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1) Ly do chon dé tai:

Nhu ching ta d biét, Toan hoc c6 vai trd rt quan trong trong nghién ctru khoa hoc va
doi séng xa hoi. Vi¢c giang day va hoc tap dé linh hoi dugce kién thirc Toan mot cach ving
vang doi hoi ngudi day va hoc phai c6 mét su dau tu cong phu va ding phuwong phap. Kién
thirc Toan can phai trinh bay va nam bat mot cach c6 hé thong.

Vé chu dé dinh 1y Vi-et va @ng dung , t6i thdy dd c6 nhiéu tac gia viét va xuit ban ,
nhung da phan chi 1a mot tng dung riéng 1é vao mot dang bai tip nao d6. Chua thiy tai
liéu nao viét dudi dang chu dé riéng vé dinh 1y Vi-et. Diéu d6 thoi thic toi viét dé tai nay

nhiam muc dich hé théng lai hoan chinh hon.

Ban than sau mot s6 ndm giang day mon Toan c6 rat ra nhan xét 12 hoc sinh thudng nim
kién thirc Toan mot cach cuc by chir khong hé théng duoc kién thic. Cac em thuong it
thidy dugc mbi quan hé gilta cac van dé toan hoc v6i nhau. Chinh vi thé nén khi gip cac
van dé toan c6 cung ban chat nhung phat biéu ¢ dang khac thi hoc sinh thudng t6 ra lang

ting va bé tac.

To1 xin dua ra day vi du . Co6 1an t61 cho hoc sinh giai bai tap sau:

X+ (m+2)x+3m+2
x+2

Tim m dé ham s6 y = co cuc tri va khoang cach gitra hai diém cuc tri

bang 5.

Hoc sinh sau khi biéu dién toa d6 cuc tri theo nghiém cua y’, dé tinh khoang cach b@fmg 5,
da s6 cac em déu cb gang giai tim nghiém xi;x» ctia y’ rdi ding cong thirc khoang cach.
Loi giai theo hudng d6 thudng rt cong kénh khi nghiém y’ chira cin thirc, nén tinh toan sé
rat kho khan va thuong 1a tht bai.

Tuy nhién néu cac em biét st dung dinh 1y Vi-et dé dwa vé tong va tich thi don gian biét
may. Nhu thé cac em da khong thay duoc UNG DUNG ciia dinh 1y Vi-et trong truong hop

nay.

THPT Phan Boi Chdu — Binh Duong




SKKN Dinh li Vi- ét va irng dung Nguyén Thanh Nhin

Qua qua trinh giang day va nghién ctru , t6i thiy @ng dung ciia dinh 1y Vi-et 13 rat
phong phii, né xuit hién trong nhiéu dang toan c6 lién quan t6i nghiém ctia phuong trinh
da thtrc. Vi thé t6i quyét dinh chon dé tai :

DINH LY VI-ET VA UNG DUNG.

Nham hé thdng lai cac dang toan c6 lién quan téi tinh chit nghiém ctia phuong trinh
da thirc. Dé tai dé cap toi nhiéu dang bai tap, mdi dang c6 sb luong bai tap phong phi, du
cho hoc sinh c6 diéu kién dé nhan ra ban chét cua timg dang. Qua dé tai nay , hi vong
mang dén cho hoc sinh cai nhin tir nhiéu phia ctia dinh 1y Vi-et, ciing nhu thiy dugc vai trd

to 16n cua nod trong b0 mon Todan.

2) Muc dich nghién ciru dé tai:

Bén than hang nim c6 tham gia bdi dudng hoc sinh gidi Toan trong nha truong ciing
nhu tham gia luyén thi dai hoc. To6i cb géng duc rat, xau chudi toan bd kién thirc ma ban
than thu thap dugc thanh mot chu dé vé dinh Iy Vi-et. Mong mubn né ¢ thé giai quyét
duge mot 16p cac bai tap dién hinh cta chuong trinh boi dudng hoc sinh giéi va chuong
trinh thi Pai hoc.

Céc vi du minh hoa ¢ day cling dugc rat ra chu yéu tur hai ky thi d6, mét s6 thi du do ban
than sang tao ra. Mong mudn dé tai c6 thé dén v4i dong dao hoc sinh, nham giup cac em

dat két qua cao trong céac ky thi sap ti.

Qua d& tai ndy c6 thé gitp hoc sinh c6 nhiéu phuong phap giai cac dang bai tap co lién
quan t&1 nghiém cua phuong trinh.
Viéc nghién ciru dé tai giup toi c6 mot tai liéu mang tinh hé thdng vé dinh 1y Vi-et, phuc vu
cho cong tac giang day va bdi dudng cua minh. Qua nghién ctru dé tai , gitp toi tu tin hon

trong cong tac giang day.
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Mot muc dich nita cua viéc nghién ctru dé€ tai 1a ban than mong muodn cé nhi€u di€u

kién dé giao luu, hoc hoi , trao d6i chuyén mén véi ban bé dong nghiép.
3)Nhi€ém vu cua viéc nghién ciru dé tai:

Qua trinh nghién ciru dé tai dé ban than trau doi thém kién thirc chuyén mén va nghiép
vu. Céch thitc thuc hién mot d¢ tai khoa hoc 1a nhu thé ndo. C6 diéu kién dé trao d6i nhiéu
hon véi thay co trong to Toan vé cac van dé Toan. Quan trong hon nira 1a dua t6i cho hoc

sinh mot sé dang bai tip c6 tng dung cao trong cac ky thi, giup cac em c6 két qua tot hon.

Dé tai ma tac gia thuc hién véi nhiém vu 1a gitip hoc sinh cai tién phuong phap hoc
tap. Biét quan tdm t6i ban chit Toan hoc trong mdi phat biéu. Cach trinh bay cua dé tai tir
mirc 46 d& dén kho, nham ting budc gitp hoc sinh ning cao va kién thirc va ki ning cua
minh.

Pé tai khi duoc cong bd, né phai gitp hoc sinh nim ving hon vé cac tng dung cua dinh Iy
Vi-et. Lam t6t hon cac dang bai tdp ma cac thé hé hoc sinh trudc dang con lung ting va bé

tac.

Mot nhiém vu nita ctia dé tai ma tac gia thdy can thiét 1a dua dén cho hoc sinh kha ,
gidi mot tai lidu bd ich, duoc chét loc mot cach cong phu. Qua dé tai ndy, cac em c6 thé
tim tha“iy cho minh nhiéu vi du thd vi.

4)Phwong phap nghién ctru dé tai:
4.1) Phuong phap tiép cin van dé :

Dé tai ndy duoc tac gia ap U tir nhitng nim 2007 sau mot thoi gian tham gia giang day.
Tu d6 dén nay, tac gia da tiép can v&i nhiéu khoa hoc tro, tiép can v&i nhiéu dé thi dai hoc
va hoc sinh giéi , tir d6 rat ra dugc nhiéu ndi dung hon, c6 su danh gia ngdy cang toan dién
hon. Qua phan tich va giai dé thi, gitip tac gia c6 dwoc nhiéu vi du dan ching cho dang bai

tap ma minh dua ra. Tir d6 dé tai c6 ndi dung phong phu hon.
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Dé tai duoc trinh bay theo cac van dé tir mirc d& dén kho hon. Tir 6 dan dit hoc sinh
c6 thé linh hoi duoc dan cac noi dung kho.

Céc kién thire Toan , dic biét 1 cac dinh 1y va b dé, tac gia déu cb ging trinh bay phép
chting minh. Xem d6 1a kién thtrc co so cho ndi dung dang xét téi. Vi cach trinh bay do,
hoc sinh s€ khong cam théy d6n nhén kién thirc mot cach guong ¢ép, theo kiéu cong nhan.
Céc em co thé tir tir tiép can van dé mot cach tu nhién.

Vi tu tudng ctia dé tai 1a 1am cho hoc sinh thiy 18 co sd, ban chat Toan hoc trong mdi van
dé nén nguoi viét ludn dua ra cac binh luan sau mdi vi du va cac bai tap dé nghi sau moi
dang.

4.2) Phwong phap phan tich , binh luin:

Trude khi di vao mdi dang , tic gia thuong dua ra nhitng phan tich ctia minh vé céc
van dé thuong gip cua dang d6. Khai quat phuong phép giai ciing nhu chi ra cac viée can
lam khi giai. Hoc sinh s& budc dau hinh dung duoc ndi dung phuong phap giai tong quat
ctia van dé minh dang gip.

Qua cac vi du , tac gid thuong c6 cac binh luan vé dang bai tap do, tir d6 hoc sinh c6
thé thiy rd ban chat ctia vin dé minh dang gip phai. Thiy duoc tinh cu thé ciing nhu téng

quat trong moi bai toan.

Qua mdi binh lufin tac gia mudn trao d6i voi ngudi doc vé phuong phap giai, cach suy
nghi nao di ti 1oi giai nhu thé. Thiy dugc tinh twong tu hoa trong céc bai toan khac nhau.
Mét khi ndm duge ban chit, hoc sinh c6 thé lam duoc cac bai tap tuong tu , cling nhu co
thé sang tao ra cac bai toan khac tir bai toan gdc.

4.3) Phwong phap tong hop, hé thong héa:
Pay c6 18 1a phuwong phap chu dao cua dé tai. Noi dung dé tai dugc phan chia thanh
nhiéu dang Toan, d6 14 qua trinh tong hop nhiing kién thtrc tir nhidu ngudn tai lidu va tir

ban than rat ra.
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Céc dang bai tap dwa ra ciing & muc do khd trd 1én, nén doi hoi nhiéu qua trinh suy
luan va téng hop 10i giai .
Vi noi dung dé tai xuyén sudt ca mot van dé Toan hoc khd rong , nén doi hoi nguoi viét
phai c6 su chuan bi kha 1au dai vé mat thoi gian ( ¥ tudng hinh thanh), va khi viét ra can
phai tong hop céc kién thic lai thanh chil dé thong nhat.

Céc chu dé khac nhau dugc hé thdng hoa theo mot bd cuc chit ché theo hai mang 16n
1a dinh 1y Vi-et bac hai va tong quat.

Doc qua dé tai ta thiy cac van dé Toan hoc dé cap téi ¢ ddy déu gan trén cai cot sdng 1a dinh

Iy Vi-et. Tac gia dd cb gang tong hop cac van d& Toan hoc ¢6 clng ban chat do.

5) Pham vi nghién ciru:

Dé tai chu yéu nghién ciru vé linh vic Pai s ma trong tdm 14 nghiém cua da thic.
Céc van dé vé Day sd, S6 hoc, Bat dang thirc , Luong giac va Hé phuong trinh cling duoc
dé cap trong cac dang toan lién quan.
Giai tich dugc dé cap toi vé van dé cuc tri va tiép tuyén ctia d6 thi ham sd. TAt ca cic van
dé trén c6 mot mbi quan hé chit ché vé mit phuong phéap giai quyét do 1a str dung toi dinh
Iy Vi-et. Tir 46 cho thdy mbi quan hé thong nhat giita cac chu dé toan hoc.

Pham vi kién thirc ma dé tai dé cap dén chu yéu la cac ky thi tuyén sinh Pai hoc , cao
dang ciing nhu 14 ky thi hoc sinh giéi. Pay 14 nhitng ky thi quan trong dién ra hang nam.
Céc kién thirc dua ra ¢ trong ndy hoan toan 13 toan so cap, diéu d6 phu hop véi chuong

trinh Toan pho thong.

6) Mot vai trin tré khi thwe hién dé tai.
Pay 1a dé tai ma tac gia rat tim ddc. N6 duoc hinh thanh tir miy nim vé trudc. Qua
trinh giang day , thay rd dinh 1y Vi-et c6 rat nhiéu ing dung trong cac bai tap. Vi thé no

ludn théi thic tac gia viét ra thanh mot van dé cu thé va ¢ tinh hé thong vé dinh 1y Vi-et.
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Truong Phan Boi Chau noi t61 dang day 1a mot truong vung sau, vung xa. Trinh dg hoc
sinh & day noi chung 1a con thép, dac bi¢t cac em thuong hoc yéu Toan. Phén 16n cac em

lai chua thuc su ¢6 niém dam mé vé Toan.

Do do toi luon tran tro liéu de tai cua minh viét ra co dwoc chinh hoc tro cua minh don
nhdn va co giup cho cdac em hoc tot hon vé Toan khong ?.
Hi vong bang nhitng kinh nghi€ém cta ban than, s€ goép phan nhd dé c6 thé cai tién phong

trao bdi dudng hoc sinh gioi va luyén thi Pai hoc, cao ding trong nha trudng.
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NOI DUNG PE TAI

PHAN THU NHAT

GIOI THIEU VE PINH LY VI-ET

I- PINH LY VI-ET CUA PHUONG TRINH BAC HALI:

Pinh 1y Vi-et hoc sinh dugc hoc tir 16p 9, gdm c¢6 dinh Iy thuan va dinh Iy dao. Dinh 1y cho
ta moi quan hé giira cac nghiém ctia phuong trinh bac hai va cac hé sb ctia no.
DPinh ly :

Néu phwong trinh bdc hai ax® +bx +c¢ =0 (a#0) ¢é hai nghiém x;; x2 thi tong va tich ciia

’ \ c . X ’ . A » ~
chungla: x, +x, = —=;x,.x, = — .Nguoc lai néu co hai so x;; x2 thoa man :
a a

x;+x2=S; x1.x2=P
thi x1,x2 la nghiém cua phwong trinh ¢ —St +P =(.
Diéu dang noi trong dinh 1y nay 1a trong khi giai toan , ta c6 thé khong quan tam tdi gia tri

cua x;va xoma chi can bi€t tong va tich cta chung. Ttr 6 ta c6 nhiing biéu dién can thiét .

II- PINHLY VI-ET TONG QUAT:

Pinh ly:
Cho phuong trinh bdc n :

anx" +ap.x"! ..+ aix +ap =0 (1) voi a, #0.

Neéu phuwong trinh co n nghiém xi,;x2 ;... ;Xn thi ta co :
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n—1

X X, + X+t X, =

an
+ +.o.t = Ju2
XXy + XX, et X, X, = 7
a, (I
a
XX,y X, = (—1)"a—°

n
Nguoc lgi néu co cdac so x1 ;X2 ,...xa thoa man hé (1) thi chung la nghiém cua phuwong trinh

(1)

PHAN THU HAI
UNG DUNG CUA PINH LY VI-ET
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I-UNG DUNG DPINH LY VI-ET BAC HAI:

1) DANG 1: BIEU THUC LEN HE GIUA HAI NGHIEM
Phén tich:
Trong khi 1am céc bai tp dang nay, hoc sinh can luu ¥ sy ton tai nghiém cta phuong trinh,

sau do biu dién céc bi€u thuc qua x, +x, va x,x, d€ co6 the sir dung dinh 1y Vi-et. Cac hang

dang thire hay dung 1a:
a’+b*> =(a+b) -2ab ; a’ +b’ =(a+b)’ —3ab(a+b)

Vidu 1:
Tim m dé phuong trinh: 3x> +4(m—1)x+m> —4m+1=0 (1) c6 hai nghiém phéan biét xi. x
thoa man:

L+i=l(x1 +X,)

X x, 2

Giai

Trude hét diéu kién dé phuong trinh c6 2 nghiém phan biét khac 0 1a:
A =4(m—1)" =3(m> —4m+1)>0.

Giai dugc m<-2-+/3 hodc m>-2++3 va m=2++3.

Theo dinh ly Vi-et ta co :

—4(m—1)'x :—(m2—4m+1)

X, +x, = X
1T X 1%
3

« r 1A , A Aqy L X TX X, +Xx
Lai ¢o6 biu thirc ban dau dugc dua vé la : =2 ==L =2 (*)

X;.X, 2
Thay tong va tich cac nghiém vao (*) ta duoc:
_4(m-1) 3 NS 2(m—1)(m2—4m—5)_0

2 -)=0< 2
3 m-—4m+1 2 3(m™ —4m+1)

Ta duoc m=1; m=-1; m=5. Két hop diéu kién ta nhan dugc m=1; m=5.
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Vi du 2: Xét phuong trinh: x* —2(m” +2)+5m> +3=0 (1) m la tham sd.
1) Chirng minh rang phuong trinh ludn cé 4 nghiém phan biét véi moi m.

2) Goi cac nghiém la x,,x,, x;,x, . Hay tinh theo m gi4 tri ctia biéu thtc:

Giai:
l)bat x> =y  (y>0) Pt(1)trd thanh:
yi-2(m*+2)y+s5m*+3=0 (2)
A=[-(m+2)] - Gm?+3)

= (m>+2) = (5m?*+3)

=m*+4m’* +4-5m?* -3
4 2

=m  -m° +1
=(m2)2—2m2.1—+1—+3—
2 4 4
> 1., 3
=(m”> - =)+ —
( )3

Do A>0,vm nén phuong trinh (2) ludn c6 hai nghiém phan biét.
Theo dinh ly Vi-et ta co:

—b _ 2(m*+2)

S:y1+y2: p 1 =2(m2+2)>0,Vm

P=y.y, =§:5m2+3>0, Vm

= ¥,, Y, cung duong.
Vay (2) luon c6 hai nghi¢ém duong phan bi¢t nén (1) luén c6 4 nghi¢m phan biét.

2) Theo két qua tréntacd x,,x,,Xx;,x, # 0

Vay XIZJ;I,XZZ—&,x3: yzax4:_\/z

M = 1+ —+—
(_

1 1
+ +
N N7 VIS S GV 17 S VR S VR

Thay két qua S va P vao M ta cé:

1 _ 2 2 _ 2 +y,)
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22(m*+2) 4(m*+2)

Sm~*° + 3 S5m*° + 3
7 2
Kétluan: py - 2(m_+2)
5m? + 3

Vidu3:
Cho phuong trinh x*- ax + a - 1 =0 ¢6 hai nghiém x,, x,

3x7 +3x; -3

2 2
XX, + X,X,

a) Khong giai phuong trinh hy tinh gia tri biéu thirc 7 -

b) Tim a dé tong binh phuong hai nghiém dat GTNN 2

Giai:

3(xp+x;-1) 3[()61 +x,)" = 2x,x, — 1]

a)Taco: M =
XX, (x, +x,) XX, (x, +x,)

Theo dinh ly Vi-et ta co :
S=x+x,=a;P=x,.x,=a-1

3|a@*-2(a-D-1] 3[(a+1)a-1)-2(a-1)]
a(a-1) - a(a—1)

Vay M =

_ 3= _3(a-D*_3(a-1) PK:a#0,a#l)
a(a-1) a(a—-1) a

b)Taco S=x+x,=a (1)
P=x.x,=a-1 (2)
bat A=x/? +x° =(x; +x2)? -2xix2=a’ -2a+2= (a-1)° +1> 1
va A=1 khi a=1.
Vay gia trj nho nhét ctia A 1a 1 khi a=1.
Vidu 4:
( Pé thi HSG 16p 9 thanh pho HCM nim hoc 2003- 2004) (4®)
a) Tim m dé phuong trinh 2x% +2mx+m* =2 =0 cb hai nghi¢m phan biét
b) Goi x1; X2 13 hai nghiém ctia n6, tim GTLN cua biéu thirc:

A:‘2x1x2+x1+x2—4‘.
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Giai:
a) Ta co: AN=m>=2m*=2)=-m>+4,
Phuong trinh c¢6 hai nghiém khi va chi khi:
A=4-m’>>0 < -2<m<?2
b) Theo dinh ly Vi-et ta c6 :

m? -2

2

X, + X, =—m;xx, =

Vay A4 =2xx,+x, +x, — 4| =|(m +2)(m = 3)|=—(m+2)(m-3),vim e(-2;2)

Do do A=(m+2)(3—m):—m2+m+6:_(m_%)2+24_5§24_5

Vay GTLN cua A 1a 24_5 khi va chi khi m = %
Vidu §:
Cho da thitc f(x)=x* +4x° —2x> —12x+1 ¢6 cac nghiém 13 x,; i = 1,4. Hay tinh tong sau:

42x] +1

S=%

= CaES (e

Giai:
Ta viét lai :
f(x)=(x*+2x)> —6(x* +2x)+9 =8

?+2x-3++/8=0(1
o (P23 =8| VB =0(1)
P +2x-3-+/8=0(2)
Goi cac nghiém cua (1) 1a x,;x,; cac nghiém cua (2) 1a x;;x,.
Taco:

2x7+1 2% +1 _ 2x] +1 2x; +1 _
= + = + =
()cl2 -1)? (x22 -1 (x —1)2(xl +1)2 (x, —1)2(x2 +1)2

1

2x] +1 2x; +1

(D4 —8)  (r, ~1)*(4—B8)
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o @D )P+ 1) (x, — 1) }
4-¥3)| [Gr, =D, =D
1 Qx; +1)(x2 —2x, + 1)+ (2x; +1)(x; —2x, +1)
(4—\/§)_ [(xlx2 —X, — X, +1)]2
B 1 _4x12x§ —4x,x,(x, +x2)+3(x12 +xzz)—2(x1 +x,)+2
(4—\/§)_ [(xlx2 —X, — X, +1)]2 .
Ap dung dinh 1y Vi-et ta co: x, +x, ==2 ; x,x, =-3++/8.
Thay vio biéu thitc trén ta co: 5, =L 50+22V8
4++8 8
Thue hién viée tinh toan twong tw dbi véi phuong trinh (2) ta ¢6 :
9
S=8+8,=2.

Bai tap tuwong tu:
1) Cho phwong trinh : x> +x+m=0

a) Tim m dé phwong trinh c6 hai nghiém ngich dao ciia nhau.

b)Tim gid tri I6n nhdt ciia biéu thirc:

A=x](x, +1)+x7(x, +1).

