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LOI NOI DAU

Xuat phat tit thuc té ki thi THPT Quéc gia 2015, v6i cac ban sii dung két qué mon Toan dé
xét tuyén dai hoc, thi su canh tranh chu yéu dién ra 6 bo ba cau phan loai. B6 ba cau nay terdng
roi Vao cac chtt dé Phuong trinh - Bat phuong trinh - Hé phuong trinh, Hinh hoc toa d6 phdng,
Bdt dang thiic - Tim GTLN, GTNN.

Nham muc dich cung cip thém cho cac ban chuan bi tham gia ki thi THPT Quéc gia 2016
mot tai liéu tham khao hiiu ich, cac thanh vién ctia Dién dan toan hoc VMF da cung nhau bién
soan tai liéu nay. Tai liéu b cuc gom ba phan chinh. Phan dau, chung toi tom tat mot vai ly
thuyét co ban tuong ting véi 3 chi1 dé da néi 6 trén dé ban doc c6 thé tra ctiu dé dang khi can
thiét. Phan hai, ciing 12 noi dung chinh cia tai liéu, ching téi tong hop lai bd ba ciu phan loai
trong cac dé thi tht ndm hoc 2014 - 2015. Phan huéng dan, dap sb chiing t6i chli yéu dua trén
dap an clia don vi ra dé, tuy nhién trong mot s6 bai toan chiing tdi c6 dua ra cach tiép cin khac
hodc chi huéng dan so ludc c6 dap s6 nham gitip ban doc chli dong hon trong qua trinh doc tai
liéu. Chiing t6i nhin manh ring, cach lam trong tai liéu nay chua han Ia tét nhat, ban doc ciing
khong nén qua coi trong cac 16i giai mang dam chat ki thuat, khé dinh huéng tu nhién.

Nhém bién soan tai liéu nay gom c6
* Ban Tran Tuan Anh, Nguyén Nguyén Trang - Sinh vién khoa Toan DH Su pham TP,
HCM (Katyusha);
« Ban Truong Viét Hoang - THPT Nguyén Du, Théi Binh (Viet Hoang 99);
« Thay Chau Ngoc Hiing - Ninh Thu4n (hungchng);
 Thay Nguyén Coéng Dinh - Ca Mau (CD13);
 Thay Hoang Ngoc Thé - Ha Nai (E.Galois);
. Théy Lé Minh An - Nam Dinh (leminhansp);
e Ban Tran Trung Kién - TP. HCM (Ispectorgadget).

Mic du1 chiing ti da cting nhau bién soan tai liéu nay véi tit ca su tin tAm, tinh than vi
cong dong vo tu. Nhung su ti mi va ¢ ging clia chiing t6i chac chin chua thé kiém soat dugc
hét cac sai s6t. Vi vay su nhiét tam tit phia ban doc ciing sé gitip tai liéu hoan thién hon. Moi
trao doi hay chia sé v6i chung toi tai Dién dan toan hoc VMF (http://diendantoanhoc.net).

Sau cling, chiing t6i hi vong cong dong chia sé truc tuyén sé danh cho chiing t6i su ton trong tbi
thiéu bang cach ghi r6 nguon tai liéu khi chia sé. Khéng dung tai liéu nay dé truc Igi ca nhan.

Chung t6i xin cam on!

Nhom bién tap
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I. PHUGNG PHAP TOA PO TRONG MAT
PHANG

1 Ly thuyét chung

1.1

He toa do

Trong mit phang v6i hé toa dd Oxy cho cac diém: A(xa;y4), B (x5;y8),C (xc; yc)-

1.2

1.2.1

Toa do vecto: AB = (x—x4;¥8—Ya)

Toa d6 trung diém J ctia doan thang AB, trong tim G ctia tam gidc ABC lan lugt la:
] xA+xB_yA+yB)_ G(xA+xB+xc_yA+yB+yc
2 2 ) 3 ’ 3

Phuong trinh dwong thang
Vectd chi phuong va vectd phdp tuyén ctia duding thing:

Vectd 7 (4 # 0) la vecta chi phwong clia duong thang d néu né cé gia song song hoic
trung vGi duong thang d.

Vecto 7i (73 # 0) la vectd phdp tuyén clia dudng thing d néu né c6 gid vudng géc véi dudng
thang d.

Puong thang ax + by + ¢ = 0 c6 mot vectd phap tuyén 1a 77 = (; b).
Hai dudng thang song song c6 cling vectd chi phuong (vecto phap tuyén).

Hai duong thang vudng géc cé vectd phap tuyén ctia dudng thang nay la vecto chi phuong
clia duong thang kia.

Néu %, 7 1an lugt 1a vecto chi phuong, vecto phap tuyén ctia dudng thang d thi 7.7 = 0.
Do d6, neu u = (a; b) thi 7o = (b;—-a).

Mot duong thang c6 vo s vecto phap tuyén, vo s vecto chi phuong. Néu 7 1a mot vecto
phap tuyén (vectd chi phufdng) clia duong thang d thi k7 (k # 0) cling 14 mot vectd phéap
tuyén, vecto chi phuong clia d.

1.2.2 Phuong trinh dwong thang

Phuong trinh tong quat ctia dudng thing:
ax+by+c=0 (@®>+b*>0) (D
buong thazlng di qua diém M (xo; o) vanhan 7 = (a; b) 1a vecto phap tuyén c6 phuong trinh

dang:
a(x—xp) +b(y—y0) =0 2)

bac biét: duong th.'fmg di qua (a;0), (0; b) c6 phuong trinh theo doan chin:

X Yy
Z+2Z21 3
a+b (3)
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* Pudng thang di qua M(xo; o) va nhan vectd 7 = (p; ¢) lam vectd chi phuong, c6 phwong
trinh tham so la:

=X + pt
x_xo p @)
Yy=yot+qt

C6 phueng trinh chinh tac la:

X — Xp _ Y—JYo
p

(p,g#0) (5)

Pic biét: dudng thang di qua 2 diém phan biét A(x4;ya4), B (xs; ys) c6 phuong trinh dang:

X—XA _ Y—)a
XB—XA YB— YA

(6)

« Dudng thing di qua M(xo; o) va c6 hé sb goc k thi c6 phuong trinh duwdng thing véi hé s6
goc dang:
¥ =k(x—x0) + yo (7)
Chuy:
— Khong phai dudng thang nao ciing c6 hé sé géc. Cac duvng thang dang x = a khong
c6 hé so goc. Do vay, khi giai cac bai toan dung hé so goc, ta phai xét ca truong hgp

dac biét nay.
- Néu 7 = (a;b), (b # 0) 12 vecto phap tuyén ctia duong thagmg thi hé s6 goc clia né la
k:—%.

1.2.3 Vi tri tuong déi ctia 2 diém va 1 dudng thing
Cho A(xa;ya),B(xp; ys) va duong théng A:ax+by+c=0.Khido:
o Néu (axs+ by +c)(axp+bys +c) <0 thi A B & vé hai phia khac nhau déi véi A.

* Néu (axs+bya+c)(axp+bys+c) >0 thi A, B § cing mot phia doi véi A

1.3 Goc va khoang cach
 Go6c gitta hai vecto v, w dugc tinh dua theo cong thic:
Uw

7]

(8)

—_— —
cos(u,w)=

« Gia stt 771, 71, 1an lugt 1a vecto phap tuyén ctia cac duong thang d; va d,. Khi dé:

ni.no

‘ ‘

cos (dy, dp) =

9)

— —
nil.{no

» D6 daivecto u = (a; b) la:

‘ﬂ:Vﬁ+m (10)
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« Khodang cach giita hai diém A(x4; y), B(xz; ys) 12:

AB =/ (x5 - x4) + (75 - ya)° (11)

e Dién tich tam giac ABC la:

S= %\/ (AB.AC)* - (Ea’.A_c’)2 (12)

« Khoang cach tit diém M (xo; yo) dén duding thang d : ax+by+c = 0 dugc tinh bang cong thic:

|axo + byo + c|

dra) = 2 (13)
1.4 Phuong trinh duong tron
e Duong tron tam I(a; b), ban kinh R c6 dang:
(x—a)*+(y-b)?*=R? (14)
¢ Phuong trinh:
¥+ +2ax+2by+c=0, (a*+b*—c>0) (15)
cting la phuong trinh dudng tron véi tam I(—a; —b) va ban kinh R = vV a? + b —c.
e Phuong trinh tiép tuyén ctia duong tron tai diém M (xo; ¥0)
(xo—a)(x—x0)+ (Yo—Db)(y—y0)=0 (16)

« Vi tri tuong d6i clia dudng thang A va duong tron (C) tam I, ban kinh R.
— Néu d(;,5) > R thi A va (C) khong cét nhau.
— Néu d(;;5) = R thi A va (C) tiép xtc tai I' 1a hinh chiéu ctia I 1én d.

— Néu d(15) < R thi A va (C) cdt nhau tai hai diém M, N. Khi d6 trung diém H clia MN la

hinh chiéu ctia I 1én MN va
MN =2./R*~d(, ,, (17)

1.5 Phuong trinh Elip

» Elip la tap hgp cac diém M di dong théa man MF, + MF, = 2a v6i F, F, c6 dinh, F,F, = 2c,
a > c¢>01acac so cho truéc.

e Fi(—¢;0),F(c;0) dudc goi la tiéu diém, F, F, = 2¢ dudgc goi la tieu cw. MF,, MF, la cac ban
kinh qua tiéu.

e Cac diem A;(-a;0), Ax(a;0), B1(0;—b), B,(0;b) dudc goi la cdc dinh cta elip. Doan thzzmg
A1 Ay = 2a dudc goi la truc 16n, B, B, = 2b dugc goi la truc nho.

e Phuong trinh chinh tic chia Elip c6 hai tiéu diém F, (—c;0), F(c;0) 1a:

x2 2
E+%:1 (18)

Trong d6 a>b>0,b* = a* - c*.
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~ . c
e Tamsaie=—.
a

e Cho elip (E) c6 phuong trinh chinh tac (18). Hinh chit nhat PQRS v6i P(—a;b), Q(a;b),
R(a;-b), S(-a; —b) dudc goi la hinh chit nhat co sd cta Elip.

« Néu M € (E) va M, F,, F, khong thang hang thi duong thang phan giac ngoai clia géc F; MF,
chinh la tiép tuyén cuaa (E) tai M.

2 Mot sd ki thudt cd ban

2.1 Kithuitxac dinh toa d6 diém
2.1.1 Duavao hé diém

Xac dinh toa do diém M théa man diéu kién nao d6 véi hé cac diém Ay, A, ..., A,.. D61 véi bai toan
nay, ta dat M(x; y) va khai théc gia thiet.

Cho tam giac ABC c6 trong tam G(1;2), truc tam H(-1;3). Tim toa do tdm dudng tron ngoai
tiep I ciia tam giac.

Loi giai
Gid st I(x;y). Ta ¢6: GH = (-2;1);GI = (x— 1;y—2). Vi GH = —2GI nén:

{—2(x—1):—2 x=2
—

3
-2(y-2)=1 y:E

3
Vay I(2;—].
ay1(23)]
2.1.2 Xac dinh toa do giao diém clia hai duong
Giao ctia hai duong thang

Toa d6 giao diém clia hai duong thang d, : ax+ by + ¢ =0,ds : mx+ ny + p = 0 (néu c6) 1a nghiém
ctuia hé phuong trinh:

{ax+by+c:0 (19)

mx+ny+p=0

Giao ctia duong thang va duong tron

x =X+ mt
y=yot+nt
(néu c6) clia d va (C) 1a nghiém ctia hé phuong trinh:

Cho dudng thang d : { va dudng tron (C) : (x— a)® + (y — b)?> = R%. Toa do giao diém

X=Xxo+mt
y=yot+tnt (20)
(x—a)2+(y—b)2:1’?2
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Giao ctia duong thang va Elip

2 2
va elip (E):%+%:1.

X=X+ mt
y=Yyotnt
Toa dé giao diém clia d va (E) (néu c6) 1a nghiém clia hé phuong trinh:

Cho dudng thang d : {

X = Xo+mt

y2= J’sz“m 21)
S
a? b?

Giao cua hai duong tron

Toa dd giao diém ctia hai duong tron:
(C1): X+ y* +2ax+2b1y+c1=0; (Co):x*+y*+2asx+2byy+c =0
(néu c6) la nghiém cta hé phuong trinh:

(22)

2+ +2a1x+2biy+c1 =0
x2+y2+2a2x+2b2y+02:0

2 2
Cho hai duong tron: (Cy) : (x— 1)+ (y—2)* = 25; (Cz):(x—g) +(y+%) :22—5.T“1mt(_)ad(f)giao

diém (néu c6) clia chiing.

Loi giai
Toa dd giao diém (néu c6) ctia hai dudng tron 1a nghiém ctia hé phuong trinh:

2492 —2x-4y-20=0 =4 roy=4
{x y-—2x-4y = (:){x y=

2, .2 2, .2 — x=6
X+y" =7x+y=0 X+y" =7x+y=0 .
X =

Vay hai duong tron cat nhau tai A(6;2), B(1;-3).

2.1.3 Dbiém thudc duong

X =Xo+mt
y=yot+nt
Ta lay diém M(xo + mt; yo + nt) va ap dung gia thiét, ta thu dugc phuong trinh 4n .
Nhu thé, ta goi 1a tham so héa toa do diém M.

Dé tim toa do diém M thudc dudng thang d : { théa man diéu kién nao do.

Cho diém A(2;-1). Tim toa d6 diém M thudc duong thang d : 2x— y —4 = 0 sao cho AM = V2

Loi giai
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Gia stt M(m;2m —4). Ta c6: AM = v/ (m —2)2 + (2m —3)2. Khi d6:
m=1
11

5

AM=V2 < 5m*-16m+11=0 <

~ , LR P N 11 2
Vay cac diém can tim la M;(1;-2), M, (E; 3)

2.2 Tim toa dd hinh chiéu ctia mét diém 1én mét dutng thing

Dé tim toa do hinh chiéu H ctia M 1én dudng thang
d ta co 2 cach:

« Cach 1: Viét phuong trinh dudng thang A di qua
M va vudng goc voi d. Diém H chinh la giao
diém ctia d va A.

H e Cach 2: Tham s6 héa toa do clia H € d va dua
vao dieu kién MH 1 d.

Cho diém M(-1;-1) va dudng thang d: x— y +2 = 0.
Tim toa do hinh chiéu H clia diém M 1én duong thang d.

Loi giai
Cach1
buong thang A di qua M va vuong goc véi duong thang d c6 phuong trinh dang:
lL.x+1D)+1.(y+1)=0 < x+y+2=0

Do H =dn A nén toa dd cia H la nghiém cta hé phuong trinh:

xX-y+2=0

xX+y+2=0
Giai hé ta dugc H(-2;0).

Cach 2

Puong thing d c6 vecto chi phuong % = (1;1). Gid st H(h;h+2) € d. Ta cé: MH = (h+1;h +3).
MHU=0< 1.(h+1)+1.(h+3)=0 < h=-2

Vay H(-2;0).

2.3 Tim toa dd diém dbi xitng ctia mot diém qua mot duwong thang

Dé tim toa dd diém d6i xting M’ clia M qua dudng thang
dtaco 2 cach:
e Cach 1: Tim toa d6 diém H la hinh chiéu ctia M
1én d. Do H la trung diem MM’ nén ap dung cong
thic tim toa do trung diém, ta tim dugc M
e Cach 2: Gia stt M'(x;y) va H la trung diém cla
Hed
MM' 4 =0

MM'. Khi do ta co: {
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Tim toa d6 diém M’ 1a dbi xiing ctia diém M(1;1) qua duong thang d: x+ y+2 =0.

Loi giai

Cach1

Duong thang d c6 vecta chi phlIdng u=(1;-1.

Hinh chiéu clia M 1én dUOngthangdla H(h;—h-2)ed.Tacé: MH = (h—1;—h—-3). Do dé:
MH.U = 0= 1.0h-1)-1.(-h-3)=0 <= h=-1

Vay H(-1;-1).

Xy =2Xg—Xpy=-3

Do H la trung diém clia MM’ nén:
Ym =2yn—ym=-3

Vay M'(-3;-3).
Cach 2
Duong thang d c6 vectd chi phuong u = (1;-1).
1 1

Gia stt M’ (x; y). Khi d6 trung diém MM’ laH(er S )edvaMM u =0.Ta co hé:

x+1 y+1

= +2=0 x=-3

2 2 —
Lx-1D)-1Ly-D= {y=—3

Vay M'(-3;-3).

2.4 Viét phuong trinh duong thing di qua 1 diém, cdch 1 diém cho trudc
mot khoang cho trudc

Dé viét phuong trinh dudng thang A di qua diém
M va céach diém N (xy;yy) mot khodng béang p ta
thudng gia st vecto phap tuyén ctia dudng thang la
7 = (a;b), (a®+b* > 0) va ap dung cong thiic tinh
khoang cach - cong thiic (13).

Viét phuong trinh dudng thang A di qua A(1;3) va cach diém B(-2;1) mot khoang bing 3.

Loi giai

Gia st 7 = (a; b), (@ + b* > 0) 12 vecto phap tuyén ctia dudng thang can tim. Phuong trinh dudng
thang c6 dang:
ax-1)+b(y—-3)=0 < ax+by—a-3b=0

Khi do:
|—2a+b—a-3b ) b=0
dpa =3 < =3 < 5a°-12ab=0 < 12
o ViR o b=
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e b=0,chona=1tacoA;:x-1=0.
12 ,
. bzga, chona=5>b=12tacoAy:5x+12y—41=0.

Vay c6 2 duong thang thda man yéu cau bai toan 1a: Aj: x—1=0;A,:5x+ 12y —41 =0.

2.5 Viét phuong trinh dudng thing di qua 1 diém, tao v&i 1 duong thing
khac mot goc cho trudc

Dé viét phuong trinh dudng thang A di qua diém
M va tao v6i dudng thang d mot géc bang a ta d
thudng gia st vectd phap tuyén ctia dudng thang la
7 = (a;b), (a*+b*>0) va ap dung cong thic tinh Az =
goc - cong thic (9).

Viét phuong trinh duong thang A di qua M(2;1) va tao v6i dudng thang d : 2x+3y +4 = 0 mot
goc 45°.

Loi giai

Gia st 77 = (a; b), (a® + b*> > 0) 1a vecto phap tuyén cia duong thang can tim. Phuong trinh dutng
thang c6 dang:
ax+by—-2a-b=0

Khi do:
1 12a +3b| 1 ) ) a=5b
cos(d;A\) = — =— < 5a°-24ab-5b" =0 1
V2 Val+b?vVi+9 V2 a=-gb

e a=5b,chonb=1,a=5tac6A;:5x+y—11=0.
1 .
. a:—gb, chonb=5a=-1tacoAy:—x+5y—-3=0.
Vay c6 2 duong thang théa man yéu cau bai toan 1a: A :5x+y—11=0;A,: —x+5y—3 =0.

2.6 Viét phuong trinh dudng phan gidc trong ctia mét géc

Dé viét phuong trinh dudng phan gidc trong ctia goc BAC ta c6 nhiéu cach. Duéi day 1a 3 cach

thuong st dung:

Cach 1:

Dua vao tinh chit dudng phan giac 1a tap hop cac .
diém cach déu hai duong thang AB: ax+by+c=0 A

va AC:mx+ny+p=0, ta co:
lax+by+c|l |mx+ny+p|
o va*+b?> vm?+n? o
Hai duong thu dugc la phan giac trong va phan B° .
gidc ngoai ctia goc ABC. \ d ¢

Sau d6, ta can dua vao vi tri tuong dé6i cia hai diém B, C v6i hai dudng vita tim dudc dé phan biét
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phan giac trong, phan gidc ngoai. Cu thé, néu B, C & ciing mét phia thi dé 1a phan giac ngoai, &
khac phia thi la phan giac trong.

Cach 2:
Lay B’,C’ lan lugt thudc AB, AC sao cho:

AB'= — .AB; AC' = —.AC.
AB AC
D Gia stt AD = AB' + AC' Khi d6 tt gidc AB'DC’ 1a hinh

B ¢ o (C
g thoi (Vi sao?).

Do d6, AD la vectd chi phuong clia dudng phan gidc can tim.

Cach 3:
Gia st u = (a; b) 1a vectd chi phuong ctia duong phan glac can tlm Ta cé:
AB.U AC u
cos(AB, U) = cos(AC, U) =
‘AB‘ |ac|

Viét phuong trinh dudng phan giac trong géc A clia tam gidc ABC, biét A(1;1), B(4;5), C(—4; -11).

Loi giai

Cach 1.
Ta c6 phuong trinh cac canh: AB:4x-3y—-1=0, AC:12x-5y—7=0.
Phuong trinh hai duong phan giac goc A la:
4x-3y—-1 12x-5y—-7

Ax+7y—-11=0  (dy)
56x—32y—24=0 (db)

13
4x—gy—1_ 12x-5y -7
5 B 13

Ta c6:
(4xc +7yc—11) (4xp +7yp —11) <0
Do d6 B, C khac phia so véi (d)) hay (d;) 1a dudng phan gi4c can tim.

Cach 2.
Ta co:
— 1-— (34
B=(3;4); AB=5; AB = —AB 5 5
— 1 5 12
AC = (-5;-12); AC=13; AC ——AC —
13 13 13

—_— 14 8
Taco: AB'+ AC' = — .
65" 65 )
Vay vecto chi phuong ctia duong phéan giac can tim la: u = (7;-4). Do d6 phuong trinh duong
phan giac can tim la:
4x-1D+7(y—-1)=0 < 4x+7y—-11=0

Cach 3.
Gia st u = (a;b) 1a vectd ¢ chi phu’dng clia dudng phan gidc can tim. Ta c6:
AB u AC u 3a+4b -5a-12b 7
= = <~ a=-—-b
‘ AB‘ ’ AC) 5 13 4

Vay vecto chi phuong clia dudng phan gidc can tim 1a: % = (7;-4). Do d6 phuong trinh dudng
phan giac can tim la:
4x-1D+7(y-1)=0 < 4x+7y—-11=0
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2.7 Viét phuong trinh dung tron di qua ba diém

Dé viét phuong trinh dudng tron di qua ba diém, ta sit dung phuong trinh dang (15) va thay toa
do ba diém d6 vao, thu dudc 1 hé phuong trinh.

Viét phuong trinh duong tron ngoai tiép tam gidc ABC biét: A(1;3),B(~1;-1),C(2;0).

Loi giai
Gia stt phuong trinh duong tron (C) can tim c6 dang
¥ +y*+2ax+2by+c=0, (@*+b*—c>0)
Do A,B,C€(C) nén:

1+9+2a+6b+c=0 a=0
1+1-2a-2b+c=0 <= <b=-1 (Thdaman)
44+2a+c=0 c=-4

Vay (C): x*+y*—2y—4=0.

2.8 Viét phuong trinh duong thang di qua hai tiép diém ctia dwong tron
Cho diém A (x4574) nam ngoai dudng tron (C) tam I ban kinh R. Tit A, ké hai tiép tuyén AT, AT,
t6i (C). Hay viét phuong trinh dudng thang T;, To.

Gia st T(x; y), I(a; b) 1a tiép diém (T 1a T, hodc T»). Khi dé, ta cé:

T e (C) (x—a)* + (y— b)* = R
— > (23)
AT.IT =0 (x—xa) x—a@)+(y—ya) y=b) =0

Trit tiing vé 2 phuong trinh cilia (23) ta thu dugc 1 phuong trinh duong thang. D6 1a phuong trinh
can tim.

Cho dudng tron (C) c6 phuong trinh (x —4)? + y? = 4 va diém M(1;-2). Tim toa do diém N
thuoc Oy sao cho tut N ke dugc 2 tiep tuyen NA, NB dén (C) (A, B la tiep diém) dong thoi
duong thang AB di qua M.

Loi giai
Goi I va T lan lugt 1 tam va tiép diém ctia dudng tron (C) (T 1a A hoic B). Ta cé:
N(0;n), 1(40), T(x0;30), NT=(x0;30—n), IT=(x0—4;0)

Khi dé:

Te(C) - Xo+ye—8x9+12=0

NT.IT=0 x(2)—4x0+y§—ny0:0
Trii tiing vé hai phuong trinh clia hé, ta c6: 4xo — nyy — 12 = 0.
Vay AB c6 phuong trinh la: 4x—ny—12 =0.
Vi AB di qua M(1;-2) nén:

4+2n-12=0 = n=4

Vay N(0;4).
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3 Phuwong phap giai toan

3.1 Phucong phap chung
Phuong phéap chung dé giai quyét bai toan hinh hoc giai tich phang gdm céac budc sau:
e V& hinh, x4c dinh c4c yéu t6 da biét 1én hinh
« Kham pha cac tinh chét khac clia hinh (néu can). Chi y tim cac dudng vuéng géc, song

song, dong quy; cac doan bang nhau, géc bang nhau; cac géc dic biét; quan hé thudc giiia
diém va duong thang, duong tron, ...

« Xac dinh cac diém, duong thang (theo céc ki thuat da hoc) dé thuc hién yéu cau bai toan.

3.2 Mot so hudng khai thdc gia thiét

Duéi day 1a mot s6 huéng khai thac cac gia thiét cia dé bai. Di nhién, tlly vao tiing bai cu thé, ta
con c6 nhitng hudng stt dung khac.

1. Phuong trinh dudng thang d:

« Tham sb héa toa d6 ctia cac diém thudc d
« Xét dugc vi tri tuong d6i, tim dudc giao diém clia d va dudng tron hoac dudng thang
khéc.
« Viét dugc phuong trinh dudng thang:
- Song song hodc vudng goc vdi d.
- Cac d mot khoang cho trudc.
- Tao v6i d mot goc cho trude.
» Liy dbi xiing dugc qua d. Tim dudc hinh chiéu ctia 1 diém 1én d.
* Xét dugc vi tri tuong dbi ctia hai diém A, B so véi d.

2. Phuodng trinh dudng tron (C)

e Tim dugc tam va ban kinh
« Xét dugc vi trf tuong doi, tim dugc giao diém ctia (C) va dudng thang hoic dudng tron
khiac.
3. Diém G la trong tAm tam giac ABC.

« Ap dung cong thtic tinh toa d6 trong tim

—_— 2—>
e AG=-AM/
3

« G cling véi truc tAm H, tAm ngoai tiép I thang hang va GH = -2GI.
4. Diém H 1a tryc tam clia tam giac ABC
e AH1BC.
e AH =2IM, v6i I 1a tAm dudng tron ngoai tiép con M la trung diém BC.
« Diém dbi xiing clia H qua AB, AC, BC thudc dudng tron ngoai tiép tam giac ABC.

* Tii gidc BHCA' 1a hinh binh hanh, v6i A’ 1a d6i xiing clia A qua tAm dudng tron ngoai
tiep.
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« H cling v6i trong tAm G, tAm ngoai tiép I thing hang va GH = —2GI.
5. Diém I 1a tAm dudng tron ngoai tiép tam giac ABC

e [A=IB=IC=R

e Inam trén dudng trung truc cac canh.

« I cling véi trong tdm G, truc tAm H thang hang va GH =-2GI.
6. 71atam dudng tron noi tiép tam giac ABC

e J cach déu cac canh ctia tam gi4c.
+ Tim dudc ban kinh noi tiép tam giac: r = d(; ap)
» AJ,BJ,C]Jla cac dudng phén giac trong ctia cac goc trong tam giac.
7. dla duong phan gic trong goc BAC.
* A,J,K € d. Trong d6 J, K lan lugt 1a tAm dudng tron ndi tiép tam giac ABC va bang tiép
canh BC.
« Lay dbi xiing diém M € AB qua d ta dugc M’ € AC.
* dm,ap) =dwm,ac, YMed
e d cat duong tron ngoai tiép tam giac ABC tai diém chinh giita cung BC
8. T giac noi tiép.
» Viét dugc phuong trinh dudng tron ngoai tiép.
e St dung dudc tinh chét: cac géc ndi tiép chin ciing 1 cung thi bang nhau.

+ Chiing minh dudc 1 diém cach déu cac diém khac.
Cac cach chiing minh tii gidc ABCD néi tiép:

(a) Bon dinh cuing cach déu 1 diém.

(b) Cé hai géc d6i dién bt nhau.

(c) Hai dinh cung nhin doan thezlng (tao bdi hai dinh con lai) hai géc b??lng nhau.

(d) MA.MB=MC.MD, trong d6: M = ABNnCD; hodc NA.ND = NC.NB, v6i N= ADnBC.
(e) IA.IC = ID.IBV6i I 1a giao diém hai dudng chéo.

(f) TG giac dé la hinh thang can, hinh chtt nhat, hinh vuéng, ...

3.3 Vidu

Vidu 11

Cho tam gidc ABC c6 A(2;2) va cac phan giac trong goc B, goc C lan luot 1a:
Ap:x-3y—-4=0, Ac:x+y—-2=0
Tim toa do B va C.

Phan tich
Khi dé bai cho dudng phan giac va toa do 1 diém trén canh, ta lién tuéng dén viéc st dung tinh
doi xiing ciia duong phan giac. Ta sé lay doi xiing A qua hai duong phan giac.
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Loi giai

Goi B'(by; by), C'(c1; ¢») 1an lugt 1a diém doi xiing cua diém A qua Ag va Ac. Khi d6 B/, C' nam trén
BC.
Dé thay i = (3;1) 1a 1 vecto chi phuong clia Ag. Goi I 14 trung diém AB’, ta co:

Y 18
AB'1 3.0 —2)+1.(b2-2)=0 b=+
L=\ b+2 by +2 <~ 14
2 2 5
n 18 14
Vay B’ (E; ?)' Tuong tu, C'(0;0).

Puong thiang BC di qua (0;0) va c6 vecta chi phuong C'B’ nén c¢é phuong trinh: 7x—9y = 0.

N 6 14

Tudo suyra C(9;-7),B (—; —).
515

Vidu 12

Cho tam gidc ABC c6 diém A(2;3), tam dudng tron ngoai tiép I(1;0), chan dudng phan giac
trong goc Ala D(3;1). Tim toa do cac diém B va C.

Phan tich

Puodng phan gidc 1an nay lai xuat hién cling véi
dudng tron ngoai tiép nén ta lién tudng dén tinh
chat dudng phan giac sé cat dudng tron ngoai tiép
tai diém chinh gitia cung BC.

Loi gidi

Dudng tron tam I ban kinh IA: (x—1)* + y* = 10.
Puong thang AD: 2x+y—7=0.
Goi E = AD n (I). Khi dé toa do diém E 1a nghiém
ctia hé phuong trinh:

2x+y—-7=0 x=4

x-12+y2=10 < { y=-1
Vay E(4;-1).
Mat khac:

CAE=EAB = EC=EB = IELBC. .
Puong thang BC di qua diém D va c6 vecto phap tuyén IE nén cé phuong trinh:
3x—y—8=0.

Toa do ctia B va C la nghiém ctia hé phuong trinh:

5-v3 1+3v3
3x—y—-8=0 Y= V="
(x-12+y*=10 54v3  3v3-1
ET VT

VéyB,Ce{(E)_\/g;1+3\/§),(5+\/§;3\/§_1)}.
2 2 2 2

C6 nhiing bai toan doi héi ta tu khdm phd cac tinh chét dic biét. Mubn vay, ta can vé hinh
that chinh xac. Sau dé thi kiém tra cac tinh chat vudng géc, song song, quan hé lién thudc,
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f‘Vidl_l 13 \

Cho tam gidc nhon ABC ndi tiép dudng tron tam 1. Diém M(2;-1) 1a trung diém canh BC
N o R 3]- 1 N ~ « R 2 A 2 . A 2, 2 2 .2
va diém E (E; _E) la hinh chiéu cua B 1én AI. Xac dinh toa do cac dinh cua tam giac ABC,

biét dudng thang AC:3x+2y—13=0.

" o

Huéng dan

Bi“mg viéc vé hinh va kiém tra tht, ta phat
hién rarang EMn AC = H thi BH 1 AC.Tacan
chiing minh diéu dé.

That vay;, ta c6:

Cl——Ig
1.
=90°- -1,
2
, 1
=90° - —M,
2

1 —~ o~
=90% - 5(1800 -C—Hy)
_laiin
T2t
Vay C; = H.
Suy ra BM = MC = MH, hay H thudc duong
tron duong kinh BC. Suyra BH L AC.
T day ta c6 cach giai:

« Viét phuong trinh duong thang ME

e Timtoado H

» Viét phuong trinh BH (di qua H va vudng véi AC.

 Tham s6 héa toa do ctia B, C va stt dung gia thiét M 1a trung diém. Tim dudc B, C.
« Viét phuong trinh AI di qua E va vuoéng véi BE

e Tim dugc toa dd cia A= AIn AC

L 41 23
bap an:H(E;E),BH:Zx—3y—1:0,B(—l;—l),C(S;—l),A(l;S).

Vidu 14

Cho tam giac ABC. Goi A',B,C’ 1a c4c diém sao cho ABA'C,BCB'A va CAC'B 1a hinh binh
hanh. Biet H;(0;-2), H»(2;—-1) va H3(0;1) la truc tm ctia cac tam gidc BCA',CAB’ va ABC'.
Tim toa do cac dinh ctia ABC.

Huéng dan

Bang viéc vé hinh va vé thlt dudng tron ngoai tiép tam gidc H, H, H; ta nhan ra rang A, B,C nam
trén duong tron nay.
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C' B A

* [] N~ | ] ?
H3 1
I
A [ C
H,
B/
Ta phai chiing minh diéu dé.
Ta co:
BH,1CA
{ AB}/CA, — ABL1BH,
CH;1BA’
{ AC}/BA, — ACLCH,

Do d6 B,C nam trén dudng tron dudng kinh AH,. Goi I 1a trung diém AH;.

Chiing minh tuong tu, ta suy ra A, B, C, H,, H,, H3 ciing nam trén dudng tron tim I. Hon nita, I 1a
trung diém clia AH;, BH,, CH;

Dén day ta c6 cac budc tiép theo nhu sau:

. Viét phuong trinh duong tron di qua ba diém H;, H,, Hs. Tim dudc toa d6 cta I.
. Ap dung tinh chat trung diém ctia I, tim duodc A, B,C.

Dap an: A(1;1),B(2;-1),C(1;-2).
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IL. MOT SO PHUONG PHAP GIAI PHUGNG
TRINH

1 Truc can thiic

1.1 Truc cin thifc dé xuat hién nhan tif chung
1.1.1 Phucong phap

V6i mot s6 phuong trinh ta 6 thé nham dudc nghiém x, nhu vay phuong trinh luén dua vé dugc
dang tich:

(x—x0) A(x) =0
ta c6 thé gidi phuong trinh A (x) = 0 hoic chitng minh né voé nghiém , chii y diéu kién ctia nghiém
clia phuong trinh dé ta c6 thé danh gia

1.1.2 Vidu

Giai phuong trinh:
V3x2—5x+1-Vx2-2=1/3(x2—x—1)-Vx2-3x+4
Huéng dan
Ta nhan thay:

(3x2—5x+1)—(3x2—3x—3):—2(x—2)
(x2—2)—(x2—3x+4) =3(x-2)

Ta c6 thé chuyén vé roi truc cin thtc 2 vé:
—-2x+4 3x—-6

32 —5x+1+/3(x2—x+1) Vai-2+VaP-3x+4
Dé dang nhan thay x = 2 1a nghiém duy nhét ctia phuong trinh.

Giai phuong trinh v x2+12+5=3x+Vx%+5

Huéng dan

Dé phuong trinh c6 nghiém thi:
5
Va2+12-Vx2+5=3x-520 < xz o

Ta nhan thay: x = 2 1a nghiém clia phuong trinh, nhu vay phuong trinh cé thé phan tich vé dang

http://diendantoanhoc.net Trang 29



(x—2) A(x) =0 dé thuc hién dudc diéu d6 ta phai nhém, tach cac s6 hang nhu sau:

Vx2+12-4=3x-6+Vx2+5-3

P P VP S e 2
VxZ+12+4 x2+5+3
— (x-2) xX+2 B xX+2 _3l=o
Vx2+12+4 Vx2+5+3
Dé dang ching minh dugc:
Xtz - Xtz -3<0, Vx>§
Vx2+12+4 Vx?>+5+3 3

Giai phuong trinh: Vx2—1+x=Vx3-2

Huéng dan

Dk x> V2
Nhan thay x = 3 1a nghiém clia phuong trinh, nén ta bién déi phuong trinh

Vx2-1-2+x-3=vx3-2-5

3 (x=3) (%2 +3x+9)
— (x-3) |1+ -

Y(x2-1)2+2Vx2—1+4 VxS -2+5

Ta chiing minh dugc:
x+3 x+3 x2+3x+9

=1+ <2<V
2
(x2=1)?+2Vx2-1+4 (VaZ=T+1) +3 VX =245
Vay phuong trinh c¢6 nghiém duy nhat x = 3.

1+

1.2 Puave “hé tam”
1.2.1 Phuong phap

Néu phuong trinh vo ti c6 dang vVA+ VB =C ma A- B = aC, ta c6 thé gidi nhu sau:
A—-B

———=C = VA-VB=

VA-VB ’
khi d6 ta co hé:

{gtgig — 2VA=C+a
1.2.2 Vidu

Giai phuong trinh:

V2x2+x+9+V2x2—x+1=x+4
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Loi giai
Ta thy:
(2x2+x+9) - (2x2—x+ 1) —2(x+4)

Mit khac Vx < —4 khong phai la nghiém ctia phuong trinh.
Xét x > —4, truc can thic ta co:

2x+8 —x+4 = V2x2+x+9-V2x2-x+1=2
) V2x2+x+9-V2x2-x+1
Vay ta cé hé:
2 _ 2 _ — x=0
V2xt4x49-vVoxiox+l=2 = 2V2x2+x+9=x+6 < 8
V22 +x+9+V2x2—x+1=x+4 =z
A . . A s 8
Vay phuong trinh coznghlem:x:OVax:;.
Vidu19
Giai phuong trinh: vV2x2 + x+1+Vx2— x+1=3x ]
Huéng dan
Ta théy:
(2x2+x+1)—(x2—x+1):x2+2x
(khong c6 dau hiéu trén ).
» 2 . kd . A N - 1 N ) » 2, A P
Ta co thé chia ca hai ve cho x va dat ¢ = — thi bai toan trd nén don gian hon.
X
2 /\?. k \ Vd
2 Bien doi ve phuong trinh tich
2.1 Cac biéen doi thuong dung
u+v=1l+uv < (u-1)w-1=0 (24)
au+bv=ab+vu < (u-b)(v-a)=0 (25)
A*=B" = A=B (k (1€ (26)
A*=BF < A=+B (k (chdn) (27)

2.2 Vidu

Vi du 20

Giai phuong trinh: Vx+1+Vx+2=1+Vx2+3x+2

Hudng dan
Ta co:
PT = (Va+1-1)(Va+2-1)=0 = ;C:(il
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Vidu 21

Giai phuong trinh: Vx+1 + Vax2=¥Vx+Vx2+x

Huéng dan

Dé thay x = 0 khong phai 1a nghiém ctia phuong trinh.
V6i x # 0, chia hai ve cho x, ta dugc:

x+1 x+1
¥ T+€/§:1+3x+1 = (\3/7—1)(\3‘/}—1):0@ x=1

Vidu 22

Giai phuong trinh: vVx+3+2xVx+1=2x+Vx2+4x+3

Huéng dan

PK: x> -1.Taco:

PT (\/m—zx)(\/m_Q:o —

Vidu 23

= =
[l
[

4x
Gidi phuong trinh: vVx+3+ =4y/x
p & vVx+3

Huéng dan

bK: x=0.
Chia c4 hai ve cho vx+3, ta co:
4x 4x 4x
1+ =2 — |1-
xX+3 xX+3

Vidu 24

Gidi phuong trinh: \/ V3—x= x\/ V3+x

Huéng dan

DK:0<x< V3.
Khi d6 phuong trinh da cho tuong duong:

3
1 10
P+V3x2+x-V3=0 = |[x+—| =—
V3 3v3

— X =

Vidu 25

Giai phuong trinh: 2vx+3=9x* - x— 4

Trang 32
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Hudéng dan

Dk:x = -3.
Ta co:
=1
2 VX+3+1=3x *
PT < 1+\/3+x) =9x? — — —5—
( VXt3+1=-3x o 2TV

Giai phuong trinh: 2 +3v/9x2 (x +2) = 2x+31/3x (x + 2)2

Huéng dan

PT (m—m)?):O(:)x:l

3 Phuong phap dit an phu

3.1 Phuong phap dit an phu thong thuong

Doi v6i nhiéu phuong trinh vo ti, dé giai chiing ta c6 thé dit ¢ = f (x) va chu ¥ diéu kién ctia r.
Néu phuong trinh ban dau tré thanh phuong trinh chita mét bién r quan trong hon ta c6 thé giai
dugc phuong trinh doé theo ¢ thi viéc dat phu xem nhu “hoan toan”. Né6i chung nhiing phuong
trinh ma c6 thé dit hoan toan ¢ = f(x) thudng 1a nhiing phuong trinh dé .

Giai phuong trinh: \/x—\/x2—1+\/x+ x2-1=2

Loi giai

DK:x=1.
Nhan xét:

\/x—\/xz—l.\/x+\/x2—1:1
bat r =\ x— vV x2 -1 thi phuong trinh c6 dang:
1
t+;:2 — =1

Tl d6 ta c6 x =1 (théa man diéu kién).
Vay phuong trinh da cho c¢6 nghiém duy nhat x = 1.

Gidi phuong trinh: 2x* —6x—1= V4x+5

Loi giai
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4
bK: x=-—-.
5
t?-5

bat r=v4x+5(t=0) thix= . Khi dé ta c6 phuong trinh sau:

*-102+25 6,
2—————— ——(t*-5)-1=t
16 4

— 4 -22/%-8r+27=0
— (P +2t-7)(t*-2t-11)=0

Ta tim dudc bon nghiém 1a: t;, = —-1+2v2,134=1+2V3.
Do = 0nén chinhan cdc gid tri t; = —1+2v2, 13 = 1+2V/3.
Tit d6 tim dudc cdc nghiém ctia phuong trinh da chola: x=1-v2,x =2+ V3.

Cach 2: Ta c6 thé binh phuong hai vé clia phuong trinh véi diéu kién 2x*> -6x—1=0
Ta dudc:
¥ (x=3)%=(x-1)*=0
ti do ta tim dugc nghiém tuong Gng.
Cach 3 Dat: 2y -3 = V4x +5 va dua vé hé dbi xting.

Vi du 29

Giai phuong trinh: x+\/5+vVx-1=6

Loi giai
DKi1<x<6
Dit y=vx—1tac6 0 < y< V5. Khi d6 phuong trinh da cho trd thanh:
y2+\/m:5
<:>y4—10y2—y+20:0
= (P +y-4)(3*-y-5=0
[ 1-v2
y= 2\/_ (loai)
1++v21 ,
y= (loai)
- ~1+V17
J’:T
-1-v17
2
NN 11-V17 . A £ 2 .
Tu do ta tim dugc x = T\/_ la nghiém duy nhat cua phuong trinh.

