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UNG DUNG DAO HAM

TRONG CAC BAI TOAN HAM SO
Gv. Nguyén T4t Thu — Tp. Bién Hoa, Dong Nai

I. Cac bai toan lién quan dén nghiém cua phucong trinh, bat phuong trinh.
Pinh li 1. S6 nghiém ciia phuong trinh f(x) = g(x) chinh 12 s6 giao diém cta hai d thi
y= flryva y=gx)

Pinh Ii 2. Néu ham sb y = f(x) lién tuc trén D va m = min f(x), M =max f(x) thi phuong trinh

f(x) = k c6 nghiém khi va chi khi
m<k<M.
Pinh li 3. Bat phuong trinh £ (x) > g(x) nghiém diing moi x thudc D khi va chi khi
i >
min f(x) 2 max g(x)
Cac vi du.

Bai 1. Tim m dé phuong trinh sau c6 nghiém

\/x2 +x+1 —\/x2 —x+1l=m
(HSG Nghé An 2005)
Giai.

Xétham & f(x)=+/x2 +x+1—+/x>—x+1 c6 tap xdc dinh 1a D = IR

£ (x) = 2x+1  2x-1
2\/x2+x+1 2\/x2—x+1

:>f/(x)=0<:>(2x+1)\/x2—x+ =(2x—1)\/x2+x+1 (1)

1y l, 3, 1Y 1, 3
:(X+5] [(X E) +Z]—(X Ej [(X+E) +Z]

< x = 0 khong théa man (1).

Vay f/(x) = 0 vd nghiém, ma f'(0)=1>0, do d6 f/(x)>0, Vx € IR.

Mit khéc lim £(x) = lim 2x =1; lim f(x)=—1
Xpeo "”*w\/x2+x+1+\/x2—x+1 x—ymeo

Vay phuong trinh da cho c6 nghiém khi — 1 <m < 1.
Bai 2. Tim a dé phuong trinh ax” +1=cosx c6 diing mdt nghiém xe (0;%) .

(D¢ thi HSG tinh Hai Dwong Lép 12 nim 2005)



Giai.
Ta thiy dé phuong trinh ¢6 nghiém thi @ < 0. Khi d6, phuong trinh twong duong

) X
sin® =
cosx—1
= 2a

TET

Xét ham sb f(@®)= Lnt ( ] Ta co

cost(r-1gt
7 (t)_tcost sin _ (2 g )<O,Vte(0;%j
. t

= f(r) nghich bién trén (0;%).

2 X
2\/7 2\/7 8 SIHE

ma f(—)——valmf(t) —1:>—<f(t)<1 = — <
ﬂ'

<1, Vxe (0; —)
X

2

7[2

Vay phuong trinh da cho c6 ding mdt nghiém xe (0; %) = % <2a<le 1 <a< _4 .
Bai 3. Cho phuong trinh
x*+3x —6x* —ax’ —6x> +3x+1=0.
Tim tat ca cic gié tri ciia tham sé a, & phuong trinh ¢6 ding 2 nghiém phan biét.
(HSG Nam Dinh 2004)
Giai.
Vi x = 0 khong phai 12 nghiém phuong trinh. Chia hai vé phuong trinh cho x° ta dugc

(x3+i3)+3(x2+i2)—6(x+l)—a=0 (D)
X X X

g 1
Pat r=x+— =t > 2.
X

Ta duoc phuong trinh

1t =3)+3t*-2)-6t=a =1 +3t°-9%=a+6 (2)
—Néur==+2, thi phuong trinh da cho c6 mét nghiém.
— Néu Irl > 2, thi véi mdi gid tri ctia £ cho twong g v&i hai gid tri ctia x
Nhu vy, ta xét hai truong hop

. 2=a+6
TH 1. Néu (2) c6 ding hai nghiém ¢ = & 2, thi . vO nghiém.
22=a+6

TH 2. Néu (2) ¢6 dling mot nghiém lfl > 2.



