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Mot so bai toan trén tam duong tron Euler
Tran Quang Hung - THPT chuyén KHTN

Tém tat ndi dung

Bai viét xoay quanh mot s6 bai toan hay lien quan t6i tam duong tron Euler hau nhu déu
13 két qua clia tac gid trong qué trinh di day v6i nhiéu cong cu hinh hoc thuan tay khac nhau.

Duong tron Euler hay tén quéc té thuong goi 1a dudng tron 9 diém [7] di qua trung diém ba canh,
chan ba dudng cao va trung diém ba doan thing ndi truc tam va ba dinh tam gidc 13 mot két qua
rat noi tiéng va duge khai thac trong rat nhiéu bai toan khac nhau. Tam dudng tron nay ciing la
mot dé tai thu vi trong cac cude thi hoc sinh gidi toan trong nude va qubc té. Toi xin trinh bay lai
mot s6 bai toan chit yéu do toi dé xuat lien quan dén tam dudng tron thi vi nay.

Xuat phat tir ky thi hoc sinh giéi quéc gia nam 2013 c6 bai toan hay nhu sau [1]

Bai toan 1. Cho tam giac ABC, duong tron noi tiép (I) tiép xtic CA, AB lan luot tai £, F. G, H
lan luot 1a déi xing clia E, F qua I. Duong thing GH giao IB,IC lan lugt tai P, Q. Gia st B, C

Z 2 Z A 2 N
co dinh, A thay doi sao cho ty so Yol k khong doi. Ching minh rdang trung truc PQ ludn di qua

mot diém c¢6 dinh.

Loi gidi. Goi IB,IC lan lugt cat EF tai K,L. Cha y tam giac AEF can tai A nén /ZKEC =
180° — LA LA

/AEF = — = 180° — (90° — 7) = 180° — 4BIC = ZKIC. Tu do6 tu giac KEIC noi

tiép suy ra ZIKC = ZIEC = 90°. Tuong tu ZILB — 90°. Tt d6 néu goi M la trung diém BC, J

la trung diém KL dé c6 tam tam gidc K LM can nén MJ L EF (1).

Do G, H lan lugt 1a déi xing ctia B, F qua I nén duong thing GH d6i xing duong thing EF
qua I. GH, EF lan lugt cat IB tai P, K suy ra I la trung diéem PK, tuong tu I la trung diém QL.
Vay hai doan KL va PQ dbi xing nhau qua I. Tt dé néu goi R la trung diém P(Q thi trung diém
J ctia KL va R d6i xitng nhau qua I hay I 1a trung diém R.J.

Goi trung tryc PQ cat BC tai N, ta thdy RN vuong goc PQ, PQ song song EF  (2).



Tran Quang Hung - THPT chuyéen KHTN 2

Tu (1) va (2) suy ra RN song song JM. Goi A cat BC tai D, dé c6 ID = I A vuong goc EF
nén /D ciing song song véi RN, JM. Tit d6 trong hinh thang RJMN c6 I 1a trung diém R.J nén
ID la dudng trung binh, vay D la trung diém MN.

. DB AB . p .
Theo tinh chat duong phan giac DC - A0~ k khong doi nén D ¢o6 dinh. M la trung diem BC
c6 dinh nén N déi xing M qua D c6 dinh. Vay trung triuc PQ di qua N c6 dinh. O

Nhan xét. Viec dung ra thém cac diém phu L, K trong 15i gidi dong vai tro quan trong, né cho
phép ta sit dung phép vi tur dé chuyén céc tinh chat duong thing RN va JM cho nhau. Trong qua
trinh tim hiéu bai toan to6i nhan thay rang thuc chat K, L, N la cac chan duong cao tit C, B, I clia
tam giac IBC. Nhu vay duong tron ngoai tiép tam giac NKL 13 duong tron Euler clia tam giac
IBC nén no6 ciing di qua M va vi vay tam duong tron Euler clia tam gidc I BC nam trén trung tric
KL ciing 1a duong thang JM. Vay néu tit tam duong tron Euler ciia tam gidc IBC ma ta vé dudng
thang song song véi IA thi no ciing chinh la trung triyc KL ma di qua trung diem BC. Ta dé& thay
la cac duong thang qua trung diem BC,CA, AB ma lan lugt song song v6i IA, IB, IC thi dong quy.
Do dé ta dé xuat bai toan tha vi sau

Bai toan 2. Cho tam gidc ABC' tam noi tiép I. Goi N, Ny, N, 1an luot 1a tam duong tron Euler clia
cac tam giac IBC,IC A, IAB thi cac dudng thang qua N,, N;, N, lan luot song song v6i A, IB, IC
dong quy.

