biz™ 4.+ by,

where b,, # 0. Since @ has a positive root, by Descartes’ rule of signs,
either there must exist some k for which by > 0 > bg41, or b, > 0.

If there exists a k for which by > 0 > bi41, then
ag+1 = —Sbg + bg1 < —s.

If b,, > 0, then a,, = —sb,, < —s.
In either case, there is a k£ such that ax < —s, as desired.

Problem 45
Let m be a given real number. Find all complex numbers = such that

2 2
ol + z =m?4+m
z+1 z-—1 '
Solution 45

Completing the square gives

2 2
4= = em
z+1 -1 x2 -1 ’

ie.

222 \? 242 +m?tm
2-1)  22-1 T

Setting y = 2x%/(z? — 1), the above equation becomes

v —y—(m*+m)=0,

ie.
(y—m-1)(y+m)=0.
Thus
212 212
1 =—mor 1 =m+1,

which leads to solutions

_ m _ m+1°,
x—:l:‘/m+21fm76 2andz—:l:‘/m_1 ifm# 1.
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Problem 46

The sequence given by o = a, ; = b, and

T -1 T +i
n+l — 2 n—1 z, .

is periodic.
Prove that ab = 1.

Solution 46
Multiplying by 2z,, on both sides of the given recursive relation yields

2T Tl = Tn-1Tn +1
or
2znTpt1 — 1) = Tp_12n — 1.

Let y, = Tp_1Z, — 1 for n € N. Since yn+1 = yn/2, {yn} is a geometric
sequence. If z, is periodic, then so is y,, which implies that y,, = 0 for
all n € N. Therefore

ab=zoz1=y1+1=1

Problem 47
Let a, b, ¢, and d be real numbers such that

(a® +b* —1)(c* +d* —1) > (ac+ bd — 1)%.

Prove that
a?+b>>1and 2 +d*>1.

Solution 47

For the sake of the contradiction, suppose that one of a? + b? or c? + d?
is less than or equal to 1. Since (ac + bd — 1) > 0, a? + b — 1 and
¢ + d? — 1 must have the same sign. Thus both a? + b? and c? + d? are
less than 1. Let

z=1-a?-b?andy=1-c*—-d>%

Then 0 < z,y < 1. Multiplying by 4 on both sides of the given inequality
gives

dzy > (2ac+ 2bd —2)% = (2 — 2ac — 2bd)?
(a® + b2 + z + ¢* + d? + y — 2ac — 2bd)?
[(a—c)*+(b-d)?+z+y)?
(z +y)* = 2% + 22y + 7,

vV
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or 0 > z% — 2zy + y? = (z — y)?, which is impossible.
Thus our assumption is wrong and both a? + b? and c? + d? are greater
than 1.

Problem 48
Find all complex numbers z such that

(3z+1)(4z+ 1)(6z + 1)(122 + 1) = 2.
Solution 48
Note that

8(3z + 1)6(4z + 1)4(6z + 1)2(12z + 1) = 768,

(24z + 8)(24z + 6)(24z + 4)(242 + 2) = 768.
Setting u = 24z + 5 and w = u? yields

(u+3)(u + 1)(u — 1)(u — 3) = 768,

ie.
(u? - 1)(u? - 9) = 768,
ie.
w? — 10w — 759 = 0,
i.e.

(w — 33)(w + 23) = 0.

Therefore the solutions to the given equation are

+v/33-5 +v231 -5
z=———and 2= ———,
24 24
Problem 49
Let z1,x2,---,2n—1, be the zeros different from 1 of the polynomial
Pz)y=2"-1,n>2.
Prove that

1 1o, n—1
11—z, 11—z l—z,1 2
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Solution 49, Alternative 1
Fori=1,2,...,n,leta; =1— x;. Let

Q) = P(1-x) _ (1—.7:)"—1'

T T

e () (e ()

and a;s are the nonzero roots of the polynomial Q(z), as

(I—a)"—1 2aP-1
= =0.
a; 1—112,;

Q(a;) =

Thus the desired sum is the sum of .the reciprocals of the roots of poly-
nomial Q(z), that is,

1 + 1 + +;
1—-n 1—1z, 1—zp_1
1 1 1
=—4+—4+-+
a a2 An-1
_ G203 :ap+ Q103 - Gp+ -+ 0102 Gn_1
alaz...an

By the Vieta’s Theorem, the ratio between
S:az-..an_i_alaa...an+...+a1a2...an_l

and
P=a; - -a,

is equal to the additive inverse of the ratio between the coefficient of
and the constant term in Q(z), i.e., the desired value is equal to

()

S__
P (n\ 2
1
as desired.
Solution 49, Alternative 2
For any polynomial R(z) of degree n—1, whose zeros are 1, z2, ..., Tn-1,
the following identity holds:
1 1 1 R'(z)

T — 2 z—x2+'.'+x—zn_1 - R(z)"
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For n_1q
R(z) =2 =z 4" T+,
-1
R(1) =n and
/ n(n—l)
R(l)z(n——l)+(n—2)+~-+1:—2—.
It follows that
1 v .1 _RM_n-l
l-z; 1-x, l-2,.1 R(1) 2 °

Problem 50
Let a and b be given real numbers.
Solve the system of equations

z —yy/x? —y?

v /FF
for real numbers = and y.
Solution 50
Letu=z+yand v=z—y. Then

u—v
2

Adding the two equations and subtracting the two equations in the orig-
inal system yields the new system

u—uyuw = (a+b)V1-—ww
v+ovuww = (a—b)V1—uv.
Multiplying the above two equations yields
wv(l — uwv) = (a® — b?)(1 — wv),
hence uv = a? — b2. It follows that
(a+b)vV1—aZ+b2 (@ —b)V1—aZ+b?
= Y and v = Y/ R
which in turn implies that
(a +bvaZ— 82 b+ava? — b2 )
V1-aZ+02" V1-a?+b2 )’

whenever 0 < a? — b2 < 1.

0<x2—y2=uv<l,x:u2j, and y =

(z,y) =
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Problem 51
Evaluate

2000) | (2000)  (2000) (2000
2 5 8 2000/
Solution 51
Let 2000
f(.’L‘) = (1 + IL‘)ZOOO = Z (2(;:)0) xk.
k=0
Let w = (—1++/3i)/2. Then w® =1 and w? + w + 1 = 0. Hence

3 2000 + 2000 R 2000
2 5 2000
= f(1) + wf(w) + W*f(w?)
=22000+w(1 +w)2000 +w2(1 +w2)2000
— 22000 + w(_w2)2000 + wz(_w)zooo

— 22000 +w2 tw= 22000 1.

Thus the desired value is
92000 _ |

3

Problem 52
Let x,y, z be positive real numbers such that z* 4+ y* + 2% = 1.
Determine with proof the minimum value of
3
z y z
8 s T 8"
11—z 1-y 1-2

3 3

Solution 52

For 0 < u < 1, let f(u) = u(1 — u®). Let A be a positive real number.
By the AM-GM inequality,

Aud +8(1 - u”)]9

A(f(0)® = Aub(1 = u®) - (1 - 08 < [ d
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Setting A = 8 in the above inequality yields

or

8
f0) € o
It follows that
3 v 23 et yt 24
1— 28 + 1—98 + 1-28 z(1l — z8) +y(1—y3) +z(1—28)
s @yt + Ve
- 8
T
= =5
with equality if and only if
rpeae L
y 7

Comment: This is a simple application of the result of problem 33 in
the previous chapter.

Problem 53 [Romania 1990)]
Find all real solutions to the equation

27 4+ 3% 4+ 6% = z°.

Solution 53

For z < 0, the function f(z) = 2% + 3% + 6 — z? is increasing, so the
equation f(z) = 0 has the unique solution z = —1.

Assume that there is a solution s > 0. Then
2 =2°43°4+6°>3,

so s > /3, and hence ls] > 1
But then s > |s] yields

222l =01+l 214 (s) 25,
which in turn implies that

6° > 45 = (2°)° > 52
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So 2% 4+ 3% 4+ 6° > s2, a contradiction.

Therefore £ = —1 is the only solution to the equation.
Problem 54
Let {an}n>1 be a sequence such that a; = 2 and
an, 1
Gnt1 = 2 + an
for all n € N.
Find an explicit formula for a,,.
Solution 54
Solving the equation
z—z-i-l
T2z

leads to z = +v/2. Note that

2
Gnp1 +V2 a2 +2v2a,+2 (an+\/§)

Gnt1— V2 @2 —2v2a,+2  \an—V2
Therefore,
2n—l
2"
am+v2 _(at+V2 =(\/§+1)
Qn — \/i ay — \/§
and o
V2[(v2+1)" +1]
a, = = .
VZ+1)" -1
Problem 55
Let z, y, and z be positive real numbers. Prove that
T y

z++/(z+y)(z+2) +y+ (y+2)(y+2)

MY e ey

Solution 55
Note that

Vi +y)(z+2) > /7y + V2.
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In fact, squaring both sides of the above inequality yields

2 4+ yz > 2z./92,
which is evident by the AM-GM inequality. Thus

NG
VI+Vz

T

z++/(z+y)(z+2) s x+\/x_y+\/a_6;: VT +

Likewise,
y < VY
y+vV+2)y+z)  VI+Sy+VE

and
z < vz .
z+/(z+a)(z+y) T VEH VI VE

Adding the last three inequalities leads to the desired result.

Problem 56

Find, with proof, all nonzero polynomials f(z) such that

f@) + f(2)f(z+1)=0.

Solution 56

Let f(2) = az™(z — 1)"g(z), where m and n are non-negative integers
and

9(2) = (z—21)(z — z2) - - (2 — ),
z; #0and z; #1,fori=1,2,...,k. The given condition becomes
az?™(z = 1)z + D)2 — 21)(22 — 22) - (22 — =)
=—a?2™" e+ )"z - D"z —2)(z—2) (2 — z)
(z+1—21)(z+1—29) - (24+1—z).
Thus a = —a?, and f is nonzero, so a = —1. Since z; # 1, 1 — z, # 0.
Then 2?™ = 2™+ that is, m = n.
Thus f is of the form
—2™(z - 1)"g(2).

Dividing by 22™(z — 1)*(z + 1)", the last equation becomes

9(2*) = g(2)g(z + 1).
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We claim that g(z) = 1. Suppose not; then clearly g must have at least
one complex root r # 0. Now

g(r?) = g(r)g(r +1) =0,
g(r®) = 0,
g(r®) = 0,

and so on.

Since g cannot have infinitely many roots, all its roots must have absolute
value 1.

Now,
9{(r — 1)%) = g(r — 1)g(r) =0,
so|(r—1)?|=1.
Clearly, if
Irl=1(r=1% =1,
then

{1+\/§i 1—\/§i}
re 5 .

But 2 is also a root of g, so the same should be true of r?:

. {1+\/§i 1—\/51}
r° e 2 s 2 .

This is absurd. Hence, g cannot have any roots, and g(z) = 1.

Therefore, the f(z) are all the polynomials of the form —z™(z — 1)™ for
méeN.

Problem 57

Let f : N — N be a function such that f(n+1) > f(n) and f(f(n)) = 3n
for all n.

Evaluate f(2001).

Solution 57, Alternative 1
We prove the following lemma.

Lemma Forn=0,1,2,...,
1. f(3")=2-3" and
2. f(2-3") =3"+,
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Proof We use induction.

For n = 0, note that f(1) # 1, otherwise 3 = f(f(1)) = f(1) = 1, which
is impossible. Since f : N = N, f(1) > 1. Since f(n +1) > f(n),
f is increasing. Thus 1 < f(1) < f(f(1)) = 3 or f(1) = 2. Hence
f2)=£(f(1) =3

Suppose that for some positive integer n > 1,
f(3")=2-3"and f(2-3") =3

Then,
f@E™) = f(f(2-3") =23,

and
f(2 . 3n+1) — f (f(3n+l)) — 3n+2,

as desired. This completes the induction. |

There are 3™ — 1 integers m such that 3" < m < 2-3™ and there are
3™ — 1 integers m’ such that

f(3)=2.3"<m <3 =f(2.3").
Since f is an increasing function,
fB+m)=2-3"+m,
for 0 < m < 3". Therefore
f2-3"+m)=f(f(B"+m))=3(3"+m)
for 0 < m < 3™. Hence
f(2001) = f (2- 3% +543) = 3 (3° + 543) = 3816.

