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PHAN THU NHAT
MO DAU
1)Ly do cho dé tai:

Bit dang thirc 13 mot van dé hay va kho ciia toan hoc phd thong. Céac dé toan vé bat dang thire xuat hién
& moi cudc thi tur cép tiéu hoc cho t&i sinh vién dai hoc va sau dai hoc. Dic biét trong dé thi Pai hoc , n6 thuong
1a nhitng cAu ding dé phan loai thi sinh.

V& dep va strc hdp din cua bat ding thirc d6i v6i ngudi yéu toan 1a vo tan, né luén mang lai nhitng cam xuc
ngot ngao khi ta chinh phuc duoc mot bai toan bat dang thirc nao d6. Bat dang thirc 1a mot linh vuc quan trong
cua dai s hoc. Cac nha toan hoc déu c6 chung nhén dinh 1a: “Cdc két qud cua todn hoc thuwong dwoc biéu thi
bang nhiing bit ding thirc chiv khong phdi bang nhitng diang thive” . Hay nhu G.s Hoang Tuy timg noi: “cac
nha toan hoc 1am viéc v6i bt ding thirc nhiéu hon 13 ding thirc”. Do 13 trong toan hoc.

Trong cudc séng cua chung ta cling vay. Ta biét ddy, trang thai can bang chi 13 tam thoi, 1a mot khoanh
khic nao d6. Cudc séng ludn van dong va cac trang thai can bang nhanh chong bi pha v dé thay vao do 1a trang
thai bat cdn bang dugc tao ra va hudng t6i trang thai can bang mai. N6 cling nhu dang thirc va bat diang thac
clia cudc sdng vay.

Do bat dang thirc 1a mot van dé kho, nén dé 1am tt cac bai toan vé bat dang thic ludn 1a mot thach thirc
va mong udc ctia nguoi hoc toan. Céc 10 giai vé bat dang thirc néi chung thudng khién cho hoc sinh cam thay
nhu “ tir trén troi roi xuéng” . Khi giang day vé bat dang thirc hay tham khao & mot tai liéu nao d6 chung ta
déu thudng xuyén gap phai cac 10i giai dai loai nhu: “ta cd...”; ““ ta s& ching minh...”. Hoc sinh thuong xuyén
phai chap nhan nhing 10i giai mang mau sac ap dat nhu thé, va d1 nhién 13 cic em va ca chinh thiy c6 ciing
khong thodi méai khi don nhan hodc trinh bay nhitng 161 gidi nhu vay.

Bay gio ta noi thém vé 101 giai “tir trén troi roi xuoéng”. Thyc ra ching c6 10 giai san nao roi xuéng nhu
thé ca, ma do 1a két qua cudi cung cia su may mo di tim phuong phap , sang tao trong moi 101 giai. Do la két
qua cta sy kho luyén c6 phuong phap méi cho ra 10 nhirng san pham nhu viy.

Dé hoc tdt vé bit dang thir thi can phai dam bao nhiing yéu t6 sau ddy:

- Ném viing kién thirc co ban vé bat dang thirc.

- Nim  virng cac phuong phap chimg minh bat dang thuc.

-Coth chat nhat dinh v€ mén hoc.

O day yéu t6 dau 1a yéu cau t6i thiéu, yéu té cudi thudc vé bam sinh mdi nguoi. Do d6 yéu t phuong phap 1a
hét strc quan trong.

Viét vé bit ding thirc tir trude co cac thdy Phan Huy Khai, Phan Ptrc Chinh, Ping Hung Thing, Nguyén
Duc Tan... Bay gio c6 mot sd tac gia méi nhu Tran Phuong, Pham Kim Hung, Tran Tuin Anh, V5 Qudc Ba
Cén, V6 Giang Giai...do déu 1a nhitng béc thay vé linh vuc bat dang thirc. Nhung nhiing van dé ho viét da phan
déu rat kho, do d6 véi nang lyc nhu hoc sinh truong toi day thi hoi kho linh hoi.

Ban thén 1a gido vién day Toan, dugc doc qua sach cua mot sd thay néu trén nén c6 mot mong mudn 1a
bang ngon ngir ciia minh , truyén tai dén hoc sinh Mét s6 phwong phap chirng minh bat dang thire dé lam dé
hon van dé toan hoc duoc xem la rat kho nay. Nhirng phuong phap dugc tac gia chon dé viét ra day nham bd
sung vao cac phuong phap vén dugc xem 1a kinh dién nhu:

-Phuong phép ap dung cac BPT cb dién
-Phuong phép tam thirc bac hai.

- Phuong phap lugng giac hoa.

- Phuong phap ham sé.

- Phuong phap hinh hoc.

- Phuong phap quy nap...

Chinh vi 1& d6 nén trong dé tai nay tac gia khong dé cap dén nhiing phuong phap quen thude do. O day
chung ta s& gip nhitng phuong phéap dic sic nhu chon phan tir ciee han, phuong phap dua vé dong bdc, phuong
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phap chudn héa,. Dic biét 1a nhitng ky thuat tinh té trong chitng minh nhu k§ thuét tdch ghép, k¥ thuat chon
diém roi, ky thuat hé sé bat dinh ma hiéu qua cta no that bat ngd.

Qua dé tai nay, ngudi doc sé& thiy dugc xut xtr tu duy cua cac 10i giai “ tir trén troi roi xuong”, thay
dugc cac suy luan hét sirc tu nhién an chira trong cac 10i giai ¢6 vé thiéu ty nhién. T6i ¢ thé vi nhu ching ta
dugc thay toan bd héu truong cua mot bo phim véi nhitng canh quay hoanh trang hogc lang man.

Cu01 cung , t61 tin rang nhimg phuong phap déc sic trén day sé giip hoc sinh cam thiy ty tin hon khi 1am toan
vé bat dang thirc. Toi xin ké mot mau chuyén nho dé thay cho 1oi két .
Cdu chuyén vé nha triéu phu va nguoi hoa sy trir danh.
Mot ngay no, c6 mot nha triéu pha toi tim nguoi hoa si tai hoa dé hoi mua mot buc tranh. Nha triéu pht hoi va
dugc hoa sy ra gid 1a 3 triéu USD. Nha tri¢u phu gat dau dong y. Sau khi thong nhat gia , nha triéu pht hoi
ngudi hoa sy: “Ngai vé& biic tranh nay trong thoi gian bao 1au?”. Ngudi hoa sy tra 10i: “ Toi vé nd trong mot tuan,
thua ngai”. Nghe vay nha triéu phi tram ngam maot 1at va néi: “Vay thi t61 xin tra lai ngai buc tranh ,vi n6 qua
dat”. Nghe vy, nguoi hoa st gt dau nhan lai buc tranh va noéi: “nhung dé v& no trong mot tuan thi toi da phai
mat 3 nam dé suy nghi vé né, ngai thuc su khong thay dugc gla tri cia buc tranh”
Qua dung nhu vay, cau chuyén 1a mot thong di€p sau sdc giri t6i ching ta: Dé c6 mot 10i giai hoan hao cho mot
bai toan, nhitng ngudi 1am toan da phai bo ra rat nhiéu thoi gian va cong sirc dé suy nghi vé né.
2) Phwong phap nghién ciru dé tai:
Dé nghién ciru dé tai ndy , tac gia da phdi hop cac phuong phap:
- Phuong phap tu duy tong hop.
- Phuong phap giai quyét van dé.
- Phuong phap chon loc .
- Phuong phép phan tich , binh luan
3) Muc dich nghién ciru d@ tai:
Chon dé tai bat dang thirc dé nghién ctru véi nhitng muc dich nhu sau:
- Mudn c6 sy dau tu nhidu hon vé ndi dung Bét déng thirc, mot ndi dung ma ban than cam thiy minh con vap
phai nhiéu khé khan trong qué trinh giang day. Bang viéc nghién ctru tim toi dé viét vé no, t6i hi vong minh s&
trau doi thém kién thirc va k¥ ning vé toan Bat dang thirc.
- Tao cho minh mét tai liéu riéng theo cach hiéu cia minh, bang ngdn ngit ciia minh, phuc vu cho qua trinh
giang day va boi dudng hoc sinh gidi, luyén thi dai hoc.
- C6 diéu kién dé trao d6i, hoc hoi kinh nghiém tir dong nghiép gan xa.
- Pua t61 cho hoc sinh mdt tai li¢u tham khao da dugc ban than nghién ctru, trinh bay theo ngén ngit cua minh,
gitip cac em trong qué trinh bdi dudng hoc sinh gioi va luyén thi Pai hoc.
4) Nhiém vu ciia viéc nghién ciru dé tai:
- Qua trinh nghién ciru dé tai dé ban than trau doi thém kién thirc chuyén mon va nghiép vu. Cach thic thuc
hién mot dé tai khoa hoc 1a nhu thé nao. Cé diéu kién dé trao d6i nhiéu hon véi thay co trong t6 Toan vé cac
van dé Toan. Quan trong hon nira 1a dua t&i cho hoc sinh mot $6 dang bai tap c6 ung dung cao trong céac ky thi,
gitip cac em co két qua tét hon.
- Pé tai ma tac gia thyc hién véi nhiém vu 1a gitp hoc sinh cai tién phuong phap hoc tap. Biét quan tam td1 ban
chat Toan hoc trong mdi phat biéu. Cach trinh bay cia dé tai tir mirc d6 dé dén kho, nham timg bude gitip hoc
sinh nang cao va kién thirc va ky nr?mg cua minh.
- Pé tai khi duoc cong bd, nd phai gitip hoc sinh nam virng hon vé cac phuong phap chirng minh bat dang thic,
gitip cac em thay bat dang thic dé hon.
5) Pham vi nghién ctru:
- Pé tai nghién ctru hoan toan vé linh vuc Bat dang thic, dudi dang chimg minh Bét ding thirc thudn tay hoac
dudi dang bai toan Max, Min. Cac Bat dang thtrc dé cap dén trong chuyén dé nay 1a nhitng bat dang thuc cd
dién thuong gip. Cac k¥ thuat ching minh duoc phén tich k¥ cang va trinh bay dudi dang cac bai hoc. Thiét
nghi cach trinh bay nhu vy sé tach bach dugc cac phuong phap, tranh sy nang né khong can thiét.
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- Cong cu nghién curu chu yéu la dung dai s6 so cép, c6 mot sb bai st dung td1 cong cu gidi tich, cu thé 1a dao
ham, nhung nam hoan toan trong chuong trinh pho thong.
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PHAN THU HAI
NOI DUNG DE TAI

§1.PHUONG PHAP DPONG BAC TRONG BAT BDANG THUC CO PIEU KIEN.

1.Phwong phap dong bic.
Chtng minh BDT dong bac 1a mot dang bai tip phd bién trong thé gidi bat dang thirc. Viéc dwa mot bat
dang thirc vé cling bac ciing ¢ rat nhiéu y nghia. Vi xét cho cuing thi chi nhiing da thirc dong bac dem so sanh
v6i nhau thi méi thyc su co ¥ nghia, diéu ma ta thuong néi 1a “ dang cap”. Hon nita khi dem vé dong bac ta co
thé sir dung nhimg ky thuét gitip lam don gian phep chimng minh nhu phép chuan hoa.
Trong bai viét ndy t6i s& ¢ gang phan tich cac qua trinh ciing nhu nhiing suy luan dé c6 thé dua mot BT vé
dong bac.
a) Bac caa da thire:
Pon thirc 1 mot biéu thirc ma trong d6 cac phép toan chi bao gdm phép nhan hodc phép lity thira véi sd
mil khong am.
Vidu: 4=x"y"z* 1a mot don thirc theo ba bién x, y, z.
Bac cuia don thirc 13 tong cac s6 mii ctia cac bién trong don thire d6. Biéu thirc A & trén c6 bac 1a: 2+3+4=9.
Bac cua biéu thirc 1a két qua phép chia hai don thic bang hiéu ctia bac don thuc tir véi bac ciia don thirc mau.
Pa thirc 1a mot biéu thirc gdm nhiéu don thire ma trong d6 cac phép toan duge ndi voi nhau bang phép
cong hodc tru.
Béc cua da thire 1a bac cua don thirc ¢ bic cao nhit.
Vi du: Pa thuc B =xyz - 2x2y +3x’y?z* ¢6 bac 1a bac cua don thic 3x°y

Theo dinh nghia trén mot s6 thuc sé co bac bang 0.
Hai da thirc ctia ciing cac bién dugc goi 1a ddng bac néu bac cua chung bang nhau.
b) Phwong phap dong bic trong bat ding thirc ¢é diéu kién.
Gia sir ta can chitng minh bat dang thiic c6 dang F(x,;X,;,,,; X, x,) =0 (1) véi rang bude

324

va bang 9.

G(X5Xy5,,53X, ) > q . Lac d6 tir nhan xét mot sb thuc co bac bang 0, ta s& bién d6i (1) rdi nhan hodc chia vao

mot trong hai vé v6i mét da thire ¢6 bac phu hop ta dua vé bat dang thire dong bac.
Dé thay rd phuong phap , ta dua ra vi du minh hoa sau day:

Vi du:

cho cac s6 thyc duong a, b sao cho @ +b =2 . Chimng minh rang: a* +b* >’ +b*(1).

Chtng minh:

Ta thiy VT(1) 1a da thirc bac 4, VP(1) 1a da thirc bac 3.

b =1 la da thurc ¢6 bac 1a 1. Nhan vao VP(1) da thirc atb ta duoc:

Tr a+b=2,suyra ar

at+b*>(a’ + b3) atb (1°). Tir day ta dugc bat dang thirc dong bac twong dwong véi (1).

Ta chimg minh (1°): (1 Yo 2at +b) > (@’ +b’)a+b) < (a—b) (a’ +ab+b*)>0 (ludn dung).
Qua vi du trén ta thay o tu tudng chinh cua phuong phéap dua V;é déng bac. 9
Bay gio ta sé dung phuong phap dong bac dé chung minh cac bat dang thirc voi rang budc dang thic.

2) Sir dung phwong phap dong bac vao chirng minh bat ding thirc v6i rang bude ding thic.
Vidu 1: (THTT thang 1-2004)

Cho cac sb thuc duong a,b,c théa man : a+b+c =2 . Ching minh rang :
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a’b+bc+cta<a’ +b +c’ < 1+%(a4 +b*+ch) (1)

Ching minh :
Trudc hét ta ching minh BDT bén trai :
a+a’+b  2a°+b’

33
20+, < 27 +a’

r 7 3 N ’ B 3 .

Cong ve theo vé cac BDT trén ta c6 di€u phai chimg minh.

Tiep theo ta dung phuong phép dong bac chirng minh BDT bén phai :

a3+b3+c3£1+%(a4+b4+c4) ().

Ap dung BPT Cé-sitacé : a’b=a.ab <

Tuong tu ta co : b’c<

St dung a+b+c=2 tadua ca hai vé (17) vé bac 4 nhu sau:

(a+b+c)
Er— (2)

& VT =d(b+c)+b’(c+a)+c’(a+b) =ab(a’ +b*)+bc(b” +c*)+ca(c’ +a’)

(1) & (@ +b +)a+b+c)—(a* +b* +c*) <

<ab(a®* +b* +c*)+be(b* +c +a’)+ca(c’ +a* +b*)=(a’ +b* +c*)ab +bc +ca).
(a+b+c)

8
& 8(a’ +b” +¢*)ab+bc+ca) <[ (a® +1° +c2)+2(ab+bc+ca)]2

Ta s& ching minh: (a” +b° +c*)(ab +bc +ca) <

Ta dit x =2(ab+bc+ca)>0;y = (a’ +b* +c?), ta c6 két qua quen thudc: 4xy < (x+ y)*.
Vay BDT (1) hoan toan dugc chiing minh.
Vidu 2 : (THTT thang 4-2003).
Cho céc s0 thyc duong a,b,c théa man : abc =1. Ching minh :
(a+b)b+c)c+a)=22(l+a+b+c). (1)
Chimg minh :
(D)< (a+b)(b+c)c+a)=2+2(a+b+c) (2)
Phdn tich dé sir dung phwong phap. i .
Ta thay VT(2) c6 bac 1a 3, trong khi VP(2) c6 béc 1a 1, gdm hai phan 1a bac 0 va bac 1.
Tir abe =1 va abe c6 bac 14 3, ta suy ra J/abe c6 bac 1a 1. Tir d6 ta dua (2) vé ddng bac nhu sau :
(2) © (a+b)b+c)c+a)=2abc+2(a+b+c)i(abc) .
Ta c6 VT(2) =ab(a+b) +be(b+c)+ca(c+a)+2abe . Do 6 BPT can chimg minh twong duong :
ab(a+b)+bc(b+c)+ca(c+a)>2(a+b+c)(abc)
& ab(a+b+c)+be(b+c+a)+ca(c+a+b)>2(a+b+c)i(abc)’ +3abc
< (ab+bc+ca)a+b+c)>2(a+b+c)i(abc)’ +3abe (3)
Ap dung BDT C6-sita co : ab+bc+ca > 33/(abc)’

= (ab+bc+ca)a+b+c)>3(a+b+c)if(abc)
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Taciling ¢c6: a+b+c>33/abc . T do taco :

(ab+bc+ca)a+b+c)>3(a+b+c)i(abc)’ = 2(a+b+c)i(abc)’ +(a+b+c)i(abc)’
>2(a+b+c)if(abc)’ +3abc . BDT duoc chimg minh.

Vidu3:
Cho céc sb thuc duong a, b, ¢ sao cho a” +b” +c* =1. Chirng minh rrfmg:
1 1 1 a+b +c
+ + < +3
a+b> b+t C+a 2abc (1)
Chirg minh:

Phdan tich : ta théy VT(1) co bac1a-2, VP(1) co bac1a 0. Talai cd a’ +b”> +c* =1 ma a’ +b* +c* cobacla 2.
Vay ta nhan vao VT(1) lugng a® +b” +¢* ta c6 BDT dong bac.

1 1 1 a+b+c?
= + + a’+b*+c)<———— 43
@ (az+b2 b’ +c cz+a2)( ) 2abc .
a’ 2 ¢’ a+b+c?
= +1)+ +1)+ +1) < +3
(b2 +c? ) (a2 +cf ) (a2 +b* ) 2abc
o a’ N b? N c* < a+b+c
b +c* F+a’ at+b 2abc
Ap dung BDT Cé-si ta c6: a® +b* >2ab.
a’ b* c? a’ b* c? a+b+c?
Vay nén : + + < + + = dpcm
il b +c* F+at at+b* 2ab 2ac 2bc 2abc (dpem)
Vidu4: .
Cho céc s0 thyc duong a,b,c sao cho abc =1. Chung minh rang:
! + ! ! <1 (1).
a+b+1 b+c+1l c+a+l
Chtng minh:

Phén tich: Ta thdy VT(1) thi mdi miu thirc c6 bac 1a 1, nhung xét ca phan thic thi khong phai ¢6 bac 1a -1 vi
day 1a phép cong. Dé mdi phan thirc & VT ¢6 béc -1 ta phai thay s6 1 boi Yabe . Sau d6 dé tao ra BDT dong bac
ta phai chia VP cho Jabe .

1 N 1 N 1 < 1
a+b+ilabc  b+c+Jabc  c+a+labc  Yabc
Tiép theo ta dat x = %/; IRTES i/g ; Z= %/Z BDT tré thanh:

et )
X+y +xyz Y4z +xyz z4+X +xyz xyz

Ta chiing minh (2) bang phuong phap danh gia dai dién nhu sau:
Tacod x,y,z 1a cac s6 dwong nén : x* +y° > xp(x+y) . Tir d6 ta co

Vay (1) tr¢ thanh:

X+ +ayz 2ap(x+y)+xyz=xp(x+y+z).
1 1 1 < 1 1 1

Vay: —— +—— +=— < + +
X+y +xyz yH4+z+xyz zZ+x +xz xy(x+y+z) yz(x+y+z) zx(x+y+z)
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x+y+z 1

= (dpcm).
xyz(x+y+z) xpz

Vidu5: (IMO 2005) ‘
Cho a,b,c>0 va abc >1. Chimg minh rang:

5 2 5 2 5 2
a —a b>-b ¢ —c

>0.
a@+b*+c* b +ct+adt C+dt+b?
Chtng minh:
BDT can chirng minh twong duong:
5 2 5 2 5 2
1- sa 2a 2 - sb zb 2+1_ sc 2C 233
a +b +c b>’+c’ +a c+a +b
1 1 1 3
+ <

+ < .
a@+b*+c* b+t +add C+adt+bt T A +b+
Bay gio ta dua vé dong bac nhu sau:
1 B 1 B 1 < 1 3 b’ +c?
5 2 - 5 - 4 - 4 - 2"
a +b +c a a 2a 4 ( 2 2)
Lipir L ad S apig? 20 (D
abc bc b-+c

. ) 2
Tadéy voi x,y >0 thi 4x2+y224xy<:>2x2+y225(x+y)2.

2 2

Do d6 2a4+(b2+cz) 2§(a2+b2+c2> .

1 3 3(b2+cz)

Nén ————< 5. Hoan toan tuong tu ta co:
a’ +b"+c 2(a2+b2+c2)
3(c*+a’ 3(a*+b°
L) 1 )
b+ +a’ 2(a2+b2+cz) ¢’ +a’+b’ 2(a2+b2+cz)
. . 1 1 1 3
Cong ve theo veé ta co: + + <

@ +b+c* b+t +add C+adt+br T A +br+c
Dau (=) xay ra khi va chikhi a=b=c=1.
Loi binh:
Qua cac vi du minh hoa ¢ trén ta thdy phuong phap ddng bac 6 ra hiéu qua voi cac BDT ¢6 rang bugc dang
thirc. Chung ta can tim ding béc ciia moi ve. Viéc nhén hay chia mét luong nao do dé tao ra dong bac 1a rit can
thiét va linh dong. Can rén luyén tot k¥ ning nay. Sau khi duwa vé BDT dong béc, viéc chimg minh phan con lai
ta can st dung linh hoat cac BDT co ban.
Sau day 1a mot s6 bai tap tuong tu:
Bai tdp dé nghi:
1) Cho a,b,cla céc s6 thyc duong théa man abe =1. Chimg minh rang:

a) + +<>a+b+e.
c a

1 N 1 1 E
a’(b+c) b3(c+a) Ala+b) 2
2)  Cho céc s thyc duong a,bsao cho ¢’ +b* =1. Ching minh rang;

b)
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2
- ( \/% - \E } > 242 . (THTT thang 6-2005).
a

3)  cho a,b,c l1a cac sb thuc duong thoa man: l+%+ 1 =1. Chtng minh ring:
a ¢

Ja+be +~/b+ca +e+ab =Jabe +Ja +~/b+e.
4)  Cho céc s6 thuc duong a,b,c thoa man: a +5° +¢* =1. Chitng minh rang;
a b c 33
2 2+ 2 2+ 2 2 Z .
b"+c” ¢ +a a +b 2

b) — +l1)+l—(a+b+c)>2\/—

a)

c) l+l+l+(a+b+c)24\6.
a b c

§2.UNG DUNG HE QUA CUA BDT BU-NHI-A-COP-XKI.

1) Bt ding thicc B.C.S va hé qua.
Chung ta biét bt dang thirc Bu-nhi-a-cdp-xki dugc phat biéu nhu sau:
Cho 2n s6 thuc batky a,;a,;...;a, va b;b,;...;b, . Khi d6 ta co:

(ab, +ab, +..+ab ) <(al +a; +..+a )b} +b] +..+b) (1)
Dau déang thirc xdy ra khi va chi khi a, =kb,; (i=1;n).
Bét bang thirc nay c6 tén day du 1a Bunhiacopski-Cauchy-Schwarz, thuong viét tit 1a B.C.S. Thong thudng
chung ta thudng gip va ap dung B.C.S & dang (1) ma toi s& goi d6 1a dang chinh tic ctia B.C.S.
Viéc chimg minh (1) duge trinh bay trong SGK va nhiéu sach tham khao nén t6i khong trinh bay phép chimg
minh ¢ day.
Trong bai viét nay toi mudn dé cap to1 mot dang khéac cua B.C.S ma t61 goi do6 1a hé qua. S¢ di goi 1a hé qua vi
bat dang thirc nay duoc suy ra tir (1).
H¢ qua:
Cho n s6 thuc bat ky a,;a,;...;a, va n sé thuc duong b;b,;...;b, . Khi d6 ta c6 :

2 2 2 2
a_1+a_2 ...+a—”2(a1+a2+m+a")
b b, b b +b,+..+b,

n

Q).

