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CHUYEN PE DAY SO (BDHSG)

1. KHAI NI EM DAY SO
1) Cho A la ndt tap con khacdng aia ti 5 nguyénZ, ham $ u:A - R

n—u(n)=u,
duoc goi 1a mot day 9, va ki hiai 1a (up) hoic {up} . Théng throng ta hay chn A sao cho pin tir nho nhit
cuaAlal. Day (v) goi la day $ hiru han (haic day $ vo han) néu A 1a tap hop gom hiru han (v0 han) phan ti.
S un dugc goi 1a $ hang tong quat caday (y). ,
2) Day $ (un) duoc goi la day $ tang (ting khdng nghém ngit, giam, giam khong nghiém n@g) néu u, <upq
(twong g Uy, < Uptq1, Up > Uptq, Up 2 Upyq) VO Moi nOA.
3) Day $ (un) dugc goi 1a tudn hoan u ton tai 5 nguyén arong k sao choup,y = up,,00n0 A. S6 k nhé nhit
thod man tinh cht nayduoc goi 1a chu ki @a day tuin hoan (4). Néu k = 1 thi tadugc mot day Hing (tat ci cac
S0 hang be“}ng nhau). o ’ )
4) D&y $ (un) duoc goi la i chan trén réu ton tai so thuc M sao chou, <M véi mei nCA. Day $ (un) duoc
goi 1a bi chan dusi néu ton tai sb thuc m sao chou, =m véi moi nOA. Day $ (un) dugc goi 1a bi chan (haic
gisi noi) néu no vira bi chan trén vira bj chan dudi, tac 14 ©n tai 5 thuc M, m sao chom<u, <M véi moi
nOA, haic ton tai s thyc C sao chduy|< C,0n0 A. Day $ hiru han hoic tuan hoan thi ludn bchan.
2. CAPSO
1) Cap o cong .y , : ‘ .
- Day 9 (un) duoc goi la cip s0 cong neu moi so hang deu thea ménup, 41 —u,, = d (d: hang , goi la cong sai).
- Cong thic truy hoi: up4q =Uup, +d. Cong thirc 5 hang tong quét: u, =u; + (N—21)dd nJ A. Cong thirc tinh

N=D 4 Tinh cfit cac é hang:

tong n $ hang dau tién: S, :g(ul+ Un :% Qu+ (- DdF nu+

U4 + U1 = 2U -
2) Cip sd nhan
- D&y 9 (un) dugc goi la cip s6 nhan ’u moi sb hang déu thoa man u,,1 = u,,.q (q: hang 5, goi 1a cong 1i).

- Cong thic truy hdi: Uy, = Up.q. CONg thic s hang tdng quat: uy, = u,.q" 1. Céng thic tinh Hng n $ hang

n+1
néu q#1. Tinh chit cac $ hang: Uy ,q.Uy_1 = U,

ddutién: S, =nu nfuq=1,S, = ull_lq
3) Céip sd nhan éng
- Day 9 (un) dugc goi 1 cip s6 nhan éng néu moi sb hang déu thaa man up,4q = u,.q+d (g, d 1a ling ).
4) Cap s diéu hoa

- Day $ (un) duoc goi 1a dip sb diéu hoa réu moi sb hang cia né déu khéc 0 va thoman u, :M,
Un-1+Un+1
hay 1 ——( ! ). (Hoc sinh tr 6n #ip cac @ng toan ¢ cip )
Up 2 Uy 1 Un+1
3. XAC PINH SO HANG TONG QUAT CUA DAY SO ‘
3.1 DU POAN SO HANG TONG QUAT VA CHUNG MINH B ANG QUI NAP
BAI TAP ) ) )
1) Xacdinh $ hang ng quat da day 8 cho hbi:
a)u1=1,q]+1=1_l:” On=123,.. b)u, =v2, U =2+ U, I e 1,2,3,...
n
3,5 J3-1 B-1+(/3+ 1)y,
ouw =1, =——+=-u+ 11 = 1,23,.. ,0n=1,2,3,..
=Lt =5 G+ W B ™ Va3 ny
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e)ulzé,unﬂ: ZU%— 10 1,2,3,... f)ulzé,uml: 2u,, [1- u’h O 1,2,3,...

3.2. MQT SO DANG TRUY HOI DPACBIET

= Véi day $ cho i cong thrc truy hoi dang up,,; =u, +f(n) thi u, =u +fQ)+f(2)+..+ f(n—-1).
= V6i day $ cho ki cong thic truy 1oi dang u,,,; = u,,.g(n) thi u, =u;.9(1).9(2)...9(7 1).
BAITAP q ,

2) Xacdinh $ hang tong quét éa day é cho li:

n+17°u
a)y =1y, = 4+ ntnld e 1,2,3,.. b)u1:1,q1+1:ﬁ,ﬂn:1,2,3,...
U =1LU, = U+ R+ 30— 3 I & 1,2,3,... ds 3y= 4 "8,=n 1,2,3..
e) =Ly, = U+ (v 12",0n=1,2,3,... f)u; =2,u,; = 2—ui,D n=12,3,...
n
_ _n?-1 _ _ _n
g)ul—l,uml—Tun,Dn—1,2,3,... h)ul—O,q1+1—n—_l_1(1+ GIH 1,23,

3.3. PHUONG TRINH PAC TRUNG
Ta ch xét hai teong hyp don gian sauday:

a) Xét day 6 (Uy) cho i Uy, Uy, Upen = a.lhy,+ by [ AN * (a, constKhi d6 phrong trinh x* —ax—- b= 0
duoc goi la phrong trinhdic trung aia day é da cho.