2
Giai phuong trinh: x = (2004 + \/E) (1 -\/1- \/E)

Huéng dan
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bDKo<x<1.
bat y=1/1-v/x, taco:
2(1—y)2(y2+y—1002):0 — y=1< x=0

Y < 1
Gidi phuong trinh: x* +2xy/x— — =3x+1
x

Huéng dan

Piéu kién: -1 < x<0.
Chia ca hai ve cho x ta nhan dugc:

1 1
X+2y/x——=3+=
X X

< 1 N . A .
bat t = x — —, ta quy dudc ve phuadng trinh bac hai
X

Vi du 32

Giai phuong trinh: x* + Vx4 —x2 =2x+1

Hudng dan

Dé thay x = 0 khong phai 12 nghiém. Chia c4 hai vé cho x ta dudc:

( 1\ o/ 1
X——|+\/x——=2
X X
< 1 .
bat t={/x—-—, Ta co:
X
1+v5
BP+1-2=0 t=1 < x= 2\/_

3.2 Dit an phu dua ve phuong trinh thuan nhat bac 2 d6i véi 2 bien
Ta nhéc lai cach giai phuong trinh:
U’ +auv+pr’ =0 (28)
 Néu v #0, chia ca hai vé cho v?, phuong trinh tr6 thanh:
(5] =[]
—| +a|=]|+p=0
v v
o Néu v = 0 thi thit truc tiép vao phuong trinh.

C6 mot s6 dang phuong trinh ciing quy dudc vé (28)
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3.2.1 Phuong trinh dang: a.A(x) + bB (x) = cy/ A(x) .B (x)

Nhu vay phuong trinh Q (x) = a+/P (x) c6 thé giai bang phuong phap trén néu:
P(x)=A(x).B(x)
Q(x)=aA(x)+bB(x)

Luu y mot sb dang thic:

1= (1) (62— x+1) (29)
x4+x2+1:(x2+x+1)(x2—x+1) (30)
1= (x2 = Vax+1)(x + Vax+1) (31)
axt+1= (202 2241 (207 + 2+ 1) (32)

Vidu 33

Gidi phuong trinh: 2 (x* +2) =5/ +1

Hudng dan
. u=vx+1 < 2 1 s
DK: x=-1. Dat . Phuong trinh tro thanh:
v=Vx>-x+1
u=2v
2(u2+v2):5uv<=> v
u=—
2
5+ V37

Tu do, ta tim dudc: x =

.2, 5 3
Giai phuong trinh: x* —3x+1 = —% ¥+ x2+1

Huéng dan

Ban doc tu giai.

Vidu 35

Giai phuong trinh: 2x* +5x-1=7V x3 -1

Huéng dan

bk: x>1.
Ta can tim a, § sao cho:

ae-1+B(x+x+1) =7/ (x—1) (22 + x+1)
Dong nhat thiic ta dugc:

Ba-D+2(+x+ D=7/ (x-1)(x2+x+1)
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o u=x-1=0
bat 5 , ta dudc:
: v=x“"+x+1>0 :

v=9u
3u+2v=7vuv < )= u
4
Ta c6 nghiém: x = 4 + V6.
Vi du 36
Giai phuong trinh: x* —3x% + 21/ (x +2)3 -=6x =0
Huéng dan
DK: x> -2.
bat y = vV x + 2 ta bien phuong trinh vé dang phuong trinh thuan nhat bac 3 doi véi x va y:
x3—3x2+2y3—6x:0 — x?’—?;xy2+2y3 =0 < jcciJ—/Zy

Ta c6 nghiém: x=2,x=2-2V3

3.2.2 Phuong trinh dang: au + v = vV mu? + nv?

Phuong trinh cho § dang nay thudng khé “phat hién” hon dang trén, nhung néu ta binh phuong
hai ve thi dua vé dudc dang trén.

Vidu 37
Giai phuong trinh: x* +3Vx2—1= Vx4 —x2+1 ]
Huéng dan
DK: |x| = 1.
_ 2
Ta dat: { wex 7 1 Khi d6 phuong trinh tré thanh: u+3v = vV u? - v2.
V= X =

Vidu 38

Giai phuong trinh: V' x2 +2x+v2x—1=V3x2+4x+1 ]

Huéng dan

1 . £ .
DK: x> 5 Binh phuong 2 ve ta co:

V2 +2x)@x-D=x*+1 e \/(x2 +2x) @x -1 = (x? +2x) - 2x- 1)

2
;1R s =x"+2 [ ,
Ta c6 thé dat: =X T2 Khidé ta co:
v=2x-1
1-v5
y u= > v
uv=u —v < 1+\/§
u= 1%
2
R 1+v5 +v5
Dou,v=0nén u= 5 v o= x’+2x= 2\/_(2x—1)
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Vidu 39

Giai phuong trinh: v/5x2 - 14x+9— Vx> —x—20=5vVx +1

Huéng dan

DK x z 5.
Chuyén ve binh phuong ta dugc:
2x* —5x+2 :5\/(x2—x—20) (x+1)
Dé thay khong ton tai sb a, f sao cho:
2x% —5x+2= a(xz—x—ZO) +Bx+1)

u=x>-x-20

. Nhung may man o3
e xa1 ung may man ta co

Vay ta khong thé dit {

(xz—x—zo) (x+1) = (x+4) (x=5) (x + 1) = (x+4) (x2—4x—5)
Ta viét lai phuong trinh:
2(x2—4x—5) +3(x+4)=5V(x2—4x—5)(x+4)
Dén day bai toan dudc giai quyét .

3.3 Phuong phap dit an phu khong hoan toan

Tt nhtng phuong trinh tich:
(Va+1-1)(Vas1-x+2)=0
(V2x+3-x)(Vax+3-x+2)=0

Khai trién va rit gon ta sé dudc nhiing phuong trinh v6 ti khéng tam thudng chiit nao, d6 khé
ctia phuong trinh dang nay phu thudc vao phuong trinh tich ma ta xuat phat.

Tt d6 ching ta mdéi di tim cach giai phuong trinh dang nay. Phuong phap giai dudc thé hién qua
cacvidusau.

Giai phuong trinh: x* + (3 -Vx2+ 2) x=1+2Vx2+2

Huéng dan

batr=vx2+2,taco:
r=3

2— — =
“"—2+x)t—-34+3x=0 << fmx—1

Gidi phuong trinh: (x+1) Vx2 —2x+3=x*+1

Huéng dan
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bit: r=Vx2-2x+3,t=v2.Khidé phuong trinh tré thanh:
x+D)t=x*+1 < *+1-(x+1)t=0
Bay gio ta thém bét, dé dugc phuong trinh bac 2 theo t:

K —2x+3-(x+1Dr+2(x-1)=0 < P —(x+1)r+2(x-1)=0 <

Vidu 42

Giai phuong trinh: 4Vx+1-1=3x+2V1-x+V1-x?

Huéng dan

DK: |x| <1.
bat r = V1 - x, phuong trinh tr6é thanh

4v1+x=3x+2t+tv1i+x

Suy ra:
32— (2+VI+x)t+4(VIitx-1)=0
Nhung khong c6 su may man dé giai dudc phuong trinh theo r:
A= (2+M)2—48(M—1)
khong c6 dang binh phuong.
Muén dat dugc muc dich trén thi ta phai tach 3x theo (\/ 1- x)z, (\/ 1+ x)z. Cu thé nhu sau:
3x=—(1-x)+21+x)

Thay vao phuong trinh (33).

(33)

Giai phuong trinh: 2v2x+4+4v2-x=v9x%+16

Huéng dan

DK: |x| = 2.
Binh phuong 2 ve ta cé:

4(2x+4)+164/2(4—x2) +16(2—x) =9x* + 16
Ta dat: t =1/2(4 - x2) = 0. Ta dugc:
9x*-161-32+8x=0

Ta phai tach 9x* = a2 (4 - xz) +(9+2a) x> —8a sao cho A, c6 dang s6 chinh phuong.
Nhan xét: Thong thuong ta chi can nhém sao cho hét hé s6 tu do thi sé dat dugc muc dich.

4 Phudng phdp duavé hé phuong trinh
4.1 Ditan phu dua vé hé thong thuong

Dat { Z:g((j)) va tim moi quan hé gitia a (x) va g (x) tt dé tim dudc hé theo u, v.
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Vidu 44

Giai phuong trinh: xv/35 — x3 (x +V/35- x3) =30

Hudng dan

Dity = v35-x3 = x*+3° =35.

Khi d6 phuong trinh chuyén vé hé phuong trinh { Y (xy+ Ji) 3 5
Giai hé nay ta tim dudc nghiém (2;3), (3;2).
Suy ra nghiém ctia phuong trinh da chola x=2,x=3.
2. 5 1
Giai phuong trinh: \/ V2 -1-x+ V/x = 7
Huéng dan
DK:o<sx=<v2-1
Pat \/\/Z—l—XZM — 0<u<V\/_ 1
Vx=v 0<v=\/v2-1
Ta dua vé hé phuong trinh sau
1
1 U=—-v
U+v=— V2
2 — 1 2
wrrt=v2-1 4——v) +vt=v2-1
2

Giai phuong trinh thi 2:
2
(U2+1)2— (U+L) =0

Tit d6 tim ra ro6i thay vao tim nghiém clia phuong trinh.

Vi du 46

Giai phuong trinh: x+1\/5+vx-1=6

bK:x=>1.

@‘

= (a+b)(a-b+1)=0 = a-b+1=0 = a=b-1

Q

\/T , ta co:

Do do:

/ 11-v17
Vx-1+1=\5+vx—-1 << vx—-1=5-x = x:T
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Vidu 47

Giai phuong trinh: Ry o D
"V6-x V5+x 3
Hudng dan

DK: -5<x<5.

< U=v5o—x . 3z N <

bat =57y " (0<u,v<\/10).Khl do ta dugc hé phuong trinh:
w+1*=10 (u+v)*=10+2uv
4 4 8 = 2 4
————+2(u+z2)=< (u+v)(1——):—
u v 3 uv 3

4.2 Datan phu dua vé hé ddixitng loai IT
4.2.1 Hé dbixiing

Ta hay di tim ngudn gbc ctia nhiing bai toan giai phuong trinh bang cach dua vé hé déi xiing
loai II.
Ta xét mOt hé phuong trinh doi xtiing loai II sau:
1)2=y+2
(x+ )2 y+ (34)
(y+1) =x+2

viéc giai hé nay kha don gian.
Bay gio ta sé bien hé thanh phuong trinh. Ti phuong trinh thi nhat cta (34), ta suy ra:

y=vx+2-1
Thé vao phuong trinh con lai, ta c6:
xX+12=(Vx+2-D+1 & x*+2x=Vx+2
Vay dé giai phuong trinh:
X +2x=Vx+2

ta dat lai nhu trén va dua vé hé.
Bang cach tuong tu xét hé tong quat dang bac 2:
(ax+p)°=ay+b
(ay+p)°=ax+b
bat ay+ = Vax+ b, ta c6 phuong trinh:
(ax+p)° = L Vax+b+b- P
a a
Tuong tu cho bac cao hon:
(ax+p)" = g Y ax+b+b—§
Tém lai phuong trinh thuong cho duéi dang khai trién ta phai viét vé dang:
(ax+p)" =pVax+b +y
va dit ay+ = Vax+ b dé duavé hé, chi y vé dau clia a.
Viéc chon a;  théng thuong ching ta chi can viet dudi dang:
(ax+p)" =pVax+b +y

la chon dugc.
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Vidu 48

Gidi phuong trinh: x* —2x =2v2x -1

Hudng dan

1 , < AL 1k s
bK: x = 5 Ta co phuong trinh dugc viet lai la:
(x-1)?-1=2V2x-1
x> —2x=2(y—1)
yr-2y=2(x-1) "
Trit hai vé clia phuong trinh ta dudc (x— y)(x+y) =0
Ta tim dugc nghiém ctia phuong trinh 1a: x =2+ V2.

Déty—lz\/Zx—lthitadlIaVéhé{

Gidi phuong trinh: 2x* —6x—1=V4x+5

Huéng dan

bDK: x2—§.
4

Ta bién d6i phuong trinh nhu sau:
4x>—12x-2= 2V4x+5 (2x—3)2 =2V4x+5+11
bat vax+5=2y-3 ta dugc hé phuong trinh sau:

2 —32:4 5
{EZ;—?»;Z:A&L; = @-Paty-1=0=

e Viix=ytaco:2x—3=V4x+5 = x=2+V3.
e Viix+y—1=0tach:y=1-x—x=1-V2.

Két luan: Tap nghiém cta phuong trinh da cho la {1 - V2;1+V3).

4.2.2 Danghé gan déi xiing
Ta xét hé sau:

— 2:
{(Zx 3)2=2y+x+1 35)

2y-3)?=3x+1

Day khong phai 1a hé dbi xiing loai I nhung bang c4ch tuong tu, ta van xay dung dudc phuong
trinh sau:

Giai phuong trinh: 4x* +5-13x+V3x+1=0

Nhan xét: Néu chiing ta nhém nhu nhiing phuong trinh truéc:

13)? 33
(zx_Z) = V3x+1—z
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bat2 y— — = V/3x+1 thi chiing ta khong thu dudc hé phuong trinh ma chiing ta cé thé giai dudc.

Dé thu dudc hé (35) ta dit: ay+ = v3x+1 chon a, § sao cho hé c6 thé giai dugc.
Ta co hé:

4x* —13x+5=—ay-f 4x*-13x+ay+5+p=0
Diéu kién ctia hé trén c6 nghiém la:

{ (ay+,6)2:3x+1 (:){ a’y* +2aBy—3x+p>-1=0

a’> 2af-3 p*-1
4 a-13 5+f

Ta chon dudc ngay a = -2; 8 =3.
Ta c6 1oi giai nhu sau:

Loi giai
DK: x = —%

3 L 1A N
batv3x+1=-2y-3),(y < 5). Ta co hé phuong trinh sau:

— 2:
{(Zx P22yl e

2y-3)2=3x+1
15—+/97

8
.y , 11+v73
*V012x+2y—5:0tac0x:T.

*VOix=y,taco x=

A 1A A ‘A 2 < . J15=v97 11 73
Két luan: tap nghiém cua phuong trinh la: { 8\/_; +8\/_ }
Mot cach tong quat. Xét hé:

fxX)=Ax+By+m (i)
foy=Ax+m (i)
—_ ! =
P& hé c6 nghiém x = y thi: { A-A=B
m=m
Néu tit (i/) tim dugc ham ngudc y = g (x) thay vao (i) ta dugc 1 phddng trinh.
Nhu vay dé xay duing phuong trinh theo 16i nay ta can xem xét dé c6 ham ngudc va tim dugc va

hon ntia hé phai giai dugc.
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5 Phuong phap luong giac hoa

5.1 Mdt sb kién thiic co ban

DAu hiéu Phép thé Pieu kién
- 7
Ix|<a, (a>0) X =a.sina Qe |—;;
2 2
Xx=—.sina T
ax*+b*y*=c%  (a,b,c>0) 3 a ae(—;—)
y=—.cosa 22
b
a - 7
V a? + x? X=a.tana = Va’+x%= ae(—;—
cos 2 2
a T 3
a? — x2 X = = Va’-x’=atana ac|0;=|u|m—
cos 2 2
b3
1+x; |x|<1 X =C0S2Xx aE O;E
atb a=tana -7 n)
a;pe|l—;—
l1+a.b b=tanp a’ «a
a=tana
a+b+c=abc b=tanp a, B,y 1a 3 géc caa tam giac
c=tany
a+pf+y=kn
km < tana +tanf+tany =tana.tan f.tan (36)
@By 2 p Y p.tany
2
s
a+f+y=—+kn
X kn2 < tana.tanf+tanf.tany +tany.tana =1 (37)
a;ﬁ;y;«é?+kn
T
a+p+y=—+kn
< kn4 — (1+tana)(1+tanPB)(1 +tany) =2(1 +tana.tan B.tany) (38)
a;ﬁ;y;é7+kn

5.2 Xay dung phuong trinh vo ti bang phudng phap lvgng gidc héa

Tit cac phuong trinh lugng gidc don gian: cos3r = sin  ta c6 thé tao ra dudc phuong trinh vo ti.
Chtiy: cos3t = 4cos® t —3cos ¢ ta c6 phuong trinh vo ti:

4x3-3x=V1-x2 (39)
4 N 1 , N
Neu thay x bang — talai c6 phuong trinh:
x

4-3x*=x*Vx2-1 (40)
Néu thay x trong phuong trinh (40) bdi (x — 1) ta sé c6 phuong trinh v6 ti khé:
4x3—12x°+9x—1=V2x— x2 (41)

Viéc giai phuong trinh (40) va (41) khong don gian chiit nao ?
Tuong tu nhu vay tu cong thic sin3x,sin4x, ... ban hay xdy dung nhiing phuong trinh vé ti theo
kiéu lugng giac.
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5.3 Motsovidu

2

Giai phuong trinh: \/1+ V1 - x2 \/(1+x)3—\/(1—x)3 :%Jr 1‘3’“

Hudng dan

DK: |x] = 1.
VGi x € [-1;0] thi:

\/(1 +x)° - \/(1 -x)°<0 (v6nghiém)
0; g] . Khi d6 phuong trinh tré thanh:

1 . . 1
2\/écosx 1+581I1t =2+4+s8int < cost=—
1

V6i x € [0;1] tadat: x =cost,t€

V6
Vay phuong trinh c6 nghiém: x =

,‘Vid1.152 .

Giai cac phuong trinh sau:

1-2 1+2
1.\/1—2x+\/1+2x:\/ x\/ u

+
1+2x 1-2x

S

2. 1+\/1—x2:x(1+2 l—xz)

3. X*-3x=Vx+2
Huéng dan
1+2
1. HD: tanx:\/w.
) 1-2cosx
2.DS: x=-.
2

3. HD: chtiing minh |x| > 2. PT v6 nghiém.

Vidu 53

Giai phuong trinh: V6x +1 =2x

Loi giai
Lap phuong 2 vé ta dugc:
1
8x°—6x=1 < 4x°-3x= >
V6i x| < 1, dat x =cost, r € [0;7].
g /4 51 i
Khi do6 ta duoc S = {cos 9708 ?;cos?}.

Ma phuong trinh bac 3 c6 tbi da 3 nghiém vay d6 ciing chinh 1a tap nghiém ctia phuong trinh.
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Vidu 54

2. S 1
Gidi phuong trinh: x* (1 i — ) =1
x<—1

Loi giai
DK: |x| > 1.
;R ae 1 T T
Ta co theé datx:,—,te(——;—).
) sin ¢ 2 2
Khi do ta co:
cost=0
— (1+cott) =1 . 1
sin“ x SIHZIZ—E

Phuong trinh c6 nghiém: x = —v/2 (\/§+ 1).

2

2 x*+1

Gidi phuong trinh: v +1= 21 4 [+
2x  2x(1-x?)

Loi giai
DK x#0,x#£1.
. R 2o T T . 3. ,
Ta c6 thé dat: x =tant,t e (_E; E) Khi dé ta co::
2sintcos2t+cos2t—1=0 < sint(l—sint—Zsin2 t) =0

A sye « X PN ~ PN 1
Keét hgp vdi dieu kién ta co nghiém x = 7

Ve \ /’\ 3 d
6 Phuong phap dung Bat dang thu'c
Mot s6 phuong trinh dudc tao ra tit ddu bang ctia BDT:
Azm
B=m
nég dau bang 6 hai BDT d6 cuing dat dugc tai x thi xo 1a nghiém clia phuong trinh A= B.
Chang han:

V1+2015x+v1-2015x <2
Dau "=" xay ra khi va chikhi x=0va
1

Vx+1+
. x+1
Dau "=" xay ra khi va chi khi x = 0. VAy ta c6 phuong trinh:
V1-2015x+v1+2015x =

=2

+Vv1+x

x+1
Déi khi mét s6 phuong trinh dudc tao ra tit y tudng:
A= f(x)
B< f(x)
Khi dé:
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A= f(x)

B=f(x)

Chu y: Khi giai phuong trinh vo ty bang bat dezl\ng thiic qua cac phuong trinh hé qua thi dén cubi
bai toan phai the nghiém vao phuong trinh dau dé loai nghiém ngoai lai.

Tém tat mot vai bat dang thiic co ban thudng dung dé gidi phuong trinh vo ty.

AzB(:»{

1. A*">0,-A"<0(neN*)
Dau “=" xay ra khi va chi khi A=0

2. |Al= A.
Dau “=" xay ra khi va chi khi A>0.

3. Bat déng thifc Cauchy véi 1 s6 khéng am:
Néu ay; as;...; a, khong am thi
ai+a+..+ay=nya+a+...a,
Dau “=” xdy rakhiva chikhia, =a, =--- = a,.

4. Bat dﬁng thitc Bunhiacopxki véi 2 b sO (ay; a;...; an), (by; bo; ..., by,) ta co:
(a1by + azby + ... + anbn)2 < (af a5+ ..+ a,%) . (b’f + b5+ + b,%)

DAu “=” xay ra khi va chi khi
b _%_  _On
o by b T by
Quy udc néu mau bang 0 thi ti cing phai bang 0.

Vidu 56

2v2 +vVx=Vx+9

Giai phuong trinh:
p & vx+1
Loi giai
bK: x=0.
Ta co: , ,
2V2 2 1
V2 sl < (2\/5) +x+1 N —X+9 Vx>0
Vx+1 x+1 Vx+1
DAu "="xay ra khi va chi khi:
2v2 1 1

= — x=
Vi+1l Vx+1 7

Vay x = % 12 nghiém duy nhét ctia phuong trinh.

Giai phuong trinh: 13V x2 — x* +9V x2 + x* =16

Loi giai

bK:-1<x<1.

Bién d6i phuong trinh ta cé:
2

¥ |13V1-x2+9V1+x2| =256
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Ap dung bat dang thtic Bunhiacopxki:
2
\/ﬁ.\/ﬁ.\/l—x2+3.\/§.\/§\/1+x2) < (13+27) (13- 13x* +3+3x%) = 40(16 - 10x*)
Ap dung bat dang thtic Cosi:

Dau "="xay ra khi va chi khi:

V1+x2
1-x2= 2
3 = x=t—
10x*> =16 —10x? v5
2

Vay nghiém ctua phuong trinh la x = +

5

Vidu 58

Giai phuong trinh: x> —3x> - 8x+40-8vV4x+4=0

Huéng dan

Ta chiing minh:
8vVAax+4<x+13vax®—3x>-8x+40=>0 < (x—-3)?>(x+3)>x+13

7 Phuong phap ham sb

Stt dung céc tinh chat ctia ham sb dé gii phuong trinh 1a dang toan kha quen thudc. Ta c6 3
hudéng ap dung sau day:

1. Thuc hién theo cac budc:

« Buéc 1: Chuyén phuong trinh vé dang: f(x) = k
* Budc 2: Xét ham s6 y = f(x). Ching minh ham s6 nay dong bién hoic nghich bién.
Gia stt ham so dong bien.
* Budc 3: Nham nghiém x, va nhan xét
- V6i x> xp, ta c6 f(x) > f(x) =k (khong théa man)
- VGi x < xp, ta co f(x) < f(xo) =k (khong thoa man)
Vay x, 12 nghiém duy nhét ctia phuong trinh

2. Hudng 2: thuc hién theo cac buéc

e Budc 1: Chuyén phuong trinh ve dang: f(x) = g(x).

« Budc 2: Dung lap luan khang dinh rang f(x) va g(x) c6 nhiing tinh chit don diéu trai
ngudc nhau.

* Budc 3: Xac dinh x, sao cho f(xo) = g(xo). Khi d6 x 1a nghiém duy nhat ctia phuong
trinh.
3. Hudng 3: Thuc hién theo cac budc:

« Budc 1: Chuyén phuong trinh vé dang f(w) = f(v).
e Budc 2: Xét ham sb y = f(x), duing lap luan khang dinh ham s6 don diéu.
e Bu6c3:Khidoé f(u)=f(v) < u=v
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Vidu 59

Giai phuong trinh: (2x +1) (2 +VAx2+4x+ 4) +3x (2 +V9x?% + 3) =0

Huéng dan

PT < (2x+1) (2+\/(2x+ 1)2+3) = (-3x)

— f(2x+1)=f(-3x)

2+ \/(—3x)2+3)

Xéthamsé f(n) =t (2 +V 2+ 3), 12 ham dong bién trén R.

- 1 ~ oA A 2 ~
Do do x = = la nghiém duy nhat cua phuong trinh.

Nhan xét Dua vao két qua: Néu y = f(¢) 1a ham don diéu thi:
. fX)=f) < x=t
Ta c6 thé xay dung dudc nhiing phuong trinh vo ti.
Xuat phét tit ham don diéu:
y:f(x):2x3+x2+1
trén [0; +00).
Ta xay dung phuong trinh:

f(x):f(\/?)x—l) — 2x3+x2+1:2(\/3x—1)3+\/(3x—1)2+1
Rut gon ta dugc phuong trinh:
2x°+x*=3x+1=23x-1)V3x-1

Tt phuong trinh:
flx+1) :f(\/Sx— 1)
thi bai toan sé kho6 hon:
23 +7x% +5x+4=23x-1)/Bx-1)
Dé giai hai bai toan trén chiing ta c6 thé 1am nhu sau:
bat y = v3x+1khi do ta co hé:
2x3 +7x° +5x+4=2y°
{ 3x—-1= y2
cong hai phuong trinh ta dugc:
2(x+ 13+ (x+ 1) =2y +y?

Vi du 60

Giai phuong trinh: 2x+1) (2 +V4x% +4x+ 4) +3x (2 +V9x% + 3) =0

Hudng dan

PT < (2x+1) (2+ V@2x+1?+3|=(-3x) (2+ \/(—3x)2+3)

— f(2x+1) = f(-3x)

Xéthamsd f(n) =t (2 +V 2+ 3), 12 ham dong bién trén R.

. 1. . 4
Taco x= —z la nghiém duy nhat.
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Vidu 61

Giai phuong trinh x® —4x* —5x+6 = V/7x2 +9x—4

Huéng dan

Dit y = V7x2 +9x—4, ta cé hé:
3_ 4.2

X°—4x"-5x+6=
{7x2+9x_4:y3 V' = Pay=+ 13+ x+1)
Xét ham so: f(r) = £ + t, 1a ham don diéu ting. Ta cé:

, x=5
f)=flx+D)] = y=x+1 = x+1)=V7x2+9x-4 < -1
X =

%

\S)
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I1I. MOT SO KI THUAT CHUNG MINH BDT

Bat dang thtic 1a n6i dung rat khé va rong. Trong tai liéu nay chiing t6i khéng c6 tham vong thé
hién het vé dep cuta de tai nay, ching to6i chi co gang trinh bay m6t so van dé ma cac em c6 thé
gap phai 6 cau bat dang thuc trong cac dé thi THPT quoc gia.

1 Nhitng BDT c6 dién thuong dung

1.1 BDT hai bién

2
a+b=2vab, (a,b=0) . a2+b22(a+b)
e a’+b*=2ab
2
. (\/E+\/E) >4vab, (a,b=0) . a3+b32ab(a+b), (a,b=0)
e (a+b)*=4ab
1.1 2 (a,b>0)
s at+b=<./2(a®+D?) a b a+b
2
atb 1(1 1 1
e ab< P
( 2 ) 4 a+b)2a+b' (a.0>0)
1.2 BDT babien
1 1 1 9 3
o 4 _ 42 a+b+c
a b e avbec (a.b,¢>0) . abcs( )

[ ] 2 2 2
a®+b*+c*=ab+bc+ca e (ab+bc+ca)’ =3abc(a+b+c)

2
(a+b+c) o @°b*+b*c*+c*a* = abc(a+b+c)
3

e A>+b*+cf =

e a*+b*+c*=abc(a+b+c) m n p_ min+p

Céc bat dang thiic nay diing gan nhau ta thiy rat don gian nhung chiing ta can phai biét van
dung chuing linh hoat trong nhiéu tinh huong.

2 Mbt s6 Ki thuét chitng minh BDT

2.1 Ki thuét ghép ddi xiing

e Dang X+Y+Z=A+B+C.
Dau hiéu: X +Y = 2A. Neu phat hién ra dau hiéu nay thi ta xay dung thém céac bat dang
thiic tuong tu sé c6 dieu phai chiing minh.

* Dang XY Z = ABC.
Dau hiéu: XY = A%. Néu phat hién ra dau hiéu nay thi ta xay dung thém cac bat dang thtic
tuong tu sé c6 dieu phai chiing minh.
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« C6 thé m6 rong thanh cac dang tong quat hon

mX+nY+pZ=(m+n+p)A
mY +nZ+pA=(m+n+p)B } = X+Y+Z=A+B+C.
mZ+nX+pY=(m+n+p)C

XmYan > Am+n+p
Y"Z"XP = pmtntp = XYZ=ABC
Zan Yp > Cm+n+p

f‘Vidl.l 62 .

Cho a, b, ¢ 12 cac s6 duong. CMR

ab bc ca
—+—+—=a+b+c.
c a b

Hudéng dan

2 A A N A ~ % 2 , £e 1A 2 . ab bc P
Chi can thay va xay dung thém bat dang thuc tuong tu voi bat dang thic ~ Ttz 2b, sau do

cong cac vé ta dugc diéu phai chiing minh.

Vidu 63

Cho céc sb thuc khong am x, y, z thod man xyz =1. CMR

Py+yPx+2°x = xy+yz+zx.

Hudéng dan

Chi can quan sat thay x>y+x?y+y?z = 3{/ x*y4z = 3xy xem nhu c6 thé chiing minh dudc bai toan.

Vi du 64

Cho a, b, ¢ 1a cac s6 khong Aam. CMR

a+b+c=vab3+vbe3+ v cas.

Huéng dan

St dung danh gid a+b+b+b =4V ab3.

Cho a, b, c duong. CMR
abc=(a+b-c)(b+c—a)(c+a-D).
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Hudéng dan

Ta c6 danh gia

2
(a+b-c)(b+c—a)< (a+b—c+b+c—a) = b

2
Xay dung cac danh gia tuong tu c6 dpcm.

Vidu 66

Cho a, b, c1a cac s6 duong. CMR

(1+a2)(1+b2) (1+c2)2(a+b) (b+c)(c+a).

Hudng dan

Ta chi can chiing minh
(1+a2) (1+b2) > (a+b)’ = (ab- 1)°=0

xem nhu bai toan dudc giai quyét.

Vidu 67

Cho a, b, ¢ 1a cac s6 duong. CMR

(a+ b)s(b + c]s(c+ a)® = 64abc (az == bc) (b2 + ac) (cz + ab) (%).

Huéng dan
Ta co
(%) < (a+ b)4(b + 0)4(0 +a)* = 64abc (az + bc) (b2 + ac) (02 + ab) (a+Db)(b+c)(c+a),
nén ta chi can chiing minh
(a+b)’(a+c)?=4a(b+c) (az + bc) .
That vay:
2
4a(b+c) (a2+bc) =4(ab+ bc) (a2+bc) < (ab+bc+a2+bc)

- [a(a+b)+c(a+b)]2:(a+b)2(a+c)2.

2.2 Kithuat tach ghép

Khi thuc hién viéc tach hay ghép vao nhiing biéu thtic nao dé théng thudng chiing ta chid y dén

cac diéu co ban sau day.
« TAch hodc ghép vao nhiing biéu thiic tuong tu véi mau sé.

« Tach hodc ghép vao thi phai chu ¥ truong hop dang thiic xay ra.

« Diéu chinh nhiing dai lugng tach — ghép sao cho tao ra nhiing dai lugng tuong tu vé con

lai.
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f‘Vidl.l 68 \

Cho a, b, c duong. Chiing minh:

b?c c’a a’b a+b+c
it + >
a(b+c) b3(c+a) c3(a+b) 2
Hudng dan

Chiing ta can quan tAm dén 2 nhan xét sau.

b’c YR ~ ~ N LR . P N ~ A 1A
. m co bacla —1 nén thong thuong biéu thuc ghép vao cung nén co6 bac -1.
a c
£ o : . b cooox 111
* Dau dang thuc xay ra khi a = b = ¢ nén ——— dudc dinh giabang — = — = —.
a®(b+c) 2a 2b 2c

b%c b+c 1

Nhu vay ta co: + + —
vay taco a(b+c) 4bc 2b

3 A - A 2 ~ X N
2o Xay dung cac bat dang thuc tuong tu roi cOng
theo vé ta dugc

b’c N c’a N a’b
a*(b+c) b3(c+a) c3(a+b)

(1 1 1) 1(1 1 1) 1(b+c c+a a+b

+ + .
4\ bc ca ab

Va c6 diéu phai chiing minh.

,|Vidg 69 \

Cho hai s6 x, y thod 2y > x > 0. Tim gia tri nh6 nhét clia

1 2
P=—F——— .
x3(2y—x)+x +y
Huéng dan
Phan tich
IS S T O S S DS S 2
P_x2(2xy—x2)+x +(y +x°—x )ZxZ(ny—x2)+x +(2xy X )23.

Nhu vay GTNN ctia P bang 3khi x=y =1.

,‘Vidu?O \

Cho cac s6 thuc duong a, b, c thod abc = 1. CMR

a b o
=k + =1
b(c+2) c(a+2) a(b+2)
Huéng dan
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a’ c+2

+
b(c+2) 9 ] .
dang thtc tuong tu va cong theo ve cac bat dang thiic ta dugc

Ta co

b N NP c+2 b n , 2
+ 3 > a (ban doc tu tim toi vi sao ta chon dudc 5 5?)’ xay dung cac bat

a’ b 3

b(ct2)  ca+2) a(b+2)

,.|Vidg71 .

Cho a, b, c ducng thod man a+ b+ c = 3abc . Tim GTNN cua

2(a+b+c)—é(c+2+a+2+b+2)—%(a+b+6)21.

R 1
S_E-i_ﬁ-i_;'
Huéng dan
Ta co
1 1 1
a+b+c=3abc & —+—+—=3
ab bc ca
Lai co
1 1 1
—tl+lz— = §=3 —+—+—)—6
a a a c
Ma
(1+1+12 3(1 1 1):>1+1+1>3
a b c¢)]  \ab bc ca a b ¢~
Nén S = 3.

2.3 Ky thuat dung BDT co ban

Théng thuong nhiing bat dang thiic khong co6 gia thiét thi ta nén tap trung vao dang van dung
BDT co ban (tuy nhién c6 gia thiét thi van thuc hién theo ki thuit nay). Cé thé chay

. P P 1 1
* banh giamauso:0< A<B < 2”5

e Ngudc dau:0< A<B < M-A>M-B.

Al " . 2 M N
e Mot vai phan tich, chang han: =1- e
M+ N M+ N

,-‘Vidl.172 .

Cho cac s6 a, b, c duong thod a+ b+ c=3. CMR

ab N bc . ca
Ve2+3 Va?+3 Vb2+3

3
=-.
2

Huéng dan
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Tacé ab+bc+ca< §(“+b+c)2 =3. Tu do ta c6 danh gia:

ab - ab B ab <ab( 1 1 )
Vez+3  VcZ+ab+bc+ca \/(a+c)(b+c)_ 2 \a+c b+c)
Nhu vay:
ab bc ca 1| ab ab bc bc ca ca
+ + <- + + + + +
vVe2+3 Va2+3 Vb2+3 2\a+c b+c b+a ct+a a+b c+b
1{a(b+c) b(c+a) c(a+b)| 3
<= + + =—.
2\ b+c c+a a+b 2
f‘Vidl.l73 \
Cho céac sb6 duong a, b,c. CMR
ab bc ca a+b+c
+ + <
a+3b+2c b+3c+2a c+3a+2b 6
Huéng dan
Luu y danh gia sau day thi ching ta sé chiitng minh dudc bai toan.
9ab 9ab - 1 1 +1
a+3b+2c a+c+b+c+2b” atc b+c 2b)

,|Vidu 74

Cho céac sb6 duong a, b, c thod man ab + be + ca = 1. Tim gi4 tri nh6 nhat clia biéu thiic

1 4
pP= c
abe (a+Db)(b+c)(c+a)
Huéng dan
Ta co:
1 1 4
= + +
2abc  2abc  (a+Db)(b+c)(c+a)
1
=37
\/azbzc2 (a+Db)(b+c)(c+a)
1
=33
\/abc (ab+ ac)(bc+ ba) (ca+ be)
Ap dung

ab+bc+ca

%; (ab+ ac) (bc+ ba) (ca+ cb) <

3
a’b?c? s( )

27 9
Nén ta c6: P >31/3V3.=~ :T\/_ Pang thic xayrakhi a=b=c=

3
V3,
3

(2 ab+bc+ca))3
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f‘Vidl.l75 \

Cho a, b, ¢ duong cé tong bang 3. CMR

a N b N c >3
1+b2 14+c¢2 1+a2 2

Hudéng dan

Néu sit dung danh gia 1+ b? = 2b thi khi thay vao vé trai sé ngugc diu. Nén ta sé xii 1y khéo 1éo

nhu sau
a ab? a ab? ab

=a-— = >a-— =a— —
1+ b2 1+ b2 1+ b2

2b 2
Xay dung tuong tu ta co

a b c
+ +
1402 1+c¢2 1+a

1 3 3
>a+b+c—=(ab+bc+ca)=3-==—.
2 2 2 2

Vidu 76

Cho a, b, c duong. CMR

i) () + () =
b+2c c+2a a+2b) — 3

Huéng dan

2

1 a 1 a 1 (a+b+c) 1
VT = - =— > —, > —.
>3(Zb+20) S(Zab+2ac)>3 3(ab+bc+ca)>3

,‘Vidu?? |

Cho céc s6 duong x, y, z ¢ tich bang 1. Tim GTNN

_ Xty | y+z z+x
Nty +l y+z+1l z+x+1

Hudéng dan

Ta co

Xty 1 1 1 1
=1- — P=3- + +
x+y+1 x+y+1 x+y+1 y+z+1 z+x+1

Ditx=a%y=0%z=¢>

:‘Pzg‘(zm)23‘(2m):3‘(za+2+0)=2-

http://diendantoanhoc.net Trang 57




2.4 Ki thuét ding mién x4c dinh ctia bién s6

Day 12 ki thuat kho, chiing ta can phai linh hoat trong viéc xay dung nhiing danh gia pht1 hop
v6i mong mudn. C6 thé luu y:

* Gid sti x € [a; b] thi ta c6 thé xay dung dugc: (x—a) (x—b) <0 < x*> < (a+b)x— ab hodc

thanh a_b <a+b-x (x>0),..
X

* Gidsli a < b < c thi ta c6 thé xay dung dugc: (b—a)(b-c) <0 < b?+ac<ab+bc,...

Vidu 78

Cho céac sb6 duong x, y, z c6 tong bang 3. Tim GTNN ctia

P:x2y+y2z+zzx+xyz.

Huéng dan
Gidstix<z<y.Taco:

x(x-2)(y-2)<0 = x*y+xz°<x’z+xyz.
— P<x’z+y’z+2xyz=z(x+y) = %.Zz(x+y) (x+y) =4

,‘Vid1.179 \

Cho a,b € [0;2]. Tim GTLN cua

. 8+6(a+b)+(a+b)
~ 4+2(a+b)+ab

Hudng dan
Tua be[0;2] = a’ <2a;b*> <2b.

8+6(a+b)+a*+b*>+2ab 8+8(a+b)+2ab 4(a+D)
= P= < =2+ .
4+2(a+b)+ab 4+2(a+b)+ab 4+2(a+b)+ab

Lai co:
(a-2)(b-2)<0 < ab+2(a+b)+4<4(a+b) = P<3.

Vi du 80

Cho a, b, c € [1;2]. Chiing minh
a’+ b+ c® <5abc.

Huéng dan
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Gidstta= b= c. Ta co:
(a—2) (a2+2a—1)so — a®+2<5a

(b—l)(b2+b+1—5a) <0 < 5a+b®<5ab+1;
(c-1 (cz+c+1—5ab) <0 < 5ab+c® <5abc+]1.

Cong céac vé 3 bat dang thiic trén ta dudc diéu phai chitng minh.
Hodc c6 thé giai cach khac cting theo mien xac dinh cac bién. Gia st

2 2 3 2 2 2 > b c ¢
ISaSbSCS:>(a—b)(b —0)20<:>b < ab” + bc” —ac @5524_2_5'

Mat khac:
a> _a* _a c*
c

— <
bc ac

Ta bién d6i bat dang thiic can chiing minh

@2 b 2 c a c
— P=—+—+—<5=P<|—+—-|+|[-+—
bc ca ab c b c a
.Laico
2b c 1 2b c 1 b ¢ 5
b<c=<2<2h= —=1;—-21>- = |—-1||[--=|20 == —+—-=<-.
c b 2 c b 2 c b 2

5 A e X 2. - .
Tuong tu, 4 < 5 Vay P <5. (Diéu phai chung minh)
[ a

,.|Vidg81 .

Cho céc s6 thuc a, b, ¢ thudc doan [1;3] va thod man a + b + ¢ = 6. Tim gi4 tri I6n nhat biéu
thic

a’b® + b2c? + c2a® +12abc+72 1
pP= — —abc.
| ab+bc+ca 2
Hudéng dan
Ta co
1
36 = (a+b+c)2 =3 [(a—b)2+(b—c)2+(c—a)2] +3(ab+ bc+ca)=3(ab+ bc+ca).

Mat khac,
(a-1)(b-1)(c—1)=0 < abc=ab+bc+ca-5;

B-a)(3-b)B—¢)=0 < 3(ab+bc+ca) = abc+27
Nhu vay, dat t = ab+ bc+ca = t€[11;12]. Khido

@?b? + B2c? + 2a? + 2abc(a+b+c)+72 abc (ab+bc+ca)’ +72 abc t2+5t+144
= - = -—< .
ab+bc+ca 2 ab+bc+ca 2 2t

. A N . ? X ? - N A A 2 160
Viéc con lai chi can khao sat ham so trén cho ta GTLN cua P = R
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Vidu 82

Choa,b,cthoaman a=4; b>5;6<c<7; a’+b*+c®>=90. Tim GTNN cta

S=a+b+c.

Hudng dan

Tu gia thiet va cac dieu kién md rong ta c6 cac danh gia:

a’+36
4<a<9 = a-4)9-a)=0 << a= 13
b? + 40 a?+b*+c®+118
5<=b<8 = (b-5)(8-b)=0 < b= = S§= =16.
13 13
c?+42
6<sc<7 = (c-6)(7T-¢)=20 < c= 13

2.5 Mot so cach bién ddi diéu kién thuding gip

Muc nay tap chung vao cac vi du minh hoa cho viéc xtt Iy khéo léo diéu kién clia nhiing bai toan
bat dang thiic hodac tim GTLN, GTNN c6 diéu kién.

f‘Vidl.l 83 \

Cho a, b, ¢ duong va c6 tong bang 1. Tim GTNN

c+ab a+bc b+ac
= + + .
a+b b+c a+c

Hudéng dan
Tfigiéthiéttacé c+tab=c(a+b+c)+ab=(c+a)(c+Dh).

p_lta (c+D) .\ (a+Db)(a+c) .\ (b+c)(b+a)
~ a+b b+c a+c

Dua vao ki thuat ghép dbi xiing dé dang cho takét quA P=a+c+c+b+b+a=2.

f‘Vidu 84 \

Cho x, y,z duong thoa man xy + yz + zx = 2xyz. Tim GTNN

pP= 1 ol L 5 L ot
x(2x—-1) y(zy — 1) z(2z—1)

Huéng dan
N «? « A ,1 ]. ]. o ]. ]. 1
Tu gia thiettaco —+—+-=2.Data=—;b=—;c=— = a+b+c=2.
X y z X y z
Suyra
3
a
pP= .
Z(z_a)Z
3
. ., a 2-a 2-a 3a T 2
Lai co + + > — nén ta de dang tim dugc GTNN cua P.
2-a? 8 8 4
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Vidu 85

Cho a, b, c duong c6 tong bang 3. Chiing minh

va+Vb++v/c=ab+bc+ca.

