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Dinh lf vé dudng phan gidc 13 mot trong nhitng dinh Ii dep, ¢6 nhiéu ing dung trong
viéc giai nhiéu bai toan hinh hoc phing. Tuy nhién chuyén dé vé tmg dung dinh 1i dudng
phan giac hién nay con chua c6 nhiéu. Bai viét sau day nh&m khai thac va trinh by mét
sb {tng dung cta dinh li dudng phan giac trong céc bai toan hinh hoc phang hay va tha
vi dude chon lya tit dé thi mot sé qube gia va khu vue. Thc gid hi vong chuyén dé nay sé
c6 phan nao dé hitu ich d6i véi cac thiy cb gldo va cic em hoc sinh trong giang day va
hoc tap.

I. PHAT BIEU VA CHUNG MINH DINH L.

Dinh L.

Trong mét tam gidc dudng phdn gidc cua mot géc chia canh doi dién thanh thanh hai
doan thdng ti lé vdi hai canh ké hai doan dé. |

Ching minh

Loi giai 1

N\

E

Goi AD la dudng phan giac trong cia tam gidc ABC.Tu dinh B ké dudng thing
qua B va song song véi canh AC, cit AD & E.
Theo gia thiét AD 13 dudng phan gisc géc A nén ta c6 ZBAE = ZCAE (1.1)
Miat khac BE//AC nén ching ta ¢c6 LCAE = ZBEA (1.2).
Tit (1.1) vd (1.2) chiing ta ¢6 ZBAE = /BEA nén tam giac ABE can & B. Suy ra
BA = BE.
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B BE
Trong tam gidc DAC theo hé qua dinh 1i Talet, ching ta c6 — D

DB AB DC ~ AC
Lai c6 BA= BE nén — =

DC — AC AB—- AC AC
Thay BC = AB — AC,BD = AD — AB, ching ta c¢6 1D — A8 — AD"
Lai giai 2

Ap dung dinh Ii Sin trong tam gidc ABD va ACD, ching ta cé:

AB _sin/BDA AC _ sinZADC
BD sin/ZBAD’ DC sinZDAC

Do AD la dudng phan giac trong géc A nén ta c6 LBAD = ZDAC (1.4).
Lai c6 sin ZBDA =sin ZADC ~ (1.5).
Twu (1.3),(1.4), (1.5), ching ta cé

(1.3)

DB AB

DC AC
Cha ¥: Viéc chitng minh déi véi dudng phan giac ngoai duge thuc hién tuong tu.
II.UNG DUNG DINH Li PUOGNG PHAN GIAC VAO GIAI TOAN.
Bai toan 1(Turkey 2000)
Cho dudng tron tdm O vA diém S nam ngoai (O). Qua S ké hai tiép tuyén dén (O)vdi
hai tiép diém 13 P, Q. Dudng thing SO cit dudng tron (O) tai hai diem A, B véi B 1a
diém n&m trén dudng kéo dai ctia SO. X 12 mot diém trén cung nhd PB clia dudng tron
(O). Dudng thang SO cét cac dudng thing QX, PX lan lugt tai C, D. Ching minh ring

110
AC ' AD ~ AB’

Chitng minh
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Goi Y la giao diém cta dudng thing PC va cung QB. Do tinh déi ximg cia 2 tiép diém
P va @ clung qua diém C nén ching ta c6 cung BX va cung BY cb cung sb do. Tit dé
ching ta ¢6 LNPX = £ZBPY hay BP la dudng phan giic trong géc ZCPD.

Mit khac ZAPB = 90° nén chiing ta ciing ¢c6 PA 13 dudng phan gidc ngoai géc LCPD.
Ap dung dinh li duong phdan gidc ching ta cé:

hay
AB - AC __ziq
AD—-AB AD

Dem quy dong ta dudc -
AB.AD — ACAD = AC.AD — AB.AC <& AB.AD + AB.AC =2AC.AD.
Chia ca hai vé cla dang thic trén cho AB.AC.AD ta dugc

1 1 2
AC TAD T 4B
Bai toan 2(Korea 2000) Cho tam gidc nhon ABC véi AB # AC, V 1a giao diém
dudng phan giac trong géc A véi BC. Goi D 1a chan dudng cao ha tit dinh A xubng canh
BC; E, F lan lugt 1a chc giao diem clia dudng tron ngoai tiép tam giac AVD véi CA va
AB. Ching minh rang AD, BE, CF dong quy.

