CAP SO CONG VA PHUONG TRINH HAM TREN N

Nguyén Trong Tuan
Trwong PTNK - Pai hoc quéc gia TP.HCM

MO PAU : Chingtadéu biétddy sé f,=an+b, 6 ddyabl N, lamot cap
sb cong véi cong sai 1aa Mot ham sb cam sinh ramot cap sb cong néu nhu
no c6 dang tuyén tinh. Theo céch tiép can ndy, c6 kha nhiéu ham trén N lién
quan dén cap sd cong. Mot dau hiéu dé du ddan ham sb f tuyén tinh 1abac
ctia céc bién khdng vuot qua 1.

Bai viét sau day trlnh bay nhirng ki thuét co ban dé giai phuong trinh
ham trén N lién quan dén cap sd cong. Hy vong rang nd s& co ich cho céac
ban hoc sinh chuyén toan.

Bai toan 1.Tim tat ca cac ham f: N* ® N* thoa man diéu kién
f(f(m)+ f(n)) = m+nvéi moi nT N* ?
Lot gidi
D& dang ching minh duoc f 1& ham c6 tinh chat don anh.
Gia st m,n,p,q a4 sb ty nhiénthoamdnm+n=p + q.
Khi d6 f(f(m)+f(n))= f(f(p) + f(a)))
Do f [adon anh nén ta cé f(m) + f(n) = f(p) + f(q)
Tur dang thie trén suy ra:
f(m) - f(m-1) = f(m-1) - f(m-2) = ...=1(3) - £(2) =1(2) - f(2)

Nhu thé day (f(m)) 1a mot cap sd cong Véi sb hang dau 1a f(1) vacong sai la

=(2) - £(1).
Nhu thé dé xéc dinh duogc f(m) tachi can xac dinh f(2) va f(1).
Taco f(m) = £(1) +F(2)- f(1))(m- 1) véi moi mi N*.
Thay biéu thirc cua f(m) vao hé thirc dau bai ta dugc

£(2f(1) + (m-1)d + (*- 1)d) =m+n
Hay f(1) + [2f()+(m- 1)d + (- )d-1] d=m+n
Suyraf(l) =d=1.
Tur d6 ham sb duy nhat can tim laf(n) = nvéi moinT N*.

Su dung ki thuat nhu trong Bai toan 1. gitp ching ta giai dugc nhiéu
phuong trinh ham mot cach ngan gon.

Bai toan 2. Timtit ca ham f: N ® N thoa man diéu kién
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f(f(m) + f(n) +f(p)) =m+n+p
vai moi mnpT N*,
Lot gidi
Dé thiy rang f don anh.
Chon=ptacdéf(f(m) + 2f(n)) =m+ 2n.
Véi moi s6 ty nhien mva n>0 tacé m+ 2n= (Mm+2) + 2(n- 1)
Tir d6 f((m) + 2f(n)) = f(f(m+2) +2f(n- 1))
Vif donénhnénf(m) + 2f(n) = f(m+2) + 2f(n- 1)
Hay f(m + 2) - f(m) = 2f(n) - 2f(n- 1) v6i moi mn1 Nvans3 1.
Thay n=m+ 2tacd
f(m+2) - f(m) = 2f(m+2) - 2f(m+1)
Do d6 f(m+2) - f(m+1) = f(m+1) - f(m) voi moi mT N.
Ding thtc trén chang té ddy {f(m)} 1acip sb cong. Do d6 f(m) =am+b
vsiabl N.
Thay biéu thirc cua f vao hé thirc & dau bai ta duoc
fl(am+b+an+b+ap+b)=m+n+p
Hay a(m+n+p)+3ab+b=m+n+p véi mimnpi N.
Tuwdétacoa=1,b=0.
Vay ham sé cantim 1af(n) = nvéi moi n1 N (théaman).

C6 nhieu ham sb thoa mén h¢ thirc f(f(n)) = an + b véi moi nT N* nhung lai
khong cam sinh ra mot Cap sH cong. Nghia la day {f(n)} khong phai lacap
sb cong. Bai téan 3. s8 dé cap vé mot ham sd nhu thé.

