
 CHÖÔNG XI: NHAÄN DAÏNG TAM GIAÙC 
 

I. TÍNH CAÙC GOÙC CUÛA TAM GIAÙC 
 

Baøi 201: Tính caùc goùc cuûa ABCΔ  neáu : 

  ( ) ( ) ( ) ( )3sin B C sin C A cos A B  *
2

+ + + + + =  

 
Do  A B C+ + = π  
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Baøi 202: Tính caùc goùc cuûa ABCΔ  bieát: 

( ) 5cos2A 3 cos2B cos2C 0 (*)
2

+ + + =  

 

Ta coù: ( ) ( ) ( )2 5* 2cos A 1 2 3 cos B C cos B C
2

0⇔ − + + − + =⎡ ⎤⎣ ⎦  
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Baøi 203: Chöùng minh ABCΔ  coù neáu : 0C 120=

A B Csin A sinB sinC 2sin sin 2sin (*)
2 2 2

+ + − ⋅ =  

 
Ta coù 

A B A B C C A B C(*) 2sin cos 2sin cos 2sin sin 2sin
2 2 2 2 2 2

C A B C C A B A2cos cos 2sin cos 2cos 2sin sin
2 2 2 2 2 2

C A B C A Bcos cos sin cos cos
2 2 2 2 2
C A B A B A Bcos cos cos cos cos
2 2 2 2 2
C A B A B2cos cos cos cos cos
2 2 2 2 2
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2
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2
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2 2 2
π
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⇔ = 0C 120  
 

Baøi 204: Tính caùc goùc cuûa CΔΑΒ  bieát soá ño 3 goùc taïo caáp soá coäng vaø 
3 3sin A sinB sinC

2
+

+ + =  

 
Khoâng laøm maát tính chaát toång quaùt cuûa baøi toaùn giaû söû A B C< <  
Ta coù:  A, B, C taïo 1 caáp soá coäng neân A + C = 2B 

Maø  A B C+ + = π neân B
3
π

=  

Luùc ñoù: 3 3sin A sinB sinC
2
+

+ + =  



  

3 3sin A sin sinC
3 2

3sin A sinC
2

A C A C 32sin cos
2 2 2

B A C 32cos cos
2 2 2
3 A C 32. cos
2 2 2

C A 3cos cos
2 2 6

π +
⇔ + + =

⇔ + =
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−
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− π
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Do C > A neân  coù: CΔΑΒ

− π π⎧ ⎧= =⎪ ⎪
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Baøi 205: Tính caùc goùc cuûa ABCΔ neáu 
 

( )
( )

⎧ + ≤⎪
⎨

+ + = +⎪⎩

2 2 2b c a 1

sin A sin B sin C 1 2 2
 

 

AÙp duïng ñònh lyù haøm cosin: 
2 2b c acosA

2bc
+ −

=
2

2

 

Do (1):   neân co2 2b c a+ ≤ sA 0≤  

Do ñoù: AA
2 4
π π
≤ < π ⇔ ≤ <

2 2
π  

 Vaäy  ( )A 2cos cos
2 4 2

π
≤ = ∗  

Maët khaùc:  sin A sinB sinC+ + B C B Csin A 2sin cos
2 2
+ −

= +  

  A B Csin A 2cos cos
2 2

−
= +  

    21 2 1
2

⎛ ⎞
≤ + ⋅⎜ ⎟⎜ ⎟

⎝ ⎠
  ( ) −⎛ ⎞≤⎜ ⎟
⎝ ⎠

B Cdo * vaø cos 1
2

 

Maø sin A sinB sinC 1 2 do (2)+ + = +  



Daáu “=” taïi (2) xaûy ra 

⎧
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⎪
⎪⇔ =⎨
⎪

−⎪ =⎪⎩
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A
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Baøi 206: (Ñeà thi tuyeån sinh Ñaïi hoïc khoái A, naêm 2004) 
 Cho ABCΔ  khoâng tuø thoûa ñieàu kieän 
 ( )cos2A 2 2 cosB 2 2 cosC 3 *+ + =  

 Tính ba goùc cuûa ABCΔ   
 

* Caùch 1:  Ñaët M = cos2A 2 2 cosB 2 2 cosC 3+ + −  

Ta coù: M = 2 B C B C2cos A 4 2 cos cos 4
2 2
+ −

+ −  

⇔  M = 2 A B C2cos A 4 2 sin cos 4
2 2

−
+ −  

Do Asin 0
2
>  vaø B - Ccos 1

2
≤   

Neân 2 AM 2cos A 4 2 sin 4
2

≤ + −  

Maët khaùc: ABCΔ khoâng tuø neân 0 A
2
π

< ≤  

     
⇒ ≤ ≤

⇒ ≤2

0 cos A 1
cos A cos A

Do ñoù: AM 2cosA 4 2 sin 4
2

≤ + −  

  