Ching minh




Do AD vudng géc v6i BC nén ZADV = 90°, ngoai ra nim diém A, D,V, E, F déng vién
nén ching ta c6 ZBFV = L/CEV = 90°. Tt d6 chiing ta c6 tam gidc BFV dong dang
véi tam gidc BDA; tam gidsc CEV va tam gidc CDA dong dang. Do vay chiing ta c6

BD AB CD AC
BF BV' CE VC

Mat khac 4p dung dinh li duong phdn gidc, ching ta cé

AB AC ]
BV~ VC
Tir do chiang ta c6
BD_0D
BF CF
Lai c6 AV 13 dudng phan giac trong géc A nén LFAV = LV AE ti dé ching ta c6

AE = AF (2).
T (1), (2) ching ta cb

BDCEAF BDCE BDCE

ddeadpelenld =1

DCEAFB DCFB BFDC

Do d6 theo dinh li Ceva thi AD, BE,CF dbdng quy.

Bai toadn 3(Iran 3rd round 2012)

Cho tam giac nhon ABC véi AB # AC. Dudng tron ndi tiép tam gidc ABC ti€p xic véi
 chc canh BC,CA, AB1an lugt tai D, FE, F. Qua D ké dudng vudng gbc v6i EF va cat AB
tai X, glao diém th hai cia dudng tron ngoai tiép tam gidac AEF va ABC 1aT. CHung

minh rdang TX L TF.
Chimmg minh
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Goi M 1a trung diém cung BC khéng chia diém A.

Chiing ta ¢c6 ZAFT = LAOT = LAET vi cung chén cung AT suyra /ZBFT = /MOT =
ZCET. Lai ¢6 LAFT = LZAMT = LZACT

Bai toan 4(Iran vong 2, 1992)Cho tam gidc ABC vudng 3 A. Cac dudng phan giac
g6c B va C cit nhau & I va lan lugt cit cic canh AC va AB tai D v E. Ching minh
rang Spepe = 2S5B1c(S 1a dién tich).

'Ching minh

A D C

Dé ¥ ring I 14 giao didm hai dudng phan giac trong BD,CFE nén [ 13 td8m dudng tron noi
1

tiép tam gidc ABC, ban kinh r. Ching ta ¢6 dién tich tam gidc BIC 14 Sapic = -Z-TBC
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AB.AC

. 1 _oo 1 B
Lai ¢c6 Saapc = 2AB.AC-r.p—- 2r(AB+BC’+C'A)——->r———-————-—AB+BC+CA.

1 AB.AC.BC

VoY SAIBC = 5 B T BC+ CA
Mait khac Sgepr = SAABC — Saapg.Bay 210 chiing ta tim Saapg.

Ap duyng dinh li duong phan gidc trong géc B ching ta c6

§£=%©§£+1:2€+1®BC+AB:DC+DA®BC+AB=A_C_.
AB DA AB DA AB DA - AB DA
Tt d6 ching ta tinh duge AD = Ac.ﬁé. |
Vay Saapr = —;—AD.AE == —;——(—JWM
Tuong tu 4p dung dinh li duong phdn gidc trong géc C, ching ta cé AE = AB.EJ—A:-:C—?B—C.

Do dé . |
1 1 AB2.AC? AB.AC
SBODE = 25816 © 5 AB.AC — 5 (AB+ BC)(AC+BC) AB+BC+CA

& AB? + AC? = BC?

Diéu nay luén ding vi tam gidc ABC vudng & A. Vay ching ta ¢6 Sgepe = 2Ss7c.

Bai toadn 5 (Canada 2011 ) Cho ti gic not tiép ABCD cb cic canh déi dién khong
song song véi nhau, X 13 giao diém cta AB vd CD; Y 1a giao diém cia AD va BC.
Dutng phan gidc géc AX D lan kgt cit AD, BC tai E, F; dudng phan giac géc AY B lan
lugt cdt AB,CD tai G, H. Ching minh ring ti gidc AGHF 13 hinh binh hanh.

Ching minh

Do tit gidc ABCD ndi tiép nén chiing ta c6 tam gidc X AC ddng dang tam gidgc X DB va
tam gidc Y AC dong dang tam gidc Y BD. T d6 ching ta cé
X_A_XC__AC_YA_YC’ (5.1)
XD XB DB YB YD
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Ap dung dinh 1i dudng phan gidc goc AX D, ching ta c6

EA XA XC FC *(52)
ED XD XB FB |

Mat khac 4p dung dinh i dudng phan gidc gbc AY B, chiing ta c6

GA_YA_YC_CH . o
GB“YB“YD"'HD ‘

Tit (5.1),(5.2), (5.3), chiing ta c6

G'A CF EA _CH
GB FB' ED HD

Do dé6 ching ta ¢6 EH//AC//GF va E'G//BD//HF Vay tit gisc AGHPF 1a hinh binh
hanh.

Bai toan 6

Cho tam gidc ABC ¢6 AD, BH lan lugt 14 dudng phan gidc géc A, dudng cao ha tit dinh
B xubng canh AC, E la trung diém AB. Gia st cac dudng thing AD, BH, CE cit nhau
tai diém O. Chitng minh ring AC.cos A = BC.cosC.