= Néu phrong trinh trén c6 hai ngéin thyc phan bié x,, x, thi u, = Ax] +B.x.

= Néu phrong trinh trén c6 hai ngéin thuc tring nhaux, = x, thi u,, = (A +nB).x{ .

= Néu phurong trinh trén c6A <0, goi hai nghém phic cia nd lax,, x,, va béu dién hai $ phic nayo dang
lugng giac x, =r(cosp + i.sind ),% = r(co$— isip ),véi r, ¢ 1a cac 6 thuc, r la matun cia x; va x,,
¢ 0[0;2m), i 1adon vi 4o, thi u, =r"(A.cosnp + Bsing ).(O d6 cac ting $ A, B duoc xacdinh nhy uy, u,)

b) Xét day 8 (u,) cho Wi uy, Uy, Ug, U= Al o+ by + cu BN * (a,bge constp phrong trinh dic
trung x° —ax® — bx— c= 0.

= Néu phuong trinh trén c6 ba ngérin thuc phan bét X, X5, X5 thi u, = Ax] +Bx} +C.x3j.

= Néu phuong trinh trén c6 ba ngérin thuc X;, X5, X3 MAX; # X, = X5 thi u, =AX] +(B+nC).x3.

» Néu phrong trinh trén c6 ba ngdrin thuc x;, X5, X3 VA X; =X, = X5 thi U, = (A +nB+n%C).x .

» Néu phuong trinh trén c6 ba ngém X1,X2,Xg trong d6 x; la nghgém thuc, con hai nghlim
X, =r(cosp+ i.sinp ), Xz=r(cosp—i.sinp) la hai nghtm phic (khong phi 1a & thuc) thi

u, =Ax] +r"(B.cosp+ Csint )(O d6 cac hing $ A, B, Cdugc xacdinh nhy uy, u,, U3)

VD1, Cho ddy & (u,) xacdinh boi u; =1,Uy = 0,Uy, 5= Uy g~ U, J MIN *.Ching minh (u,,) bi chan.

HD. Phrong trinh dic trung cia day $ da cho 1a x2-x+1=0 cé hai nghim phic x1=cosl;+ i.sing ,

X5 :cosg— i.sing ,nénu, =1" (A.cos%n+ B.sinr%[ )2 N *Do u; =1,u, = 0, nén ta co

1= A.cost+ B.sin® ey)  |ALBYBL (A=
3 3 272 A
o=A.cos%"+ B.sin%n €y) |[-ABB_, |B=%
2" 2
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m, N3 m, 3 2 .
2 2 i+(‘g3 ﬁDrEN , hay

Suy ra u, =

(u,) la day bchan.

VD2.Cho (u,) cOu; =0,u, =16, = 47,4,3= 74 o,— 11y + 5Sp0 MN Fim du khi chia uyyy, cho 2011.
HD. Phrong trinhdac trung x3-7x%+11x- 5= 0¢6 3 nghé¢m thuc x; =5 (nghiém don), X, = x5 =1 (nghiém
kép) dodd u, =A5"+(B+nC).!' ONIN *. Vi u;=0,u, =16,5= 47nén A —é,B:—ls,C: 12. Suy ra

u, =5"1+12n- 130 N *.Tir d6 U,gy;=5"1°+12.201F 13.Theodinh Ii Phécma th5?°1°-1: 2011 (dinh

li Phécma: Nu p 1a $ nguyén é, a la $ nguyén va (a, p) = 1, thi" 1 =1 (mod p)).Vay U4 chia cho 2011

~12 (hay dr 1999).

VD3. Cho hai day & (x,,), (Y,) thod man x; =y; =1, X4 = 84X~ 2Yp, Vi 1= X+ Yol NON *, X&c dinh cong

thirc cua X,,, Y.

HD. Ta €0 Xpip =4Xpi1—2Ym1= X1~ 2(X0F V)= 4X g & 2X 5 2Y & 48Xy T 2X7F Xy 1 4X,, hay
Xpe2 =5Xne1— 6X,, ONON*). D&y (u,) co phrong trinhdac trung x?-5x+6=0< x= 2 haicx = 3. Suy ra

X, =A.2"+B.38" OnON *. Ma x; =1,%X, = 4% — 2y, = 2, nén A :%, B=0, va ta co x,=2"1,0nON*. Tur

d6 Vax, ., = 4x, -2y, = y,= 2" 1. Vay x, =y, =2" 1, 0n0ON *,

3.4. PHUONG PHAP DAY SO PHU
VD4. Cho day 8 (u,): %, =1L w=2,y,,= 2.4,,— Y+ L] N *Pat v, =u,,;—u,. Ching minh (v,) la
cap so cong va timu,,.

HD. a) Ta ¢c6 vi=u,—-u;=1. Va Uyp=2.U1— U+ 0 MN*= Yo— Upqg= Upq— W+ L1 AN *
= Vpg =V, +1,0n0N *, Vay (v,)) 1 dip sb cong v6i sb hang dau tién v, =1, cong sai d = 1.

b) Tur cau a ta cov,, =v; +(n—-1).d= I+ (n- .= nhay u,4 —u,=n0n0ON *. Suy rau, =(U, —Uy1)+ (U1~ Up o1+
(n=-1).n_ i

ot (U-yw)ru=[(n-I¢ (- 2% .+ 2 H £ +— >

——;+1,DnDN*.