Bai toan 3. Chirng minh rang ton tai duy nhat ham f: N* ® N* thoa man
ddng thoi hai diéu kién:
1) f tang thuc su;
ii) f(f(n)) = 2n+ 3 véi moi nT N*.
Hon nita, ddy f(n) khdng phai 1a cip s cong.
Loi gidi
Cha y ring do f ting thuc su nén véi moi mn1 N* |, (m > n) taludn co:
f(m) - f(n)3 m- n(1)
Tu (1) suy raf(f(nt+1)) - f(f(n)) 3 f(n+1) - f(n)
Nhu thé f(n+1) - f(n) <2 véi moi nT N*,
Lai 8p dung (1) ta duoc:
f(n) - n<f(f(n)) - f(n)
Hay f(n) - n<2n+ 3-1f(n)

Do d6 f(n) £

3n+3 , -
2 )
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Mat khéc, cling tir (1) tacd :

f(f(n)) - f(n) < f(F(F(n))) - f(f(n))
Suy radn+6- f(n) <2f(n) +3

Hay f(n)3 4n3+3 Sl N
Tir d6 voi moi s tu nhienntacé 223 ¢ t(n) £ 3n2+3 (2)

T (2) tacd f(1) =3, f(2) =4 vaf(3) =1f(f(1)) =5, f(4) =ff(2) =7
Bay gid gia st f(n) < m < f(n+1) vakhéng ton tai k sao cho f(k) = m.
Khi @6 co f(f(n)) < f(m) < f(f(n+1)) hay 2n + 3 < f(m) < 2n + 5.

Vay f(m) =2n+ 4 =1(f(n) + 1.

Tur d6 ta cé thuat toan xay dung ham f(n) nhu sau :

-f()=3

Tacof(3) =5vatue doé f(2) = 4.

- Gia sir da xéc dinh duoc f(2),f(2),...,f(k). Taxéc dinh f(k+1) nhu sau :
Néu cé m maf(m) = k + 1 (s mladuy nhat ) thi dat f(k +1) = 2m+ 3.
Néu khdng c6 s6 m nhu thé thi dat f(k+1) = f(k) + 1.

Tur d6 tacé day f(n) nhu sau :
f(1)=3,f(2)=4,f(3)=5,f4)=7,15=9,f(6)=10,...

R rang day f(n) xéc dinh duy nhat théa man yéu ciu bai todn va khoéng
phai 1a cip sb cong.

Nhu vay néu f tang thuc sy vathoa man f(f(n)) = an + b véi moi nT N* thi
{f(n)} chuachic lacip sb cong hay néi cach khéc , f co thé khong cé dang
tuyén tinh. Can phai bd sung diéu kién cho ham f. Mét trong nhitng diéu
kién @6 duoc néu trong Bai toan 4. sau day.

Bai toan 4, Tim tit ca cac ham tang thuc sy f: N* ® N* thoa man diéu kién
) f(f(N)) =4n+ 9, véi moi n1 N*,
ii) f(f(n)+1) = 4n+ 11, v&i moi n1 N*.
Lot gidi

Trudce hét, dé dang chirng minh duoc cac két qua :

F(4k+9) = 4F(K) + 9 va f(4k+10) = 4f(Kk) + 11.
Tuong ty bai sb 2, tacod

f(n+1) - f(n) <4 véi moi nT N*.
Goi k 1a s tu nhién sao cho f(k+1) - f(k) = M 1as6 lon nhét.
Taco F(F(F(k+1)) - F(F(F(K))) = 4F(k+1) + 9 - 4F(K)- 9 = 4M
Mat khac ,
f(f(f(k+1))) - f(f(f(k))) = [f(f(F(k+1))) - f(f(F(k+1)) - 1] + [f(F(F(k+1)- 1) -