2) Cho ham s6 y=x>—4x+m.
Tim m sao cho dé thi ham s6 cdt truc hodnh tai hai diém phan biét A,B

sao cho OA=30B.
3) Tim m sao cho phuong trinh: x* —(m+2)x+m’ +1=0 co nghiém thoa man:

x; +2x; =3x,x,.
4)Tim m sao cho d6 thi ham s6 : y=x*—2(m+4)x> +m> +8 cdt truc hoanh tai 4 diém phdn
biet A,B,C,D sao cho AB=BC=CD=DA.

5) Gid sit x1; x2 la cdc nghiém ciia phwong trinh : 2x* —5x+1=0. Hay thiét ldp phwong

X S X
1 va 2

trinh bdc hai cé nghiém la : .
x, +1 x, +1

2) DANG 2: GIAI HE POI XUNG KIEU 1
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Phén tich:
- Hé d6i xung hai an kiéu 1 1a hé gdm hai phuong trinh , hai an, trong d6 néu ta hoan
d6i vai tro cac 4n trong timg phuong trinh thi mdi phuong trinh déu khong thay déi.
- Bé giai hé ddi xtmg kiéu 1 bang cach st dung dinh 1y Vi-et, ta thuong biéu dién cac
phuong trinh qua tong va tich cua hai an do.
- Céc hang dang thirc hay dung 1a:
a’*+b*> =(a+b) -2ab ; a’ +b’ =(a+b)’ —3ab(a+b)
a*+b* =(a* +b*)’ -24a°b’
Vidu 1:
Gii hé phuong trinh: {xﬁ v =30
XX+ y\/; =35
Giai:
Ta dit u=+/x >0; v=./y >0, hé tr& thanh:
{u2v+uv2 =30 {uv(quv) =30
=

u +v’ =35 (u+v)3—3uv(u+v):35‘
Tiép theo ta dat
S=u+v; P=u.v (S° > 4P),

SP =30 SP =30 S=5
ta duoc hé: { { <:>{

X = ( théa man).
S§°-35P=35 S§° =125 P=6
Theo dinh 1i Vi-et ta c6 u, v 1a nghiém phuong trinh:
#-5t+6=0.
Giai duoc t=2; t=3.
L fu=2_ =3
Do d6 1" hoac !
v=3 v=2

Dan dén nghiém cua hé 13(4;9); (9;4).
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Vi du 2: Tim m dé hé c6 nghiém duy nhat:

X’y +xp’ =2(m+1)
2xy+x+y:2(m+2).

Giai:
Pay 1a hé ddi xung kiéu 1.
Gia su (a;b) 1a nghi¢m cua h¢ thi (b;a) cling 1a nghiém cua h¢ do.
Pé hé c6 nghiém duy nht thi a=b.

3
= 1
Thay vao hé ta duogc {a mr

A ta=m+2

Trir vé theo vé phuong trinh trén cho phuong trinh duéi ta duoc
a-a’—a+1=0=(a+)a-1)" =0 a==+I.

Twr d6 suy ra m=0 hoac m=-2.

x’y+xp’ =2

Thir lai véi m=0 ta c6 hé: .
2xy+x+y=4

bat u=x+y; v=x.y (u’ > 4v), taco h¢ :
{uv =2 {u =2
REN
2v+u=4 v=1
Theo dinh 1y Vi-et thi x, y 1a nghi¢m ctia phuong trinh:
£-2t+1=0, ta duoc t=1.

Vay hé c6 nghiém duy nhat x=y=1.

. LA Xy +xt =2
V61 m=-2 ta co hé: rrryy .
2xy+x+y=0

Bang cach dit twong tu ta duoc (u;v)=(2;-1) va (u;v)=(-2;1).
Do d6 hé khong c6 nghiém duy nhét.

Vay m=0 13 gid tri can tim.

Vi du 3:
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x2+xy+y2:3—J§

xt+yt =5

Giai h¢ phuong trinh: {
Giai:

u+v=3-+2

Ta co x*+y* = (x2 +y?)? -2x?y?. Nén dit u=x? +y? ; v=xy, ta c6 hé tr¢ thanh { .
u-—-2v- =5

L u= u=9-42
Giai hé duoc I) hoac la (1T
e {177 osera |74

2 2 2 2
Vi hé (1) thi {x vyt =3 {x ty =3

=
xyz—JE

Theo dinh ly Vi-et thi x? ; y? 1a nghiém cua phuong trinh # -3¢ +2=0, ta dugc =1, t=2.

x2y2:2

xt=1 xt=2
Thé vao hé ta duoc {y> =2 ,hoacla {y*> =1
xy <0 xy <0
Suy ra nghiém (x; y) 1a (1; -v2); (-=1;v2) 5 (V25-1); (-v2;51).
Truong hop kia ddn dén phuong trinh bac hai v6 nghiém.
Vi du 4:

(xX*+x+D)(p*+y+1)=3

Giai h¢ phuong trinh :{
(I-x)1-y)=6
Giai:

Nhan céc biéu thirc & vé trai mdi phuong trinh, roi dat u=x+y; v=xy, ta dua h¢ da cho vé hé

w+vi+uv+u—v-2=0 uv =-6
Sau. < .
v—u=>5

Dung phuong phép thé ta dugc v=>5+u, thé vao phuong trinh trén ta duoc u(5+u) =-6 < u?
+5u +6 =0, giai dugc u =-3; u=-2.
V&1 u=-3 thi v=2 , theo dinh ly Vi-et ta c6 u;v 1a nghi€ém cia phuong trinh
£ +3t+2 =0, suy ra t=-1; t=-2. Vay hé c6 nghiém (-1;-2);(-2;-1).
Vo6iu=-2 thi v==3 .

Theo dinh 1y Vi-et thi x,y 1a nghiém cta phuong trinh
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£ +2t +3 =0.
Phuong trinh nay v6 nghiém. Vay hé da cho c6 hai nghiém nhu ¢ trén.
Bai tap tuwong tu:

1) Gidi hé phuong trinh :

xX+y+xy=5 X+y=a

2 2 ; b) 4 4 :

x +y° =5 X' +y =a
¢) 120+0= 37y +3/y’x)

3\/;+3\/;=6 .

2) Tim a dé hé :

X+y+xy=a , A
co nghiém.

x’y+xy’ =3a-8
3) Gia su (x;y) la nghiém cua hé :
x+y=2a-1
{xz +y’=a’ +2a-3
Xdc dinh a dé xy nho nhat.

x+y=-1

x’ —y3 :m(x+y)'

4) Gidi va bién lugn hé phuong trinh : {
3) DANG 3: CHUNG MINH BAT PANG THUC

Phén tich:

Dinh 1y Vi-et van c6 thé sir dung dé chimg minh bat dang thirc. Tat nhién ¢ day ta hiéu 13
dung n6 dé bién d6i trung gian.

Dé c6 thé st dung dinh 1y Vi-et, théng thudng cac dit kién cua bai toan thuong dua vé duoc
dué6i dang tong va tich cac 4n. Qua trinh chimg minh ta c6 thé sir dung dinh 1y vé diu cta

tam thirc bac hai, bat dang thirc ¢6 dién, cac phép bién d6i twong duong. ..

Vidu 1:
Cho x,y,z khac 0 va thoa min x+y+z=xyz va x’ =yz .

Chtng minh rang: x> >3.
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Giai:

y+z=x"—x

2
yvz=x

Tur gia thiét ta co: {

Theo dinh 1y Vi-et thi y,z 1a nghiém cua phuong trinh :
£2-(x° —x)t+ x> =0.

Do ton tai cac s6 y,z nén phuong trinh trén phai c6 nghiém .

Thcla:  A20e (' —x)’ -4x> 20 2°|[( -1)> -4 ]>0.

xP—122

Vix#0nén [>-1)’-4]20 < .
xP-1<-2
Piéu kién & bat phuong trinh thi 2 khong thé xay ra.

Vay x? >3,

Vi du 2: Cho cac s thyc x,y,z théa méan: x+y+z=5 va xy+yz+zx= 8. Chimg minh rang
7
1<x;y;z<—.
P23
Giai:
Tir gia thiét ta xem z 14 tham s, ta c6 hé phuong trinh an x,y

x+y=5-z xX+y=5-z
=
xy+z(x+y)=38 xy=8-2z(5-2)

Theo dinh ly Vi-et thi x,y 1a nghi€ém phuong trinh:
P-(5-z)t +8-z(5-z)=0.

Do phuong trinh ¢6 nghiém d6i v6i x, y nén :

A=(5-2) —4[8-z(5-2z) ]ZO.Qlézég

Do vai tro binh dang cua x,y,z nén ta c6 két luan tuong tw doi véi x va y.

Vi du 3:

. o o ‘ e
Tim nghiém nguyén cta hé phuong trinh: {xy yz + 2x
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Giai:
Day 1a h¢ co cAu trac dic biét. Do sd an nhiéu hon sb phuong trinh nén ta can giai theo
phuong phap dac biét, do 1a danh gia.
Do vai tro binh dang ctia céc an, ta c6 thé danh gia mot an nao d6, chang han 13 an z.
Ta danh gia z nhu sau. Xem hé d6i xtmg hai an kiéu 1 dbi v6i X,y va z 1a tham sd. Ta viét

lai hé:

xy+(y+x)z=8 xy+(5-2z)z=8 xy=8-(5-2)z
& & .
x+y=5-z xX+y=5-z xX+y=5-z
Diéu kién dé hé c6 nghiém dbi véi x, y ta phai co:
7

(xty)?24xy < (5-2)* 232-4z(5-z2) & 32 —102+7£0c>1£z£§.

Vi z nguyén nén ta dugc z=1; z=2. véi z=1 ta dugc x=y=2. v6i z=2 ta dugc (x;y)=(1;2)

hodc (x;y)=(2;1). Vay hé co nghiém nguyén (x;y;z) la (1;2;2); (2;2;1); (2;1;2).

Chuy:
Néu cac bai tap li€n quan dén vi€éc chung minh cac bat dang thuc gitra cac hé sé cua
phuong trinh, ta nhanh chéng biéu dién cac hé s6 do qua cac nghiém , roi ching minh bat

dang thtrc gitra cac nghiém do.

Vidu4:
Cho tam thirc bac hai f{x) = ax? +bx+c ( a khac 0) c6 hai nghiém x;;x> thudc [0;1]. Tim
gi4 tri 16n nhat cta biéu thirc :
L, (a=b)a=b)
ala—b+c)

Giat:

Theo dinh ly Vi-etta co: x, +x, = _—b;xle = £ Bién ddi biéu thuc A ta dugc:
a a
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b b
_(1_2)(2_2)_(1+xl+x2)(2+xl+x2)_ X+ X5+ + X,

2+

A

1_94_5 1+x +x, +x,x, 1+x +x, +x,x,
a a
X +x,+x +x
Sz_i_ 1 2 1 2

I+x +x, +xx,

1+x,x, +x, +x
<2+ 72 71 72 < 3,

1+ x, +x, +xx,

Lai c6 v6i b=-2a=-2c¢ thi A=3. Nén gi4 tri I6n nhat cta A 1a 3.

Vidu §:
Cho phuong trinh ax’+bx+c=0(1) v6i a>0 ¢6 hai nghiém xi1;x> thudc [2;+00). Chitng minh

rang :
2+(4a-b)(2+ \/E) >2(4a-2b+c) (1)
a
Giat:
Vi x1;X2 1a hai nghiém ctia (1) nén theo h¢ thirc Vi-et ta co:
X X, = XX, =—
a

Bién d6i bat dang thuc (1) bang cach chia hai vé cho a ta duoc:

(4—9x2+J2522@—22+59
a a a a

(2+x1)+(2+x2)> 2
Q+x)2+x,) 2+ xx,

S A+x +x,)2+x,x,) 2 2(442x, +2x, + x,x,) &

1 1 2 1 1 2
> +2 > & . + . >
LR IR T AV S V. B T T LIS
2 2 22

bat u= %;v = %2 ta thu duoc bat dang thirc quen thudc :

1 1 2
+ > .
1+u 1+v 1++uv

( ¢6 thé chirng minh bang bién ddi trong duong)
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Tir d6 ta c6 diéu phai ching minh.

Vi du 6:
Gia str phuong trinh ax’® +(b-a)x’+(c-a)x-c=0(1), v6i a=0c6d 3 nghiém la d6 dai 3 canh
ctia mot tam gidc. Chimg minh ring :

2azh L a (2).
a+c—-b b
Giai:
D& thay (1) c6 nghiém x=1, ha bac ta dugc: (x-1)(ax>+bx+c)=0.
Goi x1; X2 1a cdc nghiém cua phuong trinh : ax?+bx+c=0.

Theo dinh 1y Vi-et ta co:

-b c
XXy =—XX, =—
Bién do1 (2) nhu sau
b
2_; a 2+x +x, 1
——+—>0& — >0
1+£_é b I+x, +x,+xx, X +x,
a a

< (2+x1+x2)(X1+x2)>(1+x1+x2+X1X2)

< X1+X0- 112402 +x1x2>0.

Bat dang thirc cudi dung vi X;; X,; 1 1a d6 dai ba canh ctia tam giac.

Binh luin:
Tir cdc biéu thire doi xieng cia hai nghiém, néu xudt phdt tir mot sé bat dang thirc quen
thude, ta cé thé sang tao ra mot 6 bai todn mdi.
1) Chdng han tir bdt dang thirc :

1

_+12
a b

,voi a>0;b>0.
a+b

Ta co thé tao ra bai toan sau:

Gia sir phuwong trinh : ax® +bx+c=0(a=0) co cac nghiém duwong x,;x,.
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4a

Chitng minh rang : = < -
C

2) Hay chang han tir bdt dang thitc :
(a+b+c)> >3(ab+bc+ca),
ta c6 thé dwa ra bai todn sau:
Chitng minh rang néu phirong trinh :

ax’ +bx’> +cx+d =0 (a=0 ) co nghiém x, ; x,, x,.

b* —3ac

Chitng minh rang: —2>0.
a

3)Xudt phat tir cac bdt dang thire:
Cho cdc s6 thuc dwong a,b , ta co:
2 2

a
—+—2a+b

b a

2 2
%+b—231/4(a3 +5%)
a

Swr dung cac két qua trén ta co thé co cac bai toan maoi:

Gid s phuong trinh bdc hai: ax’ +bx+c=0 véi a>0, cé cac nghiém dwong. Chirng minh

rang cdc hé so cia phirong trinh théa man:
i) b* <3ac.
ii) Babc—b’)’ >4a’c’.

Bai tap twong tu:
a>0

1) Biét rang a,b,c théa man: {a* = bc
a+b+c=3abc

Chitng minh rang: a >3 ; b>0; ¢>0; b* +¢* > 2a°.
a’+b*+c* =2

2) Biét rang a,b,c la ba sé théa man:
ab+bc+ca=1
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Chitng minh rang : —% <a;b;c < %
‘+b7 =1 , . N
3) Cho a +h . Chung minh rang:
c+d=3
S=ac+bd+cd< 9+2\5.

4) Cho |ax* +bx+4<1, x e[-L1]. Tim GTLN cuia biéu thirc:

D=8a’ +6b° .
5) Cho a+b+c=0; a* +b*+c? =1. Pdt M =maxla,b,c}; m=minla,b,c}. Chitng minh rang:

m.MSl.
4

6) Cho x* +y? +z> =1. Tim GTLN cua F=xy +yz +zx.

7) Xét cdc sé thuc a,b,c sao cho phwong trinh béic hai: ax? +bx +c¢=0 c¢6 hai nghiém thic
thuée doan [0; 1]. Hay tim GTLN, GTNN cua biéu thirc:

M- (a—b)(Za—c).
ala—b+c)

( todn hoc tuéi tré thing 9-2011)

4) DANG 4: UNG DUNG VAO BAI TOAN CUC TRI CUA HAM SO

Phén tich:

Pay 1a dang bai tap phd bién trong cac dé thi Pai hoc, cao dang nhitng nim gan day. Diéu
quan trong & trong dang bai tap ndy 1a hoc trd 1am sao biéu dién duoc toa do diém cyc tri
mdt cach gon gang va nhanh chéng nhat. Pé 1am duoc diéu do, hoc sinh phai biét toa do
cac diém cuc tri nghiém dang phuong trinh nao?

D¢ tién trong viéc giai cac bai tap vé cuc tri, ta can luu y cac kién thirc lién quan sau:

Pinh lv Phec-ma:
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Cho ham si f(x) xdc dnh, lién tNc trén do~n [a;b] Néu ham s6 y= f{(x) dat cuwc tri tai
x, € (a;b)va co dao ham tai xo thi [ (x¢)=0.

Chung minh:

Ta gid st xo 1a diém cuc dai. Vi ham s6 c6 dao ham tai xo nén :

f'(x0)=£in3f(x°+h2_f(x°) . Do xo 1a diém CD nén ta cd f(x,+h) - f(x,) <0 . Do dé:

S(x, +h2—f(x0) <0 khi h>0 va S (X, +hz_f(x0) >0 khi h<O0. Chuyén qua giol han ta ¢cé

Fi(x)<0 va £'(x;)>0.Do dd f'(x,)=0 (dotdn tai dao ham tai xo)

Truong hop Xo 1a diém CT duoc ching minh tuong tu.

Bé dé 1:
Néu ham sé da thire y=f{x) c6 cuwc tri thi phwong trinh cia dwong di qua cac diém cuc tri

la y=r(x), trong do r(x) la da thitc dw cua phép chia f(x) cho f’(x).

Chirng minh:
Thuc hién phép chia f(x) cho f(x) ta dugc thuong 1a h(x), da thic du 1a r(x). vy ta co thé

viét lai:
S(x) = f'(x)-h(x) +r(x)

Theo dinh Iy Phec-ma thi néu xo 1 diém cuc tri f'(x,)=0. Do d6 thay vao biéu thirc trén ta

duoc: f(xy)=r(x,y)
Ta c6 diéu phai ching minh.

Bo dé 2:

THPT Phan Béi Chiu — Binh Dwong 25




SKKN Dinh li Vi- ét va irng dung Nguyén Thanh Nhin

Néu ham sé phdn thirc y = % d=t eMc trs va co d=o ham t5i di-m cMc trs thi t'a &\ cMc trs
V(X
u'(x)

nghi-m dung phonng trinh y = :
V'(x)

Chung minh:

Gia st ham so dat cuc tri tai Xo va c6 dao ham tai xo,vay thi :

u'(xy)v(xy) —u(x,)v'(x,) 0

vz(xo)

u(x,) _ u'(x,)

V'(x)=0&

Hay : () ¥0x0) ~ () () =0 D=
. _u'(xy)

hay . - v'(x) .

Vidu 1:

<z ? - 2 4
Cho ham s6 yzx Gm+2)x+m+

. . Tim m d€ ham s6 c6 cuc dai cuc ti€u va khoang
x_

cach gilra ching nhé hon 3.
Giat:

x2=2x+2m-2
(x—1)?

Taco y'=

Ham s6 c6 cuc dai cuc tiéu khi phuong trinh:
x*=2x+2m-2=0 (1)

c6 hai nghi€ém phan biét, ta dugc m<3/2.

Gia st x1; x2 1a hoanh d0 cuec tri.

Khi d6 ching 1a nghiém cua (1) nén theo dinh Iy Vi-et ta co :
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X1+ x2=2; x1. Xx2=2m-2.
Theo b6 dé 2 ta ¢6 tung d6 cuc trj twong tng 13 :
yi=2x1-3m-2; y,=2x-3m-2
Toa dd cac diém cuc tri ctia do thi 1a A(x1.y1); B(x2;y2).
Theo dé ta c6 :
AB <3< AB* <9 & 3[(x, +x,)* —4x,x, |<9

c>60—40m<9<:>m>£.
40

Péi chiéu diéu kién ta dugc % <m< % .
Vi du 2:
2
Cho ham s6 y:meH'
x+1

Tim m dé ham sb c6 cuc dai, cuc tiéu va chung nam vé hai phia ddi v6i duong thang
2x+y-1=0 (d).
Giai:

B x2+2x+m-3

Ta co : '
Y (x+1)2

Ham s c6 cuc dai cuc tiéu khi phuong trinh :
x> +2x+m—-3=0(1)

c6 hai nghi€ém phan biét, ta dugc m <4.
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Gia st cac diém cuec tri 1a A(x1;y1); B(x2;y2).

Khi d6 x1; x2 12 nghiém ctia (1) nén theo dinh 1y Vi-et ta 6 x;+x2=-2; x1.x2=m-3. Theo bd

dé 2 ta co: yi=2x1+tm; y2=2x+m.
Pé A, B nam vé khéc phia d6i voi (d) thi :
(2x1ty1-1)( 2x2t+y2-1)<0.
Tinh toan ta dugc —3—4+/3 <m < -3+4+/3 (thda man).
Vidu 3:

Chung minh rang ham s y =x?-6x?+4x+6 c6 3 diém cyc tri tao thanh tam giac c6 trong tAm

la géc toa do.
Giat:

Ta co: ' =4x-12x+4.
Ta s€ chirng minh phuong trinh:

4x3-12x+4=0 (1)
c6 3 nghiém phan biét.
Dat fx)= 4x3-12x+4. Ta cO f{-2)=-4; f(-1)=12; f(1)=-4; f(2)=12.
Theo tinh chat cia ham s6 lién tuc thi f(x) cit truc hoanh tai it nhat 3 diém.
Mit khéc vi f(x) 12 ham s6 bac ba nén c6 tdi da 3 nghiém.
Vay y’=0 c6 3 nghiém phan biét. Do d6 ham s6 di cho c6 3 diém cuec tri.
Ta goi 3 diém d6 la:

A(xi; x1*-6x P +4x,+6),; B(x2;x2%-6x°+4x2+6); C(x3; x3%-6x5°+4x3+6).
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Theo dinh 1y Vi-et vi x1;x2;x3 1a 3 nghiém cua (1) nén ta cd: x;+x2+x3=0 .