Solution 57, Alternative 2

For integer n, let n(z) = ajaz---a; denote the base 3 representation of
n.

Using similar inductions as in the first solution, we can prove that

B 2a5 - ag ifa; =1,
f(")(3) "'{ lag---a¢0 if a3 =2.

Since 20013y = 2202010, f(2001)(3) = 12020100 or

f(2001) =1-32+2-3*+2.3°+1-3" = 3816.
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Problem 58 [China 1999]

Let F' be the set of all polynomials f(x) with integers coefficients such
that f(z) = 1 has at least one integer root.

For each integer k > 1, find my, the least integer greater than 1 for which
there exists an f € F such that f(z) = my has exactly k distinct integer
roots.

Solution 58

Suppose that fi € F satisfies the condition that fx(z) = my has exactly
k distinct integer roots, and let a be an integer such that fx(a) = 1. Let
gk be the polynomial in F' such that

gk(x) = fr(z +a)

for all x.
Now gx(0) = fr(a) = 1, so the constant term of g, is 1. Now gx(z) = my
has exactly k distinct integer roots ry,72,...,7k, SO We can write

gk(T) —mg = (2 —r1)(T —712)... (T — Tk)qk(T),

where g (z) is an integer polynomial.

Note that ri72-- -7t divides the constant term of gx(x) — my, which
equals 1 — my.
Since my > 1, 1 — my, cannot be 0,

|1 —my| > |rire- - 7yl
Now 71,79, -7 are distinct integers, and none of them is 0, so
rary -kl 2|1 (=1) -2+ (=2) - 3.+ (=) k/2]|,

hence
my > |k/2)! [k/2]' + 1.
This value of my, is attained by

k—1

a(@ = ) @-DE+1)(z-2)(z+2)
s (x4 (=DFTk/21) + Lk/2)! - TR/21 + 1.

Thus,
mi = |k/2)'- [k/2]' + 1.



72 4. Solutions to Advanced Problems

Problem 59
Let z; = 2 and
Tpt1 = xfl -z, + 1,
forn > 1.
Prove that
1_L<i+i+ +i<1_i
2271 T xy oz Zn 22™"

Solution 59
Since z; = 2 and
Tnp1 — 1 = zp(zy, — 1),
Z, is increasing.
Then z, — 1 #0.

Hence
1 1 1 1

xn+1—1=zn(m‘n—1)—zn—1—xn

or

Thus it suffices to prove that, for n € N,

1 1 1
1—22,‘—_1<1—m<1—27.
or .
22" < a1 —1<2. (1)

We use induction to prove (1).

Forn =1,z =22 —z; + 1 = 3 and (1) becomes 2 < 3 < 4, which is
true.

Now suppose that (1) is true for some positive integer n = k, i.e.,

2k—1

227 < pp —1< 2% (2)
Then for n = k + 1, the lower bound of (1) follows from

k-1 k—1 k
Thyz2 — 1= Tppr (g — 1) > 28 .28 =27,
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Since x4 is an integer, the lower bound of (2) implies that
Tp41 < 22" and Ty — 1< 22 1,
from which it follows that
Trpz — 1 = Tppr (T — 1) <27 (22’c - 1) <2,

as desired.
This finishes the induction and we are done.

Problem 60 [Iran 1997]

Suppose that f : R¥ — R* is a decreasing function such that for all
z,y € RY,

f@+y)+ (@) + f(y) = f(F@+ FY) + Fly + f(2))).

Prove that f(f(z)) = .
Solution 60
Setting y = x gives

f(2z) + f(2f(z)) = f(2f(z + f(2))).
Replacing z with f(z) yields

FQf(2)) + F2f(f(x))) = F(2f(f(z) + f(f(2))))-

Subtracting these two equations gives

FQRf(f(2))) = f(22) = f2f(f(z) + f(f(2)))) — f(2f (z + f(2)))-

If f(f(z)) > z, the left hand side of this equation is negative, so

(@) + f(f()) > f(z + f(x))

and

f(@)+ F(f(2)) <z + [(2),
a contradiction. A similar contradiction occurs if f(f(z)) < z.
Thus f(f(z)) = x as desired.

Comment: In the original formulation f was meant to be a continous
function. The solution above shows that this condition is not necessary.
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Problem 61 [Nordic Contest 1998)
Find all functions f : Q — Q such that

fl+y)+ f(z—y) =2f(z) + 2f(y)
for all z,y € Q.

Solution 61

The only such functions are f(z) = kz? for rational k. Any such function
works, since

fl@+y)+ f(z—y) = k(z +y)* + k(z —y)?
= kx? 4 2kzy + ky® + kz? — 2kzy + ky?
= 2kz? 4 2ky?
= 2f(z) +2f(y)-

Now suppose f is any function satisfying

f@+y) + f(z—y) =2f(z) + 2f(y).

Then letting £ = y = 0 gives 2f(0) = 4(0), so f(0) =0.
We will prove by induction that f(nz) = n?f(z) for any positive integer
n and any rational number z.

The claim holds for n = 0 and n = 1; let n > 2 and suppose the claim
holds for n — 1 and n — 2.

Then letting z = (n — 1)z, y = z in the given equation we obtain

f(n2) + f((n—2)z) = f((n -1z +2) + f((n - 1)z — 2)
=2f((n - 1)2) + 2f(2)
o)
f(nz) =2f((n —1)2) + 2f(2) — f((n - 2)z)
=2(n—1)*f(2) +2f(2) — (n — 2)*f(2)
=(2n? —dn+2+42-n’ +4n—-4)f(2)
=n’f(2)
and the claim holds by induction.
Letting x = 0 in the given equation gives

fy) + f(=y) =2f(0) + 2f(y) = 2f(y),

so f(—y) = f(y) for all rational y; thus f(nz) = n?f(z) for all integers
n.
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Now let k = f(1); then for any rational number z = p/q,

¢*f(z) = fgz) = f(p) = P’ f(1) = kp®
s0
f(z) = kp®/q* = ka?.
Thus the functions f(z) = kz?, k € Q, are the only solutions.
Problem 62 [Korean Mathematics Competition 2000]

Let 3 <a< 1.
Prove that the equation

}(z+1) = (z+a)(2z +a)

has four distinct real solutions and find these solutions in explicit form.

Solution 62
Look at the given equation as a quadratic equation in a:

a® 4+ 3za+222 — 23 —z? =0.
The discriminant of this equation is
97% — 822 + 423 + 4z = (z + 22%)%.
Thus
3z £ (z +2z?)

ag=——=,

2
The first choice a = —z +z? yields the quadratic equation 2 —z—a = 0,
whose solutions are

_ (1£V1+44a)
R
The second choice a = —2z — z? yields the quadratic equation
242z +a=0,
whose solutions are
-1+v1-a.

The inequalities

BN P SR PR

show that the four solutions are distinct.
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Indeed

1-+v1+4a

-1 l—-a<
+ a 2

reduces to

2vVl1—-a<3-vV1+4a

which is equivalent to
6v1+4a < 6 + 8a,

or 3a < 4a?, which is evident.

Problem 63 [Tournament of Towns 1997)
Let a, b, and c be positive real numbers such that abc = 1.

Prove that
1 1 1

<1
a+b+l+b+c+1+c+a+1 -

Solution 63, Alternative 1
Setting £ =a + b,y = b+ c and z = ¢ + a, the inequality becomes

1 1 1
<
z+1 y+1+z+l‘1’

1 1 z
+ < )
y+1 2417 z2+1
ie.
y+z+2 T
< b
(y+1D(z+1) " z+1
ie.
zy+zrz+2r+y+2+2<zyz+zy+2x2+2,
i.e.
z+y+2z+2< yz,
ie.
2a+b+c)+2< (a+b)(b+c)(c+a),
ie.

2(a + b+ c) < a?b+ab?® + b%c+ bc?® + c*a + ca®.
By the AM-GM inequality,

(a®b+ a’c +1) > 3Va4bc = 3a.
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Likewise,
(b%*c+ b%a+1) > 3b

and
(c*a+c*b+1) > 3c.

Therefore we only need to prove that
2@+b+c)+3<3(a+b+o),
ie.
3<a+b+eg,
which is evident from AM-GM inequality and abc = 1.

Solution 63, Alternative 2
Let a = a3,b =03, c = c3. Then a;b;c; = 1. Note that

a? + b? - a?bl -~ alb% = (a1 — bl)(af - bf) >0,

which implies that
a? + b? > albl(al + b1)

Therefore,
1 _ 1
a+b+1 a?+b§+a1b1c1

1
a1b1(a1 + b1) +ai1bic

AN

a1b101
aibi(a; + b1 +¢1)

L S
ay+b+c;
Likewise,
1 < al
b+c+1 " a1 +bi+c1

and
1 by

< .
c+a+1~"a1+b1+¢
Adding the three inequalities yields the desired result.
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Problem 64 [AIME 1988]

Find all functions f, defined on the set of ordered pairs of positive inte-
gers, satisfying the following properties:

fz,z) ==z, f(z,y) = f(y,2), (x+9)f(z,9) =yf(z,z+y)

Solution 64

We claim that f(z,y) = lem(z,y), the least common multiple of z and
y. It is clear that
lem(z,z) =

and
lem(z,y) = lem(y, z).
Note that 2y
lem(z,y) = ———
(=) ged (z,y)
and

ged (z,y) = ged (2,2 4+ y),

where ged (u, v) denotes the greatest common divisor of u and v. Then

(z+y)lem(z,y) = (x+y>'$
z(z +y)

y'gcd(x,a:+y)

= ylem(z, z +y).

Now we prove that there is only one function satisfying the conditions of
the problem.

For the sake of contradiction, assume that there is another function
g(z,y) also satisfying the given conditions.

Let S be the set of all pairs of positive integers (z,y) such that f(z,y) #
g(z,y), and let (m,n) be such a pair with minimal sum m +n. It is clear
that m # n, otherwise

f(m,n) = f(m,m) =m = g(m,m) = g(m,n).
By symmetry (f(z,y) = f(y,)), we can assume that n —m > 0.
Note that

nfman-m) = [m+(n-m)fimn-m)
= (n—m)f(m,m+(n—-m))

= (n - m)f(man)
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or
n—m

- f(m,n).

f(m,n—m) =

Likewise,
n—m

g(m,n—m)= -g(m,n).

Since f(ma n) 7£ g(mv n)? f(ma n- m) ?é g(ma n- m)
Thus (m,n—m) € S.
But (m,n — m) has a smaller sum m + (n — m) = n, a contradiction.

Therefore our assumption is wrong and f(z,y) = lem(z,y) is the only
solution.

Problem 65 [Romania 1990]
Consider n complex numbers z, such that |2x| <1, k=1,2,...,n.
Prove that there exist ej, ez, ..., e, € {—1,1} such that, for any m <mn,

lerz1 + €222 + -+ + emzm| < 2.

Solution 65

Call a finite sequence of complex numbers each with absolute value not
exceeding 1 a green sequence.

Call a green sequence {zx}}_, happy if it has a friend sequence {ex}7_,
of 1s and —1s, satisfying the condition of the problem.

We will prove by induction on n that all green sequences are happy.
For n = 2, this claim is obviously true.

Suppose this claim is true when n equals some number m. For the case
of n =m + 1, think of the 2z as points in the complex plane.

For each k, let ¢; be the line through the origin and the point corre-
sponding to zx. Among the lines ¢, {3, {3, some two are within 60° of
each other; suppose they are £, and {3, with the leftover one being £.,.