VD5. Cho day 6 (u,):y =0,u,= 1,Um2:§ .qﬂ+% 4y, [ AIN *Pat v, =u,,,—u,. Chang minh (v,,) la
cap sb nhan va timu,,.
HD. Ta c¢6 v;=u,-u=1. Va un+2=§.un+1+%un,DnDN*=» Bthio = 241+ Y U MN *
3(Upsp = Upep) == (Upyq— Upy) D NON * o vn+1:%1vn,DnDN*. Vay (v,) 1a cip b nhan i 5 hang dau tién
v, =1, cbng Bi q=- %
Tacov,=v q“'lz(—})”'1 OnON*. Suy rau, =(U, —Uy 1)+ Uy 1= U JH+.3 (U= WF US Vi # V.

n =V 3 - Suy rauy =(Uy =Upg)t (Unq= Up otttk (Ugm Uk UE Va F Vi 3

(_7)n—l 3 9
+. 4V +v+u_0+1+e W= )2+ 4 E= )“ —1—_ +
2Tty 1_(_;) 4 4.(-3)"

VD6. Tim s hang tong quat éaday $ (u,) co u, =¢, U, =qu, +an+d,0On0N*, ¢dda, c, d, qlaing 9.

UNON*,
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HD.Véiq=1thiu , =u,+an+d,0On0ON*. Tankinthy u,=u, +a+d,y= y+ 2a d,..,
U, =U,+t(n-2at dy= y,+ (* Da & W .+ y+ & # .+ L+ W
n(n-1)

ral+ 2+ .+ (m 2F (+ Dy (7 1)d:>un:u1+n(n2 Dar - nasu = o100 5 1d, @n #)

Khiq # 1, ta § xét mt day phi (v,) thoa manu, =V, +bn+e, n0ON*, 546 b, e 1a nking hing $, va ta é
ging clon b, e thich bp d& (v,) la dp & nhan. Tt dang thic truy Mi ban dau ta co
V., =QV, +(gb+a-b)n+(ge+d-b-e), nON*, va & thdy dé (v,) la dip $ nhan thi &n co
a _d-a-qd
le_ 2
1-q (9-1)

gb+a-b=ge+d-b-e=0- b= (g#1). Lac nay (i b, e nhr trén) doV,,,; =0V,

nén (V) 1a cip & nhan cé céngd qg. Suy rav,= Vl.qn_lz(u1 aq(+dq)2 d) 9", tir d6 ta tinhduoc 5 hang
2 . < aq+dq-d +.an d -a—qd
tong quat aa (Uy) la u, = (u, + (=17 — - )q" 1—q (G2 (n=2).

c+@a+(n—1)d, khi q=1
Vay,  hang tong quat éa (u,)dachola: u,= aq+dg—d . an d —a—qd _

(c+ —) q" 5 khig#1

(a-0? "q” (91
BAI T AP
3+2Un o _ Un _1 , . X A ~ Y
3) Cho (u,): u;=0,u,41= " ,On0ON*. bat v, = N Chiang minh (v,,) la cép s nhan va timu,,.
n n

4) Cho (ug): u, :%,unﬂ:(ng%ﬂnm\l*. Dit v, :u?”. Ching minh (v,,) 1a dip s nhan va timu,,.
5) Cho (u,): U; =1, Uy =U,+ 2.(% 3)0 WIN * Dat v, =u,-3". Chaing minh day 8 (v,) 1a cip &

cong va timu,,.
6) Néu cach xadinh s5 hang tong quat daday $ (up,) cho i u =c, u
la cac fing $, con P(n) la rit da thic bac k cho trrée.

=qu, +P(n),UnUN*,¢6dbc, q

n+l

3.5. TUYEN TiNH HOA M QT SO DAY PHI TUY EN

PXn *tq

a) V6i day $ (x,) cho i xq =a,X 41 = " ,OnON*, vaa, p, q, I, s la cacihg &, ta xét hai day(up,),
Xp+$

(vp) theaménu; =a,y =L U+1= Ph+ O\ 1= Ut SO AN *thi x, =dn Ty 46 tim raup,Vp, Xp-
Vn

, . . x2 +d
b) Véi day 9 (x,) cho Wi x;=a,X,41= ;
X

,On0ON*, va a, d la cacdng &, d#0,ta xét hai day(u,),
n

< N u .
(vp) thoa manu; =a,vy = 1,y 1= B+ df, vy = 2u, v BN *thi x,, :V—”. Tu do tim raup,, vy, Xp.
n

VD7. Cho day(xp) c6 xq =1, xn+1:21—”,DnDN*, tim x,, va ching minh x, <1,Dn2 2.
X n

HD. Xét hai day(u,), (v,) thai man ug =vy =1, Upeq = Uy, Ve 1= U+ 2V, [0 N % thi x, =—1. Ta thy
Vn

Xp =LOnON*. Va vy =2V +LON0ON* & Vi +1= 2(vy + DO N *.Suy rav, +1=2.(y—1+ )= 2 (V- ot 1F
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="ty +1)=2= v, = P~ 10 N *.Vay xn_i=i OnON*. Taco2"=cl+cl+..cl>
Vo 2"-1
>Cl+Cl=1+n0nz 2 taclax, = <L onso
2"-1 n

2Xp +1

VD8. Cho day(x,,) €6 Xg =2,X41 = oy, 'OnoN, tim x,, va tim pln nguyén @a S=xq + X, +...+ Xp.

n

Un
Vn
CO U =2Ug+Vp=5Un2= 2Up 1t Vp 1= 2Up 1+ Ut 2VF 2Up T UF 2(lh T 2U4> th 3 4h1 34,
phuong trinh x?-4x+3= 0« x=1,x= 3, nén u, =A +B.3",0n0ON. Do Uy=2,l4=5nén A==,B=