Tuong Ung ta co:
Vityatys = x/%-6x°+4x1+6 +( x2-6x2°+4x2+6) +( x3%-6x5°+4x3+6)
= (x/*x?xs?)-6(x P xP+x57) + 4(xitxotx3)+18.
Cling vi x;,x2,x3 1a cac nghiém cua (1) nén ta ¢6 x3-3x;+1=0.
Suy ra x;%- 3x/°+x; =0.

Tuong tu dbi voi xo; x3.Vay nén:

xiftxtxst=3(c Px 2l +x5?) — (xitxotxs).
Theo hé thic

X2 Hx2 X357 =( x1Hx2+x3)7 = 2(xx2 +x2x3+X1x3).
Lai theo dinh 1y Vi-et ta co:

xX1+x2+x3 =0; x1x2 +xx3+xx3=-3.
Thay vao ta tinh dugc yi+y>+ys=0.

Vay géc toa dg la trong tam cua tam giac ABC.

Vidu 4:
Cho ham sb :

_x2+(m+2)x+3m+2
x+2 '

\ /1 \ /,\ 14 . \ 1
Timm dé hamsococuctriva y2 +y .. > 5
Giai:

_)c2 +4x+2—-m

Taco : '
YT 2y

Ham sd ¢6 cyc tri khi phuong trinh : x> +4x+2-m=0 (1)
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c6 hai nghiém phan biét khac -2.
Tim dugc  m>-2 (*)
Goi Xx1; X2 1a cdc nghiém cua (1), cling 1a cac hoanh dd cuc tri.
Theo dinh ly Vi-et ta co:
Xitx2 =-4; x1x2 = 2-m
Khi d@6 toa d0 cuc tri la

A(x1; 2x1+m+2) ; B(x2; 2x:+m+2).

Theo gia thiét ta cé : y2, + 2, >%
& (2xi+tm+2)? +(2x2+m+2)? >%

< A(x] +x2) +4m+2)(x, +x,) +2(m+2) >%

= 8[()61 +x,)° —2x1x2]+ 8(m+2)(x, +x,)+4(m+2)> >1.
Thay m vao ta dugc :

8[16 —2(2 —m)]+4(m +2)> —=32(m+2) > 1

a7

 dm? —4750 m>77 ( do didu kién (*))

Vidu 5:

B x>+ 2mx+2
x+1

Cho ham s y
Tim m dé ham sd c6 cuc dai cuc tiéu va khoang cach giita ching t6i duong thang
x+y+2=0 1 bang nhau.
Giat:
_ x* +2x+2m—-2
(x+1)°

Ta co '
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Pé ham s6 c6 CP, CT thi phuong trinh x> +2x+2m—2=0 (1) phai c6 hai nghiém phan biét
khéc -1

pEens
Tuong tu bai 4) ta cé toa do cac diém cuc tri 12 A(xs; 2vi+2); A(xz; 2x2+2)
Theo dé ra ta co:

d(A;d) = d(B;d)

=

3x, +2m+2|=Px, +2m+2|.

Binh phuong 2 vé r6i chuyén vé, dat nhan tir chung ta cé:
(3x, =3x,)(3x, +3x, +4m+4)=0
< 3x,+3x, +4m+4 =0

Theo dinh ly Vi-et thi x;+x, = -2.

Thay vao biéu thirc cudi ta dugc m = %

Vi du 6:

2
Cho ham sé yzlym
x_

Tim m dé ham s6 ¢6 CP, CT va Vep = Ver|=4.
Giai:

, L =X +8x—m—12
Taco: y'= 5
(x—4)

Pé ham s6 ¢6 CP, CT thi phuong trinh :
—x*+8x—-m—12=0(1)
c6 hai nghi€ém phan bi¢t khac 4

4—m>0
om<4.
4-m=#0

Goi x1; X2 1a cac hoanh do cuec tri, thi x1; x> cling 1a nghiém cua (1) nén
X1t+Xx2 =8; X1x2=m+12 .

Theo dé Vep = Ver|=4 © 2x,—x,|=4 < |x, —x,|=2
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< (x +x,)" —dxx, =4
Thay h¢ thure Vi-et vao ta c6 m=3 (thdéa man)

Vay m=3.

Bai tap tuwong tu:
1) Cho ham sé y=lx3—(m—1)x2 +3(m—2)x+l. Tim m dé ham sé ¢6 CD, CT tai x,, x,
3 3

thoa man x, +2x, =1.

) 27 X 2x% — , , ~
2) Tim m dé ham so y=w co CD, CT thoa man |y, = yu.|>8

X—m

(Dé 75).

14 2 2 A) ) 14
3) Timm dé dé thi ham s y="""* 3”’“1* 2m+L 6 diém CP, CT ndm vé hai phia ddi véi
x_

truc Ox.

5) DANG 5 : UNG DUNG VAO BAI TOAN TIEP TUYEN
Phén tich:
Bai tap vé tiép tuyén thuong lién quan tdi cac diéu kién tiép xac cua dudng cong va duong
thang. Can lam cho hoc sinh thay rd toa d6 diém tiép xuc thuong 1a nghiém ciua mot phuong
trinh ndo d6 ma ta co thé dwa vé bac hai dé s dung dinh 1y Vi-et. Cac k¥ thuat vé nham
nghiém can duoc sir dung tot ¢ dang bai tap nay.

Vidu 1:

—x+l(C ).

Cho ham sb y =
2x—1

Chung minh rang véi moi m dudng thang y= x+m ludn cat d6 thi (C ) tai hai diém phan biét
A, B.
Goi k, k 1an luot 1a hé sb goc cua tiép tuyén tai A, B.
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Tim m dé tong ki+kz 16n nhat.
( Pé thi dai hoc khéi A nim 2011).

Giat:

Phuong trinh hoanh d6 giao diém cta d va (C) 1a : ;x *1

=x+me —x+1=2x—-1)(x+m)

(do x=% khong 1a nghiém. )

& 2xP +2mx—m—1=0(1).
Taco: A=m>+2m+2>0,Vm.
Nén d luén cét (C) tai hai diém phan biét A va B.

Ta goi x1, X2 1an luot 1a hoanh d6 cua A,B. Khi d6 x,x; 1a nghiém cua (1) nén theo dinh ly

Vi-et ta co:

-m-1

X+Xx2=-m va x;.x2=

-1, - Ay +x,)% —8x,x, —4(x; +x,)+2
2x, -1 (2x,-1)’ x,x, —2(x, +x,) +1 |

Téng ki+ko=

=—4m* —-8m—6 =—(2m+1)2 -2<-2.
Suy ra ki+ks 16n nhat bang -2 khi m=-1.
Binh luin:

Néu khéng sir dung dinh Iy Vi-et , ta c6 thé ding bat dang thirc Cé-si dé ddanh gid biéu thirc

1 1 1
=+ =2 2
2x, -1 (2x,-1)> (2%, -D(2x, 1)
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Ddu ding thirc xdy ra khi x, =x, =—~

Thay vao phuwong trinh ta tim duwoc m=-1.
Vi du 2:
Cho ham s6 y=x3-3x2+2 (C).

Tim trén dudng thang y=-2 cic diém ma tir d6 c6 thé ké duoc hai tiép tuyén vudng goc dén

(C).
Giai:

Ta goi M(m;-2) 1a diém thudc duong thing y=-2. Puong thang qua M véi hé sé goc k co
phuong trinh:

yv=k(x-m)-2 (d).
Piéu kién dé (d) tiép xtic voi (C ) 1a ta co hé:

x3 -3x *+2=k(x -m) — 2 (1)
3 2 —6x = k(2)

Thé k tir (2) 1én (1) ta duoc :
x3-3x%42=(3x* —6x)(x -m) -2

& (x-2)2x% +(1=3m)x+2 =0

x=2
=
2x? +(1-3m)x+2=0(3)

Véi x=2, ta suy ra k=0. dudng thang vudng goc véi (d) co dang x=a.

D& thay dudng x=a khong thé 1a tiép tuyén cua (C).

THPT Phan Boi Chdu — Binh Duong 34




SKKN Dinh li Vi- ét va irng dung Nguyén Thanh Nhin
Nén khong c6 tiép tuyén nao cua (C) vudng goc véi tiép tuyén trén.

Do do d& co cap tuyén tuyén vudng goc thi cac nghiém phai 1a nghiém cta (3). Trudc hét

(3) phai c6 2 nghiém phan biét khac 2.
A=(1-3m)>-8>0 va m=2.

Khi d6 goi x1;x2 1a hai nghi¢m cta (3) thi theo dinh Iy Vi-et ta co:

3m—1

X1tx= XX, =1.

Goi ki. ko 12 hé sb goc cua cac tip tuyén . Ta co k;=f"(x1); ko=f"(x2). Vi hai tiép tuyén
vuong goc nén:

kik:=-1< (3x! —6x,)(3x; —6x,)=—1.

Thay sd vao ta dugc m=% . Thr lai ta thdy gi4 tri ndy thoa méan.

Vay diém cin tim 1a M(% 2).

Vidu 3

x> +mx—8

Cho ham sb6 y= (C,). Tim m dé (Cm) cat truc hoanh tai hai diém phan biét A

va B sao cho tiép tuyén twong tmg tai A va B vudng goc.

Giai ;

Pé (Cm) cit truc hoanh tai hai diém phan biét thi phuong trinh :
f(x)=x? +mx-8 =0 (1)

c6 hai nghiém phan biét.

Taco:
A=m’>+32>0< VmeR.

f(m) khac 0 v61 moi m.
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Nhu vay véi moi m, d6 thi ham s6 Iudn cat truc hoanh tai hai di€ém phan biét. Goi x; ;X2 la

hai nghiém cua (1), thi x; ;x> cling 1a hoanh d¢ ctua A va B.

'

y

_x2—2mx+8—m2 +8—2m2
(x—m)’ (x—m)®

Tiép tuyén tai A ; B 1an luot c6 hé s6 goc 1a

8—2m’ o 8—2m’
- k= I+ ——m—.
(x, —m) (x, —m)

ki=1+

Dé hai tiép tuyén vudng goc thi ki.k, =-1

ole@-amy? — L ! 2} (8_22’"2)2 =1
LG =m)” (xy =m)” | (%, =m)"(x, —m)

<1+ (8-2m)?

(x, —m)*(x, —m) (x, —m)*(x, —m)*

X% +x3 = 2m(x, +x2)+2m2}+ (8-2m*)?

Theo dinh 1y Vi-et ta co : xi+x2=-m ; x1x2=-8.
Tu do x22+x2% = (x1+x2)?-2x1X0=m*+16.

Va (x1-m)(x2-m)=x1X2-m(x1+x2)+m?=-8+2m?,

Thay vao ki.k, =-1 ta dugc m = £2+/10 .
Vidu4:

1

Cho ham s y=x+
x+1

©)

Chtng minh ring qua A(1 ;-1) ludn v& dugc hai tiép tuyén dén d6 thi va hai tiép tuyén d6

vuong goc.
Giai :
Goi k 13 hé sd goc cua dudng thang d di qua A. Khi d6 d c6 phuong trinh :

y=k(x-1)-1(d)
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Vi (d) tiép xuc v6i (C) nén ta c6 hé phuong trinh sau c6 nghiém :

2
Lm:kx—k—l(l)
x

B 1 _x2+2x
(x+1)*  (x+1)?°

()

Thé k tir (2) 1én (1) va bién d6i , thu gon , cudi ciing ta duoc :

x> +3x+1=0(%*).
Vi (*) ¢6 hai nghiém phan biét nén tir A ta ludén ké duoc hai tiép tuyén dén (C).
Goi X1 ; X2 1a cac nghiém cua (*). Theo dinh 1y Vi-et ta ¢o : xi1+x, =3 ; xix2 =1.
Goi ki ; ko 12 hé sb goc cua cac tiép tuyén twong tng voi hoanh do tiép diém x; ; x.
Taco:

B x” +2x x,° +2x, _XX%[xx, +2(x +x,)+4]_ 1(1-6+4)
(x, +1)*  (x, +1)° [x,x, +x, +x,]° (-3+1+1)?

172

Vay hai tiép tuyén vudng goc.
Bai tap tuwong tu :

1) Tim quy tich tit ca cac diém tir d6 ké dwoc hai tiép tuyén vuéng géc dén do thi ham sé

x2=2x+2
y="——7———7/"-
x—1

2
\ 22X 1. 7 Je -2 v \ . . . R A i, N s
2) Tim m dé do thi ham so y _ X TEmxXAme truc hoanh tgi hai diém phan biét va cac
X+m
tiép tuyén tai dé vuéng goc.

3) Tim cdc diém trén truc tung ma tir 36 ké dwoc hai tiép tuyén vudng géc dén do thi ham

$6 y=x>+7x+6 ( DHTH Ha Ngi 89).
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4) Tim trén dwongg thang y = -2 cdc diém ma tir d6 ké dwoc hai tiép tuyén vuéng goc dén

do thihdmsé y=x>=3x"+2.

6)DANG 6: TUONG GIAO CUA HAI PO THI VA TAP HQP PIEM.

Phén tich:

Pay ciing 1a dang bai tap hay gip trong cac ky thi tuyén sinh. Cong viéc dau tién hoc sinh
can lam 1a viét phuong trinh hoanh d6 giao diém. Tir phwong trinh d6 , str dung dinh Iy Vi-
et dé biéu dién cac biéu thirc dé bai yéu cau qua hé s cua phuong trinh. Cudi cung 1a danh
gia biéu thirc d6 thong qua céac hé sb vira thay vao.

Vidu 1:

x> +3x-3
2(x—1)

phan bi¢t A,B sao cho AB=1

Cho ham s6 y = . Tim m dé d6 thi ham s6 cat duong thang d: y=m tai hai diém

Giai:
Phuong trinh hoanh d¢ giao diém ctia hai d6 thi ham s 1a:
B x> +3x-3
2(x—1)
1#0
x#1 F)y#0 <>
&9, = , = 2.
x*+@B-2m)x-3+2m=0() A=B3-2m)" +12-8m >0 .
m>—

Ta goi xi1; x2 1a cadc nghiém cua (1).
Theo dinh ly Vi-et ta co:
X1+X2=2m-3; X1Xx2=2m-3.
Toa do cac giao diém A(x1;m); B(x2;m). Theo dé rata co
AB? =1 (x1-x2)* =1 & (xi+x2)>-4x1x2=1.

Thay vao ta co6:

(2m-3)2-4(2m-3)=1. Giai dugc m=> iz*g .
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Vidu 2:

—xt+x+1

Cho ham s6 y = . Chtrng minh rang v6i moi m thi duong thang y=m ludn cit d6

x—1
thi trén tai hai diém phan biét A;B. Tim m dé AB ngén nhéat.
Giai:
Phuong trinh hoanh d¢ giao diém ctia hai d6 thi ham sé 1a

x#1 x#1

—x"+x+1
m=—————»~01 < 5 <9, .
x—1 mx—-1)=—-x"+x+1 x“+(m-DHx-—-m—-1=0

bat f(x)= x* +(m-1)x-m—-1=0.Ta co f(1)=-1=0.

Laico A=m* +2m+5>0,Ym

Nén d luén cét ( C) tai hai diém phan biét.

Goi x1; X2 1a cac nghiém cua (1) . Toa do céc giao diém A; B 1a A(xi;m); B(xz;m). Do d6 :
AB?=(x1-X2)? = (x11X2)? — 4x1X2= (m-1)*+4m+4
=m*+2m+5=(m+1)*+4>4.

Vay AB ngin nhat bang 2 khi m=-1.

Vi du 3:
Cho ham s y= x3 -2x?+(I-m)x +1 (I).
Tim m dé d6 thi ham s (1) cit truc hoanh tai 3 diém phan biét xi. x»; x3 sao cho
xP+xl+x?<4 .
Giai:
Phuong trinh hoanh d¢ giao diém cta dd thi ham sd (1) va truc Ox la:

x'=2x’+(1-m)x+m=0
@(X—l)(xz—x—m):o

x—1=0 (2)
S
g(x)=x"-x-m=0 (3)
Goi x; la nghiém pt (2) va x2, x3 1a nghiém pt (3). &p dung dinh 1y Vi-et ta c6 x>+x3=1 ;

X2.X3=-1M.
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A>0 1+4m>0

Yéu ciu bai toan : 18D #0 <m#0
Cxd+xi<d |14 (x +x,)t —2x,x, <4

-1
m>— {
—<m=#0 —<mx<l1
=Sim#z0 <4 =
1+14+2m<4 m<] m=0

Binh luén :

O ddy phwong trinh hoanh dé giao diém la bdc ba, nhung do ta nham dwoc nghiém nén
dwa vé phwong trinh bdc hai. Tir d6 ta chuyén vé dp dung dinh Iy Vi-et trong phirong trinh
bdc hai. Do pham vi chwong trinh phé thong, nén trong cdc dé thi tuyén sinh thurong chi dp
dung dinh 1y Vi-et doi véi phirong trinh bdc hai. Vi thé khi lam bai, hoc sinh can nghi t&i
viéc nham nghiém dé ha bac. Tiéu chi dau tién cia nghiém la khi thay vao phdi triét tiéu

tham sé. Piéu do givip ta nhin ra nghiém nhanh chéng.

Vidu4:

. 2
Chimg minh rang dudng cong y == -

2x va duong théng y=—x—3 cit nhau tai hai diém

phan biét dbi xtmg nhau qua duong thang y=x.
Giai :
Phuong trinh hoanh d¢ giao diém ctia hai d6 thj

x*+2x
x+1

=—x-3x#-1 &2x>+6x+3=0(1)

Phuong trinh (1) luén c¢6 hai nghiém phan biét vi A'=3>0. Goi Mi(X1; - X1-3) ; Ma(x2 ; -
x2-3) 14 hai giao diém cua d va (C).
R& rang MM, vudng goc voi duong thang y=x. Goi I(xo ;yo) 13 trung diém cta MM, Ta

co
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X, _ Xt :_i

2 2
Ity =X '3+('X2'3)__3
Yo = = =5

2 2

Vay My thudc dudng thang y=x.

Vidu S:

x2+mx—1

Cho ham s y = . Tim m dé d0 thi ham sd cat duong thang y=m tai hai diém A, B

x—1
sao cho OA vudng goc v6i OB, v6i O 1a gdc toa do
( Dé s6 148, b dé 95).
Giai:
Phuong trinh hoanh d¢ giao diém ciia hai d6 thi la:

x+mx—1 x#1
m=—————<©C

x—1 X2 +m—1=0(1)
bat f(x)= x>+tm-1.
Pé phuong trinh ¢ hai nghiém phan biét thi phai co:

{ﬂDzmiO

Azl_m>0<:>0;«tm<1(”‘) .

Goi x; x2 1a cac nghiém cua (1).

Khi do6 toa do giao diém 1a A(x1;m);B(x2;m).

Theo dé ra OA vudng goc voi OB nén 04.0B=0 xx, +m’>=0.
Theo dinh 1y Vi-et thi x;.xo=m-1.

Do do ta c6 phuong trinh:

m*+m-1=0 < m= ( thoa man diéu kién (¥)).

—1+4/5
2

Vi du 6:
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X 2 2 I3 I 2
Cho ham s6 y = L3xz+3(€) va duong thang d: y=mx-m. Tim m dé€ d cat (C ) tai hai diém
X+

phan biét A;B thudc hai nhanh ctia n6. Tim tip hop trung diém I ctia doan AB khi m bién

thién.
Giai:
Phuong trinh hoanh d6 giao diém cua hai d6 thi 1a :
x*+3x+3 x# =2
mx-m=————(0)< 5
x+2 (m—1)x> +(m—3)x—2m -3 = 0(2)

Pé d cit ( C) tai hai diém thudc hai nhanh ctia do thi thi (2) phai c¢6 hai nghiém thoa man

X1<-2<Xo.

Ta dua vé so sanh nghiém véi s6 0 nhu sau: Dat t=x-2, ta duoc phuong trinh la:
(m-1)-(3m-1)t-1=0 (3).

Phuong trinh (3) phai c6 hai nghiém trai dau. Tim dugc m>1 (¥).

Goi x1; X2 1a cac nghi€ém cua (2).

Toa do céac giao diém la A(x;; mx;-m); B(x2;mx2-m).

Toa dg trung diém I la:

X, +x, m-3 1 1
R R Tt T T
2= e
it y,  m(x +x,)—2m ¥ _m_m
V=TT 2 "2 m-1
\ \ ~ L4 3 2 /( \ \
Tt phuong trinh trén rat ra dugc m = 1+2x’ >1, suy ra x; >-1/2, thé vao phuong trinh
+2x,
‘s 2x* -3
dudi ta duoc yi =ZXIAEy TS
2x, +1

Vay tap hop cac diém M 1a d6 thi ham s6:

2x* +x -3 )
y=———— Vi x>-1/2.
2x +1

Vidu 7:
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Cho ham s6 y=x° —%mxz +%m3 v6i m 1a tham sd. Tim m dé dudng thang y =x cit do thi

tai ba diém phan biét A,B,C sao cho AB=BC.
Giai:
Phuong trinh hoanh d6 giao diém cua hai d6 thi :

1

x=x" —=mx’ +—m’
2 2

& 227 =3mx® —2x+m’ =0(1).
Goi x,; x,; x, 1an luot 1a hoanh do giao diém cta A;B;C.
Tir gia thiét AB=BC ta suy ra : x,+x,=2x,.
Mat khac ap dung dinh 1y Vi-et ta duoc :

3m
X, +X, +X5 :7

XX, +X,X5 +x,x; =1

—3m?*

XXy X3 =

Giai hé gom céc diéu kién trén ta duoc m=0;m =++/2.