The fact that ¢, and £ are withjn 60° of each other implies that there
exists some number eg € {—1,1} such that 2’ = z, + egzs has absolute
value at most 1.

Now the sequence 2, 2., 24, 25, .. ., 2k+1 is a k-term green sequence, so,
by the induction hypothesis, it must be happy; let €', e, e4,€s,. .., €41
be its friend.

Let e, = 1.

Then the sequence {e;}¥*! is the friend of {2;}*F!. Induction is now
complete.
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Problem 66 [ARML 1997]
Find a triple of rational numbers (a, b, ¢) such that

{/\‘VZ=%+€/E+%

Solution 66

Letz = v/¥/2—1and y = ¥/2. Then y® =2 and z = ¥y — 1. Note that
1=y’ -1=(@y-DE*+y+1),

and
32+ 3y+3 S+ 3y2+3y+1 1)3
Pryr1= Y3 g3yl 1)
3 3 3
which implies that
1 3
3
=y—-1= =
Ty v+y+1 (y+1)3
or \3/_
p= Y2 (1)
y+1

On the other hand,
3=y’ +1=(y+ D -y+1)

from which it follows that

1 y?-y+1
y+1 3

Combining (1) and (2), we obtain

x=§/§(w_wﬂ).

4 21
(aa ba C) - (57 _57 '9')

Consequently,

is a desired triple.
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Problem 67 [Romania 1984]

Find the minimum of

1 1 1
log,, T2y + log,, T3~ g +--- +log, -7

where z1,2,...,Z, are real numbers in the interval (%, 1).

Solution 67

Since log, z is a decreasing function of x when 0 < a < 1 and, since
(x —1/2)? > 0 implies 2 > z — 1/4, we have

log Tx41

1
log,,, (-Z'k+1 - Z) > log,, i = 2log,, Tk+1 =2 log
Tk

It follows that

1 1 1
log,, T2y + log,, T3 =7 +- +log, T1- 7

1 1 1
o(logz:  logzs = logzn +log:c1
logz, logxs logz,-1 logz,

> 2n

by the AM-GM inequality.
Equalities hold if and only if

T1=Ty=-=1z,=1/2.

Problem 68 [AIME 1984]

Determine z°2 + y% + 2% + w? if

1:2 y2 22 w2 _
y_rte gt _pte_p- b
1:2 y2 2:2 w2
P g e gieg_z b
x2 y2 22 w2
- e e e e 7 b
m2 y2 22 w2

12 o3 g5 =1
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Solution 68

The claim that the given system of equations is satisfied by z?2,y?, 22,
and w? is equivalent to claiming that
2 y? 22 w?
=1 1

et tie Tior W
is satisfied by t = 4, 16, 36, and 64.
Multiplying to clear fractions, we find that for all values of t for which it
is defined (i.e., t # 1,9,25, and 49), (1) is equivalent to the polynomial
equation

where

P(t) = (t — 1)(t — 9)(t — 25)(t — 49)
—22(t — 9)(t — 25)(t — 49) — y*(t — 1)(t — 25)(t — 49)
—22(t —1)(t — 9)(t — 49) — w?(t — 1)(t — 9)(t — 25).

Since deg P(t) = 4, P(t) = 0 has exactly four zeros t = 4, 16, 36, and 64,
ie.,

P(t)=(t —4)(t — 16)(t — 36)(t — 64).
Comparing the coefficients of t3 in the two expressions of P(t) yields
149425449+ 2% 4y 4+ 22 + w? =4 + 16 + 36 + 64,
from which it follows that

z? +y? + 2% + w? = 36.

Problem 69 [Balkan 1997]
Find all functions f : R — R such that

fef(z) + f(¥) = (f(2))* +y
for all z,y € R.
Solution 69
Let f(0) = a. Setting z = 0 in the given condition yields
f(£(y)) = a® +y,

for all y € R.
Since the range of a?+y consists of all real numbers, f must be surjective.
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Thus there exists b € R such that f(b) =
Setting x = b in the given condition yields

F(F@)) = F(of(b) + F(v)) = (F(0))* +y =1,

for all y € R. It follows that, for all z,y € R,

(f(=)? + y = f(zf(z) + f(v))
= flf(f(@)f (=) + f()] = fIf (@) f(f(2)) + ]
= f(f(z ))2+y=w +y,
that is,
(f(2))® = (1)
It is clear that f(z) = z is a function satisfying the given condition.

Suppose that f(z) # z. Then there exists some nonzero real number ¢
such that f(c) = —c. Setting z = cf(c) + f(y) in (1) yields

(f(cf(e) + fF)P = [cf(c) + fW)]* = [-¢* + f(®)]?,

for all y € R, and, setting z = ¢ in the given condition yields

flef() + fW) = (f(0))* +y ="+,

for all y € R.
Note that (f(y))? = y>.
It follows that
[+ F(W)? = (¢ +)?,

or
fly)=-
for all y € R, a function which satisfies the given condition.

Therefore the only functions to satisfy the given condition are f(z) =z
or f(z) = —z, for z € R.

Problem 70
The numbers 1000, 1001, - - -, 2999 have been written on a board.
Each time, one is allowed to erase two numbers, say, a and b, and replace

them by the number %min(a, b).

After 1999 such operations, one obtains exactly one number ¢ on the
board.

Prove that ¢ < 1.
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Solution 70

By symmetry, we may assume a < b. Then
1 . a
—min(a,b) = 5

We have

ISR
o~ =

+ <

from which it follows that the sum of the reciprocals of all the numbers
on the board is nondecreasing (i.e., the sum is a monovariant).

At the beginning this sum is

1 1 11
U R S
=100 TToor Tt 2999 = @

where 1/c is the sum at the end. Note that, for 1 < k < 999,

1 N 1 4000 >4000_ 1
2000 — k ' 2000+ k 20002 — k2 ~ 20002 ~ 1000

Rearranging terms in S yields
1 > L + L + 1 + L + L +
c — 1000 1001~ 2999 1002~ 2998
+ L + ! + !
1999 © 2001 2000

1
1000 % 1000 + 2000 > 1,

>
or ¢ < 1, as desired.

Problem 71 [Bulgaria 1998]
Let a;,a2,...,a, be real numbers, not all zero.

Prove that the equation

Vitaz+vV1l+axz+ -+V1it+a,z=n

has at most one nonzero real root.

Solution 71
Notice that f;(z) = /1 + a,z is concave. Hence

f@)=Vitaz+---+V1+anx
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is concave.

Since f'(z) exists, there can be at most one point on the curve y = f(x)
with derivative 0.

Suppose there is more than one nonzero root.

Since £ = 0 is also a root, we have three real roots z; < z2 < x3. Ap-
plying the Mean-Value theorem to f(z) on intervals [z1, 23] and [z2, 23],
we can find two distinct points on the curve with derivative 0, a contra-
diction.

Therefore, our assumption is wrong and there can be at most one nonzero
real root for the equation f(z) = n.

Problem 72 [Turkey 1998]
Let {a,} be the sequence of real numbers defined by a; =t and

ant+1 = 4an(1 —ay)

forn > 1.
For how many distinct values of ¢ do we have aj995 = 07

Solution 72, Alternative 1
Let f(z) = 4z(1 — z). Observe that

f_l(O) ={0’1}) f_l(l) = {1/2}) f_l([o) 1]) = [0) 1])

and |{y: f(y) =z} =2forall z € [0,1).
Let A, = {zx € R: f*(z) = 0}; then

Anp1 = {zeR: fMi(z)=0}
= {zeR: f*(f(z))=0}={zeR: f(z) € An}.

We claim that for all n > 1, A, € [0,1], 1 € A,, and
|An| =271 +1.
For n =1, we have
Ay ={z eR| f(z) =0} ={0,1},

and the claims hold.
Now suppose n > 1 and A,, C [0,1], 1 € A,, and |4,| =2"~! + 1. Then

Z € Ant1 = f(z) € A, C[0,1] = z €]0,1],

so An+1 C [0, 1]
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Since f(0) = f(1) =0, we have f**}(1)=0foralln >1,s0 1 € A,41.

Now we have

lArH-ll

{z: f(z) € An}|
Y He: f(z) =a}

a€ An

He: f@) =1}+ > Hz: f(z)=a}|
aeAn
a€lo,1)

1+ > 2

aEAn
a€[0,1)

14+ 2(JAn| - 1)
1+22" 1 +1-1)
2" + 1.

Thus the claim holds by induction.
Finally, ajg99s = 0 if and only if f1997(¢) = 0, so there are 2'°% + 1 such

values of t.

Solution 72, Alternative 2

As in the previous solution, observe that if f(z) € [0,1] then z € [0, 1],
so if a1g98 = 0 we must have t € [0, 1].

Now choose 8 € [0,7/2] such that sin = /2.
Observe that for any ¢ € R,

f(sin® ¢) = 4sin ¢ (1 — sin? ¢) = 4sin” ¢ cos? ¢ = sin? 2¢;

since a; = sin? 0, it follows that

a; =sin?26, az =sin?46, ..., a190s = sin® 2'%°74.

Therefore

1998 = 0 < sin 219970 =0 << 0=

for some k € Z.

kr
21997

Thus the values of ¢ which give ajg9s = 0 are

sin? (k7r/21997),

k € Z, giving 299 4 1 such values of t.
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Problem 73 [IMO 1997 short list]
(a) Do there exist functions f: R — R and g : R — R such that
flg(z))=2* and  g(f(z)) =2
for all z € R?
(b) Do there exist functions f: R — R and g : R — R such that
flg(z))=2* and  g(f(z)) =2*
for all z € R?
Solution 73
(a) The conditions imply that f(z®) = f(g(f(z))) = [f(z)]?, whence
re{-1,0,1} = 2° =z = f(z) = [f(z))* = f(z) € {0, 1}.
Thus, there exist different a,b € {—1,0,1} such that f(a) = f(b).
But then a® = g(f(a)) = g(f(b)) = b, a contradiction.

Therefore, the desired functions f and g do not exist.

(b) Let
lz[nlel i |z > 1
glz) =< |z|~"™l fo<|z/<1
0 ifz=0.

Note that g is even and |a| = |b| whenever g(a) = g(b); thus, we
are allowed to define f as an even function such that

f(z) = y?, where y is such that g(+y) = z.

We claim that the functions f, g described above satisfy the condi-
tions of the problem.

It is clear from the definition of f that f(g(z)) = z2.
Now let y =/ f(z).
Then g(y) = = and

9(f(2) = 9(*)
(y2)]n(y2) = yilny = (ylny)4 ify>1
4

= (y2)—1n(y2) — (y—lny) iio <y<l1
0 ify=0
= lo@)*

= .734.
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Problem 74 [Weichao Wu]
Let0<a; <ay - <ap,0< b <bg--- < by, be real numbers such that

Suppose that there exists 1 < k < n such that b; < a, for 1 <¢: <k and
b; > a, for i > k.

Prove that
ayjaz - Qan > blbg . bn.