2

2

2

A AM 1 2sin 4 2 sin
2 2

A AM 4sin 4 2 sin 2
2 2

AM 2 2 sin 1 0
2

⎛ ⎞⇔ ≤ − + −⎜ ⎟
⎝ ⎠

⇔ ≤ − + −

⎛ ⎞⇔ ≤ − − ≤⎜ ⎟
⎝ ⎠

4

 

   Do giaû thieát (*) ta coù M=0      

Vaäy: 

2

0

0

cos A cosA
A 90B Ccos 1

2 B C 45
A 1sin
2 2

⎧
⎪ =
⎪ ⎧ =−⎪ ⎪= ⇔⎨ ⎨
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* Caùch 2: ( )* cos2A 2 2 cosB 2 2 cosC 3 0⇔ + + − =  
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2 2

A B Ccos A cosA cosA 2 2 sin cos 2 0
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A A B CcosA cosA 1 1 2sin 2 2 sin cos 2 0
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A B C B CcosA cosA 1 2 sin cos 1 cos 0
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A B C BcosA cosA 1 2 sin cos sin
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−
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Do ABCΔ  khoâng tuø neân vaø cocos A 0≥ sA 1 0− <  
Vaäy veá traùi cuûa (*) luoân ≤  0 

 Daáu “=” xaûy ra  

cosA 0
A B C2 sin cos
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B Csin 0
2

⎧
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Baøi 207: Chöùng minh ABCΔ coù ít nhaát 1 goùc 600 khi vaø chæ khi 
sin A sinB sinC 3 (*)
cosA cosB cosC

+ +
=

+ +
 

 Ta coù: 
 ( ) ( ) ( )(*) sin A 3 cosA sinB 3 cosB sinC 3 cosC 0⇔ − + − + − =  

 
sin A sin B sin C 0

3 3 3
A B A B2sin cos sin C 0

2 3 2 3

π π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − + − + − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠

+ π − π⎛ ⎞ ⎛⇔ − + −⎜ ⎟ ⎜
⎝ ⎠ ⎝
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⎠

 

C A B C C2sin cos 2sin cos 0
2 2 3 2 2 6 2 6

C A B C2sin cos cos 0
2 6 2 2 6

⎡ π π⎤ − π π⎛ ⎞ ⎛ ⎞ ⎛ ⎞⇔ − − + − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎢ ⎥⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎣ ⎦
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π − π π⎛ ⎞ ⎛ ⎞ ⎛⇔ − = ∨ = − = −⎜ ⎟ ⎜ ⎟ ⎜
⎝ ⎠ ⎝ ⎠ ⎝
C A B Csin 0 cos cos cos
2 6 2 2 6 3 2

+ ⎞
⎟
⎠

A B  

π − π + − + π +
⇔ = ∨ = − ∨ = −

C A B A B A B A
2 6 2 3 2 2 3 2

B     

π π
⇔ = ∨ = ∨ =C A B

3 3
π
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Baøi 208: Cho  ABCΔ  vaø V = cos2A + cos2B + cos2C – 1. Chöùng minh: 
 a/ Neáu V =  0 thì  ABCΔ  coù moät goùc vuoâng 
 b/ Neáu V < 0 thì ABCΔ  coù ba goùc nhoïn 
 c/ Neáu V > 0 thì ABCΔ  coù moät goùc tuø 

 

Ta coù: ( ) ( ) 21 1V 1 cos2A 1 cos2B cos 1
2 2

= + + + + −  

 

( )

( ) ( )
( )
( ) (

2

2

2

1V cos2A cos2B cos C
2

)

V cos A B .cos A B cos C

V cosC.cos A B cos C

V cosC cos A B cos A B
V 2cosCcosA cosB

⇔ = + +

⇔ = + − +

⇔ = − − +

⇔ = − − + +⎡ ⎤⎣ ⎦
⇔ = −

 

Do ñoù:  
a / V 0 cosA 0 cosB 0 cosC 0= ⇔ = ∨ = ∨ =  
⇔ ABCΔ ⊥  taïi A hay ABCΔ ⊥  taïi B hay ABCΔ ⊥  taïi C 
b / V 0 cosA.cosB.cosC 0< ⇔ >   

          ⇔ ABCΔ  coù ba goùc nhoïn 
( vì trong 1 tam giaùc khoâng theå coù nhieàu hôn 1 goùc tuø neân 
khoâng coù tröôøng hôïp coù 2 cos cuøng aâm )  

c / V 0 cosA.cosB.cosC 0> ⇔ <  
  cosA 0 cosB 0 cosC 0⇔ < ∨ < ∨ <
 ⇔ ABCΔ  coù 1 goùc tuø.  