Xét ham s
fO=C+3>-9,1t1>2 = f'(t)=3"+6:-9=3(—1)(t+3)

Bang bién thién

X 3 2 1 2
J&G) 0 - 0 +
£ / 27\ /'
22 2

= 2<a+6<22 = 4<a<l6
Bai 4. Cho ham s6 y =—x++/(x+a)(x+b) v6i a, b 12 hai sé thyc dwong khac nhau cho trudc.

Chirng minh v&i mdi s6 thyc se (0;1) déu ton tai duy nhat sb thyc o> 0 sao cho

f(a):(as-i-bsjs

2
(HSG QG bang A nam 2006)
Giai.
a +b’ < ath

Trude hét ta c6 BPT > <( 5 ) (1) ta c6 thé ching minh (1) bang ham s6 hodc bang

BDT Becnoully.
s s 1
L) < ) doath)

Ap dung BDT Cési va (1) ta c6 Vab < ( :

2x+a+b—-2\(x+a)x+b)
2\J(x+a)(x+b)

Ta dé& dang chimg minh dugc f'(x) >0, Vx > 0 suy ra f{x) ddng bién véi x > 0 nén

Mit khic tacé f'(x)=

a+b

lim f(x)=+vab < f(x)< lim f(x) :T (**)
x—0" X—>+oo
Vi f(x) lién tuc khi x > 0 nén tur (¥) va (¥*) ta c6 dpcm.
Bai tap.
1. Tim m dé phuong trinh sau c6 nghiém duy nhét thudc [O;%]
(4—6m)sin’® x+3(2m—1)sin x+2(m—2)sin” xcos x —(4m—3)cos x =0
2. Tim m dé s6 nghiém cta phuong trinh
15x* =2(6m*> +1)x=3m* +2m* =0

khong nhiéu hon s nghiém cua phuong trinh



(Bm—1)*12" +2x" +6x = (3*" =9)4/2*" —0,25
(HSG Nghé An 1998)
3. Tim tat ca céc gié tri a dé bt phuong trinh
In(1+x) > x—ax” nghiém ding Vx > 0.
4. a) Chimg minh néu a > 0 12 s6 sao cho bphuong trinh ¢* >1+ x ding véi moi x>0 thi a>e.
b) Tim tét ca cdc gid tri cia a dé a* >1+x, Vx.
(HSG 12 Nam Dinh 2006)
I1. Giai phuong trinh, hé phucng trinh bang phucng phap ham s6.
Pinh Ii 1. Néu ham s6 y = f(x) luén dong bién (hodc luén nghich) thi sé nghiém cua phuong trinh
Jf(x) = k khong nhiéu hon mot va f(x) = f(y) khi va chi khi x = y.
Pinh li 2. Néu ham sd y = f(x) ludn dong bién (hodc luén nghich) va ham sb y = g(x) ludn nghich
bién (hoic ludn déng bién) trén D thi sb nghiém trén D ctua phuong trinh f{x) = g(x) khong nhiéu
hon mot.
Pinh Ii 3. Cho ham s y = f(x) c6 dao ham dén cip n va phuong trinh f*(x)=0 c6 m nghiém,
khi d6 phuong trinh ™ (x) =0c6 nhiéu nhét 1a m + 1 nghiém.
Cac vi du.
Bai 1. Giai phuong trinh
32 +V9x% +3)+ (dx+ )W+ x4+ +1)=0

(Olympic 30 — 4 —2000)
Giai. Ta thay phuong trinh chi c6 nghiém trong (—%;0)
pt & (-3x)(2+4/(-3x)> +3) = 2x+ D2 +/2x+1)> +3)
SuR+Vu® +3)=vR+Vv?+3) (1)

V&iu=—3x,v=2x+1;u,v>0 Xéthamsd f(r)=2t+~t"+3t> v6it>0
21 +3¢

Vit +3¢?

Hheu=rve-3x=2x+1 x= —é 12 nghiém duy nhat ctia phuong trinh.