HD. Xét hai day(up), (vp) thaamanug =2,V =1, Uy41= 2Uh+ Vi 1= Uyt 2V 0] MIN thi x, =—". Ta

-

N
N w

n+1 n+l _ n+1
*1 0nON. Tinh dwoc vy =S "l OnON. Viy x,=o— 1 OnON. Bat
3tiog
2 +1 n+1
S er1, Il §_l+1.Luuyxn:3+l+l:1+ 2 >10n0N. Tacd
21 P41 o1 $4 AR R LS|

@+r2) "=+ 2 G 2+ o+ LY Qv 2% 4 1)-|1q. 2 2n¢n +)0LON  *,

Suy ra up=

S=X+Xo+.. 4+ Xy =

Din t6i 3" -1z 2n(nt PO MON = ¥ = H—> 2 oy 1 - 1+—1—— 0 N * Do VAy Vi
3“*1 1 n(n+1) n n1
OnON* thi S=x+Xo+..+ X, < (1+}—£)+ (1+———)+ Lt (}—1—— F n }i< r 1.Mat khéac
1 2 2 3 n n+l n 1

S=X1+Xp +...+ X, > nOnON * Nhu vay n<S< n+100N* nén[S]=n,00N*.

4. MOQT SO BAI TOAN LIEN QUAN T Ol TINH CH AT CUA DAY SO
VD9. Cho cac & duwong a;,ay,..,33 thoi man a +a,+..+ 3> 13. Ching minh day (4 cho ki
u,=aj +d+ .+ &30 MN *la day ang khéng nghiém rig.

*1_a"> a- 1. Tt d6 suy ra

Upep—Up= @7+ o+ 5y @+ & + %D & & +. @ 23000N Hay uy,,=u,,On0ON*
Vay (uy) la day 8 tang khoéng nghiém rig.

HD. Véi moi s duong a va 8 nguyén dong n ta c6(a" -1)(a- 1> Onén a"

-1

VD10. Ching minh day & (u,) cho i uy =1, u, = EVRT On=2,3,4...1a day $ giam va b chin.
Un-1
HD. * Truéc hét ta ching minh up, > _3;\/5 ,LOnON*. That vay, voi n = 1 thiu; =1> _3;\/5. Gia ar
Uk _3+\/§. Khi dé 3+ uy >3+\/§ = 1 < 2 = 3_\/_5:> Ukt = 1 > _3+\/_5. Theo nguyén li
2 2 3+u 3+/5 2 3+ uy 2
qui rap toan hc, ta cou,, > _BZJE ,ONOIN*, tac 12 (W) bi chan dudi boi _3?5.
2 —
* Bay gio ta x6t hidi Uy —u,q= up+—r =936 oo o g > 345 oy * Vay (Un)

3+ Up 3+ W,
la day 8 giam.
* Vi (Un) giam Nén1=u; > Uy > ...> U4, > U 1> ...SUY ra (W) bi chin trén i 1. Vay (u,) la day $ bi chan.
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Nhan xét. Ta c6 Kt luan tuong tr d6i véi day $ (un) cho Wi uy =a, up, =b+_—a,Dn: 2,3,4.., Véia, b, c
Cln—1
—h++hZ -
duong, b? - 4ac> 0,a > b+ ; 4ac_
C

VD11. Xét tinhdon diéu va kb chan caaday $ (un) cO xq > o,xnﬂ:% (X +—2),0n0ON*, ¢ déa> 0 1a Bing 5.
Xn

HD. Do x; >0,a> 0va X,+ :l(x +i),DnDN*, nén king qui rap ta ching minhduoc x,, >0,0n0ON*,
1 n+1 \in T n
n
a

tirc 1a day (w) bi chan dudi. Ap dung bit dang thrc Cosi ta cox, :%(xn_1+ )>+/a,0n2 2.Do d6 2n+l =
Xn-1 Xn

-, 1,2 =1,0n= 2. Suy ra (y) la day gim khdng nghim ngit, ké tir s6 hang the 2 tro di. D8 thiy

2 2% 2 2a

(un) bi chan trén. Vay (un) la day b chan.

BAITAP.

7) Cho day(Xp): X1 = 7,X2 =50, Xyt 2= 4Xps 1+ 5%~ 1975] AIN *.Ching minh X1995:1997.

8) Cho day cacénguyén(x,,): Xy =15,%, = 35,55 = 405,)%, 3= 6%, o+ 13%  42%0 AN *Tim nHing
s hang aia ddy ma ci sd tan cung d¢a $ hangdé 1a $ 0.

5. GIOI HAN CUA DAY SO

x Chang t6i fru y ki hiéu n 1a mdt bién £ nguyén dong, con gla mot hing $ nguyén dong (trr trudng hop
c6 chu thich g thé).

= Mot day $ c6 gid han hiru han duoc goi 1a day $ hoi tu, néu né co gid han v arc haic khdng co giéhan
thi ta n6i n6 phan ki.

= Khi xét gid han cia day 8 (u,) ta co it chi xét cac 8 hang aia day K tir sb hang thr ng tré di, tac 1a viéc
thayddi hiru han £ hang dau tién @a day 8 khong lamanh hrong dén tinh i tu, va khdng laminh hréng dén
gidi han (néu c6) ma day é do.

x Gidi han aia day é (néu cd) 1a duy nfit. Tac 1a réu limu, = u thi limuwg = limune = u, Wi k 1& $ nguyén
duong tay y.

»= limup =0 < limju,| = 0.

= limu,=u < lim|lu,—u| =0.

= limu, =u < limu,, =limu,,,=u.