Hudng dan

Tii gia thiét suy ra 9 = a® + b? + ¢* + 2 (ab + be + ca).
BDT tré thanh
a2+b2+c2+2(\/ﬁ+\/5+\/5)29.

Lai ¢6 a® + va+ va = 3a, nén ta cé diéu phai chiing minh.

f‘Vidl.l 86 \

Cho x, y,z duong thoa man x+ y + z = xyz. Tim GTNN

__ Yy ..z ._x
x/7P2+1 ypWZ2+1 zVxe+1
Hudng dan

Tit gia thiét

1 1 1 1 1 1
—+—+—=1= ab+bc+ca=1, (a:—;b:—;c:—).
Xy yz zXx b

Py a _y a - 2 2(a+b+c)
T~ 112 (b+a)(b+0) " ~a+c+2b  a?+b*+c2+3(ab+ bc+ ca)

_ 2(a+b+c)2 -

(a+b+c)’+ab+bc+ca

f‘Vidl.l 87 \

Cho céc s6 thuc x, y, z thoa man x? + y? + z2 = 5; x— y+z = 3. Tim gi4 tri 16n nhat va gia tri nho6
nhat clia

N w

xX+y-—-2
= sy
z+2

Huéng dan
Ta co

s s (x+y)P(x-y) ~ (x+y)°+B-27

5-z22=x*+y*= =
y 2 2

— (x+y)°=1+62-37%

Khi do
V1+6z—-322-2

z+2

Dén day chiing ta c6 thé khao sat ham s6 nay theo bién z hoic st dung phuong phap tam thiic

A . 36
bac hai cho ta %3 <A<0.
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Vidu 88

Cho a, b, c duong thoa man (1 - a) (1 - b) (1 - ¢) = 8abc. CMR

a+b+c=1.

Hudng dan
V6i a,b,c =1 BDT ta c6 ngay BDT nén chi can xét 0 < a,b,c < 1. Ta ¢

l1-al-bl-c

1- 1-b)(1-c)=8ab . . =8
(1-a)(1-b)(1-¢) =8abc < —
g l-a 1-b 1-z . az . N . . 2 1
Datx = Y= ia=— .Khi do6 xyz =8 vaBDT can chung minh tro thanh
a
1 1 1

+ + 2]l << x+y+z=6.
1+x 1+y 1+z

BDT nay dé chiing minh dugc theo AM — GM.

2.6 BDT thuan nhit

O day, dé cho don gian ching toi chi dé cap dén bat déng thiic 3 bién. Phan Iy thuyét vé "chuin
héa" sau day dugc trinh bay dua theo bai viet ctia ban Nguyén Hung trén Dien dan toan hoc.
Biéu thtc P(a, b, ¢) 1a thuan nhat bic k néu va chi néu véi moi so thuc ¢ khac 0, ta ¢

P(ta,tb,tc) = *p (a,b,c)
Chang han: P = 24? + ab + ¢* dudc goi 1a thuan nhét bic 2.
Mot BDT goi la thuan nhat néu ca hai ve ctia né deu la nhiing biéu thiic thuan nhat.
Xét bat dang thiic thuan nhat bac k ba bien

A(a,b,c)=B(a,b,c)

< Ny a b c < . . A 2, @ A, 22 P A
batS=a+b+c. Tudosuyra ststs™ 1. Mat khac do tinh thuan nhat cua bat dang thtc trén

J=ofs59

Nhu vay, thay vi chiing minh v6i bo sb (a; b; ¢) thi ta chting minh bat dang thiic v6i b6 sb (

A , « A PR
nén ta co bien doi sau

)

wnilo
Nl

nls
wnio

A(a,b,c)=B(a,b,c) = éA(a,b,c)zéB(a,b,c) — A

BN
»l

S

b ¢
S'S’S

12 di. Ma d6i véi bo s6 mdi nay, chiing c6 tongla 1. Dé cho gon, ngudi ta ghi "chuan héa: a+b+c =
1".

Mot cach tuong tu ta c6 thé chuan héa cho a+ b+ c =3, hoic abc = 2 hoic ab+ bc+ca=1,... Diéu
dbc ddo va ctng la diéu khoé nhat ctia ki thuét nay la viéc chuan héa biéu thiic nao cho hop ly
nhat dé c6 chiing minh don gian nhat.
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f‘Vidl_l 89 \

Cho a, b, c khong am. CMR

(261+b+c)2 (2b+c+a)2 [20+a+b)2

2az+(b+c)2 2b% + (c+ a)* 202+(a+b)2_

Huéng dan
Chuan hod a+ b+ ¢ =3 . Nhu vay bat dang thiic ban dau tré thanh:

B+a® (3+b)° L Bre?
2a%+ (3-a)? 2b2+(3_b)2 2¢2+(3-0)*

Khi d6 chi can chiing minh dugc

3+ a)? 4 8
2 B_ar 3@y

thi phép chiing minh hoan tat. (Vi sao ta tim dugc (*)2 Diéu nay dudc gitp béi ‘ ‘phuong phap
tiép tuyén” — ching t6i sé dé cap cu thé phuong phap nay phia sau cac bai toan bat dang thic
co lién quan).

Chu y Trong ki thi THPT quéc gia khéng dugc ding chuan héa, tuy nhién chiing ta c6 thé ding

tu tudng ctia chuan héa dudi mot cach trinh bay so cip nhu sau.

3 3b 3c 2 1 s
bat x= ;Y= ;2= .Khi d6, x+ y+ z=3 vaBDT tré thanh
a+b+c a+b+c a+b+c

«
Q

(2x+y+2)° .\ 2y +z+x)° .\ (2z+x+y)°

2 2 ;<8
222+ (y+2)° 22+ (2407 222+ (x+y)

Va ta lai trinh bay nhu trén.

f‘Vid1.190 \

Cho a, b, c khong am. Chiing minh

/ab+l;c+ca y i/(a+b) (b;—c) (c+a)' o

Huéng dan

Chuéan héa ab + bc+ca=3, suyraa+b+c=3, abc<1.

(a+Db)(b+c)(c+a)=(a+b+c)(ab+bc+ca)—abc=3(a+b+c)-1=8

¢ (a+b)(b;—c)(c+a)21. (dpem)

Chai y: Véi tu tudng clia chuan héa, ta cé cach trinh bay so cip nhu sau. Dt

av3 bv3 cV3

\/ab+bc+ca’y \/ab+bc+ca’ vab+bc+ca
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Khi do, xy+ yz+zx=3va

33(a+b)’(b+c)’(c+a)?

(x) <= 3 > 64
(ab+bc+ ca)
V3(a+b) V3 (b+c) V3(c+a) > 64
Vab+bc+ca| |Vab+bc+cal| |Vab+bc+ca|

= (x+y)(y+2)(z+x) =8.

Tu day ta c6 thé giai quyét dudc bai todn. Vi du sau day, dé ngin gon, chiing tdi sé trinh bay 16i
giai bang phuong phap chuan héa, viéc chuyén sang 16i giai so cap phu hgp dé danh cho ban
doc.

,‘Vidl.lf)l .

Cho a, b, c duong. Tim GTLN

y a(b+c) b(c+ a) cla+b)
C(b+0P+a? (c+a)?+b? (a+b)P+c?

Huéng dan

Chuianhod a+b+c=1.Tacé:

0= a(l—a) N b(l1-D>b) . c(l-o¢)
1-2a+2a2 1-2b+2b%2 1-2c+2c?

Theo AM -GM

2a+1-a)* (a+1)?
2 )_ 4
(a+1)2_(1—a)(a+3)>
4 4
a(l-a) - 4a(l-a) _ 4 :4(_ 3 )
1-2a+2a?  (1-a)a+3) a+3 a+3

3 3 3
1-—— |+ |[l-— |+ [1-——
a+3 b+3 c+3
1 1 1 9 9
+ + > =—
a+3 b+3 ¢c+3 a+b+c+9 10

2a(l—a) s(

— 1-2a+2a°=1-2a(l-a)=1- 0

1 1 1
= Q=4 -3 + +
Q (a+3 b+3 c+3)

Ta co:

— Q<4(3-3 9)—6
- 100 5

,.|Vidg 92 .

Cho céc sb thuc duong a, b, c d6i mot khac nhau théa man 2a < ¢ va ab+ be = 2¢*. Tim gia tri
16n nhat ctia biéu thiic

P a N b N c
" a-b b-c¢ c-a

Huéng dan
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Ta thay tir gia thiét va ké ca biéu thiic P déu dang cip, nén huéng giai quyét bai toan t6t nhat 1a
thuc hién phép chia cho luy thira cta a, b hay ¢ cing béac.
Theo gia thiét: 2a < ¢ nén

a 1 9 ab b a 2c
—<—;ab+bc=2¢" <= ——+—-=2 <= —=—-1
. b4 c 2 3 cc ¢ c b
a n o C ..
Vi—-<-nén—-=-.Datr=-thio<r=<-.
c 2 c 3 b 4
a b 2
a 2 1 22—t 1 1 2 7
P= + + =

+ + =1- + .
%_% %_1 1-2 212—¢t-1 1-t 2(1-1) 2t+1 6(1-1)

2 7
+
2t+1 6(1-1)

,‘Vid1.193 \

Cho céc sb thuc a, b, ¢ thoa a? + ab + b = 3. Tim gia tri I6n nhat va gia tri nh6 nhat ctia biéu
thic

Xéthamsb f(H)=1-

3 N 27
JLE (O;Z].Nhu’vaymaxP: 5

P=ad?-ab-3b°.

Hudng dan

Néu b =0 thi P = 3. Xét trudng hop b #0.

Q=7 |-

P_az—ab—3b2 tz—t—3( a)
3 a’+ab+b?: 2+r+1

ke ~ tz_ t_?) £ P .
Khdo sét f () = P cho takét quid minP = -3 —4v/3, maxP = -3 +4V/3.

2.7 Ki thuét si dung ham so

Bai toan: Chiing minh F (a; b;c) = 0 (*)
» Dang 1: C6 thé phan tich (*) thanh f (@) + f (b) + f (c) = 0 ta c6 thé khéo sat ham dic trung.
« Dang 2: Thudng udc lugng F (a; b; c) vé mot ham sb chi phu thudc vao mot biéu thiic, tit

d6 ta dat an s6 phu 1a biéu thiic d6 va khao sat ham sb nay dé dat dugc muc dich. Trong
truong hop nay cac em can phai tim dieu kién cho an phu tu gia thiét phai that chinh xac.

f‘Vid1.194 y

Cho a, b, ¢ 1a céc s6 thuc duong thoa man a + b+ ¢ = 3. Tim gia tri 16n nhat clia biéu thiic

2 abc
P= + ;
3+ab+bc+ca (l+a)(1+b)(1+0)

Huéng dan
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Ta c6 (ab+ be + ca)® =3abc(a+b+c) =9abc >0 = ab+ bc + ca =3V abc.

Chiing minh dugc
3
(+a(1+b)(1+0)= 1+ Vabe| ,Ya,b,c>0.
Khi do
3/
ps— 2, Ve 4.
3(1+\/abc) 1+ Vabc
a+b+c ’
Détvsabc:t.\/ia,b,c>0nén0<abcs( ) =1.
Xét ham s6
) 2 2e(-1)(°-1)

Q:

te (0;1] = Q' (1= >0, Vte (0;1]

3(1+t3)+1+t2’ (1+8)°(1+2)°

Do ham s6 dong bién trén (0;1] nén Q=Q (1) < Q1) = g @).

N N 5
Tu(l)va(2)suyraP < r

,‘Vidl.195 \

Cho 3 s6 thuc x, y,z khac 0 théa man: x+ y+z =5 va x.y.z =1 .Tim GTLN ctia biéu thiic:

1 1 1
P=—+—+-.
x y z
Huéng dan

Ta co

1 1 1 1 y+z 1
+ =—+x0bB-x).
X y z X yz X
o , 4

Mat khac: (y+z)224yz — (5-x°> p < x€(~00;0)U[3-2V2;4] U [3 +2V2; +00).
Xét ham s6: ) )

=—+x(5- 'X)=——+5-2

fx) < x6-x) = f(x) =z X

Vi x € (—00;0) U[3—2V/2;4] U [3 +2V2; +00).
Lap bang bién thién va kétlun gia tri16n nhat cilaPbang 1+4v2 dattai: x = y = 1+ V2,2 =3-2v2
hayx=z=1+Vv2,y=3-2vV2hodcx=y=3-2v2, z=1+V2hayx=2=3-2v2, y=1+V?2.

f‘Vidl.l96 \

Cho x,, y,z1a cac s6 thuc duong. Tim GTNN ctia biéu thiic

2 3
P= =
X+/Xy+Jxyz (Jx+y+z

Huéng dan
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Taco
1 1
X+\/Xy+Yxyz=x+ Z\/Zx.8y+ 3 V/2x.8y.32z

_Ir2x+8y_|r2x+8y+32z_32()hL +Z)—4(x+ +Z)
8 24 T YTy TE =gyt
- 3 2
Datt:,/x+y+z;t202sz(t)zﬁ_g.
2 , < 2~ R . 3
Khao sat ham so6 va ta tim dugc min P = —3

=X

,-‘Vi du 97

Cho x>0, y> 0 théa man x*y + xy? = x+ y +3xy. Tim GTNN ctia biéu thtic

2. (1+2xy)*-3

P=x*+
vl 2xy
Huéng dan

Ta c6
x2y+xy2:x+y+3xy — xy(x+y)=x+y+3xy (1)

1 1 4
= X+y=—+—+32——+3 = (x+1)°-3(x+))-420 = x+y=4.
X Yy xX+y

1 1
1)) =1=—+ — 1- = —.
Xy x+y x+y xy

1 3
NénP=(x+y)?+2—-—=(x+p°>+1+—.
xy X+y

Ditx+y=r(24) = P=r42+1=f() = P= ()= fW)=".

http://diendantoanhoc.net

Trang 67



IV. BO BA CAU PHAN LOAI TRONG MOT SO
PE THI THU THPT QUOC GIA 2015

1 Déminh hoa THPT 2015
Bai 1. Giai bat phuong trinh v x2 + x+ Vx—2= /3(x2 - 2x - 2).

Bai 2. Trong mit phang véi hé toa d6 Oxy, cho tam gidc OAB c6 cac dinh A, B thudc duong
thang A : 4x+3y—12 =0 va K(6;6) 1a tim dudng tron bang tiép géc 0. Goi C la diém nam trén A

N , o 2 M - , 2. « A ~, N A M 24 ~
sao cho AC = AO va cac diém C, B nam khac phia nhau so vdi A. Biét C co hoanh do bang = tim
toa do A, B.

Bai 3. Cho x€R. Tim GTNN ctia:
\/3(2x2+2x+ 1) 1 1

p= + + :
3 \/2x2+(3—\/§)x+3 \/2x2+(3+\/§)x+3

2 PéSG GD-DT Phii Yen

Bai 1. Trong mit phang véi hé toa dd Oxy, cho hinh vuéng ABCD c6 M, N lan lugt 1a trung
diém ctia BC, CD. Tim toa d6 B, M biét N(0;-2), dudng thang AM c6 phuong trinh x +2y-2=0
va canh hinh vuong bang 4.

27x° +3x+ 9y -7)/6-9y =0
Bai 2. Giai hé phuong trinh{ 1 109
a 1a1 € phuong trin §x2+y2+\/2—3x—E=0

Bai 3. Tim GTLN va GTNN clia biéu thiic P = 5> +5%, biét x=0, y=0,x+y = 1.

3 THTT s6 453 thang 04 nam 2015

Bai 1. Trong mit phang véi hé toa dd Oxy, hay tinh dién tich tam gidc ABC biét H(5;5), 1(5;4)
lan luot 1a truc tAm va tAm dudng tron ngoai tiép tam gidc ABC va canh BC nam trén dudng
thang x+y-8=0.

Bai 2. Giai phuong trinh (x—Inx)V2x%2+2=x+1.

Bai 3. Cho0< x< y<z Tim GTNN cua
13z yt z3+15x3

- y*(xz+ y?) T (xz+y?) X’z
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4 THPT S6 3 Bdo Thing (Lao Cai)

Bai 1. Giai hé phuong trinh \éZx—y—1+\/33y+21 =Vt a+2y .
X°=3x+2=2y"~-y
N\ . o 2 2. A N N A s A 7 3 R
Bai 2. Trong mat phangvdiheé toa do Oxy, cho hinh vudong ABCD c6 tam I (5; 5). biem M(6;6) €

ABva N(8;-2) € BC. Tim toa do cac dinh ctia hinh vuong.

Bai 3. Cho x,y,z€(0;1) théaman (x> + y®)(x+ y) = xy(1 - x)(1 - y). Tim GTLN ctia:
1

1
p= +
V1i+x2 /142

+3xy-— (x? +y2).

5 THPT B6 Ha (Béc Giang)

Bai 1. Trong mit phang véi hé toa do Oxy, cho tam gidc ABC cé truc tAm H(-1;3), tim dudng
tron ngoai tiép 1(-3;3), chan dudng cao ké tit dinh A la diém K(-1;1). Tim toa dd ABC.

20 Ay [oTA
Bai 2. Gidi hé phuong trinh{ (=3 -yvy+ o
3Vx-2=/y(y+8)

Bai 3. Cho x,y,zeRthéaman x*>+ y*+ 2> =9, xyz<0. CMR:
2(x+y+2)—xyz=<10.

6 THPT Chu Van An (Ha Noi)

Bai 1. Trong mit phang véi hé toa dé Oxy, cho tam gidc ABC c6 tim duong tron ngoai tiép
12 1(-2;1) va théa man diéu kién ATB = 90°, chan duong cao ké tit A dén BC la D(-1;-1), dudng
thang AC di qua M(-1;4). Tim toa d0 A, B biet A c6 hoanh do duong.

N A 4\/§
Bai 2. Giai bat phuong trinh: 3(x* -2) + ————— > V/x(Vx—-1+3Vx2-1).
P 5 Vii—-x+1

Bai 3. Xét cac s6 thuc duong x,y,z théa man diéu kién 2(x + y) + 7z = xyz. Tim GTNN clia
S=2x+y+2z.

7 THPT chuyén Ha Tinh

Bai 1. Trong mit phang v6i hé toa dd Oxy, cho hinh binh hanh ABCD c6 N la trung diém CD
va BN c6 phuong trinh 13x— 10y +13 = 0; diém M(-1;2) thudc doan thang AC sao cho AC = 4AM.
Goi H la diém doi xiing ctia N qua C. Tim toa dd A, B,C,D biet 3AC=2ABva He A:2x—3y =0.

PP -y-DVR+2-PP+y+2=0
f/y2—3—\/xy2—2x—2+x:0 .

Bai 2. Giai hé phuong trinh {
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Bai 3. Cho a€[1;2]. CMR:
(2% + 3%+ 4N (6% + 8% +12%) < 2491,

8 THPT Dang Thuc Hira (Ngh€é An)

Bai 1. Trong mit phang v6i hé toa do Oxy, cho hinh binh hanh ABCD c¢6 ABC nhon, A(-2;-1).
Goi H K, E lan lugt 1 hinh chiéu vuong goc clia A trén cac dudng thang BC, BD, CD. Puong tron
(C): x*+y* + x+4y+3 0 ngoai tiép tam glac HKE. Tim toa do B, C, D biét H c6 hoanh dé am, C
c6 hoanh do duong va nam trén duong thang x— y—-3=0.

2 2
Bai 2. Giai hé phuong trmh{ 3\/y (2x - y)+\/x (552 —4x?) =4y*

V2—x+\/y+1+2= x+y

Bai 3. Cho a,b,c>0théaman4(a®+b%) +c2=2(a+b+c)ac+bc-2). Tim GTLN:
3 2a? N b+c (a+b)%+c?
" 3a2+Db2+2a(c+2) a+b+c+2 16 '

9 THPT Dong Dau (Vinh Phuc)

Bai 1. Giéihéphlidngtrinh{ Vx+2y+ —2x=4(y-1)
x° +4y +2xy="7

Bai 2. Trong mit phang véi hé toa dd Oxy, cho tam gidc ABC c6 phuong trinh dudng thang AB:
2x+y—1=0, phuong trinh AC:, 3x+4y+6 =0 va diém M(1; -3) nam trén BC théa man 3MB = 2MC.
Tim toa do trong tdm G ctuia tam giac ABC.

Bai 3. Tim tat ca céc gia tri clia m dé bt phuong trinh sau c6 nghiém trén [0;2]:

vVvim+2)x+m=|x-1|.

10 THPT chuyen Hung Yen

Bai 1. Trong mit phang véi hé toa dd Oxy, cho hinh vuéng ABCD c6 A(-1;2). Goi M, N lan lugt
1a trung diém clia AD va DC; K = BN n CM. Viét phuong trinh dudng tron ngoai tiép tam giac
BMK, biét BN c6 phuong trinh 2x+ y—8 =0 va diém B c6 hoanh do 16n hon 2.

N e2. N < 1- \/ 2+2 2 = +2y+3
Bai 2. Giai hé phuong trinh A-pyarey =x+2y v

Vy+1+y/x2+2y2=2y-x

Bai 3. Cho x,y,z>0thdéaman 5(x*+ y* + z%) =9(xy + 2yz + zx). Tim GTLN cia:
X 1

- y2 + z2 B (x+y+2)3
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11 THPT chuyén Lé Hong Phong (Ho6 Chi Minh)

Bai 1. Trong mit phang véi hé toa dd Oxy, cho hinh thang ABCD c6 day 16n CD = 2AB, diém
C(-1;-1), trung diém clia AD 12 M(1;-2). Tim toa do B, biét dién tich tam gidc BCD bang 8, AB = 4
va D c6 hoanh d6 duong.

2493 = (2495 2Y) 52X +2

4% +4=4x+4./2y-2x+4

Bai 3. Cho x,y,z>0thdéaman x+ y+1=z. Tim GTNN cta:
x_ .y +z2+2

Bai 2. Giai hé phuong trinh {

Cx+yz y+zx z+xy

12 THPT Lé Xoay (Vinh Phic)

Bai 1. Trong mit phang v6i hé toa do Oxy, cho tam gidc ABC. Pudng phan giac trong goc A c6
phuong tinh d: x - y+2 = 0, dudng cao ha tit B c6 phuong trinh d’: 4x+3y—1 = 0. Biét hinh chiéu
cua Clén AB la diém H(-1;-1). Tim toa do B, C.

BAi 2. Gidi hé phuongtrinh | /0 D=y 4y
. P 8 3y(2+\/M)+(4y+2)(m+1):0 .

Bai 3. Choa,b,c>0théaman a+b+c=2.Tim GTLN ctia:

ab bc [ ca
S= + + .
ab+2c bc+2a ca+2b

13 THPT Luc Ngan s6 1 (Bic Giang)

2

+2
2_ y

Bai 1. Gi&ihé phuongtrinh{ ¥ ~ x
VY2 +1+V2x-1=1

=2x-2

Bai 2. Trong mit phang vé6i hé toa do Oxy, cho A(2;1), B(~1;-3) va hai dudng thang d;: x+y+3 =
0, dr: x—5y—16=0.Tim toa do C € dy va D € d, sao cho ABCD la hinh binh hanh.

Bai 3. Cho x,yeRthéaman x*+ y* + xy =3. Tim GTLN va GTNN ctia P = x°> + y* —3x - 3y.

14 THPT Luong Ngoc Quyén (Thdi Nguyén)

\ o - 2 e A A ~ A 1 1 N o R
Bai 1. Trong mat phang véi hé toa do Oxy, cho hinh vuong ABCD. F (?;3) la trung diém AD.

EK:19x—8y—18 =0 v6i E 1a trung diém AB, K thudc canh CD sap cho KD = 3KC. Tim toa d C
blét Xg <3.
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\ o 2. A S |x_2’y|+]': V x_?)y
Bai 2. Giaihé phu’dngtrlnh{ x(x—4y+1)+ydy-3)=5"

Bai 3. Cho a,b,c>0. CMR:
a2+1+b2+1+02+1> 1 . 1 .\ 1
4p? 4c2 4a>  a+b b+c c+a

15 THPT Luong Thé Vinh (Ha Noi) 1an 2

Bai 1. Trong mat phang véi hé toa dd Oxy, cho hinh thang ABCD vuéng tai A, D; dién tich hinh
thang bang 6; CD = 2AB, B(0;4). Biét I1(3;-1), K(2;2) 1an lugt nam trén dudng thang AD va DC.
Viet phuong trinh duong thang AD biet AD khong song song véi truc toa do.

X+Vx(x2-3x+3)={/y+2+/y+3+1
3Vx—1-Vx?-6x+6=3/y+2+1 '

Bai 2. Giai hé phuong trinh {

Bai 3. Cho x,y>0thdéaman x- y+1<0. Tim GTLN cua:
B x+3y2 2x+y2

B ‘/x2+y4_5x+5y2'

16 THPT Lwong Van Chanh (Phu Yén)

Bai 1. Trong mit phang hé toa do Oxy, cho dudng thang d: x— y+1-v2 = 0 va diém A(-1;1).
Viét phuong trinh dudng tron (C) qua A, gbc toa d6 O va tiép xic duong thang d.
3, .3 _
x+y+3(y-Dx—-y)=2

Bai 2. Giai hé phuong trinh — )2
$PRuons VirTeyyan=

Bai 3. Gia st x va y khong dong thoi bang 0. Chiing minh

2 2
—(x—4

_oV2op< X XV (x—4y) <2V2-2
X2 +4y?

17 THPT Minh Chau (Hung Yén)

Bai 1. Trong mat phang toa dd Oxy, cho tam gidc ABC nhon c6 dinh A(-1;4), truc tim H. Puong
thang AH cét canh BC tai M, dudng thang CH cét AB tai N. Tam dudng tron ngoai tiép tam gidc
HMN la I(2;0), dudng thang BC di qua diém P(1;-2). Tim toa dé cac dinh B, C ctia tam giac biét
dinh B thudc duong thang x+2y -2 =0.

2 2

1
+ =
Bai 2. Giai hé phuong trinh:{ (Vx+3)? x+/y2x-y) y+/x2x-y)
20 —-D/2x—y+3-(x—-6)\/x+y+1=3(y—-2)
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Bai 3. Cho ba s6 thuc a, b,c théa man a=2,b =0, ¢ = 0. Tim gia tri 16n nhét clia biéu thtic

1 1
V@t b+ c—4a+5 C(a-D(b+1D(c+1)

18 THPT Nguyén Trung Thién (Ha Tinh) 1an 2

Bai 1. Trong mit phang vé6i hé truc toa dd Oxy. Viét phuong trinh cac canh ctia hinh vudng
ABCD, biét ring cac duong thang AB, CD, BC, AD 1an lugdt di qua cac diém M(2;4), N(2;-4), P(2;2),
QEB;-7).

2x° -y —Tx+2y+6=0

78+ 122y —6x)2+ P —2x+2y=0 OVER)

Bai 2. Giai hé phuong trinh: {

Bai 3. Cho cac sb thuc khong am a, b, c théa man a® + b? + ¢ —3b = 0. Tim gi4 tri nhé nhat ctia

biéu thiic sau:
1 4 8

P= i T ot T er3

19 THPT Phu Cit (Hung Yén)

Bai 1. Trong mat phang véi hé truc toa do Oxy, cho hinh vuéng ABCD. Piém N(1;-2) thoa
man 2NB + NC = 0 va diém M(3; 6) thuoc duong thang chita canh AD. Goi H 14 chan hinh chiéu
vuong goc cua A xuéng duong thang DN. Xac dinh toa d6 cta cac dinh ctia hinh vuéng ABCD
12v2
13

biét khoang cach tit diém H dén canh CD bang va dinh A c6 hoanh d6 1a mét s6 nguyén

I6n hon -2.

N « 2 A < 2 - - ].. \3/ - - = + 1
Bai 2. Giai hé phuong trinh: ¢ Y y (x,y€R)

x+y+1+\/2x+y:\/5x2+3y2+3x+7y

Bai 3. Cho ba s6 thuc khong am x, y, z. Tim gid tri 16n nhat ctia biéu thic:

4 4 5
- \/x2+y2+z2+4_ (x+ )/ (x+22)(y +22) - (y+2)y/(y+2x)(z+2x)

20 THPT Quynh Lwu 3 (Nghé An)

Bai 1. Trong mit phang Oxy, cho hinh chii nhit ABCD c6 AB = 2BC. Goi H 14 hinh chiéu ctia
Alén duong thang BD; E, F 1an lugt la trung diém doan CD, BH. Biét A(1;1), phuong trinh dudng
thang BH la3x—y-10 =0 va diém E c6 tung do 4m. Tim toa do cac dinh B,C, D.
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. . . V2(x+y+6)=1-
Bai 2. Giai hé phuong trinh: Y Y
IVI+x+xy\/9+ys=

Bai 3. Cho céc s6 thuc duong a, b, c thda man ab = 1; c(a+b+c) = 3. Tim gia tri nhé nhat clia biéu
thic
b+2c a+2c

P= + +6In(a+b+2c)
l+a 1+b

21 THPT Thanh Chuong III (Nghé An)

Bai 1. Trong mat phang véi hé toa dd Oxy cho tam gidc ABC c6 A(1;4), tiép tuyén tai A clia dudng
tron ngoai tiép clia tam gidc ABC cit BC tai D, duong phan gic trong clia ADB c6 phuong trinh
x—y+2=0,diém M(—4;1) thudc canh AC. Viet phuong trinh duong thang AB.

s 2o . X+\/xy+x—y*—y=5y+4
Bai 2. Giai hé phuong trinh: Y ymyEsy
VAy?—x—-2+/y-1=x-1

Bai 3. Cho a,b,cla cac s6 duong théa man a+ b+ ¢ = 3. Tim gid tri 16n nhat clia biéu thtc:

3 ab N bc N ca
vab+3c Vbc+3a Vca+3b

22 THPT Thiéu Hoa (Thanh Hoa)
Bai 1.

1. Trong mit phang toa dd Oxy, cho dudng tron (C) : x*>+ y* —4x+6y+4 = 0. Viét phuong trinh
cac duong thang chiia cac canh ctia hinh vuéng MNPQ noi tiép dudng tron (C) biet diém
M(2;0).

2 2
2. Trong mat phang toa do Oxy, cho elip (E): % + % = 1. Tim toa dd cac diém M trén (E) sao

cho MF, = 2MF, (V6i F, F, 1an luot 1a c4c tiéu diém bén trai, bén phai ctia (E)).

VX

2.4Y +1=2"V2 4 o]pg, Y2

Bai 2. Giai hé phuong trinh: (x,y €R).
L+x=@+Dxy+1)+x°
Bai 3. Cho a, b, c1a ba s6 thuc duong. Chiing minh rang:
a+1 P+1 c2+1_ 1 1 1
+ + > + + .
4b? 4c? 4a> ~a+b b+c c+a
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23 THPT Thuan Chau (Son La)

Bai 1. Trong mit phang toa d6 Oxy, cho diém M(0;2) va hai dudng thang d : x+2y =0,A: 4x+3y =
0. Viét phuong trinh clia duong tron di qua diém M, c6 tam thudc duong thang d va cat duong
thang A tai hai diém phan biét A, B sao cho d6 dai doan AB bang 4v/3. Biét tim duong tron c6
tung do duong.

Bai 2. Giaihé oh h x3+12y2+x+2:8y3+8y
ai 2. Giai hé phuong trinh: (x,y€R).
°P & \/ X?+8y3=5x-2y Y

Bai 3. Tim gia tri nh6 nhat clia biéu thiic:

3 4 5
+ +
—-a+b+c a-b+c a+b-c

Trong d6 a, b, c 1a d6 dai cia mot tam giac théa man 2¢ + b = abc.

24 THPT Tinh Gia I (Thanh Hoa)

Bai 1. Trong mit phang vé6i hé truc toa do Oxy, cho tam gidc ABC c6 truc tAm H(3;0) va trung
diém ctia BC 1a 1(6;1). Pudng thang AH c6 phuong trinh x +2y -3 = 0. Goi D, E 1an luot 1a chan
dudng cao ké tlt B va C clia tam gidc ABC. Xac dinh toa d6 clia c4 dinh tam gidc ABC, biét phuong
trinh dudng thang DE 1a x = 2 va diém D c6 tung do duong.

2 _ [ —1 = 2
Bai 2. Giai hé phuong trinh: 2y —Sy+ltyy-1=x +\/§+xy
V2x+y—/-3x+2y+4+3x"—14x-8=0

Bai 3. Cho ba s6 thuc khéng 4m a, b, c théa man ab + be + ca = 1. Chiing minh rang:

2a s 2b +02—1
a’+1 b2+1 c2+1

25 THPT Thanh ChuongI (Nghé An)

Bai 1. Trong mit phang toa dé Oxy, cho hinh thang ABCD c6 dudng cao AD. Biét BC = 2AB, M(0;4)
1a trung diém ctia BC va phuong trinh duong thang AD: x—2y—1=0. Tim toa d6 cac dinh clia

< AL dea s . N N . N
hinh thang biet dién tich hinh thang la - va A, B c0 toa do duong.

V3y+1+V5x+4=3xy—y+3

Bai 2. Giai hé phuong trinh: 2 2 (x,y €R).
\/2(x2+y2)+\/4(x +)Scy+y ) =2(x+y)

Bai 3. Cho a,b,c la cac s6 thuc duong théa man: ab + bc + ca = 3abc. Tim gid tri 16n nhat clia

biéu thic:
1 1 1

= + + .
Va2 +2b?> Vb2+2c2 Vc2+2a?
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26 THPT Cam Binh (Ha Tinh)

Bai 1. Trong mit phang v6i hé toa dd Oxy, cho tam gidc ABC c6 truc tam H(3;0). Biét M(1;1), N(4;4)
lan luot 1a trung diém ctia hai canh AB, AC. Tim toa dd céc dinh clia tam gidc ABC.

-y +3y2+32x=9x* +8y + 36
4Vx+2+,/16-3y=x*+8

Bai 2. Giai hé phuong trinh: { (x,y€R)

Bai 3. Cho a, b, c1a ba sb thuc duong. Tim gia tri nhé nhat clia biéu thic

a? c? b?
pP= + + .
c(c2+a?) bb?+c%) ala®+b?

27 THPT Ly Thai T6 (Bac Ninh)

Bai 1. Trong mat phang véi hé toa do Oxy, cho hinh chit nhat ABCD c6 dudng phén giac trong
clia goc ABC di qua trung diém M clia canh AD, dudng thang BM c6 phuong trinh x— y+2 =0,
diém D nam trén dudng thang A : x+ y—9 = 0. Tim toa do cac dinh ctia hinh chit nhat ABCD biét
dinh B c6 hoanh d6 4m va dutng théng AB di qua E(-1;2).

¥ -2x-2(x*-x)\/3-2y=Q2y-3)x*-1
Bai 2. Giai hé phuong trinh: Vol + B+ x+2

2mvi3m2y= 2x+1

Bai 3. Cho x,y 1a hai s6 théa man: x,y = 1 v 3(x + y) = 4xy. Tim gid tri 16n nhat va gia tri nho
nhét ctia biéu thiic:

P—ﬁ+3—ai+iq
= Y 2yt

28 THPT Nghen (Ha Tinh)

Bai 1. Trong mit phang toa dé Oxy,cho hinh vudng ABCD c¢6 M, N lan ludt 1a trung diém

« A < . o R 22 ]- ]- . N o R « A N 2 <
AB, BC, biet CM cat DN tai diém (E; ?)‘ Goi H la trung diém DI, biét duong thang AH cat CD

. 7 A , ? 2 N A < A N A o R 2
tai P (5 ; 1). Tim toa d6 cac dinh cua hinh vuéng ABCD biet hoanh do diém A nho hon 4.

\ : ] @5yt =2yEy6 -6t -5)%) + 36
Bai 2. Giai hé phuong trlnh:{ St — = a2 42 612
\/5y*—x*=6x"+2xy -6y

Bai 3. Cho a,b,c1a cac sb thuc khong dong thoi bang 0 va théa man: 2(a? + b* + ¢?) = (a+ b+ ¢)%.
Tim gi4 tri 16n nhat va gi4 tri nh6 nhat cia biéu thiic:

3 a+b+c3

"~ (a+b+c)ab+bc+ca)
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29 THPT chuyén Tran Quang Diéu (Pong Thap)

Bai 1. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : (x—2)? + (y - 2)*> = 5 va dudng
thang A: x+ y+1 =0. Tt diém A thudc dudng thang A, ké hai dudng thang 1an luot tiép xtic véi
(C) tai B va C. Tim toa do diém A biet dién tich tam giac ABC bang 8.

< v2.q A N 2 \/4y? = vV x2
Bai 2. Giai hé phuong trinh: xzy(22+ 2\ 4y +21) THVxi+l
x4y +1D)+2(x"+1)V/x=6
Bai 3. Cho cdc s6 thuc khong 4m a, b, c théa man ¢ = min(a, b, ¢). Tim gi4 tri nh6 nhat cta biéu
thuc:
1 1
+vVa+b+ec.

P= +
a’+c2 Db*+c?

30 THPT Nguyén Thi Minh Khai (TP. HCM)

Bai 1. Trong mit phang véi hé toa dd Oxy cho tam gidc ABC cin tai B, noi tiép dudng tron
(C): x> +y* =10y —25 = 0. I 1a tam dudng tron (C). Pudng thang BI cat dudng tron (C) tai M(5;0).
Dudng cao ké tit C cat dudng tron (C) tai N (_TN, %6) Tim tao do cac diém A, B, C biét diém A c6
hoanh do duong.

3 2 3

<. veeq A . X’ +3x°+6x+4=y"+3y
Bai 2. Giai hé phuong trinh: ,VER
° P & {x?’(Sy—7):1—\/(1—}-x2)3 xyeR)

\ o » A ? ~ 4 .2 . ? A 2
Bai 3. Cho cac so duong a, b,c thoa man: a(a—1)+b(b—1)+c(c—1) < 3 Tim gia tri nho nhat cua:

1 1 1
p= + +
a+l b+1 c+1

31 THPT Nhu Thanh (Thanh Hoa)

Bai 1. Trong mit phang v6i hé toa dd Oxy cho dudng tron (C) : x> + y? —2x+4y—20 = 0 va dudng
thang d : 3x + 4y — 20 = 0. Chting minh rang d tiép xdc véi (C). Tam gidc ABC c6 dinh A € (C), hai
dinh B,C € d, trung diém canh AB € (C). Tim toa do cac dinh tam gidc ABC, biét truc tAm tam
giac ABC trung vGi tam duong tron (C) va B ¢6 hoanh do duong.

Bai 2. Giai phuong trinh: 4V/5x3 —6x2+2+4v—-10x3 +8x2 +7x— 1+ x— 13 =0.

Bai 3. Chocacsda,b,ceR a’+b*+c>#0va2(4a®+4b*+c®) = 2a+2b+ ).
8a®+8b3+c3
(2a+2b+2c)(4ab+2bc+2ca)

Tim gid tri 16n nhat, nhé nhat ctia biéu thic A =
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32 THPT Chuyén Ha Long (Quang Ninh)

Bai 1. Trong mit phang véi hé truc toa do Oxy, cho tam gidc ABC c6 A(2;6), B(1;1), C(6;3).
1. Viét phuong trinh dudng tron ngoai tiép tam gidc ABC.
2. Tim trén cac canh AB, BC,CA cac diém K, H, I sao cho chu vi tam giac K HI nho nhat.
Bai 2. Giai hé phuong trinh

{By\/2+x+8\/2+x: 10y —3xy+12

5y‘°\/2—x—8z6yz+xy3 2—-x

Bai 3. Chiing minh rang: V4i moi AABC ta déu c6
( A B C)( A B C\_9v3
=

sin — +sin — +sin— || cot— + cot— +cot— | =
2 2 2 2 2 2

33 THPT chuyén Vinh Phiic - Khoi AB

Bai 1. Trong mat phezlng v6i hé truc toa do Oxy, cho tam giac can ABC c6 day BC nam trén
dudng thang d : 2x -5y +1 = 0, canh AB nam trén dudng thang d’: 12x — y — 23 = 0. Viét phuong
trinh duong thang AC biet n6 di qua diém M(3;1).

Bai 2. Giai hé phuong trinh

\/5x2+2xy+2y2+\/2x2+2xy+5y2:3(x+y)
VX+2y+142Y/12x+7y+8=2xy+x+5

Bai 3. Cho ba s6 thuc duong a, b, c théa man a? + b* + ¢ = 3.

1 1 1)
—+—+—|.
a c

Tim gi4 tri nh6 nhat clia biéu thiic S=8(a+b+c) +5 5

34 THPT chuyén Vinh Phiic - Khoi D

Bai 1. Trong mit phang véihé truc toa dd Oxy, cho dudng tron (T) : x* + y>— x—9y+18 = 0 va hai
diém A@4;1),B(3;-1). Goi C,D la hai diém thudc (T) sao cho ABCD la mét hinh binh hanh. Viét
phuong trinh duong thang CD.

Bai 2. Giai hé phuong trinh
x3—y3+6x—3y:3x2+4
X*+6y+19=2v3x+4+3/5y+14

Bai 3. Cho a,b,cla cic sb thuc duong théa man a® + b? + ¢* = 1. Chiing minh bat déng thiic:
1

1 1
(_+—+—)—(a+b+c)22\/§.
a b c¢
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35 THPT Hong Quang (Hai Ducng)

Bai 1. Trong mit phang toa dé Oxy, cho tam gidc ABC c6 dudng cao va duong trung tuyén ké
tlt dinh A 1an lugdt c6 phuong trinh 12 x -3y = 0 va x+5y = 0. Pinh C ndm trén dudng thawgnr
A:x+y—2=0vacéhoanh do duong. Tim toa do cac dinh clia tam gidc ABC, biét dudng thang
chtia trung tuyén ké tit C di qua diém E(-2,6).

Bai 2. Giai hé phuong trinh
1y 1+y
(x+12 x+1 y

V8y+9=(x+1)/y+2

Bai 3. Cho cédc sb duong x, y,z théaman x> yva (x+2)(y +2) = 1.
4 4

G— 2 xr2? gr?

Tim gia tri nho6 nhét clia biéu thiic P =

36 THPT Lwong Thé Vinh (Ha Noi) lan 1

Bai 1. Trong mit phang toa d6 Oxy, cho hinh chit nhat ABCD c6 dién tich bang 15. Dudng
2 . . A 2 . S 2R 16 13 A
thang AB co phuong trinh x -2y = 0. Trong tam cua tam giac BCD la diém G (? ; ?) Tim toa do

bén dinh clia hinh chit nhat biét diém B c¢6 tung d6 16n hon 3.