Qua tim hiéu va khai thac toi nhan ra rang bai toan nay ding khong chi v6i tam noi tiép I ma
thuc chat né ding v6i moi diém P bat ky trong mat phang. Do dé toi dé xuét bai toan sau

Bai toan 3. Cho tam giac ABC va P la mot diém bat ky. Goi N,, Ny, N, lan lugt 1a tam duong
tron Euler clia cac tam giac PBC, PCA, PAB. Ching minh ring cic dudsng thing qua N,, N,, N,
lan lugt song song véi PA, PB, PC dong quy.

Hinh 1.
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Loi gidi. Goi O,4, Oy, O, lan lugt 13 tam duong tron ngoai tiép cac tam giac PBC, PCA, PAB. Ta
dé thay duong thing qua O, song song PA chinh la dudng cao tit O, clia tam giac 0,0,0, do dé
cac duong thang qua O,, Oy, O, lan lugt song song v6i PA, PB, PC dong quy tai truc tam K cla
tam giac O,0,0,.

Goi Gy, Gy, G, G lan luct 1 trong tam tam giac PBC, PCA, PAB, ABC ta dé thay PG, va AG
di qua trung diém M, cia BC, tit d6 dé thay G,G song song PA néi cach khac cac dudng thiang
qua Gg, Gy, G, 1an lugt song song v6i PA, PB, PC dong quy tai trong tam G cla tam_gi)éc Aif;

Dén day 1a lai cht ¥ vi N, 1a tam duong tron Euler ctia tam giac PBC nén dé c6 2G,N, +G,0, =
0. T dé sit dung phép chiéu song song phuong PA xuéng dudng thang KG, goi N 1a hinh chiéu
song song phuong PA ctia N, xubng KG ta dé suy ra 2GN + GK = 0 n6i cach khac duong thiang
qua N, song song PA di qua N xac dinh. Tuong tu cac dudng thing qua N, N, lan lugt song song
véi PB, PC ciing di qua N ta c6 diéu phai chitng minh. O

Nhan xét. Bai toan trong trudng hop tam nai tiép da tha vi thi bai todn tong quét clia ching ta
con thd vi hon rat nhiéu. Viec cho P di chuyén tring mot s6 tam diic biét dé tao ra bai toan méi la
cong viéc tha vi. Qua bai todn nay ta cling dé rut ra tam duong tron Euler ciing chi 14 mot truong
hop déc biet. Tuong tu nhu cach chiing minh trén thi bai toan ciing sé ding véi triyc tam hodic tong
quét hon 1a mot diém tren duong thing Euler chia doan néi truc tam, trong tam ty s6 c6 dinh. Ta
c6 cac bai toan khac nhu sau

Bai toan 4. Cho tam gidc ABC va P la mot diém bat ky. Goi H,, Hy, H, lan lugt 1a truc tam cila
cac tam giac PBC, PCA, PAB. Chimg minh ring cic dudng thing qua H,, Hy, H. lan lugt song
song v6i PA, PB, PC dong quy.

Bai toan 5. Cho tam giac ABC va P la mot diém bat ky. Goi H,, Hy, H, lan lugt 1a truc tam cla
cac tam gidc PBC, PCA, PAB. Goi G,, Gy, G, lan lugt 1a trong tam cac tam giac PBC, PCA, PAB.
Goi Lg, Ly, L. 1an luot chia cac doan H,G,, H Gy, H.G . cing mot ty s6. Chiing minh réng cac duong
thing qua L,, Ly, L. lan lugt song song véi PA, PB, PC dong quy.

Hozic mot khai thac tuong tu duge tac gia dé nghi trong cudc thi gidi toan mathley [3], cac ban
hay lam nhu bai luyén tap

Bai toan 6. Cho tam gidc ABC va DEF noi tiép duong tron (O). Goi N,, Ny, N, 1a tam duong
tron Euler cac tam giac DBC, ECA, FAB. Chiing minh ring cic duong thang qua N,, N;, N, lan
luot song song AD, BE, CF dong quy.