Tacod f(t)=2+ >0,Vi>0= fu)=f() Su=v

Bai 2. Giai phuong trinh
e ycosx=2,x€ (—Z;Z )
22

(HSG Lép 12 Nam Dinh 2006)

Giai.



PRI X e T T P
Xétham so f(x)=¢" +cosx,xe(—5;5j,taco

= f/(x)=2tgx.

cos’ x

2
- . [ 2% —cos’ x
—e" —sinx=sinx| —————
cos” x

Vi 26 22> cos’ x>0
Nén déu cua f ! (x) chinh 1a d4u cua sinx.
Tu day ta cé fix) > f(0) =2.
Vay phuong trinh di cho c¢6 nghiém duy nhit x = 0
Bai 3. Giai phuong trinh
2003" +2005" = 4006x +2
(HSG Nghé An 2005)
Giai Xét ham s6 f(x) = 2003* +2005" —4006x —2
Tacé f'(x)=2003"1n2003+2005" In 2005 — 4006
£ (x)=2003"In*2003+2005" In* 2005 > 0,Vx = f"(x)=0 vd nghiém
= f/(x) ¢6 nhiéu nhét 12 mdt nghiém = f{x) c¢6 nhiéu nhét 12 hai nghiém.
ma f(1) = f(0) = 0 nén phuong trinh da cho c6 hai nghiémx=0vax=1.
Bai 4. Giai phuong trinh
3" =1+x+log,(1+2x)
(TH&TT)

Giai. Dk x> —%
phuong trinh & 3"+ x=1+4+2x+log,(1+2x) & 3" +log, 3" =1+ 2x+log,(1+2x) (1)
Xétham sé f(¢)=t+log, tacé f(f)1a ham dong bién nén
e fBH=f1+2x) =3 =2x+13"-2x-1=0 (2)
Xéthamsd f(x)=3"-2x—-1= f/(x)=3"In3-2= f"(x)=3"In?*3>0
= f(x) = 0 c6 nhiéu nhét 12 hai nghiém.
ma f(0) = f(1) = 0 nén phuong trinh da cho c6 hai nghiémx=0vax=1
Bai 5. Giai h¢ phuong trinh

sinx—siny =3x—-3y 0))

/4

X+y= 5 (2)

x,y>0 3)
Giai.



Tu (2) va(3)tacd x,ye (0; %)
(1) & sinx — 3x = siny — 3y.

Xét ham sd f(t) = sint — 3t voi te (0 %) ta c6 f(¢) 1a ham nghich bién nén f)=fy)ye=x=y

thay vao (2)tacé x=y = % 1a nghiém cua hé.
Bai 6. Giai hé
tanx—tany=y—x (1
NY+HI=1=4/x—/y+8 2)

(Olympic 30 — 4 — 2005)

y=>-1
Dk{

(*)
x=,y+8

(1) x+tanx=y+tany < x =y (do ham sb flty=t+tanrla hémdéngbién)

Thay vao (2) tac6 [y +1—1=y—/y+8 & Jy+1=yy—[y+8 +1
Sy+l=y—Jy+8+2{|y—y+8+1< y+8=4y—-4,/y+8

8 8

>— >=

e3y-8=4/y+8 /" "3 1773
9y° —48y+64=16y+128 |9y’ —64y—64=0

& y=8

Vay x =y = 8 1a nghiém duy nhét cia hé di cho.
Hé hoan vi vong quanh.

Dinh nghia. La hé c6 dang

fx)=g(x,)
fx)=g(x)

f(‘xn):g(‘xl)

@)

Pinh Ii 1. Néu f, g 1a cac ham cung tang hodc cung giam trén D va (x,,x,,...,x,) la nghiém cua

hétrén D thi x, =x, =...=x

n

Pinh Ii 2. Néu f, g khic tinh don digu trén D v (x,x,,...x,) 12 nghiém cta h¢ trén A thi