II. TAM GIAÙC VUOÂNG 
 
Baøi 209:  Cho ABCΔ  coù +

=
B a ccotg
2 b

 

  Chöùng minh ABCΔ  vuoâng 
 

Ta coù:  B a ccotg
2 b

+
=  

+ +
⇔ = =

Bcos 2R sin A 2R sinC sin A sinC2
B 2R sin B sin Bsin
2

 

+ −

⇔ =

B A C Acos 2sin .cos
2 2
B Bsin 2sin .cos
2 2

C
2

B
2

 

−
⇔ = >2 B B A C Bcos cos . cos (do sin 0)

2 2 2 2
 

−
⇔ = >

B A C Bcos cos (do cos 0)
2 2 2

 



− −
⇔ = ∨ =

⇔ = + ∨ = +

B A C B C A
2 2 2 2
A B C C A B

   

π π
⇔ = ∨ =

⇔ Δ Δ

A C
2 2

  ABC vuoâng taïi A hay ABC vuoâng taïi C
 

 
Baøi 210: Chöùng minh ABCΔ  vuoâng taïi A neáu 

  b c a
cosB cosC sinBsinC

+ =  

 

Ta coù:  b c a
cosB cosC sinBsinC

+ =  

⇔ + =

+
⇔ =

2RsinB 2RsinC 2Rsin A
cosB cosC sinBsinC

sinBcosC sinCcosB sin A
cosB.cosC sinBsinC

 

 
( )+

⇔ =

⇔ =

sin B C sin A
cosB.cosC sinBsinC
cosBcosC sinBsinC (do sin A 0)>

 

( )
⇔ −

⇔ + =

π
⇔ + =

⇔ Δ

cosB.cosC sin B.sinC 0
cos B C 0

B C
2

ABC vuoâng taïi A

=

 

 
Baøi 211: Cho ABCΔ  coù:  

 A B C A B C 1cos cos cos sin sin sin (*)
2 2 2 2 2 2 2
⋅ ⋅ − ⋅ ⋅ =  

 Chöùng minh ABCΔ  vuoâng 
Ta coù: 

⇔ = +

+ − + −⎡ ⎤ ⎡⇔ + = − −⎢ ⎥ ⎢⎣ ⎦ ⎣
⎤
⎥⎦

A B C 1 A B C(*) cos cos cos sin sin sin
2 2 2 2 2 2 2

1 A B A B C 1 1 A B A Bcos cos cos cos cos sin
2 2 2 2 2 2 2 2

C
2

 

− −⎡ ⎤ ⎡ ⎤⇔ + = − −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
− −

⇔ + = − + = − +2 2

C A B C C A B Csin cos cos 1 sin cos sin
2 2 2 2 2 2

C C A B C C C C A Bsin cos cos cos 1 sin cos 1 sin cos sin
2 2 2 2 2 2 2 2

C
2

 

− −
⇔ + = +2C C A B C C A B Csin cos cos cos cos cos sin

2 2 2 2 2 2 2
 



−⎡ ⎤ ⎡ ⎤⇔ − = −⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦
−⎡ ⎤ ⎡ ⎤⇔ − − =⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦

C C C A B C Ccos sin cos cos sin cos
2 2 2 2 2 2
C C C A Bsin cos cos cos 0
2 2 2 2

 

−
⇔ = ∨ =

− −
⇔ = ∨ = ∨ =

π
⇔ = ∨ = + ∨ = +

π π π
⇔ = ∨ = ∨ =

C C C Asin cos cos cos
2 2 2 2

C C A B C Btg 1
2 2 2 2 2

C A B C B A C
2 4

C A B
2 2 2

B

A

 

Baøi 212: Chöùng minh ABCΔ  vuoâng neáu: 
3(cosB 2sinC) 4(sinB 2cosC) 15+ + + =  

Do baát ñaúng thöùc Bunhiacoápki ta coù: 
  2 23cosB 4sinB 9 16 cos B sin B 15+ ≤ + + =  

vaø  2 26sinC 8cosC 36 64 sin C cos C 10+ ≤ + + =  
neân:   3(cosB 2sinC) 4(sinB 2cosC) 15+ + + ≤

Daáu “=” xaûy ra  

cosB sinB 4tgB
3 4

sinC cosC 4cotgC=
6 8

⎧ ⎧= =⎪ ⎪⎪ ⎪⇔ ⇔⎨ ⎨
⎪ ⎪=
⎪ ⎪⎩ ⎩

3

3

 

              
⇔ =

π
⇔ + =

tgB cotgC

B C
2

 

              ABC⇔ Δ vuoâng taïi A. 
 
