MOT KI THUAT GIAl
PHUONG TRINH HAM TREN N
Nguyén Trong Tuin
PTNK - Pai hoc qudc gia thanh phé H6 Chi Minh

MO PAU: Céc ba todn vé phuong trinh ham doi hoi phai biét van dung
tong hop cac kien thae vé ham so. Doi véi [6p cac phuong trinh ham trén N,
chung ta con phai biet van dung cac kién thic cua li thuyét so.

Ta da biét cac két qua rt co ban va quen thuoc sau day :
1.Moi sb ty nhién déu cé thé phan tich dugc mot cach duy nhat ( khdng ké
thir tr) thanh tich caa cac thira sb nguyén to:

n=pi*p5...pe*

& day pi lacéc sb nguyén té phan bigt vaa, 7 N
2. Moi s tu nhién n déu dugc biéu dign duy nht dudi dang n=2"k, & day
mlasb tu nhién vak 1ash lé.
3. V6i hai sb ty nhién p khéc 0 cho truéce, moi sb n déu co thé viét dugc duy
nhat dudi dangn=Kkp+rvsi0<r<p-1.

Céc két qua trén rat hiru ich khi giai mot sb phuong trinh ham trén N.
Noi dung cua phuong phép ndy cé thé tom tat nhu sau :
- Tim cbng thic xéc dinh f(n) véi nthudc vé mot tap hop T1 N nao do.
- Biéu dién n theo céc phan tir caatap hop T.
NGi tdm lai, dé x&c dinh ham f(n) ta chi can xac dinh ham f(n) trén T. Tap
hop T ¢6 thé vé han hodc hitu han, tham chi T cd thé gdm 1 hoic 2 phan ti.

Vidu 1. Timtit ca cac ham f: N* ® N* thoa man diéu kién
f(f(m)+ f(n)) = m+nvéi moi nT N* ?
Giai. D& dang chitng minh duoc f 1& ham c6 tinh chat don anh.
Gia st m,n,p,qla4 sb ty nhiénthbamdnm+n=p + q.
Khi d6 f(f(m)+f(n))= f(f(p) + f(a)))
Do f [adon anh nénta cé f(m) + f(n) = f(p) + f(q)
Tur dang thie trén suy ra:
f(m) - f(m-1) = f(m- 1) - f(m-2) = ...=1(3) - f(2) =£(2) - (1)
Nhu thé day (f(m)) 1a mot cap sd cong Véi sb hang dau 1a (1) vacong sai la
=(2) - (1).
Nhu thé dé xéc dinh dugc f(m) tachi can xac dinh f(2) va f(1).
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Taco f(m) = £(1) +(f(2)- f(L))(m- 1) véi moi mT N*.

Thay biéu thirc cua f(m) vao hé thirc dau bai ta dugc
£(2f(1) + (M- 1)d + (- 1)d) =m+n

Hay (1) + [2f(1)+(m- 1)d + (- )d- 1] d=m+n

Suyraf(l) =d=1.

Tur d6 ham sb duy nhat can tim laf(n) = nvéi moinT N*.

Vidu 2. Cébaonhiéuhamsd f: N ® N thoa man diéu kién
f(f(n) =n+4véi moinT N ?

Giai Gia sir f(m) = n. Khi @6 f(n) = f(f(m)) = n+4 .

Suy raf(m+4) = f(f(n)) = n + 4 hay f(m+4) = f(m) + 4.

Bang qui nap theo k, dé dang chiang minh duoc f(m+4k) = f(m) + 4k.

Viét mdudi dangm=4k +r,sdayr1 {0,1,2,3}.

Khi do f(m) = f(4k+r) = f(r)+4k.

Nhu vay, dé xac dinh ham sb ta chi can xéc dinh céc giatri

f(0),f(2),f(2),f(3).

VéimdirT {0,1,2,3}, taviét f(r) dugi dang duy nhat

f(r)=4p+svéisi {0,1,2,3}

Khi @6 f(4p+s) =f(f(r)) , suy radp + f(s) =r + 4.

Nhu thé r = f(s) + 4(p- 1), tir d6 dan t6i p= 0 hodcp = 1.

- Xétp=0.

Tacof(r) =svaf(s)=r + 4.

- Xétp=1

Tacof(r) =s+4vaf(s)=r

Chu y rang ta khéng thé c6 f(r) = r. Tir d6 ta co thé xay dung tat ca cac ham
f thoa man yéu cau bai todn nhu sau:
- Chiatap hop {0,1,2,3} thanh 2 tap roi nhau {ab} va{c,d}
- Néuf(a@) = ¢ ,f(b) = d thi f(c)=a+4,f(d)=b+4
Néu f(a) = d ,f(b) = c thi f(d)=a+4,f(c)=b+4
Chang han, ta co thé chi ramdt ham nhu sau:
f(1) = 3,f(4) =2,1(3) =5, f(2) = 8vaf(dk +r) = 4k +f(r) , r 1 {0,1,2,3}
D& thiy ¢ tat ca 12 ham sb thoa man yéu cau bai toan.

Nhan xét: Bang phuong phép trén ta cd thé giai bai toan tong quéat:
Cho b 1a s tu nhién, timtat ca cdc ham f: N ® N thoaman diéu kién
f(f(nN)) =n+b véi moinT N.