2x°=3+21/y2+3y=2x\/y+y
x> =y +3+3=0

Bai 2. Giai hé phuong trinh

Bai 3. Cho céc sb thuc a, b khéng am va théa man: 3(a+ b) +2(ab+1) = 5(a® + b?).
Tim gi4 tri 16n nhat clia biéu thiic T =3Va+ b—-3(a* + b*) + 2(a+ b) — ab.

37 THPT Thuong Xuan 3 (Thanh Hoa)

Bai 1.

1. Trong mit phang vé6i hé toa dd Oxy, cho tam gidc ABC c6 dinh A(3;-4). Phuong trinh dudng
trung tryc canh BC, du’Ejng trung tuyén xuat phat tif Clan luotla x+ y—1=0va3x—y—9=0. Tim
toa do cac dinh B, C ctia tam gidc ABC.

2. Trong mat phang v0i hé toa do Oxy, cho duong tron (C) c6 phuong trinh x*+ y +2x-4y—-8=0
va dudng thang (A) c6 phddng trinh: 2x—3y—1 = 0. Chiing minh rang (A) luén cét (C) tai hai diém
phan biét A, B. Tim toa do diém M trén duong tron (C) sao cho dién tich tam gidc ABM 16n nhét.
Bai 2. Tim tat ca cac gi4 tri thuc clia tham s6 m dé hé sau c6 nghiém thuc:

5 4x°
+ >
(x+2)2
xr+8x°+16mx+16m?>+32m+16=0

Bai 3. Tim gia tri 16n nhat, gia tri nhé nhat clia biéu thiic

http://diendantoanhoc.net Trang 79



_ Vb—-4x-Vl+a
V5—4a+2V1+a+6

>~ o

trong dé a la tham sb thucva -1<a<

38 THPT Tinh Gia Il (Thanh Hoa)

Bai 1. Trong mit phang véi hé toa dd Oxy, cho dudng tron (C) : x> + y* = 5 tam O, dudng thang

2

N

(d):3x—y—2=0. Tim toa dd cdc diém A, B trén (d) sao cho OA = & va doan OB cat (C) tai K
sao cho KA = KB.

V2 2 — y—3x—
Bai 2. Giéihéphlidngtrinh{ Xoox Y -2y+5=y=3x-3

y2—3y+3:x2—x

Bai 3. Cho céc s6 thuc duong a, b, c. Chiing minh rang:
\/a+b+c+\/ﬁ+ \/a+b+c+\/5+ Va+b+c+e 9+3v3
b+c c+a a+b “ova+b+c

39 THPT Triéu Son 3 (Thanh Hoa)

Bai 1. Trong mit phang véi hé toa d6 Oxy cho hinh chit nhat ABCD c6 diém H(1;2) 1a hinh
< A A e 2 A e R 9 N R 2 S N
chieu vuong goc cua A lén BD. biém M (E ;3) la trung diém cua canh BC, phuong trinh duong

trung tuyén ké tit A cla AADH 13 d : 4x + y — 4 = 0. Viét phuong trinh canh BC.

X\ xX2+y+y=vxt+x3+x

Bai 2. Giai hé phuong trinh 9
x+\/7+\/x—1+\/y(x—1):§

<. N 2 2 - 1 1 1 . e
Bai 3. Cho a,b,c thuoc khoang (0;1) thoa man (E - 1) (1—9 - 1) (Z - 1) = 1. Tim GTNN cua biéu

thtic P = a® + b* + .

40 Trungtam day thém van hoa (THPT Chuyén Leé Hong Phong
- TP. HCM)

Bai 1. Trong mit phang Oxy cho hinh thang ABCD c6 day 16n CD =3AB, C(-3;-3), trung diém
clia AD 1a M(3;1). Tim toa do dinh B biét Szcp = 18, AB = V10 va dinh D c6 hoanh dé nguyén
duong.

X—yV2—x+2y*=2

Bai 2. Giai hé phuong trinh
*P 5 {2(\/x+2—4y)+8\/y\/xy+2y—34—15x
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Bai 3. Cho x, yla cac s6 khong am thoa x? + y? = 2. Tim gid tri 16n nhat va nhé nhat cla:
P=5(x+ y5) +x2y2 (5\/2xy+2—4xy+ 12).

41 THPT chuyén Vinh Phiiclan 2

Bai 1. Trong mit phang v6i hé toa dd Oxy, cho dudng tron (C) : x* + y> —2x—4y—4 =0 tam |
va diém M(3;2). Viét phuong trinh dudng thang A di qua M, A cit (C) tai hai diém phan biét 4, B
sao cho dién tich tam giac IAB 16n nhat.

x4—2x:y4—y

Bai 2. Gidi hé phuong trinh
Y 8 {(xz—y2)3=3

Bai 3. Cho céc sb a, b, c khong am sao cho tong hai s6 bat ki déu duong. Chting minh rang:

a b c 9vab+ bc+ca
\/ + + + > 6.
b+c c+a a+b a+b+c

42 THPT DPong Loc (Ha Tinh)

\ . - 2 2,0 A A N A ~ N , M 45 »
Bai 1. Trong mat phang vdi hé toa do Oxy, cho hinh thang can ABCD c6 dién tich bang > day

16n CD nam trén duong thang x — 3y — 3 = 0. Biét hai duong chéo AC, BD vudng géc v6i nhau tai
1(2;3). Viet phuong trinh duong thang chiia canh BC, biet diém C c¢6 hoanh do duong.

3 2
e e 2 N < +6 +16 _3x+11:0
Bai 2. Giai hé phuong trinh Y 3 y2 Y
X’ +3x"+x+3y+3=0
N\ o ]- 2 ~ p . ™
Bai 3. Cho0O<a,b,c< > thoa man a+2b+ 3¢ =2. Chiing minh rang:
1 2 9

> 54,
a(4b+6¢c—-3) - bBc+a-1) * ca+4b-1) =

43 THPT Hau Loc 2 (Thanh Hoa)

Bai 1. Trong khong gian toa d6 Oxyz cho mit phang (P): x— y+z+2 =0 va diém A(1;-1;2). Tim
toa do diém A’ d6i xting v6i diém A qua mit phang (P). Viét phuong trinh mat cau dusng kinh
AA,

Bai 2. Giai hé phuong trinh

1- y2

+1)%+y =21+
(x+D"+y ( o

4y2:(y2—x3+3x—2)( 2—x2+1)
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Bai 3. Cho céc sb thuc duong x, y, z théa man xy =1,z = 1. Tim gi4 tri nh6 nhat ctia biéu thiic:
x y Z3+2
= + +
y+1 x+1 3xy+1)

44 Deé 44

Bai 1. Trong mit phang toa dd Oxy, cho diém M(0;2) va hai dudng thang d, : x+2y =0, do :
4x+3y = 0. Viét phuong trinh dudng tron di qua diém M c6 tam thudc dudng thang d, va cit ds
tai hai diém A, B sao cho do dai doan AB bang 4v/3. Biét tam duong tron c6 tung do duong.

.. e . x3+12y2+x+2:8y3+8y
Bai 2. Giai hé phuong trinh:
\/x2+8y3=5x-2y
Bai 3. Tim gia tri nh6 nhat clia biéu thic:

__ 8 4 5
" b+c—-a a+c-b a+b-c

Trong doé a,b,c la d6 dai cac canh ciia mot tam giac théa man 2a+ b = abc

45 S$&GDDT Vinh Phiic (1an 1)

Bai 1. Trong mit phang véi hé toa do Oxy cho tam gidc ABC c6 truc tAm H(3;0) va trung diém
clia BC 1a I(6;1). Pudng thang AH c6 phuong trinh x +2y —3 = 0. Goi D; E 1an ludt 1a chan dudng
cao ké tit B, C clia tam gidc ABC. Xac dinh toa d6 dinh ctia tam giac ABC, biét dudng thang DE
c6 phuong trinh x — 2 = 0 va diém D c6 tung do duong.

Xy+2=yvVx?+2(1)
Y +2(x+1) V2 +2x+3=2x% —4x(2)

Bai 2. Giai hé phuong trinh: {

Bai 3. Cho x;y;z1a cac s6 thuc duong théa man: x+ y— x = —1. Tim GTLN clia biéu thiic:

x3 yS

p=
(x+yz) (v +x2) (x+xy)2

46 So¢ GDDT Vinh Long

Bai 1. Glai bat phuong trinh: 2x +5 > \/2—x(\/x—1+ \/3x+4)

Bai 2. Trong mit phang toa d6 Oxy cho hinh thang ABCD ¢6 /BAD = /ADC = 90°, AB = AD =
2; DC = 4, dinh C nidm trén duong thang d : 3x— y + 2 = 0. Piém M nam trén canh AD sao cho
AM =2MD va duong thang BM c6 phuong trinh 1a 3x -2y +2 =0. Tim toa do C.
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Bai 3. Cho a; b; c 1a cac s6 thuc duong théa man: 3 (az +b*+ c2) =1. Tim GTNN ctia biéu thiic:

1 1 1 1 1
Q= \/a2+b2+—+—+\/b2+c2+—+—+\/ +at+ —+
c? a?

2 a? b?

47 SG GDDT TP. H6 Chi Minh
(V7 + 1)2+y—2 =y +2vVx-2 (1)

X - 1 ¥y
+—+——y +y (2)
y

Bai 1. Giai hé phuong trinh:

Bai 2. Trong mit phang toa d6 Oxy, Goi H(3;-2),1(8;11), K(4;—1) 1an lugt 1a truc tim, tam dudng
tron ngoai tiép, chan duong cao Ve tir A ctia tam giac ABC. Tim toa d6 A; B; C.

Bai 3. Cho hai s6 thuc x; y théa man diéu kién x* +16y* +2 (2xy —5)* = 41. Tim GTNN-GTLN ctia

biéu thiic: 3

P=xy-———5—
Y x2+4xy?+3

48 SO GDDT Thanh hoa

2 2 _ 2
Bai 1. Gidi h¢ phuong trinh { ;C yra+l _szV * y2+2 W
y (x - 1) +3y(x —2) +35244=0 (2)

Bai 2. Trong mit phang hé toa do Oxy, cho diém E(3;4) dudng thang d: 2+ y—1 = 0 va dudng
tron (C) : x* + y> +4x—2y—4=0. Goi M la diém thudc dudng thang d va nam ngoai dudng tron
(C). Tt M ké tiép tuyén M A, MB dén dudng tron (C) (A, B 1a cac tiép diém). Goi (E) 12 dudng tron
tam E va tiép xtdc v6i duong thang AB. Tim toa d6 diém M sao cho dudng tron (E) ¢6 chu vi 16n
nhat.

Bai 3. Cho x;y;z 1a cac s6 thuc théa man: -1-2v2 < x<-1+2v2;y>0;z2>0;x+y+z=—1. Tim

GTNN ctia biéu thtc: ) ) )

P= + +
(x+y)2 (x +2)? 8—(y+z)2

49 So GDDT Quang Ngai

Bai 1. Giai hé phuong trinh: < X—l+yy-1=2
’ VX+2+y/y+2=4

Bai 2. Trong mit phang toa do Oxy cho tam gidc ABC c6 AB = 3AC. DPUdng phén gidc trong clia
géc BAC c6 phuong trinh x — y = 0. DPudng cao BH c6 phuong trinh: 3x+y-16=0. Hay xac dinh toa
do A, B,C biéet AB di qua diem M (4;10)
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Bai 3. Xét 3 s6 thuc x; y; z théa man x° + y° + z® —3xyz = 1. Tim GTNN ctia biéu thiic:

P:x2+y2+z2

50 S GDDT Quang Nam

Bai 1. Gidi phuong trinh: 2x° +9x* —6x(1+2V6x—1) +2V6x—1+8=0

Bai 2. Trong mit phang hé toa do Oxy cho tam gidc ABC vudng tai A, c6 B(-2;1) va C(8;1).
Puong tron nodi tiép tam gidc ABC c6 ban kinh r = 3v5-5. Tim toa do tdm I ctia dudng tron noi
tiep tam giac ABC biet y; > 0.
Bai 3. Cho 2 sb thuc duong tuy ¥ a; b; c. Tim GTNN ctia biéu thtc:
P Vadc N vb3a . vVc3b
2vVb3a+3bc 2Vcdb+3ca 2Vadc+3ab

51 S6 GDDT Lao Cai

. ] . ) 2V x2+5=2\2y+ x* 1
Bai 1. Giai hé phuong trinh trén tap so thuc: Y M
x+3\/xy+x—y>—y=5y+4 (2

Bai 2. Trong mit phang toa dd Oxy cho tii gidc ABCD noi tiép dudng tron AC. Diém M(3;-1)
1a trung diém ctia BD, C(4;—2). Diém N(-1;-3) nam trén duong thang di qua B va vudng géc véi
AD. buong thang AD di qua P(1;3). Tim toa dd A;B; D

5
S

Bai 3. Cho x 14 s6 thuc thuoc doan |-1; 1l Tim GTLN, GTNN ctia biéu thiic:

_ Vb—4x-V1+x
V5—4x+2V1+x+6

52 SG GDDT Lam Dong

N e 2 A ~ 2 —_ ) — 3
Bai 1. Giai hé phuong trinh: { * +6y-4 \/2(1 PE+D M)
B-x0)V2-x-2y/2y-1=0 (2)

N - 2 A N ~ A , PN , M 9 3 N
Bai 2. Trong mat phang toa do Oxy cho hinh chu nhat ABCD c6 dién tich bang 12, (5; 5) la
tam hinh chit nhat va M(3;0) la trung diém ctia AD. Tim toa d6 cac dinh ctia hinh chit nhat biét
¥Yp < 0
Bai 3. Cho céc sb thuc duong a;b;c théa man: a2 + b? + ¢? = 1. Tim GTNN ctia biéu thiic:

1 1 2V3

= + +
va?+ab Vb>+ab 1+c¢

Trang 84 http://diendantoanhoc.net



53 S6 GDDT Binh Duong

Bai 1. Giai bat phuong trinh: Vax+1+v6x+4>2x>—2x+3

Bai 2. Trong mit phang Oxy cho tam gidc ABC c6 A(1;5), dudng phan gidc trong géc A c6
< N < < . .z .. < -3 < 4R

phuong trinh x -1 = 0, tam duong tron ngoai tiep tam giac ABC la I (7;0) va diém M(10;2)

thudc dudng thang BC. Tim toa d6 B;C

Bai 3. Cho g;b;c1a 3 s6 duong théa man a® + b? + ¢® = 1. Tim GTNN ctia biéu thiic:

oL 1 3
Cadt+atb? b+ atbh: (1+0)3

54 THPT Nguyén Vin Troi

Bai 1. Trong mit phang véi hé truc toa dd Oxy, cho tam gidc ABC c6 phuong trinh duong thang
BC:x—y-4=0.Cac diém H(2;0),1(3;0) 1an lugt 1a truc tam va tam duong tron ngoai tiép tam
giac. Hay lap phuong trinh canh AB, biet diém B c6 hoanh dé khong 16n hon 3.

3 _ 2 — 3 2
Bai 2. Gidi hé phuong trinh { * 3x"+2=/y +3y
Vx-3=\/y—x+2

Bai 3. Cho a,b,c¢>0théaman a+b+c =1, chiing minh ring
a b c 9

+ + > —
1+bc l+ca 1+ab 10

55 THPT Chuyén PH Vinh
Bai 1. Giai bat phuong trinh x? +5x < 4|1+ Vx3+2x2 —4x

Bai 2. Trong mit phang v6i hé truc toa do Oxy, cho hinh chit nhat ABCD c6 ACD = a véi

]- R ? ~ e X PN e s N . R 2 . N 2 N
cosa = 7= diém H thoa man diéu kién HB = -2HC, K la giao diém cua hai duong thang AH va

« A ]- 4 N R 2, N A A , R
BD. Biét H(g; _§) ,K(1;0) va diém B c6 hoanh d6 duong. Tim toa do cac diém A, B, C, D.

Bai 3. Cho x, y,z1a cac sb thuc khong 4m théa man 0 < (x + )% + (y + 2)* + (z+ x)*> < 2 Tim gia tri
16n nhét ctia biéu thiic:

3
P:4)‘+43’+4z+ln(x4+y4+z4)—Z(x+y+z)4
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56 THPT Tha Diic (TP Ho6 Chi Minh)

Bai 1. Trong mit phang véi hé truc toa do Oxy, cho tam gidc ABC nhon c6 A(-1;4), cic dubng
cao AM,CN va truc tam H. Tam duidng tron ngoal tlep tam gidc HMN 1a I(2;0). Dudng thang BC
di qua P(1;-2). Tim toa dd cac dinh clia tam gidc, biét B thuéc dudng thang d: x+2y—2=0 Bai

2i hé : 1- 2422 =x+2y+3
2. Giai hé phuong trinh -y )\/ﬁ X+2y+3xy

Vy+1+y/x2+2y2=2y-x

Bai 3. Cho x,y,21a cac sb thuc duong théa man
5(x% + y2 +7%) = I(xy+2yz+zx)
Tim gia tri I6n nhat ctia biéu thic:
X 1

- y? + 22 B (x+y+2z)3

57 THPT Néng Cong 1 (Thanh Hoa) 1an 2

Bai 1. Trong mit phang vé6i hé truc toa dd Oxy, cho dudng tron (C) tim I c¢6 hoanh dé duong.
(C) di qua diém A(-2;3) va tiép xtic véi dudng thang (d;) : x+ y +4 = 0 tai diém B.

(C) cét duong thegmg (dy):3x+4y—16=0tai C va D sao cho ABCD la hinh thang (AD//BC) c6 hai
duong chéo AC, BD vudng géc véi nhau. Tim toa do cac diém B, C, D.

\/x2+xy+2y2+\/y2+xy+2x2:2(x+y)

Bai 2. Giai hé phuong trinh
; Phtions 8y—6)Vx— :(2+\/y—2)(y+4\/x—2+3)

Bai 3. Cho x, yla cac s6 thuc khong Am th6a man
\/2x2 +3xy+4y% + \/Zy2 +3xy+4x2-3(x+1)*<0
Tim gi4 tri nhé nhat clia biéu thic:

P=23+ ) +2(x® +y) —xy+ Vx2+1+/y2+1

58 THPT Nguyén Trung Thién lan 1

Bai 1. Trong mat phang véi hé truc toa dé Oxy, cho tam gidc ABC c6 trung diém canh BC la
M(3;—1). Diém E(-1;-3) nam trén duong th?gmg A chtia duong cao di qua dinh B. Duong théng
AC di qua F(1;3). Tim toa do cac dinh ctia tam gidc ABC, biét dudng tron ngoai tiép tam giac
ABC c6 duong kinh AD v6i D(4;-2).

Bai 2. Giai phuong trinh (x+2) [V x2+4x+7+ 1)+x(\/x2+3+1) =0

Bai 3. Cho x,y,z1a cac s6 thuc duong théa man x? + y? + z2 = 3.

Tim gi4 tri nho6 nhat clia biéu thiic:
X y z

B (y + 2)? - (x + 2)2 * (x+y)?
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59 THPT Lam Kinh

Bai 1. Trong mat phang véi hé truc toa d6 Oxy, cho hinh binh hanh ABCD c6 dién tich bang 4.
Biét A(1;0), B(0;2) va tAm I ctia hinh binh hanh nim trén duong thagmg y = x. Tim toa d6 cac dinh
CcvaDb.

)
. i2.1 A N X+y +xy+1=4y
Bai 2. Giai hé phuong trinh { Yty =27y 42
Bai 3. Cho a,b,claba canh clia mét tam giac. Chiing minh rang:
( 1 1 1 b c
a

+ + + + <2
3a+b 3a+c 2a+b+c) 3a+c 3a+b

60 THPT Cu Huy Can (Ha Tinh)

Bai 1. Trong mit phang véi hé truc toa dd Oxy, cho hinh chit nhat ABCD c¢6 diém A thuoc
duong thang d, : x— y—4 =0, diém C(-7;5), M 1a diém thudc BC sao cho MB = 3MC, dudng thang
di qua D va M c6 phuong trinh d, : 3x — y + 18 = 0. Xac dinh toa d6 dinh A, B biet diém B c6 tung
do duong.

x2+2x—3:y+3\/x+y+3

6x2+2xy+2(\/}—1] (\/}+ 1):3(x2—y—4){/2x2+xy+3x+2

Bai 2. Giai hé phuong trinh {

Bai 3. Cho x,y la c4c s6 thuc théa man: 4x% + y? < 8. Tim gia tri 16n nhat, gia tri nh6 nhat cta:
P (2x+6)2+ (y+6)* +4xy—32
Bl 2x+y+6

61 THPT Da Phuc (Ha Noi)

N o 2 2. A A N N , 1 1 X N
Bai 1. Trong mat phang véi hé truc toa do Oxy, cho hinh vuong ABCD c6 E, F (? ;3) lan luot la

trung diém AB, AD. Goi K 1a diém thudc canh CD sao cho KD = 3KC. Phuong trinh dudng thang
EK:19x-8y—18 =0. Xac dinh toa d6 dinh C, biét diém E c¢6 hoanh dé nh6 hon 3.

242 2 vt 2
x y+\/x xyy:x+y

Bai 2. Giai hé phuong trinh \/ 5 3

X\2xy+5x+3=4xy—-5x-3

a+b+c=1

ab+bc+ca>0 - Tim gia tri nho

Bai 3. Cho a, b, c1a cac s6 thuc d6i mot phan biét théa man: {

nhat cua:

2 2 1 5
pP=2 + + +
(\/(a—b)2 (b-0)? c—a) vab+bc+ca
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62 THPT Lang Giang I (Bic Giang)

Bai 1. Trong mit phang vé6i hé truc toa dd Oxy, cho tam gidc ABC. Goi E, F 1an lugt la chan
X . N i " 11 13 . . 2 s

duong cao ha tu B, C. Tim toa do diém A, biet E(7;1),F (? ; E)’ phuong trinh duong thang BC la

x+3y—4=0vadiém B c6 tung do duong.

(xy+3)°%+(x+y)?=8
Bai 2. Giai hé phuong trinh x y _ 1

+ =
xX2+1 y2+1 4

Bai 3. Cho cacsb thuc duong x, y, z. Tim gia tri 16n nhét ctia biéu thiic:
1 8

a \/x2+y2+z2+4_ (x+2)(y+2)(z+2)

63 THPT Ly Tu Trong (Khanh Hoa)

Bai 1. Trong mit phang véi hé truc toa do Oxy, cho hai diém A(1;2), B(4;1) va dudng thang
d:3x—4y+5 = 0. Viét phuong trinh duong tron (C) di qua A, B va cat duong thang d tai C, D sao
cho CD =6.

¥ -6x*+13x=y3+y+10
V2x+y+5—/3-x—y=x>-3x*-10y+6

Bai 2. Giai hé phuong trinh {

Bai 3. Cho cdc s6 thuc khong am x, y, z thoa man diéu kién: x + y + z = 3. Tim gia tri nhé nhét

ctia biéu thiic:
1 1 1

Ta2ln(+0—y a+2in(+y)—z 4+2In(l+2)—x

64 THPT Quéng Ha

Bai 1. Trong mit phang vé6i hé truc toa do Oxy, cho hinh vudng ABCD c6 dinh A(2;2). Biét diém
M(6;3) thudc canh BC, diém N(4;6) thudc canh CD. Tim toa do dinh C.

x4+4y3+(x4—1)y+4y2: 1

Bai 2. Giai hé phuong trinh
*P 8 { 8y +4Vx2+1=Xx*+6y+2

Bai 3. Cho cac sb thuc duong x, y, z théa man diéu kién: x + y + z = 3. Tim gia tri nh6é nhét clia

biéu thuc:
2 2 22

Y
pP= + +
yz+V8+x3 zx+/8+y® xy+v8+23
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65 THPT Thong nhat

Se 1 iti . X-2y=yxy=0
Bai 1. Glalhephmmgtnnh{ Vi-1-y2y-1=1

Bai 2. Trong mit phang vé6i hé truc toa dd Oxy, cho céac diém A(1;0), B(-2;4), C(—1;4), D(3;5) va
duong thang d : 3x— y—5=0. Tim toa d6 diém M trén d sao cho hai tam gidc MAB, MCD c6 dién
tich bang nhau.

Bai 3. Cho céc sb thuc duong a, b, c théa man diéu kién: a + b+ ¢ = 1. Chling minh rang:
a+b* b+c® c+a®
+ - >
b+c c¢+a a+b

66 THPT Hong Quang (Hai Ducng)

Bai 1. Trong mit phang véi hé truc toa dd Oxy, cho tam gidc ABC c6 dudng cao va dudng trung
tuyén ké tit dinh A 1an lugt cé phuong trinh x—3y = 0 va x+5y = 0. Pinh C nam trén duong thang
A:x+y—2=0vacéhoanh do duong. Tim toa d6 cac dinh clia tam gidc, biét rang duong trung
tuyén ké tlt C di qua diém E(-2;6)

X 1 Y 1+y
Bai 2. Giai hé phuong trinh (x+1%2 x+1 y
V8y+9=(x+1)/y+2

Bai 3. Cho cac sb thuc duong x, y, z thda man diéu kién: x > y va (x+2)(y + z) = 1. Tim gid tri nho

nhét ctia biéu thiic:
1 4 4

P 2 T ar et 3+ 2)2

67 THPT Song Lo (Vinh Phuc)

Bai 1. Trong mat phang véi hé truc toa dd Oxy, cho tam gidc ABC cin tai A, dudng trung tuyén
ké tidinh Ala d:2x+y-3=0.Dinh B thudc truc hoanh, dinh C thudc truc tung va dién tich tam
giac ABC bang 5. Tim toa d6 cac dinh cua tam giac.

. . n . +y+i/x2-y2=12
Bai 2. Giai hé phuong trinh AR A

y\/ X2 —y? =12

Bai 3. Cho céc sb thuc duong a, b, c théa man diéu kién: abc = 1. Chiing minh rang:
va + Vb + ve >1
2+bya 2+cvb 2+ayc

http://diendantoanhoc.net Trang 89



68 THPT chuyén Nguyén Hué (Quang Nam) 1an 3

Bai 1. Cho dudng tron (C) c6 phuong trinh x? + y* —2x—4y+1=0va P(2;1). Mot dudng thang d
di qua P cat duong tron tai A va B. Tiép tuyén tai A va B clia dudng tron cit nhau tai M. Tim toa
do6 ctia M biét M thudc duong tron (Cp) : x> + y* —6x—4y+11=0

Bai 2. Giéihephmngtrinh{ Ry +V2y -1+ vx=y=s o em)
Yy +2=xy+y

Bai 3. V6i a, b, ¢ 1a cac s6 thuc thoa man a? + b? + ¢? = 3. Tim gia tri 16n nhat clia biéu thiic:
P=a*+b*+c*+3(ab+bc+ca)

69 THPT chuyén Hung Vuong (Pha Tho)

Bai 1. Trong mit phang hé toa dd Oxy, cho tam gidc ABC c6 dudng trung tuyén AM va duong
cao AH lan lugt c6 phuong trinh 13x -6y —2 =0, x—2y—14 = 0. Tim toa do cac dinh clia tam giac
ABC biet tam duong tron ngoai tiep ctia tam giac ABC la 1(-6;0).

\ o e A N 4
Bai 2. Giai bat phuong trinh 2x+5vx> 11+ -
x_

Bai 3. Gia st a, b, c 12 cac s6 thuc duong théa man a+ b+ ¢ = 1. Tim gia tri nh6 nhéit clia biéu
thiic
2 2
a b 3
= + - =(a+Db)*
(b+c)?2+5bc (c+a)®+5ca 4

70 Chuyén Nguyén Hué (Quang Nam)

Bai 1. Trong mit phang hé toa dd Oxy cho diém M(1;2) va hai duong thang d; : x—2y+1=0va
dy:2x+y+2=0.Goi Ala giao diém ctia d; va ds. Viét phuong trinh dudng thang d di qua M va

< , N 2 X . N N 1 .z . 2
cat cac duong thang d,, d, 1an lugt tai B, C (B, C khong trung A) sao cho 25 ace dat gia tri nho
nhat.

3x% +12y% +24xy - 9(x +2y)\/2xy =0

5x2—7y2+xy:15 (6 yeR)

Bai 2. Giai hé phuong trinh {

Bai 3. Cho g, b1a cic sb thuc duong théa man a + b+ ab = 3. Tim gia tri nh6 nhat clia biéu thiic:
2 2
% b N ab
" 1+b 1+a a+b
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71 Chuyén Leé Quy Don (Binh Dinh)

Bai 1. Trong mit phang hé toa do Oxy, cho hinh thang can ABCD (AD || BC) c6 phuong trinh
dudng thang AB: x—2y+3 = 0 va dudng thang AC: y—2 =0. Goi I 1a giao diém clia AC va BD. Tim
toa do cac dinh clia hinh thang cAn ABCD, biét IB = 1Av2, hoanh d6 I 16n hon -3 va M(-1;3)
nam trén dudng thang BD.

1-y)(x— —x*=1/(y-1)3.
Bai 2. Giai hé phuong trinh A=yle=3y+3) - x (y=D?vx (x,y €R)

VX2—y+2Vx3—4=2(y-2)

Bai 3. Cho x, y 1a hai s6 thuc duong théa man 2x + 3y < 7. Tim gi4 tri nhé nhét clia biéu thic:

P:2xy+y+\/5(x2+y2)—24€/8(x+y)—(x2+y2+3)

72 Chuyén DH Vinhlan 3

\ o o 2 s A A .z 2 A 8 N ~ N
Bai 1. Trong mat phang voi hé toa do Oxy, cho tam giac ABC co trong tam G (5 ;0) va co duong

tron ngoai tiép 1a (C) tam I. Biét rang cac diém M(0;1), N(4;1) 1an lugt déi xting I qua cac duong
thang AB, AC, duong thang BC di qua diém K (2; -1). Viet phuong trinh duong tron (C)

Bai 2. Giaibatphuongtrinh:  3(x*-D)v2x+1<2(x*-x%) (D).

Bai 3. Gia sii x,y,z1a cac sb thuc duong théa man x+z < 2y va x>+ y? + z2 = 1. Tim gi4 tri 16n

nhét ctia biéu thiic .

x3 z3

- YR8
1422 1+x2

73 Chuyén Hung Vuong (Gia Lai)

Bai 1. Trong mat phang toa do Oxy, cho hinh chit nhat ABCD c6 dién tich bang 16, cac duong
thang AB,BC,CD, DA lan lugt di qua cic diém M(4;5), N(6;5), P(5;2),Q(2;1). Viét phuong trinh
duong thang AB.

x3—x2y—y:2x2—x+2 (D
Y +4aVx+2+/16-3y=2x*—4x+12 (2)

Bai 2. Giai hé phuong trinh: { (x,yeR)

Bai 3. Cho x;y;z1a 3 s6 thuc thudc doan [1;2]. Tim gi4 tri nhé nhat ctia biéu thic:

_ (x+y)?
S 2(x+y+2)2—2(x% + y2) - 22
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V. HUONG DAN VA LOI GIAI

1 Dé minh hoa THPT Qudc gia 2015

Giai bat phuong trinh v/ x2 + x+ Vx—2 > v/3(x2 - 2x—2).

Hudéng dan

DK: x> 1+V3.
Binh phuong hai ve rat gon ta dugc

Vix+1D)(x-2)=x>-4x-2 < V(x2-2x)(x+1) = (x*-2x) = 2(x+1)

Phuong trinh c6 dang uv = u? - 2v* < (u+v)2v—u) >0 v8i u+ v >0, nén ta suy ra dudc

Vx2-2x22Vx+1 < x*-6x-420 < x€[3-V13;3+V13].
Két hgp diéu kién ta dudc nghiém cia BPT 1a [1 + v/3;3 + v/13].

N

Bai 2 |

Trong mit phang véi hé toa dd Oxy, cho tam gidc OAB c6 céac dinh A, B thudc dudng thang
A:4x+3y—12=0va K(6;6) la tam duong tron bang tiép goc O. Goi C la diém nam trén A sao

N , - 2 S , , 2. « A , N A M 24
cho AC = AO va cac diém C, B nam khac phia nhau so vdi A. Biet C co hoanh do bang it
tim toa do A, B.

Huéng dan

, 24 R , « 12 24
) Ta co xC:E,CEAnentaco toa do C(_E;?)'
Do AO = AC nén Anam trén trung truc d ctia OC. V6i
\5' : toa dd O, C da biét ta tim dudc d: 2x— y -6 =0.
NE Khi d6, A=And nén A(3;0).
' Ta c6 K 1a tam dudng tron bang tiép goc O clia tam
N gidc OAB nén OK la phan giac goc AOB. OK: x—y = 0.
-] S Goi A’ 1a diém dbi xiing clia A qua OK, ta tim dugc
- - K A'(0;3) va A' € OB. Do d6 duong thang OB chinh la
Oy va ta tim dugc B(0;4).

Nhdn xét: Cach lam nay khac v6i dap an cua Bo
GDDT. Khong can dung gia thiét B,C nam vé hai
phia khac nhau so vGi A va gia thiét tam dudng tron
bang tiep cing chi dung tinh chat K nam trén tia
phan giac goc O.
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N

Bai 3 .

Cho x € R. Tim GTNN ctia

V32x%2+2x+1) 1 1
P= 3 4 4 .
\/2x2+(3—\/§)x+3 \/2x2+(3+\/§)x+3
Hudng dan
- 2 Zye A A sye X e 3 1 N 3 1
Trong mat phang v6i hé toa do Oxy, vGi moi x € R xét A(x, x + 1), B(%;—E) va C —%;—5).
. 3z , OA OB OC , .
KhldotacoP:—+7+—,trongdoBC:a,CA:bvaAB:c.

a c
Goi Gla trong tam AABC, ta c6

+ + =
a.GA b.GB c.GC 2

3 OA.GA OB.GB 0OC.GC 3 OA.GA N OB.GB N 0C.GC
B a.mg b.my, cme |

trong d6 mg, my, m. 1an lugt 1a d6 dai dudng trung tuyén xuit phat tit A, B,C clia AABC.
Theo BDT AM - GM, ta cO

1 1 3a%2+Q2b%+2c2-a® a®+b*+c2
a.mg=——/3a2Q2b2+2c2 - a?) < ( ) =
2v3

2v3 2 2v3

Bing cach tuong tu ta cling c6 b < @b+ va < a+b’+c

; My < ————— VA C.Me S ——————

g g g W c Wi
Suy ra
3v3
> L(OA.GA+ OB.GB+ OC.GC(C).
a+ b? + ¢
OA.GA+ OB.GB+0OC.GC = 0A.GA+ OB.GB+ 0OC.GC.

Ma

—_— — —_— —_—

OA.GA+OB.GB+0C.G
— OG(GA+GB+GC)+GA% +GB? + GC?
a’ + b? + ¢?

4 5 2 2
= §(ma+mb+mc) = 3

Tit d6 P = 3, dang thic xay ra khi x = 0. VAy Ppin = V3.

2 So GDDT Phu Yén

Trong mat phang véi hé toa d6 Oxy, cho hinh vudéng ABCD c6 M, N 1an lugt la trung diém
ctia BC, CD. Tim toa do B, M biét N(0;-2), duong thang AM c6 phudng trinh x+2y—2=0va
canh hinh vuéng bang 4.

Huéng dan
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v MF

Chia khéa ctia bai toan chinh 1a tinh chat AM 1 BN (Tinh chat nay thudng xuat hién trong cac dé
thi dac biét thuong xuat hién véi tu cach day ctia mot hinh chop).
Tru6c het AABM «~ ABEM (g.g) V6i E= AMNBN.Nén AM1BN.

NP < 6 2
Tu’dotlmdLI(_jcBN:2x—y—2:0vaE(g;g).

e 45 6V5 . —  2—
Miit khéc ta ciing tinh dugc BE = T\/_ EN= T\/_ Nén EB = < EN, suy ra B(2;2).

Lai c6 BM =2 nén M thudc dudng tron (C) tam B ban kinh 2. (C): (x—2)? + (y—2)* = 4.
A N LR 2 - 2 4
M = AMn (C) nén ta tim dugc 2 diém M thoa man: M;(2;0), M, (g; 3)'

27X° +3x+ 9y -7)/6-9y=0 (1)

Giai hé phuong trinh { 1 109 .
= & —x*+ Y’ +v2-3x——=0 (2
3 81
Huéng dan

Quan sat phuong trinh (1) cia hé ta thay c6 thé doc 1ap thanh hai phan, chi chita x va chi chiia
y. Phan chita x c6 bac 3, phan chita y c6 dang uv/u = (v/u)® nén ta sé nghi dén viéc dung phuong
phéap ham, v6i ham dac trung la mot ham bac 3.

(1) &= Bx)>+3x=(6-9y)y/6-9y+6-9y. ()

Dé thidy ham f(r) = t> + r ddng bién trén R nén

x=0
() = fBx)=f(/6-9y) <= 3x=41/6-9y < { y—g—xz :
3
£ s - 1 2 2 109
Thé vao phuong trinh (2) ta dugc gxz + (§ - x2) +V2-3x-—==0.

A s 2 < A S N X « A A 2 . 2 A 1 S A oA A
Ve trai cua phuong trinh trén la ham dong bien trén (O; 5), lai thu thay x = 3 la mot nghiém nén

hé c6 nghiém duy nhat (% ; g)
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Bai 3

Tim GTLN va GTNN ctia biéu thtic P = 5> +57, biét x>0, y=0,x+ y=1.

Huéng dan

) . 5
Tacox+y=1 < y=1-x,nén P =5+ —.
5x
y . ) 5 ..
Dat t =5 thi r € [1;5]. Xét f(1) = t2+?vdl te[1;5].

. 5 25
Ta tim dudc Ppin, = f( 3 5) = 3\3/ R Prax = f(5) = 26.

3 THTT S6 453

Trong mat phang v6i hé toa do Oxy, hay tinh dién tich tam gidc ABC biét H(5;5), I1(5;4) lan
lugt 1a truc tam va tam duong tron ngoai tiep tam giac ABC va canh BC nam trén duong
thang x+y—-8=0.

Hudng dan

DAy 1a mot dang hinh rat quen thuoc dbi véi cac ban
16p 9. N6i nhu thé dé thay rang cac ban c6 kién thtc
hinh phang 16p 9 tét thi sé c6 Igi thé 16n trong chti dé
nay.

Goi M 1a hinh chiéu ctia I 1én BC, thi M(g; g) va Mla
trung diém BC.

Goi H' 1a diém déi xiing clia H qua M, thi H'(2;4) va t@
giac HBH'C la hinh binh hanh.

N Do d6 H'C | BH, ma BHLAC nén ACH' = 90°, tuong
tu ciing c6 ABH' = 90°. Suy ra tt gidc ABH'C noi tiép
duong tron duong kinh AH'.

o

5 ; ; : N
Tit d6 112 trung diém cltia AH', suy ra A(6;6).

. . 1
Lai c6 BC=2MC =2V R2— MI2 =3V2.Va Saapc = 5d(A,BC).BC=6.

Nhdn xét: Ta c6 thé lay diém phu H' khac 1 giao clia AH v6i dudng tron ngoai tiép tam giac.

Giai phuong trinh (x—Inx)V2x2+2=x+1.

Huéng dan
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x+1

X V2xZy2 X
Bang cach xét ham ta sé chira dugc (x) c6 VT <1va VP =1, dang thic déu xay ra khi x = 1.
Vay phuong trinh c6 nghiém duy nhat x = 1.

,—‘ Bai 3 .\

Cho 0 < x < y < z. Tim GTNN cua

bk: x > 0. phuong trinh tuong duong véi x —Inx = (%)

x3z y* z23+15x3
= +
V2 (xz+y?) Z%(xz+y?) X’z
Hudéng dan
y x z .
Data:—,b:X,c:—,Suyraabczl,c>lva
y z x
3 3
y
(f) (z) 22 15 & B, 15
P=- vttt Tt = b b+c+—
el oxgd x 2 a+b a+ c
3 3
, a b 1 1 15 16
Tacé a®+b®=abla+b) = + >ab=-.SuyraP=-+c*+—=c*+—.
a+b a+b c c c c

) 16 .
Xét f(c)=c*+ — Véice (I3+o0) ta dudc f(c) = f(2) = 12.
VAy Ppin = 12 khi z= v2y = 2x.

4 THPT S6 3 Bdo Thing (Lao Cai)

P R V2x—y—1+3y+1=vVx+/x+2y
Giai hé phuong trlnh{ Bo3x+2=2)5 2 .

Huéng dan
2xzy+1 1
1 y=-3
2__
Pk:{ V=73 — le
x=0 3
X+2y=0 x+2y=0

O phuong trinh (1), quan st cic biéu thic dudi cin (hoic st dung Casio), ta sé tim dudc mbi
lién hé gitta cac bien dinh huéng cho cac bieén doi sau

) <= (V2x-y-1-vx)-/x-2y—+/3y-1)=0
- x-y-1 B x—-y-1 —0
V2x—y—-1+vx /x-2y+./3y-1

x-y-1=0 (3)

V2x—y—-1+vx=y/x-2y—+/3y-1 4 °
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3) < y=x-1thé vao (2) ta dudc phuong trinh bac 3 an x c6 hai nghiém x =1, x =5. Suy ra
nghiém hé (1;0) va (5;4).
VG6i phuaong trinh (4), lam tuong tu véi (1) ta sé co bien doi

1) <= (V2x—y-1-y/x+20+(/x—/3y-1)=
x—-3y— 1—
— 1

V2x—y-— 1+\/x+2y Vx+./3y-

Vé6i x—3y—1=0thé vao (2) ta cling sé tim dudc x = 1. VAy hé c6 hai nghiém (1;0); (5;4).

=0 (Vo nghiem)

< 2 -y . . A A 73\ L.z
Trong mat phang véi hé toa do Oxy, cho hinh vuéng ABCD c6 tam 1 (E; E)' biém M(6;6) € AB

va N(8;-2) € BC. Tim toa d6 cac dinh ctia hinh vuéng.

Hudng dan

Ta tim dudc toa do M'(1;-3) dbi xting véi M qua I,
N'(-1;5) doi xiing voi N qua 1.
A Mo B Goi F 12 hinh chiéu clia N 1én MM, do da biét toa do
n N, viét dudc phuong trinh MM’ nén ta tim dudc toa
A VME aoF( i)
*"'53 753
S S Mit khac, ta lai ching minh dugc NE = MM’
T el (AMM'P = ANEQ, v6i P 1a hinh chiéu cia M 1én CD,
i o Q la hinh chiéu ctia N 1én AD.).

N , =2 NF — A s .
T d6 ta c6 NF = WNE’ do do dai NF, MM’ tinh

2 Y dudc, toa d6 N,F da biét nén ta sé suy ra toa do
D E(-1;3).

W
-4

[

Khi dé ta viét dudc phuong trinh AD (qua E, N'); phuong trinh AB, CD (lan lugt qua M, M’ vudng
goc vGi AD) va tim dugc toa do A(-1;6), D(-1;-3). Do I la trung diém AC, BD nén cung tim dugc
C(8;-3), B(8;6).