Baøi 213: Cho ABCΔ  coù: sin2A sin2B 4sin A.sinB+ =  
  Chöùng minh ABCΔ  vuoâng. 
Ta coù:  + =sin2A sin2B 4sin A.sinB

[ ]
[ ]

⇔ + − = − + − −

⇔ + = − + −

2sin(A B) cos(A B) 2 cos(A B) cos(A B)

cos(A B) 1 sin(A B) cos(A B)
 

[ ]⇔ − = − −cosC 1 sinC cos(A B)  
⇔ − + = − −2cosC(1 sinC) (1 sin C).cos(A B)  
⇔ − + = −2cosC(1 sinC) cos C.cos(A B)  

⇔ = − + = −cosC 0 hay (1 sin C) cosC.cos(A B) (*)  
⇔ =cosC 0  
( Do  neân   sinC 0> (1 sinC) 1− + < −
Maø .Vaäy (*)  voâ nghieäm.) cosC.cos(A B) 1− ≥ −
Do ñoù ABCΔ  vuoâng taïi C 

III. TAM GIAÙC CAÂN 



 

Baøi 214:Chöùng minh neáu ABCΔ  coù CtgA tgB 2cotg
2

+ =   

              thì laø tam giaùc caân. 
 

Ta coù:  CtgA tgB 2cotg
2

+ =  

C2cossin(A B) 2
CcosA.cosB sin
2
C2cossinC 2

CcosA.cosB sin
2

C C C2sin cos 2cos
2 2

CcosA cosB sin
2

+
⇔ =

⇔ =

⇔ = 2

 

 ⇔ 2 C Csin cosA.cosB docos 0
2 2

⎛ ⎞= >⎜ ⎟
⎝ ⎠

 

 

( ) ( ) (

( )
( )

⇔ − = + + −⎡ ⎤⎣ ⎦

⇔ − = − + −

⇔ − =

⇔ =

1 11 cosC cos A B cos A B
2 2
1 cosC cosC cos A B
cos A B 1

)

A B

  

 ABC⇔ Δ  caân taïi C. 
 
Baøi 215: Chöùng minh ABCΔ  caân neáu: 

   3 3A B Bsin .cos sin .cos
2 2 2 2

=
A  

 

Ta coù:  3 3A B Bsin .cos sin .cos
2 2 2 2

=
A  

  
2 2

A Bsin sin1 12 2
A A B Bcos cos cos cos
2 2 2 2

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟

⇔ =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

     (do Acos
2
> 0 vaø Bcos

2
>0 ) 



  

2 2

3 3

2 2

A A B Btg 1 tg tg 1 tg
2 2 2 2
A B A Btg tg tg tg 0
2 2 2 2
A B A B A Btg tg 1 tg tg tg .tg 0 (*)
2 2 2 2 2 2

⎛ ⎞ ⎛ ⎞⇔ + = +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⇔ − + − =

⎛ ⎞ ⎡ ⎤⇔ − + + + =⎜ ⎟ ⎢ ⎥⎝ ⎠ ⎣ ⎦

 

  ⇔ =
A Btg tg
2 2

 ( vì 2 2A B A B1 tg tg tg tg 0
2 2 2 2

+ + + > ) 

             ⇔ =A B  
            ABC⇔ Δ  caân taïi C 
   
Baøi 216: Chöùng minh ABCΔ  caân neáu: 

  ( )
2 2

2 2
2 2

cos A cos B 1 cotg A cotg B (*)
sin A sin B 2

+
= +

+
 

Ta coù: 

 (*) 
2 2

2 2 2 2
cos A cos B 1 1 1 2
sin A sin B 2 sin A sin B

+ ⎛ ⎞⇔ = +⎜ ⎟+ ⎝ ⎠
−  

2 2

2 2 2 2
cos A cos B 1 1 11
sin A sin B 2 sin A sin B

+ ⎛ ⎞⇔ + = +⎜ ⎟+ ⎝ ⎠
 

⎛ ⎞⇔ = +⎜ ⎟+ ⎝ ⎠2 2 2 2
2 1 1 1

2sin A sin B sin A sin B
 

( )⇔ = +
22 2 2 24 sin A sin B sin A sin B  

( )2 20 sin A sin B

sin A sinB

⇔ = −

⇔ =
 

Vaäy ABCΔ  caân taïi C 
Baøi 217: Chöùng minh ABCΔ  caân neáu: 