Daudangthucxayrakhlvachlkhl\/_—t\/7<:>a—tb i=1n.

Chung minh:
Ap dung bat dang thuc B.CS ta co

(\/_\/—+\/_\/_+ +\/_\/—J [bj+b—:+...+Z—jj(bl+b2+...+bn)

2 2 2
<:>(a1+a2+...+an)2s(a—‘+a—2+...+a—"](bl+b2+...+bn).

1 2 n

a a a _(a+a,+.+a,)

B e O B ~— (dpcm).
b b, b, b+b,+...+b,
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Vi€ce ap dung BDT(2) gitip ta chimg minh duoc mét 16p cac BDT co6 bién & mAu, khi tir 13 cac binh phuong.
Chang han ta c¢6 dugc cac BDT quen thudc sau:

1 1 4 1 1 1 9 .

—+—> ; —+—+—>——— vbi x,y,z>0.

X y x+ty x y z x+y+z
Bay gio ta theo ddi viéc ing dung (2) vao ching minh BDT ¢ phan tiép theo.
2) Ung dung h¢ qua bat dang thirc B.C.S. ’
Vidu 1 ( Ky thi HSG Toén Luong Thé Vinh lan I- Khoi 10).

Cho x,y >0 va x+y<1. Tim GTNN ciia biéu thic A=

2
—— +—+4xy.
Xy xy
Giai:
Phan tich bai toan:
Ta thay co x* + y*, can xuat hién 2xy dé c6 thé sir dung dugc x+ y <1. Miat khac x> + y* va 2xy nam dudi
mau nén nghi téi 4p dung (2). Tir d6 ta c6 hudng gidi nhu sau:

2
A= ! + ! + 3 +4xy > (d+1) +i+4xy24+i+4xy.

x>+ 2xy 2xy C(x+y) 2xy 2xy

Bay gio ta xu 1y lugng % +4xy Nhiéu ngudi sai 1am khi ap dung ngay BDT Cb-si. Ly do 1a ddu “=" khong
Xy

ddng thoi xay ra ¢ ca 2 BDT. Piéu nay toi s& néi siu hon ¢ chii dé k¥ thuat chon diém roi.

C__9%

; . 1 . 2 iy
Ta du doédn dau xdy rakhi x=y = 5 Vay thi khi d6 — = % va 4xy =1. Cho nén ta tiép tuc tdch nhu sau:

3xy
i+4xy= 3 +4xy |+ 2 =2 3 Axy + > >=17.
2xy 12xy 4xy 12xy 4(); + yj

Vay GTNN cia A bang 11 khi x:y:%.

Trén day ta thiy mot ap dung cua (2) dé xtr Iy BPT c6 bién ¢ mau rat tt. Bé ap dung dugc ta can c6 ki thuat
tach , ghép hop 1y .

Vi du 2: ) .
Vi a,b,c 1a cac so thuc duong, chirng minh rang:
2 2 2

2) (a+b) N (b+c¢) N (c+a)

C a

3 3 3
a

c
b) —+—+—2>a’+b"+c°.
c a
a’ b? c’ a+b+c
+ + > .

b+c c+a a+b 2

>4(a+b+c).

c)

a’ b’ c’ a’+b* +¢?
+ + > )
b+c c+a a+b 2

d)

Chirng minh: .
Ap dung BDT(2) ta lan luot co:
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(a+b) +(b+c)2 Jr(c+a)2 S (a+b+b+c+c+a)
c a b B a+b+c
3 3 3 4 4 4 a+b*+c? 2
S AN A Gt
c a ab bc ca ab+bc+ca

a) =4(a+b+c).

Mit khac: (ab+bc+ca)2_<a +b2+c2)(b2+c2+a2) :>(a2+b2+c2)2ab+bc+ca.

3 3 3
P .. a c
T d6 ta cd: —+—+—>a” +b”> +c* (dpcm).

c a
2 2 2 +b+
0 a_ b L C >(a C) a+b+c
b+c c+a a+b 2(a+b+c) 2
a’ b’ e’ a' b* ot (a2 +b* +¢? )2
b+c c+a a+b alb+c) b(c+a) c(a+b) 2(ab+bc+ca)
>(az+b2+02)2 a’+b*+c’
_2(a2+b2+cz)_ 2
Nhan xét:

T viéc ching minh cac BDT ¢ vi du trén ta thiy viéc 4p dung BDT(2) cho ta két qua gon gang va nhanh

chong. Néu ap dung BPT Cé-si ta phai ap dung cho nhiéu trudng hop va 101 giai cong kénh hon nhiéu

Céc vi dy trén déu c6 thé ap dung tryc tiép BDT (2) ma khong can bién d6i hodc bién d6i rat it 1a cho két

qua. Sau day ta s& xét toi cac bai tap doi hoi ki ning bién ddi dé co the ap dung dugc BDT(2). Nhitng bai tap

nhu thé doi hoi mot kha nang bién d6i thanh thao va nhin nhén tinh té.

Vidu 3:
Cho a,b 1a cac sb thuc duong. Ching minh rang: 25a + 16 S >8 (1)
b+c c+a a+b

( Dé thi HSG LOP 12-TPHCM nam 2003).

Chirng minh:

Phan tich bai toan:

Ta thdy trén tir xut hién cac s 25; 16; 1 ddy déu la nhitng s6 chinh phuong.

]+16( b +1j+ © 11550
b+c a+b
25 16 1 50
+ + >
b+c c+a a+b a+b+c
L6 1 (5+4+1) 50
b+c c+a a+b 2(a+b+c) a+b+c'
Bay gio ta can chi ra ddu « = » khong xay ra.
4

Ta x1r Iy nhu sau: (1) < 25( a
b+c

That vy : Ap dung BDT(2) ta o :

X . N N . 5 1 e N e s e
Dau « = » xay ra khi va chi khi = = P giai dugc a=0 1a trai gia thiét.

b+c c+a a+

Vi du 4 :( Dé thi PH khbi A-2007)

Cho x,y,x 1a cac s6 duong thoa mén didu kién xyz =1. Tim GTNN cua biéu thuc :

THPT Phan Boi Chiu (mobile:0982.91.41.81)
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xz(y+z) N yz(z+x) N zz(x+y)
y y+2z\/; Nz +2xdx  x x+2y\/;.
Giai :

P=

1
Tacod y+z2>2 yz=2T ,vi xyz=1.
X

Do d6 ta c6 x*(y+2) > 2xv/x . Tuong tu : y*(z+x)22p\[y ; 22 (x+1) 2224z
2x/x . 29[y N 224z
y y+2Z\/; Nz +2x0x  x x+2y\/;.

Tadétazx\/; ; b:y\/; ; c=zz

Vaynén: P>

Licds: p>—4 b ¢ _ a’ n b’ + ¢
a+2b b+2c c+2a a(a+2b) bb+2c) c(c+2a)
(a+b+c)2
" 3(ab+bc+ca)’
Bay gio ta ching minh : (a+b+c¢)* >3(ab+bc +ca) .
That vay :

(a+b+c)2 =a’ +b* +¢” +2(ab+bc+ca)> ab+bc+ca+2(ab+bc + ca) = 3(ab +bc +ca) .

Vaytaco: P>1
P=1khivachikhi a=b=c=1.Dod6 x=y=z=1.

Vidu 5 ( Toan th’tu(Z)i tré thang 10 nam 98). i
Cho a,b,c 1a cac s6 thuc duong va théa man : a+b+c=1. Tim GTNN cua bié thirc :
P:%'FL'FL'FL.
a +b"+c” ab bc ca
Giai :
, 1+1+1
Apdl_mghéquétacézi+i+iz ( ) = 2 .
ab bc ca ab+bc+ca ab+bc+ca

Tadd c6 a’ +b° +c”, by gid can c6 2ab+2bc+2ca dé lam xuét hién (a+b+ 0)2 =1. Vay ta tich P nhu sau :

S 1 9 1 4 7
P2z—F—+ =l 72 =2t +
a +b " +c° ab+bc+ca a +b"+c° 2ab+2bc+2ca ab+bc+ca

(1+2)’
> + = >
a’+b*+c*+2ab+2bc+2ca | ab+bc+ca (a+b+c) ab+bc+ca

T
ab+bc+ca’

7 9 7
+

9+

) (a+b+c)2 1
Talai cé (a+b+c)* >3(ab+bc+ca) :>ab+bc+caﬁfzg.
Vay P>9+21=30.

P dat GTNN bang 30 khi a:b:c:%.

Vi du 6: ( Dé thi DH khbi A-nam 2005)

THPT Phan Boi Chdu (mobile:0982.91.41.81) Binh Duwong
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. 1 1 1 s
Cho x,y,z la cac so duong va thoa man: —+—+—=4. Chirng minh rang:
X y z

1 1 1
+ +
2x+y+z 2y+z+x 2z+x+y

2 696 (IT W6
4 4 _\44) l4) \4 4 4 :i_£+l+l,
+y x+z x+y X b X y z

<1.

Chung minh:
Ap dung hé qua trén ta co:

1 1Y
] 2
= <

2x+y+z 2x+y+z

z
_ 1 1(2 1 1] 1 1(2 1 1}
Twong ty ta cing c6: —— < —| —+—+—|; ——————<—| —+—+—
x 16z x y
l

2y+z+x 16\y =z 2z4+x+y

o X £ . 1 1 1 1 1 1
Cong ve theo veé ta co: + + <—| —+—+—|=1.
2x+y+z 2y+z+x 2z4+x+y 4 y z

Dau dang thirc xay ra khi va chi khi x=y =z =% .

Vi du 7: (Thi Olympic Toan qudc t& nam 95 tai Canada).
Cho cac sb thuc duong a,b,c théa min abe = 1. Ching minh rang :

1 1 1 3
5 +— +— >,
a(b+c) b(c+a) c(a+b) 2
Chirng minh:

. s 1 1 1
Tadéyrang: — = b’c’; — = a’c’; — = a’h’.
a b c
Veé trai BDT can chung minh dugc viét lai:

2 2
b’c? . ca’ . a’h’ 2(ab+bc+ca) :(ab+bc+ca)233(ab6) _3
a(b+c) b(c+a) c(a+b) 2(ab+bc+ca) 2 2 2
Dau dang thirc xdy ra khi va chikhi a=b=c=1.
Vi du 8 ( Toan hoa tudi tré thang 11 nam 2009) i
Cho céc s0 duong a,b,c thoa man a+b+c=1. Tim GTNN cua biéu thic:
9 2
= + :
1-2(ab+bc+ca) abc
Giai:
Tfrgiéthiéta+b+c:1tasuyra1:(a+b+c)2.ThayVéoPtaC(’):
9 2(a+b+c) 9 1 1 1
= > + =5+ —+—+—
(a+b+c) —2(ab+bc+ca) abc a’+b’ +c ab bc ca
Ap dung BDT hé qua ta co:
11 1 9
—t—F+—2

ab bc ca ab+bc+ca’

12
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3+6)
Vay P=L+2(L+L+L]> ) + 36 > ( ) =8l1.

a’+b* +c? ab bc ca) a*+b*+ct 2(ab+bc+ca)_(a+b+c)2

Ding thirc xay ra khi a:b:c:é.

Vay GTNN cua P 1a 81 khi va chi khi a:bzc:%.
Vi du 9 ( Toan hoc tudi tré thang 5 nam 2009)

Tim GTNN cua biéu thirc 7 = ab+be be+ ca cd tabbz , trong d6 a,b,c 1a dJ dai ba canh cua

a-b+c* b -ct+a’ -a+
mot tam gidc nhon va abc=1.
Giai:
Vi tam giac nhon nén cac biéu thire dudi mau luén duong.
Ta viét lai

T=ab( ! + ! j+bc( ! + ! j+ca( ! + ! j
al—-b*+c* F-at+b? b —c*+a*> a*-b*+cf cF—a*+b* b -ct+a’
Ap dung BPT hé qua ta c6:
1 1 4 2 1 1 2 1 1 2
2 —~ —~ 2>

== + >

> ; + >
a’l—b*+c* F=at+b? 2 FbP - +dd -+ d F-di+bh b -t +at b
b b , i ; )
Vay : T22(a—2+—§+2—621}26 ( Ap dung BDT Co-si). Dang thirc xdy rakhi a=b=c=1.
¢ a

Vay GTNN cia T 13 6 khi tam giac déu c6 canh bang 1.

Vidu 10: ) i
Cho a,b,c 1a cac s6 duong thdéa man abc =1. Chimg minh rang :
1 1 1 3
- +— +— > =,
a(a+b) b'(b+c) c'(c+a) 2
( Toan hoc tudi tré thang 4 nam 2010).

Giai:
Ta ky hiéu vé trai 1a P. Ap dung BDT h¢ qué ta cé :

1 1 1Y
*14 % % (2+2+2)
—a b ¢ S\a b™ ¢ _

" a+b b+c c+a 2(a+b+c)

Lai sir dung BDT quen thudoc x* +y* +z°> > xp+ yz+zx taco :
1 1 1_1 1 1 a+b+c

sttt 52 —+—+—= =a+b+c.
a- b” ¢ ab bc ca abc
2 3
Viy P> (a+b+c) =a+b+c23\/abc =§.
2(a+b+c) 2 2 2
Dau (=) xay ra khi va chikhi a=b=c=1.
Nhén xét:
) 1 1 1 . 4 4 4
Tacothedat x=—;y=—;z=—thi x,y,z>0 va xyz=1. DPua ve BDT T A 23.
a b c y+z z+x x+y 2
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Ta c6 thé ching minh duoc bai toan tong quat sau:
Cho x,;x,;...;x, 1a cac so thuc duong va théa man x,.x,...x, =1. Chimg minh rang :
1 1 1

+

xlz”_2 (x1 + xz) i xzz"_2 (x2 +x3) o xnzn_2 (xn + xl)

> (véin=22;neN).

Qua cac vi du trén ta théy cong dung to 16n ciia BDT hé qua dugc néu ra ¢ trén, nhét 1a dbi véi cac bat dfmg
thirc chira bién ¢ mau.
Sau day 1a mot so bai tap tuong tu.

Bai tdp dé nghi: ’ ‘
1) Cho x,y,z la cac so thuyc duong. Chiing minh rang ;
2x 2y 2z I 1 1
+ + <—+—+—.
Xyt Yzt Sext Xt oyt 2
: a’ b° c® .
2)  Tim GTNN cua bi€u thic: P=———+———+——-, trong d6 a,b,cla cac so thyc duong va
b>+c¢ c+a a +b
a+b+c=1.
3) Chocacsd x,y,z,t thda man xyz¢t =1. Chimg minh rang:
1 1 1 1 4
5 +— +— += >—.
yztzt+ty) Y (xz+zt+ux) 2 (xt+ty+yx) £(xy+yz+zx) 3
Ping thirc x4y ra khi nao?
. v R , 4a 9b 16¢ , C en ges , .
4)  Tim GTNN cua biéu thirc P = + + , trong d6 a,b,c 1a do dai ba canh ciia mot

b+c—a c+a-b a+b-c
tam giac.
( Thi vao 16p 10 chuyén Toan- DPHKHTN Ha Noi 2004).
a b
+
l+b—a 1+c-b 1+a->b

5)  Tim GTNN cua biéu thic P = , trong d6 a,b, ¢ 1a cac sb thuc thoa man

duong thoa méan a+b+c=1
( Toan hoc tuoi tré thang 12-2003).

, ~ §3.SUDUNG PHAN TU CUC HAN .
1. Bat dang thirc hoan vi, bat dang thirc doi xirng.
Bat dang thirc hoan vi ¢6 dang : P(a;;a,;...;a,) = m(1).
Trong do m la héng sb con P(a;a,;...;a,)1a mot biéu thirc nhan gia tri khong ddi khi ta hodn vi vong quanh bd
s (a;;ay;..5a,) .
Bét dang thirc d6i xing 1 bat dang thiic c6 dang P(a,;a,;..;a,) > n (2).
Trong don la héng s6 va P(a;a,;...;a,) 1a mot biéu thtrc nhan gia tri khong ddi khi ta hodn vi bat ky bo sb

(a;a5..5a,) .

2. Phwong phap phin tir cue han trong chirng minh BPT hoan vi va BPT dbi xirng.
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Gia str ta can chirg minh BDT(1) . Luc d6 khong mat tinh tong quat ta co thé gia sir
a, = max{a;a,;...;a,} hodc a, =min{a;a,;..;a,}. Ta dua vé danh gia P thong qua BDT theo bién chinh 1a a, .
Phuong phap thuong c}ﬁng dé danh gia ¢ day 1a phuong phap lém troi. 7 7

Gia su ta can ching minh BDT(2). Luc d6 khong mat tinh tong quat ta c6 thé gia st @, > a, >...2a,
hoic @, <a, <..<a,.Ta ciing dwa vé viéc d4nh gia thong qua bién q, .

BDT(1) thuong stir dung ky hiéu cyelic.

BDT(2) thuong st dung ky hi¢u symmetric.

3.  Ung dung phuong phap phan tir cwe han.

Vidu 1: Cho a,b,c 1a céc s6 thuc duong. Chimg minh rang: ﬁ+é+£ >3,
¢ a

Giai:
Ta thay BPT can chitng minh c¢6 dang hoan vi vong quanh theo a,b,c.
Khong mét tinh tong quat ta gid sit a = max {a;b;c}. Suyra a=ba>c.

Vaynen: 2424652, 1504123,

c a c
Nhin xét: Bang quy nap toan hoc ta chimg minh dugc BDT tong quét sau:
a a a a . .
L+ 24+ 2>n.V6ia >0,Vi=12,.,mn>2.
a, a, a, a4

Vidu 2: (Toan hocrtuéi tré thang 10 nam 2004) v

Cho a,b,c 1a cac s6 thyc khong am va thoa man a+b+c =1. Tim GTLN cua biéu thtrc:
a+1 b +1 c*+1

= + +

P .
b°’+1 c*+1 a’+1

Giai:
Biéu thtrc P hoén vi vong quanh theo ba bién a,b,c nén ta gia st a = max {a,b,c} .

2 2 2 2

a+1 b 1 1 c 2 ) 1 1 c
P= + + + + <a +1+b"+ + +

bP’+1 *+1 a*+1 {02 2 } 2 (cz+1 a2+1]

+1 a +1 a +1

241 A2 +1

1 1 c’ 21 21
<a*+1+(b+c) + + + <a’+1+(b+c) + +1=a’ +1+(1-a) + +1
( ) a’+1 (c : j ( ) a’+1 ( ) a’+1

=2a>-2a+3+

a’+1

Vi a=max{a,b,c} nén ta suy ra ESaSI.Vé’l di€u kién nay 1ap bang bién thién ta tim dugc
T A , T
PSE.VayGTLNcuaPlaE khi a=1b=c=0.

Két ludn : GTLN cua P 1a 5 khi mot trong hai gia tri bang 0 va gia tri kia bang 1.

Nhan xét :
Bang phuong phéap tuong tu ta c¢6 thé giai quyéet bai toan tong quat sau :
Cho a,b,c la céc so6 thuc khong am va théa man a + b + ¢ =1. Ching minh rang:
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a'+1 b"+1 c"+1 7
= + + <

b+l M+l a1 2

Chting minh :
Vi 1oi giai nhu trén ta danh gia duge : P<a” +1+(1-a) +— l+l véi L< a<1. Ta can chimg minh :
a" +
a"+1+(1-a)" + i1l o ! —ls(l—a”)—(l—a)n@is(l—a”)—(l—a)n.
a"+l "2 a'+l 2 2(a" +1)
n 1
1- <(l=-a" )| 1-———=|(1
& (1-a)" < a)[ 2(“6{”)}()
Vo6i n=1 tacé (1) dung.
n=1 n-1
Véi n>2 thi (1) & (1-a) (1_2“) S TR N Y I (1_2") e cow
l+a+a +..+a" 2(1+a") l+a+a +..+a" 2(1+a")
a<l
Tacd l+a+a’ +..+a""' >1+a>0 Vé(l—a)”_lﬁl—a.
n—1
Vay Gt SRS R S e T S e L
l+a+a’ +.+a"" 2(1+a”) l+a 2 2(+a)

Bai toan tong quat duoc chimg minh.

Vi du 3 :( Toan hoc tudi tré thang 6 nim 2000)
Cho céc s6 a,b,c e [1,2]. Chtrng minh réng ca’+b’+¢’ <5abc.
Chimg minh :
Ta dit P(a,b,c)=a’+b’+c’ —Sabcthi P(a,b,c) 1a bieu thirc ddi ximg theo ba bién a,b,c . Ta can ching
minh P<0. Khéng’ mat tinh tong quat ta gia strrang 1<c<bh<a<2.
Trudce hét ta ching minh P(a,b,c) < P(a,b,l), nghiala :
¢’ —5abc<1-5ab & ¢ —1—5ab(c—1) <0& (c—l)(1+c+c2 —Sab) <0< (1+c+c2 —Sab) <0

Vi l+c+c? <3¢ <5¢* <5ab nén BDT dlng.
Tiép theo ta ching minh P(a,b,1)< P(a,1,1) < @’ +b* +1-5ab<a’ +2—-5a
&b -5ab<1-5a < (b-1)(1+b+b*~5a)<0.
Ly luan tuong tu ta c6 két qua can chirng minh.
Cudi ciing ta chimg minh P(a,1,1)< P(2,1,1)=0 <> a’ +2-5a <0< (a-2)(a’ +2a-1)<0
Bét dang thirc cubi dung vi a € [1,2] .
Vi du 4 ( Toan hoc tudi tré thang 3 nam 2008)
Cho a,b,c [1,2]. Ching minh bat dang thirc (3a+2b+ c)(l+%+lj < % (1). Dau dang thirc xay ra khi nao?
a c
Giai: ’
Ta lan lugt chiing minh véi gia thiét da cho thi:
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(a+b+c)(l+%+1j£10 (2) va (3a+2b+c)<=(a+b+c) (3).
a C

N Yo}

+Chimg minh (2): (2)<:>£+2+£+é+ﬁ+ﬁg7_
b a b c ¢ a

c N N ~ N L, s X , P v oa, , b C
Do vai tro cua a,b,c 1a nhu nhau nén khong mat tinh tong quat ta gid st a >b>c¢. Khi dé tacod: —<1; 5 <1

a

:(l—éj(l—£j20:>2+£sl+£ )
a b a b a

Mat khac do £>1:2> 1 nén ta co :(1—3j[1—9j20:>3+931+3 (5).
b c b c b c c

Cong vé theo vé (4) va (5) ta co abbep,8,68.0,0,c,8,85,(8,8 (6).
b ¢ a b c a b ¢ a b ¢ a c a

Vi a,ce[l,2]=2<2a,2c<4 nén (a—2c)(c—2a)>0=2a* +2¢ SSac:>£+££§ ().
c a

Twr (6) va (7) suy ra g+é+2—|-£+g+££2+2§=7.Baflng thirc xay ra khi a =b=2;c=1 hodc
b ¢ a b ¢ a 2

a=b=1;c=2 vacéc hoan vi cia nd. ( 2) dugc chirng minh.
Ta chimg minh (3).

(3a+2b+c)S%(a+b+c)<:>%(b+50—3a)20.

Bat dang thirc cudi ding vi b+ 5¢ > 6>3a . Dang thuc xdy rakhi b=c=1a=2.
Bay gio ta nhan vé theo vé (2) va (3) ta c6 diéu phai chting minh.

Dau (=) xdy rakhivachikhi b=c=La=2.

Vidu 5 (D& 150 b dé 93)

Cho céc s6 thuc a,b,c e [0; 1] va thay ddi. Tim GTLN cua biéu thuc:

A b ¢ +(1-a)(1-b)(1-c).