Solution 74, Alternative 1

We define two new sequences. For 1 = 1,2,...,n, let
a; = ai and b} = b
a;
Then b
al — b, =ar — Gk _ a’”(ai b,)
a, a;
or .
(0}~ b)) - (a; — b) = 7@ ZH) 5
a;
Therefore

nag =ajy+ap+--+a, >by +by+ -+ b,

Applying the AM-GM inequality yields

1
blbg"-bna;: = ) s sl bll+b’2+-‘ + b
727 TR ) (L) < n oL
<a1a2~-an (byby -+ b)) ™ < n S ag
from which the desired result follows.
Solution 74, Alternative 2
We define two new sequences. For i = 1,2,...,n, let
al =ay and b, = b; + ax — a, > 0.
Then
by + b5 + - + b, < nay. (1)

Note that, for cy(z — y)(y +¢) > 0,

T+c
y+c

x
§_>_ , x> yandc>0;
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Setting = a;, y = b;, and ¢ = ay, — a;, the above inequality implies that
a;/b; > a}/b}, for i = 1,2,...,n. Thus,

T

aias -Gy a/la/2”'a'/n

2
biby---bp — bibG--- bl )
Using (1) and the AM-GM inequality yields
/ / . /
(@)t = > AERT T by gy g
or
oy a2 BB b, ®)
It is clear that the desired result follows from (2) and (3).
Problem 75
Given eight non-zero real numbers a1, as, -, ag, prove that at least one

of the following six numbers: aias + aza4, ajas + azas, ajay + azas,
asas + a4a¢, azay + a4ag, asay + agag is non-negative.
Solution 75 [Moscow Olympiad 1978]
First, we introduce some basic knowledge of vector operations.
Let u = [a, b] and v = [m, n] be two vectors.
Define their dot product u-v = am + bn.
It is easy to check that
(i) v-v =m?+n? = |v|?, that is, the dot product of vector with itself

is the square of the magnitude of v and v - v > 0 with equality if
and only if v = [0, 0];

(i) u-v=v-u
(i) u- (v+w) =u-v+u-w, where w is a vector;
(iv) (cu)-v =c(u-v), where c is a scalar.

When vectors u and v are placed tail-by-tail at the origin O, let A and
B be the tips of u and v, respectively. Then AB=v-u
Let ZAOB =6.

Applying the law of cosines to triangle AOB yields
[v-u?> = AB?

= 0A?+0OB%*-20A-OBcosf
[u|? + |v|? — 2|u|v| cos¥.
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It follows that

(v—u)-(v—u)=u-u+v-v-—2ul|v|cosb,

or a-v
cosf = ——.
ul|v]
Consequently, if 0 <0 <90°, u-v >0.
Consider vectors vi = [a1,a2],v2 = [a3,a4],V3s = [as,a6], and v4 =
[a’7) a8]‘

Note that the numbers a;a3 +azaq4, ajas+azas, ajaz +azasg, azas +aqas,
azar + agas, asar + agag are all the dot products of distinct vectors v;
and vj.

Since there are four vectors, when placed tail-by-tail at the origin, at
least two of them form a non-obtuse angle, which in turn implies the
desired result.

Problem 76 [IMO 1996 short list]
Let a, b and c be positive real numbers such that abc = 1.
Prove that

ab + be + ca <1
aS+b5+ab W5+ +bc S+ad+ca T

Solution 76
We have

a® +b° > a’b*(a + b),
because

(@® -b°)(a® - %) 20,
with equality if and only if @ = b. Hence

ab < ab
as+b+ab ~ a2b%(a+b)+ab
1
ab(a+b) +1
abc

ab(a+b+c)
c

a+b+c

Likewise,
bc a

<
bB®+c®+bc " a+b+c
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and
ca b

< .
S+aS+ca " at+b+c
Adding the last three inequalities leads to the desired result.

Equality holds if and only ifa=b=c=1.

Comment: Please compare the solution to this problem with the
second solution of problem 13 in this chapter.

Problem 77 [Czech-Slovak match 1997]
Find all functions f : R — R such that the equality

f(f(2) +y) = f(2® —y) +4f(z)y
holds for all pairs of real numbers (z,y).

Solution 77

Clearly, f(z) = z? satisfies the functional equation.

Now assume that there is a nonzero value a such that f(a) # a?.

z? - f(z)
2

in the functional equation to find that

/ (f(“")%) ~f (f("”)%) +20(@) - 1))

Let y =

or 0 = 2f(x)(z? — f(x)). Thus, for each z, either f(z) =0 or f(z) = z2.
In both cases, f(0) = 0.

Setting z = a, it follows from above that either f(a) =0 or f(a) =0 or
f(a) = a?.

The latter is false, so f(a) =0.

Now, let £ = 0 and then z = a in the functional equation to find that

fW)=f(-y), fl)=f@*-y)

and so

fy) = f(=y) = f(a® +y);
that is, the function is periodic with nonzero period a?.
Let y = a? in the original functional equation to obtain

f(f(@) = f(f(z) +a?) = f(a” — a®) +4a?f(z) = f(®) + 40° f(2).

However, putting y = 0 in the functional equation gives f(f(x)) = f(z?)
for all z.
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Thus, 4af(x) = 0 for all z. Since a is nonzero, f(z) = 0 for all z.
Therefore, either f(z) = z? or f(z) =0.

Problem 78 [Kvant]
Solve the system of equations:

3z —
R
z? +y?
_ztdy

Y=oy T

Solution 78, Alternative 1

Multiplying the second equation by i and adding it to the first equation

yields

(Bz—y)—(z+3y)i _
z? +y? -

zT+yi+ 3,

or
3(x—yi) Yz —yi)

— =3
T+yr+ PN 2+ 42

Let z =z + yi. Then

1 z—y

z x4y
Thus the last equation becomes

3_;
zZ+ - 3,
z
or
22 -324(3—-14)=0.

Hence

. 3xv-3+4i 3£(1+42)
B 2 B 2 ’
that is, (z,y) = (2,1) or (z,y) = (1, -1).
Solution 78, Alternative 2
Multiplying the first equation by y, the second by z, and adding up yields

(B3z —yly — (v +3y)=x
2zy + 21 2 = 3y,

or 2zy — 1 = 3y. It follows that y # 0 and

3y+1
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Substituting this into the second equation of the given system gives
y+1\? 3y+1
- —-3y=0
Y [( 2y > i 2y =0

4yt -3y’ -1=0.

or

It follows that y? = 1 and that the solutions to the system are (2,1) and
(1,-1).

Problem 79 [China 1995]
Mr. Fat and Mr. Taf play a game with a polynomial of degree at least 4:

$2n +_x2n—l +—$2n—2+“.+_x+1‘

They fill in real numbers to empty spaces in turn.

If the resulting polynomial has no real root, Mr. Fat wins; otherwise, Mr.
Taf wins.

If Mr. Fat goes first, who has a winning strategy?

Solution 79
Mr. Taf has a winning strategy.

We say a blank space is odd (even) if it is the coefficient of an odd (even)
power of z.

First Mr. Taf will fill in arbitrary real numbers into one of the remaining
even spaces, if there are any.

Since there are only n — 1 even spaces, there will be at least one odd
space left after 2n — 3 plays, that is, the given polynomial becomes

p(z) = q(z) + _a* + 271,

where s and 2t — 1 are distinct positive integers and ¢(x) is a fixed
polynomial.

We claim that there is a real number a such that
p(z) = q(z) +az® + 2™
will always have a real root regardless of the coefficient of z2~1.

Then Mr. Taf can simply fill in a in front of z° and win the game.
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2t—1

Now we prove our claim. Let b be the coefficient of in p(z). Note

that
1
WP@) +p(-1)

= (273_—1q(2) +2°7 % g 4 b) +[g(=1) +(=1)’a - b]

= (2TI-1Q(2) + q(_1)> + a[23—2t+1 + (—1)5].

Since s # 2t — 1, 2572+ 4 (—1)® #£ 0.

Thus 1

WQ(Q) +q(-1)
9s—2+1 1 (1)

is well defined such that a is independent of b and

a=—

2%—1_1?(2) +p(=1)=0.

It follows that either p(—1) = p(2) = 0 or p(—1) and p(2) have different
signs, which implies that there is a real root of p(z) in between —1 and
2.

In either case, p(z) has a real root regardless of the coefficient of
as claimed.

2t—1
)

Our proof is thus complete.

Problem 80 [IMO 1997 short list]

Find all positive integers k for which the following statement is true: if
F(z) is a polynomial with integer coefficients satisfying the condition

0<F(c)<k for ¢=0,1,...,k+1,

then F(0)=F(1)=---=F(k+1).

Solution 80

The statement is true if and only if & > 4.

We start by proving that it does hold for each k > 4.

Consider any polynomial F(z) with integer coefficients satisfying the
inequality 0 < F'(c) < k for each c € {0,1,...,k + 1}.

Note first that F(k + 1) = F(0), since F(k + 1) — F(0) is a multiple of
k + 1 not exceeding k in absolute value.

Hence



4. Solutions to Advanced Problems 95

where G(z) is a polynomial with integer coefficients.
Consequently,

k> |F(c) = F(0)| = c(k +1 - ¢)|G(c)| (1)

for each c € {1,2,...,k}.

The equality c(k+ 1 —c¢) > k holds for each c € {2,3,...,k— 1}, as it is
equivalent to (¢ — 1)(k —¢) > 0.

Note that the set {2,3,...,k — 1} is not empty if k£ > 3, and for any c in
this set, (1) implies that |G(c)| < 1.

Since G(c) is an integer, G(c) = 0.

Thus

F)-F0)=z(z—-2)(z—-3)---(z—k+1)(z—k-1)H(z), (2)

where H(z) is a polynomial with integer coeflicients.

To complete the proof of our claim, it remains to show that H(1) =
H(k)=0.

Note that for ¢ = 1 and ¢ =k, (2) implies that

k> |F(c) - F(0)] = (k- 2)! - k- |H(c)|.

For k>4, (k—-2)!> 1.
Hence H(c) = 0.
We established that the statement in the question holds for any k > 4.

But the proof also provides information for the smaller values of & as
well.

More exactly, if F(x) satisfies the given condition then 0 and k + 1 are
roots of F(z) and F(0) for any k > 1; and if £ > 3 then 2 must also be
a root of F(z) — F(0).
Taking this into account, it is not hard to find the following counterex-
amples:
F(z)=z(2 —z) for k=1,
F(z)=z(3-1x) for k =2,
F(z)=z(4—z)(x-2)* for k=3.
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Problem 81 [Korean Mathematics Competition 2001]
The Fibonacci sequence F, is given by

Fl = F2 = l,Fn+2 = Fn+l + Fn (n € N)

Prove that s s
By, = Fonya ':)‘ Fona 2F3,
for all n > 2.
Solution 81
Note that

Fonyo = 3Fon = Fopy1 — 2F5, = Fon_y — Fopp = —F3p o,

whence
3Fy, — Fonyo — Fon_2=0 (1)

for all m > 2.
Setting a = 3F5,,b = —F,42, and ¢ = —F3,_5 in the algebraic identity

a3 + b3 + ¢ —3abc = (a + b+ c)(a® +b? + c* — ab — bc — ca)

gives
2TFy — F3 o — Fa 0 —9Fsp12FnFap_g = 0.

Applying (1) twice gives

FonyoFon—2 — F3, = (3F2n — Fon—2)Fon_o — F2,
= F2,(8Fsn—2 — Fop) — F2,_5 = FonFon_g— F2,_,
=...=FF,-F}=-1

The desired result follows from

OFoni2FonFan—2 — 9F3, = 9Fsu(FanyoFon—z — F3,) = —9F,.
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Problem 82 [Romania 1998]

Find all functions u : R — R for which there exists a strictly monotonic
function f: R — R such that

flz+y) = f(x)uly) + f(y)
for all z,y € R.

Solution 82

The solutions are u(z) = a®, a € R*.

To see that these work, take f(z) =z for a = 1.
If a # 1, take f(x) = a® — 1; then

fle+y)=a™ —1=(a" - 1)a* +a¥ - 1= f(z)u(y) + f(v)

for all z, y € R.

Now suppose u : R — R, f : R — R are functions for which f is strictly
monotonic and f(z +y) = f(z)u(y) + f(y) for all z, y € R.

We must show that u is of the form u(z) = a* for some a € R*. First,
letting y = 0, we obtain f(z) = f(x)u(0) + f(0) for all z € R.

Thus, u(0) # 1 would imply f(z) = f(0)/(1 — u(0)) for all z, which
would contradict the fact that f is strictly monotonic, so we must have
u(0) =1 and f(0) = 0.

Then f(z) # 0 for all z # 0.