   ( )Ca b tg atgA btgB (*)
2

+ = +  

 

Ta coù: ( )Ca b tg atgA btgB
2

+ = +  

( )⇔ + = +
Ca b cotg atgA btgB
2

 

⎡ ⎤ ⎡⇔ − + −⎢ ⎥ ⎢⎣ ⎦ ⎣
C Ca tgA cotg b tgB cotg 0
2 2

⎤ =⎥⎦
 

+ +⎡ ⎤ ⎡⇔ − + −⎢ ⎥ ⎢⎣ ⎦ ⎣
⎤ =⎥⎦

A B Aa tgA tg b tgB tg 0
2 2

B  

− −

⇔ +
+ +

=

A B B Aa sin bsin
2 2 0A B A Bcos A.cos cosB.cos

2 2

 



−
⇔ = − =

A B a bsin 0 hay 0
2 cos A cosB

 

⇔ = =
2R sin A 2R sin BA B hay

cos A cosB
 

⇔ = = ⇔ ΔA B hay tgA tgB ABC  caân taïi C 

IV. NHAÄN DAÏNG TAM GIAÙC 
 
Baøi 218: Cho ABCΔ  thoûa: a cosB bcos A a sin A bsinB (*)− = −  
  Chöùng minh ABCΔ  vuoâng hay caân 
 
 Do ñònh lyù haøm sin: a 2Rsin A, b 2R sinB= =  
 Neân (*) ( )2 22R sin A cosB 2RsinBcos A 2R sin A sin B⇔ − = −  

   

( ) ( ) ( )

( ) [ ]

( ) ( ) ( )
( ) ( )
( ) ( )

2 2sin A cosB sinBcosA sin A sin B
1 1sin A B 1 cos2A 1 cos2B
2 2
1sin A B cos2B cos2A
2

sin A B sin A B sin B A

sin A B 1 sin A B 0

sin A B 0 sin A B 1

A B A B
2

⇔ − = −

⇔ − = − − −

⇔ − = −

⇔ − = − + −⎡ ⎤⎣ ⎦
⇔ − − + =⎡ ⎤⎣ ⎦
⇔ − = ∨ + =

π
⇔ = ∨ + =

 

   vaäy ABCΔ  vuoâng hay caân taïi C 
Caùch khaùc 

( )
− = −

⇔ − = + −

2 2sin A cosB sin Bcos A sin A sin B
sin A B (sin A sin B) ( sin A sin B)

 

( ) + − + −
⇔ − =

A B A B A B A Bsin A B ( 2sin cos ) (2 cos sin )
2 2 2 2

 

( ) ( ) ( )
( ) ( )

⇔ − = + −

⇔ − = ∨ + =

π
⇔ = ∨ + =

sin A B sin A B sin A B
sin A B 0 sin A B 1

A B A B
2

 

Baøi 219  ABCΔ  laø tam giaùc gì neáu 
  ( ) ( ) ( ) ( )2 2 2 2a b sin A B a b sin A B (*+ − = − + )  

 
Ta coù: (*) 

( ) ( ) ( ) ( )2 2 2 2 2 2 24R sin A 4R sin B sin A B 4R sin A sin B sin A B⇔ + − = − +  

( ) ( ) ( ) ( )2 2sin A sin A B sin A B sin B sin A B sin A B 0⇔ − − + + − + +⎡ ⎤ ⎡⎣ ⎦ ⎣ =⎤⎦
=

 

( )2 22sin A cosA sin B 2sin Bsin A cosB 0⇔ − +  



sin A cosA sinBcosB 0⇔ − + =  (do  vaø si ) sin A 0> nB 0>
sin2A sin2B
2A 2B 2A 2B

A B A B
2

⇔ =
⇔ = ∨ = π −

π
⇔ = ∨ + =

 

Vaäy ABCΔ  caân taïi C hay ABCΔ  vuoâng taïi C. 
 
Baøi 220: ABCΔ laø tam giaùc gì neáu: 

   
2 2a sin2B b sin2A 4abcosA sinB (1)

sin2A sin2B 4sin A sinB (2)
⎧ + =
⎨

+ =⎩
Ta coù: 
(1)  2 2 2 2 2 24R sin A sin 2B 4R sin Bsin 2A 16R sin A sin Bcos A⇔ + =

  

( )

2 2 2

2 2

sin A sin2B sin Bsin2A 4sin A sin BcosA
2sin A sinBcosB 2sin A cosA sin B 4sin A sin BcosA
sin A cosB sinBcosA 2sinBcosA (dosin A 0,sinB 0)
sin A cosB sinBcosA 0
sin A B 0
A B