Ching minh

Ap dung dinh li Xeva, chiing ta cé

AE BD(CH
gepcEa -1 61

Do E 1a trung diém AB nén EA = EB, suy ra % =1 (6.2).

Mat khac ap dyng dinh i ducsng phan gigc goc BAC, ching ta c¢b

DB AB
oc = ac 63
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Lai do BH L AC nén ching ta ¢c6 CH = BC.cosC va AH = AB.cos A. (6.4)
Thay (6.2), (6.3), (6.4) vao (6.1) ching ta dugc 5

AB BC.cosC |
A0 AB oo A =1 AC.cos A= BC.cos(C

Bai toan 7 (Crux problem 2915)
Cho tam gidc ABC ¢6 AB < AC, I 1a tam dudng tron noi tiép vA M 13 trung diém canh
BC. D la giao diém ciua IM v8i AB. Mot dudng thang qua B vudng géc véi Al va cét
CI 6 E. Ching minh DE//AC. )

Chitng minh

bat BC =a,CA=b,AB=c. Goi K =AINBC;F=BENAC.

Tam gidc ABF c6 Al vita 13 dudng cao, vita 14 dudng phan giadc nén tam gidc ABF can
A ttdéotaco AB=AF =cnén FC=b-c _

Tam gidc ABC c6 IC la dudng phan giac trong goc LACB nén EC la dudng phan giac
trong gbéc LFCB.

Ap dung dinh i duong phan gide géc ZFCB cta tam gidc FCB, ching ta c6

EB_CB_ a
EF CF b—-=¢

(7.1)

Ap dung dinh i duong phéan gidc géc £LBAC ciia tam gide ABC, chiing ta c6

AB__KB KB_KC B .KC’_c(a—-BK)
AC - KC T AB = ac PHEB=AB =T —
T do ta ¢ 0
BK = :
b+ c
Ap dung dinh li Menelaus trong tam gidgc ABA’, ching ta c6
. MBIKDA_ |  DB_MBIK
MK IA'DB DA MK'IA
tic la
a .
DB___ 9 _ _Bi_____ ___}___ a B a a (72
DA \%_pgg/| ¢ ] — 2c b+c) b+c—2c b-c 2)
2 b+ c .



Tt (7.1) va (7.2), chiing ta c6

E'B DB a
EF ~ DA b —c

Suy ra DE//AC. (Dpcm.)

Bai toan 8 (Crux)

Cho tam gidc ABC c6 dudng phan giic trong AD (D € BC), M la trung diém canh BC va
Ela didm déi xitmg v6i D qua M. Goi F 13 diém n3m trén BC sao cho ZBAF = ZEAC.

3
Chitng minh rin SL_ ¢

EFC T B
Ching minh

S

Tren AE ta lay didm S vA trén AF ta lay diém T sao cho SC//AB va TB//AC. Khi d6
ta cé ZABT + Z/BAC = 180° va LACS + ZBAC = 180° nén LABT = LACS. Tu dé6 ta
c6 LBAT = /BAF = /CAE = LCAS. Vi vay tam gidc ABT dong dang véi tam giac

ACS nén BT AB &
cs=ac=c OV
Tu BT//AC, ta c6
BF BT BT

FC AC b (8:2)
Tuw AB//SC, ta c6
- BE AB c
EC CS CS (8.3)

Theo gid thiét M la trung diém BC, E la diem déi xung v6i D qua M nén tacé £EC = BD

va BE = DC. Vi vay
BE DC

EC DB
Ap dung dinh li duong phdan gidc trong goc BAC), ta ¢6
DC AC 0

—

DB AB C
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Suy ra

BE
EC ¢ Y
Tt (8.3) va (8.4), ta c6 ;
c b
C5 ¢ W 03
R ) c3 BF ¢
vay tit (8.1) ta c6 BT = 73 va thay vao (8.2) ta c6 — C -3 (Dpcm).

Bai toan 9
Trén cac canh BC,CA, AB clia tam gidc ABC nbi tiép dudng tron (O) lan lugt 13y cac
diém D,E,F va M, N, P lan lugt 13 cic giao diém thi hai cia dudng tron (O) vdi céc
dudng thing AD, BE, CF. Chitng minh ring

AD BE C(CF

e WA RN
D T NEtTPEZY

Dang thic xay ra khi nao?

Chiitng minh

AD  d(A,BC)
€ WD ~ d(M,EBC)

Trong tam giac ABC dé ¥ i ma d(A, BC) khong doi nén phan

5 AD d (A, BC)
MD d(M , BC) |

~diém cung BC. Tuong ty cho N, P lan lugt 14 trung diém céc day cung CA, AB.