:b+c+l at+c+1l a+b+1

Giai :
Do vai trd binh déng ctia a,b,c nén khong mét tinh tong quat ta gia st a =max{a,b,c} . Khi d6 ta co:
b < b : c __¢
at+c+l b+c+l a+b+1 c+b+1

ApdungBDTCf)—sitacc'):(1+b+c) 1 c £(1+b+c+1 b+l- cj =1.

S 1-b)(1-c)< = (1-a)(1-b)(1-c)<

uyra( )( C) l+b+c ( a)( )( C) 1+b+c

Vay F < I b +— 4 1=a =1.D€'1u(=)xéyrakhia=b=ce[0;1].

b+c+1 b+c+1l c+b+1 1+b+c
Vay GTLN cta F 1a 1 khi va chi khi a=b=ce[0;1].

Nhan xét:
Bai toan trén c6 thé dugc tong quat nhu sau:

THPT Phan Boi Chdu (mobile:0982.91.41.81) Binh Duwong
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Cho q, € [O;l],Vi = I,_n ,dat S = Zai . Chimg minh rang:
i=1

a a, a,
it —"—+(1-a,)(1-a,)..(1-a,) <1 (*).
S—al+1+S—az+1+ +S—an+1+( a)(1-a,)-(1-4,) )

Chtng minh:
Khéng mat tinh tong quét ta c6 thé gia st @, >a, >...>a,. Ap dung BDT Cé-si ta co:

(I-a)+(-a)+..+(-a,)+(S—a +1) Z(/(l—a Y-a)(-a)S—a+]).

n
= (I-a,)1-a)..(1-a)S—a +])<1= Sl_"'

> (1-a)(1-a,)(1-a;)..(1-a,)
—a,+1

1 a, B ) ) i
:>S—a1+1ZS—a1+1+(l a)1-a,)(1-a,)...(1-a,) (1)

Tw a 2a,>...2a, tasuyra

a4, a4,

> ()
S—-a,+1 S-a,+1
aQ o a4
S—a,+1 S-a,+1
L (n).
S—a+1 S-a,+1
Cong vé theo vé n bat dang thuc tir (1) dén n ta c6
1+az+a3+...+an2 4@ &b 4 +(1-a)(1-a,)..(1-a,)
S—a +1 S—-a+1 S-a,+1 S—a,+1
SlSca, o a4 y1g).(i-)

> + .ot
S—a+1 S-a+1 S-a,+1 S—a,+1

a, a, +— 2 +(1-q,)(1-a,)..(1-a,) (dpcm)

=1 P + +...
S—a+1 S-a,+1 S—a,+1

Vidu 6: .
Cho a,b,c 1a d9 dai ba canh ciia mdt tam gidc. Chiing minh rang:

P= azb(a —b)+bzc(b—c)+cza(c—a) >0 (1).
Chtng minh:
Do vai tro binh dang cta a,b, ¢ nén khong mat tinh tong quat ta c6 thé gia st a = max {a;b;c} .Taxem P la da
thire bac 3 theo 4n a v&i hé s6 bac cao nhat 14 b.
Tacod P(b)=b*c(b—c)+c*b(c—b)=be(b—c)* . Tuong tu P(c) =bc(b—c)*. Theo dinh Iy Bezu vé su phan tich
da thirc ta co P(a) c6 cung s du khi chia cho a—b va a—c 1a be(b—c)?. Vay ta cé:
P(a)=b(a—-b)a—c)a—x)+bc(b-c) (2).
86 hang tw do cia da thirc 4n a trong (1) 1a b’c(b—c), trong (2) 1a —b’cx +bc(b —c)2 . So sanh hé s6 tu do ta

duogc x = c(cb— b) . Ttr d6 thay vao (2) ta dugrc :
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P=a(b+c-a)b—c) +b(a-b)a—c)a+b—c).

Do a,b,c 1a dj dai ba canh cua mét tam gidcnéntacé P>0. P=0 khi a=b=c.
Vidu7: ) i
Tim tat ca cac sO nguyén duong x, y,z,n thdéa man dang thuc : x4+ yH+z!=5.n! (1), trong d6 ky hi¢u
k!'=123....k

Giai: 9 v
Khong mat tinh tong quatta co thé gid st x>y >z. Khido tr (1) taco S.n!<3.x!<5.x!. Suyra
n<x=n+l1<x.Cingtir(1)taco 5n!>x!>(n+1)!=5>n+1=>n<4.Viy ne{l;2;3}.
V61 n=1thi x4+ yH+z!=5=>x<2:

+Néu x=1 thi y=z=1do x> y>z (khong thoéa man (1)).

+Néu x=2 thi yHz!=3ma22y>znén y=2z=1.Vay (x;;z)=(2;21).
*Véi n=2 thi x4 yH+z!=10= x <3. Bang phuong phép thr twong tu ta c6 (x;y;z)=(3;2;2).
V61 n=2 thi x4+ y+2z!=30= x<4. Truong hgp nay ta khong tim dugc bd (x;y;z) thoa man.
Tém lai ta co cac b (x;;2) =(2;2;1); (x3¥52) =(3;2;2) va céc hoan vi cia no.
Vidu 8:
mn

Tim GTLN cua biéu thicc 4 =
m e A i ) (n+ ) (m o+ n 1)

trong d6 m;n 1a cac so ty nhién.

Giai:
Khong mét tinh tong quat ta ¢ thé gia sit m<n .
Néu m=0thi 4=0.

Néu m=1thi A= "

2(n+1)(n+2)
Ap dung BDT Cé-sitacod (n+1)2 2\/2;(74 +2)> 2Jn.2 ,suyra (n+1)(n+2)> 4n+J2 ( do ddu (=) khong xdy
ra).

Nén 4< L . A khong dat GTLN trong truong hop nay.

82
1 m n

Néu 2<m<n thitaco:=m+nt3+ssie M1
m n mn n m
Ap dung BDT Co-sitacod 2+-2>2 ; ﬂ+£+izé;ﬂ+ﬁ
i n m 8§ 8 mn 42 2

( ky thuat dung de€ phan tich trén 1a k¥ thudt chon diém roi).

L. \ . 3m 3n 3 A A A s 1A 32 , A
Cuodicung vi m>2;n>2 nén Y + 3 > 3 Cong vé theo vé cac bat dang thire trén ta duogc :

+£+224.D§ngthl’xc xay rakhi m=n=2
m n

l:m+n+3+£+z+i+ﬁ+£2£:>Aéi.Drfmgthlﬁ:cXélyrakhivélchikhim:n:2.
A m n mn n m 4 45

Vay GTLN cua A 1a 415 dat dugckhi m=n=2.

Vidu9:
Tim GTLN va GTN N cua biéu thirc P = max {a;b; c} —min {a;b;c} , trong d6 a,b,c 1a cac s6 thuc théa man

a+b+c=a’+b’+c —3abc=2.
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iai:
Do Va(i}tr(‘) binh dang ctia a,b,c nén khong mat tinh tong quat ta gia sir a>bh>¢.Khidotacd: P=a—c>0.
Tir hing dang thitc @’ +b* + ¢’ —3abc =(a+b+c)(a* +b” +¢* —ab—bc —ca) , két hop véi gia thiét ta c6
a’+b*+c*—ab—bc—ca=1.Cingtr a+b+c=2 néntaco:
Aa’+b*+c* —ab—bc—ca)=(a+b+c)
< a’+b’+c¢’—2ab—2bc—2ca=0
& (a—c) =2ab+2bc—b*.

2V 4 4
PZ:(a—c)z=b(2a+2c—b)=b(4—3b):—3(b—§j +o<o
2+3
2 a=
b=— 3
23 3 2
Vay GTLN cua P léTkhiVélchikhi a+b+c=2< bzg va cac hoan vi.
a—c:—z\/g 2-3
3 C=—F1—""
3
Vidu 10:
2 2 2 5

Tim GTNN cua biéu thirc 4 = , trong d6 a,b,c 1a cac s6 thuc théa man

|a—b|+|b—c|+|c—a| +\/ab+bc+ca

hai diéu kién a+b+c=1va ab+bc+ca>0.

Giai:
Khong mat tinh tong quat ta gia sir rang a > b > ¢. Liic 46 4 duoc viét lai nhu sau:
2 2 2 5
A= + + + .
a-b b-c c—a ~ab+bc+ca
Str dung BDT : l+lz 4 > 22 , ta co:
Xy oxty ¥4y’
1 1 2 5 10 10 1 1
A=2( + )+ + > + =10( +
a-b b-c c—-a <ab+bc+ca a—c 2\Jab+bc+ca a—c \/4(ab+bc+ca)
10 242 ~ 2042 o 20\2

J(a_c)2+4(ab+bc+ca) Ja+e)(a+c+ab)  J(1-b)(1+3b)
Ap dung BDT Cé-si ta c6 :

3(1—b)(1+3b)s(w

Tur d6 ta co AZ]O\/E.Déngthﬁ:c xay ra khivachikhi a-b=b-c¢;3-3b=1+3b;a+b+c=1.

Tim duogc a = 2+6\/g;b:§;c:¥.

243
T

j2:4:>(1—b)(1+3b)£§:> (1-b)(1+30) <22

20
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2+\/6.

Vay GTNN ctia 4 1a 10v/6 khi va chi khi a = b=

2—

1 < L.
g;c = va cac hoan vi .
Bai tdp dé nghi:

1) Cho cac s6 thyc duong a,b,c.Chl’Ingminhrr:ing:\/ a +\/ b +\/ € 2.
b+c c+a a+b

2) Cho cac s thuc khong 4m a, b, ¢ . Ching minh rang :
a(a—c)2 +b(b—c)2 Z(a—c)(b—c)(a+b—c).
3) Cho cac s6 thuc duong a@,b,c sao cho a>b > ¢. Ching minh rang :
a’b bc cfa_ , .,
—+—+—2a +b" +c
c a

§4. BAT DPANG THUC HOAN VI VA UNG DUNG.
1. Vidu mé dau.
Trude khi di vao ndi dung ta xét bai toan thuc té sau:

Tai tram bom xang dau c6 mot chiéc xe hoi va mot chiée xe tai can bom diy xing. Gia sir thoi gian
bom day xang cta xe hoi, xe tai 1an lugt 13 10 phat va 15 phat. Hoi nguoi ban xing nén bom theo trinh tw nao
dé tong thoi gian can bom 1 nho nhat.

Nguoi ban xing ¢ thé c6 hai cach bom:

Céch 1: Bom day xang xe tai mat 15 phut, xe hoi chd mat 15 phat dé bom day cho xe tai, sau d6 mat 10 phat
dé bom cho xe hoi. Vay tong thoi gian hao phi la:
15 +15 +10 = 40 phat.
Cach 2: Bom day xidng xe hoi mat 10 phut, xe tai chd mat 10 phat dé bom day cho xe hoi, sau d6 mat 15 phut
dé bom cho xe tai. Vay tong thoi gian hao phi la:
10 +10 +15 = 35 phut.
Nhu vay ngudi ban xing nén bom cho xe hoi trudc dé tiét kiém thoi gian hao phi.
Pay 1a bai todn nho thé hién mot van dé toan hoc 1a biéu thirc hoan vi dat cuc tri tai thoi diém nao?
1. BAt dang thirc hoan vi.
Trude khi dua ra bat dang thirc hoan vi ta ¢6 cac dinh 1y sau:

Pinh ly 1:

Cho hai déy s6 thuc hitu han dugc sap theo thir tu ciing chiéu, chang han 13 hai ddy don diéu ting:
a<a,<a,=<..%a
b <b,<b <..<b

ab +a,b,+ab,+...+ab >at +at, +at,+..+at, (1)

" Goi (tl,tz,t3...,tn) 12 mot hoan vi bat ky cua (bl,bz,b3,...,bn). Khi d6 ta co

Chirng minh:
a, <a,

Véin=2: Ta c6 hai diy gém hai phan tir .
b <b,
+Néu (¢,t,)=(b,,b,)thi trong (1) xay ra dau (=).
+Néu (¢,t,)=(b,,b) thi ab +a,b, —(at, +a,t,)=ab +ab, —(ab, +ab)=(a,-a,)(b-b,)=0
V6i n>2 ta ching minh bang quy nap nhu sau:
Gid su (1) dung té1 n—1, ta s€ chimg minh (1) dung t6i1 n.
That vay
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a, <a
bat b. =t, = { TR oat rat, =at +ab <at, +at, (a)

Str dung nguyén ly quy nap ta co:
at, +at, +...+a,_t,  +at +a t.  +..+at <ab,+..+a, b  +ab +a. b...+ab, (b)
Cong vé theo vé (a) va (b) ta dugc:
at, +at, +at,+...+at <ab+ at,tat,+..+at,  +tat +a t., +..+at <
<ab +ab, +ab,+...+a,b, (dpcm)
Dinh ly 2:
a<a,<a,<..<a

". Goi (t,1,,t...,t,) 1a mot hoan vi
b >b>bh>..>bh

Cho hai day s6 thuc duoc sip ngugc chiéu ,chiang han {

bat ky cua (b;,b,,b;,....b,). Khi d6 ta c6 :

ab +a,b, +ab;+...+ab <at +ayt, +at,+..+at, (2)
Chung minh: ‘
Ta dung ket qua dinh ly 1 bang cach sau:

a<a,<a;<..Zaq, a<a,<a;<..
{bISbZSbSS...Sbn {

Tur két qua dinh 1y 1 ta c6: a,(=b,) +a,(=b,) + ay;(=b,) +...+a,(=b,) > a,(~t,) + a,(~t,) + a;(~t,) +...+ a (-t,)
Hay ab, +a,b,+ab,+...+ab, <at +a,t,+at, +..+at (dpcm).

n-n

IN

a

n

—b <-b,<-b,<..<-b

n

Bit dz:ln,g thirc hoan vij: .

Gia st c6 hai day so thuc dugc sap thir tu cung chiéu 1a :
a<a,<a,<..<a
b<b,<b<..<bh,

(b,b,,b;,....5,).

Dit S=ab +ab, +ab,+..+ab, ; F=ab +ab,  +..+ab; T =at +at, +at,+..+at, . Khidotacobat

dang thie: F<T<S (3)

Bat dang thue (3) dugc goi la bat dang thire hoan vi.

Dau (=) xdy ra trong (3) khi va chi khi mot trong hai day la day dung, nghiala @, =...=a, hodc b, =...=b,.

n - a12a22a3> Zan . \ A , C 1A ) 5
hoic . Goi (1,,t,,t;...,t,) 1a mot hoan vi bat ky ciia
b>b>bh>..>h

n

Vi co6 n! céc biéu thuc T g véi so cac hoan vi cua bd (bl,bz,...,bn) nén c6 tat ca n! bat dang thic trong (3).

2. Ung dung ciia bit ding thire hoan vi vao chitng minh bét ding thirc.

Bit dang thirc hoan vi duoc st dung d6i véi nhimg bai todn c6 dang hoan vi vong quanh dudi dang tich cta hai
diy sd. chung ta can chi ra tinh ting giam trong hai day s6 dé sir dung dang (1) hay 1a (2). Sau déy ta theo doi
cac vi du minh hoa.

Vidu 1: Cho a,b,c¢ >0 . Chting minh bt dang thic sau:
@, b ¢ 23 (BDT Nesbit).
‘ b +c c+a a+b 2 7
Chimg minh: C6 nhiéu cach dé chiing minh BPT nay, sau day ta st dung BDT hoén vi dé chirng minh:
. . ) 1 1 1
Khong mat tinh tong quatta gia st a>b>c,suyra b+c<c+a<a+b= > > .
b+c c+a a+b

Ap dung BDT hodan vi ta co:
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a b c b c a . a b c c a b
+ + > + 2

> + va + + > + +
b+c c+a a+b b+c c+a a+b b+c c+a a+b b+c c+a a+b
Cong vé theo vé ta co :
a b c b+c c+a a+b a b c
2 + + > + + =3 & + + >—(dpcm)
b+c c+a a+b b+c c+a a+b b+c c+a a+b 2

Vi du 2 ( Thi Toan qudc té 1975)

ch az2a,z2a,2..2a, Goi 14 mot hodn vi toy ¢ cta (b b. b b ). Chi h rine:
*lbzb2b22h (¢11¢ys-mc,) lamot hodn vi ty y cia (by,b,,bs,...., ) . Chimg minh réng:

n

Z(“i —b, )2 S[Z;:(ai ¢ )2

i=1
Chtng minh:
Tacod b} +b; +..+b> =c’ +c; +...+c.. Ap dung BDT hoén vi ta c6

ab +a,b, +ab,+...+ab, >ac +a,c,+ac;+...+ac,.

Do d6 Z a,— Za +Z:b2 2Zab <2a +Z:b2 2Zac —Z a, —cl.)2 (dpcm).

i=1 i=1
Vidu 3: ) o
Cho a,b,c 1a cac so duong. Chirng minh bat dang thirc sau :

3

b +c* F+at a+b a b

a+b+c< + + S—q4—+—.
2a 2b 2c bc ca ab
Ching minh :
. . , . . 1 1 1
Khéng mat tinh tong quét ta gia surang a>b>c.Khidétaco a* >b*> >c* va —SES—
a c
Ap dung BDT hoan vi cho hai diy nguoc chiéu ta co :
1 1 1 1 1 1 1 1 1 1 1 1
@ —+b —+c’—<at—+b —+ = vaad —+b —+C—<at—+ b —+C .

a b c b c a a b c c a
b*+c* F+a’ at+b’
+ +

Cong vé theo vé ta duge : 2(a+b+c)< p
a a

11 _ 1
Talaicé a>b>csuyraa’ >b’>¢c’ va —>—>—.
bc ca ab
Ap dung BDT hoan vi cho hai diy cung chiéu ta cé dugc :

;1 1 1 1

a +b—+—>d’. +b3.i+c3.L va a’.— ! b3L+c L>a ! b3.L+c3
bc ca ab ac ab bc bc ca ab ab bc
3 3 2 2 2 2 2 2
Céngvétheovétathudu:qc: a—+—+—2b re +c ra +a b .
) ‘ bc ca ab 2a 2b 2¢
Keét hop lai ta duwoc BDT can chung minh.

Vidu4: .
Cho céc s0 thyc duong a,b,c . Chirng minh rang :
2a° -b' -’ N 2b° -’ -a’ N 2¢—a’ -b’
b’ +c’ c+a’ a’+b’

>0 (1).
Giai :
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Khong mét tinh tong quat ta gid sit 0<a<b<c ,suyraa’ <b’<c’ (2)va o> <b> <. Tudo suyra
1 1 1
2 2 2 2 2 2
a+b " <a +c"<b +c" = > > 3).
a+b> a+c b +c’ @)
Ap dung BDT hoan vi cho hai day ngugc chicu (2) va (3) ta co.

a’ N b’ N c’ S a’ N b’ N e’
b+ t+a’ dP+b at+b b+t P +adl
. a’ b’ c b’ c’ a’
Va + +

b+ +ab at+b at+b’ +b2 +c’ +02 +a*’
Cong vé theo vé hai BDT cudi ta dugc :
2a° 2b° 2¢ a+b b+ C+ad’
+ + > + +
b’+c* +ad aA+b P+ b+ C+ad
2a°-b -¢’ N 20 -’ —-a’ N 2 —a’-b’
b*+c¢? c+a’ a’+b’
Mot trong nhitng vi du kinh dién cila viéc ap dung BDT hoan vi 14 chimg minh BDT Tré-bu-sép. Ta hay theo
doi viée chirng minh qua vi du sau :
Vidu 5 : ( BDT Tré-bu-sép).
Cho hai day hitu han céc s6 thuc a,;a,;...;a, va b;b,;...;b . Chimg minh rang :

>0 (dpcm).

. al>a22_ >an . a1<a2<. San . B
1) Néu hoac thi ta co :
b>2b,>..>b b <b,<..<bh,
n(ab, +a2b +.. +ab) a,+a,+..+a,)(b+b,+..+b,) (1).
L laza, = a<a,<..<a, . ,
2) Ncéu thi ta co :
b <b, <. b>b,> an
n(ab, +a,b, +.. +anbn) a+a,+..+a,)(b+b,+..+b,) (2).

Ching minh :

1) Truong hop 1) 1a hai day bién thién cung chiéu nén ap dung BDT hoan vi ta ¢c6 :
ab +ab,+..+ab >ab +ab,+..+ab,
ab +ab,+..+ab >ab,+a,b, +..+ab,

ab +a,b,+..+ab, >ab, +a,b +..+ab

n-n-l1
Cong vé theo vé cac BDT cuing chiéu ta o :
n(ab +ab, +..+ab,)>(a +a,+..+a,)(b+b,+..+b,).
2) Chirng minh (2) hoan toan twong tu nhung ap dung BDT hoan vi cho hai day bién thién nguoc chiéu nén ta
thu duoc BDT d6i chiéu.
DAiu (=) trong (1) va (2) xay ra khi va chi khi mét trong hai day a,;a,;...;a, hodc b;b,;...;b, 1a day dung.
Vidu 6 (IMO 64) ‘
Cho a,b,c 1a d¢ dai ba canh cta tam gidc. Chimg minh rang:
a’*(b+c—a)+b*(c+a—b)+c’(a+b—c)<3abc (1).
Giai:
Tacd ()& @’ +b° + +3abe > a’b+b*c+c’a+ab* +bc” +ca’
e a(a2 +bc)+b(b2 +aC)+C(02 +ab) > a(b2 +ac)+b(c2 +ab)+c(a2 +bc) (2).
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Ta can phai ching minh (2).
Khong mat tinh tong quatta co thé gidsirla a>b>c.
a=b

tVéiazbzc=1 |, ) . Ap dung BDT hoan vj ta co :
a +bc>b" +ca

a(a2 +bc)+b(b2 +ac)2a(b2 +ac)+b(a2 +bc). 3)

azc

+V(’yi{ :>ab+czZac+bc:c(ab+cz)20(ac+bc).(4).

>c
Cong vé theo vé (3) va (4) ta thu duogc (2). Do d6 (1) duoc ching minh.
Vidu 7: (IMO 1978)
Cho a;;a,;...;a, lan s6 nguyén duong phan biét. Chirng minh rang:
a, a, a 1 1 1
Sttt
| ) n 1 2 n
Giai:
Goi (b;;b,;...;b,) 1a mot hoan vi cia (a;3a,;...;a, ) sao cho b <b, <..<b,.Lucddtacod b, >k;Vk=1n.Ta

11 1 :
cling co = > bY >...>— chonén ap dung BDT hoan vi ta c6 :
n

L +24 +&>ﬂ+b—2+ +b—”>l+£+ +£—1+%+ +l
T , TRt I E T et syt
Vi cac s6 thuc phan biét nén dau (=) khong xay ra trong BDT trén.

Bay gio ta s& 4p dung BDT hoén vi vao chimg minh BDT giita cac yéu td trong tam gidc. Trudc hét ta c¢6 nhitng
nhan dinh sau:
Cho tam giac ABC. Goi a,b,c la do dai cdac canh lan lwot doi dién voi cac dinh A,B,C. Goi 1 ;1,51 va

m_;m,;m_ldn leot la cdc phan gidc va cdc trung tuyén ké tir cac dinh A,B,C.Khi do ta co:
a) as<bs I 21

b) m,<m, <1 <I.

Chirg minh:
‘ n P ., , 28 , 28
a)  Ap dung cong thuc dién tich tam giac ta ¢6 dugc [, = —— . Tuong tu ta ¢6 dugc /[, = — 5"
b+c)sin— a+c)sin—
(b+c) 5 (a+c) 5
Do do6 :

. A . B ) . . A . . . B
[ 2], < (b+c)sm5£(c+a)sm5 = (smB+s1nC)smES(smC+s1nA)s1nE.
<:>sinC(sinE—siné)+2sin£sin£(c0s£—cos£)ZO(*)
2 2 2 2 2 2
Néunhu a>b thi ézécsinézﬂng va cos££cos§ (*) khong thoa man. Vay a <b.
2 2 2 2 2 2
2b°+2c*~a” _2a’+2c’-b’

4 B 4
4) Ung dung ciia dang thirc Tré-bu-sep.

Sa’2bhoa>bol <1,

b) m, <m, < m. <m, <
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Trong phan trinh bay trén ta c¢6 noi dén phép chimg minh BDT Tré-bu-sep. Thuc ra BDT Tré-bu-sep la
két qua cua viéc ap dung BDT hoan vi, nhung (mg dung ctia né vao viéc chting minh BPT 14 thuong xuyén. Vi
thé ta can xét nhimg tmg dung ctia n6 theo mot chu dé riéng biét.

bé ap dung dugc BDT Tré-bu-sep, BDT phai c6 dang hoan vi vong quanh, va chiing ta phai chira do la
tich ctia cac s6 hang ctia hai diy don diéu.