1_1 (u#0).

u, u

x Néu limu, = u thi lim|w] = |u] va Iirruﬁ = ¥ (k nguyén dong), lim

= NéU Uy < Uhe1 < M (VN> o) thi (W) hoi ty, limu, = u< M, va u, < u (Yn> np).

= NéU Uy € Unez €M (VN > o) thi (W) hdi ty, limu, = u< M, va ik <u (vn> ng).

= NéU Uy < Unea(VN > ng) va (u) khéng b chin trén thi limy = + oo,

= NEU Uy > Uhe1> m (VN> ng) thi (W) hoi ty, limu, = u>m, va > u (¥n> ny).

= NéU U, > Unsr > m (VN> ng) thi (u) hoi tu, limu, = u>m, va y > u (Yn>ng).

= NéU U > Uns1 (VN> no) va (4) khdng b chian dudi thi limu, = —oo.

w= Mot day $ hoi tu thi b chan.

. NéU X, < Yn < Zn (NGIC X < Yn < 24 ) VGi VN > ng, dong thyi limx, = limz, = a thi limy, = a (nguyén |i g han

kep).
= Néuu, >0 (haic w, > 0) Wi Vn> ng, va limu, = u thi u> 0 va limy/u, =Ju.
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= Gia 91 Up < vy (hodc u, < vi) Voi Vn> no. Khi do:
e Néu limu, = u, limv, = v thi u<v.
. Né::u limu, = + oo thi limv, = + oo.
* Néu limv,, = —oo thi limu, = — .
n un
= Taco Iin{l+%) = e. Neu limu, = + oo haic limu, = — o thi Iim[1+uiJ =e.
x Néu (uy) bi chan va limv, = 0 thi lim(uv,) = 0.

. 2 . .
VD12.Cho day 8 (a,) thoamana, =181 s 1 Timlim a

A1t 8y
L . 2a, . 2 . R
HD. Néu tdn tai s nguyén dong k sao choa= 0 thi ay,, = &8+ — suy rady,, = A1 8a3 — g
ak + a<+2 a-k+1 + ak+3
dan toi ay,q = 2 Baz khéng c6 ngta. Do Ay &, = 0,V n € N *. Bay gio tadit u, = 1 (Vv ne N, thiu,
ak + ak+2 an

, . 1 T, A
= 0 (v n € N*), thay vaodang thirc ¢ dé bai taduoc u, = E(un_1+ Un+1), VN >1, suy ra (k) la cp so cong co cong
. . a
sai d, va 8 hang tong quat 4= w + (n — 1)d= 0, wi moi n € N *. Nhu vay a, =—21 _ (YneN?¥.
1+(n-1)dg
Neud=0fw=w=..caq=a=..)thig=aWne N* valima =a. Néud= 0 (& cac $ hang cia
a; _

=0
1+ (n-1)dg
Vay, néu cac $ hang aia (a,) bang nhau thi lim a= a;, néu cac $ hang caa day (a) phan bét thi lim & = 0.

day (4) phan bit < cac $ hang cia day (a) phan bét) thi lima, = lim

0, khi|d<1
1, khig=1
VD13. Ching minh éng limg" = +00, khigq>1

khong tdé'n tai, khigc—- 1
HD. Néu g = 1 thi ¢6 ngay limb= 1. Va réu g = 0 thi éing c6 ngay limg= 0.

1
Néu0<|q|<1thiH:1+a(a>0):>ﬁ=(l+af= C+al+ .+ 8 .£>1+na>0¢ivVne N*
q

1
Dod6 0<|q|" < ,V6i VneN* Via>O0 nénlim———=0. Theo nguyén Ii gi han kep thi lim|q] = O,
1+na 1l+na
hay limd' = 0.
, 1 1 ,
Néuqg>1thiO <a < 1 nén theo aimg minh trén lim— = 0. Tadi den limg" = + .
q

Néu q = -1 thi limd" = 1 con limd"** = =1 nén khongdn tai limg" ’ ‘
Néu g < — 1 thi §> 1 nén limd" = lim(q®)" = + oo, va limd™** = lim[qg.(q?)"] = —oo, vi thé khong bn tai limq".

VD14.Cho day 8 (a,) thoaman @< a1 — a2,,, ONON*. Tim gibi han lima,.

n+l?
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HD. Tr & < a1 — aﬁﬂ, OnON*, suy raa<awiva a < % OnON*. Tuc la (&) la day b chan trén va khdng

giam. Do dé (a,) ¢ givi han hitu han lima, = a. Liy gisi han han hai \é bt ding thic dé bai cho,duoc a<a — &,
hay a = 0. \dy lima, = 0.

VD15.Cho day 6 (x,) thoaman x = 3, xn+1 3Xpe1=4/2F X, ,Vne N* Tim giéi han lim X.