£ L T T X L S
X, =x,=..=x, néunléva néu n chan.
X, =X, =..=X

n

Bai 7. Giai h¢



X +3x=3+In(x*—x+1)=y
Y +3y-3+In(y’—y+1)=z
2 +3z-3+In(z> —z+D)=x
Giai.
Ta gia st (x,,z) 12 nghiém ctia hé. Xét ham s6 f(r) =1 +3r=3+1In(r> —1+1)

2t—1
2Nt —t+1

Ta gid sit x = max{xy.z) thi y= ()2 f())=2=2=f()2 f(2)=x

tacod f/(1)=3t"+3+ >0 nén f(r) 1a ham dong bién

Viy ta ¢6 x = y = z. Vi phuong trinh x* +2x—3+In(x* —x+1) =0 c6 nghiém duy nhit x = 1 nén
hé da cho co nghiémlax=y=z=1.
Bai 8. Giai hé

m10g3(6—y):x

VY —2y+6log,(6-2)=y

Vz7 =2z+61log,(6—x) =z

(HSG QG Bing A nam 2006)
Giai. H¢ phuong trinh twong duong

X

log,(6— )= ——>
T s FO) =g

logy(6—2)=——2— & f(2) = g(y)

2

YIH6 ry=g(2)
Z

\NzP=27+46

t
Trong d6, f(t)=1log,(6—1), g(t) =——= VOi t€ (—;6)
‘ Nt =2t+6

log,(6—x) =

—t

(£ -2t+6)

Tac6 f(r) 12 ham nghich bién, g’ (1) = —>0,Vre (-o0;6) = g(r) 1a ham ddng bién
Nén ta c6 néu (x,y,2) 1a nghiém cua h¢ thi x = y = z thay vao h¢ ta dugc
X

VX =2x+6 ’

phuong trinh nay ¢6 nghiém duy nhéat x = 3.

log,(6—x) =

Vay nghiém cuah¢ dicholax=y=z=3.

Bai 9. Giai h¢ phuong trinh



(x+Dx* =1+2(y’ —x)

(y+Dy* =1+2(z' - y)

(z+DZ2 =1+2(x"—2)
Giai.
Xétham sd fir) =1 + * + 2t va g(f) = 21 + 1

R . n x = y = Z
H¢ c6 nghiém dang: s
h(x)=x"—x"—-2x+1=0

Nhan xét: h(-2) < 0, h(0) >0, h(1) <0, h(2) > 0 = h(x) = 0 ¢6 ba nghiém thudc (-2;2).
bat x = 2cosu, u € (0;7)
Ta dugc phuong trinh

sinu(8cos3u — 4cos’u — dcosu + 1) =0 (sinu # 0)

& sindu = sindu = xe {2,227
77 7
Bai tap
1. Yx+2+Yx+1=2x"+1+/2x°
2. 81sin1°x+coslox=£
256

3. (x=D(x+2)=(x*=2)e" + xe" 2
4. 3 =2""+cosx
5. (I+x)(2+4")=34"
X +3x°+2x-5=1y
6. {y +3y’+2y-5=¢
4377 +2z-5=x
7. Tim a dé hé sau diy c6 nghiém duy nhat
X =x —4x; +ax,
X2 =x; —4x; +ax,
x> =x —4x +ax,
8. Tim m dé cac phuong trinh sau ¢6 nghiém
a. \/;+\/x+12=m(\/5—x+\/4—x);
b. \/3+x+x/6—x—\/(3+x)(6—x)=m

c. tan’ x+cot’ x+m(tan x+cot x)+3=0;

cos® x+sin® x
cos® x—sin’ x



III. Cac bai toan cuc tri, chirng minh bat dang thirc.
Bai 1. Xdc dinh a, b thoa man bat déng thic
a <sin'%x + 2cos’x < b,Vxe R
Giai.
Pbat = sin2x, xét ham s6
= -2t+2,1e [0:1]
. 8 |2
aSrmnf(t)=2—§><é{/;

[0:1]

b=max f(t)=2

[0:1]