Do d6 ta chitng minh bat ding thic da cho ding véi AD, BE,CF la cac dudng phan

giac.

Tacdé LZMBD = 432‘40- = /MAB nén hai tam gidc M BD va M AB déng dang, tit d6 ta

co

nhé nhat khi va chi khi m&u s6 d(M, BC) 16n nhat hay M 1a trung

MA MA MB (MA)Z_ (AB)2

MD ~ MB MD MB BD
Ap dung dinh li duong phdn gidc goc ABC), ta c6 —— AB _b+e Tuong tu ta c6 E—q =

BD  a CE
c+a,_CA____a+b |

b 'AF ¢
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Ap dung bit ding thic Cauchy-Schwarz dang 2+ y? + 22 > Eﬂ’# ta c6

2
PA_s~(AB\',1(y~45) 1
PD BD) —3 BD| 3

cyc cyc cyc cyc
Ta cb
1 /b+c c+a a+b\? 1 1 1 1 2
— = — b —t+—4+-=-}1—-3] >-36=12
3( — 5t ) 3[(a+ +c)(a+b+c) ] 2.3
Vay
_____MA_I_E f_g>12
MD NE PF —
tuong duong VA NEB e
—— — - ——— —1>
Y5 1+NE 1+PF 1>9
tuong duong

Déng thic xay ra khi va chi khi AD, BE,CF la cac dudng phan gidc va tam gidc ABC
deu. '

Bai toan 10 (Crux)

Cho tam gidc ABC c6 do dai cac canh 13 ba s6 nguyén duong lién tiép. S6 do gbe 16n
nhit bing hai 1an sé do géc nhé nhét. Xac dinh d6 dai cac canh cla tam giac ABC.
Chitng minh

n+1

Trong tam gidc ABC d#it do dai cic canh lan lugt 14 AB = n,AC = n+1 va
BC =n+2 v6i n > 2 va n 14 s6 nguyén duong. Géc nhd nhit 1a LZACB = A va gbc 16n
nhat 14 ZBAC = 26. .
Ké AD la duong phan giac trong géc ZLBAC, D € BC.
Dat BD =z,CD =y. Dé ¥ ring BC = AB+2. Dodbz+y=n+2.

‘ . .. ' AC DC n+1 vy
A dinh li duong phdn gid 5¢c BA 5 —— = —— né = = .
p dung din ng phan gidc trong goc BAC, ta cb 1B - DB nén —- "

Viay ta cb
! |
Tl =Y
n T
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tuong duong m+l 4y 4

n T X

Sﬁyra
x_n(n+2) _n+1$_(n+1)(n+2)
T on+1 7T Tn YT T omy1

Mit khéc, ta c6 ZBAD = /BCA = 6 nén tam gidc BAD ddng dang tam giac BCA. Do

do ta co
BD BA nn+2) n
BA  BC n(2n+1)_n+2

Suy ran?+4n+4=2n’+n hay n®* -~ 3n—4=0. Tt d6 n = 4 (Do n nguyén duong).
Vay do dai cac canh tam giac la 4,5 va 6.

& m+2?=n@2n+1)

I1I. MOT SO BAI TOAN TU LUYEN

Bai 1 (Belarus 2000) Cho ti gisc 16i ABC D c6 hai dudng chéo AC, BD cét nhau &
M. Dudng phan giac goc ACD cét doan AB 6 K. Gid st MAMC+MA.CD = MB. MD.
Chitng minh rdng /BKC = ZCDB.

Bai 2 (Rusian 1998) Cho tam giac ABC véi AB > BC, BM la dudng trung
tuyén va BL la dudng phan gidc. Dudng thing qua M song song v6i AB cit BL tai D,
dudng thing qua L song song véi BC cét BM tai E. Chitng minh réing ED 1 BL.

Bai 3 (Kazakhtan 2009) Cho tit gisc ABCD ndi tiép dudng tron tam O. Dudng thing

AD va BC cét nhau tai M, dudng thing AB cit CD tai N, v dudng thang AC cit BD

tai P, dudng thing OP cit M N tai K. Chitng minh ring ZAKP = Z/PKC. '

Bai 4 Cho tam gidc ABC ¢6 M la trung diém ctia canh AB, va CD la dudng cao,

(D € AB) . Chitng minh ring ZA = 24B khi va chi khi AC = 2MD. -

Bai 5 (Ibero American 2012 - Problem 5)

Cho tam giac ABC c6 P va @ lan lugt 13 cac giao diém clia cac dudng qua A song song
v6i BCva cit cdc dudng phan gisc ngoai clia cac géc B va C, tuong ing. Dudng thing

vudng géc véi BP tai P va dudng thing vudng goc véi CQ tai Q cit nhau tai R. I 1a

tam dudng tron noi tiép tam gide ABC. Ching minh ring Al = AR.
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