HD. Ta thhy x; = 3 > 2. Gi st x > 2, lic nay xk+1—3xk+1:\/2+ X > J2+2=2 nén
Xo,1=3X 11— 2> 0 (Xeer + 1P(Xeor— 2) > 06 Xpu1 > 2. TaC 12 % > 2,V n € N *, Xét ham & f(t) = £ — 3t,
co f'(t) = 3¢ — 3 = 3(t + 1)(t — 1) > Oy t > 2, suy ra f(t)ddng bién trén khang (2; + ). Kiém tra thiy

-3x,=18 > x3-3x,=+5=> f(x1) > f(x)) = x1 > X Gia Sb Xk > Xu1 =.2+X, >
> 2+ X = Xﬁﬂ — 3X 1> X0 =By = F(Xke1) > F(Xk +2) = Xis1 > Xierz, DO A6 Xn > Xnea VGi ¥ N € N *. Day
(Xn) giam va b chin dudi boi 2 nén én tai gisi han hitu han lim x,= x > 2. Liy gi6i han hai & dang thac dé bai
ta dwoc x° — 3x 24X X6+ 9= x+2 (Vix>2nénX-3x>0)=x°—6X'+9¢— x —2=0=
(x—2).(0 +2¢ = 2X- ¢ + x + 1) = 0 (x — 2).(¢(x°~4) + 2X(x — 1) + X + 1) = 0= x = 2 (do x> 2). Vay

limx, = 2.
VD16.Tinh gi6i han:
@3]
, trongdo [x] 1a phan nguyén @a sb thyc x, tic 1a $ nguyén &n nhit khéng wrot qué x.
" @3y
b) |im(1+i+£+ + Zn_ ¢) lim— n (@a>1,c>0). d)li’n. e) lim—
Szt . " . ek
2+ +(2- . . .
HD. a)bat a,, ( \/:_3) > ( \/_3j1 , ho cong thirc khai trien nhi thirc Niuton ta tlay ngay a la $ nguyén
duong. Mat khac — 1< £2—+/3)"< 0 nén cd[(2+/3)'] = [2a—(2—-/3)"] = 2a +[- (2—\/?3)n] = 2a - 1.
2a, -1 n - - 1 1
Vay lim LZH3) ] 2+J3)']_ _ im @3+ 2 nfs)“ L lim(1+ - )
e M anEy (2+/3) (7+4/3) (2w 3f

Nhan xét. Vai X, y, n, r nguyén gong, r khéng la & chinh plrong thi Hn tai hai ddy 8 nguyén aong (a) va
(b)) sao cho (x +)</?)n = & +bnx/F; x - yx/F)” = & -bnx/F; Véi

S 0 2 0 M 52 0 e 20

= > . b= - :

1.3 5 2n-1 3,5 2n-1
b) Tadit X, = —+—5 +—+...+ = 2= lt—+—=+. . Ft—— Taco x=2 -
11 1 1-2n 1 1 | o
=2+§+?+...+ 2n_2+ o =3—2n_2+ on = o n_2=I|m§=O.Vo| moi n > 2
taco2"l= G, +C +C5 +.+ Clh> C2, -3tz Trdosuyrap<— < 2" vn>2
2 2" n?-3n+ 2

Ma li Onénli n 0. Vayli 3

alim =0 nén lim—= =0. im x, = 3.

n?-3n+ 2 2"t i
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(o3
1
c c =
¢) Vi hai  a > 1 va ¢ > 0 ta b ddi = 1 :(( nb)njddéb:ac—1>0. NHn thiy véi moi n > 2 thi
a — 1+
aC

2N n 2
1+b)=Cl+bC +°C+ .+ I >b2C2:&>Osu ra0 < < ,VneN*,
(L+b) = Cp+bG, " G = b 2 d (1+b) (n-1b

c C
Tu day va do IlmL 0 nén I|mL 0, din toi lim = lim n =
(n-1)k? (1+b)" a" (1+b)”
d) Vi mei n > 9 ta (1+_j +$+§+ C}i . n-1,1P-3n+ 2_
Jn f 6/n
:E+E\/ﬁ+ﬂ+ n\/_n+ 1 > _n+_n/_n__n:n+—n(_ﬁ gn. Dan dén 1<{‘/ﬁ<1+iv(yi
2 2 2 6 3Jﬁ 2 6 6 2 6 Jn

moi n > 9. Mallm(1+\/_) 1 nén suy ra lif/n = 1.

Nhan xét.Vé4i a >0, a= 1, thi I|mI 9al =0.
n

, 1 1 —
e) Twéc het ta c6 n! = 1.23.< n" ==-<—,V nec N * Mit khdc vk = 1, n ta luén co
n 4n!

(n—Kk)(k-1)= 0= k(n— k+ 1)= n cho k chy tir 1 d&n n ta thutugc n kit dang thic mé hai é déu duong, nhan

n bit ding thrc nay, ¢ véi vé twong ung, ta dugc (n!¥ > n" hay \/_ \/_ ,LOnON*, T
ls 1 si,DnDN*,valiml=Iimi=03uyra Iimi=0.

n~ Unl" +n n Jn Uni

VD17.Cho day 8 (u,) thoa man W= — 2, th1 = ,Vne N~

n

a. Changminh y<0,vne N *,

1+ . . 1
b. Patv,= Un , V' ne N* Chirng minh () la cip  cong.
un

c. Tim cdng thirc 5 hang ©ng quéat éa (u,), (), va tinh cac gishan limu,, limv,.

HD. a) Ta clitng minh 4 < 0 (v n € N *) biang phrong phéap quy #p toan lc. R rang u= — 2 < 0. Bay gidgia

ST U< 0= 1—>0. Dan téi Ugsy = <0.Vay u,<0 (Y ne N *),

+ —_—
b) bat v, = L+ Uy thi vip = 1 va y = 1 . Ta c6 | = 1—2:1' TU U1 = Un ta cob
n v,-1 -2 2 1-u,
1 1 1
= (- ) hay i1 = Vo— 1 (¥ n € N *). Vay (v,) 1a dip $ cong c6 $ hangdau tién u= =
Vo —1 v,-1 Vv, — 2’

cong sai d = -1.
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¢) Tu cau b ta c6 ngay,w E - n,vay= ! = ! hay w = L (V ne N *). Nhu vay limu, = 0,
2 v, -1 §—n—1 1-2n
2

limv, = —oo0.