Bai 3 .

Cho x, y,z€ (0;1) théaman (x* + y*)(x+ y) = xy(1 — x)(1 - ). Tim GTLN

1
= +
Vi+xZ J1+y2

+3xy— (x* +y2).

Huéng dan

Ta co
)

3, .3 _ _ _ Ly _1_ _
xX+y)x+y)=xyQ-x)1-y) < y+x x+y=10-x0-y).
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2 2
Ma (x—+y—)(x+y)24xyvé A-x)A-»=1-(x+y+xy<1-2/xy+xYy.
y X

Suyra
1
1-2{/xy+xyz4xy < 0<xy=< 9
< . 1 .
Mat khac vOi x,y € (0;1). Suy ra

1+x2+1+ 2 = 1+x
y y

1 1 1 1 2 2
+ <,|2 +——| <42 = .
Vit 1+)2 J (1+x2 1+y2) J (1+xy) V1+xy

Laic63xy—(x*+y*) =xy—(x—y)*<xy.Suyra P < +xy.
+xy
2 1 1\ 6V10 1
Xét f(1) = +tv6ite|0;-|. Tatim dugc Phax = f|=|= —— +—.
-2 (015 e P15 = o+ 5

5 THPT B6 Ha (Béc Giang)

Trong mit phang v6i hé toa d6 Oxy, cho tam gidc ABC cé truc tim H(-1;3), tim dudng tron
ngoai tiep 1(-3;3), chan duong cao ké tit dinh Ala diém K(-1;1). Tim toa d0 A, B, C.

Hudéng dan

Ta c6 thé viét dugc phuong trinh BC (qua K vuong goéc véi KH) 1a y—1 = 0. Dén day ban doc c6
thé tham khao huéng dan giai 6 Pe 3 dé tim ra 10i giai.
Ta tim dudc {A(-1;7),B(1;1),C(-7;1)} hoac {A(-1;7),B(-7;1),C(1;1)}.

=3 - yy/y+3=-2 (1)
3Vx—-2=4/y(y+8) '

Giai hé phuong trinh {

Huéng dan

Pk:x=2;y=0
Quan sat (1) ta cling sé dinh huéng dugc sé st dung phuong phap ham s6, véi ham dic trung sé
la mot ham béac 3.

1) = x-13-3x-1)=+3)/y+3-3/y+3. (%)
Dé thidy ham f(¢) = > — 3¢ dong bién trén [1;+o0) nén
(¥) <= fx-1=f(/y+3) < x-1=/y+3

Khi do,
2) = 9(x-2)=y*+8y <= 9(/y+3—-1)=y*+8y (x%)
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N}}é?m (hoic stt dung Casio) tim dugc nghiém y = 1 nén bang phuong phap nhan lién hop ta sé
bién doi dudc nhu sau

=0 <= y=1.

9
-)|——-y-9
(ex) =y )(\/Ey+3+2 y )
(\ﬁvéiyzOthim—y—9<0).Vﬁyhéc()nghiém(3;1).
Xy

N

Bai 3

Cho x,y,zeRthéaman x*> + y* + 22 =9, xyz<0. CMR 2(x + y + 2) — xyz < 10.

Huéng dan

Khoéng gidm tinh téng quat, gid stt x< y <z, do xyz<0nén x<0. Lai c6 x>+ y> + 22 =9nén x*> < 9,
suyra x € [-3;0].

2 2., .2
p + + P
Métkhacyzs(yzz) <7 2Z .Do do
2x+y+2)—xyz
= 2x+2(y+2)—xyz
2, ,2
Yy +z
< 2Xx+2\/2()?+2%) —x-
X (y=+z°)—x >

= lx~°’—2x+2\/2(9—x2 = f(x).

2
Xét f(x) trén [~1;0] ta sé chi ra diéu phai chting minh. Dang thtic xay rakhi x= -1,y =z=2.

6 THPT Chu Van An (Ha Noi)

Trong mat phang v6i hé toa dd Oxy, cho tam gidc ABC c6 tam dudng tron ngoai tiép la
1(—2;1) va thoa man dieu kién AIB = 90°, chan duong cao ké tit A dén BC la D(-1;-1), dudng
thang AC di qua M(-1;4). Tim toa d0 A, B biet A c6 hoanh do duong.

Huéng dan

Chia khéa clia bai toan la c6 1€ 1a phét hién ra méi
lién hé gitia 3 gia thiét bai toan da cho: DILAC (M €
AC). Viéc dinh huéng dudgc tinh chat nay ciing kha tu
nhién, nhung can kién thiic hinh 16p 9 viing, day ciing
1a xu huéng ra dé thudng gap.
Ta c6 AIB = 90° nén ACB = 45° (G6c noi tiép bang %
gbc § tam cling chan cung). Do d6 AACD vuong can
: tai D, suy ra DA = DC, ma IA = IC nén DI la duong
trung truc ctua AC.
Tu d6, IDLAC va N la trung diém AC vé6i N 1a hinh
chiéu vudng géc clia I 1én AC.

Ta tim dugdc AC: x—2y+9 =0 (qua M vudng géc v6i DI) va N(-3;3). Ta ciing viét dudc phuong

http://diendantoanhoc.net Trang 99



trinh dudng tron (C): (x +3) + (y —3)? = 20 tam N ban kinh ND. Suy ra A(1;5) = (C) n AC (chu y,
hoanh do A duong) va ctuing s€ tim dudc B(2; -2).

4v/2
Giai BPT3(x*-2) + ————— > Vx(Vx—1+3Vx2-1).
Vi2—x+1
Huéng dan

Dk: x = 1, ta bién d6i phuong trinh tré thanh

3V -1-vVx)?+(Vx2—x-1)%+2 4—\/§+x2—x—5 >0. (%)

VaZ-x+1
Xéthémf(t):%+t2—6véit:MZI.
Ta c6: ' ;
f'(t):2t—4f:2(t ;22\@, (=0 < t=V2.
Lap bang bién thién va ta sé chi ra dudc f(1) =0 v6i moi r = 1.
Dang thiic xay rakhi t = V2 < x= 1+2\/§.
Tu dé ta co
Va2 —1-Vx#0
(%) < V2 -x-1#0 <:>x;é1+\/§.
i%—xz—x—S#O 2
x2—x+1

Vay tap nghiém ctia phuong trinh 1a S = [1;+00) \ { ! +2\/§ }

Xét cac s6 thuc duong x, y, z théa man diéu kién 2(x+y) + 7z = xyz. Tim GTNN S = 2x+ y +2z.

Hudng dan

2(x+y)
xy-7"

Tacé 2(x+y) = z(xy—7). Do x,y,z1a cac sd6 duong nén xy—7> 0, suyra z =

4(x+y)

SuyraS=f(x,y) =2x+y+ v6i diéu kién x>0, y>0, xy>7.

V6i mdi x c6 dinh, xét dao ham clia f(x, y) theo an y ta dudgc:

4(xy—7)-4x(x+Yy) _1 28 + 4x2
(xy—7)2 T (xy=1%

ey =1+

s 7 7
Khi d6, f)(x,y) =0 < x°y* —14xy+21-4x" =0 < y0:;+2\/1+?.

Suy ra
11 7
f(x,y)zf(x,yo):2x+7+4\/1+;:g(x).

Xét g(x) vOi x € (0; +o0) ta s€ tim dudc S = f(x; y,) = g(x) = 15.
Vay Smin =15 khix=3, y=5,z=2.
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7 THPT Chuyén Ha Tinh

Trong mat phang v6i hé toa do Oxy, cho hinh binh hanh ABCD cé N 1a trung diém CD va BN
co6 phuong trinh 13x—10y+13 = 0; diém M(-1;2) thudc doan thang AC sao cho AC = 4AM. Goi
H la diém doi xiing ctia N qua C. Tim toa dd A, B,C,D biet 3AC=2ABva He A:2x—3y =0.

Hudng dan

Goi G = BN N AC thi G la trong tam tam giac
1 < A
BCD, suyra GC = gAC. Ma AC =4AM nén MG =

5 4 N
—AC,suyraCG=-MG.Tudo
12 5
4
d(C,BN) :gd(M,BN).
Lai c6 HN =2CN nén

8
d(H,BN)=2d(C,BN) = gd(M,BN).

< 20 N R
Mad(M,BN) = — va H3t,2t) (do He A). Nén

tasetimdugcr=1, = —%.
DE ¥ rang M, H nam khéc phia so v6i BN nén ta chi ra dugc H(3;2).

Mit khac véi gia thiét 3AC = 2AB = 2CD = 2NH ta chi ra dudc MC = %NH tac la tam giadc MNH
vuong tai M va tim dugc N(-1;0).

N ~ s 57 7 13
Tu do ta se tim dudc C(1;1), D(-3;-1), A(—g; 5), B (5;?).

2 4 \/ 3
. . X+ -y-DVxe+2-y +y+2=0 (a
Giai hé phuong trinh , Wy -y-D yry () (x,yER)
\/y2—3—\/xy2—2x—2+x=0 (b)
Loi giai
piéu kién xy? —2x-2=0.
bat r=Vx2+2 (t=2), khi dé (a) tré thanh:
2 2 s 3 _ 2 1y - L=y
+Q-y-Dt-y +y=0 <= (t-p)(t+y"-1)=0 < f+)2—1=0 (%)
Vit=2nént+y*-1>0,do do:
=0
(*)(:t:y@\/x2+2:y<=»{12_'_2:)/2
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Thay y? = x? + 2 vao phuong trinh (b), véi diéu kién x = v/2, ta dugc:

Vx2-1-vVx3-2+x=0

= Vx2—1-Vx3-245+x-3=0

= o9 X2 x5-0
V(x2=12+2Vx2-1+4 Vx3-2+5
x+3 X% +3x+9
<~ (x—3) 3 — =0
V(2-1)2+2Vx2-1+4 Vx3-2+5
x=3
— x+3 x2+3x+9

1= (c)
V(2 -1)2+2Vx2—1+4 Vx3-2+5

Xét phuadng trinh (¢), ta s€ chiing minh VP(c) >2 > VT(c).

That vay:
X2 +3x+9
2 132 3 2 2 ;2 2
— > 2 = (X*+3x-1)">4(x°-2) = xX“"+x)°+(x-3)°+5x“>0, Vx
. Vx3-2+5
va

xX+3 3
. 3 +1<2 &<
Y(x2-1)2+2Vx2-1+4
Dit r= vV x2—1 (¢>0). Khi d6 (d) tré thanh:

P2t+1>V3+1 <= Y432 +61°+4>0 (dang Ve >0)
Do d6 phuong trinh (c) v nghiém.
Vay hé da cho c6 nghiém duy nhét (3;v11)

(2—12+2Vx2—1+1>x (d)

Bai 3

Cho a€ [1;2]. CMR (2% + 3% + 4% (6% + 8% + 12%) < 24%*1,

Huéng dan

Bat dang thiic tuong duong véi

1 1 1
(2“+3“+4“)(—+—+— < 24.

24 34 449

Doac[l;2lnén2<2%<4;3<3%<9;4<4%<16 = 252“<16;2<3“<3126;2<4“53126.
Laico, x€[2;16] thi (x-2)(x—16) <0 < x*—18x+32<0 < x-18+—<0 < —=<18-x.

Tt d6 suy ra

1 1 54-(2%9+3%9+49

1 1 1 1
32( )<54—(2“+3“+4“)<=>—+

— +— 4+ — —+—<
24 34 44 24 34 44 32
Khi do
1 1 1 20439414054 — (29439442
(2“+3“+4“)(—+—+—) < ( )l ( )
2@ 34 4a 32
2
1 [[224+39+4%9+54— (294 39+ 49)] _729<24
- 32 2 32 '

8 THPT Dang Thuc Hira (Nghé An)
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N

Bai 1 .

Trong mat phang véi hé toa d6 Oxy, cho hinh binh hanh ABCD ¢6 ABC nhon, A(-2;-1). Goi
H, K, E 1an lugt 1a hinh chiéu vudng géc clia A trén cac dudng thang BC, BD, CD. Pudng tron
(C): x>+ y* + x+ 4y +3 = 0 ngoai tiép tam gidc HKE. Tim toa do B,C, D biét H c6 hoanh do
am, C c6 hoanh do duong va nam trén duong thang x— y—-3=0.

Huéng dan

Goi I = AC N BD, ta sé chiing minh I € (C) bang
cach chi ra HKIE 1a ti gidc ndi tiép. That vay,
AHCE ndi tiép dudng tron tAm I nén HIE = 2HAE
(g6c 6 tam va goc noi tiép cuing chin 1 cung).

Lai c6 ABHK,AKED la céc tii giac noi tiép va
EAB = HAD =90° nén

HKE=180°- HKB—-EKD =180° - HAB- EAD =90° — HAB +90° - EAD = 2HAL.
T d6, HKE = HIE, tic 1a HKIE ndi tiép.
Mit khéac, I'1a trung diém AC va C(c;c—3) € d (c>0) nén I(

Do I € (C) nén ta tim dudc ¢ =2 va 1(0;-1), C(2; -1).
Goi (C') 1a duong tron dudng kinh AC, (C): x* + (y+1)* = 4.

R ~ s 8 11 , N ~ A
E,H=(C)n(C") nén ta sé tim dugc (_E; —E), E(0;-3) (Do H c6 hoanh d6 am).

T dé6 ta cing tim dugc B(—4;-3), C(2;—-1), D(4;1).

c—2.c—4)
2 2 )

3\/y3(2x—y) + \/x2(5y2 —4x2)=4y* (1)

Giai hé phuong trinh
& = {VZ—x+\/y+1+2:x+y2 )

Huéng dan

Dkix<2;y=-1; y2x-y) =0;5y* —4x* = 0.
Nhan thay (1) dong bac 3 nén dat y = tx. Tacé y°Rx—y) =0 = xy=0 = t>0.
Ta sé dugc phuong trinh

3VB2-1+ V512 —4=412

Bing phuong phap nhan véi lugng lién hop véi nhan tit chung 1a (1 — 1)? ta xac dinh dudc () c6
dung mot nghiém ¢ =1, ticla x = y. (Bang BDT AM-GM ta ciing s€ chi ra dugc x = y).

Thé vao (2) ta dudc
V2—x+Vx+1+2=x+x°

Suyra x> +x-2>0 = x> 1. Bang phuong phap nhan lién hgp ta sé phan tich phuong trinh tré
thanh

1 N 1
xX=-1+v2-x x+vx+1

) 1+v/5

— X —x-1=0= x=y= >

—-x-D|1+
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N

Bai 3 .

Cho a, b,c>0théaman 4(a® + b>) + ¢ =2(a+ b+ ¢)(ac + bc—2). Tim GTLN

i 2a? N b+c (a+b)?+c?
" 3a2+b%+2a(c+2) a+b+c+2 16 :
Hudng dan

, 1 x+y\% . .
Tacox3+y322(x+y)3; xys(Ty) v6i moi x, y > 0.

Suyra
1 2
Z(a+b+c)3s(a+b)3+03s4(a3+b3)+0352(a+b+c)(—(a+lz+c) —2)
Suyraa+b+c=4.
Khi d6 ap dung BDT AM-GM ta c6

2a? a - a a

?wzz+bz+2a(c+2)_aJrCJerr(g_z+ 2 a a+b+c+2’
a

N 1
va (a+b)2+0225(a+b+c)2.

Suyra
- a+b+c (a+b+c)2_ t 12
T a+b+c+2 32 42 32
. , 2 t 32-t(t+2)?
Véit=a+b+c=4,taco f'(r) = :#<O,Vt24.

(t+2)2 16  16(t+2)2
. A A . 1
Suy ra f () nghich bién trén [4;+00). Do do P < f() < f(4) = 5

a=ba+b=c

Daubangxayrakhl{ d+btc=a

A 1
= a:b:l,c:Z.VameaX:E

9 THPT Dong Dau (Vinh Phiic)

,—‘Béil y

Giai hé phuong trinh:

x2+4y2+2xy:7 (2).

{\/x+2y+1—2x:4(y—1) (D)

Huéng dan

Day la mot hé phuong trinh kha don gian.
V6i (1), dat \/x+2y+1=t, ta sé giai dugc r = 2.

A N N PPN 2 A TN N 1
The vao (2) ta tim dugc nghiém cua hé la (1;1) va (1 ; E)'
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Trong mat phang véi hé toa dd Oxy, cho tam gidc ABC c6 phuong trinh dutng thang AB:
2x+y—1 =0, phuong trinh AC:, 3x+4y+6 =0 va diém M(1;-3) nam trén BC théa man
3MB =2MC. Tim toa d6 trong tim G cuia tam giac ABC.

Huéng dan

Mot bai tap kha don gidn minh hoa cho phuong phap tham s6 héa.

A= ABnAC nén A(2;-3).

B e AB nén B(b;1-2Db).

Ce ACnén C(-2-4c¢;30).

Mot diém luu ¥ 132 M chua biét ndam trong hay nam ngoai B, C nén ta can xét 2 truong hop.

L e e 1 T — . 11 7 10
e TH1: M nam ngoai, tic la 3MB =2MC ta tim dugc b = = c=—— Tud G(— —?).
— —_— - . . 8
e TH2: 3MB = -2MC ta cung xac dinh dugc G (1; _5)‘
Bai 3 .
Tim tat ca céc gia tri clia m dé bat phuong trinh sau c6 nghiém trén [0;2]
vVim+2)x+m=|x-1|.
Hudng dan
V6i x € [0;2] ta cO
2
vVim+2Q)x+m=|x-1 < (m+2)x+m=(x-1) < sz:f(x).
X

Xét f(x) trén [0;2] ta chira dudc f(x) € [2V6 - 6;1].
Do d6 dé BPT c6 nghiém trén [0;2] thi m = 2v/6 - 6.

10 THPT Chuyen Hung Yen

Trong mat phang voi hé toa do Oxy, cho hinh vuéng ABCD ¢6 A(-1;2). Goi M, N lan lugt 1a
trung diém clia AD va DC; K = BN n CM. Viét phu’dng trinh dudng tron ngoai tiép tam gidc
BMK, biét BN c6 phuong trinh 2x + y —8 = 0 va diém B c6 hoanh d6 16n hon 2.

Huéng dan
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Mot 1an nita, chiing ta lai bat gip tinh chat hinh hoc 6 pé 2, tuy
nhién can phai tin dung n6 mét cach khéo 1éo ket hgp véi cac gia

A B P ;
thiet khac. .
Tuong tu nhu 6 De 2, ta ching minh dugc CMLBN va APLBN
il_ - v6i P la trung diém BC. Va do d6, I = AP n BM la tam cta dudng
w _ b o tron ngoai tiep ABKM c6 duong kinh BM. .
' Mait khéc, goi F= APNnBN ta co AF:d(A,BN):%.
""" i Goi E = AD N BN, dé thay D 1a trung diém AE. Lai c6
D *
i SN c 1L _ 1 1 _ 5
AF?2  AB?  AE? 4AB?%
v MFE AP .
Nén AB = 4. Tt d6 ta tinh dudc IA = - = V5, suy ra Al = SAF.
S 11 18 N < A 2 A A ~
_ Ta lai tim dudc F (?; ?) (Hinh chieu cua A lén BN) nén ta cung
E g tinh dugc I(1;3). Va phuong trinh cAn im 12 (x— 1)2 + (y—3)2 = 5.

Nhan xét: Cach 1am trong dap 4n chinh thiic can tim toa do diém B tl gia thiét AB=4va Be BN
nén can xp > 2 dé loai nghiém. Nhung véi cach lam nay ta thay gia thiét xz > 2 bi thira.

1-— 2 2 2 = 2 3 1
Gidi hé phuong trinh { L~ PV 12y =x+2y+3xy (1)

VyHley/a2 422 =2y-x (@

Hudng dan

Dk: y = —1. V6i phuong trinh (1), dit \/x2 +2y2 = £ = 0, coi la phuong trinh 4n ¢, x, y 1a tham s6. Ta
tinh dudc A, = 2x+3y+1)* nén

1) e VX2 +2y2=—x—-y-1
\/ X2 +2y>=x+2y

-1-v5 1+v5
4 7 2 f

Thé vao (2) ta dudc nghiém (

N

Bai3 .

Cho x, y,z>0 théa man 5(x* + y* + z°) = 9(xy + 2yz + zx). Tim GTLN

N X 1
2+ (x+y+2)3

Huéng dan

Ta c6 5x* + 5(y2 +7%) = Ix(y+2)+18yz — 5x° -9x(y+2)=18yz— 5(y2 +2°).
. 1 1 A
Laic6 yz=< 2 (y+ 2% P+ 22 = S+ z)> nén 18yz—5(y* + z%) < 2(y + 2)°.
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Do do

5x% —9x(y+2) < 2(y + 2)
— [x-2(y+2)]5x+y+2)=<0
— x=2(y+2).

X 1 2x 1 4 1
P = - = - < — .
V2+z2 (x+y+2)3 " (y+2°2 (x+y+2°3 y+z 27(y+2)3

C , 1 ,
baty+z= t>0tacoPs4t—§t3:f(t).Xetf(t) ta suy ra dugc P < 16.
1

1
Vay Ppax=16khix=—; y=2z=—.
1Y Fimax 3 12

11 THPT Chuyén Lé Hong Phong (TP. HCM)

Trong mat phang véi hé toa dd Oxy, cho hinh thang ABCD c6 ddy 16n CD = 2AB, diém
C(-1;-1), trung diém cua AD la M(1;-2). Tim toa do B, biéet dién tich tam giac BCD bang
8, AB=4va D c6 hoanh do nguyén duong.

Hudng dan

. 1 1
Ta co, d(M,CD) = Ed(A’ CD) = Ed(B' CD).

A 1 N
Nén Sagcp = E.d(B,CD).BC =2d(M,CD).AB. Tu do6 tim
P dugc d(M,CD) =1.

A [ Khi do ta sé viét dugc phuong trinh duong thang CD (la
D dudng thang qua C cdch M mot khoang khong doi).

Cu thé, goi VIPT clia CD 12 77 = (a,b) # 0, phuong trinh ctia CD 1a a(x+1) + b(y +1) =0, suy ra

d(M,CD)—\/ﬁ—l(:?)a —4ab=0 < 3a=4b °

V6i a =0, chon b =1, ta dugc CD: y+1=0. V6i gia thiét CD = 8 va xp nguyén duong ta sé tim dugc
D(7;-1). Ma 2AB = DC nén B(-9;-3).

V6i 3a = 4b, chon a =4, b = 3, ta dudc CD: 4x+ 3y +7 = 0, tuong tu nhu trén ta thay trudng hop
nay khong c6 diém D nao thdéa man diéu kién xp nguyén duong.

249352 = (2 49520 52X +2 ()

Giai hé phuong trinh )
° P & {4x+4:4x+4\/2y—2x+4 2)

Huéng dan
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Dk: y—x+2=0. Vi (1) dat ¢ = x* — 2y ta bién d6i thanh

2432 243%
5i+2 - 52t

> f(t+2) = f(21).

.. 2+34 \“ (3\*. . .. 2 . .2 A A 2
Voi f(u) = su =2.|=] + = la ham so nghich bien trén R nén ta dudc t =2 < 2y = x~-2.

5
Thé vao (2) ta dudc

A5+ 4=4x+4V X2 -2x42 = 4" T =x-1+V(x-1)2+1 <= 4’ =s+Vs2+1. (3)

Do (s+Vs2+1)(Vs2+1-1)=1nénd " =vVs2-1-s. (4).
Truve (3), (4) tadugc4®—47°-25s=0. (%) . )
Xét g(v)=4"-4""-2v, g'(v) =In4(4" +47") -2 =2In4 -2 > 0. Suy ra g(v) la ham dong bien, va do

d6 (%) ¢6 diing 1 nghiém s = 0. Va nghiém hé 1 (1; -%)

N

Bai 3 .

Cho x,y,z>0théaman x+ y+1 = z. Tim GTNN

2
X zZ°+2
+ J +

C X+yz y+zx z4+xy

Hudéng dan

Tacox+yz=yz—z—-y-1=(z-D(y+1) =(x+y)(y+1). Tuong tucing co y+zx = (x+ y)(x+1) va
z+xy=(x+1(y+1). Nén

b x . y s Z+2 X+ yiHx+y Z%+2
_(x+y)(y+1) (x+y(x+1) (x+1)(y+1)_(x+y)(x+1)(y+1) (x+1)(y+1)'

) 1 1 .
Laico, x* + y* = E(x+y)2; xX+D(y+1) < Z(x+y+2)2. Nén

>2(x+y)2+4(x+y) 4(z* +2) _20xty)+4 4(z°+2) 2 +4(z2+2)
T (x+y+22(x+y)  (x+y+22  (x+y+2)?  (x+y+2)2 z+1  (z+1)2

= f(2).

. /e - 13 13 .
Xét f(z) vOi z > 1 ta sé suy ra dugc f(z)zzhamein:Ikhlx:y:I,z:S.

12 THPT Lé Xoay (Vinh Phic)

Trong mat phang véi hé toa dd Oxy, cho tam gidc ABC. Pudng phén giac trong goc A c6
phuong tinh d: x - y + 2 = 0, duong cao ha tit B c6 phudng trinh d’: 4x+3y —1 = 0. Biet hinh
chieu ctia C 1én AB la diém H(-1;-1). Tim toa do B, C.

Huéng dan
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“7n MO0t bai tdp co ban minh hoa cho phuong phap dung
hinh. C4c yéu t6 cho truéc: d, d’, H.

Tu d6, ta sé "dung" dudc H' (ttic 1a tim dudc toa do) do6i
xting v6i H qua d. Do d 1a dudng phan giac trong BAC
nén H' € AC. Tt dé ta sé dung dugc dudng thang AC qua

c¥ . *B H' vudng goc véi d'.
<> S A= ACnd, ta dung dudc dudng thang AH, B= AHNd'.
S VMF Ta cling dung dudc duong thang CH qua H vudng géc
i QH ABvaC=CHnAC.
/. A L2 £ ~ 8 1 10 3
V6i phan tich nhu the, ta s€ tim dudc B (0; 5), C (—?; Z)'

xyx+D)=x3+y*+x—y (1)

3yC+VIN2+3)+ @Ay +2(V1+x+x2+1)=0 (2)

Giai hé phuong trinh {

Huéng dan

y=x

V6i (1), phan tich thanh nhan i ta sé dudc (x - y) (x> - y+1) =0 < Yol

V6i y = x? + 1 thé vao (2) dé thay vo nghiém.
V6i y = x the vao (2) ta dudc

3x(2+V9x2+3) + (4x+2)(V1+x+x2+1) =0
= 3x2+V9x2+3) = (—2x - D(V3+ (—2x— 1)2+2) <> f(3x) = f(-2x—1)
VGi f(1) = tV12+2)1a mot ham dong bién nén ta dugc3x=-2x-1 < x= —%.
Nghiém hé 1 (—%;—é).

Bai 3 .

Cho a,b,c>0thdéaman a+ b+ c=2. Tim GTLN

S= ab N bc N ca
“\ ab+2¢ bc+2a \ ca+2b’

Huéng dan
Ta co
ab B ab 3 ab <1 a N b
ab+2c \ ab+(a+b+cc \ (a+c)b+c)” 2\a+c b+c)’
2 P 2 . b ~ ,
bang thuc xay ra khi a ——. Tuong tu ta cung co

a+c b+c

bc 1 b c ca 1( c a )
< - + SRV <- + .
bc+2a 2\b+a c+a ca+2b 2\c+b a+b
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Cong cac vé ta dudc

1{a+b b+c c+al 3
S=- + + =—.
2\a+b b+c c+a 2
A 3. 2
VaySmaX:Ekhla:b:c:g.
13 THPT Luc Ngan so 1 (Bac Giang)
Bail |

y2+2

s 2. A N y2_x
Giai hé phuong trinh X
VIR+1+V2x-1=1 (2)

=2x-2 (1)

Hudéng dan
Dk: x > 0. V6i (1), chia ca hai vé cho x ta dudc

2 [2 [2
+2 +2 +2
Vo2 X2 90 e= /L1220 = y2oaxto.
X X X

Thé vao (2) dugc Vax—1+ V2x—1=1.
y +v=1
Dit Vax—1=u=0; \/32x—1:v.Taduoc{ urv (:»{ Z

w-213=1

N . ~ (1
Tu do ta dugc nghiém hé (5; 0).

Trong mat phang véi hé toa dd Oxy, cho A(2;1), B(~1;-3) va hai dudng thang d;: x+ y+3 =0,
dy: x—5y—16=0. Tim toa do C € d; va D € dp sao cho ABCD la hinh binh hanh.

Hudng dan

Ta ¢6, C(c;—c~3) € di, D(5d +16;d) € dp nén CD = (5d + 16— ¢;d + c +3).
Do ABCD la hinh binh hanh nén BA = CD tu dé ta tim dudc d = -2, ¢ = 3 va C(3;-6), D(6;-2).

Bai 3

Cho x,y € R théa man x* + y* + xy = 3. Tim GTLN va GTNN P = x* + y* - 3x—3y.

Huéng dan
Ta c6
P:x3+y3—3x—3y:(x+y)3—3xy(x+y)—3(x+y).
Laicé x>+ > +xy=3 < xy=(x+y)*-3,nén
P=-3(t*-3)t-3t=-2t2+61= f(1).
Véit=x+y.Mat>-3=xy< G+ y)” :é,nén te[-2;2].

4
Xét f(r) vGi t € [-2;2] ta tim dUugc Ppax = 4, Pmin = —4.

Trang 110 http://diendantoanhoc.net



14 THPT Luong Ngoc Quyén (Thai Nguyén)

N

Bail |

R 2 P " N N 11 N LR
Trong mat phang vai hé toa do Oxy, cho hinh vuéng ABCD. F (? ;3) la trung diém AD. EK:
19x -8y — 18 = 0 v6i E la trung diém AB, K thudc canh CD sap cho KD = 3KC. Tim toa d6 C
biét xg < 3.

Hudng dan
G A F D
o) ""|_ -
.
VMF E |
H K
p
B Cc
2 25
Ke FH1EK, FH=d(FEK)=——.
2V17
. . . . A gss . , av17 5a .
Goi G = AD n EK, hinh vudng c6 d¢ dai canh la a. Ta tinh dugc GE = 5 GF = > Hon nua,

AE GE 17 R -
—— =—=——_Néntase tinh dudc a =5.
FH GF 5 :

. 3 5v2 < A . 5
Khi do EF = T\/_, ma E € EF, xg <3 nén ta tim dlI(ch(Z;E).

. (15 11) .. LR A s e
Goi I (I; I) la trung diém EF, suyra AC: 7x+ y—29 =0 (qua I vudong goc vii EF).

; . 10 17 . = 9=
Goi P = ACNEF, ta tim dugc P 33 , hon nua IC:EIP nén C(3;8).

. R lx—2yl+1=+/x-3y
Giai h¢ phuong trlnh{ x(x—4y+1)+y(dy-3)=5"

Hudng dan

bk: x=3y.bat|x-2yl=u=0; |\/x—-3y|l=v=0. tadugc hé
u—-v=-1 - u
u?+1v*=5 v

Tu do6 giai hé ta dugc nghiém (-5;-3); (-11;-5).

1
5 -
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N

Bai 3 .

Cho a, b, ¢ > 0. Chitng minh rang

a2+1+b2+1+02+1> 1 . 1 . 1
4p? 4c2 4a>  a+b b+c c+a

Huéng dan

vro= [Z L (L],
 lap?2  4p? 4c¢2  4¢2 4a?  4a?

a+b+ c 1 a+b+c

202 2¢2 2a2 2\b2 2 a?)

Ta co

a
b2

b

Llo2 1
b 2 b

Q|+
S

1/1 1 1 1
VTz—(—+—+—):—
2la b ¢ 4

Gl a3

Pang thitc xayrakhia=b=c=1.

1 4 4 4
> — + + =VP
4\a+b b+c c+a

15 THPT Luong Thé Vinh (Ha Noi) 1an 2

Trong mat phang v6i hé toa d6 Oxy, cho hinh thang ABCD vuong tai A, D; dién tich hinh
thang bang 6; CD = 2AB, B(0;4). Biét I(3;-1), K(2;2) lan lugt nam trén duong thang AD va
DC. Viet phuong trinh duong thang AD biét AD khong song song véi truc toa do.

Huéng dan

Vi AD khéng song song v6i cac truc toa do nén goi VIPT cia AD1a 77 = (1,a) (a #0).
Suyra AD: x+ay+a-3=0vaDC:ax—y—-2a+2=0.

Tu dé ta tinh dudgc:
d 12a + 2| d |5a— 3|
(B,DC) = 5 A(B,AD) =
) va?+1 va?+1
Mat khac:
1
SaBcp = EAD.(AB +CD)=6
N ~ 8 5 -1+2v2
néntasetimdudca=1,a= -3 as= %

Trang 112 http://diendantoanhoc.net



+Vx(x2-3x+3)={/y+2+/y+3+1 (a)

Giai hé phuong trinh .
<l . { 3Vx—1-Vx2-6x+6=yy+2+1 (b)

Hudng dan
DK: x € [1;3 - V3] U [3+ V3;+00); y € [—3; +00).
(@ = x-1+Vx-1D3+1={/y+2+\/((/y+23+1 < f(x-1)=f(Jy+2).
V6i f(t) = t+V3+1, t=-11a ham dong bién nén ta c6 x—1 = {/y+2. Thé vao (b) ta dugc

3Vx—1-Vx2—6x+6=(x—1)+1 < x-D+1+V(x-12—-4(x-1+1=3Vx—-1.
Do x = 1 khong théa man nén chia c hai vé cho vx—1 > 0 ta dudc

1 5
\/_ \/x 1- 4+—1_3<:>t+\/ 3<:>t—2
1 5 127
V6it=vx +—1>2 Tu d6 ta tim dugc nghiém hé (5;62), (Z"E)
x_
Bai 3 .
Cho x,y>0thoéaman x—y+1<0. Tim GTLN
- x+3y° 2x+y°?
_,/x2+y4 5x+5y2'
Huéng dan
2
, x 1 1 1 1 1 1 X
Tacox=sy-1=0<5=s-—-5=--|-—-= <-.Datt=— = re(0;-]
¥y oy o4 ly 2f 4 y?

Suyra

(x)2+1 5 %+1 T2+l 5 t+1

1-3¢ 1 1
(t2+1)3 5 ([+1)2

1 . 1 [(17)3 1-3t 4
Dote(0;-1nénl1-3t=—;V(r2+1)3 < (—) SN > .
4 4 16 (2+13 7./
16

i) =

11 1 ,
B Rt 6
Vay f(t) dong bién trén (O;Z] = f(n < f( )—\/__7_£

16 THPT Lucong Van Chanh (Phu Yen)
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Trong mat phang hé toa do Oxy, cho dudng thang d: x— y+1—-v2 = 0 va diém A(-1;1). Viét
phuong trinh duong tron (C) qua A, goc toa do O va tiep xtiic duong thang d.

Loi giai

. N e R 2 S 1 1
Goi M la trung diém cua OA thi M (—5 ; 5)

Ta c¢6 OA = (-1;1) 12 vects phap tuyén clia trung truc doan 04, do dé trung truc doan OA cé
phuong trinh x—y+1=0

Tam I ctia duong tron (C) nam trén trung truc doan OA nén suy ra I(z, £+ 1).

Theo dé ta cé:

IA=d(,d) <= V({t+1)?+1*=

’t—t—1+1\/§ F=0
— 2£242t=0

V2 t=-1
Khi ¢ = 0 thi 1(0; 1) va ban kinh R ctia (C) 1a 1. Phuong trinh dudng tron (C): x* + (y - 1)* =1

Khi ¢ = -1 thi I(~1;0) va ban kinh R ctia (C) 1a 1. Phuong trinh duong tron (C) : (x+ 1)+ y* =1

L+ +3(y-Dx-y) =2

Giai hé phuong trinh —y)?
1a1he p ng trin er\/m:(x 8y)

Loi giai
Diéu kién: x,y = -1
Phuong trinh dau tuong duong

(x+y)3—8+6—3xy(x+y)+3(y—1)(x—y):O
— (x+y—2)(x2+y2+2xy+2x+2y+4)—3(x+y—2)(xy+y+ 1)=0
S (x+y—2)(x2—xy+y2+2x—y+ 1)=0

x+y—-2=0
—xy+y?+2x—y+1=0 (%)

Phuong trinh () < x*+2-y)x+y*—y+1=0
Phuong trinh nay c6 A = -3y <0.
Néu y # 0 thi A <0 dan dén hé phuong trinh vo nghiém.

Néu y = 0 thi x = -1, cling khéng théa hé phuong trinh.
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VG6i x + y—2 =0, thay y =2 - x vao phuong trinh tha hai ta dudc:

2Vx+142V3-x=x*-2x+1
— 2Vx+l-x-1D)+@2V3—-x+x-3)=x>-2x-3

1 1
= (x*-2x-3)[1+ + —0
( 2vVx+1+x+1 2vV3-x+3-x
— x*-2x-3=0
— x=-1
x=3
V6ix=-1thiy=3
V6ix=3thiy=-1
So diéu kién hé da cho c6 nghiém (-1;3), (-3;1)
Bai 3 N
Gia st x va y khong dong thoi bang 0. Chiing minh
2 __ —4 2
o e IO
X% +4y?
Loi giai
2 R ,xz—(x_4J/)2 A, 22 . LR A .
Néu y =0, khi do x #0. Ta co TMZO’ bat dang thuc hién nhién dang.
X y

Néu y # 0 khi doé:

2 2
x“—(x—4
—2\/5—25—( y) <2V2-2
x2+4y?

2 2
— —2\/5—25(2y) _(zy ) <2V2-2 (%)

L X s
bat — =tant, khi do
2y

tan? ¢ — (tan t — 2)2
( ) <2V2-2
tan?f+1
—2v2-2<cos’t(dtant—4) <2v2 -2

—2vV2-2<2sin2t—4cos’r<2v2-2
—V2-1<sin2r-2cos’t<v2-1
—V2 <sin2t—cos2t<v?2

/4
V2 < \/Esin(ZL‘—Z) <1

(%) << —2\/5—23

[

T
— —1§sin(2t—z) S\/E

Bit dang thiic cubi ciing ludn ding, vay ta cé diéu phai chiing minh.
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17 THPT Minh Chau (Hung Yén)

N

Bail |

Trong mat phang toa do Oxy, cho tam gidc ABC nhon c6 dinh A(-1;4), truc tim H. Pudng
thang AH cat canh BC tai M, dudng thang CH cit AB tai N. Tam dudng tron ngoai tiép tam
giac HMN la I1(2;0), dudng thagmg BC di qua diém P(1;-2). Tim toa do c4c dinh B, C clia tam
giac biet dinh B thudéc duong thang x+2y-2=0.

Loi giai

Dé thay BMHN la ti giac noi tiép. Suy ra I 1a trung diém BH.

Bed = B2-2£1). S
Suyra H2+2t;-1).
T d6 AH = (3+2t;—t—4),BP = (21— 1;—t—2). N -
Do H la truc tam AABC nén
AHBP =0 < 2t+3)2t—1)+ (t+4)(1+2) =0
B M P T

— 52 +10t+5=0

— t=-1

Tit d6 H(0;1), B(4;-1), AH = (1;—3). Dudng thing BC: x—3y—-7=0

Puong thang AC:2x—y+6=0. Tit d6 toa dd C(-5;-4).

2 2

1
+ =
Giai hé phuong trinh: { (Vx+/3)? x+/y2x-y) y+/x2x-y)
2(—-4)\/2x—y—-3-(x—-6)\/x+y+1=3(y—-2)

Loi giai
x=0,y=0
N -V =
biéu kién: 2x-y=0
j 2y—-x=0
2x-y+3=0
Néu y = 0 thi phuong trinh dau tré thanh:
2 1 2 3 V2
—+—= = —=—
X X 2x2 X X

Dan dén hé vo nghiém.

Tuong tu x = 0 cing khong la nghiém cua hé.
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. - X A N ~ X 2, N
Xeét x,y > 0. bat ¢t = —, the thi ¢ > 0. Phuong trinh dau tro thanh
y

2 1 2
—+ =
WVEt+1?2  t+vV2r-1 1+Vt2t-1
2 2 2

<~ + =
WVEt+12 2t—1+2V2r—-1+1 1+Vt2t-1)
2 2 2

+ =
(:)(\/—t+1)2 WV2t—-1+1)2 1+Vt2t-1)

(1)

t

(a,b > 0). Khi do:
2t—1

o a
Dat{b

1 s 11
A+a)?2 (1A+b2 1+ab

1)

Ta sé chitng minh b6 dé sau:
1 1 1

+ = , VYa,b>0
1+a)? Q+b)?2 1+4+ab “

Theo BDT Cauchy-Schwarz ta c6:

(1+ab)(a+b) = (Va+VabVbh)?=a(l+b)? = a 1

> .
(1+b)?2 a+b l+ab

Tuong tu:
1 b 1

> .
(1+a)? a+b'l+ab

Cong 2 BDT vé theo vé ta dudc:
1 1 a+b 1 1

+ > . =
1+a)? Q+b?2 a+bl+ab 1+ab

B6 dé dudgc chiing minh. Dang thitc xay ra khi a = b. Tiic lakhi x= y

Thay y = x vao phuong trinh tha hai ta dugc:
2x-8)Vx+3—-(x-6)v2x+1=3(x-2)

patd 7 x+3 Ta co:
: v=V2x+1 )

W -Nu-—Ww?-9v=30*-u
= Wu-3)(v-3)(u-v)=0
s

— 3
v

« < &
I

R oR R
I
N O

T d6 ta c6 cac nghiém ctia hé phuong trinh da cho la (2;2), (4;4), (6;6).
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,—‘ Bai 3 |

Cho ba s6 thuc a, b, c théa man a > 2, b > 0, ¢ > 0. Tim gia tri 16n nhat clia biéu thrc:

1 1
V@ +D2+c2—4a+5 (@-Db+1D)(c+])
Loi giai
Data; =a-2,taco a; > 0. Khi do:
1 1
pP= —
2\/a%+b2+02+1 (a1 +1)(b+1)(c+1)
Ta co: , ,
+b +1 1
af+bz+c2+1z(a1 N Gty >—(a;+b+c+1)?
2 2 4
Ta lai co:
am+l+b+1+c+1 ° a+b+c+3 :
(a+Db+1D(c+1) < - -
3 3
Do do:
1 27
P< -
ai+b+c+1 (ay+b+c+3)3
9 . a4 . 22 1 27
batt=a;+b+c,khidor>1.Khido P<--
t (t+2)3
s £ 1 R
Xétham so f () = 2 TEE trén (1; +00).
g L 81 fl(n=0
Lap bang bién thién:
t 1 4 +00
'@ + 0 -
1
0 0

N 2 « A N - ]- ~ ].
Tu bang bien thién ta co f (1) < f(4) = 3 Vt>1.Vay P < 3

2 - 2 N ~ 1
Dang thuc xay rakhi a=3,b=c=1.Vay maxP = 3
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18 THPT Nguyén Trung Thién (Ha Tinh) 1an 2

Trong mat phang véi hé truc toa dd Oxy. Viét phuong trinh cac canh ctia hinh vuéng ABCD,
biet rang cac duong thang AB,CD, BC, AD lan lugt di qua cac diem M(2;4), N(2;-4), P(2;2),
QB;=7).