Next, we have

f@u(y) + f(y) = fz +y) = f(2) + f(y)u(z),

or
f@)(u(y) — 1) = f(y)(u(z) - 1)
for all z,y € R. That is,

for all zy # 0.
It follows that there exists C' € R such that

u(z) — 1
=C
f(z)
for all z # 0.
Thus, u(z) = 14+C f(z) for z # 0; since u(0) = 1, f(0) = 0, this equation
also holds for z = 0.
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If C =0, then u(z) =1 for all z, and we are done.
Otherwise, observe

uz+y) = 1+Cf(z+y)

1+ Cf(z)uly) + Cf(y)
= u(y) + Cf(2)uly)

= u(z)u(y)

for all z,y € R.
Thus u(nz) = u(z)" foralln € Z, z € R.

Since u(z) = 1+ Cf(z) for all z, u is strictly monotonic, and u(—z) =
1/u(z) for all z, so u(z) > 0 for all z as u(0) = 1.

Let a = u(1) > 0; then u(n) = a™ for all n € N, and

u(p/q) = (u(p))/? = aP/1

for all p€ Z, g € N, so u(z) = a* for all z € Q.
Since u is monotonic and the rationals are dense in R, we have u(z) = a”
for all z € R.

Thus all solutions are of the form u(z) = a%, a € R*.

Problem 83 [China 1986]
Let 21, 22,. .., 2, be complex numbers such that

lz1] + |z2] + -+ +]zal = 1.
Prove that there exists a subset S of {21, 22,...,2,} such that

>z

z€S

2

[

Solution 83, Alternative 1

Let ¢1, 45, and 3 be three rays from origin that form angles of 60°, 180°,
and 300°, respectively, with the positive z-axis.

Fori = 1,2, 3, let R; denote the region between ¢; and £;; (here ¢4, = ¢;),
including the ray ¢;. Then

1= Jal+ D lal+ D laxl.
ZkERy ZkER2 2kER3

By the Pigeonhole Principle, at least one of the above sums is not less
than 1/3.
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Say it's R3 (otherwise, we apply a rotation, which does not effect the
magnitude of a complex number). Let zx = xx + iyx. Then for 2z € R,
ok = |ak| 2 |2kl/2.

Consequently,

5

zk€R3

>

1 11 1

> - > .2 ==

= *2Z|z’°|-2 37§
2kER3

5 =

zk€ER3

as desired.

Solution 83, Alternative 2

We prove a stronger statement: there is subset S of {21, 22, ..., 2, } such
that

For 1 <k < mn,let zx = xx + iyx. Then

1

l21] + |22] +- - + |2a]
< (el + lwaD) + (o2l + ly2]) + - + (12l + lyn])

D lakl+ Y el + D lyl + Y k.

>0 T, <0 Y >0 Yk <0

By the Pigeonhole Principle, at least one of the above sums is not less
than 1/4. By symmetry, we may assume that

1< = Y w

z,20 zk 20

Consequently,

>

>0

szk

k>0

2

=

Comment: Using advanced mathematics, the lower bound can be
further improved to 1/7.

Problem 84 [Czech-Slovak Match 1998]

A polynomial P(z) of degree n > 5 with integer coefficients and n distinct
integer roots is given.

Find all integer roots of P(P(x)) given that 0 is a root of P(z).
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Solution 84

The roots of P(x) are clearly integer roots of P(P(z)); we claim there
are no other integer roots.

We prove our claim by contradiction. Suppose, on the contrary, that
P(P(k)) = 0 for some integer k such that P(k) # 0.

Let
Piz)=a(z—ri)(z—r2)(z—713)  (x —74),

where a,71,79,...,T, are integers,
r1=0<|ry| <r3| <+ <ol

Since P(k) # 0, we must have |k — r;| > 1 for all 4.
Since the r; are all distinct, at most two of |k —ra|, |k — 73], |k —r4| equal
1, so

la(k —72) - (k = rn-1)| 2 |a|lk = 72| |k — r3|[k — 4] > 2,
and |P(k)| > 2|k(k — ).

Also note that P(k) = r;, for some i, so |P(k)| < |ry]|.
Now we consider the following two cases:

1. |k| > |rn]. Then |P(k)| > 2|k(k — rn)| > 2|k| > |rx], a contradic-
tion.

. |k| < |rn|, that is, 1 < |k| < |rp| — 1. Let a, b, ¢ be real numbers,
a <b. For z € [a,b], the function

f(z) =z(c—=z)

reaches its minimum value at an endpoint x = a or x = b, or at
both endpoints.

Thus

|k(k —rn)| = |kllrn — k| > [k|(Irn] = [K]) 2 |ra] = 1.
It follows that
[rn| > [P(K)| > 2[k(k —rn)| > 2(|rn] = 1),
which implies that |r,,| < 2. Since n > 5, this is only possible if
Pz)=(z+2)(z+ Dz(z—1)(z—2).

But then it is impossible to have k # r; and |k| < |r,|, a contra-
diction.
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Thus our assumption was incorrect, and the integer roots of P(P(z)) are
exactly all the integer roots of P(z).

Problem 85 [Belarus 1999}

Two real sequences x1, x3, ..., and y1, ya, . . ., are defined in the following
way:
T1=y1=V3, Tnp1=zn+ 1473,

and

_ Yn
Yn+1 I+t

for all n > 1. Prove that 2 < z,y, < 3 for all n > 1.

Solution 85, Alternative 1
Let z, = 1/y, and note that the recursion for y, is equivalent to

Znt1 = 2Zn + 1+ 22.

Also note that z; = v/3 = z;; since the z;s and z;s satisfy the same
recursion, this means that z, = z,_; for all n > 1.

Thus,
In Ln
TnYn = — = .
Zn Tn-1

V1+22_1 > zao.

Thus z, > 2z, and z,y, > 2, which is the lower bound of the desired
inequality.

Note that

Since z,s are increasing for n > 1, we have

which implies that

2r,_1 > \/ 1+ 1,‘721_1.

Thus 3z,-1 > z,, which leads to the upper bound of the desired inequal-
ity.

Solution 85, Alternative 2

Setting z,, = cot8,, for 0 < 0,, < 90° yields

Zps1 = cot O, + /1 4+ cot? 8, = cotb, + csch, = cot (0—"> )

2
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3 o
Since #; = 30°, we have in general 0,, = in—l Similar calculation shows

that

2tan 6,
n = tan(20,) = ————.
y an(26n) 1 —tan?6,
It follows that 9
Indn = T e 0,

Since tan#, # 0, tan? 8, is positive and T,y, > 2.
And since for n > 1 we have 6, < 30°, we also have

1
tan? 6, < 3
so that z,y, < 3.

Comment: From the closed forms for z,, and y, in the second solution,
we can see the relationship

used in the first solution.

Problem 86 [China 1995]

For a polynomial P(z), define the difference of P(z) on the interval [a, b]
(la,b), (a,b), (a,b]) as P(b) — P(a).

Prove that it is possible to dissect the interval [0, 1] into a finite number
of intervals and color them red and blue alternately such that, for every
quadratic polynomial P(z), the total difference of P(z) on red intervals
is equal to that of P(z) on blue intervals.

What about cubic polynomials?

Solution 86
For an interval ¢, let A;P denote the difference of polynomial P on 1.

For a positive real number ¢ and a set S C R, let S + ¢ denote the set
obtained by shifting S in the positive direction by c.

We prove a more general result.

Lemma

Let ¢ be a positive real number, and let k¥ be a positive integer. It is
always possible to dissect interval Iy = [0,2%¢] into a finite number of
intervals and color them red and blue alternatively such that, for every
polynomial P(z) with deg P < k, the total difference of P(z) on the red
intervals is equal to that on the blue intervals.
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Proof
We induct on k.

For k = 1, we can just use intervals [0,¢] and (¢,2¢]. It is easy to see
that a linear or constant polynomial has the same difference on the two
intervals.

Suppose that the statement is true for & = n, where n is a positive
integer; that is, there exists a set R, of red disjoint intervals and a set
B,, of blue disjoint intervals such that R, N B, =0, R, U B,, = I,,, and,
for any polynomials P(z) with deg P < n, the total differences of P on
R, is equal to that of P on B,.

Now consider polynomial f(z) with deg f < n + 1. Define
9(z) = f(z +2"¢) and h(z) = f(z) — ().

Then deg h < n. By the induction hypothesis,

Z Ayh = Z Ah,

beEB, TE€ERR
or
DUDf+ D Brg= D Af+ D Avg.
beB, T€R, T€ER, T€EBA
It follows that
Do MNf= ) A,
l.>€B:I_H T€R;

where

i1 = RnU(Bn+2M),
and B, B, U (R, +2™).

(If Ry, and By, both contain the number 2"¢, that number may be
removed from one of them.)

It is clear that Bj,, and R, form a dissection of I,4; and, for any
polynomial f with deg f < n + 1, the total difference of f on B, ; is
equal to that of f on Ry, ;.

The only possible trouble left is that the colors in B}, , ; UR!, , ; might not
be alternating (which can happen at the end of the I,, and the beginning
of I, + 2™¢).

But note that if intervals iy = [a1,b1] and iz = [b1,¢1] are in the same
color, then ’

Ailf + Aizf = Aisfa

where i3 = [a, ¢1].
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Thus, in B}, ;UR;, |, we can simply put consecutive same color intervals
into one bigger interval of the same color.

Thus, there exists a dissection
Iny1 = Bny1URpp

such that, for every polynomial f(z) with deg f <n +1,

D Mef= Y AL

b€Bnt1 TERn41

This completes the induction and the proof of the lemma. )

Setting first £ = % and then ¢ = % in the lemma, it is clear that the

answer to each of the given questions is “yes.”
Problem 87 [USSR 1990]
Given a cubic equation

w3+_x2+_m+_=0,

Mr. Fat and Mr. Taf are playing the following game.

In one move, Mr. Fat chooses a real number and Mr. Taf puts it in one
of the empty spaces.

After three moves the game is over.

Mr. Fat wins the game if the final equation has three distinct integer
roots.

Who has a winning strategy?

Solution 87
Mr. Fat has a winning strategy.

Let the polynomial be z3 + az? + bz + c. Mr. Fat can pick 0 first. We
consider the following cases:

(a) Mr. Taf chooses a = 0, yielding the polynomial equation
2 +br4c=0.

Mr. Fat then picks the number —(mnp)?, where m,n, and p are
three positive integers such that

m? +n? = p?.
If Mr. Taf chooses b = —(mnp)?, then Mr. Fat will choose ¢ = 0.
The given polynomial becomes

z(z — mnp)(z + mnp).
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If Mr. Taf chooses ¢ = —(mnp)?, then Mr. Fat will choose
b =m?n? — np? — p*m?.
The given polynomial becomes
(z 4+ m?)(z + n?)(z — p?).
(b) Mr. Taf chooses b = 0, yielding the equation
z® +az® +c=0.
Mr. Fat then picks the number
m?(m 4+ 1)%(m? + m + 1)3,
where m is an integer greater than 1.
If Mr. Taf chooses
a=m?(m+1)2(m? +m+1)3,
then Mr. Fat can choose
c=-m¥(m+1)8%m?+m+1)5.
The polynomial becomes
(z —mp)lz + (m + 1)p|z + m(m + 1)p],

where
p=m?(m+1)2(m? +m+1)%

If Mr. Taf chooses
c=m?(m+ 1)2(m? + m+ 1)3,
then Mr. Fat can choose
a=—(m?+m+1)>%
The polynomial becomes
(z + mq)[z — (m + 1)g][z — m(m + 1)q],

where
g=mi4+m+1.
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(c) Mr. Taf chooses ¢ = 0.

Then the problem reduces to problem 40 of the previous chapter.
Mr. Fat needs only to pick two integers a and b such that

abla—1)(b-1)#0
anda+b=-1
The polynomial becomes either z(z — 1)(z — a) or z(z — 1)(z — b).