⇔ + =

⇔ + =
⇔ + = >
⇔ − =

⇔ − =

⇔ =

2

>

Thay vaøo (2) ta ñöôïc 
             2sin 2A 2sin A=

 
( )

22sin A cosA 2sin A
cosA sin A dosin A 0
tgA 1

A
4

⇔ =

⇔ = >

⇔ =
π

⇔ =

 

Do ñoù ABCΔ  vuoâng caân taïi C 
V.  TAM GIAÙC ÑEÀU 
 
Baøi 221: Chöùng minh ABCΔ ñeàu neáu: 
   ( )bc 3 R 2 b c a (*)= + −⎡ ⎤⎣ ⎦  

 
Ta coù:(*) ( ) ( ) ( )2RsinB 2RsinC 3 R 2 2Rsin B 2RsinC 2Rsin A⇔ = + −⎡ ⎤⎣ ⎦        

( ) ( )⇔ = + −2 3 sin Bsin C 2 sin B sin C sin B C+  
( )⇔ = + − −2 3 sin BsinC 2 sin B sinC sin BcosC sinCcosB  

⎡ ⎤ ⎡
⇔ − − + − −⎢ ⎥ ⎢

⎣ ⎦ ⎣

1 3 1 32sin B 1 cosC sin C 2sin C 1 cosB sin B 0
2 2 2 2

⎤
=⎥

⎦
 

⎡ π ⎤ ⎡ π ⎤⎛ ⎞ ⎛ ⎞⇔ − − + − − =⎜ ⎟ ⎜ ⎟⎢ ⎥ ⎢ ⎥⎝ ⎠ ⎝ ⎠⎣ ⎦ ⎣ ⎦
sin B 1 cos C sin C 1 cos B 0 (1)

3 3
 



Do  vaø sinB 0> 1 cos C 0
3
π⎛ ⎞− −⎜ ⎟

⎝ ⎠
≥  

      sin  vaø C 0> 1 cos B 0
3
π⎛ ⎞− −⎜ ⎟

⎝ ⎠
≥  

Neân veá traùi cuûa (1) luoân  0≥

 Do ñoù, (1) 
cos C 1

3

cos B 1
3

⎧ π⎛ ⎞− =⎜ ⎟⎪⎪ ⎝ ⎠⇔ ⎨
π⎛ ⎞⎪ − =⎜ ⎟⎪ ⎝ ⎠⎩

 

   C B
3
π

⇔ = =  ⇔ ABCΔ  ñeàu. 

Baøi 222: Chöùng minh ABCΔ  ñeàu neáu 3 3 3
2

3sinBsinC (1)
4

a b ca (
a b c

⎧ =⎪⎪
⎨

− −⎪ =
⎪ − −⎩

2)
 

 
Ta coù: (2)  3 2 2 3 3a a b a c a b c⇔ − − = − − 3

       ( )2 3a b c b c⇔ + = + 3  

       ( ) ( ) ( )2 2

2 2 2

a b c b c b bc c

a b bc c

⇔ + = + − +

⇔ = − +

2

c

 

        (do ñl haøm cosin) 2 2 2 2b c 2bc cos A b c b⇔ + − = + −

       
⇔ =

π
⇔ = ⇔ =

2bc cos A bc
1cos A A
2 3

 

Ta coù: (1)   4sinBsinC 3⇔ =
( ) ( )⇔ − − +⎡ ⎤⎣ ⎦2 cos B C cos B C 3=  

( )⇔ − +⎡ ⎤⎣ ⎦2 cos B C cos A 3=  

( ) π⎛ ⎞ ⎛ ⎞⇔ − + = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠
12cos B C 2 3 do (1) ta coù A
2 3

 

( )⇔ − = ⇔ =cos B C 1 B C  

Vaäy töø (1), (2) ta coù ABCΔ ñeàu  
 
Baøi 223: Chöùng minh ABCΔ  ñeàu neáu: 
    sin A sinB sinC sin2A sin2B sin2C+ + = + +
  
Ta coù:  ( ) ( )sin2A sin2B 2sin A B cos A B+ = + −  

         ( )2sinCcos A B 2sinC (1)= − ≤  

Daáu “=” xaûy ra khi:   ( )cos A B 1− =  

Töông töï:  sin2A sin2C 2sinB+ ≤     (2) 



Daáu “=” xaûy ra khi: ( )cos A C 1− =  

Töông töï:   sin2B sin2C 2sin A+ ≤     (3) 
Daáu “=” xaûy ra khi:   ( )cos B C 1− =  