Loi giai
Goi 7 = (a, b) 1a vecto phap tuyén ctia duong thang AB. Vi AB di qua diém M(2;4) nén phuong
trinh toOng quat cua ABla ax+ by —2a—4b=0.

Puong thang BC di qua P(2;2) va vudng goc véi AB nén c6 phuong trinh:
-bx+ay—2a+2b=0
ABCD la hinh vuong nén:

J 4 — |2a—4b-2a—-4b| |-3b-7a-2a+2b| — 9a=-9b
(N,AB) = 4(Q,BC) VT2 - N 9a="7b

V6i9a=-9b,chona=1 = b=-1

Phuong trinh AB: x—y+2=0, phuong trinh BC:x+y—-4=0

Puong thang CD di qua N(2;—4) va song song v6i AB nén cé phuong trinh x—y-6=0
Puong thang AD di qua Q(3;—7) va song song v6i BC nén c6 phuong trinh x+ y+4 =0
V6i9a="7b,chona=7,b=9.

Phuong trinh AB:7x+9y—50 =0, phuong trinh BC: -9x+7y+4=0.

Phuong trinh CD: 7x+9y + 22 = 0, phuong trinh AD: -9x+7y+76=0

2x° —y* —7x+2y+6=0

,YER).
—7x3+12x2y—6xy2+y3—2x+2y:0 &y eR)

Giai hé phuong trinh: {

Hudng dan

Ta co:

—7x3+12x2y—6xy2+y3—2x+2y:0 — (x—-y) [xz—x(y—Zx)+(y—2x)2+2 =0 (%)
Mat khac:
2 2

2 2 X 3x
X =x(y-2x)+(y—-2x)"+2= y—2x—§ +T+2>0’ Vx,y

nén (x) < x=y
Thay y = x vao phuong trinh sau ta dugc:

X -5x+6=0 < x=2
x=3

Vay hé c6 nghiém (2;2), (3;3)
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N

Bai 3 .

Cho céc so thuc khong am a, b, c thda man a? + b? + ¢? —3b < 0. Tim gid tri nho6 nhéit ctia biéu

thuc
1 4 8

T @rD2 Bb+22  (ct3?

Loi giai

Ta co:
a’+b*+c?-2a-4b-2c+6=(a-1*+(b-22+(c-1)>=0
Theo gia thiét: a® + b* + ¢? < 3b.
Suy ra:
3b-2a- 4li Zc+6<0<=>2a+b+20<6<=>2a+b+20+10<16

Véi hai s6 x, y>0th1 t—z2—.
Y (x+y)
Ap dung nhén xét trén ta c6
1 4 8 8 8 8.8 162

= = = = _1
(a+1)2+(b+2)2+(c+3)2> +(c+3)2> (261+I9+20+10)2>

2
(a+§+2)
Dang thitc xayrakhi a=c=1,b=2. Viy min P = 1.

b 2
(Cl+§+c+5)

19 THPT Phu Cu (Hung Yén)

N

Bai 1 |

Trong mat phang v6i hé truc toa do Oxy, cho hinh vuéng ABCD. Piém N(1;-2) théa man

2NB+NC = 0 va diém M(3;6) thudc duong thang chita canh AD. Goi H 1a chan hinh chiéu
vudng goéc ctia A xuéng dudng thang DN. Xac dinh toa d6 clia cac dinh clia hinh vuéng

2 2 P e £ S 12y2 . 2 - - A
ABCD biét khoang cach tu diém H den canh CD bang va dinh A c6 hoanh do la mot

s6 nguyén 16n hon -2.

Loi giai
A D
s s P . e A 12v2
Goi E la hinh chieu vuong goc cua H trén CD = HE = BTH
Gia st canh hinh vuéng la a (a > 0) =
, e —_— —_ —_— 2—> ~ S - < s E
TacO2NB+NC =0 < CN = §CB nén N nam giua B,C va
2 2a
thoaman NC=-BC=—
3 3°
av13
Suyra DN =V CD?+CN? =
B N C
AD DH 2a
Tac6 AADH~ADNC (g.g) nén — = — = DH=——
DN NC V13
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ADHE «~ DNC ( )nénHE—DH:>NC—13HE—2\/§
&8 NC DN 6

x x 24
Danden?:zﬁ: a=3v2

Gia stt vecto phap tuyén clia AD 12 77 = (a; b) v6i a®+b* > 0. Phuong trinh AD : ax+by—-3a—6b =0.

d(N, AD) =32
| —2a—8b|
— :3\/5
VZ P
<~ (a+b)(7a-23b)=0

a=-b
7a=23b

Truong hgp a=-b. Chon a=1,b=-1. Phudng trinh AD: x—y+3=0.

Ké NP 1L AD (Pe€ AD),khid6 NP:x+y+1=0 = P(-2;1)

BC . .
AP:BN:?:\/E. Laido A€ AD = A(t;t+3) (t>-2). TU AP=V2suyrat=-1

VGi t = -1 thi A(-1;2). Khi d6 do PD = 2AP nén D(-4;-1). Tt d6 tim dugc B(2;-1), C(~1;-4)

Truong hop 7a = 23b. Giai tuong tu ta dudc 2 gia tri hoanh do A khong phai s6 nguyén. Vay ta
loai truong hgp nay.

Két luan A(-1;2),B(2;-1),C(-1;-4), D(-4;-1)

. . VX¥2—x-y-1Yx-y-1=y+1
Giai hé phuong trinh T U y (x,y€eR)

x+y+1+\/2x+y:\/5x2+3y2+3x+7y

Loi giai

xz—x—y—lzo
bieukién:{ 2x+y=0

5x°+3y*+3x+7y=0

Néu x? = x + y + 1, tit phuong trinh dau suy ra:

2

Il
- O

y+1=0 = y=-1 = x"-x=0 = i

Thii vao phuong trinh sau théy (x, y) = (1;-1) théa man. Suy ra (1;-1) 1a nghiém ctia hé phuong
trinh.
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Néu x> > x + y + 1. Phuong trinh dau tuong duong

y+1
Vx—y—-1=
VxX2—x-y-1

y+1

— Jx-y-1-1= -1

x-x-y-1

— xX—y—-2 B -x+y+Dx-y-2)
Vax-y-12+4x—y-1+41 /x2-x-y—-Ly+1+y/x*-x-y-1)
1 x+y+1

+ =0
Vax-y-12+x—y-1+1 /x?2-x-y-1(/x*—-x-y—-1+y+])

x—-y-2=0 (1)
1

= (x—-y-2)

x+y+1

— + =
Vx-y-12+x—y-1+1 /x?-x-y-1(/x*-x-y-1+y+1])

0 (%)

>—1+\/§
< A 1A 2x+y=0 X
Tu diéu kién — P+x-120 = 2
’ {xz—x—y—lzo v -1-v5
X< —

_1_\/5

Neéu x <

Truong hop x >
dén hé vé nghiém. Suyra y +1 > 0, tit day thi pt () vo nghiém.

Suy ra y = x — 2. Thay vao phuong trinh sau ta dugc:
2x—1+v3x—2:\%m2—2x—2¢:>2x—1+v3x—2:vQQx—1F+28x—m

N 2
Diéukién:ng
=2 1¢( >1)
it a=2x a> 3
b=v3x-2(b=0)

Phuong trinh tr6 thanh:
a+b=V2a2+2b%2 < a*>+2ab+b*=2a*>+2b* < (a-b?>=0 < a=b

Tu do:

8 x
Il

=] w -

2x—-1=V3x-2 < 4x° —4x+1=3x-2 < 4x°-7x+3=0

V6i x =1 = y = -1, thitlai thay théa man. Ta nhan nghiém (x; y) = (1;-1)

£s 3 5 sl A 2
V6i x = yiandbiniaye Thu lai khong thoa.

,khidé ti2x+y=0 = y=-2x21+V5 = x+y+1>0,do dé () vO nghiém.

5 .2 2 A
= x>0.Glasuy+1<0 = x-(y+1)>0 = VT(1) >0=VP(1), dan
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,—‘ Bai 3 |

Cho ba s6 thuc khong am x, y, z. Tim gid tri 16n nhat clia biéu thic

4 4 5

pP= - i
VIE2+y2+22+4  (x+))/(x+22)(y+22) (y+2)/(y+2x)(z+2x)

Loi giai
St dung BDT Cauchy ta c6

x+y+4z X2+ y?+2xy+4xz+4yz

X+ PV (x+22)(y+22) < (x+ ).

2 2
2+ 2 2+ 2
<2 23/ + 2y + (P +)+ P+ 2D
<2(x*+y*+ 2%
+z+4
(y+z)\/(y+2x)(z+2x)s(y+z).¥sz(x2+y2+z2)
Khi d6 biéu thiic P tré thanh:
oo 4 5 ~ 4 9
T/t 22+4 2024y +2)) 2(2+)2+27) \/xZ+y2+22+4 262 +)y2+2)
o . 4 . 3 4 9
Datt:\/x2+y2+z2+4,kh1dot>2.Kh1doPs———
: r 2(t2-4)
. 4 X
Xéthamso y = f(t) = - — ——— trén mien (2;+
y=1 t 2(2-4) (25+00) .
4 9t 4-1Ar+7t-—4r—-16)
f,(t):__z"' 2_n2 2012 _ 12
2 (r2-4) (1> —4)

Dot>2nén4r’ +7t° —4t—-1624(£2 - 4) + t(7t—4) >0, vay f () =0 < t=4

Lap bang bién thién ta thu dugc (1) < f(4) = g Vay P < g

2 P 2 . A 5
Dang thuc xay ra khi x = y = z=2. Vay maxP = 3

20 THPT Quynh Lwu 3 (Nghé An)

Trong mat phang Oxy, cho hinh chit nhat ABCD c6 AB = 2BC. Goi H la hinh chiéu clia A
léen duffjng thang BD. E, F lan lugt 1 trung diém canh CD va BH. Biét A(1;1), phuong trinh
duong thang EF la 3x— y—10 =0 va diém E c6 tung d6 am. Tim toa do cac dinh B,C, D.

Loi giai
Goi E,FG lan luot 1a trung diém cic doan thang A G B
CD,BH, AB. Ta chiing minh AF | EF.
Ta thay céc tii gidc ADEG va ADFG noi tiép duong tron F
duong kinh DG nén ta giac ADEF cung noi tiep duong o
tron nay, do d6 AF L EF.
D E C

Puong thang AF c¢6 phuong trinh x+3y—-4=0
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Toa d6 diém F 1a nghiém ctia hé:

17
—y= X=—_— 17 1 32
{Sx y=10 — 15 :>F(—;—):>AF= °c
x+3y=4 _1 5’5 5
Y=3
AF 2
AAFEmADCB:>EF:7:2 g
— 17 51 .
Ee€eEF:3x-y—-10=0 = E(;3t-10) = EF = t_?;St_E . Do do:
) 17)? 51\ 8 ) t=3
EF- = t_jf + 3t—7; ::g <~ 5t“°-34t+57=0 _19
5

e 19 . 19 7 . ~ A ~
t=3 = EB3;-1).Vbit= = thlE(E;g).ViEco tung do am nén E(3;-1).

Phuong trinh AE: x+y—2=0. Vi AADE vu0ng can tai D nén:

AD=DE __ | x-1+(y-1"=x-3"+y+1)’
AD | DE x-1D(x-3)=(y-D(y+1)

— y=x-2
(x-1D(x-3)=0

x=1y=-1

x=3,y=1

V6i x=1;y=-1thi D(1;-1). V6i x =3; y = 1 thi D(3;1).
Do D va F nam ve hai phia so v6i AE nén D(1;-1)

Khi dé C(5;-1), B(1;5).

2/x+y+6=1-y

(x,yeR)
IVI+x+xy\/9+y*>=0 4

Giai hé phuong trinh {

Loi giai

X+y+6=0
x=-1

Diéu kién {

Néu y = 0, d€ hé c6 nghiém thi1 =y > 0.
Khidé 2y/x+y+6=2V/-1+0+6=2v5ma 1-y= 1. Dan dén phuong trinh dau vo nghiém.

Vay y < 0, d€ phuong trinh sau c6 nghiém thi x > 0. Ta c6

2
IVI+x+xy1/9+)2=0 < (%) 9+(%) = (= 9+ (=y)? (42)
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Xétham s6 f(1) = tV9+ 2 v6it>0

9+21° A 4 A
f'(t) = —= >0Vt >0. Vay f(¢) dong bién trén mién (0; +oo)
V9 + 12 '

Do do: (42)<:>iz—y<:>x:i

VX y?
PR N 9
The vao phuong trinh sau ta dugc 24/ 7 +y+6=1-—y (%)

Ham sb g(y) =24 /% +y+6 déng bién trén (-oo;0), ham sb h(y) =1- y nghich bién trén (-oo;0)
nén phuong trinh (+) néu c6 nghiém thi dé6 1a nghiém duy nhét.
Nhan thdy y = -3 1a nghiém ctia (), vdy y = -3 1a nghiém duy nhét clia ().

Vay hé c6 nghiém duy nhét (x, y) = (1;-3).

Bai 3 .

Cho cac s6 thuc duong ab =1 va c(a+ b+ ¢) = 3. Tim gia tri nh6 nhét clia biéu thiic

b+2c a+2c
P= + +6Iln(a+ b+2c)
l1+a 1+b

Loi giai

a+b+2c+1 a+b+2c+1
P+2= + +6In(a+b+2¢)
l+a 1+b

1 1
:(a+b+2c+1)(—+— +6In(a+ b+2c)

l1+a 1+b

Ta chiing minh b6 dé quen thudc sau:
1 1 2

+ > ,
l+a 1+b 1+Vab

(ab=1)

That vay:
1 1 2 ) L
1+a+1+b21+ ab(:)(\/ﬁ—\/@) (Vab-1)=0 (ludén dingdo ab=1)

b+1
Lai theo BDT Cauchy: vab < a nén:
2 4 4 4 16

> > = >
1+vVab 3+ab c(+ab+bc+ca (a+c)(b+c) (a+b+2c)?

Tu do:
16(a+b+2c+1)
P+2=> +6In(a+b+2c)
(a+b+2c)?
Datt=a+b+2c,taco ¢>0.Khido:
16(¢+1)
P+2=> 2 +6Int.
PN 2 16(t+1 .
Xét ham so f (1) = (t2 )+6lntvdlt>0.
612 —16¢—32
f’(t):T; =0 <= t=4 (dot>0)

Lap bang bién thién ta dudc f(¢) = f(4) =5 +6In4.
Vay P >3 +61n4. Dang thiic xayrakhia=b=c=1.
Ket luan: maxP =3 +61n4.
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21 THPT Thanh Chuong III (Nghé An)

Trong mat phéang hé toa do Oxy cho tam giac ABC 6 A(1;4), tiép tuyen tai A ciia duong tron
ngoai tlep tam glac ABC cat BC tai D, dufdng phéan giac trong cia ZADB c6 phuong trinh
x—y+2=0.Diém M(-4;1) thudc canh AC. Viét phuong trinh duong thang AB.

Loi giai
Goi Al la phan giac trong ZBAC.

Ta 6 ZAID=/ABD+ /BAI
ZIAD=/ZCAD+ ZIAC

Ma /BAI=/IACva ZABC=/ZCAD

Nén ZAID = ZIAD. Tic AAID can tai D.

Goi E 1a giao diém clia phan giac trong B T C D
/ADB v6i AB.Khi d6 DE 1 Al

Suy ra dudng thang AI: x+y—5=0

Goi M’ 1a diém dbi xiing clia M qua AI. Vi M € AC nén M’ € AB. Dé dang tim dudc toa do M’ 1a
(4;9).

Puong thang AB di qua A va nhan AM lam vtcp nén c6 phuong trinh 5x-3y+7=0

2 < X+3\/xy+x-y>—y=5y+4
Giai hé phuong trinh 4 ) (x,yER)
\VA4y?—x-2+/y-1=x-1

Loi giai

xy+x—y2—y20
bPieukién{ 4)?—x-2=0
y—1=0
Phuong trinh dau tuong duong véi:
x=y+3/x-py+D-4(y+1)=
batu=yx—yvav=\y+1 (u,v=0), khido:
w—4v? +3ur=0 < Z;i4v (loai) -
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V6i u = v thi x =2y + 1. Thay vao phuong trinh sau ta dugc

\/4y?=2y—-3+/y—-1=2y

= \/4y?-2y-3-2y-1D+/y-1-1=0
2(y—-2 -2
— =2 + y =0
VA4y?=2y-3+42y—-1 +/y—-1+1
2 N 1
VAy?=2y-3+42y—-1 +/y—-1+1

> y-2=0 (Vibiéu thtc con lai luén duong véi moi y = 1)

(:)()/—2)( =0

y=2 = x=5.

Kiém tra diéu kién, hé da cho c6 nghiém (x, y) = (5;2)

Bai 3

Cho cac s6 thuc duong a, b, c théa man a + b+ ¢ = 3. Tim gid tri 16n nhat ctia biéu thic

bc ca ab
pP= + +
v3a+bc V3b+ca V3c+ab

Loi giai
St dung BDT Cauchy, ta c6 :
bc 3 bc 3 bc E( 1 1 )
V3a+bc Vala+b+c)+bc a+b)(a+c) 2 \a+b a+c

IA

Tuong tu:
ca ca 1 1 ) ab ab( 1 1 )
——=s—|—t—|;, ——=— +
V3b+ca 2 \b+a b+c V3c+ab 2 \c+a c+b

Cong cac BDT vita danh gia vé theo vé ta dugc:
bc+ca ca+ab ab+bc B a+b+c 3

< + + =
2(a+b) 2(Mb+c) 2(c+a) 2 2

2 - k4 . A 3
Dang thucxayrakhi a=b=c=1. Vay maxP = >

22 THPT Thiéu Hoa (Thanh Hoa)

N

Bai 1

1. Trong mat phang toa d6 Oxy cho dudng tron (C) : x> + y* —4x + 6y +4 = 0. Viét phuong
trinh cac duong thang chiia cac canh ctia hinh vuéng MNPQ noi tiep dudng tron (C)
biet toa do M (2;0).

2 2

2. Trong mat phang toa dd Oxy cho elip (E): T_G + % = 1. Tim toa do6 cac diém M trén (E)

sao cho MF, = 2MF, v6i F, F, 1an lugt 1a tiéu diém bén trai, bén phai ctia ().
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Loi giai

1. (C) c6 tam I(2;-3), ban kinh R =3.

Vi hinh vuéng MNPQ ndi tiép (C) nén I cling 12 tAm cla M N
MNPQ.
M, P dbi xting nhau qua I nén P(2;—6).
1
buong thﬁng NQ di qua I va nhan MP = (0; —6) lam vtpt nén c6
phuong trinh y+3=0
Q P

A N oA 2 A y+3:0
TQadQN,Qlanghlemcuahe{ x2+y2_4x+6y+4:0
Suyra N(-1;-3),Q(5;-3) hodc N(5;-3),Q(-1;-3).

VGi N(-1;-3),Q(5;-3). Dudng thang MN : x+y-2 = 0, dudng thang NP: x+y+4 = 0, dudng thang
PQ:x—y-8=0vaduongthangQM:x—y-2=0

2.Tacba=4,b=3,c=7.

16
: oo aa | MF-MF,=8 Mb ==
Theo dinh nghia elip va gia thiet ta co hé { MF =2MF, < K
MF, = -
3
Theo cong thiic ban kinh qua tiéu ta co:
cx 8 7x 16v7
MFZ:a——M — —:4—\/_ M xM:—\/_
a 3 4 21
N < V329
Thay x), vao phuong trinh (E) ta dugc yy =+ -
Bai 2 |
x
2.4Y +1=2V2"142]og, VX
Giai hé phuong trinh Y xyeR
X4 x= (y+D(xy+1) + x?

Loi giai

Diéu kién { x>0
: y>0
Phuong trinh th hai tuong duong

Z=xyPrxy+y+1

C+x—x
(:)(x—y—1)+x(x2—y2+x—y):0
= x-y-D+xl(x=-)(x+py)+x-y]=0
S x-y-DE*+xy+1)=0 (%)
Vix>0,y>0nén x*+xy+1>0. Do do:
(¥) = x-y-1=0 <<= x=y+1 1)
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Mit khac, phuong trinh dau tuong duong véi
47 + L 2V2x

2
< 4Y +log, V2 +log,y = 2‘/ﬂ+log2 VX

— 2% +log,(V2.y) = 22V3 +log, (\@@) (%)

+log, vVx—log, y

Xét ham sb f(1) = 2% +log,(V2.1) v6i t >0

(=22 1n2+ >0 v0i moi ¢ > 0.

V2.t.In2

Suy ra f (1) dong bién trén (0; +oc0).

Do do:

(**)@y:\/gﬁzfzx (2)
1

y:

. . 2 _ 1
Tit (1) va (2) suyra2y* =y +1 = y=-7 (loal

V6i y =1 thi x = 2. Thit lai thiy diing, vay hé da cho c6 nghiém (x, y) = (2;1)

N

Bai3 .

Cho a, b, ¢ 12 ba sb thuc duong. Chiing minh rang:

a2+1+b2+1+02+1> 1 N 1 . 1
4p? 4c2 402  a+b b+c c+a

Loi giai
Ta co:

VT =

a2+1 . b2+1 s c2+1 >1+1+1
4b?  4a? 4¢2  4p? 4a2 4c2| 2b 2c 2a

P 1 1 4 . . .
Ap dung BDT —+—-= ——v6imoix,y>0taco:
X y x+y

a b c 1(1 1) 1(1 1)
— =t —=—|—+ =+ =+—|+
2 2 2 4\a b)] 4\b c

23 THPT Thuan Chau (Son La)

(1 1) 1 1 1
—+—|= + +
c a a+b b+c c+a

1
4

N

Bai 1 .

Trong mat phang toa do Oxy cho diém M(0;2) va hai duong thang d: x+2y =0vaA:4x+3y =
0. Viét phuong trinh ctia dudng tron di qua diém M, c6 tam thudc dudng thang d va cat
duong thang A tai hai diém phan biét A, B sao cho d6 dai doan AB bang 4V/3. Biét tam dudng
tron c6 tung do duong.
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Loi giai

Goi I la tam duong tron can tim. I € d nén I(-2t;1) = IM = 252-1)

|—8t+3t|_

Ké IH | AB (He AB),khido IH=d(I,A) = | £]

Ta co:

1=2
IM*=IA"=IH"+ AH® = 4+ Q-0 ="' +12 = ' -1-2=0 = | "
V6i = —1 thi y; <0 (loai)

V6i ¢ = 2 thi I(—4;2). Ban kinh duong tron R=IM =4.

Suy ra phuong trinh duong tron (x +4)* + (y —2)* = 16

Gidi hé ph “nh x3+12y2+x+2=8y3+8y
1al he phuong trin x, VER
= . \/x?>+8y3=5x-2y ="

Loi giai
biéu kién x> +8y%>0
Phuong trinh dau tuong duong x* + x+1= 2y - 13+ 2y—1) +1 (%)
Xétham sb f(n) =+ r+1trénR. Do f'(r) =3t +1>0 VYt € Rnén f(r) dong bién trén R.
Tudo () < x=2y-1.

Thay 2y = x + 1 vao phuong trinh tha hai ta dugc:
X-12x*+11=0 x=11

X2+ x+1)3=4x-1 {
V6ix=1thiy=1,v6i x=11thiy=6.
So diéu kién ta dudc nghiém ctia hé 1a (x; y) = (1;1) va (x; ) = (11;6).
Gitip hiéu sau hon 10i giai.

Thuc ra co nhiéu hoc sinh s€ kho khan khi bién déi pt (1) ve thanh (*). Tuy nhién, van de nay
hét stic don gian va phép bien doi d6 khong phai la duy nhat. Ta cé thé tao ra nhiéu dang thic
tuong tu.

Cheglqg han ta mu6n bién doi (1) thanh f(x +a) = f(2y + b), chi viéc cho gia tri a ngau nhién sau
do6 dong nhat thic ta dugc b.

Cuthé, (1) < x*+x+2=8y°-12y°+8y.
Chonngaunhién a=-1,khidé VT = (x-1)*+3(x - 1)* +4(x—1) +4

Nhu vay vé phai sé c6 dang 2y + b)® +3Q2y + b)? +4Q2y + b) + 4
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Dong nhét (tit s6 hang tu do) vé6i 8y° — 12y + 8y, tiic 1a gidi phuong trinh b® +3b* + 4b+4 = 0 cho
tab=-2

Két qua la:
1) = x-D*+3(x-1D%+4(x-1)+4=2y-2°+32y -2 +4R2y—-2) +4

Va khao sat ham dic trung cubi cling van cho ta: x =2y - 1.

Céac em c6 thé thuc hanh van dé nay 6 dé 26, cau 2.

N

Bai 3

Cho a, b, ¢ 1a do dai cac canh clia mot tam giac thda man 2¢ + b = abc. Tim gia tri nh6 nhat
ctia biéu thiic
3 4 5
= + +
b+c—a c+a-b a+b-c

Loi giai

N .2 « A N 1 2
Tlrglathletsuyraa,b,c>Ova—+E:a
c

2 . .11
Sudung danh gia —+ — =
X y x+y

v6i moi x, y =0 ta co:

B 2 N 2 )+( 1 N 1 )+( 3 N 3
“\b+c-a a+b-c b+tc—-a c+a-b cta-b a+b-c
24 4 34
> — 4 — + —
2b  2c¢ 2a

=4 —4—
b ¢ a

6
=2a+—

a
>4v/3

Dang thiic xay rakhi a = b= c = v/3. VAy min § = 4v3

24 THPT Tinh Gia I (Thanh Hoa)

,—‘Béil .

Trong mat phang hé truc toa dd Oxy cho tam gidc ABC cé truc tAm H(3;0) va trung diém ctia
BCla I(6;1). Duong thang AH c6 phuong trinh x+2y—3 = 0. Goi D, E 1an lugt 14 chan dudng
cao ké tit B va C clia tam gidc ABC. Xac dinh toa dé c4c dinh clia tam giac ABC biét phuong
trinh DE 14 x -2 =0 va diém D c6 hoanh dé duong.

Loi giai
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Dé thay tii gidc BEDC noi tiép dudng tron tam 1.

P A ik X <A A
Va tu giac AEHD n0i tiep duong tron tam F.
Vay IF la duong trung truc ctia ED. Do d6 IF L ED.
Suy ra phuong trinh IF: y—1 = 0. Suy ra F(1;1), suy ra F
A(-1;2). D
DeDE = D(2;d). Do FD=FA = 1+(x-1>=5 = P
d=3
d=-1 H
Do yp >0nén D(2;3). B 1 C

Phuong trinh AC: x-3y+7=0.
Dudng thang BC di qua I va vuéng géc AH nén c6 phuong trinh BC:2x—y—-11=0
Tu do C(8;5) = B(4;-3).

2 e
Giai hé phuong trinh Sl Tyl =x +\/;_c+xy (x,y €R)
' V2x+y—+/-3x+2y+4+3x"—14x-8=0
Loi giai
x=0
BN N yEl
Diéu kién 2x+y20
-3x+2y+4=0

Nhan thay x =0, y = 1 khong phai la nghiém ctia hé.
Xét y > 1, x >0 Phuong trinh dau tuong duong:
VI-1-vVi+ -1 =x*+y*—xy-y=0

y—-1-x
=L (y-1-0F-1+0)+y(y-1-x=0
1
— yY-x-1)|—+2y—-1+x|=0 (%)
Y Jr—T1+vx Y
Dox>0,y>1nén ! +2y—1+x>0.Vayy=x+1
’y \/ﬁ—l—\/} y . .yy *

Thay y = x + 1 vao phuong trinh tha hai ta dugc:
V3x+1-vV6—x+3x>—14x—-8=0
—= (V3x+1-49)+(1-v6—x)+(x-5Bx+1)=0

e XTI XS 5Bxi1) =0
Vaxr1l+44 1+v6—x
3 1
<~ (x-5) + +@Bx+1)|=0
Vaxri+44 1+vV6—x

Vi x>0nénsuyra x =5, tit d6 y = 6. Thit lai thiy ding, vay hé da cho c6 nghiém (x, y) = (5;6)
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,—i Bai 3 \
Cho ba s6 thuc khong am a, b, ¢ théa man ab + be + ca = 1. Chiing minh ring

2a N 2b +c2—1
a’+1 b?2+1 c2+1

Loi giai
Ta co:
2a N 2b B 2a N 2b B 2a N 2b
a?+1 b2+1 a’+ab+bc+ca b2+ab+bc+ca (a+b)a+c) (b+c)(b+a)
B 2ab+2ac+2ab+2bc 3 4ab+2bc+2ca
" (a+b)b+c)(c+a) (a+b)(b+c)(c+a)
B 2+2ab - 2+2ab - 2
VI+a)1+b)0+c2) A+ab)Vi+cz Vi+c?
Vay VT < 2 2 +1
a CVI+2 o+l

g . s 2 2 R £ 1 1 .
batr=v1+c2(t=1),khidoVvT=< ;—§+1.Xethamso f(n= PR voit=1.
A ? « R « A 1

Lap bang bién thién ta dugc f (1) < f(2):Z

Cc=

N , 3 2 2, 4 . 3
Tu do VT < —. Dang thu kh
0 VT's 7. Dang thucxayra 1{ d=bh=2-3

25 THPT Thanh ChuongI (Nghé An)

N

Bail

Trong mat phang hé toa do Oxy, cho hinh thang ABCD c6 duong cao AD. Biét BC = 2AB.
M (0;4) 1a trung diém BC va phuong trinh duong thang AD la x—2y—1=0. Tim toa d6 cac

2 2 S <A > S ~ oA , ™ 54 N ~ A
dinh cua hinh thang biét rang hinh thang c6 dién tich bang - va A, B c0 toa do duong.

Loi giai

Goi N 1a hinh chiéu ctia M 1én AD. Dé dang tim dudc A B

9 2
N —;—)

55

N M
MN=—.Taco SABCD =MN.AD =—
— AD = 6 :>AN—AD— 5
V5 2 V6 b ¢
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.

Ae AD = AQt+1;t). Taco:

3 92 2\2 9 t=1
AN:—<:>(2t+1——) +(t——) =- -1
NG 5 5) 5 t=—

5
A 2 N . sz 9 1
Do tgoa do cua Aduongneén t =1, khido A(3;1),D (E; _E)

AB vudng goc véi AD nén phuong trinh tham s6 clia AB:{ ;i?tgb
Be AB = B(3+b,1-2b).
Ta co:
b=-1
BM=BA = (B+b*+@+20 =0+ (-1 = | 17
e

s 17 .. :
V6i b = 3 thi xp < 0 (loai)
V6i b = -1 thi B(2;3). Suy ra C(-2;5).

N

Bai 2

V3y+1+V5x+4=3xy-y+3

Giai hé phuong trinh 2 2 (x,y €R)
\/2x2+2y2+\/4(x +§y+y):2(x+y)

Loi giai

0
0

IV IV

BN . a 3y+1
Diéu kién { -

4+ xy+y* , . 2 s
Déta:\/2x2+2y2,b:\/ L gy y),khidoazO,sz.Phu0ngtr1nhsautrdthanh:

a-b=0

— 2 _ 42 — =
a+b=23b-a?) < (a—b)Ba+5b)=0 < 3a+5b=0

V6i3a+5b=0 = a=b=0.Tudé x=0,y=01anghiém cta hé da cho.

V6ia=b = x =y, thay vao phuong trinh dau ta dugc

V3x+1+vV6x+4=3x>—x+3
<~ V3x+1-(x+ 1)+\/5x+4—(x+2)+3(—x2+x):0
—x*+x —x*+x

— +
v3x+1+x+1 +Vbx+4+2

+3(=x*+x)=0

4:»(—x2+x) +31=0

1 1
+
vV3x+1+1 +bx+4+2
— —x*+x=0

—x=0vx=1

Voix=1= y=1.
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Vay hé da cho c6 nghiém (0;0), (1;1).

Cach 2. Tit phuong trinh sau dé hé c6 nghiém thi x+ y = 0.

) . A% +xy+x?
Taco\/2x2+2y22x+yva\/( 3y )2x+y

Do do:

2 2
\/2x2+2y2+\/4(x +§y+y ) >2(x+y)

Dang thtic xay ra x = y.

Bai 3 .

Cho a, b, ¢ 1a ba s6 thuc duong théa man ab + bc + ca = 3abe. Tim gid tri 16n nhat clia biéu

thuc
1 1 1

A= 1 +
Va2 +2b> Vb2+2c¢2 Vc2+2a?

Loi giai
Tit gia thiét su ra1+1+1—3
& y a b ¢
St dung BDT Cauchy-Schwarz:
1 3 V3(1l 1 1
1+2)(a?+2b%) = 2b < <—.|—-+—+-
V1 +2)(a2+2b) = a+ z\/m — 1= a+b+b)

Chiing minh tuong tu ta suy ra:
V3 (1l 2

As—|—+—+

1 2 1 2
—+—+—+—):\/§.(§+§+§):\/§
9\a b b c

c a

Pang thtic xayrakhi a=b=c=1. Viy maxA= 3

26 THPT Cam Binh (Ha Tinh)

Trong mit phang hé toa do Oxy, cho tam gidc ABC c6 truc tAm H(3;0). Biét M(1;1), N(4;4)
lan luot la trung diém cta hai canh AB, AC. Tim toa d6 cac dinh cta tam giac ABC.

Loi giai
Vi M N la duong trung binh cia AABC nén MN | BC = MN 1 AH.
Suy ra phuong trinh AH: x+y-3=0.Toadd A(t;3-1)
M la trung diém AB = B(Q2-t;t—1)

Nla trung diém AC = C(8—r;1+5)
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Suyra BH=(r+1;1- 1) va AC = (8—2£;21+2)

S t=-1
Do BH L AC = BH.AC=0 = -21*-31-5=0 < [ .

[\CH &

VOit=-1 = A(-1;4);B(3;-2),C(9;4)

y 5 51 13 11 15
2 22 22 22

22—y +3)2+32x=9x*> +8y+36
4Vx+2+./16-3y=x*+8

Giai hé phuong trinh {

Loi giai
. x=-2
Diéu kién 16
y= 3

Tt phuong trinh dau ta cé:
x°—9x*+32x-36=(y+2)°-9(y+2)2+32(y+2)-36 (%)

Xétham sb f(1) = 2 -9 +32t—36 trén R.
f'(t)=3t>-18t+32=3(t-3)2+5>0 VreR. VAy f(r) dong bién trén R.
Tudo (x) < x=y+2

Thay y = x — 2 vao phuong trinh sau ta dudc

4Vx+2+V22-3x=x*>+8

4x 16 14 x

<:>4\/x+2—(?+?)+ 22—3x—(?—§)+(—x2+x+2):0

- 1 144(x+2) — (4x + 16)? . 1 922-3x)—(14—x)2

3" 4yx+2+@x+16) 3 V22-3x+(14-x)

16 1 1

= +-. +1
34vVx+2+@x+16) 3 V22-3x+(14-x)

— - X’+x+2=0 < x=-1vx=2

+(-x*+x+2)=0

— (X’ +x+2)

=0

V6ix=-1= y=-3.
Véix=2 = y=0.

So diéu kién, phuong trinh da cho cé nghiém (x; y) = (—-1;-3), (x; ) = (2;0)
Gitip hiéu sau hon 10i giai.

Tuong tu cach 1am cau 2 dé 23, ta can bién do6i (1) thanh f(x+a) = f(y+b)
Chonngaunhiéna=1, VT =(x+1)°>-12(x+1)?+53(x+1) - 78

Phan tich VP = (y+ b)> —12(y + b)* +53(y + b) — 78.

Trang 136 http://diendantoanhoc.net



Giai phuong trinh b* — 12b* + 53b - 78 = 0 ta nhan dudc b = 3.
(1) = (x+1)°-12(x+1)?+53(x+1)—78 = (y+3)3—12(y +3)*> +53(y +3) — 78

Van din dén x = y+2

Bai 3 |

Cho céc sb thuc duong a, b, c. Tim gia tri nhé nhat ctia biéu thiic

a? b? c?

i P+ B+ P
c(cz+az)+a(az+bz)+la(bz+02)+ L)

Loi giai

St dung BDT Cauchy ta cé:
a1 ¢ 1 ¢ 1 1

c(2+a?) ¢ c2+a® ¢ 2ac c¢ 2a
Tu do

pxi L 1 1.1 1+2( 4 b+ P
>———+———+———+2(a c
c 2a b 2c a 2b

1 1 1 )

= — +—+—+2a*+2b*+2c¢*

2a 2b 2c

1 1 1 , 1 1
— +2a°+ —+—+2b*+ —+ —+2c
4a 4b 4b 4c  4c

2

+
33
_+_
2 2

NI@[\JIUJ»J; —_
+

2 - 2 . 1 ~ . 9
bang thucxayrakhia=b=c= > Vay minP = >

27 THPT Ly Thai To (Bac Ninh)

N

Bai 1 .

Trong mat phang hé toa do Oxy, cho hinh cht nhat ABCD co du’dng phén giac trong goc
ZABC di qua trung diém M ctia canh AD, dudng thang BM cé phuong trinh x — Y+ 2=0,
diém D nam trén duong thang A c6 phuong trinh x+ y—9 = 0. Tim toa d6 cac dinh ctia hinh
chit nhat ABCD biét dinh B c6 hoanh do am va dudng thang AB di qua E(-1;2).

Loi giai

X 1A A A . N AD
Deé thay ABM vuong can tai Bnén AB =AM = - A M D

Goi E' 1a diém dbi xting ctia E qua BM. Khi d6 E' € BC vi E
ABEE' vubng can tai B. H

EE' 1 BM nén c6 phuong trinh x+ y—1=0.

T d6 dé dang tim dugc E'(0;1)
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BeBM = B(t;t+2). Khid6 EB = (t+1;0, E'B = (£; £ +1)
EBLEB « EB.EB=0 « t(t+1)=0 « =0V =1
Néu ¢ =0 thi x5 = 0 (loai)

Néu 7= -1 thi B(-1;1).

Phuong trinh canh AB: x+1=0 = A(-1;a) (a#1).

DeA = D(d;9-d)

< R N d+1 9+a—-d
M la trung diém AD nén M 5 ; 5 }

MeBM:x—y+2=0nén:
d+1 9+a-d

2 2

+2=0<<= —-a+2d-6=0 (1)

Mit khdc AD = (d+1;9—d — a), AB = (0;1 - a).
ABLAD = ABAD=0= 9-d-a)1-a)=0 < -a-d+9=0  (2)

(G20

. Vay A(-1;4), D(5;4)

Tu (1) va (2) suy ra { ZZ

E:BE‘ = C(5;1)

X —2x—-2(x%-x)\/3-2y=0R2y-3)x*-1
Giai hé phuong trinh \/Z—TZJ’ ) V2x2+x3+x+2

2x+1
Loi giai
) 3-2y20 _lsysﬁ
bieukién:{ 2-,/3-2y=0 < 2 1 2
2x+1#0 x?f—g

Phuong trinh dau tuong duong véi:

x> -2x+1-2(x-1).xy/3-2y+x*(3-2y)=0
— [(x—l)—x\/3—2y]2:0
—x-1=x/3-2y

A N PPN 2 N ~ . ~ ~ - 1
Nhan thay x = 0 khong la nghiém cua phuong trinh. Xét x # 0, khi do ta co xT =y3-2y
I . P
Thay /3-2y=1- - vao phuong trinh tha hai ta dudc
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1 V22 +x3+x+2 1
\/1+—: = Rx+D/1+==x+2+V2x2+x3
X 2x+1 X
1 1 2 4 2
<~ |2+ — l1+—=1+—+4/14+—
X X X X
3
1 1 2 L[ 2
— 1+—| +y/1+=—=1+—+{/1+— (%)
X X X X

Xétham f(t) = £+t trénR. Taco f'(t) =3t*+1 >0 v6i moi ¢.
Vay f(t) dong bién trén R, do do:

(>|<)(:)\/l+l:§/l+g **
X X

(x%) < V1+a= vV1+2a
a=-1

— P
{ a-a—-1=0

_1+\/§
2

Deflta:% (a #0), khi do:

— a

2 v5-1
= —>
1+\/§ 2

Vay hé da cho vo nghiém

1-v5
Nén x = 3-2y= T\/_ <0 (v6 nghiém).

N

Bai 3

Cho x, y 1a cac s6 thuc théa man x, y =1 va 3(x + y) = 4xy. Tim gi4 tri 16n nhat va gia tri nhé
nhat ctia biéu thiic

Ta co:
P+ —3xye+ 3|2+ 1] + 2
= y y y Xy Xy

N <2 < A ]. ]. 4 ,
Tu gia thiet suyra — + — = -, do do:
x y 3

P=(x+ 9 —3xy(xty) + — -2
=(x+y Y+

Matkhac 3(x+y) =4xy < (x+y)> = x+y=3.

Vado x,y>1nén:

3(x+y)
x-Dx-1)z0= xy-(x+y)+1=20 = —-(x+p)+1=20 = x+y=<4
o . 9> 8 16
[:x+y,kh1d03§tS4,VaP:t3—T+;—?
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rs g 9> 8 16 .
Xethamsof(t):t3—T+;—?v0135ts4

. 9t 8 e . , 2 .4 ~
Ta co f'(r) :31‘2—?—? >0 v0imoi t € [3;4]. Do do f(¢) dong bien trén [3;4].
. 49 ) 3
SuyrammP:f(s):EdatdII(jckhlt:Shayx:y:E
. 74 .
VamaxP:f(4):§datduockh1 t=4hayx=1,y=3.

28 THPT Nghen (Ha Tinh)

N

Bai 1 .

Trong mét phang toa dd Oxy cho hinh vuéng ABCD c6 hai diém M, N 1an lugt Ia trung diém
2 R % p R 22 11 ;N .2 A 2
cua AB va BC, biet CM cat DN tai diém I (E ; ?) Goi H la trung diem DI, biet duong thang

< . 7 A ~ 2 2 N A « A N A 2
AH cat CD tai P (5 ; 1). Tim toa do cac dinh cua hinh vuéng ABCD biet hoanh do A nho hon

Loi giai

Dé dang chiing minh CM 1 DN tai I.

Qua A ké dudng thang vudng géc DN cit DN tai H' va DC
tai P'.

Dé thiy AP’ | CM, tlt d6 suy ra AMCP' 1a hinh binh hanh. N
/ CD 71 3
SuyraCP' =AM = — Suy ra P’ la trung diém CD.

Ma H'P' || CI nén H' 1a trung diém DI. Suyra H' = H.