K§ thuat thuong xuyén sir dung d6 1a gid st a>b>c hoac a<bh<c.
Sau day ta cung theo ddi cac ing dung cua no:

Vidu 1:
Cho a,b,c 1a 6 dai ba canh cta tam giac. Ching minh rang:

2 2 2
2a zbcz+ 2b 2ca 7T 2C szso(l)

3a°+b"+c” 3b +c +a 3¢ +a +b
Chtng minh:
Khong mét tinh tong quat ta gia sit a>b>c.

Khi d6 ta chimg minh duoc (a” —bc)(b+c) 2 (b* —ca)(c+a)=(c* —ab)(a+b).(1)

Trong tam gidc ta d€ y rang a” +b° +¢* <2(ab+bc+ca) < a(b+c—a)+b(c+a-b)+c(a+b—c)>0.
Bay gio ta xét:
(3a2+b2+c2)(b+c)—(3b2+cz+a2)(a+c)z(a—b)[Z(ab+bc+ca)—(a2+b2+cz)}20.
Do d6 (3a2+b2+02)(b+c)2(3b2+cz+a2)(a+c) (2)
Tuong tu : (3b2+02+a2)(a+c)2(302+a2+b2)(a+b) (3).
Tur (1),(2),(3) 4p dung BDT Tré-bu-sep cho hai day :
(a2—bc)(b+c)2(b2—ca)(c+a)2(02—ab)(a+b)
1 < 1 < 1
(3a2+b2+cz)(b+c) (3b2+cz+a2)(c+a) (3b2+cz+a2)(c+a)

Taco:

Va

(az—bc)(bJrc) (bz—ca)(c+a) (cz—ab)(aer) -
(3a2+b2+c2>(b+c) (3b2+c2+a2)(c+a) (3b2+cz+a2)(c+a)_

S%[(dz —bc)(b+c)+(b2 —ca)(c+a)+(02 —ab)(a+b)]

VT(l) =

Il
o

1 1 1
(3a2+b2+cz)(b+c) (3b2+cz+a2)(c+a) (3b2+c2+a2)(c+a)
(vi [(a2 —bc)(b+c)+(b2 —ca)(c+a)+(c2 —ab)(a+b)} =0)

BDT duogc chirng minh.
Bai tdp dé nghi :
1) Véi cac ky hiéu nhu vi du 7 & trén ,chimg minh rang:
a) al +bl,+cl <al +bl +cl,.
b) l—“+l—”+l—c 21—“+l—”+l—“ .
a b ¢ b ¢ a
c)ml +myl, +ml >m/l +ml +ml, .
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d) Z_“+l_/7+l;’ Sl_”+l_b+L
ma mb mc mb mc ma
2) Ngoai ra ta con c6 cac két qua sau trong tam giac:
A+b.B+
a ad+bBteC >7 ( tam giac bat ky).
a+b+c 3

sin4+sin B+sinC 1 .,
b) < ( tam giac nhon).
cosA+cosB+cosC 3cotA.cotB.cotC

c) acosA+bcosB+ccosCS%(a+b+c) ( tam giac bat ky).

d) 185 <(a+b+c)(h, +h,+h,) (tam gidc bat ky).

§5. PHUONG PHAP PANH GIA PAI DIEN.
Trong qua trinh chtimg minh BPT , ta gip nhiing bai toAn ma biéu thirc can ching minh 1a tong cua cac biéu
thirc c6 dang twong tu nhau. Luc d6 ta s& danh gia mot biéu thic , cac biéu thirc con lai c6 két qua twong tu.
Phuong phap nhu véy ta goi la Phwong phap danh gia dai dién.

Cai cdt 16 trong phuong phap nay 1a ta phai biét dai dién d6 duoc danh gia nhu thé nao. Mudn vay ta can
két hop voi gia thiét da cho,vé phai can dat, cac bat ding thirc co ban va cai nhin tinh té dé sau khi cong vé
theo vé ta c6 thé thu duogc két qua mong mudn. Do d6 ta can c6 k§ nang | nhit dinh vé danh gia dai dién ma noi
ndém na la “ quen”. Tuy nhién cén phai ndi toi la sy phan doan va con mat quan sat dé dua ra danh gia.

Bai viét nhé nay nham cung cap mot s6 k¥ ning cho viéc danh gia dai dién thong qua cac vi du minh hoa
dién hinh.

Vidu 1:
, J4 , . Y a b C
Cho céc so duong a,b,c . Chimg minh rang: + + >1.
b+c c+a a+b
Giai:
A 4r A A 4 aeqx ~ , . a+b+c re 1A 4 A A , S o4 qea
Phén tich: Ta thay vé phai l1a 1, cling tuc 1a Tihic V61 nhan dinh nhu vay ta c6 thé dua ra danh gia dai dién:
at+b+c
a a . \ ,
> . Hoan toan tuong tu ta co
b+c a+b+c
b b . cC c
> va > .
a+c a+b+c a+b a+b+c
A X J4 a b C
Cong ve theo veé ta duogc : + + >1.

b+c c+a a+b
Nhén xét: Dy 13 vi du don gian , khai dau cho phuong phap danh gia dai dién.
Di nhién ta ching minh duoc bat dang thirc chit hon do 1a :
@, b€ 53 (BDT Nesbin
b+c c+a a+b 2
Vidu 2 ( Dé 35, bo dé 93)
Cho cac s6 duong a,b,c . Ching minh rang;

a’ b’ e’ >a+b+c

+ + >
a’+ab+b* b +bc+c? P +ca+d 3

(D.
Giai: i
Phan tich: V61 phuong phap danh gid dai dién, dau tién ta thuong nghi td1 viéc danh gia
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3

% >2 (hodc > b hodc > < ). Tuy nhién sau khi kiém tra ta thiy dénh gia 6 chua dung. Lic d6 ta
a +ab+b” 3 3 3
i gt 1o .1 a 2a-b
nghi t6i dai dién khac 1a — > 2 (2).
a +ab+b 3
That vay : (2) < 3a’ 2(a’ +ab+b*)(2a—b) < (a—b) (a+b)20 (ding).
b’ 2b-c c’ 2c—a
Tuong tu ta co: > 3)va > .
g b* +bc+c’ 3 ®) c+ca+a’ 3
3 3 3
Cong vé theo vé (2) ,(3) va (4) tac6 : 4 b ¢ >4 thc

+ + >
a’+ab+b* b +bc+ct P +ca+d 3

Tai sao trong (2) lai chon dai luong can danh gia 1a . Piéu nay duoc giai thich 1 vi bén VT chi c6 bién a

a+b+c

va b nén VP cling chi ¢6 a va b. Hon nita ta can udc luong dé sau khi cong vé theo vé ra dung

Vi du 3: Cho x,y,z>0. Chimg minh rang; \/x2 +xp+y° +\/y2 +yz+2° +\/22 +zx+x° Zx/g(x+y+z).
Giai: i ‘

Day la bai toan ma mot hoc sinh 16p 10 dé hoi to1. Lic xem dé t61 nghi la chimg minh bang ap dung BDT Co-si.

Nhung ngay sau do6 t6i nghi té1 phuong phap danh gia dai dién. Cling nhu vi du trén , t6i cO gang chirng minh

X +xp+yt > V3.x (hodc > V3 .y hodc > V3 .z ) nhung tat ca déu khong cho két qua. Sau do t6i nghi t6i dai
danh gid khac 1a :
2 2 \/§ N 1A B A 5 A
X +xy+yt > 7(x+ ¥) (2) va lan nay thu dugc két qud mong muon.
Tacd (2) & 24x* +xy+y° 2\/§(x+y)c>4(x2 +xy+yz)23(x+y)2

X =2xy+y° 20<::>(x—y)2 >0 (ludn dung).

Tuong tu ta co: /y* + yz+2z° 2§(y+z) Q).
va Nz +zx+ X7 Zg(z+x) (4).

Cong vé theo vé (2), (3) va (4) ta duoc:
\/)c2 +xy+y° +\/y2 +yz+2° +\/z2 +zx+x° 2\/§(x+y+z)(dpcm).

Dé dua ra viéc danh gia véi 7(x+ y)la dé sau khi cong vé theo vé ta dugc \/§(x+ y+z).

Tat nhién khi 1am toan ta can phai mo mam dé dwa ra 10i giai diing, nhiéu khi ¢ ca sy that bai. Nhiing luc d6
can co su kién tri.

Vidu 4:

Chting minh rang véi n 14 s nguyén duong ta co:

1 1 1
) —+——+——F..t——<24/n—1
TR ETT
b)lié 2n-1___1
274677 2n an+l
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C) Sn+l £1+L2+i2+...+ 12 32—1
2(n+1) 27 3 n n
Chtng minh:

a)  Tathiy khi n =1thi xay ra dau (=).
Khi n>1 ta danh gia dai dién nhu sau:

1 2 2
(N G 2N ke

Dodo\/_ \/_ \/_ \/_<1+2(\/_ 1)+2(V3=v2)+..+2(Vn=n=1) = 2Jn-1.

Vay BDT dugc chung minh.

A A X+ A \ A A J4 2k - I4 .7 . A
b) Tanhan thay moi so thira s6 déu c6 dang , ta danh gia dai dién nhu sau:

2 2 2
_ 2%k —1 2%k —1 _
(Zk 1] el ClAl B Py
2k (2k) (2k) -1 2k+1
(135 2n—-1Y 1234 2n-1 2 1
Vay | —.=.=..... <= == — = < :
2467 2m 3456 " 2n+1 2n(2n+1) 2n+1

135 2n-1 1
Vay: —.—.—..... < dpcm
il 246 2n N2n+1 (dpem)
ViduS: .
Cho a,b,c >0, chung minh rang :
1 1 1 1
3 3 + 3 3 + 3 3 S :
a +b’+abc b +c +abc ¢ +a +abc abc
a+b b+ c+al 2
+ + >—(a+b+c
a’+ab+b*> b +bc+ct S +ca+d’ ( )

Chirg minh:
a) Trude hétta co: o’ +b° > ab(a +b)
Do d6 : 3 31 < ! = ! = ¢ (1)
a’ +b’ +abc ab(a+b)+abc ab(a+b+c) abc(a+b+c)
1 1 a
Lap luan tuwong tu ta co: < = . 2
WP e gh b*+c +abe bc(a+b+c) abc(a+b+c) @
1 1
3, 3 < = b (3).
¢ +a +abc ac(a+b+c) abc(a+b+c)
Cong vé theo vé (1), (2), (3) ta co:
1 1 1 a+b+c 1
3 13 T3 T < = .
a +b’+abc b’+c +abc ¢ +a +abc abc(a+b+c) abc
Dau (=) xay ra khi va chikhi a=b=c.
a+b a’—ab+b* _ 1 a’—ab+b*
b)TacOo —————=(a+b)5———==—(a+b) (2 Vi >—).
) ( )a2+ab+b2 3( )( ) ( )

a’ +ab+b? a’+ab+b* 3
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3 3
b’ +c >l

Tuongtutacdé: ———>—(b+c 3
gt b* +bc+c? 3( ) )
c+al 1
——>—(a+c 4).
c2’+ca+c’z2 3( ) “)
Cong ve theo vé (2), (3),(4) ta duoc :
a+b b+ c+a’ 2
+ >—(a+b+c) (dpcm).
a’+ab+b*> b +bc+ct P +ca+d 3( )( pem)

Dau (=) xay ra khi va chikhi a=b=c.

Vidu 6:
Cho 0< x;y;z <1 va xy+ yz+zx =1. Chirmg minh rang : x2+ y2+ 2223\/5.
l-x 1=y 1-z 2
( Dé thi HSG tinh Pong Nai)
Chirmg minh:
Ta danh gia dai dién T nhu sau:
—X
2 2 2\? 3
Tacs 26 (1-2%)(1- 2 ) < 2EFLZV +1ox =(Ej o (-x) s
3 3 33
2
Dodé: —~ 3\5 x°.
EE )

\%

w%
k‘

Tuong tu ta co: >

I-y
Cong vé theo vé ta duoc :
X y z 33 33 33
5 +1_y2 +1_Z2 2 5 (x2+y2+zz)27(xy+yz+zx)27.

1—x
1
NE)

Nhén xét: Vi gia thiét xy+ yz+zx =1 va 0< x; y;z <1 ta c6 thé nghi t6i viéc dat

Dau ( =) xay ra khi va chikhi x=y=z=

x=tanq;y=tan f;z=tany véi a, f,c }/(O;%j,

Bai tdp dé nghi :
1) Chirng minh réng vo1 a,b,c,d >0 thi:1< a_ . b +— 2.
a+b+c b+c+a c+a+b
2) Chimg minh véi n nguyén duong ta co ! < léé 2n-1 .
2Wn 2467 2n
3) Chiing minh réng néu a,b,c 1a do dai ba canh cua tam giac va x, y,z la dg dai cac duong phan giac

11 1 1 1 1
trong thi —+—+—>—+—+—.
X y z a b c

~§6. PHUONG PHAP HE SO BAT DINH.
I. Giéi thiéu phwong phap hé so bat dinh:
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Chung ta van thudng ap dung phuong phéap hé sb bat dinh trong viéc phén tich tong binh phuong dé giai
phuong trinh, trong tinh nguyen ham va tich phan, trong khi viét phuong trinh dudng thang, mét phang, trong
khtr dang v6 dinh cta gidi han vv...D6 1a nhitng pham vi quen thudc.

Trong bai viét ndy t6i xin trinh bay phuwong phap hé sé bat dinh duoc dung trong viéc chig minh BDT.
Chung ta van con nh¢ trong phuong phap danh gia dai dién , chung ta thuong gap kho khan khi danh gia dai
dién d6 nhu thé nao? Bai viét nay nham cung cip mot phuong phap nho dé mé dau nhimng suy nghi c¢6 thé ap
dung trong nhing tinh huéng nhu thé.

Qua bai viét nay, ta thiy duoc toan b qua trinh tu duy di tim 10i giai cho cac bai toan, do d6 ta thy dugc
cac 10 giai 1a ty nhién va gan gui chir khong hé xa la.

Céch trinh bay cua mdi vi du ,tac gia cht trong su phan tich, binh luan cho qué trinh tim 161 gidi chir viée trinh
bay bai gii chi 1a sap xép lai ma thoi.

Chung ta hinh thanh phuong phap qua cac vi du sau:

Vidu 1:
Chimg minh rang véi cac sé duwong a,b,c thi:

5°-a® 50 -b° 54°-¢°
ab+3b*> bc+3c® ca+3a’

<a+b+c (1)

Chirng minh:
Phan tich bai toan:
3 3
Céu tric bai toan nay goi cho ta phuong phap danh gia dai dién. Bay gid ta d4nh gia thir dai dién % .Ta
ab +

thdy rang bac cua tir 1a 3, bic ctia mau 1a 2. Suy ra bac cta ca biéu thirc 13 1. Do d6 ta nghi t6i viéc dénh gia véi
da thtrc bac 1 c¢6 dang aa+ pb . Tuc la

33 . ’ ’
52 322_ <aa+ b (2). bétim a; f ta st dung phuong phap hé so bat dinh.
ab +

3 3 3 3

— . _C
<ab+ fc va ><ac+fa.

bc+3c* ca+3a

Cong vé theo vé ba BDT dénh gia ¢ trén ta dugc :

5b°-a’ 50 -b 5a’-c
+ + <(a+pB)a+b+c) (3).
ab +3b !90+302 ca+3a’ ( ’ ﬂ)( ) @) ’
Nhin vao BPT can chiing minh ta thay néu tim duoc cdp («; ) ma o+ £ =1 1a 101 gidi thanh cong. The
3

3
L =1-a vao (2) ta co: % <aa+ (1 - a)b (4). BDT (4) phai ding v&i moi gid tri a,b nén ta thay nhiing
ab +

Do vai tro tuong tu ta cling c6

gia tri dac biét .

Cho a=1;b=2 taduoc as—%.

Chon a=2;b=1 ta dugc 0{2—%.

Tir d6 ta c6 thé chon ¢ =—1, suyra f=2.
3 3

Nhu vay ta c6 danh gia Sbrza <

PETE —a+2b .Viéc ching minh BPT nay 1a don gian.
ab+
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Nhu vay , bang phuong phap hé s6 bat dinh , d@ m¢ cho ta con duong di tim 101 giai cho bai toan trén mot cach
ti nhién chtr khong theo kiéu ap dit giéng nhu kiéu hay gip & hau hét cac cudn sach :” Ta sé chitng minh:

56° —a®

~<-a+2b”
ab+3b
Vidu 2:
) o a’ 2 ¢’ _a+b+c
Cho céc s0 duong a,b,c, chiing minh rang + + >
a+b b+c c+a 2
Phén tich: ’
Bat dang thire nay ta da gap trong vi du 2¢) cua bai §2. Bay gio néu st dung phuong phap danh gia dai dién
2

bang k§ thuat hé sé bét dinh ta 6 thé dua ra danh gia — -2 3 “4 b Cic dai dién khac duoc danh gia twong tu.

a+

Tir d6 cho ta két qua cua bai toan mot cach nhanh chéng.

Vidu3: .
Cho cac so duong a,b,c théa man a+b+c =3 . Chung minh rang:
1 1 1 2(a2+b2+cz)
—+—=+—+ >25.(1
a b 3 M

Phéan tich :

2

£ , e X £  n ~ as S A . qial 1s 2a ~ 1 oA ~ . J4
Cau trac bai toan dan dén vigc suy nghi danh gia mot dai dién 18 — +——. S€ c6 mdt suy nghi tu nhién xuat
a

2
hién khi quan sat vé phai do6 1a danh gia Lz + 2% > % (2).
a
Tuy nhién néu phan tich k¥ ta thdy néu suy nghi d6 ding thi din t6i gia thiét a+b+c =3 1a thira(!). Va thyc té
kiém ching diéu suy nghi d6 la chua dang vi ta c6
2 a—1)(a+1)(2a* -3
1 2a° 5 - (a-1)( )( )

N > A N , \ A , e .
p + 373 2 > 0. Bat dang thtrc nay khong dung véi moi a > 0.
Do d6 ta danh gié lai nhu sau:

1 2a2 2 2

2
a

Cong vé theo vé (3),(4), (5) ta thu dugc :
1 1 1 Z(a2 +b’ +c2)

5 1 2" _ 5 1 2¢°_ 5
>—+xa+ 3). Twongty —+—2>2—+xb+y@4)va —+—2=>—+xc+ y(5).
3 y(3) gl T2 y (@) Tt 323 y(5)

_+b2+_2+ 3 >5+x(a+b+c)+3y=5+3(x+).(6)
So sanh vé phai cta (6) va (1) tacan cd x+y=0< y =—x, thé vao (3) ta duoc :
1 2a* _5

—t+—2—+x(a-1).(7
) a@ 3 3 ( ) @ i
Vén dé con lai 1a phai xac dinh dugc x dé (7) ding v6i moi a.

Ta thay dau (=) xay ra khi a =b=c =1 ( thong thuong la nhu thé véi BDT c¢6 cac bién binh dang). Do do6 goi

cho ta khi bién doi (7) s& xuat hién nhan tr (a—1). Qua véy:

i+2_az>§+x(a 1) (al)[(a+1)(2a2_3)x120.

a 3 3a’
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Cho a =1ta tim duoc xz—%.

2
Cubi cling can kiém ching Lz + 24 > 7_2a . (8) 1a xong.
a 3 3 3
2 a-1)"(2d* +6a+3
Dung vay : _2+2a ZZ—EQ( ) ( 5 )20 ( ludn ding vé1 a >0).
a 3 3 3 3a

Pén day qua trinh mo mam di tim 10i giai cho bai toan da dugc hoan thanh.

Vidu 4:

Cho a,b,c>0 va @' +b’ +c’ 2 1. Chimg minh ring 5(a’ +b +c2)zz7—4(é+%+éj (D)
Phan tich bai toan:

Tacod 5(a2+b2+c2)227—4(é+%+%j<:>5(a2+b2+c2)+4(%+%+3227 (2)

Ta dua ra danh gia 5q° +2s9 +x(a3 —1) .(2).
a

Vi sao trong (2) ta khong danh gia : 5a° + 2 04a’,
a

Boi vi ta thdy déu (=) xay ra khi va chikhi a =b=c=1. Do d6 khi thay @ =1 thi 54 +i—9:o.Nghia 1a
a

4 . .
trong nhom 5a° +——9 da ty xuat hién nhan tir (¢ —1). Chinh vi 1& d6 nén ta st dung luén x(a3 - 1) dé xuat
a

hién nhan tr chung (a—1).

Trd lai (2) ta c6 5a2+iz9+x(a3 ~1) < (a-1)
a

(5a2+5a—4

a

—x(a2+a+l)j20.Cho a=1 thi

2
M—x(az +a+l)=0:>x=2. Ta du doén v6i x =2 thi (2) s& dung va can di kiém chimng.
a
] , 4 5 (a—1)2 (—2a2+a+4)
Khi do6 (2) tr¢ thanh 5a¢° +—>7+2a” < >0
a a

Bét déng thirc cudi diing vi tir gid thiét tasuy ra 0<a <33 = 24’ +a+4<0.
Nhu vay ta c6 101 gidi cho bai toan trén.

Vi du 5: ( Bé thi tuyén sinh 16p 10 chuyén Vinh Phuc 2006)
Cho cac s6 thuc duwong a,b,c thoa man a’ +b* +¢* =3. Ching minh rang;

1 1 13 15

—+—+—+—(a+b+c)=— (1).

a b c 2( ) 2 M
Phan tich:

Tur diéu kién cua gia thiét ta suy raa,b,c (0; \/§ ) . St dung phuong phap hé s6 bat dinh va danh gia dai di¢n ,
ddng thoi két hop gia thiét a® +b° +¢* =3, ta danh gia:
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é+%a2x(a2—l)+§(2); %+%b2x(b2—l) ~Q3); —+2c>x(c —1)+§ 4).

S di ta chon nhan tir x(a’ —1) vi ta dy doan déu (=) xdy ra khi a=b=c =1, va khi d6 1,343 conhan ti
a

(a-1)

Xét tiép (2) :

l+§c12x(az —1)+§<:>l+§a—§2x(a2—1)@w2x(cz2 —1).
a 2 2 a 2 2 2a

(a—l)F"_z—x(aH)}zo.

2a
Thay a =1 tatim dugc x = i . Nhu vay ta c6 danh gia:

2 ~1)’ (a—4
l+§azl(a2—1)+§ hay 1a l+§aza—+2@wso (BDT dung).
a 2 4 2 a 2 4 4 4a
Vay ta da tim ra dugc 101 gidi cho bai toan trén.

Bai tdp dé nghi :
2 2 2
1) Cho cac s6 thuc duong a,b,c,chﬁ:ngminhr.;ing: a +bc+b +ca+c +ab2a+b+c.
b+c c+a a+b

2) Cho a,b,c 1a 3 dai ba canh cia tam giac. Ching minh:

4a N 9b N 16¢ S 26.
b+c—a c+a-b a+b-c
3) Chocécséthucduonga,b,c va a+b+c=3.Ching minh : a2+ b2+ czzg.
1+b° 14+c¢° 14+a 2

4) Cho a,b,c,d >0 va a+b+c+d =2.Ching minh rang :
1 1 1 N (¢

+ +
3a°+1 3b*+1 3c2+1 3d2+1 7

§7.CHUAN HOA TRONG BAT PANG THUC THUAN NHAT.

Trén déy ta di thiy dugc phuong phap hé sb bat dinh cho ta 10i giai rat ty nhién cua viéc chirmg minh bat
dang thirc. Tuy nhién cac vi du dugc néu ra & trén twong dbi don gian . Khi gip nhiing bai toan phirc tap hon,
dic biét 1a nhitng bai toan kha cong kénh, chung ta cin lam don gian no trude khi chirg minh. Mot trong nhing
k¥ thuat lam don gian d6 1a k§ thuat chuin héa trong bat ding thirc thuin nhat.