Vidu 8:
Cho ham s6 y = x> —2mx+2m—1.
a) Tim m dé d6 thi ham s cat truc hoanh tai hai diém phén biét A, B.
b) Goi C la giao diém cua dd thi véi truc tung. Tim quy tich trong tim tam giac ABC khi
m thay doi.
Giai:
a) Phuong trinh hoanh dg giao diém cua dd thi véi truc hoanh 1a:
x> =2mx+2m—-1=0 (1).
Dé d6 thi cat truc hoanh tai 2 diém phéan biét A,B thi (1) phai c6 hai nghiém phan biét
A=(m-1)’>0m=1.

b) Goi x1; X2 1a cdc nghiém cua (1). Ta cd A(x,;0); B(x,;0).
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Ta cling tim dugc C(0;2m —1).

X; = =
Toa dg trong tam G cua tam giac ABC 1a 5 3 | 3
m —
Yo
Khir m tir hé cudi cung ta duge y, = x, —%.

Ttr d6 suy ra toa d6 diém G thoa man phuong trinh : y =x —%.

G161 han quy tich:

Vi m:3x—G¢1®xG¢g.
2 3

Vay tap hop cac diém G 13 duong thing , bo di didm G, (%;é) .

Vidu9:
Cho ham sd y =x* -3x> +4x—1 (C)
Chung minh rang voi moi m, dudng thang y = mx—m+1(d) ludn cit d6 thi tai mot diém I
c¢d dinh.
Xéac dinh m dé duong théng d6 cat d6 thi ham sb tai 3 diém phan biét I,M,N.
Trong trudng hop d6 tim quy tich trung diém ctia doan thang MN.
Giai:

Phuong trinh hoanh d¢ giao diém ciia hai d6 thi 1a:

¥ =3x"+4x—-1=mx-—m+1

S (x=D(x>=2x+2-m)=0 (1).
Phuong trinh (1) luén c¢6 nghiém x=1. Vay (d) luén cat (C) tai diém I(1; 1) ¢ dinh véi
moi m.
bat f(x)=x>-2x+2-m.
Dé (d) cit (C) tai 3 diém phan biét thi f(x) phai c6 hai nghiém phén biét khac 1

Tim dugc m>1.
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Khi d6 goi x; ; X2 1a cac nghiém cua f(x). Ta c6 x; ; X2 ciing 1a hoanh d6 cac giao diém M,
N.

Ta dé y rang tung d6 cac diém M, N théa man phuong trinh cua (d).

Goi A 1a trung diém cua M, N.

o chtm
Ta co: 2 .
(mx;, —m+1)+ (mx, —m+1)
Vv, = =1

2
Ta c6 diém A(1;1).
Vay tap hop cac trung diém A cua doan théng MN chinh 13 diém c¢b dinh I(1;1) tim duoc

O trén.

Bai tap tuwong tu:
1) Tim quy tich cac diém cue dai va cuc tiéu cia do thi ham sé :

B 2x* +(m—2)x
x—1

a)y

b) y=2x" -32m+1)x*> +6(m> +m)x.
2) Goi (P) la Parabol c6 phwong trinh y=ax* +bx+c ludn tiép xiic véi dwong thing
y=2x+1 tai diém A(1;3).

1+x

3) Cho d6 thi ham sé y = — 5 (C) va duong thang d cé hé sé goc k va d luén cat ( C) tai

—X
3 diém phan biét A, M,N. Tim quy tich trung diém I ciia MN.

4) Cho dé thi ham s6 y= 2x +11 . Chitng minh rdang dwong thang d ciung phwong véi
X+

duwong thang y=-x luén cdt do thi ham so tai hai diém phdn biét M, N. Tim quy tich trung
diém I ciia MN. Xdc dinh vi tri ciia I dé MN ngdn nhat.

5) Tim quy tich cdc diém M(a;b) sao cho phwong trinh x* +ax+b=0 cé hai nghiém phdn
biét thoa man x! +x; =2012.

6) Chung minh rang tiém cdn xién cua do thi ham so
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_cosax’ +sin’ acosa +sina + x

x+cosa
luén tiép xiic véi Parabol ¢é dinh. Tim quy tich tiép diém.
5) Cho ham s6 y=x* +2x* —4x 8.
Chitng minh rang véi moi k , Parabol y =k -8 ludn cdt do thi ham sé tai 3 diém phan
biét , trong d6 cé mdt diém nam trén truc tung. Goi cdc giao diém con lai la B, C. Tim quy
tich trung diém ciia BC khi k thay doi.
7) DANG 7 : UNG DUNG CUA MOT HE THUC TRUY HOL.

Phan tich :
Xét phuong trinh béc hai :
ax’> +bx+c=0,a#0.
Gid st X1 ; X2 la cadc nghiém cua nd.
bat S, =x," + x) ,neN.
Luc d6 ta c6 hé thic truy hoi tuyén tinh sau :

aSn+2 +bSn+l +CSn :O(l).

Chting minh :

taco: Sn2= X172 +x072 = (x™ + XM (X1H+x2)- Xixa(X1™ + x2")

= Sn+1(_—b )—£ Si < aSp+2 +bSp+1 +¢Sn = 0( dpem).
a  a

Viéc tng dung hé thirc truy hoi trén gitip ta giai quyét duoc nhiéu dang bai tap thi vi.

Ta hay theo doi qua céc vi duy sau.

Vidul:
Cho x1 ; X2 1a cac nghiém cta phuwong trinh : x? -2x-2=0. Tinh x;"+x2’.
Giai :
Ta can tinh S7.. Ta ¢6 So =2, S1 = 2. Tir hé thuc truy hdi trén ta lan luot tinh dugc :
S>=8;S3=20, S4 =56, Ss=152, S¢ =416, S7=1136.
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Vidu2:
Tinh gié tri ctia biéu thirc : A=(2+3v2)° +(2-3v2)°.
Ta dit x; = (2+3+2) ; X2 = (2-3+/2) thi X;; X2 12 hai nghiém ctia phuong trinh x? -4x -
14 =0.
Theo d@ ra ta can tinh Se. Ta c6 hé thic truy hoi
Sut2 -Snt1 <148, =0 (n € N).
Taco:

So=2;S1=4;S:=44,S3=232 ,S4= 1544, S5 =9424, S¢ = 59312.

Vidu3:
Cho diy s (un)a duge xac dinh nhu sau : u=2 ; W=6 ;Un+1=6 Ux+2 Un.1.
a) Tim s hang tong quat ctia diy s6 (un)n.
b) Chtng minh rang v6i moi k € N thi uz chia hét cho 251
¢) Chung minh rang v&i moi k >1 thi uas chia hét cho 25 va khong chia hét cho 21,
Giai :
a) Ta xét phuong trinh dic trung cta diy sb d6 : x2-6x-2=0.
Phuong trinh ¢6 hai nghiém 1a : x;=3-4/11 ; xo=3+4/11 .
Su dung hé thic truy hdi ta c¢6 Swi = 6S;+2Sni. Ta c6 So=2 ; Si=6. Tu do
vi §,=0@+~/11)"+(3-+/11)".Maddy S, va diy u, vé ban chit 1a mot nén tir d6 ta
c6 s hang tdng quatla u, = 3+ /11)" + (3 —~/11)"
b) Taco:
Uy = 3+ AT ) + (3 - 1) = (20 — 61T ) + (20 + 6T ) =

=24|10- 311" +(10+311)* ]

nén uzk chia hét cho 2. By gio ta can ching minh :
Pi= [(10—3\/ﬁ)k +(10+3v11)* ] 12 mot s6 chan.

Vi 1043411 va 10-3+/11 1a hai nghiém ctia phuong trinh :
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x2-20x+1=0
nén ta c6 cong thirc Po:i = 20P,+-S,.r. Tinh duoc Pe=2 ; P1=20 nén tir cong thuc truy hoi ta suy
ra Py luon 12 mot sb chin.
¢) Ta chting minh bang quy nap :
Vi k=1 ta thay két luan ding. Gia sir khang dinh dung khi k=m >1, nghia la
U2m1=2".b v&i b 1a mot s6 1é. Khi d6 ta phai chimg minh khang dinh dung khi k=m+1.
That vay :
Wm+1=6 Uzmt2 Um-1. Ma theo ching minh trén ta c6 um=2""'.a. Do d6 wom+1= 2™"!(6atb).
Ma 6a+b 14 s6 1& uzm+1 chia hét cho 2™ va khong chia hét cho 2m*2. Vay khang dinh dugc

chung minh.

Vi du 4:

Tim s6 nguyén 16n nhét khong vuot qua (4 ++/15)”.

Giat:
Ta dat: X1 = (4+15); x2= (4-4/15).
Khi do6 xi; x2 1a nghiém ctia phuong trinh:
x2-8x+1=0.

bat S, = x," + xJ, taco h¢ thtc :
Sn+2 -8Sn+1+Sn =0.

Ta tinh duoc :
Si1=8; S2=62 : S3=488 ; S4=3842 ; S5s=30248 ; S¢=238142 ; S;=1874888.
Nhu vay :

x17 = 1874888-x>7. Ma 0<x,’<I nén

1874887 < x17<1874888.
Vay s6 nguyén 16n nhat khong vuot qua (4 + /15 )7 1a 1874887.

Vidu 5:
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Gia st x1;x2 13 hai nghiém ctia phuong trinh : x2-6x+1=0. Chtng minh rang S,=x;"+x," 1a
sd nguyén khong chia hét cho 5 voi moi n.

Giai:

Chtng minh S, ludn 1a s6 nguyén.

Véin=0 ta co6 So=2 1a sd nguyén ; n=1ta c6 S1 = 6 1 s6 nguyén.

G1d st Sk ;Sk+1 nguyeén, vi Skr2 = 6Sk+1 — Sk nén Sk+2 cling nguyén.

chimg minh Sy khong chia hét cho 5:tir hé thuc truy hdi ta co:
Sk+2 = 6Sk+1 —Sk =6(6Sk-Sn-1)- Sk = 35Sk — 5Sk-1 —Ske1.

Tir d6 ta suy ra S va Sii ¢6 cung s6 du khi chia cho 5.

Nhung vi Si=2; S1=6; S,=34 déu khong chia hét cho 5 nén S, khong chia hét cho 5 véi moi n

Vi du 6:

Tim da thirc bac 5 ¢ hé sd nguyén nhan s6 thuc & = 5\/% +3 % lam nghiém.

Ta dat x, :5\/2; X, :5\/5.
5 2
A \ 2 5
Vay thi : 5\/;+5\/;:8;x1x2:1.

Nén theo dinh 1y Vi-et ta c x,; x, 1a nghiém cua phuong trinh:

Giai:

x*—ax+1=0 (1).

Theo hé thtc truy hditacod: S, =& . S (¥)

n+2
Véi §,=2; S, =¢. Tu do ta tinh duogc :

S,=¢>-2;8,=¢e(e"-2)-¢=¢" -3¢,

S,=e(e’ -3e)— (7 -2)=¢" -4’ +2;, S, =e(e* -4’ +2)— (&’ -3¢) =&’ -5&° +5¢.
Nhung mat khéc ta lai co:

5,252
5 2 10
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Tu do6 ta co duoc :
5 3 29 5 3
e’ =S¢ +58:E < 10e” =50&” +506 -29 =0.

Diéu d6 ching t6 & 1a nghiém phuong trinh:
10x3 -50x3 +50x -29 =0 .

Pay chinh 13 phuong trinh can tim.

Binh luin:

Véi cach gidi quyét twong tir, ta c6 thé tao ra nhiéu bai todn khdc nhau xung quanh hé thirc

truy héi cho truée. Chang han:

256

1) Tim da thite bic 6 ¢6 hé sé nguyén nhdn sé 6\/3 +¢ la nghiém.

2) Tim da thirc bdc t6i thiéu cé hé sé nguyén nhan V2 +3 lam nghiém.

Vidu 7:
Tim chit s6 tin cing ctia phan nguyén cua sb (5+3+/3)*°
Giai:
Ta dit x, =5+33 ; x, =5-3+/3. Khi d6 x; ; X2 12 nghiém ctia phuong trinh:
x2-10x-2=0
Dit S, =x +x/ . Theo hé thirc truy hoi ta co:
S

=10S,,, +28, .

n+2 n+l

Ta c6 S1 =10 nén tir hé thirc trén ta suy ra S, ludn chia hét cho 10 khin 13 s 1¢.

bé y r::fmg -1<x2 <0 ,nénsuyra S, <x'=S —-x)<S, +1.
Vay nén [x |=,. Vi2013 1a s 1¢ nén Saoi5 chia hét cho 10.

Vay chir s6 tdn cung cta phan nguyén ctia sd (5+3+3)" 1a 56 0.

Binh luin:
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Tir Idp ludn trén, ta thdy rang chi can thay doi bg sé xi1; x2 ta cé thé tao ra nhiéu bdi todn
khac nhau.

Vidu:Tim phd‘n nguyén cua cdc 56: (4+/5)" ; (45+/1999)"°” .

Vidu 8:
Chung minh rang trong biéu dién thap phan cta sb (7+4+3)" c6 it nhit n chir s6 9 dimg
ngay sau ddu phay.
Giat:
Dit x, =7+4+/3 ; x, =7—-44/3 . Theo dinh 1y Vi-et ta c6 xi; X2 1 nghiém cta phuong trinh :
x? -14x+1 =0 .

it S =x +x!. Ta c6 hé thic truy hoi :

S

=148 S

n+2 n+l ~ Pne

Vi Sp =2; Si=14 nén ta suy ra S, 1a s6 tu nhién véi moi n.

Taddy  0<7- 4[_”4[ !

Chonén S, >(7+43)" =S

n

10"
Vi 10% =0,000...001 (c6 n-1 chit s6 0).

Tir d6 suy ra khi biéu dién thap phan thi s (7+4+/3)" c6 it nhit n s 9 ngay sau ddu phay.
Bai tap twong tu:
1) Chimg minh rang phan thap phan cua sb (5++/26)", ne N* bat dau bang n chit sb
gidng nhau.

2) Tim chir sé don vi trong biéu dién thap phan cta sb (15++220)" +(15-+/220)%.
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8) DANG 8: TIM SO HANG TONG QUAT CUA DAY TRUY HOI CAP HAI TUYEN
TINH

A- Co s6 1y thuyét ciia phwong phap
1) Dinh nghia:

a) DAy 6 (un)a dwoc goi la ddy truy hoi cdp hai tuyén tinh néu dwoc cho nhw sau :
u; =a, uz =b; up =Aun-1 +*Bun-> (n > 3) (])

Trong d6 A, B khéng dong thoi bang 0.

b) Véi day truy héi nhie trén thi phirong trinh x> —Ax-B=0 (2) dwoc goi la phirong trinh ddc
trung cua day.
Do pham vi vmg dung ciia dinh 1y Vi-et nén ta chi xét cdc dang day sé c¢é phwong trinh dic

trung co nghiém.

2) Pinh ly:
-Néu phwong trinh ddc trung c6 2 nghiém phdn biét x1;x2 thi ddy sé c6 sé hang tong quat
la
Un = px +qx
trong do p; q la cac nghiém cua hé khi ta thay gia tri uiu>
-Néu phwong trinh déic trung c6 nghiém kép xo thi ddy sé cé s6 hang tong qudt la
un=x¢"'(pn+a-p) ,

trong dé6 s6 p dwoc tim bang cdch thay u; vao cong thirc xdac dinh né.

Chirng minh dinh ly:
Dat v, = uni, day (Un)a trd thanh vo=a;vi=b; vni2 =Avns1 +Bvn.

Truong hop A>0.
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Ta goi x1; X2 ( X1>x2) 1a hai nghiém cuia (2). Theo dinh 1y Vi-et ta co
X1+x2=A; x1.X2= -B.
Vay thi :
Avini1 ¥Bvn = (X1+x2)(px 1" Hgxo™)-x 1. x2(pxi" Hgx2t)= pXiTAHgxe™? = viso.
Laico:
Vo = a=p+q; Vi =pxi1+qx2 =b.
Tur do ta tim duoc :

~b-ax,  ax -b
p_ ’q_ .
X=X, X=X,

Nhu vdy diy s6 va c6 sd hang tong quat nhu trén thoa min dé bai. Tir d6 suy ra sb hang
tong quat ctia day (un)n la:
Un = Va1 = pxi™! +gxo™ .
Xét truong hop A=0
bat :
Vo =Un+1 =X0" (pn+a).
Day (un)n tré thanh day (vn)a vOi :
Vo =a; Vi =b; Vn+2 =AVn+1 +Bvn.

Ta can kiém tra s6 hang tong quat tim dugc ¢ trén thoa man day nay.

That vay: Theo dinh 1y Vi-et vé nghiém kép ctia phuong trinh ta c¢6 xo=

N

; suy ra

A=2xo; B=-x¢°.
Do do6:
Avii1 ¥Bvn = 2X0 X0 (pntp+a)+-xo?.xo"(pn+a)
=x0""[ (p(n+2)+a] = Va2
Bang quy nap ta dé dang chimg minh dugc:
Vn =Unt1 =Xo" (pn+a), VO1 mMO1 n.
Ta cling co :

vo =a; v1 = Xo(p+a)=b.
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b~ ax, Tird6 ta co cong thirc im sé hang tong quat ctia diy (us)a

X

Tu d6 tim duge |, _

la:

Un =Vn-1 = X0"!(pn+a-p)
Nhu vay bang viéc st dung dinh 1y Vi-et ta da xay dung dugc cong thire tim sd hang tong
quat ddi voi ddy truy hoi cdp hai tuyén tinh trong truong hop phuong trinh dic trung co
nghiém.

Trudng hop vo nghiém ta s& xét & chu dé khac.
LUUY:
i) Ddy cdp so nhdn va day Fi-bo-na-ci la nhitng truong hop ddc biét ciia déy truy hoi cdp

hai tuyén tinh.

B- Cac vi du minh hga

Vidu 1:
Cho dy s6 (un) thoa man : u, =2; u,=7; u,,, —7u, +12u_, =0, véi n 1a s6 nguyén duong.
Hay xac dinh (un)

( Thi HSG lép 12 TPHCM 2002)

Giat:
Phuong trinh dac trung cta day la:
x> =7x+12=0 (1)
Phuong trinh c¢6 hai nghiém la x=3; x=4.

Tir d6 suy ra sb hang tong quat cia day 13 u, = 3" +47 |

Binh luin:

Néu day cho hé thirc truy héi dang : au, , +bu_,, +cu, +d=0( d #0) (2)

n+l
Khi d6 ta sé xét ddy (v,) bang cdch ddt: v, =un+t
Thé vao (2) ta thu dwoc :

awv,,—-t)+bv, ,, —t)+clv,—-t)+d =0

n+2 n+l
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S av,,, +bv,, +cev, +d—(a+b+c)t=0

n+l
Ta chi viéc chon t thich hop dé lwong d —(a+b+c)t =0 tir dé dwa vé xét day truy hoi tuyén
tinh cdp hai & trén.

Ta theo doi qua vi duy sau:

Vi du 2:
Tim sb hang téng quat cua day:
wy =15 u, =1-~2 5 u,, —2u, —u,_, =2; n>2(*)
Giai:
Pit u =v_ +¢. Thé vao (*) trd thanh:

Voat+tt=20v, +t)-(v,_ +t)=2

nl
SV, —2v, v, =2(t+])
Chon t=-1 ta thu dugc day (vn) 12 truy hdi cip hai tuyén tinh nhu sau:
Vo =25 v, =2-42 s Vg —2v, —v, , =0.
Day (va) ¢6 phuong trinh déc trung la:
x*?=2x+1=0
Phuong trinh c6 hai nghiém 1a 1++/2 ; 1-4/2.
Tir d6 suy ra s6 hang tong quat ctia day (va) 1a v = a(1++2)" + f1-~2)".

Cho v, =2 ; v,=2-+2.Tudésuy ra:

a+pf=2 a=
{a(l—ﬁ)+(l+ﬁ)ﬂ=2—\5 = =

= W

n

Do d6 sb hang téng quat cua diy (vn) 1a: v = %(1+ V2)" +%(1—\/§)" :
Vi u,=v,—1nénsuyra:
3 1
u, =§(1+\/§)" +5(1—\/§)" -1

Vidu 3:
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Cho day {u,} dugc xac dinh bdi u=3; W1=17; Un = 6Un-1- Un2.; N=2;3 ...

Chtng minh rang u.2-1 chia hét cho 2 va thuong ludn 1a mot sé chinh phuwong véi moi

n=0;1;2...

Giai:
Xét phuong trinh déc trung cua day:
x%-6x+1=0.
Phuong trinh ¢6 hai nghiém la
X1=3+/8 ; x2=3-4/8.
Vi thé s6 hang tong quat cua day la:
w=p(3++/8)" +q(3-V8 .
Vo1 cach cho n=0 va n=1 ta c6 hé :
p+q=3
{p(3+\/§)+q(3—\/§) =17

3+\/§, :3—\/§
2 4 2

tim duoc p= . Do vay ta c6 s hang tong quat 1a:

un=3+2*/g (3+\/§)n+3‘2*/g (3-/8)" =%[(3+\/§)"“ +(3-+/8)""].

St dung hang ding thirc (x+y)*=(x-y)*+4xy ta co:
[B+V8)" +(B=8)"' ] =[G +8)"" ~(3-8)""T +4.
Nén:
E:l{ [(3+\/§)n+1 +(3_\/§)n+1 ]2 . }:l[(3+\/§)n+1 _(3_\/§)n+1 ]2
2 2 2 2 2 '
Ap dung khai trién nhi thirc Niu-ton ta chimg minh dugc (3 £+/8 )" ¢6 dang M+ N /2, voi

2
u,” —1

M,N nguyén duong nén ta suy ra = N? 1a mot sb chinh phuong.