Our proof is complete.
Below is an example of what Mr. Fat and Mr. Taf could do:

F T F T F Roots
0 a —-3600 b 0 —60,0,60
o "¢ —481 —16,-9,25
" b 4.9.77 o -—28.3%.7%] —8.27-49,
—4 27 - 49,
8-9-49
»oon ¢ —-49 —14,21,42
’ ¢ 2 a -3 -3,0,1
v ?oh -3 0,1,2

Problem 88 [Romania 1996]

Let n > 2 be an integer and let f : R2 — R be a function such that for
any regular n-gon A1A4,... A,

f(A) + f(A2) +--- + f(Aq) =0.

Prove that f is the zero function.

Solution 88
We identify R? with the complex plane and let ¢ = e?7¢/™,
Then the condition is that for any z € C and any positive real t,

n

> fz+t¢?) =0.
=1
In particular, for each of k = 1,...,n, we obtain

n

Y fz-¢k+¢) =0

Jj=1



4. Solutions to Advanced Problems 107

Summing over k, we have

YN fe-(1-¢m™¢h) =

m=1k=1

For m = n the inner sum is nf(z); for other m, the inner sum again runs
over a regular polygon, hence is 0.

Thus f(z) =0 for all z € C.

Problem 89 [IMO 1997 short list]
Let p be a prime number and let f(z) be a polynomial of degree d with

integer coeflicients such that:
(i) f(0)=0,7/(1)=1;
(ii) for every positive integer n, the remainder upon division of f(n)
by p is either 0 or 1.
Prove that d > p — 1.

Solution 89, Alternative 1
For the sake of the contradiction, assume that d < p— 2.

Then by Lagrange’s interpolation formula the polynomial f(z) is
determined by its values at 0, 1, ..., p — 2; that is,

_ =2 - (z—k+1)(z-k—-1)--(z—p+2)
fz) = ;f(k) k1 (1) (k—p+2)

@kt (@—k=1) - (z—p+2)
= Zf(k) k!(—1)p—F (p—k—-2)!

Setting £ = p — 1 gives

fo-1) = Zf(k e

—1)P—kE!
= Zf(k p—kkl
p—2
= (1P f(k) (mod p).
k=0

It follows that
S(f)=fO)+f(1)+---+f(p—-1)=0 (mod p). 1)
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On the other hand, (ii) implies that S(f) =7 (mod p), where j denotes
the number of those k € {0,1,...,p— 1} for which f(k) =1 (mod p).

But (i) implies that 1 < 7 <p-1.

So S(f) #0 (mod p), which contradicts (1).

Thus our original assumption was wrong, and our proof is complete.
Solution 89, Alternative 2

Again, we approach the problem indirectly.

Assume that d < p— 2, and let

f(z) = ap—22P"2 + - + a1 + ao.

Then
p—1 p—1p-2 . p—2 p—1 —2
SH=D k)= > aki=> a, Z k= Z a;S;,
k=0 k=0 i=0 i=0 k=0 =0
p—1
where S; = Z kt.
k=0

We claim that S; =0 (mod p) foralli=0,1,...,p—2.

We use strong induction on ¢ to prove our claim.

The statement is true for i = 0 as So = p

Now suppose that S =S5, =--- =85, =0 (mod p) for some 1 <i <
p — 2. Note that

p—1
0=p Zk1+l Zkﬁ-l Z[(k + 1)i+l _ ki+1]
k=0
p—1 1 -1 ,.
=Z <z+1) (i+1)Si+Z<’+.1)Sj
k=0 j= 7=0 J

(1+1)S; (mod p)

Since 0 < i+ 1 < p, it follows that S; =0 (mod p). This completes the
induction and the proof of the claim. Therefore,

p—
= ZaiSi =0 (mod p).

1=0

The rest is the same as in the first solution.
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Problem 90
Let n be a given positive integer.

. . 1
Consider the sequence ag, a1, -, a, with ag = 3 and

2
a
k—1
ar = Gk-1 + )
n

fork=1,2,---,n.
Prove that
1
1-—<a,<1.
n

Solution 90, Alternative 1

We prove a stronger statement: For k =1,2,...,n,
n+1 n
mkt2 *m_%& (1)

We use induction to prove both inequalities.
We first prove the upper bound. For k = 1, it is easy to check that

i, 1 241 m
T2 m T Tan T -1
Suppose that
n
ak<2n—k’

for some positive integer k < n. Then

k41 = %(“-Fak)
1 n
< 2n—k<"+2n—k)
_ n(2n—k+1)
= T (@2n—kp
n
S k-1

2n—k+1)2n—-k—-1)=2n-k)?>-1< (2n - k)%
Thus our induction step is complete. In particular, for k =n — 1,

n

L S—
2n—(n-1)-1 7

an =041 <
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as desired.
Now we prove the upper bound. For k£ = 1, it is easy to check that

a _2n+1> n+1
17 T m+1

Suppose that
n+1

% m—kt2
for some positive integer k < n. Then
2 2
_ at n+1 (n+1)
ak+1—ak+n>2n—k+2 n(2n — k +2)?

It follows that

dsr — n+1 S _ n+1 + (n+1)2
1T —k+1 T (2n—k+D)(2n—k+2)  n@n—k+2)

_ n+1 n+l 2n—-k+2
T 2n—k+2)? n n-k+1

_ n+1 1 1 50
T2 —k+22\n 2n-k+1 '
This complete the induction step. In particular, for n = k — 1, we obtain

n+1 _n+l_ 1 1
Mm—-(n—-1)+1 n+2 = n+2 n’

Ap = Ag41 >

as desired.

Solution 90, Alternative 2
Rewriting the given condition as

1 1 n 1 1

a al_,  ak-1(n+ak-1) ak-1 ntak—
ag_1 +—

yields
1 1 1
-— = (2)

- b
ag-1 G n+ag_

for k=1,2,...,n.
It is clear that axs are increasing.
Thus
Gn > Gp_1 >~->ao=%.
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Thus (2) implies that
1 1 1

Qp—1 Qg n
for k=1,2,...,n.

Telescoping summation gives

1 1

———x<1
aop Qp,
or 1 1
—>——-1=2-1=1,
QAn Qg

that is, a, < 1, which gives the desired upper bound.

Since a, < 1, and, since axs are increasing, 7= ap < ar < ap <1 for
k=12...,n

Then (2) implies

1 1 1 1

> )
ar-1 ar n+agy n+l

for k=1,2,...,n.

Telescoping sum gives

1 1 n
ao an n+1
or
1 1 n n+2
—_—< — = = —,
ap, a n+1 n+1
that is,
a n+l 1 >1__1_
"Tn+2 n+2 n’

which is the desired lower bound.
Problem 91 [IMO 1996 short list]
Let a;,ao,...,a, be nonnegative real numbers, not all zero.

(a) Prove that 2™ — a;jz"~! — - -+ — @17 — a, = 0 has precisely one
positive real root R.

(b) Let A=3""_ a; and B =37, ja;.

Prove that A4 < RB.
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Solution 91

al . a‘2 a‘n

Note that f decreases from oo to 0 as z increases from 0 to oo.

Hence there is'a unique real number R such that f(R) = 1, that is,
there exists a unique positive real root R of the given polynomial.

(b) Let ¢j = a;/A.
Then cjs are non-negative and ) _c; = 1.

Since — In z is a convex function on the interval (0, c0), by Jensen’s

inequality,
n n
z;cj (—mﬁ) >—In X;C’RJ ~In(f(R) =0
= i=

It follows that .
> cj(-InA+jInR) >0
=1

or " "
ch In4 < chj InR.
=1 j=1

Substituting ¢, = a;/A, we obtain the desired inequality.

Comment: Please compare the solution of (a) with that of the problem
15 in the last chapter.

Problem 92

Prove that there exists a polynomial P(z,y) with real coefficients such
that P(z,y) > 0 for all real numbers z and y, which cannot be written
as the sum of squares of polynomials with real coefficients.

Solution 92

We claim that

P(z,y) = (2 +9* — D2 +

is a polynomial satisfying the given conditions.
First we prove that P(z,y) > 0 for all real numbers z and y.
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If 22 + y? — 1 > 0, then it is clear that P(z,y) > 0; if 22 +y2 — 1 < 0,
then applying the AM-GM inequality gives

1-22—y2+22+42\° 1
— 22 o 2\p22 < _ L
(1-z"—y")zy _( 3 ) 57

or )
(2 + 9% — Dz?y? > ~g57
It follows that P(z,y) > 0.

We are left to prove that P(z,y) cannot be written as the sum of squares
of polynomials with real coefficients.

For the sake of contradiction, assume that

n

P(xay) = ZQi(xa y)2

=1

Since deg P = 6, deg @Q; < 3.
Thus

Qi(z,y) = Aix®+ Biz’y + Cizy® + Diy®
+Ez® + Fiay + Goy® + Hix + Ly + J;.

Comparing the coefficients, in P(z,y) and Y ., Q:(z,y)?, of terms z8
and y® gives

n n

Y A?=>"DI=0,

=1 i=1

or A; = D; =0 for all 4.
Then, comparing those of z* and y* gives

n n
Y E}=) GI=0,
=1 =1

or E; =G; =0 for all 1.
Next, comparing those of 22 and y? gives

Xn:Hf = ilf =0,
i=1 i=1

or H; =1I; =0 for all 1.

Thus,
Qi(z,y) = Biz’y + Cizy® + Fyzy + J;.
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But, finally, comparing the coefficients of the term z2y2, we have

n

which is impossible for real numbers F;.

Thus our assumption is wrong, and our proof is complete.

Problem 93 [IMO 1996 short list]

For each positive integer n, show that there exists a positive integer k
such that
k= f(z)(z+1)*" +g(z)(a® +1)

for some polynomials f, g with integer coeflicients, and find the smallest
such k as a function of n.

Solution 93

First we show that such a k exists.

Note that z + 1 divides 1 — z2". Then for some polynomial a(z) with
integer coefficients, we have

1+ 2)a(z)=1-2*"=2—(1+2°"),
or
2= (1+x)a(z) + (1+z°).
Raising both sides to the (2n)*" power, we obtain

22" = (1 + 2)?™(a(x))*™ + (1 + *™)b(x),

where b(z) is a polynomial with integer coefficients.

This shows that a k satisfying the condition of the problem exists. Let
ko be the minimum such k.

Let 2n = 27 - ¢, where r is a positive integer and ¢ is an odd integer.
We claim that ko = 29.

First we prove that 29 divides ko. Let t = 2. Note that z?" + 1 =
(zt 4+ 1)Q(z), where

Qz) =tV —gHa=2) 4 ... _ gt 41

The roots of zt + 1 are

Wm, = COS (M) +isin (M)’ m=1,2,...,t
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that is,
Rz)=z'+1=(z—wi)(z—w) - (T — wp).

Let f(z) and g(x) be polynomials with integer coefficients such that

ko f@) (@ +1)* + g(z)(«® + 1)

f@)(@ +1)°" + g(2)Q(z)(z" +1).

It follows that
fwm)(wm +1)" =ko, 1<m<it. (1)
Since r is positive, t is even. So

2=R(-1)=(1+w1)Q+w2) (1 +wy).

Since f(w1)f(ws) - -+ f(w;) is a symmetric polynomial in wq,ws,. .., w;
with integer coefficients, it can be expressed as a polynomial with integer
coefficients in the elementary symmetric functions in wy,ws,...,w;

and therefore
F = f(w)f(w2) - f(we)
is an integer.

Taking the product over m = 1,2, ...,t, (1) gives 22" F = kf or 22 9F =
k% . Tt follows that 2¢ divides ko.

It now suffices to prove that ko < 29.
Note that Q(—1) = 1.
It follows that
Q(z) = (z + 1)c(z) + 1,

where c(z) is a polynomial with integer coefficients.
Hence

(z +1)*"(c(2))*™ = (Q(z) — 1)*" = Q(z)d(z) + 1, ()
for some polynomial d(z) with integer coefficients.
Also observe that, for any fixed m,

(W1 5=1,2,...,t} = {w1,w2,...,wi}.