Pit van dé:

O day ta dat van dé cho da thtrc thuan nhat ba bién, trudng hop nhiéu bién dugc mé rong tuong tu.

Ham so f(x;y;z) duge goi 1a ham s6 thudn nhat bic & theo ba bién (x;y;z) néu Vte R ta co:

f(eetysiz) =1 f (x5 p3x) (D).
Bt dang thirc f(x;;2z) >0 (2) duoc goi la bat dang thire thuan nhat.
Gid sir by gio ta can ching minh £ (x;);2) 20 v6i x,y,ze€ D. Taddt x=ta;y =th;z =tc (¢+>0), khi d6

tacod:
f(xy:2)20 1t f(asb;0) 20 < f(asb;¢)20 (3), trong d6 a,b,c 1a bd s6 théa man mot diéu kién don

gian nao do.
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Nhu vay tir viéc ching minh (2) véi rang budc x, y,z € D ta chuyén vé viéc chimg minh (3) véi rang budc nao
d6 cta (a,b,c). Qué trinh chuyén doi nhu vay ta goi 1a phép chudn héa.

Thong thuong trong bat dang thirc thudn nhat ( ddng béc ) ta thuong str dung cac phép chuan hoa sau :
a+b+c=k;a"+b"+c"=k; abc=k; ab+bc+ca=k,trongdo k 1a hr:ing s6, thuong dugc chon sao cho
biéu thirc trong bai toan trd nén don gian.

Bay gio ta theo ddi k¥ thuat chuan hoa thong qua cac vi du.

Vidu 1:

Gia st a,b,c 1a cac s6 thuc duong. Chirg minh bat dang thirc sau:

i/(a+b)(b-|—c)(c+a) S /ab+bc+ca .
8 3
Chtng minh:

Ta thay ca 2 vé 14 nhiing biéu thirc dong bac ( bac 1). Vay déy 1a bat dang thirc thuan nhat bac 1.
Tuy nhién tré ngai 16n nhat d6 1 su xuat hién cta hai cin khong déng bac. Mubn hitu ty hoa ta can liy thira bac
6 va cho biéu thirc phirc tap. Vay trude tién ta cAn lam don gian biéu thire nhd k¥ thuat chuan héa.
Chuan hoéa ab + bc +ca =3 thi bat dang thiic can ching minh trg thanh :
(a +b)(b+c)(c+a) >8 (rat gon!)
< (a+b+c)(ab+bc+ca)—abc >8

<:>(a+b+c)3—ab028.

Vi ab+bc+ca=3 nén abc<1.Do d6 BPT can ching minh twong duong :
<:>(a+b+c)329©a+b+cz3.

BDT cudi dang vi (a+b+c)2 23(ab+bc+ca)=9.

Nhan xét:

Nho k¥ thuat chuén hoa , ta dua ra phép chon ab +bc+ca =3, tir do ta thu dugc BDT gon hon rat nhiéu. Qua
d6 ta thay tac dung to 16n cta phép chuan héa trong BDT thuan nhat.

Vidu 2 ( VMO nam 2002- bang B)

Chumg minh rang véi moi s6 thuc duong a,b, ¢ thi ta co:

3
6(a-|—b+c)(a2 +b’ +c2) < 27abc+(a2 +b’ +cz)E (2)
Chtng minh:
Phan tich:

O day vi dai lugng (a” +b” +¢?) ¢6 sb mil hitu ti nén ta chon a® +b* + ¢ 1a s6 chinh phuong dé (a2 +b° +¢? );
1a mot s6 hitu ti, giup cho biéu thirc thu dugc gon gang hon.
Ta chon phép chuan hoa (a” +b* +¢*) =9 . Khi d6 BPT can ching minh trg thanh :
2(a+b+c)—abc <10 (2).
Chting minh (2)
Khoéng mat tinh tong quét ta gia sir |a| < |b| < |c| (*)
Ap dung BDT B.C.S taco
[2(a+b+c abc] [2 a+b +c 2 ab [ a+b ][4+(2—ab)2}

=(9+2ab)(4—4ab+a’b*)=2(ab) +(ab)’ —20ab+72=(ab+2)’ (2ab—7)+100
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Tir (¥) taco ¢* >3 nén 2ab<a’ +b*=9-c* <6 = (ab+2) (2ab—7)<0.
Nhu vay ta cé [2(a+b—i—c)—abc]2 <100 hay 2(a+b+c)—abc£10.
Vidu3: .
Ching minh rang vé6i a,b,c >0 taco:
a(b+c) N b(c+a) N c(a+b)
(b+c)2+a2 (c+a)2+b2 (a+b)2+c2
Chirmg minh: 7 o
Thuc hién phép chuan hoa a+ b+ c =3 . Bat dang thuc trd thanh:
3- b(3-b 3—-
a(3-a) | b(3-B) | c(3-¢) o
9-6a+a” 9-6b+b" 9—6c+c” 5
Str dung phuong phap h¢ so bat dinh ta danh gia :
aG=a) _ . b3=b) _,  b(3-B) _
<xa+y; ——=<x ; — =< x .
9—6a+a’ Y9 6b+ b7 Y9 6b+ b g
X A e . 9 21
Bang suy luédn tuong tu nhu ¢ trén ta tim dugc ng; y=g.
a(3—a) <21+9a<:>(a—1)2(18a+9)
9-6a+a> 25 25(2a> —6a+9)
Tir d6 ta co6 101 gidi cho bai toan trén.
Vidu 4:

< g ( Olympic 30/4- 2006).

Nhu vay ta c6 danh gia : >0 ( ludn dung).

2 2 2
Chirng minh réng 4 =+ b =+ ¢ > 23 (1); Ya,b,c>0.
a2+(b+c) b2+(c+a) cz+(a+b) 5

Chirg minh: i .
Thyc hién phép chuan hoa a+b+c =3 . BDT can chung minh tré thanh:
a’ b’ c? S 3

2 + 2 + 2 = :
a’+(3-a) b +(3-b) *+(3-c) 5
Pénh gia dai dién:

2
a > 12a-7 ).
a’ +(3-a) 25

Bang phuong phap hé s6 bat dinh ta di t6i danh gia

Ta kiém chtng danh gia trén 1a dung.

a’ 12a-7 2
= > < (a-1)" (8a-21)>0.
a’+(3-a) 25

Khong mat tinh tong quat ta gia sirrang a >b>c. T a+b+c=3 tasuyra c<1<aq.

+Néu ¢> %thi dan dén (Sa - 21) >0 nén (2) ding.

+Néu max{a,b,c}sg.
2 2
Khi d6 12a 7Sﬁ,trongkhi do a == a .
25 50 a’+(3-a) 2a -6a+9
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. 1 21
Xéthamso f(t)=————— voi 0<t<—.
S 2t° —6t+9 8
2
Tacs fi(1)=—C I8 o vsio<r<2L,
(22 -61+9) 8
2
Do do f(1)=— ! = ! > laham s6 dong bién. Nén bat dang thirc duoc chirng minh.
2t —6t+9 [3 j
1+ —-1
t
Vidu S:

Cho a,b,c > 0. Chimg minh rang:
(b+c—3a)2 N ((:Jra—?ab)2 N (a+b—3c)2
24’ +(b+c)2 2b° +(c+a)2 2c +(b+a)2
Chimg minh: o v v 9
Day la bat dang thirc thuan nhat bac 0. Dé don gian bicu thure ta thuc hién phép chuin hoa. Gid st a+b+c=3.
Thay vao BDT(1) ta co:
(3-4a)’ N (3-4b)° N (3-4c)’
24’ +(3—a!)2 2b° +(3—b)2 2¢ +(3—c)2
Bay gio ta sir dung phuong phap hé s6 bat dinh dé danh gia
(3—461)2 8 7 N ~ X ~ - , A AL X .
————*—2>—a—— (tim h¢ s0 bén phai theo phuong phap h¢ so bat dinh).
2a’+(3-a) 6 6
(a—1)"(39-8a)
6(a2 —2a+b)

3-4bY 3-4c)’
SCEE M PR I S )
2b°+(3-b) 6 6 2c7+(3-¢) 6 6
Ttr do ta suy ra diéu can ching minh.
Dau (=) xayrakhi a=b=c.
Vidu 6: .
Cho a;b;c > 0. Chlirng minh rang
(b+c+2a)2 . (c+a+2b)2 . (a+b+2c)2
2a’ +(b+c)2 2b° +(c—i-a)2 2¢ +(a+b)2
( V6 dich M§ 2003).
Chung minh: )
Ta chuan hoa a+b+c=1. Khi d6 BDT duoc viét lai:

(+a)’ _ (14b)  (1+c)
2a° +(1-a)’ 26> +(1-b)" 2> +(1-c)

(1+a) 4. (3a-1)"(4a+1)
2a° +(1—a)2 - 3 2a’ Jr(l—a)2

Tuong ty cho nhimg dai dién khéc, ta suy ra diéu phai ching minh.

1
25 (1)

1
25 (2)

>0 (BDT dung vi do gia thiét).

Tuong tu ta co

<8 (1.

_<8 (2)

Pénh gia dai dién:

>0 (BDT dung).

37
THPT Phan Boi Chdu (mobile:0982.91.41.81) Binh Duwong




Nguvén Thanh Nhdn (nhantoanpbc@email.com) Biit Déng Thirc

Dau (=) xay ra khi va chi khi a=b=c.
Vidu 7: ,
Cho ba s6 thyc khong am x; y;z thdaman x+ y+z>0. Tim GTNN va GTLN cua biéu thuc :
P x4y +16§3
(x+y+z)
Giai:
Thyc hién phép chuan hoa x+ y+z=1.
Bai toan tré thanh tim GTLN, GTNN ctia biéu thirc O =x" + y* +162° voi x+ y+z=1.
+ Tim GTNN cua Q.
Do vai tro binh dang ctia x va y nén ta danh gia x, y 10i dua vé z.

3
Tacd x* +° Z@=l(l—z)3.

Nén QZ%[(1—2)3+6423}=%f(z) véi 0<z<l.
Dénh gid ham s6 f(z).
f(z)=3[ 64z ~(1-2)"]: f‘(z):0<:>z:é
: x 64 16
Str dung bang bién thién ta c6 f(z) > Pl =02 TR

16 4 1
=— khivachikhi x=y=— va z=—.
0% 779 9
+ Tim GTLN cua Q:
Dy doan GTLN dat dugc tai diém bién (0;0;1).
Tacd Q=x"+)’ +162° =x’ +y’ +2° +152° s(x+y+z)3 +152° =16.
Bii tqp dé nghj :
Chiing minh céc bat dang thuc sau:
1) (a+b)(b+c)(c+a)—i—abcS%(a+b+c)3
a’ +b* +¢’ N 8abc
ab+bc+ca (a+b)b+c)c+a)
(a+b+c)’ _l(cf +b’+c’ _a2 +b° +czj <9

>2 véi a,b,c>0

3) a,b,c>0: ————
a +b +c” 2 abc ab+bc+ca
4) a,b,c>0:(a+b+c)( ! + ! + ! )+ 4abe <5
a+b b+c c+a (a+b)b+c)c+a)
§8. PHEP DOI BIEN TRONG BAT DANG THUC POI XUNG.
Trong pham vi bai vi€t nay ta chi yéu dé cap dén da thirc doi xting theo ba bién.
Da thie P(x;y;z) dugc goi la da thire di ximg theo ba bién (x;y;z) néu ta c6

P(x;y;z)=P(x";y"z") trong d6 (x";y"z") 13 mot hoan vi bt ky ctia bd (x; ;z) .
Tadat p=x+y+z; g=xy+yz+zx; r=xyz.
Khi d6 cac biéu thitc p; ¢; r dugc goi 1a cac biéu thirc dbi ximg so cap.
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1) Hang ding thirc giira cac biéu thire ddi xirng so cép.
Voéiphépdat p=x+y+z; g=xy+yz+zx; r=xyz cho tamoi quan h¢ gitta p;qg;r nhu sau:

x2+y2+22 =p2—2q; x3+y3+z3 :p3—3pq+3r; xy(x+y)+yz(y+z)+zx(z+x):pq—3r.
(x+y)(y+z)(z+x):pq—r; x*+yt+zt=pt—4pig+ 297 +4pr.

Xy +y i+ x =q" - 2pr; x3(y+z)+y3(z+x)+z3(x+y):p2q—2q2—pr.

(42 )+ (2 7))+ 2 (P + ) =pg’ —2(pP +q)r.
x4(y+z)+y4(z+x)+z4(x+y)=qu—3pq2+(5q—p2)r

¥+ +2 :p5—5p2q+5pq2+5(p2—q)r.

2) Cac bt ding thirc co ban giira cac biéu thire p;q;r.
Véiphépdit p=x+y+z; g=xy+yz+zx; r=xyz, taco cac bit ding thirc co ban sau:

3)

p223q; p3227r; q223pr; 2p3+9r27pq; p2q+3pr24q2; p2q23pr+4p2q;
p4+3q224p2q; pq2+3q224p2q; pq222p2r+3qr; 2p3+9727pq; q3+9r224pqr;
p3q+q326pqr; p3—4pq+9r20; p4—5p2q+4q2+6pr20; pq—9r=0.

Ung dung ciia cac bit ding thirc ddi xirng so cip vao chirng minh bét ding thirc.
Vidu1: (Iran 96)

Chtng minh rang véi x; y;z >0 ta co:

1 1 1
(xy+yz+zx) + + >

(x+y)2 (y+z)2 (z+x)2

(1)

ENgIINoY

Chtng minh:
bat p=x+y+z; g=xy+yz+zx; r=xyz, BPT dugc vict lai :

(p*+q) ~4p(pg—r)
(pg-r)

2% < 4ptq-17p°q° +4q° +34pgr-9r* >0

C:’IW(]?3 —4Pq+9r)+q(p4—5pzq+4q2 +6pr)+r(pq—9r)20

Theo cac bat dang thiic co ban va p;q;r >0 ta c6 BDT cudi cling dung.

Vidu 2:

Cho cac s6 thyc duong x; y;z. Chimg minh rang ta co:

(1-x*) +(1-07) +(1-22) <(1+x) (14 ) (1+2) (D)

Chtng minh:
bay la BDT d61 xung theo babién x;y;z. Pat p=x+y+z; g=xy+yz+zx; r=xyz.
Bién d6i BPT di cho ra dugc BPT tuong duong.

(1 -24) -2(p*—2q)-2(g*~2pr)+3<1+ prg+r.

Vi p=1 nén BDT tro thanh (1-2¢) ~2(1-2¢)~2(q* ~2r) < g +r-1

&2¢°—q+3r<0 (2)
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Ta chu ¥ pq—9r20:>3r£%.Nén (2)<:>2q2—q+%£0<:>2q2—2?qS0 @qﬁ% (vig>0).

Diéu nay ding vi p*® >3¢. BPT duoc chirng minh.

Vidu3: .
Cho céc s0 thyc duong x; y;z théa man xyz =1. Ching minh rang ta c6 :
! + ! + ! + 2 >1 (1)
(1+x)2 (1+y)2 (1+z)2 (I+x)(1+y)(1+2)
Ching minh :

Bit ding thirc da cho twong duong :

(1+y)2(1+z)2 +(l+x)2(1+z)2+(1+x)2(1+y)2 +2(1+x)(1+y)(1+2) o1
(1+x)2 (1+y)2 (1+z)2

<:>(1+y)2(1+z)2+(1+x)2(1+z)2+(1+x)2(1+y)2+2(1+x)(1+y)(l+z)2(1+x)2(1+y)2(1+z)2.

Taco:r=1

(1+y)2(1+z)2+(1+x)2(1+z)2+(1+x)2(1+y)2:2p2+q2+2pq+2p—3

(I+x)(1+y)(1+z)=1+p+q+r=2+p+q.

Do d6 BPT duoc viét lai nhu sau:
2p2+q2+2pq+2p—3+2(2+p+q)2(2+p+q)2<:>p222q+3 (2)

Vi r=1nén ¢ >3 (BDT Co-si).

Do d6: p* >3q>2g+3 (dpcm).

Vidu4: .
Cho céc so thuc duong a,b,c théa man abc =1. Chirng minh rang :
2(512 +b’ +c2)+12 >3(a+b+c)+3(ab+bc+ca) (1)
( thi Toan vung Balkan)
Ching minh : o i
bat p=a+b+c; g=ab+bc+ca; r=abc.Batding thirc can chiing minh tré thanh:

2(p*—2q)+1223p+3q = 2p’ —3p-Tq+1220.

3 3
Theo bat dang thirc co ban ta co p3+9r24pq:>qsp +9r=p +9.

4p 4p
: , 3 =-3)(p*-9p+21
Do @6 BDT cudi dung néu ta ching minh duoc : 2p° —3p—7p4+9+1220<:> (p )(p4 P )
p p

Theo BDT Coé-sitaco: p> 33r =3 nén (2) ding .
Ding thirc xay ra khi va chikhi a=b=c=1

Vay bai toan dugc chimg minh.

Vidu$5:

Cho a;b;c 1a cac s6 thuc dwong. Chimg minh rang :
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1 1 1 a+b+c 3
+ + > +
a+b b+c c+a 2(ab+bc+ca) at+b+c

(D.

Chinmg minh : ) ) i
bay la BDT thuan nhat c6 bac 1a -1, trudc hét ta chuan héa ab+bc+ca=3 < g=3.
Vi phép dbi bién nhu trén ta c6 BDT dugc viét lai nhu sau :
2 2
P4, P 3PP L3 3y 2 36p+18r20 (2)
pg-r 29 p pqg-r 2 p
Theo BDT coban ¢ tréntacd p’ —4pg+9r>0< p’ —12p+9r>0.
Ta cling ¢6 p* >3¢ =9 nén (2)<>3(p’ —12p+9r)+r(p*=9)20 (ding).
Déng thirc x4y ra khi va chi khi @ =b =c hoac a =b;c =0 va cac hoan vi ctia no.
Vidu6: .
Cho x;y;z>0.Ching minh rang :

4(x+ + +x
S B . €A (G [ R

y+z z+x x+y X +y +z
Ching minh : o . o .
Ta nhan thay day 1a bat dang thirc thuan nhat doi xung c6 bac 1a 0. Thuc hién phép chuan héa p =1. Theo cac

>5 (1)

hing dang thirc co ban ta co :
_ 4(q— _ 4(q —
1-2¢+3r (g—r) S5 17344 (g—r)
q-r 1-3g+3r q-r 1-3¢g+3r
Pé sir dung duoc BDT Cé-si cho viéc chimg minh (2) ta can mot sb luu ¥ sau:
Taco:

>4.(2)

c 1 7q-2
PQq;V>0;q£p?:§;t1‘12p3+9r27pq:>r2 9

Vay ap dung BDT Co6-si ta co:
1-3g+4r 4(q-r) J1=3q+3r 4(g-r) 4
q-r 1-3¢g+3r q-r 1-3qg+3r

.Dodé 1-3¢g+3r>0vag—r>0.

(2) duogc chung minh.
Vidu7:
Cho a,b,c >0 . Ching minh BDT sau:
3 3 3
a +b +c N a€+bf+c§l25 (0
(a+b)(b+c)(c+a) a +b" +c
Chung minh: ‘
Ta chuan héa p =1. BPT can chung minh tré thanh:
1—3p+3r+ 9q 25<:>1—3p+3r+3_'_ 9q >3
q-r 1-2q q-r 1-2¢q
L+ % >8.
q-r 1-2¢q
Nhung ta c6 : + %4 Zl+ %4 =2+ﬂ+9—q22+2 ﬂ.g—q=8
q-r 1-2q gq 1-2¢ q 1-2¢q qg 1-2¢q

Dau dang thirc xdy ra khi va chi khi :
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1-2g 99 1
g 1-2¢ |775
r=0 &r=0 .
p=r p=r
. s +

Twr d6 ta c6 dau dang thuc xay ra khi (a;b; c) = (3 _2\/5 Lt OJ va cac hoan vi.
Vidu8: .
Cho céc s0 thyc a;b;c > 0thoa man ab+bc+ ca =1. Chlrng minh rang:

! + ! + ! - ! >2.

a+b b+c c+a a+b+c
Chirng minh:

Tadat p=a+b+c;q=ab+bc+ca;r=abc.Khi d6 ¢ =1. St dung cic hang dang thirc co ban ta c6 bat dang
thie duoc viét lai:
2 3 52
l+p” 1o, P 2p*+r(1+2p)
pg-r p (p-r)p
bat f(p)=p3—2p2+r(l+2p).
Néu p>2 thi hién nhién f(p)>0.

Néu \/§SpS2

20<:>p3—2p2+r(1+2p)20.

(e 4p—p’
Ta c6 bat dang thitc co ban p’ +9r >4pg = r > PP

>0.

~ 4 _ 3 _2 _2 _12
Vay f(p)=p’-2p°+(1+2p) p9p _2p(p 9)(P )

Dau dang thirc xdy ra khi va chi khi (a;b;¢) =(1;1;0) va cac hoan vi.

Vidu9:
Cho cac sb thuc khong am x; y;z théa man x + y+z =1. Ching minh rang:

Xy+yz+zx > 12(x3 +y° +z3)(x2y2 +y°2 +22x2) .
Chtng minh:
Str dung phép dat p;q;r nhu trén ta c6 bat dang thirc tr¢ thanh:

q212(p*-3pg+3r)(q’ —2pr) = ¢=212(1-3¢+3r)(¢" - 2r) (2)

Tadéy pg—9r>0=0<r< % nén (2) s& dugc chirng minh néu ta chimg minh duoc

q212[1—3q+%)(q2)@32q2—12q+120(3)
Xétham s f(q)=32¢> —12g+1 c6 f'(q)=64g—12.
£ (gq) dong bién trén (%;m} va f&j:()
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Nén néu qz%:f(q)Zij:o .BPT (3) dung.

p=1
Déu (=) xay ra khi va chi khi ¢ = i ,do d6 (a;b;c) = va cac hoan vi cia ba nghiém phuong trinh:
9 36
PO
4 36

, 1 1
Neéu 0< 2 < g thi luc nay ta viét (2) nhu sau:

q212q° (1-3q)+12r(3¢* + 6 -12) =72 (4)
2
Vi 12g(1-3¢)=43q.(1-3¢)< 4(@) 1= 124 (1-39) <q.

Véi 0< i <gq thi 3¢> +6¢—12<0 nén (4) ding.

p=1 b :1
Dau dang thirc xdy ra trong truong hop nay la <3¢ =1-3¢ &g = P Do do
12r(3¢” + 69 -12) = 721" =0 20
131
= loai
72 (foa)
343 3-3 . .
;——;0 | va cac hoan vi.
6 6
Bai tdp dé nghi :
\ . s 1 1 1 1 1 1
1) Cho a,b,c>0 va abc =1. Ching minh rang: <

+ + < + + :
l+a+b 1+b+c l+c+a 2+a 2+b 2+c
2) Cho céc s0 x,p,z théa mdn x* + y* +2z° =9. Chimg minh ring 2(x+ y+z)—xyz<10.

3) Cho a,b,c>0 vi abc =1. Chimg minh rang :
1 1 1 1 1 1
+ + < + + :
l+a+b 1+b+c l4+c+a 2+a 2+b 2+c

§9. KY THUAT CHON DPIEM ROI- KY THUAT TACH GHEP.
Ta van thudng nghe téi khai niém diém roi trong thé thao nhu 1a diém roi phong d6, diém roi khi cau
thii dung d4u choi bong. Trong bit dang thirc ta hiéu don gian diém roi 1a diém ma tai d6 déu dang thirc xay ra.
Nhu vay diém roi 1a diém rat dic biét, 1a diém ma tai 46, trang thai can bang duoc thiét 1ap.
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Trong ching minh Bat dang thirc, néu ta nhin thay diém roi, s& gitp ta hinh dung dugc nhing dai lugng
can thiét xuat hién trong qua trinh chirng minh, két hop véi k¥ thuat tich ghép gitp ta co duoc 10i giai cta bai
toan.