Vidu 3. Chohamf: N ® N thoaman diéu kién
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f(f(n)) =2n véi moi nT N.
X&c dinh giatri nho nhit c6 thé co cua f(2010).
Giai. Gia st f(m) = n, khi d6 f(n) = f(f(m)) =2m va nhu thé

f(2m) = f(f(n)) = 2n hay f(2m) =2f(m) véi moi m1 N.

Bing qui nap, ta chang minh dugc f(2m)=2“f(m)," mi N
Moi sb tu nhién n [udn viét dugc duy nhat dudi dang n=2"a, trong d6 mla
sb ty nhién , con ala mot s 1é.
Tach f(n) = f(2"a)=2"f (a)
Nhu vay dé xéc dinh ham sb, ta chi can xéc dinh f(a) véi alé.
Bay gio, gia sir f(a)=2"b véi plasd tu nhiénvablé.
Khi d6 f(2°b)= f(f(a) hay 2° f(b)=2ap 2"'f(b)=a
Doalé nénp=1vatur déf(a=2bvaf(b) =a
Hién nhién rang a# b vi néu f(a) = 2b=2athi f(2a) = f(f(a))= 2a hay 4b = 2a
, mau thuan.
Nhu vay, c6 thé xay dyng ham f nhu sau
- Chiatap hop vo han céc sb ¢ thanh hai tap con v han roi nhau A vaB.
Véi mdial Adattiyyf(a)=bl Bvaf(b) = 2a
- V6i moi n=2"a véi alé, dat f(n)=2"f(a).

Taco6 2010 = 2. 1005

Tir d6 f(2010) =2f(1005). Suy ra f(2010) nho nhat khi f(1005)=1 ¢ng véi
ham f ma f(1005)=1, f(1) = 2010 va céc giatri k I¢ khac ta dat tuy y theo
qui tic trén.

Vidu 4. Cho hamsb f: N* ® N* thoa man diéu kién:
f(mf (n)) =n*f(m), " mnl N*
X&c dinh gia tri nho nhit c6 thé c6 cua f(2010).

Giai. D& thay f 1a ham don anh.
Chom=n=1taduocf(f(1)) =f(1), suy raf(l) = 1.
Chom=1taco f(f(n)=n?"nil N
Thay m bai f(m) ta duoc:
f (f (m) f(n)) =n?f (f(m)) =n’m? = f (f (mn))
Do f don anh nén f(mn) = f(m)f(n) véi moi mnT N*,
Vay f c6 tinh chat nhan . Tir d6 dé xac dinh ham f ta chi cAn xéc dinh giatri
cuia na tai cac diém p nguyén to.
Goi p lasd nguyén té va gia sir f(p) = ab. Khi d6 f(ab) = f(f(p)) hay
f(a)f(b) = p*
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Dop nguyen t6 nén chi xay ra kha nang f(a) =f(b) =p,suyraa=b.
Vay f(p) = & vaf(d) = f(f(p) = p>. Nhuthéf(a) =p.
Tas3 ching minh alamot sd nguyénté. That vay, néua= mn véi mn> 1
thi p= f(a) = f(m)f(n) , vo li vi f(m) >1 vaf(n) > 1.
Toém lai, néu p Iaso nguyén tb thi f(p) hoic 1a sd nguyén td, hoic labinh
phuong cua mot sH nguyen té.
Chu'y rang khéng thé cé kha nang f(p)= p hoic f(p) =p® v6i p nguyén td.
Tir d6 ta cd thé xay dung ham f thoa man yéu cau bai todn nhu sau :
- Chiatap hop céc sb nguyén t thanh vo han cip roi nhau (p,q) va dat

~ f@=q.f(@=p"
- V&I moi SO n= pipiz...piv tadat f(n)=f(p)™ f(p,)*..f(p)*

Taco 2010 = 22.3.5.67 nén giatri nho nht c6 thé c6 caa f(2010) tng voi
ham f maf(2) = 3, f(3) = 4, f(5) = 7, f(67) =11 va
f(2012) = 3°.4.7.11=2772.

Hy vong rang qua 4 vi du trén , chiing ta s phan nao nam dugc ki thuat giai
mot 1op cac phuong trinh ham trén N. Sau day |a mét so bai tap ren luyén.

BAI TAP

1. Chirng minh rang khéng ton tai ham sé f: N* ® N* thoa mén céc diéu
kien f(mf(n)) = n+ f(2m) voi moi mnT N*.

2. Timtat ca cac ham f: N ® N thoa man diéu kién
f(f(n)) =n+2vsimoini N.

3. Chohamf: N ® N thoaman diéu kién
f(f(n)) = 3n v&i moinT N.

Xé&c dinh giatri nho nhat cé thé c6 cua f(2012).

4. Timtat ca cic ham f: N ® N thoa man diéu kién
f( n+f(n)) = 2n+ 2 véi moi nT N.

5. Tim tat ca cac ham f: N* ® N* thoa mén céc diéu kién

i) f(mf(n)) = n*f(mn) v&i moi n1 N*.

i) Néu p nguyén t6 thi f(p) 1a hop sd nhung khdng phai 1asb chinh
phuong.
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6. Timtat ca c&c ham f: N ® N thoa man diéu kién
f(mf(n)) = n*f(m) voi moi nT N*.

7. (IMO 1998) Xét cac ham sb f: N* ® N* thoa man céc diéu kién
f(m*(n)) = n(f(m))? v&i moi mnT N*.
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