Töø (1) (2) (3) ta coù: ( ) ( )2 sin2A sin2B sin2C 2 sinC sinB sinA+ + ≤ + +  

Daáu “=” xaûy ra  

( )
( )
( )

− =⎧
⎪

⇔ − =⎨
⎪ − =⎩

cos A B 1
cos A C 1
cos B C 1

  A⇔ = =B C  

        ⇔ ABCΔ ñeàu 
 
Baøi 224:  Cho ABCΔ  coù: 

   2 2 2
1 1 1 1 (*)

sin 2A sin 2B sin C 2cosA cosBcosC
+ + =  

  Chöùng minh ABCΔ  ñeàu 
 
Ta coù:  (*)  ⇔ + +2 2 2 2 2 2sin 2B.sin 2C sin 2Asin 2C sin 2Asin 2B

  
( )

( )

sin2A.sin2B.sin2C sin2A sin 2Bsin2C
2cosA cosBcosC

4sin A sinBsinC sin2A sin2Bsin2C

= ⋅

=
 

Maø: ( ) ( ) (= − − +⎡ ⎤⎣ ⎦4 sin A sin Bsin C 2 cos A B cos A B sin A B)+

)+

 

   

( )
( ) (

= − +⎡ ⎤⎣ ⎦
= + −

= + +

2 cos A B cosC sin C

2sinC cosC 2cos A B sin A B
sin 2C sin 2A sin 2B

Do ñoù,vôùi ñieàu kieän ABCΔ  khoâng vuoâng ta coù 
 (*)  2 2 2 2 2 2sin 2Bsin 2C sin 2A sin 2C sin 2A sin 2B⇔ + +

( )

( ) ( )

= + +

= + +

⇔ − + −

2 2 2

2 2

sin 2A.sin 2B.sin 2C sin 2A sin 2B sin 2C

sin 2A sin 2Bsin 2C sin 2Bsin 2A sin 2C sin 2Csin 2A sin 2B
1 1sin 2Bsin 2A sin 2Bsin 2C sin 2A sin 2B sin 2A sin 2C
2 2

 ( )21 sin2Csin2A sin2Csin2B 0
2

+ − =  

sin2Bsin2A sin2Bsin2C
sin2A sin2B sin2A sin2C
sin2A sin2C sin2Csin2B

=⎧
⎪⇔ =⎨
⎪ =⎩

 

=⎧
⇔ ⎨ =⎩

sin 2A sin 2B
sin 2B sin 2C

A B C⇔ = = ABC⇔  ñeàu 

 
Baøi 225: Chöùng minh ABCΔ  ñeàu neáu:  

a cosA bcosB c cosC 2p (*)
a sinB bsinC csin A 9R

+ +
=

+ +
 



 
Ta coù:  a cosA bcosB ccosC+ +

 
( )

( ) ( )
( ) ( )

2Rsin A cosA 2RsinBcosB 2RsinCcosC
R sin2A sin2B sin2C

R 2sin A B cos A B 2sinCcosC

2RsinC cos A B cos A B 4RsinCsin A sinB

= + +

= + +

⎡ ⎤= + − +⎣ ⎦
⎡ ⎤= − − + =⎣ ⎦

 

Caùch 1: asinB bsinC csin A+ +  
( )

( )2 2 23

2R sin A sinB sinBsinC sinCsin A

2R sin A sin Bsin C do bñtCauchy

= + +

≥
 

Do ñoù veá traùi : 3a cosA bcosB c cosC 2 sin A sinBsinC
a sinB bsinC csin A 3

+ +
≤

+ +
 (1)  

Maø veá phaûi: ( )+ +
= = + +

2p a b c 2 sin A sin B sin C
9R 9R 9

   

32 sin A sinBsinC
3

≥  (2) 

Töø (1) vaø (2) ta coù 
( * )  ñeàu  sin A sinB sinC ABC⇔ = = ⇔ Δ

Caùch 2: Ta coù: (*) 4Rsin A sinBsinC a b c
a sinB bsinC csin A 9R

+ +
⇔ =

+ +
 

 

a b c4R
a b c2R 2R 2R

b c ca 9Ra b
2R 2R 2R

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟ ⎜ ⎟ + +⎝ ⎠ ⎝ ⎠ ⎝ ⎠⇔ =

⎛ ⎞ ⎛ ⎞+ +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

 ( ) ( )9abc a b c ab bc ca⇔ = + + + +  

Do baát ñaúng thöùc Cauchy ta coù 
3

2 2 23

a b c abc

ab bc ca a b c

+ + ≥

+ + ≥
 

Do ñoù:  ( ) ( )a b c ab bc ca 9abc+ + + + ≥

Daáu = xaûy ra  a b c⇔ = = ABC⇔ Δ  ñeàu.  
          