Vay AH L DI va P la trung diém CD. I yz C

Dé dang chiing minh ZAIP = 90°, do d6 phuong trinh AI:3x+4y-22=0
22 -3t

22 66—15¢
SuyraA(t; ; )

) B ﬁl:(t——,
5 20
Taco Al = AD=2DP =2PI, do do:

22\2  (66—15¢)2 t=2
-2+ =9 = 34

5 20
Do x4 <4 nén r=2va A(2;4).
< < 16 8
Phuong trinh AP:2x+ y—8=0, phuong trinh DN: x—-2y =0. Suy ra H(E; 3)
Suyra D(2;1),C(5;1), B(5;4).
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(x®+5y%)2=2/xy(6-x>*-5y%) +36
Giai hé phuong trinh{ \/547y4 ; 2+J’2 P y
y*—x*=6x"+2xy—6y

Loi giai

xy=0

biéu kién .
euiae {5y4—x420

Xét phuong trinh dau, dat ¢ = x* + 5y? (= 0), khi d6 phuong trinh dau tré thanh:
> —2/xy.t—2/Xy-36=0 (%)

A= (/Xy-6)>=0
Phuong trinh (x) c6 nghiém x* +5y° =6, x* + 5y* = —2,/xy — 6 < 0 (loai)
Vay x* +5y° = 6. Thay vao phuong trinh sau ta dugc:

\/5yt—xt = (xX* +5y) (x* -y +2xy = /5yt — x4+ 5y — xh) =4x°y* + 2xy
Xét ham s f(1) = t? + t v6i t = 0. Ham s6 nay dong bién nén /5y* - x4 =2xy = x=y (do x,y
cuing dau)
Thay x = yvao x* +5y° =6 = x=y=+1
Vay hé da cho c6 nghiém (x,y) = (1;1), (x,y) = (-1;-1)
Binh luan.

Ngoai cach xii li phuong trinh (1) nhu trong 13i giai ta con c6 thé bién doi:
(1) = (x*+5y%)*+2/xy(x* +5y*) = 6> +2,/x.6

bit /xy=a>0vaxétham so f(r) = > +2at,(t>0) c6 f'(t) =2t +2a> 0.
Ham so dong bién, diéu nay cho ta két qua x> +5y* = 6.

Bai 3 .

Cho a, b, c1a cac s6 thuc khong dong thoi bang 0 va théa man (a+ b+ c)? = 2(a + b* + ¢%). Tim
gia tri I6n nhat va gia tri nho nhat ctia biéu thic

_ a+b+c3

~ (a+b+c)(ab+bc+ca)

Loi giai

Giastic#0.Dat x=

SN

b
,y—C

Tit gia thiét ta c6:
x+y+1%=2%+y*+1) = 4xy=(x+y)?-2x+ ) +1
, 1

batu=x+y,v=xy, khido w-2u+l=4v<u® = uZE
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Ta co

B B+yi+1 _ 4(x3+y%) +4
B x+y+Dxy+x+y) B (x+y+1)(Axy+4x+4y)
4w’ -3u.(u-1%+4 W +6u-3u+4

(u+1)3 B (u+1)2
(u-1)%
(u+1)3
Xét ham s6 f(u) = — b vOi 1
flu BOFSIE uz=
, 2w—-Dw+13-3w? -1 2u-Du+1)-3u-1)>
[ = 6 = 2
(u+1) (u+1)
Flw)=0 < Zi;
? « A «A A 1 »
Lap bang bién thién ta thu dugc trén doan > +oo) ta co:

1
min f(u) = f(1) =0, max f(u) :f(é) =f5B)=—
Vay min P = 1, dat dugc cheglng hankhia=0,b=c#0

11 2 . c
maxP = R dat dugc changhan khia=b= T

29 THPT Chuyén Tran Quang Diéu (Dong Thép)

Trong mat phang véi hé toa dd Oxy, cho dufdng tron (C): (x—2)*+(y— 2) =5va duang thang
A:x+ y+ 1=0. Tt diém A thuoc du’dng thang A, ké hai dudng thang 1an lugt tiép xtic véi (C)
tai B va C. Tim toa do diém A biét dién tich tam gidc ABC bang 8.

Loi giai
(C) ¢6 tam I(2;2), ban kinh R=V5, Ac A = A(a;—a—1)
Tit tinh chét tiép tuyén suy ra IA 1 BC tai H la trung diém clia BC.

GiastIA=m,IH=n (m>n>0)

Suyra HA=m—n,BH=VIB?—IH?=\/5—-n?

1
Suy ra Sagc = 5.BC.AH = BH.AH = (m~n)V/5~n?
Theo débél SABC:8 <~ (m—-n)v 5-n%=8

Mat khdc trong tam gidc vudéng IBAnén BI* = [H.IA = 5=mn = m= -
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Tt dé6 suy ra:
5
(;—n)\/S—nZZB — n®—15n*+1397*-125=0 < n=1 = m=>5

a=2

IA=5 <— (a—2)2+(—a—3)2:25 — d*+a-6=0 < a=-3

Véia=1= A(2;-3).

V6ia=-3 = A(-3;2)

Gi4i hé phuong trinh: { * Y@ +2\/4P+D=x+Vx?+1
' XAy +D+2%+1DVx=6

Loi giai
Diéukién: x=0
Dé thay x = 0 khong 1a nghiém clia hé.
Xét x > 0, phuong trinh dau tuong duong véi:

2y(1++/4 2+1)—l 1+\/i+1 (%)
y y _x xg

Xét ham sb f(6)=t(1+vV2+1) trén R. Ta co:
, 212 +1
=1+

2+1
Do d6 f(r) dong bien trén R. Khi dé:

>0, Vt

1
(%) = 2y:;

1 . N .
Thay2y = ~ Vao phuaong trinh hai ta dugc:

FH1+2(+DVX-6=0 <= ¥*+2(x* +DVx-5=0 (x%)
Dé thay x = 1 1a mot nghiém ctia phuong trinh (x *)

Xétham g(x) = x> +2(x* +1)y/x -5 v6i x > 0. Ta c6:
2

x“+1

g (x)=2x+4xVx+ >0 Vx>0

X
Vay g(x) dong bién trén (0; +o00), do d6 113 nghiém duy nhat ctia (x*)

s s A . 4 1
VGi x =1 thi y = —. Hé c6 nghiém duy nhat (1; 5)

1
2

N

Bai 3 .

Cho céc sb thuc khong am a, b, c théa man ¢ = min{a, b, c}. Tim gia tri nho nhét ctia biéu thic

1 1
+Va+b+c

= +
a’+c> b*+c?

Loi giai
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Ta co:

c? c\?
a2+czsa2+acsa2+ac+zz(a+§)

2
Tuong tu b* + ¢ < (b+ g) .

1 1
P= 5+ 2+\/a+b+c
c c
(a+—) (b+—)
2 2
2
1 1 1
>— + +Va+b+c
2 C C
a+—- b+=
2 2

< N 8 s % 8 . ,
bat t:\/a+b+c(t>0).Kh1doP2F+tXethamsof(t):F+tv01t>O.Taco:

32
f=-Z+1 (=0 t=2
A 2 « A PN 5 2,0 . » 5
Lap bang bién thién ta dugc f(¢) = f(2) = > véimoir>0.Dodo P=-.

\S}

Dang thitc xayrakhia=b=2,c=0

30 THPT Nguyén Thi Minh Khai (TP. HCM)

Bai 1

Trong mat phang v6i hé toa dd Oxy cho tam gidc ABC can tai B, ndi tiép dudng tron (C) :
x*+ y* =10y —25 = 0. I la tam duong tron (C). Duong thang BI cat dudng tron (C) tai M(5;0).

N 2 N < N N . i 17 _6 A 2 o R < A o R
Duong cao ke tu C cat duong tron (C) tai N (T; ?) Tim toa do cac diém A, B, C biét diém
A c6 hoanh do duong.

Loi giai

Ta c6 I1(0;5). Do I1a trung diém BM nén B(-5;10).
Vi tam giac ABC can tai B nén BI la duong cao va cuing la phan giac géc ABC.

/ABM = ZACN (cung phu Z/BAC) nén A la trung diém B
cung MN.Do d6é AI L MN.
Suy ra phuong trinh AI:7x+y-5=0
N N ‘A 2 ~ ] 7xX+y-5=0
Toa do Ala nghiém cua hé { 42— 10y—25=0
N 1

= A(1;-2) (do x4 >0)
Phuong trinh BI: x+ y-5 = 0. Do AC L BI nén phuong
trinh AC:x—y-3=0

. S . .2 2 N . az A C
Goi H la giao diém ctia AC va MN, khi d6 H(4;1). Suy ra xl/
toa do C(7;4).
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x3+3x2+6x+4:y3+3y

Giai hé phuong trinh: { PEy-7=1- VTP (x,y€R)

Loi giai
Phuong trinh dau tuong duong véi:
x+12+3x+1)=y>+3y ().
Xéthamsé f() = > +3rtrénR. Ta cé f'(f) =312 +3 >0 v6i moi £ nén f(r) dong bién.

Tu do6 (¢+) < x+1=y.Thay y = x+1 vao phuong trinh sau ta dugc

—XA+V1+x2+1+x%

1+V1+x?
2+x2+\/1+x2)

XBBx-4)=1-vV(10+x2)3 < x3Bx-4) =

1+V1+x2

o[ 5 1+ x?
— x°“[3x"—-4x+1+ =0

— x? (3x2 —4x+

1+V1+x2

x=0

2

<~ +X

1
1+VI+ a2

3x°—4x+1+

Ta co:

) 1+ x? 2)% 1 1+ x?
3Ix*—4x+1+ ——=0 <= 3|x—=| — =

1+ V1+x? 3 3+1+\/1+x2_

2+3+3x2—\/1+x2—1_0
1+V1+x2 -

2 X+1-Vx2+1+1+1+2x2

2
— 3[(x—=| + =0
3 1+V1+x2

2
— 3|lx—-
3

Phuong trinh nay vé nghiém do vé trai 16n hon 0.
Vay x = 0 1a nghiém duy nhat clia phuong trinh.

V6i x = 0 thi y = 1. Hé phuong trinh c6 nghiém (0; 1).

N

Bai 3

~ A 4 ~ 4 .2 . 2 A 2
Cho cac so dudng a, b,c thoa man: a(a—1)+b(b-1)+c(c—-1) < = Tim gia tri nho nhat cua
biéu thtc
1 1 1
= + +
at+l b+1 c+1

Loi giai
St dung BDT Cauchy-Schwarz:
1 1 1 9

= + + >
a+1l b+1 c¢c+1 a+b+c+3
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Tit gia thiét suy ra:

4 a+b+c)? 4
a2+b2+02—a—b—csg = %—(a+b+c)s§ —= 0<a+b+c=<4

y £ 1s s 9
Datt:a+b+c,theth10<ts4.Kh1doP2m

., . 9 9 A A9 9
Ta ching minh — = -. Thatvdy — = - < t<4

r+3 7 T t+3 7

A A , A 9 2 , 2 . 4
BDT cu6i luén dangdo t < 4. Vay P = =2 Dang thucxayrakhia=b=c= 3
A 9
Ve_lymlnP:?

31 THPT Nhu Thanh (Thanh Hoa)

N

Bail |

Trong mat phang véi hé toa dd Oxy cho duong tron (C) : x> + y> — 2x + 4y — 20 = 0 va dudng
thang d : 3x + 4y — 20 = 0. Chiing minh rang d tiép xtdc v6i (C). Tam gidc ABC ¢6 dinh A€ (C),
hai dinh B, C € d, trung diém canh AB € (C). Tim toa do cac dinh tam gidc ABC, biét truc tim
tam giac ABC trung v6i tam duong tron (C) va B c6 hoanh do duong.

Hudng dan

buong tron (C) c6 tam H(1;-2),R =5.

Ta c6 d(H,d) = 5, suy ra d tiép xtic véi (C) tai (
diém A'(4;2).

Tam giac ABC c6 truc tam H, B va C thudc
d, suy ra A’ 1a chan dudng cao thudc BC,
A thubc (C) nén AA" = 2R = 10, suy ra
A(-2;-6).

Do trung diém F clia AB thudc (C) nén:

HF//A'B
1 , = A'B=10 = B(12;-4)
HF=—-A'B A
2
T
Do C thudc d nén toa do C thoa man hé thic C_A, __l:A B C(0;5).
CH.AB=0
Vay A(-2;-6), B(12;—-4),C(0;5).
Giai phuong trinh:
4V/5x3 —6x2 +2+4V-10x3 +8x2 +7x—1+x-13=0 (43)
Loi giai
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563 —6x2+2=0

1n.3 9 _ (%)
10x°+8x“+7x—1=0

Diéu kién: {

Ta co:

(43) < 4V5x3—6x2+2+4V-10x3+8x2+7x—1=x—13
V6i diéu kién (x), ap dung bat dang thiic Co-si ta dugc:

5x3—6x2+2+1
4V5x3 —6x2+2=4v1.5x3 — 6x2 +2) < 4. > (44)

Tuong tu ta co:

—10x3+8x2+7x—1+4
4V -10x3 +8x2 +7x—1=24(-10x3 +8x2 +7x—1) < 2. : (45)

Tu (44) va (45) ta co:
VT(43) =4V5x3—6x2+2+4V-10x3 +8x2+7x—1<—4x*+7x+9.
Mat khac ta lai co:

—AX*+7Xx+9< -4x* +7x+9+4(x—1)*=x-13 = VP(43).
Khi do:
503 —6x2+2=1
(43) = {-10x>+8x>+7x—-1=4 <<= x=1
4(x-1)%*=0
Vay phuong trinh da cho nghiém duy nhét x = 1.

Bai 3 .

Cho cacsb a,b,ce R,a® + b* + > #0va 2(4a? + 4b* + ¢®) = Ra+2b + ¢)%.
Tim gia tri 16n nhat, nho nhat ctia biéu thic:

B 8a®+8b3+¢3

" (2a+2b+2c)(4ab+2bc+2ca)

Loi giai

Tit gia thiét cia bai toan, ta cé

2 2
a+b+<| =2 az+bz+(E ]
2 2
Détdzf,tacé:
2
(a+b+d)?=2a®+b*>+d? (46)
Mat khéac ta co:
1
ab+lod+da:E (a+b+d)?-a*>-b*>-d? 47)

Tu (46) va (47) ta dugc :
1
ab+bd+da= Z(az+192+dz)
Khi do ta co:
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B 8al+8b3+¢3
" 2Qa+2b+c)2ab+ bc+ ca)

3
a+ b3+ E)
_ 2
(a+b+fj(ab+éf+£ﬁ)
2 2 2
B A+ +d?
" (a+b+d)(ab+bd+da)
8@ +b+dd
" (a+b+d)3
3 3 3
1 ( da_ V' [_ab ) (_4d
32 |\a+b+d a+b+d a+b+d

4b 4d

a

bat x = Y = ,Z= ,ta co:

: a+b+dy a+b+dz a+b+d
+y+z=4 +z=4-
xX+y+z — y+z ) X
Xy+yz+zx=4 yz=x"—-4x+4

va o

(y+z)224yz=>05xsg.
Khi do:

A:i [x3+(y+z)3_3yz(y+z)] :i [3x3—12x2+12x+ 16
32 32

PN 2 1 L. 8 ,
Xét ham so f(x) = 2 [E’;x3 —12x%+12x+ 16] véio<x< 3 Ta cé:

. 1 .
rmnA:S—2 — minf(x)=1 < a=0,c=2b#0

1 11
maxA:S—2 — maxf(x)=§ < a=b,c=8a,a#0

32 THPT Chuyén Ha Long (Quang Ninh)

Trong mat phang véi hé truc toa do Ox ¥, cho tam glac ABC c6 A(2;6),B(1;1),C(6;3).
1. Viét phu’dng trinh duong tron ngoa1 t1ep tam giac ABC.
2. Tim trén cac canh AB, BC,CA cac diém K, H, I sao cho chu vi tam giac KHI nhé nhit.

Loi giai

Trang 148 http://diendantoanhoc.net



E K
M I
F
B [T C
1. Gia st phuong trinh dudng tron ngoai tiép tam gidc ABC la:
(C):x*+y*+2ax+2by+c=0, (a*+b*—c>0)
Vi A B,Ce (C) nén:
Lo 139
4+36+4a+12b+c=0 - 46
1+1+2a+2b+c=0 <= <{ b=——  (th6aman)
36+9+12a+6b+c=0 24616
c=—
23

Vay phuong trinh dudng tron (C) can tim la:

5 o 139 1147 240
X+y ' ——x———y+—=0
23 23 23

e AB(1;-5), AC(4,-3), BC(5,2) = AB=V26,AC=5,BC =29
Mat khac:

{ foiZf§>AC — 90°>A>C>B
Vay tam giac ABC nhon.

Goi E, F 1an lugt dbi xting v6i H qua AB, AC. Ta c6:

AEF cantai A
AE=AH=AF = { FAF =24
Goi M 1a trung diém EF, trong tam gidc vuéng AME, ta c6:
ME = AE.sinA= AH.sin A
Suy ra Chu vi tam giac HIK la

2.54BC

Cuixk=KE+KI+IF=EF=2sinA.AH =2sin A.d(A,BC) = R

DAu "=" x4y ra khi H 1a chan dudng cao ké tit A xubng BC va K, I 1a giao diém ctia EF v6i AB, AC.
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Ta chiing minh THF + CHF = BAC.
Ta co:
/\_A—/\:A— 0 A — — o~
{ THF =AHF-AHI=C-90"+A __ = =

FHC=90°-C

suy ra tii gidc ABHI ndi tiép. Do d6 AIB = AHB = 90°, suy ra I 1 chan dudng cao tam gidc ABC
ké tit B. Tuong tu c6 K 1a chan dudng cao clia C xudng AB.
Ta c6 cac phuong trinh dudng thang
(AB):5x—y-4=0; (AC):3x+4y-30=0; (BC):2x-5y+3=0
(AH):5x+2y—-22=0; (BI):4x-3y-1=0; (CK):x+5y-21=0

Suyra

(104 59) (41_101) (94_117)

29'29)° 26’ 26 )’ 25’ 25
,—‘ Bai 2 \
Giai hé phuong trinh
3yV2+x+8V2+x=10y-3xy+12 (a)
5°V2—x-8=6y*+xy°V2—x (b)
Hudng dan

DK: xe[-2;2]

Nhén xét y = 0 khong thoa man phuong trinh (b) ctia hé. Do d6

3
(b) = (\/Z—x)3+3\/2—x:(§) +3.§

Xét ham sb f(r) = £° + 3¢ trén R. D& thiy ham sb dong bién trén R.

Do do:
2 2
(b)) = f(\/2—x):f(;) = \/2—x:;
Thé vao PT (a) ta cd
(@) < 3yV2+x+8V2+x=10y-3xy+12 (48)
= 3V2+x+4V2+xV2-x=10-3x+6V2—x (49)
—3V2+x-6V2—x+4V4—-x2+3x—-10=0 (50)

PDatvV2+x-2vV2-x=t = t*=10-3x-4V4—x?
Phuodng trinh (50) trg thanh:

_ 2 t=0
3t-1t"=0 < o3
. 6
+V01t:0tadli(jcx:g,y:\/§.
+VGi r=3tacd v2+x—-2v2-x =3, phuong trinh vd nghiém vi VT < 2.
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Bai 3

Chiing minh rang: v6i moi AABC ta déu c6

. A _ B | C)( A B C\ 9vV3
sin—+Ssin—+sin—||cot—+cot—+cot—| = ——.
2 2 2 2 2 2

Loi giai
Ta co:
ABC T . A . B . C A B C
—,—,—€|0,—| = sin—,sin—.sin—,cos—,cos—,cos— >0
2 2 2 2 2 2 2 2 2
Do do
A B C A B C
sin— +sin — +sin — > Si/sin— sin—sin—>0 (Cauchy)
2 2 2 2 2 2
Lai co:
. A(, B c . C B
sin — | sin — cos — + sin — cos —
Zcoté_z 2 2 2 2 2
2 A B .C
2sin — sin — sin —
2 2 2
A A . B B . C C
sin — cos — + sin — cos — + sin — cos —
_ 2 2 2 2 2 2
. A. B . C
ZSIHESIH—SIH—
5/ . A A . B B . C C
3 smEcosEsmEcos—smEcosE
> “ A B _C (Cauchy)
2sin — sin — sin —
2
Vay ta co
(,A,B,C)(A B C)9§/ABC
sin — +sin — +sin— | {cot — + cot— + cot—| = —1/ cot — cot — cot —
2 2 2 2 2 2 2 2 2 2
Ma

A B C
cot — cot — cot— = 3V3
2 2 2

Do dé ta c6 dpcm.

33 THPT chuyén Vinh Phiic - Khoi AB

Trong mat phang véi hé truc toa dd Oxy, cho tam glac can ABC c6 ddy BC nam trén dudng
thang d:2x—5y+1 =0, canh AB nam trén duong thang d’ : 12x— y—23 = 0. Viét phuong trinh
duong thang AC biét n6 di qua diém M(3;1).
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Huéng dan

Vecto phéap tuyén ctia cac dudng thang BC, AB, AC lan
lugt la:

Tipc = (2;-5), 1 ap = (12;-1), 7 ac = (@ b), (a® + b* > 0)
Ta co:

ABC = ACB < 90°
— cos ABC = cos ACB
— ‘COS(HAB»T{BC)| = ‘COS(HBC»HCA)
V145 |2a-5b|
— =
5 vV a? + b?

a+12b=0
9a-8b=0

+V6ia+12b=0,chon a=12;b=-1thi AB//AC (loai)
+V06i9a—-8b=0,chon a=8,b=9 thi (AC):8x+9y—-33=0.

Cach 2 (nhanh hon): Goi A 1a dudng thang dbi xtng véi d' qua d. Khi d6 AC 1a dudng thang
di qua M va song song vdi A.

,—‘ Bai 2 |

Giai hé phuong trinh

\/5x2+2xy+2y2+\/2x2+2xy+5y2 =3(x+y) (@)
VX+2y+1+42/12x+7y+8=2xy+x+5 (b)

Loi giai

5x2+2xy+2y220
DK:} 2x? +2xy+5y*20 < x+2y+1=0
xX+2y+1=0
Khi hé c6 nghiém, tu PT (a) suyra x+ y = 0.
Ta thay:

\/5x2+2xy+2y2:\/(x—y)2+(2x+y)222x+y (51)

Dau bang xayrakhi x =y
Tuong tu

\/2x2+2xy+5y22x+2y (52)

Dau bang xay rakhi x = y.
Tu (51) va (52) ta co:
VT(a) = \/5x2 +2Xxy+2y%+ \/2x2 +2xy+5y?2=3(x+y)=VP(a)
Déu dang thiic xay ra khi x = y
The x = y vao PT (b) ta dugc:
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1
V3x+1+2V19x+8=2x>+x+5 (r=-2)
(:»2(x2—x)+(x+1—\/3x+1)+2(x+2—\/319x+8):0
+2 ! =0
X+1+V3Xx+1  (x+2)2+ (x+2)V19x+ 8+ V(19x + 8)2
< x*-x=0 (Biéu thiic trong ngoic vudng 16n hon 0)

<=>(x2—x) 2+

x:o:y:o

x=1= y=1 (thoa man DK)

Vay hé phuong trinh c6 hai nghiém (x; y) = (0;0), (1;1).

Bai 3

Cho ba s6 thuc duong a, b, c thda man a? + b* + ¢ = 3. Tim gia tri nhé nhét clia biéu thic

1 1 1
S:8(a+b+c)+5(—+—+z)

a b
Loi giai
Ta s€ chiing minh
5 3a®+23
ga+> =22 , (0<a<V3) (53)
a 2
That vay:
5 3a’+23 L
ga+> =22 < (a—-1)*@3a-10) <0 (Ludn dang)
a
Dau bang khi a =1.
Tuong tu
5 3b%*+23
8b+52 5 , (0<b<V3) (54)
Dau bang khi b=1
5 3c¢2+23
8c+2> 62  (0<c<V3) (55)
C

DAau bang khi c=1.
Tu (53), (54), (55) ta co:

S=8a+b+c)+5

1 1 1) 3(a®+ b+ c?) +69
—+—+—|= =39
a b c 2

Daubiangxayrakhia=b=c=1.
Vay min S = 39 dat dugc khiva chikhia=b=c=1.

Chi y: Dé tim ra vé phai clia (53) ta sit dung phuong phap tiép tuyén.

34 THPT chuyén Vinh Phiic - Khéi D
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Trong mat phang véi hé truc toa do Oxy, cho dudng tron (T) : x> + y*> — x— 9y + 18 = 0 va hai
diém A(4;1),B(3;-1). Goi C, D la hai diém thudc (T) sao cho ABCD la mot hinh binh hanh.
Viet phuong trinh duong thang CD.

Loi giai
N N LA 1 9Y,. .. 10
Duong tron (T) co tam I(E; 5) ban kinh R = g 5
Taco:
AB=(-1;-2), AB=V5 AB:2x-y-7=0.
Duong thang CD||ABnén CD:2x—y+m=0,(m # —7).

2m-7 . B
Suyra:h:d(I;CD):lm |Va
2v5
5 (2m-7)*%
CD=2VR? -2 =2 E_%

Do do:

(thda man)

CD=AB < [ m=6
m=1

+V6im=6thi (CD):2x—y+6=0
+V6im=1thi(CD):2x-y+1=0

,—‘ Bai 2 |

Giai hé phuong trinh
x3—y3+6x—3y:3x2+4 (a)
¥ +6y+19=2V3x+4+3,/5y+14 (b)
Hudng dan

3x+4=0
DK'{ 5y+14=0 °

Xéthamsé f(1) =2 +3r. Tacé: f'(1) =312 +3>0,Vre R. Ham sb f(¢) dong bién trén R. Do doé:
) (@) = (x-13+3x-1)=y*+3y = fx-1D)=f(y) = y=x-1
The y = x—1vao PT (b) ta dugc:

4
x*+6x+13=2vV3x+4+3V5x+9 (xz—g

<=>(x2+x)+2[(x+2)—\/3x+4] +3[(x+3)—\/5x 9l =0

2 3
2
— x"+x) |1+ + =0
X+2+v3x+4 x+3+vV5x+9)]
< x*+x=0 (Biéu thiic trong ngoic vudng 16n hon 0)
. f‘il (théa man PK)

Vay hé phuong trinh c6 hai nghiém (x; y) = (0;-1), (-1;-2)
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N

Bai 3

Cho a, b, ¢ 1a cac s6 thuc duong théa man a? + b* + ¢® = 1. Chting minh bt dang thiic:

1 1 1
(_+—+—)—(a+b+c)22\/§.
a b c

Loi giai

Ta sé chiing minh:

1 4
—a+22—2\/§a2+§, (0b<ax<l) (56)
Déu bang khi a = —
2
Thatvay (56) — (\/?_)a— 1) (2a+ \/§) >0 (Ludndingvéimoi0<a<1)
p N 3
Dau bang khi a = %
Tuong tu
1 43
_b+52_2\/§b2+7\/_ 0<b<1) (57)
< N 3
Dau bang khi b = %
1 4v/3
—c+zz—2\/§cz+T\/_ O<c<1) (58)
< N 3
Dau bang khi c = g
Tu (56), (57), (58) ta co
1 1 1 4
—(a+b+c)+(—+—+—)2—2\/§(a2+b2+02)+3.£
a b c 3
1 1 1
= —+—+—)—(a+b+c)22\/§
a b ¢
V3

Déubﬁngxéyrakhia:b:c:?.

Chii y: Dé tim ra vé phai ctia (1) ta stt dung phuong phap tiép tuyén.

35 THPT Hong Quang (Hai Ducng)

N

Bail

thang chia trung tuyén ké tlt C di qua diém E(-2,6).

Trong mat phang toa dé Oxy, cho tam gidc ABC c6 dudng cao va duong trung tuyén keé tit
dinh A lan lugt c6 phuong trinh la x—3y =0 va x + 5y = 0. Dinh C nam trén duong thawgnr
A:x+y-2=0vaco hoanh do duong. Tim toa do cac dinh cta tam giac ABC, biét dudng
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Loi giai

Goid;:x-3y=0; dr:x+5y=0
Toa d0 Alanghiém ctia hé phuong trinh:
x-3y=0 o .
{x+5y:0 — x=y=0 = A(0;0)

CeAnén C(c;2-c)
BClLdinén BC:3x+y+m=0.
ViC e A nén:
3c+2—-c+m=0 < m=-2c-2
— BC:3x+y-2c—-2=0.
Goi M 1a trung diém BC. Toa dd M 1a nghiém ctia hé
phuong trinh

. 5¢c+5
xX+5y=0 - 5¢+5 c+1
{3x+y—20—2:0 Y ., _ ¢+l :M( 7 7
Y=
Goi G la trong tam tam giac ta co
10c+10
Y= 21
, — — 10c+52 —-2c¢—-128
Taco EC=(c+2;-4-c¢);EG= ;
21 21
Do E;G; C thang hang nén
10c+52 —2¢c—128
2l _ " 21 _ ._§
c+2 —-c—4

Vay C(6;—4); M(5;—-1); B(4;2).

,—‘ Bai 2 |

Giai hé phuong trinh

1 1
. . y 1ty (@)
(x+12 x+1 y .

V8y+9=(x+1)/y+2 (b)

Loi giai
DKix#-1,y>0
Ta co:
1 y 1+y
xX— = -
(x+1? x+1 y
1+y_ y 1

— X+

= +
y x+1 (x+1)2
— xy+y+1_xy+y+1 _
y (x+1)2

xy+y+1=0
y:(x+1)2
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e V6i y = (x+1)?, thay vao PT (b) ta co:

\/m:()H Dix+1|+2
- Xét x>-1,dat t=x+1,(¢t>0). Ta c6 phuong trinh:
82 +9=1*+2
= t'-4*-5=0

-1
—
o
(:}t:\/g (t>0)
:x:—1+\/5

- Xétx<-1,dat r=x+1,(r <0). Ta c6 phuong trinh

4 2
t'—12£2-5=0
\/8t2+9:—t2+2<=>{ )

1°=<2
Hé vo nghiém

e VGixy+y+1=0, thayvao PT (b) c6:
\/8y—+9+%\/?—2 =0
Vi y >0nén /8y +9 > 3. Phuong trinh vo nghiém.
x=-1+V5

Vay hé phuong trinh c6 nghiém { y=5

Cho cac sb6 duong x, y,z théaman x> y va (x+2)(y + 2) = 1.
4

Tim gia tri nho6 nhat clia biéu thiic P = + + :
(x=y? (x+2? (y+2)?

Loi giai

- N .2 « A ~ ]-
bat x+z=a.Tugiathiettaco y+z=—.
a

Mat khac:
X>y = x+z>y+z = a>1
Ta co:
‘2 (y+2] 1 a*-1
X-y=x+z-— Z)=a-—=
) Y ) Y a a
a 4 a 4 a
P=———+—+4a°= ——— +3a*+a*+ — =2 ——— +3a*+4 (Cauch
(6l2 _ 1)2 6l2 (at2 _ 1)2 a2 (az _ 1)2 ( Y)
Détt:a2>1.Xéthémséf(t):(t )2+3t+4véit>1
Ta c6: i
f()— e +3; f'(t):O<:>t:2
Bang bién thién
r |1 2 +00
1@ - 0 +

f(t) +OO\ 12/ +00
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Tit bang bién thién c6 f(r) =12,V¢ > 1.

=1
, . x+z:\/§ o x_\/E 1
Do d6 P = 12. Dau bang xay ra khi va chi khi: 1 .Changhan{ *~V<~
y+Z:E y:]_—i

V2
Vay gid tri nho6 nhat cta P la 12.

36 THPT Lwong Thé Vinh (Ha Noi)

N

Bai 1

Trong mat phang toa do Oxy, cho hinh chit nhat ABCD c6 dién tich bang 15. Pudng thang

. R . » s 4R 16 13 A
AB c6 phuong trinh x -2y = 0. Trong tam cua tam giac BCD la diém G (? ; ?). Tim toa do
bén dinh ctia hinh chit nhat biét diém B c6 tung do 16n hon 3.

-

Huéng dan
Ay
C
6 +
H
K
4 1 G i
D
N
2 +
A
‘ ; >
0 2 4 6 8

Ta co 10
d(G,AB)= — = BC=+v5 = AB=3V5
2 3\/5
buong thang d qua G va vuong goc v6i ABnén d:2x+y—-15=0
Goi N=dn AB, taco N(6;3). Suy ra:
1
NB = 5AB =5

Gla stt B(2b; b) € AB. Khi do:
NB?>=5 = b=4 = B(8;4)
Ta co
BA=3BN — A(2;1)

e 3—>
AC=AG = C(7;6)
CD=BA — D(1:3).
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,—‘ Bai 2 |

Giai hé phuong trinh
2x°—3+2\/y2+3y=2x/7+y (@)
¥ —/y+3+/3=0 (b)
Loi giai
bK:y=0
Ta co:

(@) = 2x"-2xy+y=(\/y+3- \/y)z =x* (Do (b))
= (x2—2x+\/?)(x2—\/?):0
* V6i /7 = x°, ta c6:

(2) < Vx2+3=2x°

—4x*-x*-3=0

—x=xl1
T dé6 ta c6 cac nghiém (1;1), (-1;1).

* VGi /¥ =2x—x* ta co x € [0;2]. Khi d6

(b) <= V3+(2x-x%)2=2x

- x=0
—4x3+3=0

x=1
2 (x-3)-3x-3=0 (¢

Tt 0 < x<2taco (c) vO nghiém.
Vay hé phuong trinh c6 nghiém (x; y) = (1;1), (-1;1)

N

Bai 3

Cho céc sb thuc a, b khong Am va théa man: 3(a + b) +2(ab+1) = 5(a® + b?).
Tim gia tri 16n nhat cta biéu thic:
T=3Va+b-3(a*+b*+2(a+b) - ab.

Huéng dan

Tit gia thiét ta co:

3(a+b)+2=2(a+b)?+3(a-b?=2(a+b)? Vab
batr=a+b=0= 0<r<2
Ta co:

2
+b
T=ab+3Va+b-2@®+b>)+1-(a+b-1)*< (a2 ) +3vVa+b-(a+b?*+1
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Suy ra:
T< —Zt2+3\/?+1:f(t), te[0;2]

Ta co: Vi
3t 1 ,
— : =0 t=1
o NG . (=0 <
fO=1 fh=7 f@)= 3v2-2
Tu do:

13 1
maxT:Z — t=1 a:b:E.

37 THPT Thuong Xuan 3 (Thanh Hoa)

N

Bai 1 .

1. Trong mat phang véi hé toa d6 Oxy, cho tam gidc ABC c6 dinh A(3;-4). Phuong trinh
duong trung truc canh BC, duong trung tuyén xuat phat tit C 1an lugtla x+y—-1=0va
3x—y—9=0.Tim toa do cac dinh B, C ctia tam giac ABC.

2. Trong mat phang v0i hé toa do Oxy, cho dudng tron (C) ¢6 phuong trinh X4y +2x—4y—
8=0va dufdng thang (A) ¢6 phuong trinh: 2x -3y —1 = 0. Chiing minh ring (A) luén cit (C)
tai hai diém phan biét 4, B. Tim toa d6 diém M trén duong tron (C) sao cho dién tich tam
gidc ABM 16n nhit.

Huéng dan

\ '

Goi C(¢c;3c—9 va M la trung diém BC. Khi d6 M(m;1-m) va B@m —c;11—2m—3c¢).
2m—c+3_7—2m—3c)

Goi I la trung diém ABtaco I 5 ; 5
Vi I nam trén dudng thang 3x — y—9=0nén m = 2. Viy M(2;-1)
Dodo BC:x—y—-3=0.

2.
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buong tron (C) c¢6 tam I(-1;2), ban kinh R =
V13.

cﬂ]A}——g—<R
’ \/ﬁ

Vay (A) cit (C) tai 2 diém A; B phan biét.
Goi M nam trén (C) ta co:

1
SABM = EAB.d(M; A)

S dat gid tri 16n nhat khi va chi khi d(M; A)
16n nhat.
Goi d di qua I va vudng goc (A).Khi do:
(d):3x+2y—-1=0

Goi P.Q la giao diém clia (d) va (C), toa do P; Q
thégmégl:

X*+y*+2x-4y-8=0 x=1y=-1
{ 3x+2y-1=0 At x=-3,y=5

Suyra P(1;-1); Q(-3;5).
Ta co:

d(pA)—i- d(Q A)—ﬁ
) - \/ﬁy ) - \/E

d(M, A) 16n nhét khi va chi khi M triing Q. Vay M(-3;5).

N

Bai 2 |
Tim tat ca céc gia tri thuc ctia tham s6 m dé hé sau c6 nghiém thuc:
2 4x? N -
X = a
(x+2)2 .

xt+8x°+16mx+16m?>+32m+16=0 (b)

Huéng dan
V6i x # -2, ta co:
2x V2 4x?
(a) = |x——— -5=0
xX+2 xX+2
2
x? x?
“— +4. -5=0
xX+2 xX+2
— [ x=2
—2#x<-1

Gia st xq la nghiém cta (b)
Khi dé phuong trinh sau day (an m) phai c6 nghiém.

16m* +16(xg +2)m + xy +8x5 +16 = 0
Diéu nay tuong duong véi:

AN'>0 <<= 0=<xp<2

Do d6 hé c6 nghiém khi (b) c6 nghiém x =2
Thayx=2tacé m=-2
Thit lai, ta thdy m = —2 1a nghiém ctia bai toan.
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N

Bai 3 .

Tim gi4 tri 16n nhat, gid tri nh6 nhét ctia biéu thiic
_ V5-4x—V1+a
\5—4a+2V1+a+6
trong d6 a la tham sb thucva -1<a< Z.

Huéng dan
Dit A=V5-4a;B=V1+athi A>+4B>=0;A,B=0
;LA . /2 . . 32
Do do ton tai xe 0;5 sao cho A =3sinx;2B =3cosx. Khi do

3sinx— 2 cosx 2sinx —cos x

= f(x)

:35inx+3cosx+6:2sinx+2cosx+4
. ~ < N 3 N T .
Ta c6 f'(x) >0 nén ham dong bien trén doan x € 0;5 .Do do

1 1
minf(x):f(O):_g; n’laxf(_x):f(f):5
Vay

1 5
minP=-- < a=-, maxP =
6 4

38 THPT Tinh Gia Il (Thanh Hoa)

Bai 1 |

Trong mat phang véi hé toa dd Oxy, cho dudng tron (C) : x* + y* = 5 tAm O, dudng thang

2

N

(d):3x—y—2=0.Tim toa do cac diém A, B trén (d) sao cho OA = —Va doan OB cat (C) tai
K sao cho KA=KB.

Loi gidi
Duong tron (C) c6 tdm 0(0;0), ban kinh R = v/5.

Ta co:
v 10
d0o;d) = T =0A = 0OALl ()

Vecto chi phuong cta (d) 1a u 4 = (1;3). Gia su
A(t;3t—2) € (d). Khi d6 OA = (£;31-2).
— _, 3 3 1
OAuyg=0=t=- = A(—;——)
5 5 5
Tacd KA=KB=OK.

Suy ra K 1a trung diém OB. Do d6 OB = 20K =2V5
Vi B € (d) nén B(b;3b-2). Khi do:

OB? =20 —

Vay B(2;4) hodc B (—g;—%).
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,—‘ Bai 2 |

Giai hé phuong trinh
Vx2+2x+5—/y2-2y+5=y-3x-3 (a)
y—3y+3=x’—x (b)
Huéng dan
Ta c6:

(b) = y-3x-3=y*—x*-2y-2x
Thay vao PT (a) ta c6:

Vx+1)2+ -1/ (y—1)2+4=y*—x*-2y-2x (59)
= VE+1D2+4+x+1D%=1/(y-1)2+4+(y-1)? (60)

Xétham sb f(1) = Vi +4+ t trén [0;+00), ta co:
f'(n>0, Vr=0
Do dé f(t) dong biéen trén [0; +oo)

Vay
60) = (x+1)*=(y-1)? = Xx=y-2
xX=-y
Dap an: (—— §) ; (—§,§)
2 4 4
Bai 3

Cho céc sb thuc duong a, b, c. Chting minh rang:
\/a+b+c+\/ﬁ+ \/a+b+c+\/5+ Va+b+c+ve 9+3v3

b+c c+a a+b “ova+tb+c

Hudéng dan

BDT can chiing minh tuong duong véi

+
a+b+c N ! atb+c a+b+c 9+3‘/_

+ +
a+b+c a+b+c atbtc atb+c a+b+c a+b+c

bat x = a ;Y= b ;2= ¢ tacox,y,z>0vax+y+z=1
a+b+c a+b+c a+b+c
Ta thu dudc:
1+¢}+1+¢7+1+¢E>9+3¢§
1-x 1-y 1-2z 2

Ta co:
1 1 1 9
>

+ + >
l-x 1-y 1-z 3-x-y-z

9
T2
Ta chiing minh rang:

VE VY VE 3V

1—x1y1z2
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A > ? . ]-
Daubangxayrakhlx:y:z:g.

s £ . . 1
Xethamsof(x):\/E(l—x)vdlo<x<1tacof’(x):o(:»ng.
Do do:

0<f(x)<i
1 3v3
DAau bang xay ra khi x = 3
Vay ta co:
Ve x >3\/§x
1-x (1-xvx 2
Tuong tu ta co:
VE VY VE 3V
l1-x 1-y 1-z 2
, A ™ . S kd . 1
Ta c6 dpcm, dau bang khivachikhix=y=2z= 3

39 THPT Triéu Son 3 (Thanh Hoa)

Bai 1 .

Trong mat phezlng v6i hé toa do Oxy cho hinh chit nhat ABCD c6 diém H(1;2) 1a hinh chiéu
A ~ 2 A R 9 S o R 2 < N
vuong goc cua A lén BD. Diem M (5;3) la trung diém cua canh BC, phuong trinh duong

trung tuyén ké tit A cia AADH 13 d : 4x + y —4 = 0. Viét phuong trinh canh BC.

- v,

2, X A B
Huong dan
Goi K 1a trung diém HD, P 1a trung diém AH.
Ta c6 P la truc tam tam giac ABK nén BP 1 AK. P T
= AK LKM ",
N .2 « A z. 15
Tu gia thiet, ta co: (KM):x—4y+?:0. 2%
1
Suyra K(—;z). |
2 K
Do K la trung diém HD nén D(0;2) suy ra: LC
(BD):y-2=0, (AH):x-1=0

D
A(1;0), AD:2x+y-2=0.BCqua M vasongsong ADnén BC:2x+y—12=0.

,—‘ Bai 2 N

Giai hé phuong trinh
X\ xX2+y+y=vVxt+x3+x (a)
9 .
X+Y+Vr—1+yx-1)= > (b)
Huéng dan
DKix=1,y=0
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Thuc hién nhan lién hgp ta co
(a) @(x—y)(\/x2+y+ \/x2+x—x) =0
—=x=y

Thay vao (b) ta co:

9
x+¢§+¢x—1+vku—1y:§
bat r = vx+ vx—1,t =0, phuong trinh tré thanh

P+1+2t=9

—t=2
= Vx+Vx-1=2
—2Vx(x-1)=5-2x

5
X< —
f e 2
{4x24x2520x+4x2
25

= x=—
16

25_25)

Vay hé co nghiém duy nhat (x; y) = (E’ 6

Cho a, b, c thudc khoang (0;1) théa man (l - 1) (l —~ 1) (1 - 1) = 1. Tim GTNN ctia biéu thiic

a b c
P=d’+b*+ .