Sau khi dé xuat bai toan 3, toi dd manh dan nghi t6i két qua thay duong thing song song bdi
dudng thing vuong goc va that tuyet voi khi bai toan vuong goéc ding va rat tha vi nhu sau

Bai toan 7. Cho tam gidac ABC va P la mot diem bat ky. Goi N,, Ny, N, lan lugt la tam duong
tron Euler clia cic tam giac PBC, POA, PAB. Ching minh ring cic duong thing qua N,, N,, N,
lan lugt vuong goc v6i PA, PB, PC dong quy.

Bai toan trén theo danh gia ctia toi 1a bai toan hay. Toi da sit sung bai toan nay trong dot kiém
tra doi tuyén VMO clia truong THPT chuyen KHTN that dang tiéc 1a khong cé em nao giai dugc
bai toan nay.

Loi giadi dau tién ctia bai toan nay dugc gop v tit mot sinh vien truong DH khoi kinh té nhung
dai va khong dep, sau day toi trinh bay mot 16i giai khac tham khao y tuéng tit hoc tro Ta Ha
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Nguyén hoc sinh 16p 12A1 Toan khoéa 48 truong THPT chuyén KHTN. Trong sudt bai toan nay ta
ky hieu (XY Z) chi duong tron ngoai tiép tam gidc XY Z.

Lai giai. Goi D, E, F, X,Y, Z lan lugt la trung diém ctia BC,CA, AB, PA, PB, PC, thi cac duong
tron (DY Z),(EZX), (FXY),(DEF) lan lugt 1a caAc dudng tron Euler ctia cac tam giac PBC, PCA,
PAB, ABC. Goi duong tron (DY Z) va dudng tron (DEF) cit nhau tai S khac D. Ta c6 bién doi
goc

(SF,SY) = (SF,SD)+ (SD,SY)

= (EF,ED) + (ZD, ZY) (Do S thuoc cac duong tron (DY Z), (DEF))

— (BD, BF) + (BY,BD) (Do EF | BD,ED | AC,YZ || BD,ZD || BY)

— (BY, BF)

— (XF,XY) (Do XY || BF, XF || BY).

Do d6 S thuoe (FXY). Tuong tu S thuoc (EZX). Ta c¢6 diéu phéi chiing minh.

Theo bai toan 3 thi cac dudng thang qua N,, Ny, N, lan luot song song PA, PB, PC dong quy
tai Q. Ta chi can ching minh ring @ nam trén dudng tron (N,N,N,) thi hién nhién dudng thang
qua Ny, Ny, N, lan luot vuong géc véi PA, PB, PC sé dong quy tai diém déi tam Q. Vay ta bién doi
goc (QNy, QN,) = (PB, PC) = (DZ,DY) = (SZ,SY) = (N,N;, N,N,). Ta chi ¥ dang thtic cudi c6
la do duong tron (N,) va (Ny) ¢6 day cung chung 1a SZ nén N,N, L SZ, tuong tu N,N. L SY. Tu
dé ta c6 diéu phai ching minh. O

Nhan xét. Bai toan néu cho P triing v6i mot s6 diem diic biét ciing sé dan t6i nhidu hé qua tha vi.
Bai toan trén ciing da dudc tac gid gt lam dé dé nghi cho cudce thi giai toan ky niém 50 nam
tap chi toan hoc va tudi tré. Xong that dang tiéc khong hiéu vi Iy do gi ma bai toan lai duge ding
len dién dan toan hoc AoPS & [2] bdi mot nick name dén tit Viet Nam trude khi duge dang bao. Vi
sit khong may méan nay toi xin thu hoi lai bai toan khong giii cho bao nita va viét lai trong bai viét
nay dé ban doc cling tim hiéu.
Ngoai ra khi khai thac cac bai toan xoay quanh tam duong tron Euler t6i ciing da tu tim ra duge
nhiéu bai toan khac kha tha vi, xin gigi thicu mot vai bai toan véi ban doc
Bai toan 8. Cho luc gidc ABCDEF noi tiép duong tron (0). Goi K, L, N lan lugt 1a tam dudng
tron Euler ctia cac tam gidac DEC, BCA, FAE. Goi X,Y, Z lan luot 1a hinh chiéu ctia K, L, N theo
thit tuy len AD, BE, C'F. Chitng minh ring trung tryc ctia AX, EY,CZ dong quy.
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Truée hét ta c6 bo dé sau

B6 dé 8.1. Cho tam gidc ABC noi tiép dudng tron (O). P la mot diém tren (O). K 1a tam duong
tron Euler ctia tam gidc PBC.

a) Chiing minh rang dudng thang qua K vuong goéc véi PA luon di qua diem ¢ dinh khi P di
chuyén.

b) Goi H 1a hinh chiéu ctia K len PA. Chitng minh ring trung triyc cia AH ludn di qua diém cb
dinh khi P di chuyén.