Bai 2. Cho 4 s6 thuc a, b, ¢, d thoda man a” + b*= 1; ¢ — d = 3. Ching minh

F=ac+bd—cd< 9+2\/§
(HSG Nghé An 2005)
Giai.
Tacé F < (@’ +b°)(c* +d*) —cd =~2d* +6d +9 —d* —3d = £ (d)
1- /2(d+§)2+2 1- /2(d+§)2+2
Tacé f'(d)=(2d+3) 22 22 0 nen
2d* +6d+9 2d* +6d +9
3. 9+6y2
fd)ysf(=-)= = dpcm.
2 4
Bai 3. Cho 0<x< y<z<1, 3x+2y+z<4. Tim GTLN cua biéu thtrc
F=3x>+2y*+7"
(TH&TT)

Giai.

Tir gia thiét ta c6 x < % thay vao F ta duoc
1 2 2 2_y 1 2 1
FSf(z)=§(4Z +4z(y—2)+10y —16y+16)£f(T):§(9y —12y+20):§g(y)

Ta xét %S y<1 (viy< % thi max khong xdy ra), khi d6 g(y) < g(§j=l6

= FSE,déu “=" x4y ra khi zzyzg;le
3 3 3

Vay max F =%

Bai 4. Cho x> y>z2>0. Ching minh



X Z X Z
I A SR A

Z 0y Xy z X
Giai.

Xét ham sd f(x):f+£+l— LIRS , Xx2y>2z20
zZ 'y X y zZ X

1 1 1
= =D (D)= (- ()20
Zy X X yZ x

= f(x) 1a ham d6ng bién = f(x)> f(y)=0 = dpcm.
Bai 5. Cho a > b > ¢ > 0. Chltng minh
a’b> +b’c* +c’a’ > a’b’ +b*c’ +c’a’
Giai.
Xét ham s fla)=a’b’ +b’c* +c’a’ - (a2b3 +b*c’ + c2a3)
Tacé f'(a)=3a’b*+2ac’ —2ab’ —3a’c’.
Tiép tuc 1ay dao ham

£ (a)=6ab* —6ac* +2c’ —2b> =2(b—c)[3a(b+c)—b*—c*—bc]>0 doa>b>c>0

= f'(a) 12 ham ddng bién = f'(a) > f'(b) =b* +2bc* —3b*c* >0 (ta c6 thé ching minh
duoc nho bdt Cosi)
= fla) dong bién = fla) > f(b) = 0 = dpcm.
Bai 6. Cho x, y, z> 0. Chirng minh
Xyt ayz(e+y+2) 2 xp(x + y) + yz(y + )+ (2 + x7)
Giai.
Khong mét tinh téng quét ta gid st x =y >z . Xét ham 5O
F=x 4y + 2 +ayz(x+ y+2) =y (6 + y") = yz(y + 2°) — zx(2 +17)
Taco
fl(x)=4x =3 (y+2)+xyz+yz(x+y+2) - (Y’ + )= f (x) =12x" —=6x(y + 2) + 2z
= (x)>0 (do x=2y=7)
= /(02 f(y)=2"y-2"=72"(y—2) 20 = f(x) la ham dong bién
= )2 f(y=z7"-22y+y’7" =7 (z—y)* 20 = dpcm.
Bai 7. Cho n, k 12 céc s6 nguyén duong n=>7;2 <k <n.Ching minh
k" >2n".

(HSG QG bang B 96 —97)



Giai.
Bt nlnk>klnn+In2 = nlnk—klnn—-1n2

Xét ham sb f(x)=nlnx—xIlnn—In2 véi xe[2;n—1]

flo=Scmn= =0 x="
X Inn

n
— >2se">n’ Vn>7.