Mot tac dung cua viéc nhin thdy diém roi nita 13 gitip ta tranh dugc nhing sai 1am gip phai khi ap dung
voi vang cac Bat dang thirc ¢6 dién , mic dau dau dang thirc khong dong thoi xdy ra tai cac thoi diém do.

Trong bat dang thirc ma vai tro cac an 1a nhu nhau thi diém roi thuong dé tim, con trong bat dang thirc
ma vai trd cac an 1a khong binh dang thi viéc nhin ra diém roi twong dbi khé. Bai viét nay cling nham tdi trang
bi mot s6 k¥ nang nhin diém roi ciing nhu ky thuat tach ghép, gitip hoan thién hon k¥ ning chimg minh bat
dang thure.

T61 xin bat dau bang vi du sau:
bé thi HK2 16p 10 ndm 2011 tinh Binh Duong c6 cau sau:
xX+6

x—3
Bai nay mot hoc sinh kha s€ tach va dung BDT C6-si nhu sau:

X0 32 >2 [x3 -2 6.

y:\/x—3 Vx=3 x—3

y =6 khi va chi khi Vx—-3 =

Tim tap xéc dinh va gid tri nhé nhat cia ham s6 : y =

=Sx=12.

x-3
Dbay la lo1 gidi ding vi x=12¢€ (3;+oo) . Nhung néu ngudi ra dé thir cho ham s xét trén mién khong chira s6 12

thi hoc sinh khong thé giai don gian nhu vay dugc nita.
Chang han :

Tim gia tri nho nhét ctia ham s6 : y = Vol x € [19; +oo) .

xX+6
\ 7 m \
RO rang vi dé ra nhu vay hoc sinh néu giai theo cach trén s€ gap phai sai lam vi GTNN =6 tai
x=12¢[19;+).
Luc nay mudn c6 10i giai diing ta can nhin thay diém roi.
Van sir dung k¥ thuat tach nhu trén ta co: y = s 63 =Jx-3+ 4 T
xX— xX—

Ta du doan GTNN dat duoc tai x=19.

. (g 9 9 9 \
Téi day ta thay néu x =19 thi Vx-3 =4 va :Z.Vi 4>Z nén ta can tdch Vx-3 ra

Jx-3

Jx-3= %Jx—3 +%\/x—3 . R rang day 1a diéu khong d& nghi t6i(!).

Cudi cung ta c6 10i giai nhu sau:
y= x+6 =Jx-3+ 4 —lex—3+l\/x—3+ 2
x-3 Jx-3 16 16 Jx-3'

Ap dung BDT Co-si ta co:
9 \/— 9 9 9
3+ 2, |[=+/x-3. =,
Jx-3 \/16 x-3 2

Mat khac vi x>19 nén vVx—-3>4.
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25 25 . .
Vay y22+l.4:— va y =— khivachi khi x=19.
2 16 4 4 v ’
Trén day 1a mot vi du ching t6 rang viéc phat hién diém roi s€ giup tim ra 161 giai chinh xac. Ta theo ddi tiép vi
du sau day d¢ lam quen dan véi phuong phép st dung diém roi cling nhu ky thuat tach —ghép.

( Ky thi HSG Toan Luong Thé Vinh lan I- Khéi 10).

2
— +—+4xy.
XT+y° xy

bay 1a vi du duoc chon minh hoa trong bai h¢ qua bat dang thirc B.C.S. By gio ta quan sat ki hon vé k¥ thuat
chon diém roi va tach ghép.

Cho x,y >0 va x+ y<1.Tim GTNN cua biéu thirc 4=

. 2 o 1 .
Trudce hét ta du doan diém roi tai x =y =E vakhido A=11.

1 1 3
A=———+
X +y° 2xy 2xy

2
24 (vi x+y<l).

1 1 1+1
R . (1+1)

Ap dung hé qua B.C.S ta c6 >

x'+y" 2xy (x+y)

Bay gio con lai Zi +4xy ta danh gia nhu thé nao?
Xy

S& 1a sai 1am néu ap dung ngay BPT Cé-si nhu sau : zi+ 4xy>2 fzi.4xy =26, nhung & day dau (=) xay
Xy Xy

.3 3.4 o 1

ra khi — =4xy < xy =— khong thdaman x=y=—.

2xy 8 2

Vay ta xtr Iy nhu sau :

Taixzy:lthii:6 va 4xy =1, do d6 ta can tach = 3 + 15 = ! + 15 .
2 2xy 2xy 12xy 12xy  4xy 12xy

Vay nén i+4xy:L+ 15 +4xy = L+4xy + 15 >2 L.4xy+%=2+5=7.
2xy 4xy 12xy 4xy 12xy 4xy 12(x+y

Két hop lai ta duoc 4>4+7=11. Dau (=) xay ra tai x:y:%
Qua hai vi dy trén ta da hinh dung duoc phuong phép chon diém roi ciing nhu k¥ thuat tach ghép, qua do ciing
thdy duoc cac sai lam thuong vap phai.

Trong céc vi du tiép theo, cac k¥ thuat d6 duoc van dung qua qua trinh bién d6i ma khong phan tich k¥ cang
nhu ¢ trén nira.

4) Diém roi trong bit dang thirc d6i xing.

Thong thuong trong BDT d6i xtng thi diém roi thudng tai cac bién nhan gia bang nhau ( chi trir nhitng truong
hop don bién).

Vidul:

Chox,y,z>0Vé1x+y+z£%.HéytimGTNNcﬁabiéuthﬁ:c:
1 1 1
P=—+—+—+x+y+z.
X y z
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Cih 4% : : 11 1 ; .
Sai lam d¢ gap phai ¢ day 1a ap dung BDT Co-si cho 6 0 —+—+—+x+ y+z > 6. Dau (=) xdy ra khi va chi
X y z

khi x = y = z=1 ( khong thoa min gia thiét).
2 o 1 . 1 ) 1 1 1 3
Ta du dodn di€m roi tai x =y =z =—.Khi d6 —=2. Nén ta phai tich — nhu sau: —=—+—.
2 X X x 4x 4x
~ IO B |
cling tuong ty doi véi — va —.
v z
A 1 1 1 1 1 1 3 3 3
Viay: P=—4+—+—+x+y+z=| —+—+—+x+y+z [+—+—+—.
X y z 4x 4y 4z 4x 4y 4z
Ap dung BDT Cé-si cho 6 56 ta co :

(L+L+i+x+y+zjzg=3.

4x 4y 4z
Ciing 4p dung BDT Co-si :
EAE RN i -
4x 4y 4z 43/ xyz A (x+y+zj3 2
3 - <
3

Két hop ta dugc P23+%:% va Pz% khi va chi khi x:y:z:%.

Vay minP:%S.

Binh lugn : 7
Ta c6 thé tach theo kiéu sau :

1 1 1

P= (—+—+—+4x+4y+4zj—(3x+3y+3z).

X y z
Sau d6 4p dung BDT Cb-si cho timg bd phan trong ngoic ta ciing thu dugc két qua.
Vidu2: ) .
Cho a,b,c >0 bién thién va thda man a+ b+ c =2 .Chirng minh rang:

2 2 2
e b +S>1.
b+c c+a a+b

Chimg minh :

Phan tich :

Ta can lam mét cac tong & mau, diéu do6 co6 thé duoc thyc hién bang cach cong vao cac biéu thirc twong Gmg rdi
ap dung BT Co-si.

2
Dudoéndiémroitaia:bzc:g.Khid(’) a :l va b+c:i,néntathémb('ytnhusau:
3 b+c 3 3
2 2
a +b+022fa .b+c:a.
b+c 4 b+c 4
2 2
Tuong tu ta co : b C+a2b; ¢ +a+b2c
c+a 4 a+b 4

Cong vé theo vé ta duoc :
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a’ b? ¢’ at+b+c
+ + -
b+c c+a a+b 2
a’ b* ¢’ a+b+c
= + + > =1.
b+c c+a a+b 2

>a+b+c

. ) ) 2 a2 .
Dau (=) xdy rakhivachikhi a=b=c= 3 Bat dang thuc dugc chirng minh.

Binh luin:
Néu ap dung hé qua B.C.S thi 101 giai con ngan gon hon nira:

a’ . b’ . c? >(a+b+c)2 _(a+b+c)_
b+c c+a a+b_2(a+b+c)_ 2 a
Vidu 3: i
Tim GTNN cua biéu thuc :

S:\/az+i2+\/Z)2+L2+\/c2+i2
a b c

. N NP 3
trong d6 a,b,c 1a cac s6 duong va thoa man a+b+c£5.

Phan tich:
. 2 o 1
Do a,b,c binh dang nén ta dy doan diém roitai a=b=c=—.
2
) 1 1 . 1 o . .
Khi d6 a° = 2 va — =4. Nhu vy ta phdi tich —- ra lam 16 s6 bang nhau méi ap dung dugc BDT Co-si.
a a

Vay ta co6 101 gidi :

2+...+L2+ b +——+.t—+ | +—5+..+ 12
16a 16a 16b 16b 16¢ 16¢

1656 1656 1656

a’ , b’ f c? a b c
\/17 1616a32 +\/1717 1616b32 +\/1717 1616032 :\/ﬁ[l</168b16 +l</168016 +1</168a16 j

f[\/ abe J Wiz W17 T

S= la*+

28(2a202¢) </(2a+2b+2c)15 2
' 3

624b16 16 16

317 ]

Vay GTNN cua S 1a khivéchikhia=b=c=§.

5) Piém roi trong bat dang thirc khong ddi xing.

So véi BDT ddi xung thi viéc tim diém roi trong BDT khong ddi xung gap nhiéu kho khin hon. Ta phai thuc
hién cac phép thir d¢ xem dau dang thirc co xdy ra tai d6 khong. Néu c6 mot bo phan bién nao d6 vai trd binh
dang thi thong thuong diém roi tai diém cac bién d6 nhan gia tri bang nhau.

Sau khi tim dugc diém roi rdi, ta tiép tuc str dung k¥ thuat tach, ghép, thém , bot dé ching minh.

Ta cung theo ddi phuong phap qua cac thi du minh hoa.

Vidu4:

Cho a,b,c 1 cac s6 duong va thoa man a +2b + 3¢ > 20. Ching minh rang :
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S:a+b+c+i+i+i213.
a 2b c¢

Phén tich : )
Tai a =2;b=3;c =4 thi ca gia thi¢t va ca BDT d¢u xay ra dau (=).

Tai a=2 thi i:3 nén a:i.i,néntatéch a:%a+ia.

a 2 3 a
Ap dung BDT Co-si ta c6 3a+§22 %a.é =3,condura %a.
a a

Tai b =3 thi i:g nén b:2.2.Tatéch bzé—i-é.
2b 2 2b 2 2

Ap dung BDT Co-si ta co: é+iz2‘/é.i:3,cc‘>n du 2
2 2b 2 2b 2

Tai c=4 thi S=1nén c=4.2 tatich c= $+3C

c c 4 4

. , ¢ 4 . 3c

Ap dung BDT taco: —+—2=>2 ,condu —.
4 ¢ 4

Phan du con lai : la+é+3_c=—a+2b+302§=5.

’ 4 4 4

Keét hop lai ta duwgc : §>3+3+2+5=13 (dpcm).

Vidu5: ‘

Cho a,b,c > 0. Chung minh rang :

3
S =30a +3b +2i+36(i+i+ij284.
9 ab bc ca

Phan tich : i
Tai a=1;b=2;c=3 thi §=84. Ta du doan diém roi tai do.

Ta s& két hop 2 ) hang chtra a, 1 s6 hang chtra b*, 2 ) hang chtra Lb dé ap dung BDT Co-si. Céi ta can 1a
a

tim hé sd cta cac sd hang do6.
‘ - 1 1 2 A 13 \ b* 2
Vé6ia=1; b=2 thi b>=4 va — =—. D€ can bang ta dung a; — ; —.
v ab 2 4 ab
Cu thé nhu sau : ’
Ap dung BDT Co-si cho 5 s0 ta dugc :
> 2 2 s 4a’b’
ab ab” "\ 4(aby’

Bay gid t61 muc tiéu lam mat bc ¢ mau. Bang suy ludn tuong tu ta c6 :

BB FEF 6 6 Y (Y (6
—t—t—t—t—t+—+. 211 — | | = (—j =11.
4 4 427 27 be be 4 )\ 27) \be

| ———

650

Cuoi cung ta lam mat ac ¢ mau.
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c 3 3 3 & L(3Y
—+at+atat—+—+—2T—.a.|— | =7.
27 ca ca ca 27 ca

Twr cac BPT vira chirng minh ta suy ra :

2 2 2 3
of 2a+ 2o p A |30 2 300 4l 130 0 55411428 -84
4 ab 4 27 bc 27 ca

bc ca
Dau (=) xay ra khi va chi khi a =1;b=2;¢c=3.
Vidu6:
Cho cac s6 a,b,c>0 va a+b+c=3.Ching minh rang :

(a2 —al)+192)(l)2 —bc+cz)(c2 —ca+a2)£12(1)

Hay: S = 30a+3b2+2i+36( i+ij284.
9 ab

Chtng minh:
Khong mat tinh tong quét ta c6 thé gid surang a>b>c>0.
Khiddtacd 0<b* —bc+c*<b*; 0<c* —ca+a* <a’ :>0S(b2—bc+cz)(cz—ca+a2)3a2b2.

3

) 3ab 3ab
3ab 3ab 4 (a ab+b)

2 2 9 3

i{(awb)zr <i[(a+b+c)2}3 _13.
9 3 9 3

DAiu drflng thirc xay ra khi va chi khi a =2;b =1;¢ =0 va céc hoan vi.

Vay VT(l)S(az—ab+b2) b’ = 9(a —ab+ b)

Binh luén:

Qua qué trinh chimg minh va dic biét 1 diém roi tai bién chir khong phai tai tim da khién chiing ta khong khoi
giat minh vi ca gia thiét va két luan cua bai toan déu 1a nhitng biéu thirc binh ding véi cac bién. Tuy nhién ta
van nhan ra nguyén do 14 biéu thirc chi binh dang giira cac bién thoi chir khong phai 13 cac biéu thic dbi ximg.
6) K¥ thuat can bﬁng hé s0 trong qua trinh chon diém roi.

Qua hai muyc trén ta nhan thay diém roi gap phai la nhirng gia tri khong phai la qua kho tim vi deu 1a cac s6
nguyén. Bay gio ta dat tinh hudng khi diém roi khong phai 14 s nguyén nita ma tham chi 1a s6 vo ti thi chic
chin viéc tim khong thuan tién nhu thé nira. Chuyén muc nay trang bi kién thirc co s& cta viée tim diém roi
duoc tu nhién va thuan loi hon.

Ta goi d6 12 phwong phap cin bang hé s6 ( c6 su tuong dong nhu 1a dong nhat hai vé).

Ta s€ rut ra phuong phap thong qua cac vi du minh hoa.

Vidu 7:

Cho x € [0;1]. Tim GTLN cta biéu thirc S =13v/x> —x* +9vx* +x* .

Ta chua biét max S 14 bao nhiéu , ciing chua thé biét diém roi & dau vi khong cé co s¢ du doan. Chinh vi vay ta
can qué trinh mo mim di tim diém roi.

Chon p;q 1a cac 4n gia dinh.

Ap dung BDT Co-si ta co:

B iR ,—1 EIE) pix + )=13(p2—1)x2+13.

2p
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2 2
o 9 1 2 x +1):9(q +1)x +9'
VXt 4+ x* qu x + .

2q

Cong vé theo vé ta duc_rc.
13(p*-1) 9(q° +1
S< (p )+ (q )x2+£+i
2p 2q 2p 2q

Ta can tim p;q sao cho

P =(1-7) (415 ~(g =) =1 [(rF )=o)
q2x2=xz+1 =113 2_1 9 2 1 <1913 2_1 9 2 1 = .
13(p2(1) 9)(q2+1) (gp )+ (q2q+):0 (ip )+ (q2q+):0 q:%
N =0
2p 2q

Tir d6 suy ra x=2TS va §=16.

Vay max S =16 khi va chi khi x:&.

Vidu 8:
Cho cac sb thyc khong am a,b,¢ théoa man a® +2b* +3¢* =1. Ching minh rang :

2a° +3b° +4¢° >

J407°
Chirng minh:
Phan tich:
ta can chuyén tir ¢*;b°;¢” tir diéu phai chimg minh vé thanh a?;b;¢? dé c6 thé st dung gia thiét.
Ta stir dung bién sb gia p;q;r dé can béng hé sb.

3 3 3 2

a+a +p >3pa’; &+£+312%; 203 +2¢ + 217 > 6rc”.
2 2 2 2

Cong vé theo vé ta co ::

3
2a° +3b° +4¢° +p3+3%

2
+2r° >3pa’ + %4 +6rc’ =3p.a’ +%Tq.2b2 +2r.3c%.

p=a,q=b;r=c

2 2 2
= p +2q9 +3r =1.
a’ +2b* +3c* =1 P

Dau (=) xay ra khi va chi khi {

2 2 2
p +2q° +3r =1
:>3p———9q——2r——k———18 .

Bai toan duoc giai quyét néu ta tim dugc p;g;r sao cho
3p:%7q=2r:k>0 4 407

Tur do ta tim duoc p = 6 g = 8 = 9
' V407" 4077 407
Dén day xem nhu 16i giai da dwoc tim ra, ta chi can sap xép, chuyén vé.
6 8 9

b= c= .
Jao7’ T 4077 407

Vay : 2a’ +3b° +4c’ > 127 va dau (=) xay ra khi va chi khi a =
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Binh luin:
Vi diém roi tim dugc nhu trén hiu nhu chiing ta khong thé tim ra qua quan sat truc giac hay phan doan.
Vidu 9:
Cho a,b,c >0 va a+b+c=3.Tim GTLN ctia biéu thirc: T =+/ab +2+ac ++/bc .
Giai:
ap + b qgb+ €

Ta 6 Vab = Jap |2 <—4; Jbe = b |< < 4 2ea=ate,
p q

2
Cong vé theo vé ta dugc:

Tg§[<p+2)a+&+q]b+g+zH.

b c
pa=—;qb=—;
p q p=+3-1
Tacan tim p;q théamin: Ja=c;a+b+c=3 = J3+1-
q:
p+2=l+q=l+2 2
p q

3 3(V3+1)
—

Vay TS%(a+b+c)=

Bai tap dé nghi:

1) Cho a,b,c>0 va a+b+c=23.Chimg minh ring 2(ab+bc+ca)+i+i+iz9.
ab bc ca

2) Cho a,b,c >0 va a+b+c=3. Ching minh rang;

Ji+a® +2bc +31+b> +2ca +1+¢* +2ab <6.
3) Cho a,b,c €(0;1]. Chimg minh rang:

1 1 1 3
+ >

+ > .
a+3b b+3c c+3a 3+abc .
4) Cho a,b,c>0 va a+b+c=1.Chung minh riang:
1 1 1 1
a +b"+c ab bc ca ‘
5) Cho a,b,c>0 va abc =1. Chung minh rang:

ab N bc N ca
a+b+ab b+’ +bc S +a+ca
az(b+c) N bz(c+a) N cz(a+b)
b\/5+20\/2 c c+2a\/z a
6) Cho 0<a<b<c<1.Ching minh ring;
a*(b—c)+b*(c=b)+c*(1-c)<—.
(o) (b (1-0)s g
7) Cho a,b,c>0 va a+b+c=3.Tim GTLN cua biéu thirc:
S =4ab+8bc+6ca. _ ' '
§10.DANH GIA HAM SO TAI BIEN VA TIEP TUYEN HOA.

<l1.

>2.
a+2b\/3
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I. PANH GIA HAM SO TAI BIEN.

1.

Nguyén ly chung:
Bit phuong trinh f(x)>m, Vx e D xay ra khi va chi khi min f(x)>m.

xeD

Bit phuong trinh f(x) <m, Vx e D xay ra khi va chi khi maxf(x) <m..

xeD
Déi v6i ham so bac nhit ta ¢ cac két qua sau:
Hamsd f(x)=ax+b>0, Vx €[m;n] xay ra khi va chi khi min{f(m); f(n)}=0.
Ham sd f(x)=ax+b<0, Vxe [m,n] xay ra khi va chi khi max{f(m);f(n)} <0.
Déi v6i ham s6 béc hai ta co cac két qua sau:
Néu f(x)=ax’+bx+c(a>0) véi x € [m,n] thitaco f(x)< max{f(m);f(n)} .
Néu f(x)=ax’+bx+c(a<0) véi x € [m n] thitacd f(x)>min {f(m)' f(n)}

Trong bai viét nay , ndi dung tu tuong chinh la d6i bién s6, dua mot vé cua bat dang thirc vé theo bién sb vira
d6i va xét ham s6 twong tmg. Duya vao cac nhan dinh & trén ta c6 sy danh gid ham s6 dang xét.

Ta theo doi céac vi du sau, tir d6 rut ra phuong phap.

Vidul:

Chtmg minh rang 2(a+b+c)—(ab+bc+ca)<4 ; Ya,b,c €[0;2].

Ching minh :

Ta xem a 14 4n chinh va xét ham s bac nhit theo bién a 1a:

f(a)=(2—b—c)a+2(b+c)—bc; Vae[0;2].

Taludn c6 f(a)< max{f(O);f(4)}.

Ma f(0)=2(b+c)—bc=4—(2-b)(2-c)<4 ;Vi b,ce[0;2].
Lai co f(2)=4—bc£4.

Nhu vy f(a)émax{f(O);f(4)}£4.BDT dugc chirng minh.
Viduy 2 : ( Tiép Khdc 84).

Cho a,b,c>0 va a+b+c=1.Ching minh rang ab+bc+ca—abc£217.

Chting minh :
Ta c6 vé trai cua (1) duge viét lai 1a a(b+c)+(1-2a)bc=a(1-a)+(1-2a)bc.

2 2
bat x =bc thi ch(bzc) =(l—a) .

4

2
Xéthamsé f(x)=a(l-a)+(1-2a)x; véi 0<x< (1_4“) :

Ta c6 maxf (x) < max {f(O);f[@]} :

. 17 (1-a) | —2a°+a>+1 1]28 ( 1}2( 1} 7
Tal l-a)<~ < - 2 ola—=]| [a+=||< L
alaico f(0)=all-a)< <27 f{ 4 } 4 4{27 “3)\"T%) |7

Nhu vay BDT xem nhu dugc chung minh.
Vidu3:
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Chtrng minh rang (1-a)(1-b)(1-c)(1-d)+a+b+c+d >1; a,b,c,d €[0;1].
Ching minh : ) ) ) )
Xem ve trai 1a ham so bac nhat theo an a ta xét ham so sau:
=[1-(1-b)(1-c)(1-d)]a+(1-b)(1-c)(1-d)+b+c+d ; a[0;1].
Ta c6 min f'(a) :min{f(O);f(l)}.
Véi f(1)=b+c+d+121.Talaico f(0)=(1-b)(1-c)(1-d)+b+c+d.Tacan ching minh f(0)>1. That
vay:
Xéthamsb g(b)=[1-(1-c)(1-d)|b+(1-c)(1-d)+c+d ; be[0;1].
Bing 13p luan tuong tu ta di dén xét g(1)=c+d+1>1 va g(0)=1+cd >1.
Nhu vy ta c6 két luan /(0)>1
Do d6 min f(a)=min{f(0); f (1)} 1. BDT dugc chimg minh.
0;1
Vidu4: "
Cho cac s6 khong &m a,b,c va a+b+c =1. Chimg minh rang o’ +b° + ¢’ +6abczi.
Chtng minh:
Vé trai duoc viét lai : (a+b)3 —3ab(a+b)+c’ +6abc=(1—c)3 -3(1-c)ab+c’ +6abc .

Bat dang thirc tré thanh ab(9c—3)+3c¢” -3¢ +% >0.

b(9c
bat x = abthlxe[ ( )
4 4

2
} Ta c6 hams6 f(x )z(9c—3)x+3cz—3c+% voi xe{o;(l_c) }

Bang 1y ludn nhu trén ta di toi kiém tra :
2 . (I—C)Z (1—0)2 5 3
f(O):3(1—C) >0 va f T :(9C—3)T+3C —3C+Z>O.