PDF created with pdfFactory trial version www.pdffactory.com



http://www.pdffactory.com

fff(k+1) - 2)] + ... + [fF(FK))+D) - f(f(f(K))]
< [f(f(k+1)) - f(f(k)) M =4M
Tur d6 céc tdng trong ngodc vudng phai bang nhau va bang M. bic biét taco
M=f(f(f(k))+1) - f(f(f(k))) = f(4k+10) - f(4k+9) = 2.
Chuay rang néu f(n+1) = f(n) + 1 thi f(f(n+1)) =f(f(n)+1)
Hay 4(n+1) +9=4n+ 11, mau thuan.
Vay ta phai ¢6 f(n+1) = f(n) + 2 véi moi nl N*,
Nhu vay f(n) =2n+Db.
Thay biéu thirc cua f(n) vao f(f(n)) = 4n + 9 ta co:
2(2ntb) +b=4n+9,dodob=3.
Tathay f(n) = 2n + 3 ciing thoa man hé thae f(f(n) +1) = 4n+ 11 .
Vay ham s6 duy nhat can timlaf(n) = 2n+ 3, voi moi nl N*.

Nhgn xét : Néu goi k lasb tu nhién sao cho f(k+1) - f(k) = mlaso nho nhat
thi ta cing dandeénket qua m= 2. Béi, toép sau day st dung Ki thuét cua Bai
toan 4. dé chieng minh day {f(n)} lacap s6 cong bang két qua M = m.

Bai 5. (IMO- 2009) Gia S s,5,,....S,.... lamot ddy tang nghiém ngat cac sb
nguyén duong thoaman : Cac ddy con s.,s,,....S, ... VA S,,1,S, u1-mn S
céc cap sb cong. o

Chirng minh rang banthén day s;,s,,...,s,,... cling lacap sé cong.

Loi gidi

Dé dé xir Ii, ta phét biéu bai todn dudi dang tuong duong:

Cho f: N* ® N* la ham tang thuc sy vathoa mén : Cac day (f(f(n)) va
f(f(n)+1) 1& cac cip sb cong. Chirng minh riang day (f(n)) ciing 1a cip sb
cong.

Tir gia thiét suy raf(f(n)) = an +b vaf(f(n+1) =cn+d

& day a,b,c,d lanhitng sb nguyén duong.

Taco f(f(n) < f(f(n)+1) < f(f(n+1))
Suy ra an+b<cn+d<alntl) +b
Hay a+b<c+d£a+ib

n n n

Bang cachcho n® +¥ tadugca=c.
Tém lai taco f(f(n)) =an+ b, f(f(n)+1) = an+ c véi moi nT N*.
Dé dang chirng minh dugc

f(f(an + b)) = af(n) + b vaf(f(an+b+1) = af(n) + ¢
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Tac60<f(n+l) - f(n) < avsi moi nT N*.
Goi r , t 1an luot 1a c&c sb tu nhién sao cho

M = f(r+1) - f(r) 16n nhat vam = f(t+1) - f(t) nho nhét .
Vi Ki thuat tuong tu nhu bai 3 ta co:

M = f(F(F()+1) - f(F(F(r))) = f(ar+b +1) - f(ar+b) =c- b.
va  m=f(f(f(t)+1) - f(F(f(D)) = f(at+b +1) - f(at+b) = c- b
TudoM =m. Suy raf(n+1) - f(n) =c- bvsi moinT N*,

BAI TAP

1. Chirng minh rang khéng tén tai ham f : Z ® Z théa mén diéu kién
f(m+f(n)) = f(m) - nvéi moi mnT Z.

2. Timtat ca c&c ham f: N ® N thoa man diéu kién
f(m+ f(n)) = n+ f(m + 2009) v&i moi mnT N.

3. Timtat ca cac ham f: N ® N thoa méan diéu kién
f(f(m) + f(n) + f(m+n)) =n+ m+ 4 véi moi mnT N.
4. Timtat ca cac ham f: N ® N thoaman diéu kién
1) f tang thuc sy
i) f(f(n)) = 9n+2vaf(f(n) + 1) = 9n+ 11 véi moi mnT N.
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