Thus
A+ wn)1+wd) - (1+w2 ) =R(-1) =2,

and writing

14w =1+ wn)(1l —wp + w2, — -+ w22,
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we find that for some polynomial h(z), independent of m, with integer

coefficients such that

But then (z + 1)h(z) — 2 is divisible by z! + 1 and hence we can write
(z+ Dh(z) =2+ (z* + 1u(z),

for some polynomial u(x) with integer coefficients.

Raising both sides to the power g we obtain
(z + 1)2"(h(x))? =27 + (z' + 1)v(z), (3)

where v(z) is a polynomial with integer coeflicients.
Using (2) and (3) we obtain

(z +1)*"(c(2))*" (2" + 1v(z)
= Q(z)d(z)(z" + 1)v(z) + (z* + 1)v(z)
= Q(z)d(z)(z" + 1v(z) + (z + 1)*(h(z))? - 27,
that is,

27 = fi(z)(z + 1)*" + g1 (z)(z* + 1),

where f(z) and g;(z) are polynomials with integer coefficients.
Hence kg < 29, as desired.

Our proof is thus complete.

Problem 94 [USAMO 1998 proposal, Kiran Kedlaya]
Let x be a positive real number.

(a) Prove that

(b) Prove that
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Solution 94

We use infinite telescoping sums to solve the problem.

(a) Equivalently, we have to show that

oo

nlx
;n(x+1)--'(x+n) =1

Note that

It follows that

nlz
n(z+1)---(z+n)

_ (n—1)! B n!
T (x+D-(z4+n—-1) (z4+1)---(z+n)’

and this telescoping summation yields the desired result.

(b) Let

Then, by (a), f(z) < —

In particular, f(z) converges to 0 as z approaches oo, so we can
write f as an infinite telescoping series

f@) =) If(z+k—1) - f(z +k)] (1)
k=1
On the other hand, the result in (a) gives

e n—1 1 1
flx=1) - f(z) = ;nx+1( x)+n—1) (_—x+n)

_ 1§: (n—1)!
- i (x+1)--(z+n)

1

2
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Substituting the last equation to (1) gives
oo
1
KNz

as desired.

Problem 95 [Romania 1996]
Let n > 3 be an integer, and let

Xcs={1,2,...,n%

be a set of 3n? elements.

Prove that one can find nine distinct numbers a;,b;,¢, (1 =1,2,3) in X
such that the system

iz +by+ciz = 0
a2 +by+coz = 0
a3z +bsy+czz = 0

has a solution (zo, Yo, 20) in nonzero integers.

Solution 95
Label the elements of X in increasing order z; < --- < x3,2, and put

X1 = {.'171,---,.'17112}7
Xg = {xn2+1,...,x2n2},
X3 = {$2n2+1, cee ,.’l:3n2}.

Define the function f: X7 x X3 x X3 — S x S as follows:
f(a'yb7c) = (b_aac_b)'

The domain of f contains n® elements.

The range of f, on the other hand, is contained in the subset of S x S
of pairs whose sum is at most n3, a set of cardinality

nd-1

n—l) n®
=22~ 0
2 <3

By the Pigeonhole Principle, some three triples (a;, b;,¢,) (i = 1,2, 3)
map to the same pair, in which case x =b; — ¢,y =c¢; —a;,z=a; — by
is a solution in nonzero integers.
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Note that a; cannot equal b; since X; and X, are disjoint, and that
a; = ap implies that the triples (a1, b;,c1) and (aq, by, c2) are identical,
a contradiction.

Hence the nine numbers chosen are indeed distinct.

Problem 96 [Xuanguo Huang]
Let n > 3 be an integer and let x;, x5, -, z, be positive real numbers.

Suppose that
=~ 1
Y-t
P

Prove that

VI + VT2 4+ + V/Ea 2 (n—1) (J%WL%JF"'JH/;:)'

—

Solution 96

By symmetry, we may assume that z; < zo < --- < z,. We have the
following lemma.

Lemma Forl<i<j<mn,

VE |
1+2; — 14z

h
we have 1 1 2+ 1; + 7,

14 z; + 1+zx; - (14 z)(1 +z;)

1>

or
14z +2; +xix; > 24+ 7 + 25

It follows that z;xz; > 1. Thus

\/x_i \/.’l:_.7 _ \/.'13_,(1 +.’1Ij)— \/23_](1+$,)
1+z; 1+z; (1+z;)(1 +z;)

(VT — V) (1 — /ZTiT;)
(1 + xz)(l + xj)

v
o
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as desired. 0O

By the lemma, we have

142y " 1420~ ~ 14z,
and, since
1 1 > 1
\/_ VB2 T T

it follows by the Chebyshev Inequality

%il ZH_; Z(\/— 1+xz) Zl+xz=' (1)

By the Cauchy-Schwartz Inequality, we have

or

" Vi . 1+" a:>>n2 2
Multiplying by
1 1
n T

i=1
on both sides of (2) and applying (1) gives

n

1 - "1

=1

which in turn implies the desired inequality.
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Problem 97
Let z1,z3,...,x, be distinct real numbers.
Define the polynomials

P(z) = (z - 21)(z - 22) -~ ( — Z)

and

Q) =P (Ao s )

r—x3 T—T2 -,
Let y1,¥2,...,Yn—1 be the roots of Q.

Show that
el < iyl ul

Solution 97
By symmetry, we may assume that

d=lgg;,1lyi—yj|=yz—y1-

Let sx =y1 —xzg, for k=1,2,...,n.
By symmetry, we may also assume that s; < s3 < -+ < sp, i.e, 1 >
Ty > > Ty
For the sake of contradiction, assume that

d < min|z; — z;| = minz; — x; = mins, — s;. 1

< minfe, - 2, = minz, — 2, = mins, s, (1

Since P has no double roots, it shares none with Q.
Then

P(yi)( L 1

Yi — X1 Yi — T Yi = Tn

)=an=m
or
1 1 1
+ oot
Yi — 1 Yi — Ta Yi — Tn

In particular, setting ¢ = 1 and ¢ = 2 gives

Z:s:l—= s :_d=0. @)
k=1°F k=1 0k

We claim that there is a k such that si(sg + d) < 0, otherwise, we have

1
3k+d<g
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for all k, which in turn implies that

L1 1
Zs +d<Z;I:’

k=1 k k=1

which contradicts (2).

Let j be the number of ks such that si(sx+d) < 0, thatis, sy < 0 < sx+d.
A simple but critical fact is that s + d and si4; have the same sign. In
fact, suppose that

31<~--<si<si+1<--~<si+j<0<s,~+j+1<---<sn;

then
S1+4d< - <8;,+d<0< 841 +d<---<s,+d.

Then sg4; > 0 if and only if k > 7+ 1, that is sy +d > 0.

From (1), we obtain sx + d < sk4;, and, since si + d and sk, have the

same sign, we obtain

1>1

Sg+d~ sk+,~’

for all k =1,2, ---,n — j. Therefore,

n—j n—j
1 < 1 ,
ot Sk+j ot sk, +d
or .
LI D= |
z Sk < sk+d (3)
k=j+1 ko =10k
Also note that
‘i 1 <0< i ! 4)
k=1 5k k=n—g+1 5k T d

which contradicts (2).
Thus our assumption is wrong and our proof is comp]ete.
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Problem 98 [Romania 1998]
Show that for any positive integer n, the polynomial

fl@)=(@=*+2)¥" +1

cannot be written as the product of two non-constant polynomials with
integer coefficients.

Solution 98
Note that f(z) = g(h(x)), where h(z) = 22+ z and g(y) = y*" + 1.
Since

N N "1 /on
Iy+1) =@+ +1=y9° +(Z <k>y’°>+2,

k=1

and (%) is even for 1 < k < 2" — 1, g is irreducible, by Eisenstein’s
criterion.

Now let p be a non-constant factor of f, and let r be a root of p.

Then g(h(r)) = f(r) =0, so s := h(r) is a root of g.

Since s =12 + 7 € Q(r), we have Q(s) C Q(r), so

deg p > deg(Q(r)/Q) > deg(Q(s)/Q) = deg g = 2".

Thus every factor of f has degree at least 2™.

Therefore, if f is reducible, we can write f(z) = A(z)B(z) where A and
B have degree 2™.

Next, observe that

flz) = @E+2)¥ +1
2nHl

= 2 427 +1=(?+2+1)¥  (mod 2).

Since 22 + x + 1 is irreducible in Z;|[z], by unique factorization we must
have

Az)=B@) =@ +z+1)2 =2 +27 +1  (mod 2).
Thus, if we write

Alz) = agz? +-- +ag,
B(.’l)) = b2"z2" ++b0,

then agn, agn-1, ag, ban, byn-1, by are odd and all the other coefficients
are even. Since f is monic, we may assume without loss of generality
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that azn = bgn = 1; also, agbg = f(0) = 1, but ag > 0, bg > 0 as f has
no real roots, so ag = by = 1.
Therefore,

(@7 + 2277 ) (9(2)h(z))
( Z azb2“+2“‘1-—i> + (Z aib2"-1—i)

i=2n-1 =0

= agn bzn-l + agn—lbgn + aobgn—l + Qgon—1 bo
= 2(agn-1 + bgn-1) =0 (mod 4)

as agn-1 + byn-1 is even.
But

(1 D) = (o) =2 s 1)

2" -1
2n-1-1

and ( ) is odd by Lucas’s theorem, so

("1 + 22" (f(z)) =2 (mod 4),

a contradiction.
Hence f is irreducible.

Problem 99 [Iran 1998]
Let f1, f2, f3: R — R be functions such that

a1f1 +azfa+asfs

is monotonic for all a;,az,a3 € R.
Prove that there exist cp, ¢z, c3 € R, not all zero, such that

c1f1(z) + caf2(z) + cafs(z) =0
for all z € R.

Solution 99, Alternative 1
We establish the following lemma.

Lemma: Let f,g: R — R be functions such that f is nonconstant and
af + bg is monotonic for all a,b € R. Then there exists ¢ € R such that
g — cf is a constant function.

Proof. Let s,t be two real numbers such that f(s) # f(¢).
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Let

_9(s)—g(t)
Cf(s) = @)
Let h; =g — d, f for some d; € R.

Then h; is monotonic. But

hi(s) — ha(t) = g(s) — g(t) — di(f(s) — f(8)) = (f(s) — f(}))(u — dn).

Since f(s) — f(t) # 0 is fixed, the monotonicity of h; depends only on
the sign of u — d;.

u

Since f is nonconstant, there exist z;,z2 € R such that f(z;) # f(z2).
Let
_ 9(@1) —g(x2)

C= —————Z
f(z1) — f(z2)
and h = g — cf.
Then r = h(z1) = h(z2) and the monotonicity of h; = g — d; f, for each
dy, depends only on the sign of ¢ — d;.

We claim that h = g — cf is a constant function.
We prove our claim by contradiction.

Suppose, on the contrary, that there exists z3 € R such that h(z3) # r.
Since f(z1) # f(z2), at least one of f(z1) # f(x3) and f(z2) # f(x3) is

true.
Without loss of generality, suppose that f(z1) # f(z3).

Let
,_ g(z1) — g(x3)

 f(z) = f(zs)
Then the monotonicity of h; also depends only on the sign of ¢’ — d;.
Since h(z3) # r = h(z),

g(z1) —g(x3) o
@) f@)

hence ¢ — d; # ¢’ — d;.

So there exists some d; such that h; is both strictly increasing and de-
creasing, which is impossible.

Therefore our assumption is false and & is a constant function. |
Now we prove our main result.

If f1, f2, f3 are all constant functions, the result is trivial.

Without loss of generality, suppose that f; is nonconstant.
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For a3 = 0, we apply the lemma to f; and f;, so fo =cf1+d; for a; =0,
we apply the lemma to f; and f3,s0 f3=c'f1 +d'.