Phep chimg minh két thuc.

Bai tdp dé nghi: )

1. Cho céc s0 khong am a,b,c va a+b+c =1. Chiing minh:
a) 1+9abc > 4(ab+bc+ca)
b) 1 . 1 N 1 27

l—ab l-bc l-ca 8
C) 7(ab+bc+ca) <2+9abc .

2. Cho a,b,c [1;2]. Chimg minh ring: @’ +b’ + ¢’ < 5abc.

IL. TIEP TUYEN HOA.

Gid st d6 thi ham s0 y = f(x) c6 phuong trinh tiép tuyén 1a y = g(x). Khi d6 ta xét hiéu f(x)—g(x)=4h(x).
Do tinh chét cta tiép tuyén nén hiéu trén c6 thé phén tich duge thanh 4 (x)=(x-x, ) k (x), trong do x, la
hoanh d¢ tiép diém. Bay gio ta chi can danh gia & (x)1a c6 thé biét duge dau cia né. Bac clia k(x) bay gio bé
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hon réat nhiéu so véi £ (x). Dy 1a mot dicu thuan loi. Sau khi xét dau cia k(x), ta suy ra dau /(x), tr d6 c6

su so sanh can thiét gitra f( ) va g( )

Trong mdt s6 bai toan bat ding thirc d01 xung, biéu thirc can chting minh thudng xuat hién dudi dang ham sO

ctia mot bién nao d6. Bang k¥ thuat tiép tuyén ma y tudng nhu ¢ trén ta c6 thé chimg minh duoc bat dang thirc

do.

Vidu 1:( Héng Kong 2005) .

Cho céc s0 duong a,b,c,d va a+b+c+d =1. Chiing minh rang:
6(a3 +b’+¢° +d3)—(a2 +b* +c +d2) >,

8
Chirng minh:
Xét ham sb dic trung f(x)=6x"—x*;v6i xe(0;1).

\ A < J A ’ < R . . 1 J \ A A 5 A . \ A
Tu bat dang thtrc trén ta dy doan diémroitai a=b=c=d = v Ta xét phuong tinh tiép tuyén ctua do thi ham so

trén tai diém c6 hoanh do x—i Tiép tuyén l1a y—%x—%
1A 5 1) 1 . 5 1
Xét hiéu f(x)—(gx—§]=§( ) (3x+1)20 vOi xe(O;l). Suy ra f(x)z(gx—gj.

0| —

Nhu vy 6(a*+b°+c* +d*)—(a’ +b> + ¢ +d*) = £ (a)+ £ (b)+ f(c)+ £ (d) 2 ;(a+b+c+d)

ool-h

BDT dugc chirng minh.
Vi du 2: (MY 2003)

(2a-|—b+c)2 N (2b+c—i—a)2 N (20+a+b)2
2az+(b+c)2 2b2+(c+a)2 2c2+(a+b)2 -

Cho cac s6 duong a,b, ¢ . Ching minh rang;

Chung minh: . ) i
bay la bat dang thuc thuan nhat bac 0. Ta chuan héa a+b+c=3.

(a+3)2 . (b+3)2 .\ (c+3)2
2a°+(3-a)’ 26°+(3-b) 2 +(3-c¢)
@a +6a+9 b2+6b+9 ¢’ +6c+9

a’—2a+3 b2 2b+3 ¢’ —2c+3

BDT tré thanh <8

<24

M x e (0;3)_
—2x+3’ ) ]

Dy doan diém roi tai @ =b=c =1, nén xét tiép tuyén tai x=1 c6 phuong trinh y =4x+4.
—(x—1)" (4x+3)
x> —2x+3
(a+3)2 .\ (b+3)2 s (c+3)2
2a*+(3-a)" 26*+(3-b)" 2 +(3-¢)

Vi du 3: ( Rumani 2005).

Xét ham sé dac trung f(x)=

Xét hiéu f(x)—(4x+4)= <0; xe(0;3).

Do d6 S4(a+b+c)+12=24. dpcm.

Cho a,b,¢>0 va a+b+c=23.Chimg minh ring :L2+biz+%2a2 +b*+c”.
a c

Chirng minh:
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Do a,b,c >0 nén hién nhién a® +5* +c* < (a+b+c)2 =9 . Do d6 néu trong 3 sb a, b, c6 it nhat mot s nho hon
1 1 1 1

— thi —+—+—>9.BDT dung.

3 a b 8

Xét khi a,b,cZ%. Ta suy ra %Sa,b,cﬁ%

. 1 1 .2 . . J . .
Ta xét ham so ddc trung f (x) = x’ ——z;xe[—;g} . Ta dy doan diém roitai a=b=c=1. Tiép tuyén tai x=1

c6 phuong trinh 1a y =—4x+4. Twr d6 ta x¢ét higu:

(x—1)2[2—(x—1)2}

f(x)—(-4x+4)= 5 >0.Dodo f(x)=-4x+4.
x
Vay f(a)+ f(b)+f(c)=-4(a+b+c)+12=0.BDT dugc chimg minh.
Bai tip dé nghi:
o 1 1 1 2(a2+b2+c2)
1. Cho a,b,c >0 va a+b+c=3.Ching minh rang: —2+b—2+—2+ 3 >5.
a c
2. Cho a,b,c,d >0 va a+b+c+d =4. Ching minh rang : 21 + 21 + 21 >2.
a+1 b"+1 c +1
3. Cho a,b,c >0 va a+b+c=3.Ching minh rang — ! +— ! +— ! <l1.
a+b+c b +c+a c +a+b
, D a b c 9
4, Cho a,b,c > 0. Ching minh rang + + > :

(b+c)2 (c+a)2 (a+b)2_4(a+b+c)
§11. SU DUNG PINH LY VI-ET.

Viée st dung dinh 1y Vi-ét vao chimg minh bat dang thirc dugc tac gia dua vao trong dé tai “ Pinh Iy Vi-ét va
ung dung”. Trong chuyén dé nay xin mot lan nita dugc nhac lai ing dung nay.
Vidu 1:

Cho céc s thuc x, y,zthéa min: x+ y+z=5vaxy+ yz+zx= 8. Ching minh rang 1< x;y;z < 3
’ ) Giai:

Tir gid thict ta xem z la tham so, ta c6 hé phuong trinh an x, y .

x+y=5-z x+y=5-z

f—

xy+z(x+y)=8 xy=8-2z(5-2)

Theo dinh ly Vi-ét thi x, y 1a nghiém phuong trinh:
t* —(S—Z)t +8—Z(5—Z):0.

Do phuong trinh ¢6 nghiém ddi v6i x, y nén :

A=(5-2)" —4[8-z(5-2z) ]20.<:>1£z£%

Do vai tro binh ding ctia x, y,z nén ta c6 két luan tuong tur di véi x va y.
Nhdn xét: Ta c6 thé thay doi yéu cau bai toan thanh:
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. A A o 1A \ xy+yz+zx=8
Tim nghiém nguyén ctia hé phuong trinh: .
xX+y+z=95

Vi du 2:
Cho phuong trinh ax” +bx+c=0(a #0) c6 hai nghiém x,;x, €[2;+00). Ching minh ring :

(4a—b)2+ <) = 2(4a - 2b+¢) (1).
a
Giai:
o : -b
Vi x;,x2 1a hai nghiém cua (1) nén theo hé thirc Vi-étta c6: x, +x, = —;x,x, = <
a a

Bién doi bat dang thirc (1) bang cach chia hai vé cho a ta duoc:

(4_2)(2+\E)2 24-224 5
a a a a

2+x)+(2+ 2
O (Atx, +0,)2 s ) 3 244 2x, 4 2x, +x,x,) e ) F2HN) S

Q+x)2+x,) 2+ xx,
1 2 1 1 2

@2 +2 > & + > )
MR IR T AV C R S V. B P ) LIS
2 2 22
1 2
>

C 1
bat u = ﬁ;v -5 ta thu dugc bat dang thirc quen thudc : + > )
2 2 1+u 1+v 1++uv

( C6 thé ching minh bang bién doi twong dwong) .

Vidu 3:
Cho tam thirc bac hai f(x) = ax’ +bx+c(a # 0) c6 hai nghiém x,;x,thudc [0;1]. Tim gi4 tri 16n nhét cua
biéu thuc : A = w.

ala—b+c)

Giai:

. R . c A aReq iR .
Theo dinh ly Vi-ét ta co: x, +x, = —;x,x, = —. Bién doi biéu thirc A ta dugc:
a a

2 2
X +X, +Xx +X, <74 X, +X, +X +X,

=2+

b b
e (1_2)(2_2) _ I+ x +x)(2+x +x,)

b 1+x, +x, +x,x, 1+x, +x, +x,x, 1+x, +x, + x,x,
a a
I+ x,x, +x, +Xx C . X
<2+ 72 71 "2 <3 Laicovéi b=—-2a=-2c thi 4=3.

I+x +x, +xx,
Vay gia tri 16n nhat ctia 4 1a 3.

Vi du 4:
Gia str phuong trinh: x* —x* +ax+b =0 c6 ba nghiém duong.
, . N 2a-3b+1 3
Chung minh rang: ——— <= .(2)
a-b+2 4

Giai:
Gid su 3 nghiém la x;; x,; x,. Theo dinh ly Vi-ét ta co:
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X +x,+x; =1 xx, +x,x, + XX, =a; x,x,x; =—b.

200,%, + X, X, + XX, ) —3X,X, X, + X, +X, + X 3(x, +x, +x
Thayvéo(Z)tadu‘()’C: (12 27V3 3 l) 17V27¥3 1 2 3< (1 2 3)

XX, +X,X5 + XX, +X,X,X; +1 34+x, +x, +x,4
x X X 3(x, +x,+x 1 1 1 9
L+ 2+ 3 < (4 +x, 3)4:1— +1- +1- <3-
I+x, 1+x, 1+x; 3+x+x,+x 1+x, 1+x, 1+x, 3+x +x, +x
1 1 1 9
+ + >

I+x, 1+x2 1+x, 3+x +x,+x,
Ap dung bat dang thirc Co- si ta c6 ngay diéu phai chirg minh.
Vidu S:
Cho da thirc bac n ¢6 n nghiém thyc:

P(x) = x"+ax"" +a,x" " +...+ a,_x+1 v6i a,>0;i=12,...n.
Chtmg minh rang: P(x)=(x+1)";Vx>0.
Giai:
Pé chimg minh bai toan ta cdn c6 bat ding thirc Minkowski phat biéu nhu sau:

Cho 2n s duong a;;a,; ...; a,va b; by;...;b (ne N;n>2),taco:

2l(a, +b)a, +b,)...@, +b,) 23la,a,..a, +i[bb,..b, (2)

Ta chting minh (2). Ap dung bat dang thirc co-si ta co:

a, a, a, a,a,..a,
+ +...+ > Nn
a, +b, a,+b, a,+b, (a, +b))a, +b,)...(a, +b,)
b + by +o.t b, > ny biby-b,
a, +b, a,+b, a,+b, (a, +b))a, +b,)..(a, +b,)

Cong ve theo veé ta co:

n > n( a,a,..a, N bb,..b, )
B (a, +b)(a, +b,)...(a, +b,) (a, +b)a, +b,)..(a, +b) "

Gian udc va quy dong ta thu dugc diéu can chting minh (2).
Bay gio trd lai bai toan (1).
Do cac a; duong nén suy ra cac nghiém x; ciia phuong trinh déu am.

Theo dinh ly Vi-ét ta c6: x,x,x,...x, =(-1)". Theo bat dang thirc Minkowski ta co
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)2 xx.x +|xx,..n|=x+1

P(x) = g/(x—x).(x—x,)..(x—x,) = q/(x o e+ [ e (x+

xn

Vay : P(x)=(x+1)" (1);x=0.
Vi du 6:

Gia st phuong trinh : P(x) = ax" +ax"" +...+a, x+a, =0 ( a, #0) c6 n nghiém thyc duvong. Chimg
. a a
minhrang : (—=)" > (—)"".
na a,

Giai:

Ap dung dinh 1y Vi-ét va bat dang thirc Co-si ta co:

a,, _ 1 1 S n
= = XXX, XXX, X XX, ) = XX X (— ) 2 XXX -
a, XX, X, X,X,...X,
-1 a n a n-1

n—1 n -1

= a N -l n
=n.(x1x2...xn) n=pn|—=| . Twdosuyra: Z (dpcm).

a, na, dy

Vidu 7:

Gia st x,;x,;x, 1a ba nghiém dwong cuia phuong trinh: ax® +bx* +cx+d = 0;a # 0 (1). Chimg minh rang : x’

3 2
b’c

+x2'+x37 = — ( 45 nam Toan hoc tudi tré).

81a’

Giai:

e s , -b c
Theo dinh ly Vi-étta co:x, +x, +X, = - >0; XX, +X,X;, +X,X; = ;>0.

Ap dung bat dang thirc Bu-nhi-a-cp-xki ta ¢ :
c

(x,%, +x,X; +x,x,)° < (xl2 +x+x;) < xl2 +x0 + x5 2 (XX, +X,x, +x,x;) =—>0 (a)
a

Ciing theo bat dang thire B.C.S ta co: (x1+x2+x3)? <3(x12+x22+x3?)

2

>0 (b). Nhén vé theo vé (a) va (b) ta dugc:

Nén: (xi2+x22+x3%)> 3
a

b’c b’c
0<—<(x+x"+x7)' <3(x +x) +x)) o 0<—<(x* +x) +x]).
3a3 1 2 3 1 2 3 9a3 1 2 3
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Binh phuong hai vé ta lai ¢6 :

71 71 7 1
2\2 —
:1 ¢’ < (N P +x0) = 0027 + X707 +x2d) S(x17+x27+x37)(x,+x2+x3)=(xl7+x27+x37)[—bj
a’ a
, 3.2
Cuoi cung ta thu duge:  xi7 +x27+x37 > — ol ( dpcm).
Bai tdp dé nghi :
1. Gia sir phuong trinh ax’ +(b—a)x2 +(c—a)x—c = 0(1), voi a #0c¢6 3 nghiém 1a do dai 3 canh cua mot
sz , . N 2a—-b
tam giac. Chimng minh rang : —b b >0(2).
+c

2. Xét céac sb thuc a,b,c 520 cho phuong trinh bac hai: ax? +bx +¢=0 ¢ hai nghiém thuc thudc doan [0; 1].
Hay tim GTLN, GTNN cua biéu thuc:
_(@=D)2a=¢) 1 oan hoe tudi tré thang 9-2011),
ala—b+c)

3.Cho da thirc P(x) = x"+ax"" +...+a, x +11a da thic véi hé s6 khong am va phuong trinh P(x) =0 ¢6
n nghiém thye. Chimg minh rang P(2)>3".

(a+l;)2—1x

4. Gia sir phuong trinh : x° — (a +b)x* + +1=0 .

, “ A , . M 1 612 +b2 —1
c6 3 nghiém. Chirng minh rang : 5 < T_'_ ab<1.

5. Cho da thirc P(x)=x"+ax"" +...+a, ,x+a, c6nnghiém thyc.

Chimg minh rang: a’ > 2—”1a2 :
§12. SUDUNG PAO HAM.

Dao ham la mot cong cu toan hoc rat manh va hiéu qua. Nhiéu bai toan bat dang thirc néu sir dung phuong
phap so cap s& rat kho, tuy nhién néu str dung cong cu dao ham thi 10i giai d6i lac lai don gian va ngan gon.
Trong bai viét nay xin dé cap ¢ dén phuong phao dao ham trong ching minh bat dang thuc. Dé sir dung tot
phuong phap nay , hoc sinh can ¢6 kién thirc co ban vé giai tich, nim duoc cac dinh 1y quan trong nhu dinh Iy
Fermat, dinh 1y Lagrange, dinh 1y Rolle. Cac ham s6 duoc xét dén 1a theo mot bién.

Hoc sinh ciing can c¢6 ky nang vé 1ap bang bién thién, xét ham sb dé danh gia. Néu ham can xét xuat hién nhiéu
bién ma ta khong thé phan ly ching, khi do ta xem mot bién chinh va cac bién khac 1a tham sd, sé triét tiéu khi
dao ham.

Vidu 1:

Cho céc s6 dwong a,b,c va a’ +b* +¢* =1. Chimg minh ring — a , b ¢ 33 .

P’+c? F+a’ dF+b 2

Chirg minh:

. L oL o . 2 bZ 2
Tur gia thiét a® +b> +¢* =1 , bat dang thic duoc bién do6i thanh: A + (lc 2) > 3f .
c

a(l—az) b(l—bz)
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Xéthamsd f(x)=x(1-x*); xe(0;1). Taco f'(x)=1-3x"; f'(x)=0<x= 1

Nl
Ta c6 bang bién thién:
X 1
0 — 1
NG
f'(x) ! 0 }
/(%) 2
3V3
. 2
Tu BBT ta tha x)<——=. Nhu vay tasuyra:
y f(x) v dy ta suy
2 2 2
A b I 23\/§(a2+b2+cz)=£.
a(l—az) b(l—bz) c(l—cz) 2
Vi du 2: (Khoi A-2011)
Chox,y,ze[l;4]Vény;sz.TimGTNNcﬁabiéuthﬁ:cP= al + Y 2
2x+3y y+z z4Xx
Giai:
Str dung BDT ! ! vol a,b>0 va ab>1.

l+a 1+b 1+\/7
Dau = xay ra khi a =b hodc ab=1.

Taco P=—t 41 ! Btt—fthlte [1;2]. Khi do ta co:
2+3% 1+5 1+f 2+3y \f
x oy
£ 2
P>——+— . Xéthamsd f(t)= te[l 2]. Ta co:
260 +3 1+t 2t +3 1+t
2|t (4t-3)+3¢t(2t-1)+9
f'(t): [ ( ) > ( 2) ]<0 Do do f(t)Zf(2):£ Dau = xay ra khi va chi khi 7 =2, suy ra
(2t2+3) (1+1) 4

X _4.Dodd x=4y=1.
y

Vay GTNN cua P 1a ? khi va chi khi x=4;y=1.
Vi du 3 : (KHOI D-2007)

b a
Chimg minh rang (2"4—2%) S(2b+21—bj ;a>b>0.
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Chimg minh :
Thuc hién viéc quy dong ta cé: (1 +4° )b < (1 +4° )a . Lay logarit co sb e ca hai vé ta duoc:
In(1+4*) In(1+4°
(147)_m1+4)

In(1+4) <n(1+4') —s—

, In(1+4") 44" ~(1+4")In(1+4")
Xéthamso f(x)=——>;x>0.Tacd f'(x)= ) <0.
X x(1+4x)
Do d6 f(x) la ham giam nén véi a>b>0 thi f(a)< f(b).
Vi du 4 ( D& 150 bo dé 93).
Cho céc s thuc a,b,c e [0;1] va thay ddi. Tim GTLN cua biéu thuc:
-4 b C ma)(1-b)(1-0).
b+c+1 a+c+1 a+b+l1
Chtng minh:
Xem ham sé theo bién a 1a f(a):b+i+1+a+bc+1+a+2+1+(1—a)(1—b)(1—c).
1 b c
Taco: f'(a)= - - —(1-b)(1-c).
)= e (arenty (avary 0N
Lai c6: f"(a)=— 22 2 50,dodé f'(a) 14 him sb ddng bién.

T+
(a+c+1)" (a+b+1)
Ta xét céac truong hop c6 thé xay ra:

+THIL:néu f'(0)20; Vae[0;1], khido f(a)< f(1) 1 b c <1+b+c_1

= + + < =1.
b+c+1 b+1+1 1+b+1 b+c+1

+TH2: néu f'(0)<0 Vae[0;1], khi do :

2.2
f(a)gf(()):LJr ¢ +(1—b)(l—c):1+b+c+bc <1+b+c+bc_1

c+1 b+l l+b+c+bc  l+b+c+bc
+TH3: néu f'(a) doi dau trén doan [0;1], vi f'(a) lién tuc va tdng nén phuong trinh f'(a)=0 c6 duy nhat

nghiém a=a € (O;l) . Ta c6 bang bién thién:

a 0 o 1
f'(a) - 0 +
f(a) 1(0) S
/(@)
Tir bang bién thién va dé y rang f(0)<L f (1)<l néntacod f(a)<1.

Vidu5:

Cho cac sb thuc a,b,c thoa man diéu kién a <b<c; a+b+c=6;ab+bc+ca =9 . Ching minh rang:
0<a<1<h<3<c<4.

Giai:
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Dit p=abc. Xéthamsd f(x)=(x—a)(x—b)(x—c)=x"—6x"+9x— p ( theo gia thiét).
x=1

Ta co f'(x)=3x2—12x+9;f'(x)zO@[ 3
X =

1).
Méf()=4—p;f()=—p;f() -p f() 4-p.
Dod6 0< p<4,suyra f(0)<0; f(4)>0.Vay 0<a<

Bai tdp dé nghi :
1) Ching minh rang véi moi s6 duong a,b,c ta co:
a3+b3+c3>az+b2+c2
P+c c+a’ a+b b+ F+ad at+b

2) Chimg minh rang véi moi x € [O;l] , ta ¢ bat dang thirc sau: x(9\/1 +x7 +13V1-x7 ) <16.

3) Cho cac s6 thuc duong a,b,c théa man 21ab +2bc +8ca <12. Tim GTNN biéu thirc:

P(a,b,c):l+g+E ( Viét Nam TST 2001)
a b c

§13. PHUONG PHAP PHAN TiCH TONG BINH PHUONG S.0.8
Co sd cua phuong phéap phan tich tong binh phuong S.0.S chinh 1a cac dinh ly Hilbert .
Dinh ly Hilbet 1:

Néu da thuc F(a,a,,...a,) thudn nhat va khong 4m trong mién D, tic 13 F(a,a,,..,a,)>0,Ya,,a,,..,

c6 thé biéu dién F(a,,a,,....a,)=p; + p; +..+ p; voi p, 1a cac ham hitu ti thyc.
Dinh ly Hilbert2:
Néu da thie F(a,,4a,,...,a,)khong thudn nhét va khong Am trong mién

Ay
a,>0,a,>0,...,a,>0,a, +a, +..+a, <1 thi F(aa,,...,a ch war (l1-a,—a,—...—a,)

Trong d6 «,,a,,..., 1a cac sb nguyén khong am va ¢, >0.

n+1

Phwong phap S.0.S: o i
Xét bat dang thue 4 — B >0 trong do6 c6 chua a,b,c . Gia st ta bién doi duge vé dang :

S=A-B=S,(b—c) +S,(c—a) +S,(a=b) 20 (1).

Ta xét cac ménh dé sau:

MD1:

Néu S,,S,,S >0 thi hién nhién ta co S >0. DAy la trudng hop tim thuong.

MD 2:

Cho céc s6 thuc a,b,c, S.,S,,S, thoa man hai diéu kién :

1) S, +S8,20;S,+5.20;S.+S,2>0.

iiyNéu a<bh<c hoic a>bh>c thi §,>0.Khidotaco S=5,(h—c) +8,(c—a) +S,(a—b) >0
Chtng minh:

Khong mat tong quat ta gia st a <b < ¢ thi S, 2 0. Khi do ta co:

()& S,[(c=b)+(b—a)] +S,(b—c)’ +S.(a=b) 20
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& (8, +8,)(b—c) +(S,+S.)(a—b) +28,(c—b)(b—a)>0 (luén ding).
MD3 :
Cho céc s6 thuc a,b,c, S..S,,S. théa man diéu kién :
Néu a<h<c hoic a>bh>c thi S, >0,S. >0 va S, +25, 20,5 +28, >0.
MD4:
Cho céc sb thue a,b,c, S.,S,,S. thoa man diéu kién :
Néu a<bh<c thi §,>0,, >0 va b’S, +c’S, >0.Khido
(S,+8,)(b—c) +(S, +S.)(a=b) +28,(c—b)(h—a)>0.
MBD5:
Cho céc s6 thuc a,b,c, S..,S,,S, théa man 2 diéu kién :
1) S,+S,>0;8,+S,.>0,S +S,>0;1ii) S,.5,+S,.5.+5..5,20.
Khido (S, +S,)(b—c) +(S,+S,)(a—b) +25,(c-b)(b-a)>0.
MD6:
Cho céc s6 thuc a,b,c,S,,S,,S, thoa min 2 diéu kién :
1) a<b<c hoica>b=>c.

ii) Ton tai s6 & >0 sao cho S, +a2.SC+(05+1)2 S, =0.

|a—b|2a|c—b| |c—b|2a|a—b|
ii) S, +S, 20 hodc (S, +S, =0
s +2t g 50 s +%% g 50
a a
HQ:(a =1

Cho céc s6 thuc a,b,c, S..S,,S, théa man 2 diéu kién :

|a—b|2|c—b| |c—b|2|a—b|
1) a<b<c hoic a=b=c;ii) S,+S§,+4S,20;1ii) 15, +S5,>20 hodc <S5, +S,2>0
S +28,>20 S, +25,20

Khi d6 (S, +S,)(b—c)’ +(S, +S.)(a—b) +28,(c—b)(b—a)>0.