Vi du 4: ( thi Olympic 30-4)
Cho day {a,} x4c dinh nhu sau:
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a0=1; a1=2; ant2 =4an+1 —an, VO1 1 12 s6 tu nhién. Tim tat ca cac gié tri cua n d€ a,-1 1a so

chinh phuong.
Giai:
Xét phuong trinh dac trung :
x? —4x+1=0 .
Phuong trinh c6 hai nghiém 13 x; =2++/3 ; x2=2-4/3.
S6 hang tong quat c6 dang:
an=p(2++3)+q(2-+3)",

voip, q la nghi¢m cua h¢ phuong trinh

{p ta=l giai dugc p=q=l
2p+9)+V3(p-q)=2’ ‘ 2

o= 23)" +2-43)"

S6 hang tong quat 1a >

(3 £1)? | V3 +1 i
2 2

. Nén ta suy ra:

Pé ¥ rang (2++/3) =

_ 1 \/§+12n \/_lzn__
aﬂ_l_E[(\/E) \/—)]1

l[('\/g+l)2n (\/_ 1)2;4]_2(\/5)2"
27 \2 V2 (V2)™

_ [(\/5+1)2,1 (I Loy 2(V2)" _ [(ﬁ+1)" ~(3-1)" P
\/_ \/_ (ﬁ)zmz (\/E)nﬂ )
Pé ap-1 14 s6 chinh phuong thi M = (f3+ 1()\/_2_)(:{5_ D" phai 1a s6 nguyén.

i) Néu n=0 thi M=0 , thoa man.
- Néu n=1 thi M=1 , ciing thoa man.

(W3 +D)* —-(3-D* _2+43)" —(2-3)*

- Néu n=2k. ke N. Ta xét diy by =
u € X y k (ﬁ)zlm (\/5)

nghiém ctia phuong trinh dic trung (1) nén céc sd by thoa man hé thirc:
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bis2 = 4bis1 —bi . Do by =0; b1 =v/6 nén bx khong nguyén véi moi k.
ii) Néu n=2k-+1 thi ta co:

_(\/§+1)2k+1 _(\/5_1)2“1 \/§+1 V3+1 2k V3-1 2k
M= — (X2 =
T (e <f> =

SR LG EENAY

Tiép theo ta lai dit cx = \/52+1[(2+\/§)" —(2-+3)", thi diy (c)x théa main hé thirc

cir=4cir1 —ck. CO co=0; ¢1=5 , nén ck ludn la s6 nguyén voi moi ke N.

Tom lai dé a,-1 1a s6 chinh phuong thi n=0; =1; n 1a s6 nguyén duong 1.

Vi du 5: (Tinh chit cia diy Fi-bo-na-ci)
Cho day Fi-bo-na-ci dugc xac dinh nhu sau: Fi=F>=1; Fy=Fn.1+Fs2 ( n>3) . Chiing minh

rang :
a) SO hang tong quat F, = _ﬁ 1+ \/_ (1 _2\/§)"] ( cong thure Binet).
b) XF =F,, -1

C) 2 Fy =F,, 1.

d 2 FyF,,.

) Fun? =4FuFn.i +Fp?

f)  FaeitFna —F2=(-1)";n>2

g)  Fumin=FuFnitFuiFan>2; m>1

h) Chung minh rang néu n chia hét cho m thi F, chia hét cho Fi,
i)  FautFhi=Fu

j)  Fhaa -Fui=Fn

k) Fui+ Fa—Fi=Fan,
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y XF =F.F,

k=1

2n-1

m) 2 Fo.Fo :Fzzn
k=1

n) gﬂ-ﬂﬂ =F? —1

0) Chung minh ring hai sé hang lién tiép cta diy Fi-bo-na-ci khéng c6 uwdc chung d>1.
p) VO&in >3 tacO FuuaFno-FooFa = (-1)1.3

qQ)  4FnFa.Fuo.Fog +9 1a mot s6 chinh phuong

I)  Faei?+1 chia hét cho Faci va Fai? +1 chia hét cho Fan.

Trén day 13 mot sb cac tinh chit co ban cua diy Fi-bo-na-ci. Con nhiéu tinh chat khac ma

ta co thé bat gip ¢ trong cac dé thi Olympic hodc thi hoc sinh gioi.

Giai:

Ta s€ ching minh mdt s6 tinh chat, con mot sb tinh chat ta xem nhu 13 bai tap.

a) Ta xét phuong trinh dac trung ctua day la: x?>-x-1=0 (1). Phuong trinh nay c6 hai

nghiém la
X1 = 1+2\/§ ; X2 =#. Theo 1y thuyét tong quat da chimg minh trén, sd hang tong quat co

dang F, = pxi" +gx2". Ta thay n=1; n=2 vao ta cé p; q thoa man hé¢ phuong trinh

1445 145 oL

Py, p+q+V5(p—q)=2 J5

= P .

A5, A=Vs o B edse-g=2 | 7]

P 7 V5
Viy s6 hang tong quat 1a Ff%[(1 +2\/§)” - (1 _2\/5)"].

b)

Ta chiing minh bang quy nap. Pat P(n) 1a ménh dé chtra bién n & trén.
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Véin=1 thi dang thirc ding.

Gia st P(n) 1a ménh dé dung, n>1, ta can chimg minh P(n+1) dtng.

M=

A n+l
Thatvaysz: F/c+Fn+I:Fn+2_1+Fn+l:Fn+3_1‘
k=1 1

k

Vay P(n) diing v61 moi n.

Tuong ty ta chimg minh dugc c¢) va d). Bay gio ta chiing minh g)

g
Ta cb dinh mot bién , chang han 13 m , chirng minh quy nap theo n. Ky hiéu ménh dé can
ching minh 1a P(n)
voin=2 , ta c6 P(2) dung vi F, =F, =1.
Gia st P(n) dtng, ta can chimg t6 P(n+1) ding. That vay
Fu+n+1 = FintFmnor ©
Theo gia thiét quy nap ta cé:
Fuin = FoFn1+Fm+1Fa
VA Fint = FaFna +FmeFoa (luu ¥ rang ta da cb dinh bién m).
Vay nén
Fmint1 = FoFn1tFme1Fn + FmFno +FmeiFao
=Fm(Fu-1 + Fo2)*+ Fut1(Fot Fo)
=Fm.Fn +Fm+1.Fne1 .
Vay P(n+1) dang. Khang dinh dugc chirg minh.

h)

Gia str n=km, véi ke N*, ta phai ching minh: v&i kyme N” thi Fim chia hét cho F. Ta ¢
dinh m va chirng minh quy nap theo k.

Ky hiéu ménh dé trén 1a P(k).

Vi k=1 thi P(1) ding.

Gia st P(k) dting, ta can ching to P(k+1) ciing dung.

That vay , theo g) ta co:
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Furym = Fotkm = FuFim-1tFm+1Fim .

Vi Fim chia hét cho Fi nén tir d6 ta ¢6 F (r1ym ciing chia hét cho Fu.

Bai tap tuwong tu:

n n

1) Xét diy s6 {a,} Vi a,=4; a,=22; a,=6a,, —a,,; VYn>2. Chitng minh rang ton tai

2
T A 7
cdc day so nguyén duong (x,); (y,) sao cho a, = I T >,

xﬂ - yll

2) Cho phuong trinh log,,, (x> —x)=0. Goi «, B voi a <p la hai nghiém cua phwong trinh

nay. Coi ddy sé Fibonaci (F,)'", véi F =F,=1 va F,,=F

n=l1 n+l

+F,; ne N . Chung minh

1 n__n
E(ﬂ a’).

3) Xétdﬁysé la,} véi a,=5; a, =11; a

rang F, =

=2a,-3a,,; Yn>2. Chitng minh rang u,,, chia

n+l

hét cho 11.

A) . u
+u ,¥Yn>1. Tim lim =L,

n+l n’
n—+oo 1y
n

4) Choddy s u, =1; u, =2 va u,,, =2u

n+2

9) DANG 9: SO SANH NGHIEM CUA TAM THUC BAC HAI VOI MOT SO

Phan tich:

Twr nam hoc 2006-2007 tro di , bai toan dinh ly dao vé diu cua tam thirc bac hai va bai toan
so sanh nghiém cua tam thirc bac hai véi mot sb thuc bt ky khong con duoc trinh bay
trong chuong trinh chinh khoa. Pay 1a y tudng giam tai cua Bo gido duc va dao tao.

Tuy nhién qua qué trinh giang day va cho hoc sinh 1am bai tap, toi thay nhiéu bai toan néu
biét sir dung dinh 1y dao va bai toan so sanh nghiém thi 10i giai s& ngan gon hon nhiéu.

Vi thé trong chuyén muc nay, t6i dua ra mot vai hudng giai quyét co thé s dung bai toan
so sanh nghiém dé 1am bai tap.

Trude hét toi xin dua ra mot vi du dan dén bai toan so sanh nghiém:

Vi du:

Tim m dé ham s6 y = x* + 2mx> +(m—3)x+5m> ¢6 cuc tri. Goi x1; x2 la hoanh do ciia cuc tri.

Tim m de x;<-3<x2<2.
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Pay 1a mot vi du thong thuong trong bai toan ham sé. Tuy nhién dé giai duoc , ta can so
sanh nghiém cia y> d6i voi cac sb -3 va 2. Néu khong dung phuong phap so sanh nghiém

thi 101 giai cong kénh va rac roi hon.
Dinh 1y ddo vé dau dugc phat biéu nhu sau:

Dinh ly:
Cho tam thitc bdc hai: f(x)=ax* +bx+c=0 (a#0). Néu cé s6 thuc a sao cho af () <0 thi

tam thurc bdc hai co hai nghiém x;; x> va x, <a < x,.

Chung minh:

Tir dinh 1y thudn vé ddu ciia tam thitc béc hai, ta thdy chi ¢é duy nhat mét truong hop f(x)
trdi dau véi x dé la trwong hop A >0.Trong truong hop ndy tam thirc ¢é hai nghiém xi; x2
va x, <a<x,.

Ta thdy gid thiét cia dinh Iy ddo roi vao trwong hop nay. Do dé tam thire ¢6 hai nghiém x;;
X2 (x1<x2) va x, <a<x,.

Tw dinh Iy dado , ta rut ra cac hé qua sau:

H¢ qua 1:

Piéu kién can va dit dé tam thike: f(x)=ax’ +bx+c=0(a=0) c6 hai nghiém x1;x2 (x1<x2)
la ¢6 56 thuc asao cho af (@) <0.

H¢ qua 2:

Cho tam thirc bdc hai : f(x)=ax’ +bx+c=0(a=0)va hai s6 thuc a, B sao cho a <.
Piéu kién can va dit dé f(x)cé hai nghiém , trong dé c6 mét nghiém thuéc khodang (o ; B)

va mot nghiém nam ngoai doan [a; B] la f(a).f(B)<0.

Churng minh :
H¢ qua 1: Puoc suy ra tw dinh ly thudan va dinh ly dao.
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H¢é qua 2:

Gid sirta ¢6 f(a).f(B)<0 < af(a)af (B)<0.

Suy ra af («)<0 hodc af (B)<0.

+ Néu af () <0 thi af (B)>0 (*), suy ra phwong trinh co hai nghiém x;<a <x< .
+ Néu af (B) <0 thi af ()>0 (**), suy ra phuwong trinh co hai nghiem o <x;< f <x.
Nguroe lai néu xdy ra mét trong hai kha nang (*) hodc (**) thi ta cé f(a).f(8)<0.

H¢ qua duwoc chung minh.

Sau ddy 1a mot vai hudng dé xudt khi cho hoc sinh sir dung kién thirc vé so sanh nghiém

vao giai bai tap.

1) HUONG DPE XUAT 1: DEM VE SO SANH NGHIEM VOI SO 0.
Phan tich:

O 16p 9, hoc sinh da biét so sanh nghiém cua phuong trinh bac hai véi s6 0 bang cach xét
dau tong va tich ctia hai nghiém.
Bay gio ta s& tim cach dua vé so sanh nghiém véi s6 0.

Ta théng nhét cac dai luong A; S; P 1a cua g(t).

i) Tamthic f(x)=ax’ +bx+c=0(a=#0) co hainghiém x, <a<x, © x,—a<0<x,-a.
g 1 2 1 2

Pit r=x-a,dindén g(t)= f(t+a) cb hai nghiém ¢, <0<, .

i) Tam thitc f(x)=ax’ +bx+c=0(a=0) cd hai nghiém x, <x, <.
1 2

A>0
Bang phép dat ¢ = x—a, dan dén g(r)= f(t + @) c6 hai nghiém ¢ <¢, <0 < 15<0.
P>0

iii)  Twong tu cach xur 1y ddi v6i trudng hop f(x)=ax’ +bx+c=0(a=0) cb hai nghiém
thoa man 0< x, <x,.

Sau day ta xét mot s6 vi du minh hoa.
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Vidu 1:

2
Cho ham s6 y=""3**3 ()
x+2

Tim cac gia tri ciia m dé dudng thang d: y=mx-m cit d0 thi tai hai diém thudc vé hai nhanh
ctia do thi (C).
Giat:

Phuong trinh hoanh d¢ giao diém ctia hai d6 thi d va (C) la:

& (m=Dx* +(m=3)x—2m—-3=0(1).
Pé d cit (C) tai hai diém thudc hai nhanh khi va chi khi (1) ¢6 hai nghiém x,; x» thoa mén :
X1<-2<X».
Pit t=x+2 ta dua (1) vé phuong trinh 4n t:
(m-1)¢> —Bm—-Dt—1=0 (2).
Phuong trinh (2) phai c6 hai nghiém trai ddu .

Tim dugc m>1.

Vidu 2:

x2+mx

Tim m dé ham sb y = -1 déng bién trén khoang (1;+o0).

Giai:
x2=2x-m+1
(x=1)’

Taco y'=

bat f(x)=x"-2x-m+1.

Pé ham s6 dong bién trén (1;+w0) thi phai xdy ra mot trong hai kha ning:
KNI1: fix) ¢6 A<O ©m<0.

KN2: f(x) c6 hai nghiém x1; x> thda man x, <x, <1.

Pit t=x-1 ta dua vé xét diéu kién g(t)= t> —m c6 hai nghiém ¢, <7, <0.
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A=m=0
Piéu d6 twong duong: {S=0<0 < m=0.
P=-m2>0

Két hop 2 kha nang dugc m<0.

Vi du 3:
Tim m dé ham s :
y :l(m—2)2x3 —é(m—6)x2 —(m-1)x

3 2

nghich bién trén khoang (-1;0).
Giai:

Tacod y'= f(x)=(m—2)>x> =3(m—6)x—(m+1)
Ta can c6 : y'<0, Vx e (-1;0).
TH1: V6i m=2 thi y'=12x—3<0 < m s% . théa man.
TH2: V&i m =2 , khi d6 (m-2)% > 0.
Pé »'<0, Vx e (-1;0) thi f(x) phai c6 hai nghiém x;;x, thoa min x, <-1<0<x, (¥).

Ta tach yéu cau (*) ra 1am hai truong hop dong thoi xay ra:

{xl <-1<x,(a)

x, <0< x,(b)

N\ ~ A 9 y 9 A Ao 7. - 3 S m S 5
Dung k¥ thuat xtr 1y ¢ trén doi véi (a) ta dugce { L)
m

m=>-1

Déi véi (b) ta dugce {
m#2

Két hop tat ca cc truong hop ta duge —1<m<5.
Vi du 4:

Tim m dé phuong trinh :

xt=2m+3)x* +m+5=0 (1)
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Co6 cacnghiém thdaman : —2<x, <-l<x, <0<x, <l<x, <3 (¥).
Giai:

bay la phuong trinh trung phuong.

Dit t=x2. Ta dua vé phuong trinh : 1> = 2m+3)t+m+5=0(2).

Dé (1) c6 4 nghiém phan biét thi (2) phai c6 hai nghiém dwong phan biét.

Ta gia st hai nghiém cua (2) la: 0<¢ <¢,.

Khi d6 x, =5, 5, ==t 5 x, =Jt, 5 x, =41, -

Do d6 tir gi thiét ta c6 : <\, <—l<=Jt;, <0<t <1< 1, <3.
o 0<t <1<, <2 (**).

Ta tach diéu kién (**) ra lam hai diéu kién dong thoi:

0<t <1<y,
t<l<t, <2’

Xt 1y tuong tu & trén ta co két qua khong c6 m nio théa méan.

Vidu 5:
Tim m dé hé phuong trinh sau c6 nghiém:
{\/; + \/; =1
xVx+pfy =1-3m
( Thi PH khéi D-2004)
Giat:
Taddt Vx =u>0; [y =v>0.

H¢ da cho tré thanh :

u+v=1 u+v=1
= .
uw +v =1-3m uv=m
Theo dinh 1y Vi-et thi u,v 1a nghiém phuong trinh:

t?—t+m=0 (1).

Dé hé c6 nghiém thi (1) phai c¢6 ca hai nghiém khong am.
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A=1-4m >0
=:5=1=20 S0<m<
P=m=>0

1
R

Bai tap tuwong tu:

x* = 2mx +3m?

1) Tim m dé ham sé: y = ddng bién trén khoang (1;+).

xX—2m
2) Tim m sao cho ham s6 y = —x* +(a—1)x* +(a +3)x ting trong khoang (0;3).

x*=2x+m

3) Tim m dé ham sé y = giam trén khoang (-1;0)

( Du bi khdi A 2002)

2) HUONG PE XUAT 2: TRINH BAY TRUC TIEP PINH LY PAO.
Phan tich:
Hudng dé xuit dem vé so sanh nghiém véi s6 0 thuc ra chi thun tién khi viéc so sanh dién
ra khong phai v6i nhiéu s6. Khi viéc so sanh dién ra mot lic véi nhiéu sb thi viéc chuyén
qua ham g(t) nhu & trén s& mat nhiéu thoi gian . Vi thé dinh 1y dao c6 nhitng mat tich cuc
nhit dinh trong nhirng bai tap nhu thé. Thyc ra clia qua trinh so sanh nghiém thuong duoc
dua vé qua cac bai toan co ban sau.

Ta can trang bi mot s6 bai toan so sanh nghi¢m co ban:
i)  f(x) c6 duy nhit nghiém théa méin x>«

Xay ra mot trong cac truong hop sau:
THI1: f(x) c6 nghiém x, <a<x, < af(a)<0
A=0

TH2: f(x) co nghiém a<x, =x, < 1§
—>a
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fla)=0
TH3: f(x) co nghi€ém a=x, <x, <1 s

—>a
2
ii)  f(x) c6 it nhat mdt nghiém théa min x>a:

THI: f(X) c6 nghiém x, <a<x, < af(a)<0.

A=0
TH2: f(x) c6 nghiém a <x, =x, {S

—>a

A>0
TH3 : f(x) c6 nghiém a < x;;x, < {af(a)>0.

Binh luin:
DPoi véi truong hop ndy ta cé thé lam gian tiép. Ta tim m dé f{(x) khong cé nghiém théa
man x>« . Lic do ta co hai truong hop sau:

THI: f(x) vo nghiém < A<0.

TH2: f(x) co nghiém x;x, <a < <af(a)>0.

Sau d6 ta logi di cdc gid tri tham sé trong trwong hop gidn tiép , ta dwge cde gid tri tham

SO tryc tiép.

iii)  f(x) c6 it nhat mt nghiém thudc doan [«; 3 ]:
THI1: f(x) c6 nghi€ém la « hoacla g
< fla).f(B)=0.

THPT Phan Boi Chdu — Binh Duong 68




SKKN Dinh li Vi- ét va irng dung Nguyén Thanh Nhin

TH2: f(x) c6 mot nghiém thudc khoang («; ) va nghiém kia nim
ngoai doan [«; 5]
< fla).f(p)<0.
TH3: f(x) c6 ca hai nghi¢m thudc (¢; ) :

A>0
af (@) > 0
<1af(f)>0 -

S
o<—<
S <B

iv)  f(x) c6 it nhat mot nghiém thudc khoang («; 5).

THI1: f(x) c6 nghi€ém la «, nghiém kia thudc («; ) :
o {f (@)=0

a<S-a<p’
TH2: f(x) c6 nghiém la B, nghiém kia thudc («; ) :

{f (#)=0

& :

a<S-p<p

TH3: f(x) c6 mot nghi€ém thudc khoang («;4) va nghiém kia nam ngoai doan [«; ]
< fla).f(B)<0

TH4: f(x) c6 ca hai nghiém thudc («; ) :

A=0

af (a) > 0
S (H)>0 -

S
a<=<
5 B

v)  f(x) ¢6 it nhat mot nghiém nim ngoai khoang («; B)

(tuec la x< B hodc x> ).
Pbi v6i truong hop nay ta lam gian tiép. Tac 1a tim diéu kién dé f(x) khong c6 nghiém nam
ngoai khoang (a; ).
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THI1: f(x) vOo nghiém < A<0.
TH2: f(x) c6 ca hai nghi¢m thudc khoang («; A)
A>0

af () >0
<af (f)>0 -

S
o<—<
S <B

Sau d6 ta loai di cac gia tri tham s6 vira tim, ta dugc cac gia tri tham so can tim.

Trén day 1a 5 bai toan co ban vé so sanh nghiém cta tam thic bac hai v6i mot sb. Trong
khi 1am bai ta c6 thé gap dudi mot dang khac, lac d6 chi can xtr 1y linh dong 1a ta co thé

giai dugc.

Bay gio ta c6 mot s6 vi du minh hoa.