VD18.Cho day 8 (u,) thba man 0 < < L va <1 —_1

o . 1
véi moi n € N *. Chang minh 4> —,Vne N*
4u, 2

1 1 . _r . .
HD. TrO<y<lvauya<l1 ™ suy ra W(1 — 1) >Z (V ne N *). Ap dung kit dang thrc Cosi cho hai®
u

n
Uhval—ytacd g+ (1 — ys) > 24/un(1— Unep) > 2\/% = 1hayu,+1-u,,;>1hayu,>u,(Vvne N*.
Day () giam va ki chin nén cé gishan hiru han limu, = ul[0; 1]. Ly gisi han hai \ cia kit dang thic

Un(1 — Uh+1) >1 taduoc u(l—u) >:E Su= 1 Tuc la limy, = =
4 4 2

Bay giotadi chang minh y > % (V¥ n € N *) bang phrong phap phn ching. Gk s ton tai sd nguyén dong k
1

wooso L 1 , 1
sao cho < > Lac nayzz Uk > Us1> . > Uk > ..., VNE N * Suy raz > U > U lim U :E
n - +oo

s s 1
bieu nay vo li. \y u, > > (Vne N*).

BAITAP
9) Tinh gid han:
NS SO S 2n-1 B+ +.4+0
1) Ilm(?+ﬁ+ﬁ+".+(—nsf). 2) lim 4 .
3) lim(—t+ 44—t ), alimE2. 2n-
1.2 23 n(n+ 1 W
1 1 1 1 1
5) lim(cos— + a.sin~)". 6) lim( + +.. ).
n n Jn?+1 Jr2+n Vrf+n

T+2%2+. .+

nn

9) lim Y1" + 2" + ...+ 2010 . 10) lim(L+—=—

7) lim

8) lim a—l (véia > 0).
n!

1
f J?s «/71
10) D&y $ (x,) c6 % = a>0,x3,; =X, =a(v n e N *). Tim limx,.

11) DAy 8 (&) O 0 < @< 1va @« = &(2 — &) v6i moi n € N *. Tim limxp.

6. DAY SO SINH BOI PHUONG TRINH

VD19. Cho $ nguyén dong n. Cliing minh &ng phrong trinh X
hiéu la %,. Tim limx,,

HD. Trudc Rt néu x > 0 thi x + 1 > 1, tphrong trinh X' = x + 1= x™> 1 = x > 1. Dod6 néu phrong trinh
x™=x + 1 ¢6 nghith dwong thi nghién d6 < 16n hon 1. Ta xét hamésf,(x) = X" — x — 1 \6i x > 1, c6dao ham
f(x) = (n+ 1)X -1 > (n+ 1) —1=n> 008 moi x > 1. Suy raf(x) ddng bén trén khang (1; +x). Tir day, va
tinh lién tc aia f(x), va f(1) = - 1< 0, IirIl f (X) =+o0, ta kKt luan phrong trinh X = x + 1 c6 nghit

X — +oo

n+l _

= x + 1 c6 not nghiém dwong duy nlat, ki

duong duy ntit x,. T4t nhién x% > 1. Do f1(X) lién tuc, fra(l) = — 1< 0, fu(xn) = X2 —x, 1> xM-x -1=

n
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= fo(Xn) = 0, nén phiong trinh X*? = x + 1 ¢6 nghim duwong duy nft X,+1 va 1 < X%.1< X,. DAy (%) giam va h

chan dudi bai 1 nén c6 gii han hitu han limx, = a> 1. Do % |& nghém drong aia phrong trinh X** = x + 1 nén
1 1

X —x,-1=0 =X, = (1+x,)" = limx, =lim@+x,)"1 = (1 + a)O = 1

VD20.Cho n la ndt s nguyén dong > 1. Cling minh &ng phrong trinh X = x + 1 ¢6 ndt nghiém drong duy

nhét, ky hiéu & x,. Ching minh &ng x, dan vé 1 khi n din d&n vé cung va timr|1im n(x, -1.

HD. R0 rang x> 1.Dat fo(X) = X, — X — 1. Khidd fir1(1) = -1 <0 vafa(Xn) = X1 — % — 1> %" — X — 1=
=fu(Xn) = 0. Tir d0 ta suy ra 1 <1 < X, . Suy ra day {} c6 gid han hru han a. Ta cltrng minh a = 1. Tt vay,
gia sr a > 1. Khidd x, = a wi moi n va ta timduoc ndu I6n sao cho: X =d'>3va x + 1 < 3, mau than vi
fa(xn) = 0.Dé giai phan cwi cua bai toan, tait x, = 1 + y, vai lim y, = 0. Thay vao plong trinh f(x,) = 0, ta
dugc (1+y)" = 2 + w. Lay logarith hai ¢, tadugc nin(1+y) = In(2+y,). Tir d6 suy ra lim nin(1+y = In2.
Nhung lim In(1+y)/y, = 1 nén tuday ta suy ra lim ny= In2, tic la lim n(x, -1)=In2.

n - oo

VD21.Ky hiéu x, la nghiém aia phrong trinh: 1 + il +..+ = 0 thuoc khaang (0, 1)