Here c, ¢/, d, d’ are constant.
We have

(dd—cd)fi+d fo—dfs = (d—cd)fr +d'(cfi+d)—d(d fr+d) =
If (dd—cd',d',—d) # (0,0,0), then let
(c1,¢3,¢3) = (dd —cd',d', —d)

and we are done.
Otherwise, d = d’ = 0 and f3, f3 are constant multiples of f;.

Then the problem is again trivial.

Solution 99, Alternative 2
Define the vector

v(z) = (fi(z), f2(x), f3(x))
for x € R.

If the v(x) span a proper subspace of R3, we can find a vector (ci, ¢z, c3)
orthogonal to that subspace, and then c; f1(z) + caf2(z) + cafs(z) =0
for all z € R.

So suppose the v(x) span all of R3.

Then there exist z; < z; < z3 € R such that v(z;), v(z2), v(z3) are
linearly independent, and so the 3 x 3 matrix A with A;; = f;(z;) has
linearly independent rows.

But then A is invertible, and its columns also span R3.

This means we can find c;, ¢z, c3 such that

3
Zcz fz xl , fi(z2), fz(zS)) = (01 1’0)’

i=1

and the function c; f; +c3 fo+c3 f3 is then not monotonic, a contradiction.
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Problem 100 [USAMO 1999 proposal, Richard Stong]

Let z;,5,...,z, be variables, and let y1,y2,...,y2n—1 be the sums of
nonempty subsets of z;.

Let pr(z1,--.,Z,) be the k'" elementary symmetric polynomial in
the y; (the sum of every product-of k distinct y;’s).

For which k and n is every coefficient of pi (as a polynomial in 1, ..., 2,)
even?

For example, if n = 2, then y,, y2,y3 are x1,x2,x1 + T2 and

p1=y1 + Y2 +y3 = 2z1 + 212,
P2 = Y1Y2 + Y2y3 + ysy1 = mf + x% + 3z122,

D3 = Y1Y2Y3 = 5'3%5'32 + $1$§~

Solution 100
We say a polynomial py is even if every coefficient of py is even.
Otherwise, we say py is not even.

For any fixed positive integer n, we say a nonnegative integer k is bad
for n if k = 2™ — 27 for some nonnegative integer j.

We will show by induction on n that pg(z1,z2, -, z,) is not even if and
only if k is bad for n.

For n = 1, pi(z1) = z; is not even and kK = 1 is bad for n = 1 as
k=1=2'-20=2"_20

Suppose that the claim is true for a certain n.

We now consider pg(z1,Z2,...,Znt1)-

Let ok (y1,y2,---,Ys) be the k** elementary symmetric polynomial.

We have the following useful, but easy to prove, facts:

1. ak(y17y2)"'ays’0) :ak(yl)y%"',ys);
2. Forall1<r<s,

ak(yl’ ceey ys) = Z [U‘i(yh Ty y’r)aj(y'r-l-l) e )ys)]a
i+j=k

3. ok(z+yn,z+y2,...,z+Ys)

= Y @+v)@tu) @+
11 <t2< <tk

k
Z Z Z Ys1Yso ysrka—r

11 <12<- <t =0 51<82<: <8p
{s1,8r}C i, - ik}
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i (s _ T)GT(yl, L Ys)zt T

r=0
Hence
pk(zh‘z?a e 7$n+1)
= Z [pi(xlv o axn) '
i+j=k
Uj($n+1,f'31 + Ty, T F T2 4+ Tng))
2‘"
S (2 ptan - apan el
i+j=k r=0

By the induction hypothesis, every term of p,(z1,z2---,z,) is even un-
less r = 2™ — 2¢, for some 0 < t < n.

For such r, note that
2 —r\ ([ 2
j-r) \y-r

iseven unless j —r =0or j —r = 2t
Therefore, taking coefficients modulo 2,

pk(zlaz% e 7$n+l)
= Z pi(xla T2y, wn)pj(xla T2,y In)
itj=k

n
t
+ Y Pran (31,2, Tn)Pan 2 (T1, T2, Tn) T
t=0

By the induction hypothesis, the terms in the first sum are even unless
k —2" = 2™ — 2* for some 0 < u < n, that is k =27+ — 2%,

In the second sum, every term appears twice except the term
pk/2(wll T2, -, xn)za

for k even.
By the induction hypothesis, this term is even unless k/2 = 2™ — 27, for
some 0 < v < n, that is k = 27+ — 2v+1,

It follows that pg(x1,Z2,- - Tnt1) is even unless k = 2"+! — 2% for some
0<w<n+l1,ie, kis bad for n + 1:
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Furthermore, note that the odd coefficients in

pk($1,$2, o 'axn+l)

occur for different powers of x,41.
Therefore, the condition that & is bad for n + 1 is also sufficient for

pk(.’tl,.’llg, t axn+l)

to be odd.
Our induction is complete.

Problem 101 [Russia 2000]

Prove that there exist 10 distinct real numbers a1, as,.. ., aio such that
the equation

(z—a1)(x—az) - (x—ap) =(z+a1)(z+a2) - (z+aw0)

has exactly 5 different real roots.

Solution 101

We show that {ai,as,...,a10} = {7,6,...,—2} is a group of numbers
satisfying the conditions given in the problem.

The given equality becomes
(x = 2)(z — Dz(z + 1)(z + 2)g(z?) = 0,
where

glu) = 2[((T+6+ - +3)u?+
(7-6-5+7-6-44--+5-4-3)u+7-6---3].

If g(u) = has no real solutions, then g(z?) = 0 has no real solutions.

If u; and u, are real solutions of g(u) = 0, then u; +u; < 0 and u uz > 0,
that is, both u; and us, are negative.

It follows again that g(z?) = 0 has no real solutions.
Our proof is complete.
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Arithmetic-Geometric Mean Inequality (AM—GM Inequality)
If a1, az,...,a, are n nonnegative numbers, then

1
~(a1+ay+-tap) > (a102--- an)*
with equality if and only if a3 = a2 =+ = ap.

Binomial Coefficient

The coefficient of z* in the expansion of (z + 1) is

(+) = m=mr

Cauchy-Schwarz Inequality

For any real numbers a;,as,...,a,, and by,bs,...,b,
(0} +a3 + - +al)(6F + b3 + - +b]) > (arby + azby + -+ + anbn)?
with equality if and only if a; and b; are proportional, i = 1,2,...,n.

Chebyshev Inequality

1. Let 23,25 ...,z, and y1,¥o,...,Yn be two sequences of real num-
bers, such that z; < z; < - <z, and y;1 < y2 < ... < Yn.
Then

1
;(xl +xo+ 4 Z) Y1+t HYn) S TIL HT2Y2 4+ TYn.

2. Let z1,z,...,z, and y1,¥s,...,yn be two sequences of real num-
bers, such that z; > 22 > - >z, and y;3 > y2 2 ... 2> Yn-
Then

1
@tz te )y +ya o tyn) 2 Ty +2ay2 +o + Tnln
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De Moivre’s Formula

For any angle a and for any integer n,

(cosa +isina)™ = cosna + isinna.

Elementary Symmetric Polynomials (Functions)

Given indeterminates x, ..., T,, the elementary symmetric functions
S1,...,Sq are defined by the relation (in another indeterminate t)

(t+xz1) (t4zp) =t"+s1t" 1+ d sy 1t + 5,

That is, s is the sum of the products of the z, taken k at a time. It
is a basic result that every symmetric polynomial in z1,...,z, can be
(uniquely) expressed as a polynomial in the s;, and vice versa.
Fibonacci Numbers

Sequence defined recursively by F} = Fp = 1, Fy42 = Fpy1 + Fy, for all
n €N.

Jensen’s Inequality

If f is concave up on an interval [a, b] and A1, Az, ..., A, are nonnegative
numbers with sum equal to 1, then

/\1f(:l‘1)+)\2f(232)+"'+/\nf(.’l?n)Zf(/\l.’l?l +)\2$2+"'+/\n.’l¢n)

for any z,,Z2,...,Z, in the interval [a,b]. If the function is concave
down, the inequality is reversed.

Lagrange’s Interpolation Formula

Let zg,z1,...,Z, be distinct real numbers, and let yo,y1,...,yn be ar-
bitrary real numbers. Then there exists a unique polynomial P(z) of
degree at most n such that P(z;) = y;, + = 0,1,...,n. This is the
polynomial given by

R SN RSP

i=0 (@i = Tim1) (T = Tag1) - (T = TR)

Law of Cosines

Let ABC be a triangle. Then
BC? = AB? + AC? — 2AB - AC cos A.
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Lucas’ Theorem
Let p be a prime; let a and b be two positive integers such that

k—1

a= akpk + ak_lpk"l +---a1p+ ao, b= bkpk + bk_lp + - -b1p+ bo,

where 0 < a;,b; < p are integers for i =0,1,...,k. Then
a ai\ (Gk-1 ai\ (ao
= e d p).

(6)= () Gn) () () o
Pigeonhole Principle
If n objects are distributed among k < n boxes, some box contains at
least two objects.
Root Mean Square-Arithmetic Mean Inequality (RMS—-AM In-

equality)

For positive numbers z;, x2,. .., Tn,

\/x%+x%+-~+x,2C STzt

n n
More generally, let a1, as,...,a, be any positive numbers for which a; +
az + - + a, = 1. For positive numbers z1, zs,...,z, we define
M_o = min{z,zs,...,zx},
Moo = max{xl, T2y.eny :l:k},

Mo =a'z3? - 2om,
M, = (0128 + azzt + - - + arzl)'?,
where t is a non-zero real number. Then
M—ooSMsSMtSMoo

for s <t
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Triangle Inequality

Let z = a + bi be a complex number. Define the absolute value of z to

be
|z] = va% + b2

Let a and 3 be two complex numbers. The inequality
la+ 6] < |a| + 6

is called the triangle inequality.
Let o = a; + azi and B = By + (21, where a1, ag, 81, B2 are real numbers.
Then a + 8 = (oq + B1) + (a2 + B2)i.

Vectors u = a1, a2, v = [$1,02], and w = a3 + B1, a2 + f2] form a
triangle with sides lengths |a|, |8|, and |a + £].

The triangle inequality restates the fact that the length of any side of a
triangle is less than the sum of the lengths of the other two sides.

Vieta’s Theorem
Let z1,z2,...,z, be the roots of polynomial
P(z) =anz" +apn_12" 1+ +a17 + ao.

where a,, # 0 and ag,a1,...,a, € C. Let sx be the sum of the products
of the z; taken k at a time. Then

Qp—
se = (-1)F 2=,

ap
that is,
Ap-1
r+ T2+ -+ Ty, =— )
an
An—2
T1T2+ -+ T+ Tp1Tp = 2 ;

n

13Ty = (‘Unﬂ-
an

Trigonometric Identities

sina + cos?a =1,
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addition and subtraction formulas:

sin(a £ b) = sinacosb * cosasinb,

cos(a + b) = cosacosb Fsinasinb,
tana + tanb

t +b) = —————;

an(a £b) 1F tanatanbd’

double-angle formulas:

sin2a = 2sinacosa,
cos2a = cos’a —sin®a = 2cos?a — 1 = 1 — 2sin?a,

2tana
tan2a =

1—tan?a’

triple-angle formulas:

sin3a = 3sina — 4sin® a,

cos3a = 4cos®a — 3cosa,

3tana — tan®a

tan3a = —————
1—-3tan“a

half-angle formulas:

8
7]
=]
I
] ~
wle ol Nie

sum-to-product formulas:

sina + sinb = 2sina-2*-bcosa;b,

cosa + cosb = 2cosa;-bcosa;b,

tana + tanb = w;
cosacosb

difference-to-product formulas:

. . . a—=b a+b
sina — sinb = 2sin cos
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a+b
2 b)

. a—b .
cosa — cosb = —2sin sin

sin(a — b)

tana — tanb = ;
cosacosb

product-to-sum formulas:

2sinacosb = sin(a + b) + sin(a — b),
2cosacosb = cos(a + b) + cos(a — b),

2sinasinb = — cos(a + b) + cos(a — b).
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