Vidu 1:
Tim m dé phuong trinh sau c¢6 nghiém thuc:
Wr—1+mix+1=23x>-1(1)
( Thi PH khdi A nim 2007)
Giai:

Pay 1a phuong trinh dang cap bac hai d6i voi 4/x—1 va ¥x+1.
Kiém tra thdy x=-1 khong 1a nghiém.
Chia hai vé cho Vx+1 ta duoc :

31{x—1 +m:241/x_1 .
x+1 x+1
Ta dat : 4‘/x_1:t20
x+1

x—1

hon nra vi lim

=lnéntasuyra 0<t<l
X*)ioox_i_l
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Pua vé phuong trinh béc hai:
f()=3t-2t+m=0(2)
Pé (1) c6 nghiém thyc thi (2) can c6 it nhat mot nghiém 0<7<1.
THI1: f(t) c6 nghi¢m t=0
S f(H)=0m=0.
TH2: f(t) c6 mot nghiém thude (0;1) , nghiém kia ngoai doan [0;1]
< f(0).f <0 mm+]) <0< -1<m<0.

TH3: f(t) c6 mot nghiém Ia 1, nghiém kia thuoc khoang (0;1):

S1H)=0 m=-1 A ,
©{0<S—1<1®{1<S<2 (Kkhong xay ra)

TH4: (t) c6 ca hai nghiém thudc khoang (0;1)

A'>0 1-3m>0
af(0)>0 3m>0 .
Siaf()>0 S Bm+)>0M>0 ©0<m<—.
m>-1

Vm

m<—

0<£<1 O<z<1
2 3

Két hop lai ta dugc : —1<m£§.

Binh luin:
+ Ta thdy viéc tim m dé phwong trinh cé it nhdt mét nghiém thudc [0; 1) khéng roi vao 5
bai todn da xét. Tuy nhién dé gidi bai ndy , ta tong hop cdc truong hop & 5 bai todn trén.

Do do 5 bai toan trén van la co ban.

+ Ta c6 thé dimg ham sé dé gidi bai todn trén nhu sau:
S6 nghiém cua (2) la s6 giao diém cia hai do thi ham sé y=m va y=-31 +2t.

Ldp bang bién thién ciia ham sé y=-3¢ +2t trén nita khodng [0;1) ta dwoc :
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W | =

W | =

-3¢ \
+2t

0 -1

Tir bang bién thién ta thdy —1<m < % .

+ Mot diéu chii y ¢ ddy la ta c6 thé tim thiéu diéu kién ciia bién sé t. Ta cé thé chi dé y la

0<t.

Vi du 2:
Cho phuong trinh : f(x)=x* —(m+2)x+5m+1=0 (1).
Tim m sao cho:
a) Phuong trinh chi c6 mdt nghiém thdéa man x>1.
b) Phuong trinh ¢ it nhat mot nghiém thoa man x| > 4.
¢) Phuong trinh c6 nghiém thudc (-1;1).
d) Phuong trinh c6 it nhit mot nghiém thoa man x<2.
Giat:
a) co0 3 truong hop xay ra:
THI1: x <l1<x, ©af()<0<=m<0.

=0 5
TH2: 1=x,<x, & S <:>{ ( vOo nghiém).
1 m>0

TH3: 1<x, =x, &

A=0  lem=o0
= S m=16.

1<§
2
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b) Ta giai gian tiép.
Tim m dé phuong trinh khong c6 nghiém thoa man |x| > 4.
THI1: f(x) vO nghiém < A<0 < m’> -16m<0<0<m<16.

TH2: f(x) ¢6 ca hai nghi¢m thudc khoang [-4;4]

m2>16
A>0 m* —16m >0
m<0
af (—4)>0 O9m+25>0 55 25
Saf@)>0 S Im+9>0 = mz_? @—KSmso.
_4<S<a |a4<™F2oy m29
2 2 _10<m<6
Nhu vay f(x) khong c6 nghiém thoa man |x| > 4 khi —%Sm<16.
me-2
Vay f(x) c6 it nhat mot nghiém théa man |x| > 4 khi 5.
m2>16

c) Co6 4 truong hop xay ra:

<-18-(-D<1

2
THl:—1<x1<x2<1c>{f(_l)_O @{’"_E ( khong c6 m nao).

<—4m< -2
D=0 m=0 n , \
TH2: -1<x, <1=x, & A = ( khong c6 m nao).
-1<§-1«1 -2<m<0

TH3:
f(x) c6 mot nghiém thude (-1;1), nghiém kia nam ngoai doan [-1;1].

<:>f(—1).f(l)<0c>—§<m<0.

TH4: {(x) c6 ca hai nghi¢m thudc khoang (-1;1).

m=>16
A>0 m> —16m=>0 {
m<0
af (-1)>0 om+4>0
Saf()>0 S 4m>0 <{im>—=  (khong c6 m nao).
—1<§<1 —1<m+2<1 m>0
-4<m<0
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Tom lai : —§<m<0.
d) Co6 3 truong hop:

THI: x, <2<x2<:>af(2)<0<:>3m+1<0<:>m<—%.

£(2)=0 (3m+1=0 |
TH2: x, <2=x, <48 SIm+2 o m=——.

—<2 <2 3

2

A=0 m* —16m >0
TH3: x, <x,<2<13af(2)>0<<3m+1>0 <:>—%<m£0.

§<2 er2<2

2 2

Két hop cac trudng hop ta duge m <0.

Binh luin:
Ta c6 thé gidi cdu d) bang phirong phdp gidn tiép nhu sau:
Ta tim m dé f(x) khéng c6 nghiém x>2.
THI: f(x) vo nghiém.
TH2: f(x) co ca hai nghiém x,;x, >2.
Vi du 3:
Tim m dé phuong trinh (x +1)(x +3)(x +5)(x +7) = m (1)
vo nghi¢m.
Giai:
DPua (1) vé (x* +8x+7)(x> +8x+15) =m.
Dit ¢ = x> +8x+7, dé ton tai x thi r>-9.
Phuong trinh tré thanh: t(t+8)=m < t> +8t- m=0 (2).
Pé (1) v6 nghiém thi (2) phai khéng c6 nghiém thoa man ¢ > -9.
THI: (2) vO nghiém < A<0< m<-16.
TH2: (2) c6 ca hai nghiém nhé hon -9.
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A'>0 16+m>0

S1af(-9)>0<:9-m>0 (khong c6 m nao théa man).
§<_9 -4<-9
2

Tom lai : Bé (1) vo nghiém thi m<-16.

Vi du 4:
Tim m dé phuong trinh :
xt+(m=-Dx’ + x> +(m-x+1=0 (1)
Co khong it hon hai nghiém am khac nhau.
Giai:
Pay 13 phuong trinh hé sb dbi xtng.
Nhan thdy x=0 khong 1a nghiém.

Chia hai vé cho x2 ta duoc:

(x* +L2)+(m—1)(x+l)+120.
x x

< 1 2 1s N N A A
bat r=x+—.Deéylaxva — cung daunén:
X X

Ap dung bét ding thirc Co-si ta co: |t = L x|+ o (*)
X X

Phuong trinh tr¢ thanh : £ + (m -1t -1=0(2).
Ta luu ¥ rang trong diéu kién (*) thi # < -2 khi va chi khi x<0 va t=-2 khi chi khi x=-1.
Do d6 dé (1) c6 khong it hon hai nghiém am thi (2) phai c6 it nhat mot nghiém t<-2.

Pé y thém (2) 1udn co hai nghiém trai dau.

Do d6 ta chi can xét ¢, < -2 <1, <:>af(—2)<0<:>m>§.
A . 5

Vay taco: m>.

Vidu 5:

Tim m dé phuong trinh :
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x*=2x—mx—1+m* =0 (1)
co nghiém .
Giai:

Dt r=|x-1>0 , thi x> -2x=7>-1.

Phuong trinh tr¢ thanh: ¢* —mt+m’ -1=0 (2).

Pé (1) c6 nghiém thi (2) phai o it nhit mot nghiém ¢>0.
THI1: (2) co nghitm t=0 < f(0)=0< m’ —1=0< m=*1.
TH2: (2) c6 hai nghiém trai dau
Saf(0)<0em’ -1<0s -1<m<l1.

TH3: (2) c6 ca hai nghiém duong

A>0 3m*+4>0
) 23
SIP>00m™-1>0 ol<m<——,
S>0 m>0

23

Két hop lai ta dugc : —ISmsT.

Vi du 6:

Tim m dé hé phuong trinh sau c6 nghiém thyc:

x+l+y+l=5

x y
x’ +y3+x%+% =15m—-10
( Thi PH khdi D-2007).

Giai:

- 1 1
Patu=x+—; v=y+—.
X y

Dung bat déng thirc Co-si va bat déng thirc tri tuyét ddi ta dugc:

lu| = il =|x|+l >2; =2 (vixva ! cung dau )
X X X
e Do u+v=>5 u+v=>,
H¢ da cho tr¢ thanh:{ | | & .
u +v: =3u+v)=15m-10 uv=8-m
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Theo dinh 1y Vi-et thi u; v 1a nghiém phuong trinh:
f(t) = t? -5t +8-m = 0(1)

Hé da cho c6 nghiém khi va chi khi (1) c¢6 ca hai nghiém théa man |r,|>2;

Ta giai bang phuong phap gian tiép nhu sau.
Tim m dé (1) khong c6 nghiém ndm ngoai khoang (-2;2).
THI: (1) vOo nghiém

@A:4m—7<0c>m<%.

TH2: (1) ¢6 it nhat mot nghiém thude khoang (-2;2)
6 TH2 nay co6 4 kha nang:
+ KNI1: f(t) c6 nghiém la -2, nghi¢ém kia thuoc khoang (-2;2)

=3 {f(—Z) =0 2= {22 —m=0 ( khong xay ra).
-2<85+42<2 -2<7<2
+ KN2: f(t) c6 nghiém la 2, nghiém kia thudc khoang (-2;2)

f(2)=0 2-m=0 . .
Q{—2<S—2<2©{—2<3<2 (khong xay ra ).

+KN3: f(t) c6 mdt nghi¢m thudc khoang (-2;2), nghi¢m kia
nam ngoai doan [-2;2]

S f(2D)f2)<022-mR2-m<0=2<m<22.

+KN4: f(t) c6 ca hai nghi¢m thudce (-2;2)

A>0 4m—7>0
af (=2)>0 22-m>0
©<af(2)>0 <12-m>0 (khong xay ra).

—2<£< 2 -2 <§< 2
2 2
Nhu vy dé (1) khong c6 nghiém nim ngoai khoang (-2;2) thi m<y
2<m<22
~ ~ cy Y ~ A1 e oq1s Z <m<?2
Vay nhiing gid tri mthéa man dé baila: | 4
m>22
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Binh luin:

Ta c6 thé tim m dé (1) c6 cd hai nghiém théa man |1,|> 2;|¢,| > 2 bdang phwong phép ham

s6 nhir sau:Ta Idp bang bién thién ciia f{t) ngoai khodng (-2;2) :

t - 2 S +
-2
£(t) - [T - 0 +
+ o0 \ 2 +
f(t) 22 AW 1/'
4
o Tem<2
Tur bang bién thiéntaco : |4~
m>22

Vidu 7:

Cho phuong trinh : cos3x—cos2x+mcosx—1=0 (1).

Tim m dé phuong trinh c¢6 dung 7 nghiém khac nhau thuoc khoang (—%;2;;) :
Giat:

Ta bién d6i dua phuong trinh vé :

cosx=0
cosx(4cos’ x—2cosx+m—3)=0 < )
4cos“x—2cosx+m—-3=0

Trong khoang (—%;27:), phuong trinh cosx=0 c6 hai nghi¢m la
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Do d6 dé (1) co ding 7 nghiém phan biét thi phuong trinh :
4cos’ x—2cosx+m—3=0 (*¥)
phai c6 5 nghi¢ém phan biét va khac hai nghiém ¢ trén.
Dat t = cosx, phuong trinh (*) tré thanh:
f()=4t> -2t+m-3=0 (2).
Néu e (0;1) thi cho 3 gia trj x tuong tng khac nghiém x; ; x».
Néu ¢ e (-1;0)thi cho 2 gia tri x twong tng khac nghiém x; ; x2.
Néu t=1 thi chi cho x=0.
Néu t=-1 thi chi cho x=r
Do d6 dé (*) c6 5 nghiém nhu yéu cau thi f(t) phai c6 hai nghiém phan biét t;;
trthoaman: -1<7 <0<z, <1.

Theo dinh d4o ta can c6:

af(0)<0 m—-3<0
af(-)>0 & im+3>0=1<m<3.
af(1)>0 m—-1>0

Vay nhitng gia tri m cAn tim : 1<m <3.

Binh luén :

Tir ldp ludn vé méi twong quan giita t va x ¢ trén ta thdy néu yéu cau vé sé nghiém thay
doi, sé dan téi tinh chat nghiém cia (2) ciing thay doi.

Chdng han:

i) Néu dé yéu cau (1) c6 ding 6 nghiém khdc nhau thi nghiém ciia phwong trinh (2)

7 . N\ ~ N\ t =_1
phdi la: ~1<t,<t,<0, hodacla |
0<t, <1

t, =1

, hoac la
0<t <1

ii ) Néu dé yéu cau (1) ¢é ding 8 nghiém thi nghiém ciia (2) phdi la:

0<t <t,<1.

Bai tap tuwong tu:
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1) Tim m dé phuong trinh : x? + 2x + m\3—2x—x* = m”
a) co nghiém.
b) c6 4 nghiém phan biét.

2) Tim m dé phuong trinh :

9% _ 6™ + (Bm—8).4> 7 =0
C6 nghiém thoa man /> .

3) Tim m dé phuong trinh : (x-1)* + (x=3)* =m
co nghiém.
4) Tim m dé phuong trinh:

2227 —@m+3)"Va-x? +(m* -H*32+x0)? =0
Co6 nghiém .
5) Tim m dé phuong trinh c6 nghiém duy nhat:

lg(x? - 2mx) —lg2x —m—1) =0.

6) Cho phuong trinh :

(x-3)(x+1)+4(x-3)

x+1
=m
x_

Tim m dé phuong trinh c¢6 nghiém.
7) Cho phuong trinh :
[ = 2x 4 m|=x -1
Tim m dé phuong trinh ¢6 4 nghiém phan biét.
8) Tim m dé phuong trinh:
1g>(10x) + lgx = m

C6 nghi¢m théa man 1<x<10.
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II- UNG DUNG CUA DPINH LY VI-ET TONG
UAT :

1) DANG 1: UNG DUNG VAO GIAI HE PHUONG TRINH
Phén tich :
Thong thuong cac hé thuong gip ¢ dang ddi xtung. Khi d6 ta tim cach biéu dién cac
phuong trinh trong hé qua céc biéu thirc dbi xtimg so cap d6 13 : x+y+z ; xy+yz+zx ; xyz
( d6i v&i hé 3 an). Ta can str dung cac hing dang ddi xing :
& +b>=(a+b>-2ab ; & +b’=(a+b) —3ab(a+b)
dé bién ddi hé , sau d6 sir dung dinh 1y Vi-et ddo dé dua vé phuong trinh da thic va giai

phuong trinh d6. Cudi cung nghiém cua hé chinh 1a cac bd s6 hoan vi cac nghiém.

X+y+z=3
Vi du 1 : Giai hé phuong trinh : {x* +y* +z* =21

x*+y +2° =57

Giai :
Ta co Xy 472=(x+y+z)2-2(xy+yz+zx) =21.
Trdoésuyra:  xy+yz+zx=6. Lai vi
xX3y3+z3= (xtyt+z)(x*+y>+z2-xy-yz-zx)+3Xyz.
Tur doé tinh duge xyz= 8. Vay theo dinh ly Vi-et ta c6 x, y, z la nghiém cua phuong trinh :
t3-3t2-6t+8=0.

Ma phuong trinh trinh trén c6 cac nghiém 1 ; -2 ;4.
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Vay hé trén c6 6 nghiém (x,y,z) twong tng 1a cac hoan vi caa bd sb (1 ; -2 ;4).

Vidu2:
x+y+z=0
Giai hé phuong trinh {x* +y> +z* =10
x'+y +z =350
Giai:
Dat Si=x+y+z=0. S = x2+y*+z22=(x+y+2)?-2(xy+yz+zX).
T d6 suy ra xy+yz+zx=-5.
Str dung bién dbi so cip ta c6 :
Ss =x3+y*+z3 = -(x+y+z)} +3(x+y+z)(xy+yz+zx)-3xyz
=-3xyz ( vi xt+y+z=0).
bat S,=x"t+y"+z".
Ta co (Xty+z) (X" 2+y"2+z02)=(),
Hay la Snt3=-Sn1(Xy+yz+2X)-Sn XyZ.
Thay n=1 cho dén 4 ta 1an luot tinh duoc :
S4=150; S5 =-25xyz( vi S3=-3xyz).
Thay n= 4 va st dung cac két qua thu duoc & trén ta duoc S7=175xyz.
Tur gia thiét S7 = 350. Tur d6 tinh dugc xyz=-2.
Theo dinh 1y Vi-et ta ¢ X; y; z 1a ba nghiém cua phuong trinh t*-5t-2=0.
Ta tim duoc 3 nghiém 1a -2; 1-2; 1++/2.

Tt d6 hé phuong trinh c6 6 nghiém 14 cac b so tao ra do hoan vi cua 3 gia tri trén.

Vi du 3: ( thi HSG Qudc gia 16p 9, nim hoc 96-97)

X+y+z=6
Giai hé phuong trinh <x* +y* +z° =18 .

\/;+\/;+\/_=4

Giai:
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Ta co x>ty +z2=(x+y+z)*-2(xy+yz+zx),

suy ra xy+yz+zx=9.

Lai c6 (Vx +4y +4z Y= x+y+z+2({Jxy +[yz +/2x),
suy ra (Jxy +fyz +4/zx)=5.

Binh phuong hai vé ta duoc:
xytyz+zxt 2 vz (Vx + [y +/2) =25,
thay s6 ta dugc xyz = 2, hay xyz=4.
Theo dinh 1y Vi-et ta ¢6 Xx;y;z 1a nghiém cua phuong trinh :
t3-6t*+9t-4 = 0.
Ta giai phuong trinh dugc 3 nghiém 1a 1;1;4. Vay h¢ da cho c6 3 nghiém (x; y;z) 1a hoan vi

cua 3 so trén.

Vi du 4:

Tinh tdng S=x3+y*+z* theo a,b,c biét rang:

x+y+z=a()
X'+ +z2° =b%(2)
1 1

Ll
Y

z C

1
—+
X

(Pé 132 bo dé 95).

Giai:
Tu (2) ta c6 x*+y*+z? =(x+y+z)>-2(xy+yz+zx)=b?,
2 2
suy ra Xytyzt+zx= a b
2 g2
Tu (3) taco w:l,suyra xyZ:M.
xyz c 2

T biéu thirc S ta co:
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S=x3+y*+23=(xty+z)(x>+y*+2z>-Xy-yz-zX)+3XyZ

2 g2 2 g2
:a[bZ_a b ]+3C(a b )
2 2

=a’ +%(a2 ~b*)c—-a).

Vidu 5:
Giai hé phuong trinh :

xX+y+z=9(a)
xy+yz+zx =27(b)
1 1 1

—+—+—=1(c)
X y z

Giai:

Xy +yz+zx

Tur phuong trinh (c) ta c6 : 1

xXyz
Suy ra xyz=xy+ yz+zx=27.
Theo dinh 1y Vi-et ta ¢6 x;y;z 1a nghi¢m ctia phuong trinh sau:
=97 +27t-27=0 < (t-3)° =0 = t=3

Tur d6 hé phuong trinh c¢6 nghiém la x=y=z=1.

Vi du 6:
x+y+zrax+y)+a’x=a’
Giai h¢ phuong trinh sau: <x+y+z+b(x+y)+b’x=>b" (I)
x+y+z+ce(x+y)+cix=c’
Giai:
biat m=x+y+z; n=x+y; p=x
Tir cAu triic cac phuong trinh ciia hé , ta ¢6 a;b;c cing 1a nghiém cta hé phuong trinh :

P —pt’ —nt—-m=0
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a+b+c=p=x
Ap dung dinh 1y Vi-et ta suy ra {ab+bc+ca=-n=-x—y.
abc=m=x+y+z

x=a+b+c
Tu do6 ta giai dugc :\y=ab+bc+ca—a-b-c
z=ab+bc+ca+abc

Day la nghiém cua hé phuong trinh da cho.

Binh luin:
Tir cdc vi du trén ddy ta thdy méi quan hé mat thiét giita phwong trinh va hé phwong trinh,
ddc biét la hé doi xitng. Viéc thdy ré moi quan hé giita chiing, gitip ta ¢é hudng gidi quyét

linh déng: Tir hé phirong trinh chuyén vé phwong trinh va nguwoc lai.

2) DANG 2: UNG DUNG VAO TiNH CAC BIEU THUC LUQNG GIAC:

Phan tich:

Pay 1a dang bai tap hay gap trong cac ky thi hoc sinh gioi tinh. O dang bai tap nay , hoc sinh
can chi ra duoc céc sd hang trong biéu thirc chinh 1a nghiém cua phuong trinh dai s nao.
Sau khi chi ra duoc rdi, can st dung dinh 1y Vi-et dé két ndi cac mdi quan hé giira cac sb
hang d6. Hoc sinh can thuan thuc trong cac biéu dién luong giac, dic biét 1a cac cong thirc

v€ goc nhan.

Vidu 1:
Chung minh rang
a) tan’10° +tan”50° +tan” 70° =9
b) tan®20° +tan® 40" + tan® 80° = 33273
Giai:

a) Ap dung cong thirc goc nhan 3 ta co:

2
tan30£:3tanoz 3t2an a *)
1-3tan”
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tir do suy ra

9tan’ ¢ —6tan* o + tan® &

tan’ 3a = > "
l-6tan“ o +9tan” «

Thay «=10° ta co:

1 _9tan’10° —6tan*10° + tan°10°
3 1-6tan’10" + 9 tan *10°

Tu d6 tan?10° 1a nghiém ctia phuong trinh :
3t3-27t433t-1=0(1).

