MOT BAT PANG THUC CO NHIEU UNG DUNG
Vii Tuan Hién — THPT chuyén Ha Noi — Amsterdam

Trong thé gidi bat dang thirc , ngodi nhitng bat dang thtrc kinh dién va dugc ap
dung rat nhiéu nhu bat dang thac AM — GM, bt dang thirc Cauchy — Schwarz thi
cling ton tai mot s6 bit dang thirc méi duogc sang tac nhung lai ¢6 ap dung rong réi
trong viéc ching minh cac bat dang thirc khac, chang han nhu bat dang thic Iran
1996,... Bai viét nay xin duoc trinh bay vé mot bat dang thuc néi tiéng cua Vasile
Cirtoaje hay con goi tat 1 bat dang thirc Vasc. Nho bat dang thic nay ma ching ta
c6 thém mat cong cu dé chirng minh mot 16p cac bat dang thirc véi ba bién doc 1ap

1. Giéi thiéu vé bat dang thirc Vasc va cac dang thuong gap

Bat dang thuc Vasc thudng dugc phét biéu nhu sau:

Cho a, b, c 14 3 56 thuc duong va abc = 1. Khi d6:

1 1 1
0L2+a+1+b2+b+1+c2+c+121

Chirng minh:
Doabc = 1néntacothédita==,b==,c ==
X y VA
Khi d6 bat dang thirc da cho tro thanh
4 4 4

X Z

x* + x2yz + y22z2 + y* + yz)z]x + z2x2 + z* + z2xy + x2y? =1
Ap dung bat dang thirc Cauchy — Schwarz, ta co:
z x* - (x? +y?% + z%)?
x* + x2yz +y2z2 — Y(x* + x2yz + y2z2)
Do d6 ta chi can chiing minh:

(x? +y%2 +2%)? > z:(x4 + x%yz + y?z?)

Bat ding thuc nay twong dwong véi:

x2y? +y2z2 + 22x2 > xyz(x + y + 2)
Thé nhung day lai 1a mot bat dang thic quen thudc va ta c6 diéu phai chiing
minh.
Tur day ta suy ra dang tong quat cua bat dang thuc Vasc:



Cho a, b, ¢ 1a 3 s6 thuc duong, k 1a 1 s6 thuc va abc = 1. Khi dé:
1 1 1
A tat+1 bR bF 4l k1o
LAy 1 trir di tieng phan thiec thi ta thu duoc:
a?k + a* b2k + p* c?k + ck
2k 4 gk Tk Lk t kL& =
a®* +a*+1 b**+b*+1 c**4+c*+1
Ngoai ra ta ciing c6 thé viét bat dang thire dudi dang:
1 1 1
T 1 .1 1 .71 . 1 .="

_k+F+1 bW-Fb—k-l‘l CW-I‘C—k-I‘l

Va tir d6 ta thu duoc 1 dang khac cua bt dang thic:
ak +1 bk +1 ck+1
aZk+ak+1+b2’<+bk+1+c2k+ck+1S
TUy vao ting bai toan ma ta c6 thé &p dung chlding mot cach linh hoat
Sau day ta s& di dén ung dung cua bat dang thic nay
2. Ung dung cia bat diang thic Vasc
B4t dang thirc Vasc 1a mot bat dang thire kha chat, va no gilp ta giai duoc mot sd
bai toan ¢ dang abc = 1 va can danh gia biéu thuc f(a) + f(b) + f(c) =
(<) mdt hang s6 nao d6. Khi d6 ta chi can danh gia cac biéu thirc
f(a), f(b), f(c) dé lan lugt dwa vé cac phan thic cua bat diang thuc Vasc va sau

1

2

2

do6 cong lai suy ra dpcm
VD1: Cho a, b, c 1a 3 s6 thuc duwong va abc = 1. Chang minh rang:
1 1 1
4612—2a+1+4b2—2b+1+4€2—Zc+12 1

Nt -

Loi giai:
Ta co:
1
>
402 —2a+1 " a*+a?+1
(hién nhién dang theo bat dang thic AM-GM)
Thiét 1ap cac bat dang thire twong tu roi cong lai, 4p dung bat dang thire Vasc ta

sa@®-3a+2)=0

c6 dpem.



VD2: Cho a, b, c 1a 3 s6 thuc duwong va abc = 1. Chang minh rang:
a b c

<1
2a3+1+2b3+1+203+1_

(Tran Quéc Luat, V& Québc B4 Can)
Loi giai:
Ta co:
2a a’+1

<
2a34+ 1 a*+a?2+1

e(@-1?%=0
(hién nhién dng)
Thiét 1ap cac bat dang thire twong tu roi cong lai ta c6 dpem.
VD3: Cho a, b, ¢ 1a 3 s6 thuc duwong va abc = 1. Chang minh rang:
1 1 1
+ +
V4a?+a+4 V4b2+b+4 ViAci+c+4

<1

(Zhao Bin)
Loi giai:
Ta co:
1 < a+1
ViaZ +a+4 2(@*+a+1)
& a(a — 1)? = 0 (hién nhién dung)

e (@a+1)?@a’+a+4)=>4(a*+a+1)?