X X X—n
a) Chang minh day {x} hoi tu
b) Hay tim gbi han dé.
HD. R® rang x duoc xacdinh 1 cach duy rit, 0 < %, < 1. Ta ¢0 fi1(Xn) = fa(Xn) + 1/(%-n-1) = 1/(%-n-1) < 0O,
trong khido f..1(0") > 0. Theo tinh cit caa ham liénc, trén khang (0, %) co it nkit 1 nghém aia fu.1(x).
Nghiém d6 chinh la %.1. Nhu thé tada ching minhduoC X1 < X,. Tac 1a day 6 {Xn} giam. Do day nay bchan
dudi boi 0 nén day & c6 gisi han. Ta § chung minh gi¢ han néi trén Bng 0.Dé chiing minhdiéu nay, ta an
dén két qua quen thdc sau: 1 + 1/2 + 1/3 + ... + 1/n > In(n) (C& thang minh & dang king cach & dung danh
gia In(1+1/n) < 1/n). Tét vay, gia s lim x, = a > 0. Khid6, do day & giam nén ta c6 x=a wi moin. Do 1 +
1/2 + 1/3 + ... + 1/n> 400 khin >+ o nén td tai N sao chowimoin=Ntacod 1+ 1/2+1/3+ ... + 1/n > 1/a.

Khidévéinthacéo:iJ, 1 + .+ 1 <_1+_1+_1+___+_1<_1 10 Mau than. Vay ta

X, X, 1 X,-n x, -1 -2 -n a a

phai co lim x, = 0.

VD22. (VMO 2007) Cho § thyc a > 2 va f(x) = @™ 0+ x" + ... +x + 1.
a) Ching minh Wi mdi sb nguyén arong n, phrong trinh f,(x) = a ludn cating mdt nghiém dwong duy nlit.
b) Goi nghiém d6 la x,, ching minh &ing day {x,} ¢ gii han hitu han khi n din dén vé clng.
HD. Két qua caa cau a) la kin nhién vi ham {x) tang trén (0, +0). D& dang nkn thiy 0 < x, < 1. Ta § chang
minh day x tang, trc la X1 > X,. Twong tu nhu & nhitng loi giai trén, ta xét
frra(Xn) = @Xn ™+ X"+ X"+ L+ X+ L= (X)) + 1= ax + 1.
Vi tadaco f1(1) = d°+ n + 1 > a nén ta ¢ledn ching minh ax + 1 < a 1a & suy ra x < Xn«1 < 1. Nhr vy, cin
chang minh % < (a-1)/a. ThAt vay, néu x, = (a-1)/a thi

a-1 n+l
n+10 1‘()

a-1 a a-1
e S R SR

a
(doa—1>1).¥yday $ tang {x,} ting va ki chan bai 1 nén Idi tu.

VD23. (VMO 2002) Cho n la it s nguyén aong. Ching minh &ng phrong trinh 1,1, ., 1.1
x-1 4x-1 x-1 2
c6 mot nghém duy nHit x, > 1. Chirng minh &ng khi n din dén vo cuing, ¥ dan dén 4.

HD. Pat f,(X) nhr trén va @i x, 1a nghém > 1 duy nlt caa pheong trinh f,(x) = 0.Ta ¢

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
f.(4)= + R T P e A e I
4-1 16-1 In“-1 2 13 35 (- @@+ 1) 2 1 3 3 5 nz 1 2 n4
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Ap dung dinh ly Lagrange, ta c6 : 1/4n () — f(4)| = |F(c)||x-4| Wi ¢ thwc khaing (%, 4). Nhung do

It QE——+—% 4 >lnentrdayx—4/<9/4n, suyra lim 4.

(c-D* (de-1¢7 9
VD24. Cho n 1a nét sb nguyén aong > 1. Clitng minh #ing phrong trinh - X = X% + x + 1 c6 ndt nghiém drong
duy nHt, ky hiéu 1a %,. Hay tim $ thyc a sao cho gican Llnl N (X, — X,,;) ton tai, hiru han va khac 0.
HD. Pat Py(x) = x"= ¥ —x—1.Tacd Ri(X) = X" =¥ —x -1 =X"—x"+ P,(x) = X'(x-1) + R(x).
Tir d6 Prsa(Xn) = Xa"(Xn-1) + R(Xn) = (X0 +Xn+1) (1) = %,° = 1.
Ap dungdinh ly Lagrange, ta c6: {&x,+1)(Xo — 1) = Ru1(Xn) = Pui(Xns1) = (X = Xs1)Pre1’ (C)
Véi € thude (Xne1, Xn), Pret’ (X) = (N+1)X —2x — 1. Tr d6
(n+1)(Xn+l+1+1/Xn+1) - 2X’l+l_ 1 = Pn+]_’ (Xn+1) < Pn+1, (C) < Pn+1’ (Xn): (n+1)(X]2+Xn+1) - 2X~| - 1.

Tu day, Wilvuy limx,=1,tasuyra :lim Fra(© =3.Tiép tuc 9r dung lim n(%, — 1) = 3, ta suy ra:
n- oo n

lim NP,,1(0)(%, = Xnu1) = liM NOG + %, +1)(x, 1) = 3In(3)
n- oo n - o
o lim n(x, - xnﬂ).Pn%(C) =3In(3) < lim n?(x, - x..,) lim Pﬂ%(c) =3In(3)

= lim n?(x, = %,,1)3=3In(3) = lim n?(x, - X,;;) = In(3)
n-oo n- oo

Vay vai ¢ = 2 thi gbi han d& cho td tai, hitu han va khéc 0. B thay véi ¢ > 2 thi gid han dé cho ling v6 clng
va nji ¢ < 2 thi gid han da cho lang 0. Vay ¢ = 2 ladap $ duy ntit cia bai toén.

BAITAP
12) Vi mdi s6 nguyén dong n phrong trinh x =¥Yx +1c6 mt nghiém duong duy ntat, ki hiéu 1a %, Tim
lim(n(x — 1))
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