Vi tan?150°= tan?210° =%. Nhu vay thi tan?50°; tan?70° cing 1a nghiém cta phuong trinh

trén . Theo dinh ly Vi-et ta c6
tan>10° +tan” 50° + tan”> 70° = 9.
b) Ap dung véi o =20° vao hé thirc (*) ta c6

~9tan®20°-6tan’ 20" + tan®20°

3
1-6tan?20° +9tan*20°

Tur d6 tan?20° 1a nghiém cua phuong trinh :
t3-33t2+27t-3=0(2).
Lap luan tuong tu ta c6 tan?40°; tan?80° ciing 1a nghiém cua phuong trinh (2) . Vi vy nén
taco:
tan ©20° + tan ©40° + tan °80° =¢,> + 1,0 + ¢,

=(t,+t, +z3)[(z1 i, +1) =3, + 1t + t3tl)]+ 3ttt

t,+t, +, =33
Ap dung dinh 1y Vi-et ta cé: (1,1, + 1,¢, +15¢, = 27 .
11,0, =33

Thay vao biéu thirc trén ta co
tan °20° + tan ®40° + tan ° 80 ° = 33273 .
Binh luén :

3

Tir viée thiét ldp dwoc phwong trinh bdc ba (1) & trén, ta c¢é thé “ sang tao” ra nhiéu badi

toan méi. Chang han:
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Chitng minh rang : tan®10° tan” 50° + tan”10° tan® 70° + tan® 50° tan” 70° =11

tan® 10° tan? 50° tan* 70° :%

Vidu 2:
Chung minh rang :

T o 1V/4 177 T 177 -3
COS—COS—— + COS—— COS—— + COS—COS—— = —
12 12 12 12 12 12 4

Giai:
Ap dung cong thirc goc nhan ba:

cos3x=4cos’x-3cosx,

r . 7[ 4
VO1 x=—taCO 4COS3L—3COS L—Q:O (1)
12 12 12 2

Nén cos% la nghi¢ém cua phuong trinh :

V2

43-3t - —=0.
2

Lap luan tuong tu ta ciing thu duoc két qua cos ?—;z ; COS 117—2” déu 1a nghiém cua phuong

trinh (1). Ap dung hé thirc Vi-et ta co :

T 97 97 177 T 177 -3
COS —CO0S — + COS ——COS —— + €CO0S —C0S —— = ——
12 12 12 12 12 12 4

Binh luin:
Ta co thé sang tac ra cac bai toan moi dwa vao phwong trinh trén nhw sau
Churng minh rang:

V4 97 17«
cos —+ cos — +cos —— =0
12 12 12
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Vi du 3:
Cho b khéc 0 va gia st phuong trinh :
x3+ax?+x+b=0

c6 3 nghiém la x1;x2;x3. Ching minh rang:

(% =)0 =)+ (=) =)+ (=)~ ) =4,
X X

Xy X, Xy 3 3 X

Giai:
Theo dinh ly Vi-et ta co :
X1X2F XoX3+ X1X3=1.
Dit x; = tana ; x; = tan B; xs = tan y thé thi ta c6

tano tan f+tan f tan y +tan y tana =1,
V2
suy ra a+ﬂ+;(=5+k7r,keZ, suy ra

222 y=rn+k2rn,ke Z.
Vay nén dang thirc can chimg minh trong duong véi
(tan & -cot & )(tan B -cot 3 )+(tan /3 -cot 3 )(tan y -cot y )+

+(tan -cot e )( tan y -cot y )=4.

Pé y rang :

tanx-cotx=-2cot2x.
Vi thé dang thirc can chimg minh trd thanh

cot2 @ cot2 F+ cot2 fcot2 y + cot2  cot2 y =1.
Pay la dang thirc hién nhién dang vi 2a 22 y=r+k2r,keZ.

Tir d6 ta c6 diéu phai ching minh.

Vi du 4:

Chung minh rang :tan%.tanz?ﬂ .tan%[ .tan% =5.
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Giai:
Ap dung cong thirc goc nhan ta c6

3tanx—tan3x+ 2 tan x

tan5x= tan(3x+2x)= —_ta0 3x 4+ tan 2x - |_3tan’x 1—tan > x
I - 3tan 3x.tan 2x 1_3tanx—tan3x 2 tan x

l1-3tan2x 1—tan>x

Tién hanh rat gon ta thu duoc :

tanS5x=tan x

tan* x—10tan? x + 5
; > (1)
Stan" x—10tan “ x +1

Lan luot thay x=%; 2?” ;3?7[ ;4?” vao phuong trinh (1) thi vé trai luén bang 0. Mit khac vi

tan%; tanz?ﬂ ; tan%{ ; tan% nén ching phai 1a nghiém cia phuong trinh:

£ -10€ +5=0(2).
Ap dung dinh 1y Vi-et ta ¢ :

tan” tan 2% tan % tan 27 =5, (dfcm)
5 5 5 5

Binh luin:

Ta c6 thém mot s6 két qua khdc dwa vao dinh Iy Vi-et ciia phwong trinh trén nhw sau:

T 27 RY/4 4z
tan—+tan—+tan—+tan— =10
5 5 5 5

T 2z 3z 2z 3z 4 T 2z 4 T 3z A
tang.tan?.tan?+ tan?.tan?tan—+ tan — tan — tan — + tan — tan — tan — =0

V4 2 T, 37 pd 4 2r, 3x 2r,  4r 3z, 4rn
tang.tan?. + tangtan? + tang.tan?+ tan?tan?+ tan— tan — + tan —tan— = —10

Vidu 5:

a)  Chung minh réng :cos7x =cosx( 64cos®x-112cos*x+56c0s?x-7) (1)
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NP , ) cos * T+ cos * 2% 4 cos + 2

b) Tu do6 hdy chung minh: A = 14 14 14 =
4cos? T cos? 3 gos 2 27
14 14

Giat:
Ta co:

c0s7x=cos(X+6X)=c0sxc0s6X-sinxsin6x

=cosx(4co0s*2x-3c0s2x)-2sinxsin3xcos3x=

=cosx[4(2cos?x-1)*-3(2c0s?x-1)]-2sinx(3sinx-4sin’x)(4cos3x-3cosx)

= cosx( 64cos®x-112cos*x+56¢0s*x-7).

Ta thay x :% vao (1) thi vé trai bang 0, nhung vi cos %;ﬁ 0 ,nén cos% la nghi¢m cua

phuong trinh:
6416 — 112t4+568-7 =0 (2).

Hay cos® % 1a nghiém cua phuong trinh :
648 — 112624567 =0 (3).
o o \ r 2 37[ . 2 572- ~ \ A 9
Lap luan tuong tir ta c6 cos Ta5 o8 T cling 1a nghi€ém cua ( 2).

Néu ta goi 3 nghiém lan luot la ti;tosts

2
Rty e e )
SRSLE Lt |

t, oty = —

Theo dinh 1y Vi-et ta co: {4t +1,t, +t,t, = %.

7
Lty = 6_4

Thay vao biéu thirc A ta dugc A=3.
3) DANG 3: CHUNG MINH BAT PANG THUC
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Phan tich:

Khi can ching minh cac bat dang thic giira cic hé sé ciia phuong trinh, ta can bién d6i
chung vé céc ti s6 thich hop , thong thuong 13 bang cach chia cho hé sb chira x»  dé co thé
st dung dugc dinh ly Vi-et. Viéc ching minh bat déng thirc vé& hé sb chuyén sang ching
minh bat dang thuc gitta cac nghiém.

Do dinh 1y Vi-et phai biéu theo cac biéu thirc d6i xtng, nén cudi cing bat dang thirc thu
duge cling thuong dbi xung. Pay 1a mot diéu thuan loi, vi bat dang thic dbi xung thuong

dé chtimg minh hon.

Vidu 1:
Gia sir phuong trinh:
x3 —x?+ax+b=0 c6 ba nghiém .

Chimg minh rang: 203641 3 (2)
a-b+2 4

Giai:
Gia st 3 nghiém la xi;X2;x3. Theo dinh 1y Vi-et ta co:

X1+Xo+x3=1; X1X2+X2X3+X3X1=a; X1X2X3=-b.

Thay vao (2) ta duoc
X&@+@@+@m}8a%%+ﬁ+@+%<3@ﬁwﬁwﬂ
XX, X, + X%, + X, X,x; +1 3+, +x, +x,
- YL X < 3(x, +x, +x3)
I+x, 1+x, 1+x; 3+x+x,+x
1 1 1 9
o 1- +]-—+1- <3

I+x, 2 l+x, B 4, +x,

1 n 1 n 1 S 9
I+x, 1+x2 14+x; 3+x +x,+x

Ap dung bat dang thirc C6- si ta co ngay diéu phai chimg minh.
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Vi du 2:
Gia stir phuong trinh :

(a+b)’ -1

x’ —(a+b)x’ + x+1=0(1)

¢6 3 nghiém. Chimg minh rang :

2 2
LD Ll S T3
2 2

Giai:
Ta giad su 3 nghiém cua phuong trinh 12 x1;x2;x3. Theo dinh ly Vi-et ta c6:

X1+X2+x3=a+b

+b)* -1
X1X2 + XoX3+X3X| = (aT) )
Do d@o6 (X1+X2+X3)2 -2 (X1X2 + X2X3+X3X1) =1

2 2 2 _q
Sx+x, +x =1,

Tr(2)tacod:

2 2 2
AP ek S AP S DAt W Cale) Ml
2 2 2 2

Hay 13 can phai chimg minh:

Ty <xx, +x,x; +x,x; <1 (3).

Thatvay:taco: x7 + x; +x; =1,nén tu
(x, +x, +X,)° 20 2(x,, +x,%, +x,%,) > —(x] +x; +x7)=—1
S XX, XX+ XX, 2 —5.

Mit khac theo bét dang thirc Bu-nhi-a-cop-xki ta c6:
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(x1+x2tx3)* < (x*+y*+z2)* =1.

Tir d6 bat dang thirc hoan toan dugc chimg minh.

Vidu 3:

Gia st xi;x2;x3 1a ba nghiém duong cua phuong trinh:
ax>+bx>+cx+d=0(1), a khac 0.

Chung minh rang :

2
bc

81la°

X17 +X27+X37 > —

( Olympic 30-4 1an thir 5; 45 nim Toan hoc tudi tré)
Giai:
Theo dinh ly Vi-et ta co:

-b c
X1 HxXotx3=——>0 5 x,x, +X,X; + XX, =—>0
a a

Ap dung bat dang thirc Bu-nhi-a-cop-xki ta co :

(x,x, +x,x;, +x1x3)2 < (xl2 +x§ +x32)2
2 2 2 c
S X, +x, x5 2 (XX, +x,x; + X,X;) = 0 (a)

Ciing theo bat dang thirc B.C.S ta c6:
(x1+x21+x3)? <3(x12 +x22+x3%)

Nén:
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2
(x12 +x2%+x3%) > ;7 >() (b)

Nhén vé theo vé (a) va (b) ta dugc:

b*c
0<7 SO 4w, a0 <30t Hxd 1))

Binh phuong hai vé ta lai ¢6 :

1 1 1
bie? A
TP < (xS Hxtex)? = (2 X2 Fx,2x2 #x2x2) S (P Hx] X)X X, + X))
a

b’c?
dfcm).
81a’ ( Cm)

Cuoi cung ta thu dugc:  x/7+x27+x3” > -

Vidu 4:
Cho cac sb thuc a;b;c;d >0. Chirng minh réng:
9(atb+c+d)(abct+abd+acd+bed) < 4(ab+bc+ed+ad+bd+ac)?.
Giat:
Xét da thurc:
f(x)= (x-a)(x-b)(x-c)(c-d).

Vi {(x) c6 4 nghiém la a,b,c,d nén theo dinh 1y Rolle ( h¢ qua dinh 1y Lagrange ) ta c6 f’(x)
c6 3 nghiém la m;n;p. Ma ta co:
f(x) = 4x*-3(atb+ctd)x*+2(ab+bc+cd+datcat+bd)x-(abct+abd+acd+bed).

Nén theo dinh Iy Vi-et ta c6 :

m+n+p:%(a+b+c);
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mn+mp+np:%(ab+ac+ad+bc+bd+cd); mnp:i(abc+abd+acd+bcd).

Str dung bat dang thirc quen thudc:
(x+y+z)? >3 (xy+yz+zx) ta co:
(mn+np+mp)? > 3(mn’p+m’np+mnp?)
=3mnp(m+n+p).

Thay hé thuc Vi-et vao ta co6 dugc:

%(ab+ac+aaf+bc+bd+ca’)2 Z%(a+b+c+a’)(abc+abd+acd+bcd).
Hay :
9(at+b+c+d)(abctabd+acd+bed) < 4(ab+bc+cd+ad+bd+tac)?. (dfem).
Bay gid chung ta s& xét mot vai dang dbi voi da thire tong quat:
Vidu §:
Cho da thirc bacn :

P(x) = x" +aix™! +axx™? +.. .+ ap1x+1 vO1 a; >0, i=1,2,...n-1.
Chung minh rﬁng: P(x) >(x+1)"(1);x >0.

Giai:

Pé chimg minh bai toan ta can c6 bat dang thirc Minkowski phat biéu nhu sau:

Cho 2n s6 duong ai;az; ...; an va bi; ba;...;bn (ne N;n>2), ta co:

2f(a, +b) (@, +b,)..(a, +b,) >%|a,a,..a, +3/bb,..b, (2)
Ta ching minh (2)

Ap dung bat dang thirc co-si ta co:
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a, a, a, \/ a,a,..a,
+ +..+ > N
a, +b, a,+b, a,+b, (a, +b)(a, +b,)..(a, +b,)

b, b, b, \/ bb,..b,
+ +...+ > 1y
a, +b, a,+b, a,+b, (a, +b))a, +b,)...(a, +b,)

Cong veé theo vé ta co:

n > n(, a,a,..a, . bb,..b, ).
- (a, +b)a, +b,)...(a, +b,) (a, +b,)a, +b,)...(a, +b,)

Gian u6c va quy dong ta thu duge diéu can chimg minh (2)

Bay gio trd lai bai toan (1)

Do cic ai duong nén suy ra cac nghiém x; cia phuong trinh déu am.
Theo dinh 1y Vi-et ta co:

X1X2Xs...Xn =(-1)" . Theo bat ding thirc Minkowski ta c6

VP(x) = '{/(x =x).(x=x,)...(x=x,) = d(x + |xl |)(x+ |x2|)...(x + |xn|) >4 x.x..x +4/|x,x,..n, | =X+1

Vay : P(x) >2(x+1)"(1);x >0.
Vi du 6:
Gia st phuong trinh :

P(x) = apx" +a;x™'+...+an1x+a,=0 ( a, = 0) c6 n nghi€ém duong. Ching minh

rang :
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Ap dung dinh Iy Vi-et va bat dang thirc Co-si ta co:

a,, _ 1 1 1 n
=X Xy X, F XXy X, X XX, = T XXX, (— ) 2 XX, X

a, XX, X, /X %,...X,

n—1
n-1_a, —

=(—%) " . Tu do suy ra

=(X1X2...Xn)
a

a

(—=)" > (a_n)"*l (dfcm)

na a,
Vidu 7: ( vo dich Hungari, 1983)

Cho da thirc P(x) = x" +aix™! +...+a,x +1 1a da thirc v6i hé s6 khong 4m va phuong trinh P(x)

=0 ¢6 n nghi¢m thyc. Chirng minh r::fmg P(2) >3".
Giai:

Vi da thirc c6 cac ai khong am nén P(x) > 1 v6i x> 0. Suy ra néu phuong trinh ¢6 nghiém
thi cac nghiém phai am. Ta goi cac nghi€m la -x;;-X2;...;-Xa , vO1 X; >0. Khi dé P(x) duoc

biéu dién :
P(x) = (x+x1)(x+x2)...(X+Xn).

Ta danh gid mot dai dién 2 +x =1+1+x > 33/x, , 1<k <n

Vay nén P(2)= (2 +x1)( 2 +x2)...( 2 +xa) 23" 3/X%X,..X, =3n
Vi theo dinh Iy Vi-ettacd x,.x,.. x, =1 .
Binh luin:

Neéu dva vao cac bdt dang thirc goc , ta co thé tao ra cdc dé toan moi:

a. Tir bat dang thirc :
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(a+b+c)(l+l+l)29,hay(l+l+l)2L,vo”ia,b,c>0.
a b ¢ a b ¢ a+b+c

Ta co bai toan sau:
2) Cho phuwong trinh:
ax’ +bx* +cx+d =0(a #0)

voi cac hé so dwong co cac nghiém dwong x;x,;x, .Chung minh rang luc do ta co:

bc <9ad .
A o Caae 11 1 n’ .
3) Mo rong bai toan trén ta co bai toan sau: —+—+..+—> , trong do
X, X, X, X +XxX,+..+x,
cdc sé x, >0, i=1n
Cho phuong trinh :
ax"+a, x""+.+ax+a,=0 Vi a, =0, a, va a, cung dau.
Chitng minh rang néu phiong trinh ¢6 n nghiém dwong thi khi doé ta co:
2
a,,a zn-a,aqa,.
4) Tir bdt dang thire (a+b+c)* 23(ab+bc +ca) ta di dén bai todn sau:
Chitng minh rang néu phwong trinh :
ax® +bx*> +cx+d =0 (a#0) co ba nghiém thi b> —3ac>0.
5) Xudt phat tir bai todn:
P 1 A , 1
Cho a* +b*> +¢* =1. Ta co két qua sau: _ES ab+bc+ca<l.
Tir d6 ta cé thé tao ra bai todn sau:
98
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Gia su phuong trinh :

(a+b)” -1

x* —(a+b)x* + x+1=0(1)

c6 3 nghiém. Chitng minh rang :

2 2
Lea b=l i),
2 2

Nhitng binh ludn ¢ trén cho ta thdy néu sir dung cdc bat dang thire goc , ta cé thé tao ra

nhiéu bai toan khac nhau.

4) DANG 4: PA THUC CO NGHIEM THOA MAN DIEU KIEN CHO TRUOC.

O day ta quy u6c nghiém cua da thirc P(x) tirc 1a nghiém ctia phuong trinh
P(x) =0.

Vidu 1:
Tim gia tri m dé da thic:

P(x) = x? +2x? +mx-4(1)
c6 nghiém p;q;r sao cho p*+q? =r.

Giai:

Piéu kién can:
Gia st phuong trinh c6 3 nghiém p;q;r.
Theo dinh Iy Vi-et va gia thiét ta co:

ptqtr =-2; patqrirp =m; pqr=1; p*+q’ =r’.
Tur do ta cod

4=(ptqtr)’ = p*Hq’tr’ +2(pqtgrirp) = 2r* +2m,
suy ra r? = 2-m.
Tai vi r 1a nghi€ém cta P(x) nén ta co:

r? +2r? +mr-4 = 0.
Thay r* =2-m ta duoc:

(2-m)r+2(2-m)+mr-4 =0 < r=m,
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do do6 :
m? =2-m, ta dugc m=1; m=-2

Picu kién di:
V61 m=1, thu lai ta duoc:

P(x) = x3 +2x2 +x-4 = (x-1)(x*> +3x+4) khong théa man.
V61 m=-2 , thu lai ta duoc :

P(x) = X3 +2x2 -2x-4 = (x+2)(x> -2)
Phuong trinh c6 3 nghiém x=+/2 ; x=-4/2 ; x=-2 théa man diéu kién.

Vay m=-2.

Vidu 2:
Hay l4p da thirc bac ba ma nhitng nghiém ctia né 1a m;n;p cia no6 théa man cac di€u kién
sau:

1
LD RPR SO OO SO I TO B IO By

Ta goi da thirc bac ba can tim 13 x® +ax? +bx-+c.
Theo cong thurc Vi-et ta co:

m +n+p=-a; mn+np+mp =b; mnp=-c.
Bién doi gia thiét ta dugc:

mn+mptmp o =b_
mnp c .

1 1 1 22+22+22
1:_2+_2+_2:mn e

m- n° p (mnp)2

= (mn +np +mp)> —2mnp (m+n+p) b’ -2ac
(mnp )* c?

1:m4n4+m4p4+n4p4

(mnp )*

_ (m2n+m2pt+nipH)? —2mnip (m* +n’+ p?)
(mnp )*
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_ (> = 2ac)® —2c*(a’ - 2b)

4
C

Giai hé phuong trinh trén ta dugc a = i— s h=";c=—.

Vay da thire cin tim 13 P(x) = x3 +§x2 +32 410

Vidu 3:

Cho phuong trinh : x3 +px? +gx +r =0.

Goi x1; X2; X3 1a cdc nghiém cua phuong trinh. Hay biéu dién cac da thic dbi xtmg sau
thong qua p;q;r:

A=x2+x2+x3%:B=xP+x23 +x3° ; C=x*+ x2* + x3* ;
b b b

Giai:
Theo dinh 1y Vi-et ta ¢d: x; +x2 +x3 =-p;
X1X2TX2X3TX1X3=(q ; X1X2X3 =TI
Ta co
A =( x1 +x2 +x3)? -2(X1X2+x2X3+X1X3) = p? -2q
Ta tinh B bang cach thay cac nghiém x; vao phuong trinh rdi cong vé theo vé ta thu duoc:
x1? +x2° +x3° Hp(xi? + x22 + x3% )+Hq(x1 +x2 +x3) +3r=0
< B +p.(p? -2q) +q(-p) +3r=0
& B=-p’ +3pq-3r.
Tinh C:
Ta nhan x; vao hai vé ctia phuong trinh dé tao ra x;* roi cong vé theo vé . Tir 46 1am tuong
tu ta tinh duoc
C=p* -4p*q+2q> +41q.