Thiét 1ap cac bat dang thire tuong tu roi cong lai ta c6 dpem
VD4: Cho a, b, ¢ 1a 3 s6 thuc duwong va abc = 1. Chang minh rang:
1 1 1
az—a+1+b2—b+1+c2—c+1S3

(Vii Dinh Quy)
Loi giai:
Ta co:
1 - a’+1
a’?—a+1" a*+a?+1
(hién nhién dung)
Thiét 1ap cac bat dang thire twong tu rdi cong lai, ta c6 dpem.

e (a-1D%*@?>—-a+1)=0



Trén day 1a mot s6 bai toan don gian dé gidi thiéu so qua vé bat dang thirc Vasc.
Bay gio, c6 mot van dé duge dat ra ma chac han cac ban s& thic mac. Lam thé
nao dé dwa ra duoc cac danh gia nhu trén?Hay noi cach khéc, lam thé nao dé co
thé chon sb k cho phu hop?
Xin dugc giéi thiéu mot ki thuat nho nho dé giai quyét van dé nay
Quay tré lai vi du dau tién
Gio ta gia s c6 mot sd k thoa man:
1 1

4a2—2a+12a2k+ak+1
Bat ding thuc nay sé twong duong véi:

a’* +ak+1>4a>-2a+1
Xétham f(a) = (a®* +a* +1)— (4a®> —2a+ 1)
Dé y dang thuc xay ra khi a = 1 néntinh f (a) vacho f (1) = Otatimra k = 2
Vi du 5: Cho a, b, ¢ 1 3 s6 thuc duong va abc = 1. Chung minh rang:

a+3 b+3 c+3
CER AT AN

3
(UK TST 2005)

Loi giai:
Gia sir ¢6 s6 k ma:
a+3 - 3
(a+1)2  a?k +ak+1
Bat ding thuc nay twong dwong véi:
3a® + 5a = a?**1 + 3a%k + g**1 + 34a*
Xét f(a) = (3a? + 5a) — (a®**! + 3a?* + a**1 + 3a¥)
ff(1)=9-12k
3

Do do dé f'(1) = 0 thitachon k = 3

bat x = a%, y = bi, z = C% thi xyz = 1 va bat dang thtc can ching minh twong
duong vai:
x*+3 - 3
(x*+1)2 " x0+x3+1




e (x—1)2x3(x°+2x*—x2+1)=>0

(hién nhién dang vi x* — x? + 1 > 0)

Thiét 1ap cac bat dang thire twong tu roi cong lai ta c6 dpem.

Cubi cung, xin dugc dwa ra mot loi giai cho bai VMO 2014 bing bat dang thirc
Vasc

Vi du 6: Cho x, y, z 1a cac sb thuc dwong. Chitng minh rang:

x3y*z3 y3z4x3 Z3xty3 3
(x* + yH)(xy + z2)3 * (vt + z4)(yz + x?)3 * (z* + xH)(zx + y?)3 = 16
(VMO 2014)
Loi giai:
Pita = 5 b= g c= i thi abc = 1 va bit ding thirc can ching minh trong
duong voi:

1 1 1 3
< —
(a*+1)(b+ )3 + (b* + 1)(c + a)3 + (c*+1D(a+b)3 ™ 16
Ap dung bat dang thac AM — GM:

16
a’+a

(b + ¢)® = 8bcVbc =
Do d6 ta chi can chiing minh:

az+a_|_b2+b+cz+c<3

a*+1 b*+1 c*+17

Ta co:
a’+a 3(a+1)
a4+1SZ(a2+a+1)®
(hién nhién dtng)
Thiét 1ap cac bat dang thire twong tu roi cong lai ta c6 dpem.
Hi vong bai viét nay da phan nao gidi thiéu duoc d6i nét vé bat dang thuc Vasc
cuing tng dung rong réi va cac ki thuat st dung caa bat dang thic nay
3. Baitap

(a—1D?*(a+1)Ba?+4a+3)=0



Bai 1: Chirng minh rang véi moi a, b, ¢ duong:

a? b2 c?
+ + >1
a’ + 7ab + b? b% + 7bc + c? c2 4+ 7ca + a?

Bai 2: Cho a, b, ¢ 14 3 s6 thuc duwong va abc = 1. Chang minh rang:
1 N 1 N 1 - 3
(a+1)3 Bb+1)3 (c+1)3 8

(VN TST 2005)
Bai 3: Cho a, b, ¢ 1a 3 s6 thuc duwong va abc = 1. Chang minh rang:
a b c 3
Z13 i3 243> 3
Bai 4: Cho a, b, ¢ 1a 3 s6 thuc duong va abc = 1. Chang minh rang:

3
Gt Gt G <

as+1 b3 +1 c3+1
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