Hinh 2.

Chitng minh. a) Goi N la tam duong tron Euler ciia tam gidc ABC. Goi L la trung diém ctia ON.
l— —

Z 2 Z Z _—+
Goi I doi xing A qua L, goi M 1a trung diem PA. Ta da biet két qua quen thuéc KN = §PA =MA
—y ) — s
suy ra AN = M K. Do I doi xiing A qua L nén AN = 6—} Vay tut d6 OM = ﬁ suy ra KI || OM L
PA. Vay duong thang qua K vuong géc PA di qua I ¢6 dinh. Ta c6 diéu phai ching minh.
b) D& thay trung truc ciia AH di qua trung diém L ctia Al ciing la trung diém ON c6 dinh. Ta
c6 dieu phai chiing minh. O
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Hinh 3.

LJi giai bai toan. Bai toan la hé qua ctia bo dé tren ta dé thiy trung truc cac doan AX, EY,CZ
dong quy tai trung diém OT vé6i T 1a tam duong tron Euler ctia tam gidc AEC. Ta c6 diéu phai
ching minh. O

Nhan xét. Bai toan tren diua vao bo dé 1a mot bai toan di qua diém c¢b dinh rat thd vi. Ching ta
hoan toan c6 thé dua vao bai toan di qua diém cb dinh dé dé xuat thanh céc bai toan chiing minh
dong quy nhu trén. Bai toan trén da duge téc gia dé nghi trong ky thi chon doi tuyén thi hoc sinh
gidi quoc gia truong THPT chuyen KHTN nam 2013 xem [4].

Bai toan 9. Cho tam giac ABC dudng cao BE,CF va dudng tron Euler 1a (Oy), D, G thuoc BC
sao cho (BC, DG) = —1. ED, FD lan lugt cat (Oy) lan lugt tai M, N khac E, F. GE,GF cat (Oy)
lan lugt tai P,Q khac E, F. PM giao NQ tai R. Goi S 1a d6i xtng ctia G qua trung diém PQ. Goi
T la déi xtng ctia D qua trung diém M N. Chiing minh ring R, S, T thang hang.
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Hinh 4.

Lai giai. Goi I 1a trung diém ctia BC theo hé thiic Newton ta dé c6 IE? = [F? = IB? = IC? =
ID.IG.

Tudédéco LZIFD = ZIGF, ZIED = ZIGE. Goi PS cét (Og) tai X. Suyra LZEPX = ZEGF =
ZIGE — ZIGF = ZIED — ZIFD = ZIED — ZIEN = ZMEN. Tu d6 dé suy ra EM || NX suy
ra NT di qua X. Tuong tu goi SQ cét (Oyg) tai Y thi MT di qua Y. Ap dung dinh 1y Pascal cho bo
( PNY

OMX ) ta thu dugc R, S, T thang hang. Ta c6 diéu phai ching minh. O

Bai toan trén ciing 1a mot két qua dep dudc tac gia tao ra khi dang tim hiéu vé cac hé thic trong
hang diém diéu hoa. Ciing that dang tiéc khong hiéu vi mot 1y do gi ma bai toan ciing dude diang
len trong [6] bdi mot nick name ngudi Viet Nam ma ciing khong thiy nhic t6i tén tac gia.

Ngoai ra viéc khai thac tinh chat tam dudong tron Euler ctia tam gidc IBC nhu trong bai toan 1
va bai toan 2 ciing dd mang dén rat nhiéu bai toan tha vi khac, sau day 1a ba bai toan tha vi do toi
dé xuat
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Bai toan 10. Cho tam gidac ABC c6 tam duong tron noi tiép 1a I. D, E, F' 1a hinh chiéu ciia A len
BC,IC,IB. Goi K la tam ngoai tiép tam gidc DEF. Chiing minh rang K7 di qua tam duong tron
Euler ctia tam giac I BC.

Hinh 5.