Vidu 4:
Hay tinh dién tich tam gidc ma 3 dudng cao cua nghi¢ém ding phuong trinh: y? —ay?

+by-c=0.(1)
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Giai:

Goi xi; x2; x3 1a dO dai ba canh cua tam giac va yi;y2; y3 1a do dai ba dudng cao cta tam giac.

Vay thi yi;y2; y3 1a ba nghiém cua (1) .

Goi S 1 dién tich cia tam giac, vdy thi yi= zi .
X.

1

Thé vao phuong trinh ta c¢6 dugc:
S S Sy om0
(2xi) a(2xi) (2x,.) i

Quy dong ta dugc x; 12 nghiém phuong trinh :

2 3
3 208 o daST 88T oy

C C C

Pit P(x) 1a vé trai cta (2).

Theo cong thic He-rong ta co:

S? =p(p-x1)(p-x2)(p-x3)= p.P(p), 6 day p= 5

(Ta gidi thich S? =p.P(p) nhu sau:

X, + X, +x,

_bS

Da thirc bdc ba nhan xi; x> ; x3 lam nghiém la ( x-x1)(x-x2)(x-x3) =0 (3). Phwong trinh (3)

ciing chinh la phwong trinh (2) o trén.
Nén ta phai co (p-xi1)(p-x2)(p-x3) = P(p) )

Thay vao ta duogc:

4
S? = b—SP(b—S) = S—4(4ab2c—b4 —8hc?), suy ra
C C C

SZ
S =2_4ab’c—b* —8bc? .
C

Vidu 5:

Cho p1; p2; qi; q2 12 nhitng s6 nguyén va o 1a nghiém cta phuong trinh

x? +pix +q1 =0,

con S la nghiém cua phuong trinh x2 +p.x +q1 =0.
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Hay tim cac sb nguyén a,b,c,d sao cho « . A 1a nghiém cua phuong trinh x* +ax? +bx? +ex+d
=0 .

Giai:
Ta goi «’; B’ 13 cac nghiém twong Gng con lai cua (1) va (2). Pé co thé lién hé giita cac
nghi¢ém cia phuong trinh , ta c6 thé xét da thirc sau nhan « . £ lam nghi€m ctia no6. Do la:

PX)=(x-a f)x-a’B)x-a f)x-a’B’)=x* tax’ +bx* +tex+d.

Dé)ng nhét hé sb dé)ng bac ¢ hai da thirc ta thu dugc cac gia tri cua a;b;c;d. Chéng han la hé
s b
Taco:
b=apaprtapa’ftapa’ftap’a’ B’
ta pla’frta’Ba’B.
Str dung dinh 1y Vi-et cho (1) va (2) ta thu dugc
b=2qip2+qa( > +a ?) +qu( B* + %)=

=2 qip2+q2(p1?-2qi)+ qi(p23-2q).

Vi du 6: ( vo dich my 1977)
Gia sur a;b 1a hai trong 4 nghiém cua da thic x* +x3 -1 . Ching minh rang khi d6 ab 1a

nghiém cua da thuc x® +x* +x3 —x2? -1.

Giat:
Gi4 str cadc nghi¢ém con lai cua da thirc bac P(x)= x* +x3 -1 1a ¢,d.
Theo dinh 1y Vi-et ta co :
atb+c+d=-1; abcd=-1.
Pé ab 1a nghiém ctia da thurc bac 6 thi ta phai co:
(ab)® +(ab)* +(ab)® -(ab)? -1 =0

< (ab)’[(ab)’ —(ﬁf +(ab) —iﬂ] =0(*),
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vi ab=0; Lb =—cd . Vay nén (*) tré thanh:
a

(ab)? +(cd)? +ab +cd+1=0 (**).

Noi tom lai ta phai chimg minh (**).

That vay , tir P(a) =P(b) =0. Ta ¢6 a’ =ﬁ b =ﬁ ,

nén (aby = 1)1@ o (¢ +Pl(>fi)+ D —(c+1)(d+1).
Bai vi P(x) = (x-a)(x-b)(x-c)(x-d),

nén P(-1) = (1+a)(1+b)(1+c)(1+d).

Tuong tu ta co:

(cd)® = -(a+1)(b+1).
Thay vao (**) ta duoc
_(a+1)(b+1)-(c+1)(d+1)+ab+ed+1 = -1-a-b-c-d=0
( theo dinh 1y Vi-et).

Vidu 7: ( Vo dich Balan 1979)
Hay tim tit ca cac da thirc Pa(x) c6 hé sb nguyén va dudi dang
Pu(x)=n!x" +an.1x"! +...+aix +(-1)"n(n+1)
c6 n nghiém thuc x1;X2; ...; Xa thoa man diéu kién
xk €[k; k+1], voi k=1,2,...nvan>1.
Giai:

Véin=1, da thirc ¢c6 nghiém x=2 <[1;2] ,nén n=1 thdéa man.

Véi n=2 da thic c6 dang Pa(x) =2x? +aix +6. Ta phai tim a; dé phuong trinh c6 nghiém thoa

man

1<x1<2<x;p £3.

Theo dinh 1y Vi-et ta c6 x1+x» =_Tal; X1 X2 =3. Ta suy ra a; <0. Lai co

0<x2-x1 <2 = ()S(Xz-Xl)2 <4.

2
Lai vi ( x2-X1)? = ( Xx2tx1)? -4x1X2 =%—12. Do do:
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0< %—12 <4 =48<a? <64,
Tim duoc a; =-8; a; =-7. Vay da thuc can tim 1a

Py(x) = 2x*-8x+6 ; Pyx)= 2x>-7x+6
Thir lai ta thdy cac da thirc ndy thoa man.
Véin > 3. Tacod:

Pa(X) = n!X" +ap x™! +...+a;x +(-1)"n(n+1)

= nl(XX1).(XX2). . .(X-Xn) .
Cho x= 0 ta duoc :
(-1)"n(n+1) =n!(-1)"X1.X2...Xn.

Do d6

nn+l) _ n+l <n+1

< <n<n.
n! (n—=1)! 2

X1.X2...Xp —

Nhung mat khac vi xi [k;k+1], nén
X1.X2...Xn > 1.2.3...n=n!( vO 1y).

Vay khi n >3 khong ton tai da thirc nhu thé.

Vidu 8:
Tim a, b nguyén dé phuong trinh :
x*+ax’ +bx* +ax+1=0 (1)
C6 hai trong s cac nghiém ctia né co tich bang -1.
(VMO )
Giai:

I A \ . . n \ v~ . ‘A ! . N
Ta dé y rang néu phuong trinh c6 nghiém la x thi cling c6 nghiém la —. Goi u, v 1a céc
X

nghiém ma co tich uv=1

( vi néu tich hai nghiém bang 1 thi c6 thé chon la u va l).
u
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Do d6 ta goi cac nghiém 1a u; v; l; l Ta s& chirng minh hai nghiém c6 tich bang -1 phai
u v

lau;v.
Ttrc 1a ta phai chimg minh u.v=-1.
That vay. Theo dinh 1y Vi-et ta co:

+ +1
vt lo g D _ )
u v uy

1 g > +1
14 u uy uy

=b(2)

Gia str rang uv=1. Vi a, b 1a s6 nguyén nén tir (a) suy ra u+v hitu ti ,tir (b) suy ra (u+v)?
phai 13 s6 nguyén. Nén suy ra (u+v) cling 13 s6 nguyén.
Vi uv+1 khong chia hét cho uv nén tir (a) ta c6 u+v chia hét cho uv.
Ciing tir (b) ta co (ut+v)>+1 chia hét cho uv.
Nhung vi (utv) va (ut+v)? +1 ¢6 uwdc chung 1a 1 hoac -1 nén suy ra uv=1 hoac uv=-1.
Vita gid st uv =1 nén suy ra uv =-1.
Tu (l)suyraa=0. Tu (2)tacod b=(u+v)’ -2<-2.
Thu lai voi a=0, b<-2, be Z, phuong trinh tré thanh :
xt+bx® +1=0 (*).

Phuong trinh ¢6 nghiém la: u = % o 4 ;v= ,/# :

Pay 13 2 nghiém thoa mén dé bai.

Vidu9:
Cho da thic P(x)=x"+ax’ +bx+c c6 cac hé sd nguyén. Chimg minh rang néu c6 mot
nghiém bang tich ctia hai nghiém kia thi :
2P(=1):[P(1) + P(=1) - 2(1+ P(0))]
(Canada 82)
Giat:

Gia sir phuong trinh c6 3 nghiém thoa man nhu dé bai néu.
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Ta goi cac nghiém 1a u; v; uv.

u+v+uv=-a(l)
Ap dung dinh 1y Vi-et ta c6: {uv(1+u +v)=5(2) ().

u™v? = —c(3)
Néua=-1thitr (1)tacod: u+v+uv+1=0 < u+DH+1)=0.
Phuong trinh ¢6 nghiém 14 -1 nén hién nhién 2P(-1) =0, chia hét cho moi sé.
Néu a = -1, cong vé theo vé (2) va (3) ta dugc :
wl+u+v+u)=b—c=uv(l-a) (do (1)).

b—c 1y A1 2o+ \ A A
Suy ra uv = > 1a sO hitu ti vi a,b,c 1a cac s6 nguyén.
—a

Taco: PA)+P(-1)-2(1+P0)=2(a-1)=2w+v+uv+1)==2(1+u)1+v)#0.
Mait khac : vi P(x) = (x —u)(x —v)(x —uv) nén:
2P(=1) = 2(=1 =) (=1 = v)(=1 —uv) = =2(1 + u)(1 + v)(1 + uv) .

Tir d6 ta c6 diéu phai chimg minh.

MOT SO BAI TAP TONG HQP

14 2 \ \
1.  Chohamsb y=> ”1“ ¢6 dd thi ( C ). Chimg minh ring tr A (1;-1) ludn ké duoc
X+

hai tiép tuyén téi do thi va hai tiép tuyén ay vudéng goc v6i nhau.

2
2. Chohamsb y=* 13
x+1

c6 dd thi (C). Viét phuong trinh duong thang d di qua diém

M(2; %) sao cho d cat (C) tai hai diém phan biét A,B va M 1a trung diém cua AB.
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3. Tim m dé ham sb Yy =mx +l co cua tri va khoang céach tur diém cuc tiéu toi tiém can

X

Xién bang L
5

mx

2
1 R \ A X+ ’ . \ 5 y ‘~ . « R . 5 A
4. Tim m d€ ham s0 y = c6 cuc tri va khoang cach gitra hai diém cyec tri ciia do

-x+1

thi ham s6 bang 10.

X+ Cm+Dx+m’ +m+4

luén co6 cuc tri va khoang
2(x+m)

5. Chung minh rang ham sé y =

cach gitra chung luon 1a mot hang so.

6. Gia sir xi;X2 1a hai nghiém cta phuong trinh x*+px-1=0 véi p 1a s6 nguyén to 1é.
Chirng minh rang v4i moi s0 tu nhién n thi x;™x," va x;"! +x,""11a cac s6 nguyén t6 cing

nhau. (Olympic Balan 1964).

7. Churng minh ré“mg (3++/8)" +(3-+/8)" khong chia hét cho 5 véi moi n.

8.  Xét phuong trinh x3+ax?+bx+1=0; v4i a,b hiru ti.

a) chimg minh rang voi a=-5;b=3 1a cdp s6 duy nhat lam cho phuong trinh c6 nghiém
2+4/5.

b) Ki hi€u x1; x2;x3 1a 3 nghi¢ém ctia phuong trinh trén. Bat S;=xi" +x,"+x3" n la sb tu
nhién. Ching minh S, ciing 13 s6 tu nhién.

C) Tim s du phép chia Sao0s cho 4.
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. _ 23
0. Chung minh rang 3\/c0527ﬂ+3\/cos47”+3\/00587ﬂ =3,/5 ;ﬁ

10. Cho a+p+ 7/2% tana ; tan #; tany 1a 3 nghiém cua phuong trinh :

x3 +px2+gx+r =0. Ching minh rang p+1=q-+r.

11.  Chung minh h¢ thtic : S= L, 15”:4.

i 3z
COS— COS— COS——
7 7 7

12.  Chimg minh rang néu tanu; tanv 13 hai nghiém ctia phuong trinh: x*+px+q=0.

Thi sin?(utv)+psin(utv)cos(utv)+qcos?(u+v)=q.
13.  Chimg minh rang néu tanx;tany;tanz 1a 3 nghiém phuong trinh t*+at>+bt+c=0; con
tanu; tanv; tanw la ba nghiém ctia phuong trinh t*+ct>+bt+a=0 thi ta c6

xtytztutvtw =krkeZ.
14.  chimg minh rang :
a)  c0s20°1a s vo ti.

b)  tan®10%+ tan50° + tan®70° =433.

15) Hay tim bo ba sd hitu ti (a,b,c) 1 nhitng nghiém cta phuong trinh x3+ax>+bx+c=0
( Olympic sinh vién MY 1940).

16) Chirng minh rang néu xi; X2 13 nghiém cua phuong trinh x> + px+2%; p#0, taco bat
p

dang thire x/*+x* >2+2 ( v6 dich Bungari 1980).
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17) Gia sir trong cac nghiém cua da thirc P(x) =x* +ax? +bx-+c, v6i a,b nguyén bang tich
ctia hai nghiém kia. Chirg minh rang sé 2P(-1) chia hét cho s P(1)+P(-1) -2[ 1+P(0)].
( vo dich Canada 1982).

18) Cho day {a,} v&i a1=as =1; an —an-1 -2an> =0; n>3.
a) Tim s hang tong quat cta dy.

b) Chung minh rang a,+1 =2a, +1 n€u n chan va a,+ =a;+ax+...+a, néun 1¢.

19) Cho day (an) xac dinh nhu sau:
ai=1; a2=3; an = 3an.1 —an2 (n>3).
a) Chting minh rang voi n nguyén duong ta co :
(an2-2)(an-2) = (an+1 -3)%

b) Ching minh rang voi moi k nguyén dwong thi az1 -2 1a s6 chinh phuong.

20) ( Viét nam MO 2002)

Cho da thirc P(x) = x* +ax? +bx-+c=0 c6 3 nghiém thuc. Ching minh rang

12ab+27c <6a3 +10+/(a’ - 2b)’ .

21) Gia st ax® +bx? +cx+d=0 (a = 0) cos nghiém duong. Chimg minh ring

3abc +8b° —3da’ S

3 2
a

0.

22) Gia sir phuong trinh x* +ax? +2x2 +bx+1 =0 ¢6 4 nghiém thyc. Chtiing minh rang
a? +b? > 8.
23) Gia sir phuong trinh x* —px? +qx —p =0 v&i p;q >0 c6 ba nghiém thyc khong nho hon 1.

Chung minh rang  p>( % + %) (q+3).

(45 nam tap chi toan hoc tudi tré , bai 283)
24) Chtrng minh rang
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cos* z +cos* 3—7[+ cos* 5—7[ =12cos? z.cos2 3—7z.c0s2 5—”
14 14 14 14 14 14

xyzt =1

cos 1 A \ 1 1 1 1
25) Giai hé phuong trinh sau: x+y+z+t:—+—+—+;
X y z

xy+yz+zt+tx=4
xyzt =1
X+ +z+t—2

4 2

26) Giai hé phuong trinh sau: 1,019
y z t 2
1 1 1
+S+=+—

1
x
1
x_zy z- 24

PHAN THU BA
PHAN KET THUC
I- KET QUA:
Sau khi y tuong cua dé tai dugc thuc hién , toi théy da thu duoc nhiéu két qua kha quan.
Cu thé nhu sau:
- V& phia ban thén:

T6i cam thay minh d3 co cai nhin sau sic va xuyén sudt hon vé dinh Iy Vi-et. Thay
duoc loi ich to 16n ctia né khi dem cho hoc tro &p dung vao giai bai tap va lam bai kiém tra,
bai thi. Ban than cling d tao cho minh mot gido trinh riéng dé c6 thé giang day hoc sinh .
Khi dé tai duoc thuc hién xong, t6i di c6 thé dung mot phan nao d6 dé giang va lay vi du
minh hoa. Pic biét tai liéu d3 hd tro cho toi rat nhiéu trong van dé boi dudng hoc sinh gioi
¢ truong THPT Phan Boi Chau.

Ciing trong khi dé tai thyc hién, t6i ¢3 nhan duoc su dong gop nhiét tinh va quy bau tir

cac dong nghiép. Do d6 gitra chung t61 da c6 su tich cuc hon vé mat trao d61 chuyén mon
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va phuong phap. Ban than cling da rit ra dugc nhiéu kinh nghiém tir dong nghiép cua
minh.
- Vé phia hoc sinh:

Khi y tudng mai hinh thanh tir nhitng ndam 2007-2008, t6i da dem gidi thi¢u khong
chinh thirc voi cac hoc sinh ciia minh, dac biét 1a cac em trong doi tuyén hoc sinh giéi. Toi
quan sat va rat ra nhan dinh néu minh trinh bay nhitng kién thirc nay mét cach hé thong,
gdn két chiing lai thi cdc em nhdn ra ban chdt van dé tot hon khi dé chiing & cdc dang
riéng 1é. K& tir khi dé tai dugc tong hop lai, két qua thi Pai hoc ( vé mon Toan) va két qua
hoc sinh gidi co nhiéu cai tién. Diém s6 8; 9 v&é mén Toan & ky thi Pai hoc thu hoach dugc
nhiéu hon. T4t nhién 13 cac phan khac kinh nghiém ciing phai dugc ning 1én twong tng.
D3 bat dau xuat hién hoc sinh dau cac giai Lwong Thé Vinh. Trudc d6 toi chua ting c6 hoc
sinh dau vong tinh vé mon Toan. Trong chuong trinh chinh khoa, cac em 1am bai kiém tra,
bai thi hoc ky vé phan ham s6 ( tiép tuyén, cuc tri ...) tréi chay hon, két qua cao hon nhiing
nam truoc.

D6 12 nhitng tin hiéu khoi ddu dang ming ctia mot gido vién tré méi vao nghé nhur toi.
T6i tin rang trong tuong lai , v6i su nd luc cta ban than trong sy nd luc chung cla ca nha
truong , thi nhitng thanh tich cia nha trudng vé day va hoc s& c6 nhiéu cai tién. V& phia
ban than dé dat duoc nhitng thanh tyu moi , can mot sy nd lye rat 16n ngay tur bay gio.

II- VAI LOIKET :

Qua cac dang toan duoc dac rut ra & trén, that ngac nhién va tha vi khi mét dinh 1y tuong
ching nhu chi hién hitu trong van dé da thirc va phuong trinh, thi nay ta

théy n6 dugc st dung mot cach hiéu qua & hau hét cac mang cua Pai s6 va S6 hoc. That 1a
thiéu sét néu chiing ta chwa c6 mot cai nhin téng thé vé dinh 1y Vi-et.

S& con rat nhiéu mang khac nita ma dinh 1y Vi-et c6 thé dugc su dung t6i, chang han nhu
S6 phtrc hay Hinh hoc toa do. Tuy nhién do kinh nghiém ban than chua nhiéu nén chua
thé co su hé théng tron ven.

Viéc tim ra mdi quan hé théng nhat giita cac mang cua Dai sb va sd hoc noi riéng va

cua Toan hoc no6i chung 1a di€u ma nguoi day Toan va hoc toan luon khao khat lam duoc.
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Piéu khién tac gia thay tim dic qua dé tai cua minh 1 khi ta st dung dinh 1y Vi-et thi
101 giai tré nén ¢ dong va trong sang. Mot 1an nita t6i mong va tin tudong dé tai ndy s& gop
thém mot phuong phap tot cho hoc sinh khi lam toan.

Qua cac vi du tac gia chit loc duoc, ta théy réng vi€c tng dung cua dinh ly

Vi-et dé giai bai tap xuat hién trong dé thi rat nhiéu. Bao gdm ki thi Pai hoc cao dang lan céac
ky thi hoc sinh gioi. Do dé thiét nghi viéc chu trong dinh 1y Vi-et trong qua trinh giang day
hoc sinh 1a mét diéu can thiét.

Do nang luc va kinh nghi€ém con nhiéu han ché , c6 thé céc 16i gidi va cach trinh bay
chua thuc sy hay va dic sic.Mong nhan duoc su trao di tir cac dong nghiép. Tac gia s&
cd gang hoan thién hon trong thoi gian téi. Cudi cing xin chan thanh cam on sy gop ¥,
gitip d& chan tinh cua thay co trong t6 Toan trudong THPT Phan Boi Chau, th.s Nguyén
Quéc Vii, Nguyén Thi Ly Na, ban bé , dong nghiép va nhitng nguoi yéu Toan da gitp t6i

hoan thanh d¢é tai nay.

MINH HOA THANG 11 NAM 2011

NGUYEN THANH NHAN

Danh gia cua Hoi dé)ng khoa hoc
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(NXB GD)
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3) Nhitng vién kim cuwong trong bat dang thirc toan hoc
( Tran Phuong- NXB Tri Thirc ).
4) Chuyén dé 2 : S6 hoc va ddy s6 ( Phan Huy Khai- NXB GD)
5) Bai tap nang cao va mot sb chuyén dé giai tich 11.
( Nguyén Huy Poan, Ping Hung Thing, NXB GD)
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13) Bo dé thi tuyén sinh dai hoc , mén Toan, NXB GD).
14) Pa thirc va ung dung , Nguyén Hiru Pién, NXB GD.

15) Béo Toan hoc va Tudi tré.

PHU LUC
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