Inn

Xét ham sd g)=e" -’ =g ()= -2x=g"(x)=e"-2>0

= ¢ )>g N=e"-14>0= g(x)>g(T) =€’ =49>0

Vay f(x)2min{f(2), f(n—1)}. Ta chtng minh min{ f(2), f(n—1)}>0

* £(2)20 2" > n? ta dé dang ching minh duoc bang quy nap hodc dao ham

£ f(n=1)20 (n=1)" 221" 1> 21+ V126 (*) trong d6 r=n - 1
t

Ta c6 (1+1)’ <e<3=> 2(1+1)’ <6<t= (*)ding = dpcm.
t t

Bai 8. Cho 0 <a <b <c.Ching minh
2
2a 2b N 2¢ <3_i_(c a)

+ <
b+c c¢+a a+b a(c+a)
Giai.
Dz}tézaVéE:x.DKISan.Khid(’)bdtcz“mcht’rngminhtréthﬁnh
a a
2

2 +20{+ 2x SX +x+4@x2+x+12(2x+1+2a+2x(x+1))
a+x l1+x l+a x+1 a+x 1+

Xét ham so

Fo=xtxtl—@ 3 gy 220Dy L cpcn
a+x 1+
Tacs fl=2xt1- 24D 5 @7l _ o p2 2 s0dot<asa
a+1 (x+a) a+l (x+a)

Nhu vay ham f(x) 12 dong bién do d6 f(x) 2 f(a)=a* -3a+ 3-1
o

Nmmglﬂam:2a—3+1;=a+a+—%—323#mar%—3:0
o o o

= f(x)= f(a)= f(1)=0 = dpcm.



Bai 9. Cho a, b, ¢ > 0. Chirng minh

a b c >§
a+b b+c c+a 2
Giai.
bat x=2,y=£,Z=£:>xyz:1Vébdtdﬁchotuongduong ! + ! + ! 23
a b c I+x 1+y 1+z 2

1 2 N

1
+ > =
I+x 1+y 1+\/E 1+z

Giasut z<1=>xy>1néntaco

1+1+122\E+1:2;+12:
l+x 1+y 14z 14z l+z 141 1+t

@) voi 1=z <1

2t < 2(1-1) <

Tacé f'(t)= - < <
aco 1) (A+0)?7 (A+£2)> " (1+12)

0:>f(t)2f(1)=% Vt<1= dpem.

Nhén xét. Tur bai todn trén ta dé dang giai quyét dugc bai todn sau
, . a b c
Cho a, b, ¢ > 0. Chirng minh ( ) +( ) +( )y ==
a+b b+c c+a 8

(Chon ddi tuyén du thi IMO 2005)

Bai tap ap dung.
1. Cho a,fe (0;%) . Chiing minh

a.sina— fsin > 2(cos f—cos )

2. Cho x,ye Rva 2x—y=2.Tim GTNN ctia biéu thirc

P=yx+(y=3) +/F +(y+1)’
(HSG QG Bang B nam 1998)
3. Cho a, b > 0. Chirng minh
(a+DIn(a+D+e” = (a+1)(b+1)
(HSG 12 Nam Dinh 2004)
IV. Cac bai toan tam giac.

1. cotgA+coth+coth+3\/§§2 .1 +.1 +'1 )
sinA sinB sinC

Xét ham sb f(x)= cotgx—_i ,xe (0;m)
sin x



1
1 + cosAcosB + cosBcosC + cosCcosA < é (cosA + cosB + cosC) + cosAcosBcosC.

cos’A + cos’B + cos’C = 1 — 2cosAcosBcosC

1 < cosA + cosB + cosC <

N | W

IR (coszA + cos’B + COSZC)Z +1< %(COSA + cosB + cos(C)

%(COS3A + cos3B) — % (cos2A + cos2B) + cosA + cosB = % (A khong tur). Tinh gbéc?

R e (% cos’ A—cos’ Aj + (%cos3 B—cos’ Bj = —%

Xét ham sd f(x) :gﬁ —t*,te [0;1)

> 4.

sin2A + sin2B + — >
sinC

2( Ly jz\@(tgA+th)+2,Anhgn.
cosA cosB

%(sinA+sinB+sinC)+§(tgA+th+th) > T

Xét ham sb f(x)=§sinx+%tgx—x, xe (o;g).