Baøi 226: Chöùng minh ABCΔ  ñeàu neáu 
A ( )B Ccot gA cot gB cot gC tg tg tg *
2 2 2

+ + = + +  

 

Ta coù: 
( )sin A B sinCcot gA cot gB

sin A sinB sin A sinB
+

+ = =  

 2
sinC

sin A sinB
2

≥
+⎛ ⎞

⎜ ⎟
⎝ ⎠

 (do bñt Cauchy)  



 
2 2 2

C C C2sin cos 2sin
2 2 2

A B A B C Asin .cos cos cos
2 2 2

= = B
2

+ − −
 

 C2tg
2

≥           (1)  

Töông töï: Bcot gA cot gC 2tg
2

+ ≥       (2)  

                Acot gB cot gC 2tg
2

+ ≥       (3)  

Töø (1) (2) (3) ta coù 

 ( ) A B C2 cot gA cot gB cot gC 2 tg tg tg
2 2 2

⎛ ⎞+ + ≥ + +⎜ ⎟
⎝ ⎠

 

Do ñoù daáu “=” taïi (*) xaûy ra  
− − −⎧ = =⎪⇔ ⎨

⎪ = =⎩

=
A B A C B Ccos cos cos 1

2 2 2
sin A sin B sin C

 

A B C
ABC ñeàu.

⇔ = =

⇔ Δ
 

BAØI TAÄP  
1.  Tính caùc goùc cuûa ABCΔ  bieát:  

 a/ = + −
3cos A sin B sin C
2

         (ÑS: 2B C ,A
6 3
π π

= = = ) 

 b/ si      (ÑS: n6A sin6B sin6C 0+ + = A B C
3
π

= = = ) 

 c/ si  n5A sin5B sin5C 0+ + =
2.  Tính goùc C cuûa ABCΔ  bieát:  
 a/ ( )  ( )1 cot gA 1 cot gB 2+ + =

 b/ 
2 2 9

A,Bnhoïn

sin A sin B sinC
⎧⎪
⎨

+ =⎪⎩
 

3.  Cho ABCΔ  coù: 
⎧ + + <
⎨

+ + =⎩

2 2 2cos A cos B cos C 1
sin 5A sin 5B sin 5C 0

 

 Chöùng minh Δ  coù ít nhaát moät goùc 36 0. 
4. Bieát . Chöùng minh 2 2 2sin A sin B sin C m+ + =
 a/ m  thì 2= ABCΔ  vuoâng 
 b/ m  thì 2> ABCΔ  nhoïn 
 c/ m  thì 2< ABCΔ  tuø.  
5.  Chöùng minh ABCΔ   vuoâng neáu:  

 a/ b ccosB cosC
a
+

+ =  

 b/ b c a
cosB cosC sinBsinC

+ =  



 c/ s  in A sinB sinC 1 cosA cosB cosC+ + = − + +

 d/ 
( ) ( )2

2

2 1 cos B Cb c
b 1 cos2B

⎡ ⎤− −− ⎣ ⎦=
−

 

6.  Chöùng minh ABCΔ  caân neáu:  

 a/ 
2 2

1 cosB 2a c
sinB a c
+ +

=
−

 

 b/ + +
=

+ −
sin A sin B sin C A Bcot g .cot g
sin A sin B sin C 2 2

 

 c/  2tgA 2tgB tgA.tg B+ =

 d/ C Ca cot g tgA b tgB cot g
2 2

⎛ ⎞ ⎛− = −⎜ ⎟ ⎜
⎝ ⎠ ⎝

⎞
⎟
⎠

 

 e/ ( ) C Bp b cot g ptg
2 2

− =  

 f/ ( )Ca b tg atgA btgB
2

+ = +  

7.  ABCΔ  laø Δ  gì neáu:  

 a/ ( ) A BatgB btgA a b tg
2
+

+ = +  

 b/ c c  cos2B bsin2B= +
 c/  + +sin 3A sin 3B sin 3C 0=
 d/  ( ) ( )4S a b c a c b= + − + −

8.  Chöùng minh ABCΔ  ñeàu neáu 
 a/  ( )2 a cosA bcosB ccosC a b c+ + = + +

 b/  ( )= + +2 3 3 33S 2R sin A sin B sin C

 c/ si  n A sinB sinC 4sin AsinBsinC+ + =

 d/ a b c
9Rm m m
2

+ + =  vôùi  laø 3 ñöôøng trung tuyeán  a bm ,m ,mc

Th.S Phạm Hồng Danh – TT luyện thi Vĩnh Viễn 