Lai giai. Goi M, N lan lugt la giao diém AE, AF véi BC. D& dang chitng minh E, F lan lugt la
trung diém AM, AN. Suy ra K la tam ngoai tiép tam giac DEF ciing la tam duong tron Euler ctia
tam gidc AMN. Cing ching minh duge I 14 tam ngoai tiép tam gidc AMN. Goi IX, BY,CZ lan
lugt 1a cac dudng cao ctia tam giac IBC va H 1a tryc tam tam giac. Dé thay AM || HB, AN || HC.
Goi P la giao diem AH, BC. Phép vi tu tam P bién tam gidc AM N thanh tam giac HBC. Lai c6
IK 1a duong thing Euler ctia tam giac AMN. Goi J la tam duong tron Euler clia tam giac HBC,
khi dé IJ la dudng thing Euler ciia tam giac HBC. Vay I, J, K thing hang. J la tam ngoai tiép
(XYZ), suy ra J ciing 1a tam Euler clia tam giac IBC. Suy ra diéu phai chiing minh.

O

Bai toan 11. Cho tam giac ABC c6 tam dudng tron noi tiép 1a I. D, E, F' 1a hinh chiéu cia A lén
BC,IC,IB. Goi Al cat duong tron ngoai tiép (O) cia tam giac ABC' tai G khac A. Chiing minh
ring dudng thang Euler ctia tam giac DEF di qua trung diém AG.

Lai giai. Goi M, N lan lugt la giao diéem AFE, AF v6i BC. H, K lan lugt 1a truc tam va tam ngoai
tiép tam giac DEF. AH cat (AMN) tai L. J la d6i xting cia A qua K va P 1a hinh chiéu cta I len
BC'. Ta c6 cac két qua quen thuoc: L 1a doi xing clia A qua H, I 14 tam ngoai tiép tam giac AMN
va J la ddi xing ctia I qua BC. Nhu vay, dé thay HK || JL hay JL song song v6i dudng thang

1
Euler ctia tam giac DEF. Do /FAH = /FCD = ilABC' = /ACF = Z/ADF = /FFEH suy ra

A, E, F, H cung thuoc mot dusng tron. Lai c6 AE 1L IE, AF | IF suy ra A, E, F, I cuing thudc mot
duong tron, suy ra H thuoc duong tron dusng kinh Al, suy ra IH 1 AD suy ra IHDP la hinh chit
nhat.
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Hinh 6.
Ta chiing minh H, P, G thang hang. Goi Q 1a giao diém AG, BC. Lai c6 G 1a tam ngoai tiép tam
~ 1
giac IBC nén dé c¢6 QG.QA = QI(QG + GI) suy ra QG.IA = QI.GI suy ra ?—g = % suy ra
P P . ,
Pg = HCI? = ?g, riuy ra H, P,G thang hang. Suy ra L, J, G thang hang. Suy ra HK || LG suy ra
HK di qua trung diem AG. O

Bai toan 12. Cho tam gidac ABC noi tiép duong tron (O). P di chuyén trén (O). Duong thang qua
P song song BC' cat C'A tai E. Goi K la tam duong tron ngoai tiép tam giac PCE va L 1a tam
duong tron Euler ctia tam gidc PBC. Chitng minh ring dudng thang qua L song song PK luon di
qua mot diém cb dinh khi P di chuyén.

Loi gidi. Goi H, N lan lugt 13 tryc tam va tam duong tron Euler ctia tam gidc ABC. Goi M 1a
trung diém BC, va G la déi xing ctia P qua L. Ké qua quen thuoc, ta c6 G la doéi xing cla
O qua BC. Goi @ la giao diem AH véi (O). Do PE || BC suy ra ZCEP = ZACB, suy ra
/CPK =90°— ZCEP =90° — ZACB = Z/CAQ = ZCPQ suy ra P, K, (Q thing hang.
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Hinh 7.

Duong théng qua L song song PK cit GQ tai J. Suy ra J la trung diém LQ. Tt gidac OHQG
1a hinh thang can, NJ la duong trung binh ctia hinh thang. Suy ra J déi xting N qua BC. Suy ra
duong thang qua L song song PK luon di qua diém cb dinh la diém déi xing véi tam Euler clia tam
giac ABC' qua BC. 0J

Nhan xét. Ba bai toan trén 1a ba bai toan mdi trén tam duong tron Euler va cling da dugce tac
gia diing nhiéu lan trong cac dot tap huan cac doi tuyén trén ca nude. Cac bai toan trén duge hoan
thién 10i gidi béi hoc tro Nguyén Ngoc Chi Lan hoc sinh 16p 12A1 Toan khoéa 48 truong THPT
chuyén KHTN.
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