Dinh 1y vé phép biéu dién S.0.S: o o
Gi~é st hai da thl'{c hoén vi thuan nhat A,B c6 cung bac va cung bién s6. Khi d6 hiéu cua hai da thirc c6 the bicu
dien dudi dang tong binh phuong S.0.S

2
a0 a, B By _ _
E a'.a,..a, E a;'.ay..a, —Pij(a)(a,. aj)

cye cyc

n

i=1"

trong d6 o, +a, +..+a, = B+ B, +..+ f,=m va a={a,}
Sau day 1a mot s6 biéu dién minh hoa céac truong hop dac biét:
(a—b)er(b—c)2 +(c—a)2

2

a’+b*+c*—ab—bc—ca=
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a3+b3+c3—3abczwna—b)2+(b_c)z+(C_a)2}

(a—b)3 +(b—c)3 +(c—a)3 .
3
(2a+b)(a—b)2 +(2b+C)(b—C)2 Jr(2c+a)(c—a)2

a’b+b’c+c*a—ab® —bc* —ca’ =

a+b+c—a*b-b*c—cta=

(3a2 +2ab+b2)(a—b)2 +(3b2 +2bc+cz)(b—c)2 +(3c2 +20a+az)(c—a)2
2 .

a+bt+ct—a’b-bc-ca=

ab+bc+cta—ab® —bce® —ca’ = a+§+c[(b—a)3 +(c—b)3 +(a—c)3]

(a—b)2 (a+b)2 —i—(b—c)2 (b+c)2 +(c—a)2 (c+a)2 '
2

Sau day ta xét mot s6 vi du minh hoa cho phwong phap S.O.S.
Vidul:

4 4 4 212 2.2 2 .2
a +b" +c"—ab"-bc"—ca =

Cho a,b,c>0. Chimg minh rang (ab+bc+ca) ( lb)2+(b1 )2+( 1 ; S
a-+ +c c+a

|

Chtng minh:
b+c=2x a=—-x+y+z

Khong mat tong quét ta gia st c>b>a>0.Piat {c+a=2y<b=x—y+z = x,y,z 1aba canh ciia tam
a+b=2z c=x+y-z

giac. o

Do c>2b>a>0 nén x> y>z>0. Bat dang thic tro thanh

1 1 1 9
2xy+2yz+2zx —xt —y* —z* + + >
(227 +2y 4 )[4)& 4)° 422} 4

<:>(2xy+2yz+22x—x2—yz—zz){é+%+%}29©2(x—y)2 (i—%jZO

y z cye Xy Zz
vz X Tl oy Xy z

Bét dang thtrc tro thanh S, (y—z)2 +8S, (z—x)2 +Sz(x—y)2 >0.
Dox>y>z>0va y+z>xnén §,>0; S, >0. Ta chimg minh V'S +2°S. >0 X+ 2 xyz.

Do y+z > x nén ta chi can chirg minh y3+z32(x+y)yz<:>(x—y)2(y+z)20.
Vi du 2: (IMO 2005) .
Cho a,b,c la céc so6 thuc duong théa man abc > 1. Chimg minh rang :
5 2 5 72 52
S= 5a 2a 7T sb 2b 7T sc 2C 720.
a+b"+c” b +c"+a c+a +b
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Ching minh:
Ta dua ve dong bac bac cach sir dung abc >1 ta co:

S2

2a" —a* <b2 +cz)

a’ —a’(abe) b’ —b’*(abc) ¢’ —c*(abe) a*—a’bc
+ + =>
a’ +(b2 +cz)(abc) b’ +(c2 +a2)(abc) c’ +(a2 +b2)(abc) ~a —i—(b2 +

2x2—x(y+z)+2y2—y(z+x)+222—z(x+y)

2xz+(y+z)2 2y2+(z+x)2 2zz+(x+y)2
2 2 2

X % ) X +Y —xy+z +22(x+y)

=) (x—y - => (x—y >0.

;( )(2)624'()/4—2)2 2y2+(z+x)2J ;( ) [2x2+(y+z)2}[2y2+(z+x)1

Dau dang thirc xdy rakhi vachikhi x=y=z<a=b=c.

Vidu 3:

Dit x=a’;y=b*;z=c". BDT tré thanh S >

Cho a,b,c1a do dai ba canh cia mot tam giac. Chirmg minh rang 3(%+é +£] > 2(2 + E—i-éj +3
c a
Chtng minh:

Thuc hién quy dong ta c6 (1) <:>3<a c+b’a+c’ b) ( b+b’c+c’ a)+3abc
<:>3[(a3+b3+c ) a c+b2a+c2b} 2[ a+b+c ) ( 2b+bzc—i-cza)]+(a3-|-b3+c3)—3abc

& X (2a+b)(ab) <23 (2a+b)(a-b) + LY (a-b)

cye cye cyc

@(a—b)z(Sa—5b+3c) (b—c) (5b—50+3a)+(c—a)2(50—5a+3b)20.

Taddt S, =(5a—5b+3c); S, =(5¢—5a+3b); S, =(5b—50+3a),taduaBBTVé
S=S,(b—c) +S,(c—a) +S,(a=b) 20

Khong mat tinh tong quét ta gia sir b nam giita a va c. Ta xét 2 truong hop :

TH1: ¢c>b>a.Khidd S, =(5¢—5a+3b)>0; S, +S, =8b—2a>0;S,+S,=8c—-2b>0.
Ap dung MD2 ta c6 diéu phai chirg minh.

TH2: c<b<a.

Khi d6 S, +S, +4S, =18c+12b—12a >12(b+c—a)>0.
la-b|>|c-b|=c>a-b>b-c=2c>b=S5,+S, =8c-2b>4b-2b=2b>0

= 8. +28,=85,+S5.+8,>8,+2b=5(c—a+b)>0

+Néu [c—b|2|a—b|=>b-c2a-b>20=>2b>a+c>a=S,+S,=8-2a>4a-2a=2a>0
=8,+2S5,>S,+2a=5c-3a+3b>0.

Ap dung MDP6 ta co diéu phai chirg minh.
Vi du 4:
Tim hing s6 k 16n nhét (k > 0) sao cho bat dang thirc sau ding v6i moi a,b,¢ >0.

+ Né

a N b N c +kab+bf+c?_k 3 (1)
b+c c+a a+b a +b +c 2

Chirg minh:
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Oe X3 (1% @

e \b+c a’+b*+c

rabitnasi 341l (et el s L] }12%

ae\b+c ae\b+c b+c " c+a -
Nén BPT cﬁn chung minh tuong duong:
) ab+be+ca (a-b) 2(a2+b2+c2—ab—bc—ca)
_Z 2 k| 1- 2,12, 2 QZ >k 2, 12, 2
b+c c+a) a +b +c e (b+c)(c+a) a +b +c

R . (b, (a=b) ]
z Z Z:{(b+c)(c+a) ka2+b2+cz}_0.

- (b+c) c+a e a +b2+c -

@Zab

cye

2{%%}20 (3).

Diéu kién can:

a
a +2b2 b
a+b (

j+2
Trong(3)chob:c¢a,tacék< Vé’il=£>0.
a

+1)
b

J3-1
—

2

Bang cach tim mién gia tri cia u(¢) ta duoc u >

biéu kién du:

. . -1 ey .z L oaa o
Bay gio ta chung minh £ = la gia tri tot nhat dé cua bat dang thuc (1).

2 2 2 2 2 2 2 2 2
Trong () tadat § = LA g @b o @abr o 31
(c+a)(b+a) (a+b)(c+b) (b+c)(a+c) 2
Khong mét tinh tong quat ta gia st a>b>c= S, <S5, <S..
2 2 2 2 2 2 24 p? 2 b+2
Xét S, +S, = a +b +c L. a +b"+c” :(a +b +c )(a+ + C)—Zk.
(c+a)(b+a) (a+b)(c+b) (a+b)(b+c)(c+a)
Bgu:%,khidé:
(a+b)2 5
2t+2
{ 2 ‘ ( °) (2t2+cz)(t+c) W 4t
S +S§,2 —2k> >—2k=—-—-2k.
2t(b+c)(c+a) t (b+c)+(c+a)} t(t+c)
2
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2 2
c c
o () +2 (J +2 B
Nhu vy Sa+szz[M—kj=2 ~ k|20, do Y zﬁ Lk,
2v(vie) 2(c+1j 2(C+1j 2
v v
Do §,<S,<S vaS, +S,>0nén S, >0 dong thoi ta clingsuyra S, +S,>0; S, +5, >0.
Ap dung MP2 ta c6 diéu phai chimg minh.

Vay k= _ 1a hang s6 16n nhét dé bat dang thirc (1) thoa man.

Yidy 5: e -
Cho a,b,c>0.Tim hang sO k£ tot nhat cua bat dang thic:
(a+b+c)(l+l+lj+k—ab+bc+ca

a b c

a’+b* +c? 29tk (1)

Giai: o
Ta bién do1 BDT

(a+b+c)£l+l+1j_9: (b—c) +(c—a)2 +(a—b)2

a b c bc ca ab

.. ab+bc+ca (1)—0)2+(c—a)2+(a—l))2
Val- =
a’+b* +c? 2(a2+b2+c2)

k 2 2
Nén bat dang thirc tré' thanh b—c) 20 > S (b—c) 20.
s ;(bc 2(a2+b2+c2)J( ) ; (b=e)
Trong do ta dat S, = 2a(a2 +b? +cz)—kabc ;5 S, =2b(a2 +b? +c2)—kabc ;S =2c(a2 +b? +cz)—kabc.
Dé tim gia tri toi vu & ta lam nhu sau :

2

Trong (2) cho b=c thi (2) < S, 20 2(a’ +2b) ~kab> 0 = 2(a—~/2b) +(442~k)ab>0
Lai cho a =2b ta duoc k£ < 42 .
Bay gio ta s& chirng minh bat dang thirc dung khi & = 42 .
Khong mét tinh tong quat ta gia sit a>b>c =S, > S, > S, . Mt khac

S, +8, =2(b+c)(a* +b* +c*)~8\2abe > 4be (a* +2bc) -8 2abe = 4@(a—x/2bc)2 >0.
Sir dung ménh dé 2 ta c6 diéu phai chimg minh.
Vay k= 442 1a hang s tot nhét.

Vidu5:
. 3 £ X £, . bc ca ab 3
Cho a,b,c>0. Tim hang so tot nhat cua BDT : — s+ st ——— > <—.
b+c +ka~ c +a " +kb° a +b +kce 5

§13. SANG TAO BAT PANG THUTC.

Khi lam toan nguoi ta ¢6 nhan dinh rang nguoi giai duge mot bai toan thi van chua giai quyét tron ven
dugc ca van dé ma phan con lai thudc vé ngudi ra dé toan d6. Qua that dé ra dugc 'm0t bai toan thi nhan thirc
clia ngudi ra dé phai trén mot bac so v4i bai toan d6 hay it ra ho cling da phai c6 sin so do giai trong dau. Khi
doc dé thi Pai hoc, dé HSG hr:ing nam , toi luén danh mgt sy kham phuc ddi véi nguoi ra dé thi do.

67
THPT Phan Boi Chdu (mobile:0982.91.41.81) Binh Duwong




Nguvén Thanh Nhdn (nhantoanpbc@email.com) Biit Déng Thirc

S& chua tron ven néu sau khi ciing trao ddi cac phuwong phéap chimg minh bét dang thirc ching ta lai
khong tim hiéu xem céc dé toan dé dugc ra nhu thé ndo, hay thir ra mdt bai todn chang han . Nhi€u bai toan kho
d61 khi lai c6 xuat xu tur nhimg suy luén hét sirc don gian. Mot d€ toan duoc xem la hay néu phat biu cua né
don gian, co céu trac dep mat nhung doi hoi kha nang tu duy cao va cac phat biéu la t6i wu. Nhung thiét nghi du
mot dé Toan c6 hay nhu thé nao thi cling c¢6 xudt x tir mot sy kién ndao do. Bai viét nay xin dé xuat mot sb
hudng suy luan dé din dén mot bai toan bat dang thirc.

Vidu 1:

Chéng han tir diéu hién nhién: x* —(y —2)2 <x’,suyra (x—y+z)(x+y—z)<x’.

Tuong ty (y+z—x)(y—z+x)<y*; (z+x-y)(z—x+y)<z’. Taco thé dua ra bai toén sau:

Bdi todn I: Chimg minh rang néu a,b,c 1a d dai ba canh ctia mot tam giac thi ta co:
(a+b—c)(b+c—a)(c+a—b) <abc.

Vidu2:

Tir diéu kién x,y >0 tacod x* +y° > x>y +xy*. Ta dua ra cac bai toan sau va thay ddi ti gia thiét:

a+b _a+b

Pita=x>0;b=y>0taco > . Ta c6 bai toan :

2ab 2
Bai toan 2 : Cho a,b,c > 0. Chirng minh rang :

a+b b+ C+d’
+ +
2ab 2bc 2ca

>a+b+c.

s o203 3 2 2 1 1 z x £ N
Talaicd X +y" +xyz2x"y+xy" +xyz = ——— < = dan dén bai toan sau.
X+ 4xyz xwy(x+y+z) wz(x+y+z)
Bai todn 3: .
Cho a,b,c > 0. Chung minh rang :

1 1 1 1
3 3 + 3 3 + 3 3 < *
a +b +abc b +c +abc ¢ +a +abc abc
Néu cho thém gia thiét xyz =1, bang phép dat x* =a;y’ =b;z* = ¢ ta c6 bai toan sau :

Bai toan 4 : .
Cho a,b,c >0 va abc =1. Chiing minh rang :
1 1 1
+ + <l1.
a+b+1 b+c+l c+a+l
Vidu3:

Tir bat dang thic l+lz
X y Xx+y

(*) voi x,y>0. Ta c6 bai todn sau :

Bai toan 5 :
Chiing minh rang néu a,b,c 1a @6 dai ba canh cua tam giac thi ta c6 :
1 1 1 1 1 1
+ + >—+—+—.
a+b—-c b+c—a c+a-b a b c

" n+l
Cungm(*)tacoL+Lﬂ>2/1 oL |2 —, ne N, tacd bai toan sau :
x" oy X \/E (x+y)

Bai toan 6 :
Ching minh rang néu a,b,c 1a d6 dai ba canh cua tam giac thi ta c6 :
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1 1 1 1 1 1 .

—+ —+ —> n+—n+7,neN.
(a+b—c) (b+c—a) (c+a—b) a b c
+ ! >

a+3b b+2c+a a+2b+c

Dung (*) ta co

ta ndy sinh ra bai toan méi :
Bai todn 7 : .
Cho céc s0 duong a,b,c . Chung minh rang:
1 1 1 1 1 1
+ + > + + .
a+3b b+3c c+3a a+2b+c b+2c+a c+2a+b

g +1)’
Lai dung (¥) L4+L= X LA‘Z ()z )4 > 64x
X y x +y X +y

+

oy — va tuong tu. Ta c6 bai toan :
Bai toan §:
Cho a,b,c 1a cac s6 duong. Chung minh rang :
2a N 2b N 2c < 1 N 1 N 1
a®+b* b +ct C+at ot b

Vidu4:
N . . £ a b c 3
Tur bat dang thirc Nesbit cho 3 s6 duong : + + >— ().
b+c c+a a+b 2

Neéu nhan vao ca hai vé cua (*) voi (a +b+ c) va tién hanh thu gon ta c6 bai toan mai :

Bai toan 9 :

2 2 2
£ , C a b c a+b+c
Cho céc s0 duong a,b,c . Ching minh rang + >

b+c c+a a+b 2
Thém vao gia thiet a+b+c =3 hodc abc =1 ta thu dugc két qua :

a’ b’ >3

+ +-5 >—.(**)
b+c c+a a+b 2
Trong (**) ta thay x = l;y = %;z = 1 ta co bai todn moi.
a c

Bai toan 10 :
+ ! + !
x3(y+z) y3(z+x) 23(x+y)

Chung minh rang v6i x, y,z >0 va xyz =1 ta cd > % (IMO-95).

Vidu5:
Dfmé bat dang thirc B.C.S va bat ding thirc Co-si ta chimg minh dwoc bai toan sau :
Cho x,y,z>0 va xyz=1. Chimg minh rang x* + y°* +2° > x+ y+z (¥).
Bay gid néu dat x =2y =2";z=2° thi véi xyz=1 dan dén a+b+c=0. Ta c6 bai toan :
Bai toan 11 -
Cho cac sb thuc a,b,c va a+b+c=0.Chting minh rang :
8" +8" +8 >2" 42" +2°
( PHQG Ha Noi khoi A-2000).
Vidu6:
Str dung BDT Co-si ta chirng minh dugc bai toan don gian nhu sau :
Cho a,b,c>0. Chimg minh rang : (a+b)(b+c)(c+a)=8abc.
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b ‘ b
Tuodotaco 8 4 ¢ <1.Neéutadat x= 4 ;Y= 1z = ¢ ,thitacod:
b+cc+aa+b b+c c+a a+b
1 1 1
+ + =2.
I+x 1+y 14z
Nhu vay ta c6 bai toan méi :
Bai todan 12 :
, A 5 ~ 1 1 1 , . N 1
Cho céc so duong x, y,z thdéa man + + =2. Chuing minh rang xyz <—.
I+x 1+y 14z 8
Tir d6 ta c6 bai toan tong quat sau :
Bai todn 13 :
. 1 1 1
Cho n s0 duong x;;x,;...;x, thoa man + +..+ =n-1.

I+x  1+x, I+x,
1

(n=1)

Chig minh rang: x,.x,...x, < —.
Binh luén :

Trén day ta cung dung lai mot sd qua trinh thiét 14ap bat dang thirc méi, ta nhan thiy hiu nhu ching duoc sing
tao tir cac bat dang thuc co ban. ‘Tuy theo dyng ¥ cua ngudi ra dé sé& tao ra vO van bai toan khac nhau. Ta c6 thé
thdy viéc ching minh mot bat dang thirc gidng nhu viéc tim lai cac ddu vét cia mot con dudng di tir bat dang
thire xuat phat toi bat dang thirc can chimg minh ma dé bi x6a. Qua trinh tim tdi va sang tao s& tim ra nhiéu con
duong di ngan hon va d& di hon.

PHAN THU I
KET QUA.

Trén day 1a noi dung ciia dé tai ” Bat dang thirc ”. Viée ap dung dé tai vao thuc tién giang day duoc
thuc hién theo timg phan. Dé tai duoc phat huy t6i da & cac 16p luyén thi dai hoc va bdi dudng hoc sinh gioi.
Sau day 1a phan két qua :

1) Sir dung & 16p luyén thi Dai hoc :
Trong dé thi Pai hoc do tac gia bién soan co cau Bat dang thire thi trong 16p di c6 mot s6 hoc sinh giai quyét
duoc . Sau day 1a liét ké diém thi dai hoc cia mot sé em tiéu biéu.
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Lop- nién khoa Hoc sinh giai quyét duoc bai Bat déng thirc Piém thi dai hoc moén Toan

LOP 12A trndam | 1. Nguyén Thi Yén Nhi 8,5( Khdi A) 9,5(B)

2008 dén 2012 2. Bui Thi Thu Nga 8(A) 9(B)
3. Nguyén T.Mong Tuyén 8 (A) 8.5(B)
4. Nguyén Thi Thity Quynh 8 (A) 8(B)
5. Pham Xuan Ha 8(A) 8(B)
6. Nguyén Puc Tuyén 7,5(A) 8(B)
7. Bui Van Thanh Hao 8,5(A) 9,5(B)
8. Chau Nguyét Qué 8(A) 9(B)
9. Luu Buc Trung 8(A) 8(A)
10. Ng6 T.T Trang 8(A) 8,5(B)
11. Nguyén T.M§ Thu 8,5(A) 9,5(B)
12. D6 Thi Trang 8,5(A) 8,5(B)
13. Nguyén Viét Xuan 8,5(A) 9(B)
14 Nguyén Thi Cam Tu 8(A) 9(B)
15.Lai Thi Anh Thu 8(A) 8(B)
16. Keo Hoang Phuong 8(A) 8(B)

2)  Sir dung & chwong trinh Boi dudng hoc sinh gioi:

Chuyén dé nay tac gia hang ndm van st dung dé day doi tuyén hoc sinh giéi , va budc dau ciing cho thay da c6
duoc mot s6 két qua. Hoc sinh dugc boi dudng da cam thay tu tin hon trong bai toan bat dang thirc. Mot s em
cling da dat dugc mot sb gidi cép Tinh.

Ho va tén hoc sinh Tén giai thuong
Nguyén Thi My Thu Luong Thé Vinh( giai IT)
Nguyén Viét Xuan Luong Thé Vinh( giai II)

Do Thi Trang Luong Thé Vinh( giai IT)

Lai Thi Anh Thu Luong Thé Vinh( Khuyén khich)
Nguyén Thi Thuy Violympic( khuyén khich)
Hoang Hai Gidi toan Casio ( gidi II)

Sau khi ap dung chuyén dé ndy vao giang day , toi nhan thdy rang d6i v6i hoc sinh kha gioi da giai cac bai tap
vé bat dang thuc tot hon, ndm duoc cac ki thuat chirg minh bat dang thirc mot cach ¢ cin ban. Cac em da tiép
can va chirg minh bat ding thirc chu dong hon trudc. Nhiéu em da biét sir dung linh hoat cac phuong phap dé
chtrng minh nhitng bai bat dang thtrc khé. Cac dang bai tip vé tim Max, Min ciing dugc xt 1 thanh thao hon
trude khi dé tai duoc trién khai.

Du rat ¢b gang trién khai téi hoc sinh , nhung do noi dung kién thtrc twong ddi kho nén d6i twong hoc sinh nim
bat dugc chua nhiéu. Tuy vy , tac gia cling manh dan viét dé tai nay gidi thiéu véi quy dong nghiép gan xa. Du
ban than d3 rat cd gang tim toi trong qua trinh viét, nhung do nang luc va kinh nghiém con nhiéu han ché nén dé
tai s& khong tranh khoi nhimg thiéu sot. Mong dugc sy thong cam va chia s& dé dé tai duoc hoan chinh hon.
Cudi cung xin duoc cam on cac dong nghiép bd mon Toan , Ban gidam hiéu truong THPT Phan Boi Chau da
dong vién, gitip do t6i hoan thanh dé tai nay.

Minh Hoa, thang 2 nam 2013.
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Panh gia cua hoi dong khoa hoc trudng Nguoi viét dé tai

NGUYEN THANH NHAN

TAI LIEU THAM KHAO
Trong chuyén d& nay c6 sir dung mot s tai liéu tham khéo:
- Nhirng vién kim cuong trong bat dang thirc , tac gia Tran Phuong , NXB Tri Thirc 2009.
- Céc phuong phap chimg minh Bat dang thuc , tic gia Tran Tuan Anh, NXB Tdng Hop 2005.
- Tap chi Toan hoc va tudi tré, NXB Gido duc.
- Tuyén chon theo chuyén dé Toan hoc va tudi tré, tap 1 dén 5, NXBGD.
- Sang tao Bt dang thuc, tac gia Pham Kim Hung , NXB Ha Noi 2010

PHU LUC
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