Huéng dan
Tit gia thiét suy ra:
ab+bc+ca=a+b+c—1+2abc

Ta co:

P=(a+b+c)?-2(ab+bc+ca)

=(a+b+c)?-2(a+b+c-1)—4abc

2 4 3 £
2t—2t+2—§t (VOit=a+b+c,0<t<3)

2 ~ S A 4 A
Khdo satham so f(¢) = > -2t +2— Ef‘ trén (0;3).

L2 . 3... 3 1
Dapan:mmP:Zkhlt:Ehaya:b:c:E.
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40 Trungtam day théem van hoa- THPT Chuyén Lé Hfmg Phong
(TP. HCM)

Trong mat phang Oxy cho hinh thang ABCD c6 day 16n CD = 3AB, C(-3;-3), trung diém
cta AD la M(3;1). Tim toa do dinh B biét Szcp = 18, AB = V10 va dinh D c¢6 hoanh do nguyén
duong.

Bai toan nay gidng bai toan 1 ctia dé 11.

,—‘ Bai 2 N

Giai hé phuong trinh
X—yV2—x+2y° =2 (a)
2(\/x+2—4y)+8\/?\/xy+2y:34—15x (b)’
Huéng dan
DK:-2<x<2;y=0.
V2—x=y
2-X)+V2-xy-2y*=
(a) = 2-x)+ xX.y-2y"=0 mz—Zy

+V6i v2—x =y, thay vao (b) ta co
2(\/x+2—4\/2—x)+8\/4—x2:34—15x
Dat r = vVx +2-4v2 - x, phuong trinh trd thanh:

2 [ t:()
2t=1" — f=9
'\/x+2:4\/2—x
VX+2=4v2-x+2
[ 30 2v/17
X=— = Jy=—
— 17 y 17
x=2=y=0

+V6ivV2-x=-2y=20 = y<0,may=0 = y=0 = x=2
A 1A ax . ‘A 30 2v17
Vay hé da cho co 2 nghiém (x;y) = (2;0), (ﬁ; 1_\/7_)

Bai 3

Cho x, y 1a cac s6 khong am théa x® + y* = 2. Tim gi4 tri 16n nhat va nho6 nhét cha:
P=5(x+y)+ xzy2 (5\/2xy+2 —4xy+ 12).

Huéng dan
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V6i0 < x,y< V2, taco:

2
X (x—\/E)SO 3 3
+y  <2v2
{yz(y—\/i)ﬂ — w22
Mat khac:
(x+p)P?<2(x*+y") =4
= Xx+y=<2
:2(x3+y3)2(x+y)(x3+y3)2(x2+y2)2:4
:x3+y322
bat t:x3+y3,t€[2;2\/§].TaCé
=+ =P+ 2253y +6x°y°
:2x3y3—6x2y2:t2—8.
2(x3+y3):(x3+y3)(x2+y2):x5+y5+x2y2(x+y)
=>x5+y5+x2y2(x+y):

Vay
p= —4x3y3 + 12x2y2 +5(x° + y5) +5x2y2\/2 +2xy
=—2t2+10t+16= f(¢)
Ta co:
/ S 2 ~
f(H)=-4t+10=0 < t= > (thoa man)
Vay:
5 57
minP = f(2) =28; maxP = f(i) =5

41 THPT chuyén Vinh Phiiclan 2

Trong mat phang v0i hé toa do Oxy, cho duong tron (C) : xX*+y*—2x—4 y-4=0 tam I va diém
M(3;2). Viét phuong trinh duong thang A di qua M, A cét (C) tai hai diém phan biét A, B sao
cho dién tich tam gi4c IAB 16n nhat.

Loi giai

(C) ¢6 tam I(1;2), ban kinh R=3.Tac6 IM=2<R
nén M nam trong duong tron (C).
Goi H la hinh chieu cta I trén AB va dat
IH=t0<t<2. .

SiaB = EIH.AB =tV9 -2
Xét ham s6:

fxX)=tvV9—-1t30<t<2

Ta c6 f'(¢r) > 0,Vt € (0;2]. Suy ra f(t) dong bien trén
(0;2].

Do do:

f(O<f@), Yre(0;2]
VAy S; 45 16n nhat khi ¢ = 2 hay H tring M.
Khi d6 A nhan TM 1am vectd phép tuyénnén A: x—3=0.

http://diendantoanhoc.net Trang 167



,—‘ Bai 2 \

Giai hé phuong trinh

x4—2x=y4—y (a)
-y*=3 ()

Huéng dan
Ditx+y=a;x—-y=b3=c ti(b)tacéab=c
Mat khac:
b
x:a+b x4—y4:a—(a2+b2)
2 2 ,

_a-b (2x— )_a+b_a—b_a+3b_a+bc

Y= = 2 2 | 2
Ta c6 hé phuong trinh

c@+b>)=a+bc
ab=c

— cat+P=a®+ac

4:>(ca—1)(a3—c3):0

=[u

c
Cc

+Néua=c = b=1thi

X=——= ;oY=
. 2 2 2
+Néua:z:b:c2thi
M.
T
3+1 \/_ 1
Vay hé da cho c6 hai nghiém la (x; y) = | =—= ==
! ’ ’ ( 2 )(@ ﬁ)
Bai 3 N

Cho céc sb a, b, c khong am sao cho tong hai s6 bat ki déu duong. Chiing minh rang:
[ a N b N C 9\/ab+bc+ca
b+c c+a a+b a+b+c
Huéng dan
ab+ [ ac S b.b+ c.C —Vbic
a+c a+b b+c c+b
b c b+c
+4/ >
a+c a+b a
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Gidstta= b= c, khi do:

Suy ra:




bat r=b+cthi

i
VT=

a+t

\/7 \/7 _att svar o aviGM
a+t t a+t

Ta co

Do d6é VT =6 (dpcm)

Dang thtic xay ra khi a + ¢ = 3v/at. Chang han (a; b; ¢) = (7 +2\/§; 1;0)
42 THPT bong Loc (Ha Tinh)
Bai 1 .

y 2 AR A R N Y. s 45 .
Trong mat phang voi hé toa do Oxy, cho hinh thang can ABCD c6 dién tich bang Bl day

16n CD nam trén duong thang x —3y—3 = 0. Biét hai duding chéo AC, BD vudng géc véi nhau
tai 1(2;3). Viet phuong trinh duong thang chita canh BC, biet diém C c6 hoanh do duong.

& V.

Loi giai

T gia thiét ta c6 tam gidc ICD vudng can tai 1.
Duong thang qua I va vudng géc véi CD c6 phuong
trinh: 3x+ y—9=0.
Goi K 1a trung diém CD, toa do K théa man
{50702 — xen
Ma KI = KC = KD nén C,D la giao diém ctia CD va
duong tron tAm K ban kinh K1 = V10, do d6 toa do clia
ching thoa man
x-3y-3=0
(x—3)2+y2 =10
(do C c6 hoanh do duong).
Suy ra D(0;-1).
Goi H la trung diém AB, co:
45

1
— =5(AB+CD).HK = (IH + V10)> = IH=

= (C(6;1)

v10
2

Ma . .
DI=2IB = B(3;5) = BC=(3;-4)
Vay BC:4x+3y—27=0.

,—‘ Bai 2 \

Giai hé phuong trinh

V¥ +6y°+16y-3x+11=0 (a)
X +3x°+x+3y+3=0 ()’

Huéng dan
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Ta co:

(y+2)°+4y—-3x+3=0
HPT { (x+1)%+3y-2x+2=0
< a=y+2 y=a-2 N N p
D.t{ b= xtl { =b_1 , thay vao hé ta co
a®+4a-3b=2
b*+3a—-2b=2
Trit theo vé ta dugc:

(a-b)@*+ab+b*+1)=0 < a=b
Thay a = b vao (a) ta co:

a+a-2=0

a=1= b=1

| @+a+2=0 (v nghiém)

Khido x=0;y=-1
Vay x=0;y =-1.

,—‘ Bai 3 |

1 .. ~ p . 3
ChoO<a,b,c< o thoa man a+2b + 3¢ = 2. Ching minh rang:
1 2 9
+ + =
a(db+6¢c—-3) b(Bc+a-1) cRa+4b-1)

54.

Hudng dan

B6 dé: Vi x > 0, Taco
1
x(1-2x)<s—
27

Chirng minh. Thit vay, ta co:

X+x+1-2x\> 1
x2(1—2x):x.x.(1—2x)s(—) =— (AM-GM)
3 27
Quay lai bai toan:
1 2 9
A= + +

al-2a) b(1-2b) c(B-6¢)
a 2b 3c

S 2(0-20  a-2b  21-20

Ap dung b6 dé trén ta c6
A=27a+27.2b+27.3c=54
Daubangxayrakhia=b=c= 3
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43 THPT Hau Loc 2 (Thanh Hoa)

Trong mat phang v6i hé toa d6 Oxy cho hinh thang can ABCD c6 hai day AD, BC. Biét AB =
BC, AD = 7. buong chéo AC c6 phuadng trinh x-3y-3 = 0; diém M(-2;-5) thudc duong thang
AD. Viét phuong trinh duong thang CD, biet dinh B(1;1).

Huéng dan

o ) B C
Deé thay ABCD la hinh thang noéi tiep duong
tron.
Do AB = BC = CD nén AC la phan giac trong ctia
BAD
Goi E dbi xiing B qua AC suyra E € AD.
Dudng thang BE c¢6 phuong trinh: 3x+ y—4 =0. A D
ViF= ACmBEnenP(§ —1) Suy ra E(2; -2). | E | M

Puong thang AD:3x—4y—14=0.
Vi A= ADn AC nén A(6;1).
Gia st D2 +4t; -2 +31), Khi do:

AD=7 =

Kiém tra tinh tuong dbi ta c6 D, théa man.
Vi BC||AD nén BC:3x—4y+1=0.
C=BCnAC = C(-3;-2).
Tuy nhién AB = 5;CD = v/13 (mau thuan vdi gia thiét ABCD 1a hinh thang can).
Bai toan vo nghiém.

,—‘ Bai 2 |

Giai hé phuong trinh

1-y

(x+1)2+y2:2(1+ (a)

= (P -x>+3x— 2)( 2—- x2+1) (b)

Huéng dan

PK: x#0,-V2<x<V?2
Ta co:

(@) = x(x+1)?+xy*=2(x+1-y?
= X+ +y*-1) =

x=-2 (Loai)
2+ y2 =1
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V6i x* + y* =1 < x* =1-y?, thay vao (b) ta co:

4y2:(y2—x3+3x—2)(\/y2+1+1)

—4|\/y2+1+1 241-1|=*-x>+3x-2) 241+1
y y y y

=S -3x-2=p"-4/y2+1

Mat khac:

-l=x=<1

-l1=y=1

Xét ham s6 f(x) = x> —3x -2 trén doan [-1;1]. Ta c6:
fl(x)=3x*-3=0 < x=+1

Do ham so f(x) lién tuc trén doan [-1;1] va f(-1) =0; f(1) = —4 nén
min f(x) =—-4; maxf(x)=0

Xétham s6 g(y) = y* —41/y? + 1 trén doan [-1;1], ta dudc

ming(y)=1 —4\/5, maxg(y) =-4

x2+y2:1 :{

Do do:

fX)=g(y) =—4 { xi(l) (th6éa man)
Vay hé c6 nghiém duy nhét (x; y) = (1;0).

Bai 3

Cho céc sb thuc duong x, y, z théa man xy = 1,z = 1. Tim gi4 tri nhé nhat clia biéu thic:
x y 23 +2
= + +
y+1 x+1 3xy+1)

Hudng dan
B6 dé: VGi x, y > 0 théa man xy = 1 ta c6
1 1 2
+ >
x+1 y+1 1+/Xy

(61)

Chitng minh.
Bién doi tuong duong ta dudc:

(61) = (Vxy-DWVx-y3)*=0
BDT luén dang do xy =1 (dpcm)

Quay lai bai toan, theo BDT AM-GM ta c6
Z2+2=2+1+1232z=3

Suy ra
y 1
Pz——+1+ +1+ -2
y+1 x+1 xy+1
1 1 1
=(x+y+1) + + -
x+1 y+1| xy+1
1
=(2y/xy+1).

+ -2
1+/xy =xy+1
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batt=,/xy,t=1tacé:

P=02t+1) 2 + 1 2= 2t + ! =P(1)
- t+1 2+1  t+1 2+1

Ta co 3
P'(I)ZO, Vtzl:P(t)ZP(l)ZE, Vi=1

N 3
Ve_lymlnP:E = x=y=z=1.

44 Deé 44

Trong mat phéng toa do Oxy, cho diém M (0;2) va hai duong thang d, : x+2y =0, ds : 4x+3y =
0. Viét phlIdng trinh dudng tron di qua diém M c6 tam thudc duong thang dy va cét d tai
hai diém A, B sao cho d6 dai doan AB bing 4v/3. Biét tAm dudng tron c6 tung do duong.

Huéng dan

Goi I(-2t;t) € dy la tam duong tron (¢ > 0), ta co dr.a,) =l va:
M A a4 IM? =42+ (2-1)?
Goi H la trung diém ctia doan AB. Ta c6:
TH? + AH? = [A? < IH?+ AH? = IM?
— ?-1t-2=0

t=2 (thda man)
t=-1 (loai)

Do d6 phuong trinh dudng tron can tim la:
(x+4)2+(y—2)° =16

,—‘ Bai 2 |

Giai hé phuong trinh:

{x3+12y2+x+2:8y3+8y (a)

\/ X2 +8y3 =5x-2y (b)

Huéng dan

Diéu kién: x*>+8y° =0
Xét phuaong trinh (a) ta co:
o+ 12y2+x+2: 8y3+8y
= Prx+r1=(2y-1) +2y-1+1

e x=2y—1 (Hamsb f(1) = >+ r+1 dongbién trén R)

Thé vao phuong trinh (b) ta dugc:

1
Vi tax2+3x+1=4x-1 = { *7] —
¥ -12x%+11x=0
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Kiém tra diéu kién, ta cé cac nghiém la (1;1);(11;6)

N

Bai 3 |

Tim gia tri nho6 nhét clia biéu thiic:
3 4 5
= + +
, . btc-a a+c-b a+b-c
Trong do a, b, ¢ la Ao dai cac canh cua mot tam giac thoa man 2a+ b = abc

& o

Huéng dan
, 1 1 ,
Ap dung BDT: — + — = , ta co:
X y x+y
S= L + L )+2( L + ! )+3( L + ! >g+£+9
_, b+c—a a+c-b b+tc—-a a+b-c a+c-b a+b-c) ¢ b a
Tur gia thiet ta c6:
2 1 2 4 6 3
—+—:a$—+—+—:2(a+—)24\/§
b ¢ c b a a
Vay
Smin=4V3 < a=b=c=V3
45 S0 GDDT Vinh Phuclan 1
Bai 1l .

Trong mit phang v6i hé toa dd Oxy cho tam gidc ABC c6 truc tim H(3;0) va trung diém ctia
BCla I(6;1). Pudng thang AH c6 phuong trinh x +2y -3 = 0. Goi D; E 1an lugt 1a chan duong
cao ké tit B, C clia tam giac ABC. Xac dinh toa d6 dinh clia tam giac ABC, biét dudng thang
DE c6 phuong trinh x -2 = 0 va diém D c6 tung d duong.

Hudng dan

Goi K la trung diém clia AH. TG gidc ADHE ndi tiép C

dudng tron tAm K va BCDE noi tiép duong tron tam 1.

SuyraIK LDE. Tac6IK:y—1=0 D

Tim dugc K (1;1),A=(-1;2)

Diém D (2;a) € DE.

Ta co: K r
KA=KD = D=(2;3)

Phuong trinh AC: x-3y+7=0.

Phuong trinh BC:2x—y-11=0 A* £ B

Toa do C(8;5) nén B = (4;-3)

Vay A(-1;2); B(4;-3); C(8;5).
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,—‘ Bai 2 |

Giai hé phuong trinh:
Xy+2=yVx2+2 (a)
V+2(x+1)Vx2+2x+3=2x>-4x (b)
Hudéng dan
Vi
Vx2+2-x>Vx?—x=|x|-x=0;VxeR
Nén ta co:

(@) = y=Vx*+2+x

Thé vao phuong trinh (b) va bién déi ta dudc:
1+ (x+1)%+2 1+1/(—x)%+2
Xét ham so: f= t(l +V 12 +2) ta co:
ff=1+Vv2+2+
2+2

< A X < A A - ~ ~ PN A 1
Ham so f(t) dong bién trén R. Do do phuong trinh (62) co6 nghiém duy nhat x = -5

(x+1) = (—Xx) (62)

2

>0; VteR

1
Vay hé da cho c6 nghiém (—5; 1)

Cho x; y; z1a cac s6 thuc duong théa man: x + y— x = —1. Tim GTLN ctia biéu thiic:
3.3
XYy

p=
(x+yz) (y+xz) (x+ xy)2

Loi giai
Tacoé:z=x+y+1,suyra
z+xy=x+D(y+1)

x+yz=(x+y)(y+1)
y+xz=(x+y)(x+1)

Do do: 4 5 -
pP= 2 - 3 S e 3
(x+y)" x+D3(y+1)° 4x+1)3(y+1)
THeo BDT AM-GM ta co:
X X 3] x2
X+l==+—-+1=31—
2 2 4
2
:>(x+1)3zz7x2
x? 4
= 0< <—
(x+1)3 " 27
y2
Tuong tu: 0 < 3 < --. Vay:
y+1)° 27

xX=y=2
z2=5

4
PMin:% @{
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46 S GDDT Vinh Long

Gii bat phuong trinh: 2x+5 > \/2—x(\/x—1+ \/3x+4)

Hudng dan

Diéu kién: x € [1;2]
Ta co:

2x+5=03x+4) - (x—1)=(V3x+4-Vx—-1)(V3x+4+Vx—1)
D6 bat phuong trinh tuong duong:
V3x+4-Vx-1>vV2—-x (VivV3x+4+vVx-1>0)
Chuyén vé binh phuong, giai dugc tap nghiém clia BPT1a S = [1;2]

Trong mat phang toa do Oxy, cho hinh thang ABCD c6 /BAD = /ADC = 90°, AB = AD =
2; DC = 4, dinh C nam trén duong thang d:3x— y+2 =0. Diém M nam trén canh AD sao cho
AM =2MD va duong thang BM c6 phuong trinh la 3x -2y +2 =0. Tim toa do C.

Huéng dan

Ta co:
|2+ 3t

V13

C=(t2+3t)ed = dcpmy =

Theo gia thiét ta suy ra

1 2 4
MD=-AD=;AM=-
» 3. 3 3

Tam giac ABM vudng tai A nén:

1

DJ SAABMZEAM-AB:

Tam giac CDM vuong tai D nén:

1
Sacpm = EMD.DC =

Wih WA

< 1
va Sapcp = —AD (AB+CD) =

10
Do do: SBMC = 3

Lai co:
10

Vi3

Spmc = EBM-d(C;BM) = d(c;pm) =

.2 < 8
bap so: C(-4;-10) hoac C= (3:10)

Cho a; b; ¢ 1a cac s6 thuc duong théa man: 3 (az +b* + cz) =1. Tim GTNN clia biéu thtic:

1 1 1 1 1
Q= \/a2+b2+—+—+\/b2+cz+—2+—2+\/02+a2+—+—
2 a b?

Huéng dan
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Tu gia thiét suyra a+b+c<1
THeo BDT Cau chy-Schwarz ta cé:

QvV2= ZV a2 + b2) +z —+C— Z\/a+b )

?c—(a+b'l+1) (b+c—+—) (c+al+1)
B b c) y= c a) a b

Xét cac vecto:

Ta co:
|%|+|7|+|2| = |*+ 7 +Z]
Do dé:
Qv2=2. [(a+b+c)+ 81 5
(a+b+c)

= PR 2 81
Datt=a+b+c0<t<1.Xéthamso: f (1) = t+7;te(0;1]

Lz 1
bap so: QM,-n:Z\/41<=>a:b:c:§

47 S&GDDT TP, Ho Chi Minh

,—‘Béjl .

Giai hé phuong trinh:
(Vi+1)+L =y +2vx-2 (@)
N S
L = b
4 ¥ T y+y (b)
Huéng dan
Ta co:

(b) = (x—yz)(xy+x—1):0 = x=y* (xy+x-1>0)

Do do:

2
(a) = (ﬁ+1)2:(\/y2—2+1) — y=2= x=4

Trong mat phang toa dé Oxy, goi H(3;—2),1(8;11), K(4;—1) 1an lugt 1a truc tdm, tAm duong
tron ngoai tiep, chan dudng cao veé tit A ctia tam giac ABC. Tim toa d0 A; B; C.

Huéng dan

Tacéﬁ:(1;1)suyraAK:x—y—5z0;BC:x+y—3:0
Goi M, N lan lugt la trung diém cua BC, AC.

X A 200 2 A X MN
DethayAAHB~AMINV01tlsodongdangﬁz
DOdé:I—TZl:Zm. C
Mitkhac IM L BC. Tac6 IM:x—y+3=0va M= (0;3) B\ K M /

HA=2MI=(16;16) = A= (19;14)
biém B(b;3 - b) € BC. Khi do:

1
2" H
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C=(-b;b+3), BH=B-b:b—-5), CA=(19+b;11-b)
Ta co:
BH1AC =— BH.CA=0
<~ b=+1

B=(1;2);C=(-1;4)
B=(-1;4);C=(1;2)

,_| Bai 3 .

Cho hai s6 thuc x;y théa man diéu kién x* + 16y* +2 (2xy - 5)2 = 41. TIm GTNN, GTLN ctia
biéu thtc:

3

P=xy-—/——
Y X2 +4xy*+3

Huéng dan

Ta co: ,
x4+16y4+2[2xy—5)2:41 — (x2+4y2) +9=40xy
Dit t = x* + 4y ta co:
?+9=40xy<10t = 1<t<9

Khi do:
_*+9 3
) 40 3+t
Khao sat ham so ta thu dugc:
3 1
X =——= X=—
1
Prrax =2 — \/35 ) PM,-n:—§<=> \/1§

48 SO0 GDDPT Thanh Hoa

,—‘Ba?ﬁl .

Giai hé phuong trinh:

Cy+xi+1=2x\/x2y+2 (a)
y3(x6—1)+3y(x2—2)+3y2+4=0 (b)

Hudng dan

*PDKXD: x°y = -2
Ta co:

(b) = x°y*+3x%y=y*-3y*+3y-1+3(y-1)
3
= (xzy) +3x%y=(y-1)°+3(y-1)
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Xét ham s6: f (1) = 1 +3¢. D& thiy ham s6 dong bién trén R. Do doé:
) xzy:y—l (y=-1)
The vao phuong trinh (a) ta dugc:
y+x°+1=2xy+1
2
= (x\/y+1—1) =0
—xyy+1=1

Do d6 hé da cho tudng duong v6i mot hé don gian hon:

xyy—-1=1

xzy:y—l
1+\/5.—1+\/§) (1—\/5.1+\/§)
2 ’ ) ’ .

Giai hé trén, ta dugc nghiém ( 5 5 5

N

Bai 2 .

Trong mat phang hé toa d6 Oxy, cho diém E(3;4) dudng thang d : x + y — 1 = 0 va dudng tron
(C): x°+y*+4x—2y—4=0. Goi M la diém thudc dudng thang d va nim ngoai duong tron (C).
Tit M ké tiép tuyén MA, MB dén dudng tron (C) (A4, B 1a cac tiép diém). Goi (E) 1a dudng tron
tam E va tiép xtic v6i duong thang AB. Tim toa do diém M sao cho dudng tron (E) ¢6 chu vi
16n nhat.

Hudng dan

Pudng tron (C) c6 tam I(—2;1) va ban kinh R = 3. Diém
M(a;1 - a) thudc d va nam ngoai (C) nén:
IM>R
—= IM?*>9
= (a+2*+(-a)*>9

—2d*+4a-5>0

Ta co:
MA?*=MB? = IM?> - 1A*=2a*+4a-5
Do A; B thudc duong tron (C) nén toa do A, B théa man phuong trinh:
x2+y2+4x—2y—4:0
= (a+2)x—ay+3a-5=0.
D6 ciing 1a phuong trinh dudng thang AB. (Ban doc tu xem lai Ki thudt viét phuong trinh duong
thang di qua hai tiép diém ciia duong tron.)
buong tron (E) c6 ban kinh 1a R' = d(g.a). Do d6 chu vi (E) 16n nhét khi va chi khi R’ 16n nhét.

N 2 N . LR 5 11
buong thang AB luon di qua diem K (5; ?)
Goi H la hinh chiéu clia E 1én AB. Suy ra:

d(E;AB) =FEH<EK=

5
o

Dau "="xayrakhi AB 1 EK
Vay M(-3;4)

http://diendantoanhoc.net Trang 179



N

Bai 3 .

Cho x; y;z1a céac sb thuc théa man:
—1-2V2<x<-142V2,y>0;2>0;x+y+z=—1

Tim GTNN ctia biéu thiic: . . .

+ +
(x+y)2 (x +2)? 8—(y+z)2

P=

Huéng dan
Ta co:
po—Lt 1 !
(-1-2° (-1-y)® 8-(-1-x)?
Bing phuong phéap bién doi tuong duong ta dé dang chiing minh dugc:
1 1 1

(1_|_y)2+(1+z)22 1+yz

Ta lai c6:
2
+2 1+x)?
yzs(y )" _(1+x)
4 4
1 4
= + >
(1+y)? (1+2° 4+(1+x?
4 1
Pz +
4+(1+x)? 8—(x+1)?
Mat khac:

—1-2V2<x<-142V2 = 0<(x+1)*><8
beén day ta xét ham so va tim dudgc:

3 x=-3
PMin:Z @{ y:Z:].
49 S0 GDDT Quang Ngai
Giai hé phuong trinh:
Vi—l+4y—-1=2
VX+2+\/y+2=4
Hudng dan
Hé da cho tuong duong véi:
x—1+y-142y/(x-1D(y—-1)=4

X+2+y+2+2/(x+2)(y+2)=16

. JE-D+-D+2y/(x-D(y-1)=4 (a)
xX—D+(y-D+2y/(x-D(y-D+3(x-1+y-1)+9=10 (b)
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batr=+v(x-1(y-1)=0.Tacox—-1+y—-1=4-2¢

Thé vao (b) ta dudc:
Vi2-6t+21=t+3 < =1
Ta c6 nghiém (2;2)

Trong mat phang toa d6 Oxy cho tam gidc ABC c6 AB = 3AC. Budng phan giac trong ctia
goc BAC c6 phuong trinh x — y = 0. BPuong cao BH c6 phuong trinh: 3x + y — 16 = 0. Hay xac
dinh toa do A, B, C biet AB di qua diém M (4;10)

Huéng dan

Goi M’ 1a diém déi xting v6i M qua dudng phan giac trong
g6c BAC.
Khi d6 M’ = (10;4) va thudéc duong AC.
Vi duong cao qua dinh B ¢6 phuong trinh 3x+y—16 =0 nén
AC:x-3y+2=0
Suy ra:
A=(1;1), AB:3x-y-2, B=(3;7)
Mat khac:

5
AB=3AC < C=(3;§)

5 N ’ 2 2 .’ ~
Vay A(1;1); B(3;7); C (3; 5) la cac dinh cua tam giac da cho.

Cho 3 s6 thuc x; y; z thoa man x° + y® + z° ~3xyz = 1. Tim GTNN ctia biéu thtic: P = x*+ y? + 22

Hudng dan

Ta co:
1=x’+y°+2°-3xyz=(x+y+2z) (x2+y2+zz—xy—yz—xz) (63)

Hon ntita: x*> + y? + 22 —xy—yz-x2>0 = x+y+2>0

Mat khac:

2 +y?+ 22 +2(xy+ yz+ zXx) +2(x2+y2+z2—xy—yz—zx)
3

P=
3
batt=x+y+z>0, tt (63) ta dugc:

)

P=—+—

A . ~ ’ ’ 3 . St
Vay Puin =1 dat tai (x; y; z) = (1;0;0) va cac hoan vi.

50 S GDDT Quang Nam

Giai phuong trinh: 2x® + 9x* —6x(1 +2vV6x—1) +2vV6x—-1+8=0

Huéng dan
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1
DK: x> 8 (%)
Ta co:

2x3+9x% —6x+8=206x-1)vV6x—1

bat y = v6x—1. Ta ¢6 hé phuong trinh:

2x°+9x* —6x+8=2)°
18x -3 =3y

:2)63+9xz+12x+5:2y3+3y2

= 2(x+ 13 +3(x+1)? =23 +3)°

Xét ham sb: f (1) = 2¢% +2¢% ¢ = 0. Ham s6 dong bién trén [0; +oo)
Dodé: x+1=y.
Vay phuong trinh da cho c6 2 nghiém x =2+ v2;x=2-v2

Trong mat phang hé toa do Oxy cho tam giac ABC vudng tai A, c6 B(-2;1) va C(8;1). Duang
tron noi tiép tam glac ABC c6 ban kinh r = 3v/5-5. Tim toa do tam I clia dudng tron noi tiép
tam giac ABC, biét y1>0.

Huéng dan

Goi p la nita chu vi tam giac ABC.
Ta c6 BC =10. Goi M, N lan lugt la tiep diém trén AB, AC. Khi d6 AM = IN = r. Ta c6:
S=pr=(BC+AM)r=BC+r)r=20
Goi H la chan duong cao ha tir A ctia tam gidc.
1
Sasc = EBC.AH: 20— AH=4

Talaic6 BC:y=1vadypc = r nén I nam trén duong thang song song véi BC cach BC mdt doan
ding bing r.

y;>0suyra I nam trén dudng thang d : y =3v/5—4 va A nam trén dudng y = 5.

Goi J 1a trung diém BC suyra JA = JB = JC.Tit d6 ta tim dudc A(0;5) hodc A(6;5).

» VGi A(0;5). Ta co:
AB:2x-y+5=0; AC:x+2y-10=0; Al:3x+y-5=0
Vi AInd=1Inéntacé I3-v5;3vV5-4).

« V6i A(6;5). Bang cach tuong tu, ta c6 1(-3 +v/5;3V5—4).
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Cho 3 s6 thuc duong tity y a; b; c. Tim GTNN ctia biéu thiic:
B vadc N vb3a N vVedh
2vb3a+3bc 2vVcdb+3ca 2vVadc+3ab

Huéng dan
Ta co:
2
a
Va’c ayac ( b)

2VBa+3bc  b2vVba+3c) 2\/Z+3\/E
Cc a
Thiét 1ap cac biéu thiic tuong tu.

Doi bién:
(\/7\/7\/7) (x;y;2) = xyz=1

. 2 2y+3z .
Ap dung BDT Cauchy cho hai so va Y22 c6:
y+3z 25
2 2
X 2y+3 2y+ 2
LT, *_ Y 3z _zx
2y+3z 25 2y+3z 25 5
Ta dudgc:
2 2 2
X y z 1 3 3
= + + —|x+y+z)=2=¥xyz=-
2y+3z 2z+3x 2x+3y 5( Y ) 5 Y 5
Vay

PMin:g < x=y=z=1<=a=b=c

51 S6 GDDT Lao Cai

,—‘Ba?ﬁl .

Giai hé phuong trinh trén tap s6 thuc:

2V x2+5=2./2y+x* (@)
x+3\/xy+x-y*-y=5y+4 (b

Hudng dan

) ¥y=0
DK'{ Xy+x—y*—y=0

Ta cé:
(b) (:»(x—2y—1)+3(\/xy+x—y2—y—y—

3(y+1)

VXy+x—y>—y+y+1

< x-2y—-1=0 (Vitheo DK thi trong ngoac vuéng duong)

—
~———
I
(=)

— (x-2y-1) =0
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Thé vao (a) ta dugc:

2V x2+5=2Vx—1+x°

— (x—2) 2x+2) + 2 +x+2 0
x=2)|- b =
Vx2+5+3 vVx—-1+1
VGi Vx =1 thi:
20+ L2 o L 2 >0
— X - X _—
Vx2+5+3 Vx-1+1 Vx-1+1 Vx2+5+3

. ~ . . 1
Vay hé phuong trinh da cho c6 1 nghiém (2; E)

Trong mat phang toa do Oxy cho ti gidc ABCD ndi tiép dudng tron dudng kinh AC. Diém
M(3;-1) la trung diém ctia BD,C(4;—2). Diem N(-1;-3) nam trén duong thang di qua B va
vuong goc voi AD. Duong thang AD di qua P(1;3). Tim toa do A; B; D

Huéng dan 34 p
Gia st D(a; b). 21
Vi M la trung diém ctia BD nén B(6 — a;—2 - b).
Ta co: 14

_ _ZADC=90° = AD L DC => BN| CD.
Vi NB,CD cung phuong nén ta dugc b=a—6.

Lai co:
PD1CD = (a-1)(a—4)+(b+2)(b—3)=0
Suyra a=5hodc a=4.

Pdp so: A(2;2); D(5;—1); B(1;-1)

N

Bai 3

Cho x 12 s6 thuc thudc doan

— 1 2] . Tim GTLN, GTNN ctia biéu thtc:

_ V5-4x—-Vli+x
V5—-4x+2V1+x+6

Hudéng dan

o 5-4x=a 2 2
bat — a“+4b° =9

: { Vi+x=»b

PN . T =3si
Do do ton tai e € |0; —| sao cho a=osina
) 2 2b=3sosa

Khi d6 P tré thanh:

2sina —cosa

) . ) ~ 2sina+2cosa + 4
ben day ta sé khao sat ham so.

L, A 1 1
Dap so: Py, = _5; Prjax = 3
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52 SG GDDT Lam Dong

,—‘Béﬁl y

Giai hé phuong trinh:
x2+6y—4=\/2(1—y)(x3+1) (a)
B-x)vV2—-x-2yy/2y—-1=0 (b)
Huéng dan
bK:x<2, ys%,(l—wU§+D20

Ta co:
) = 1+2-x)vV2—-x=(1+2y-1)\/2y-1
Xéthamsé: f() =1+ t=1+1¢
Ham s6 trén dong bién nén suyra: 2y =3 -x
Thé vao (a) bién déi thanh:
3 —x+1)-2* -1 =V -2 -x+1) <= x=2

N

Bai 2 .

. 2 . . = 2 oo P S S S
Trong mat phang toa do Oxy, cho hinh chtt nhat ABCD c6 dién tich bang 12, 1 (5; E) la tam

hinh chit nhat va M(3;0) 1a trung diém ctia AD. Tim toa d6 cac dinh ctia hinh chit nhat biét
yp<0

Huéng dan

Ban doc tu vé hinh.
Dé thay:
2
IM:% = CD=3vV2 = AD=2V2
Puong thang AD di qua M, nhan IM la vecto phap tuyén nén c6 phuong trinh: (d) : x+ y—3=0.
Ta ¢6 {A, D} = (d) n (M, v'2). Tim dugc A(2;1), D(4;-1).
Ap dung tinh chat trung diém cta I, tim dudgc B(5;4), C(7;2).

N

Bai 3

Cho céc sb thuc duong a;b;c théa man: a? + b? + ¢? = 1. Tim GTNN ctia biéu thtic:
1 1 2V3

= + +
va?+ab Vb*+ab l+c

Huéng dan

1 2 2 2
+ = = >
vVa’+ab Vb2+ab /(a®+ ab)(b?+ ab) \/ @+abtbi+ab va®+b?

Theo BDT Cauchy ta co:
1

Do do:
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Vay

53 S6 GDDT Binh Duong

Giai bat phuong trinh:v4x+1+ vV6x +4 = 2x> —2x+3

Hudng dan
Ta co:
BPT < Vax+1—(x+1)+V6x+4—(x+2)=>2(x*>-2x)
= (x*-2x)|2+ ! + ! >2(x% - 2x)
Vidx+1l+x+1 +Voex+4+x+2
Bai 2 .

Trong mat phang Oxy cho tam gidc ABC cé A(1;5), dudng phan giac trong géc A c6 phuong
N A N R A . . (=3 s 4R ~
trinh x -1 = 0, tam duong tron ngoai tiep tam giac ABC la I (7;0) va diém M(10;2) thudc

duong thang BC. Tim toa d6 B; C

Hudéng dan A

Nhdn xét: Bai todn nay giong Vi du 2 trang 27.

C6 toa do I, A nén ta viét dugc phuong trinh dudng tron (C) ngoai
tiép tam gidc ABC. Goid:x—1=0.

Goi D = (C)nd.Khidé ID L BC. Do d6 duong thang BC di qua M va
nhan ID 14 vecto phap tuyén.

Viét phuong trinh BC va tim giao ctia né véi (C).

Cho a; b; c 1a 3 s6 duong théa man a® + b* + ¢® = 1. Tim GTNN ctia biéu thiic:
1 1 32

= + -
at+a2b? br+a2b? (1+c¢)3

Hudng dan

Theo BDT Cauchy ta co6:
1 1 4 4

A2 R (a? + b2)2 (1-¢2)?
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4 32
— P=

+
(1-¢2)* (+cP
Khao sat ham so, ta thu dudc:

Trong mat phang véi hé truc toa do Oxy, cho tam gidc ABC c6 phuong trinh duong thang
BC:x—y—4=0.Cac diém H(2;0),1(3;0) 1an lugt la truc tAm va tam dudng tron ngoai tiép
tam giac. Hay lap phuong trinh canh AB, biét diém B c6 hoanh do khéng 16n hon 3.

Loi gidi 51

Goi G(a; b) 1a trong tam tam giac ABC. Khi dé:
HG=(1-2b), GI=@3-a-b)
Ma HG = 2GI. Do dé:
{ a-2=6-2a a=2 8 0

_ — 3 zG(—;O)
b=-2b b=0 3

Goi M 1a trung diém BC. Dé thay MI L BC nén duong
thang M1 c6 phuong trinh: x+ y—3=0.

MInBC = M nén toa do cia M la nghiém ctia hé phuong trinh:

x_?
+y =0 2
—y—-4=0 y:_l
2
7 1
vay M| —;—=].
ay (i3
.2 2 ., = 8 —_— 5 1
GlaSUA(c;d).Taco:AG:(g—c;—d),GM:(g;—E).

T AG = 2@, ta co:

8 c—5 c=1

3 3 (:){dzl — A(L;1)
Gia stt Bm;m—4)€ BC,v6im<3.ViIB=IA=+5nén:

m=2

2 _ 2 N2 _
BIF=5 — m-3)"+(m—-4)"=5 < [ m:4(loai)

Vay B(2;-2).
Phuong trinh duong thang ABla: 3x+y—-4=0.

,—‘ Bai 2 |
Giai hé phuong trinh:
{x3—3x2+2 =1/y3+3y?

Vx-3=y/y—-x+2
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Loi giai

x=3

Diéu kién:
yzx-2

Phuong trinh dau ctia hé tuong duong vdi:
x3—3x2+2:y\/m<:> (x—1)3—3(x—1):(\/m)3—3 y+3 (64)
Dé thay /y+3>1,x—1>1.Xétham sb f(r) = t>—3¢,Vt = 1. Ta cé:
fl(H)=3t"-3=20, Vt=1
Do d6 f(r) 1a ham s6 dong bién trén [1; +oc0).

64) = fx—1) :f(\/y+3)
o x—121/773

= y:x2—2x—2

Thé vao phuong trinh thi hai ctia hé, ta thu dudc:
Vx—-3=Vx2-3x < x*-4x+3=0 <

Két hop véi diéu kién, ta c6 nghiém duy nhat ctia hé phuong trinh da cho 1a: (3;1).

x=1
x=3

Bai 3

Cho a,b,c>0théa man a+ b+ c = 1, chiing minh rang
a b c 9
>

+ + >
l1+bc l+ca 1l+ab 10

Loi giai

Tir gid thiét, ta c6 a,b,c € (0;1).
Ap dung BDT Cauchy; ta co:

2
1—c\2
ab < a+b) :(_c
2 2
2
b+ 1-a\?
bC< C) :(—a
2 2
a+c)2 (l—b2
ca< =—
2 2

Do do:

a b c 4a 4b 4c
= + + > + +
1+4bc l+ca l+ab a®-2a+5 b?-2b+5 c2-2c+5

=fl@+ f(b)+ f(o)

, 4x
Trong do f(x) = oris Vxe(0;1).

2x+
Ta sé chting minh BDT da cho bang phuong phap tiép tuyén.
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~ « A A 2 X . S A . o R ]- N
Phuong trinh tiep tuyen cua do thi ham so y = f(x) tai diém x = 3 lay= 100
Ta co:
4x 9x-3  (Bx-1?%(15-11x)
- = =0, Vxe(0;1)
x2-2x+5 100 100(x2 —2x+5)

A 2 PR ? . 1 »
Dau "=" xay ra khi va chi khi x = 3 Do do:
99 9 9
PZﬁ(d-Fb-FC)—m—E (dpcm)

Aon_n_z2 PN 2 . 1
Dau "= xayrakhlvachlkhla:b:c:g

55 THPT Chuyén PH Vinh

Gii bat phuong trinh

X +5x<4|1+Vx3+2x2—4x

Loi giai
A x=-1+v5
Dieu kién: .
teuxaen -1-v5<x<0
BPT tuong duong véi:
X*+2X—4+3x <4V x(x2+2x—4) (65)
Xét hai truong hop:
X +2x-4<0
e -1-vV5<x<0.Khidé:{ 3x<0 .Do do:
x? +2x — 4,3x khong dong thoi bang 0
VT(65)<0=<VP(65)
Vay -1 - /5 < x < 0 théa man BPT da cho.
\/ v2 A=
e x=-1+V5.Khidé x*+2x-4=0. Dit Xr2x—4=az0 1,4
Vx=b>0
(65) < a*+3b* <4ab
<~ (a-b)(a-3b)<0
<~ b<a<3b
= Vx<Vx2+2x—-4<3Vx
¥ +x-4>0
X2 -7x-4<0
-1+v17 7+65 .
= ———<x< (thoa man).
2 2
A a a 2 ~ N —1+V17 7++65
Vay tap nghiém cua BPT da cho la: [—l—ﬁ;o]u( 2\/_; 2\/_)
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N

Bai 2 .

Trong mét phang véi hé truc toa dd Oxy, cho hinh chit nhat ABCD c6 ACD = a véicosa = NG

diém H théa man diéu kién HB = —2HC, K 1a giao diém clia hai dudng thing AH va BD. Biét
1 4 < . R . N " A 2 R

H(— - §) ,K(1;0) va diém B c6 hoanh do duong. Tim toa do cac diém A, B,C, D.

3
Loi giai A D
X 1 % < 2 .
DethayHeBCvaBH:§BC.ViBH//ADnen:
KH BH 2 2
S =222 = HK=ZKA.
KA AD 3 3
- 5___’ .2 2
SuyraHA:EHK.G1a31IA(xA;yA). >
Ta co: B .
H (o
. 1 5
AT =7 =
3 (:»{;A_g.
+-=— A=
ya 3° 3

n . A . N — r
Vay A(2;2). Vi tam gidc ACD vudng tai D va cos ACD = cosa = 5 nén AD =2CD, AC = V5CD.

< . a2 4
batCD=a>0,khidoé: AD=2a,AB=a,BH = ga.
Trong tam giac vudéng ABH, ta co:

ABZ+BH2=AH2<:>§a2:§<:>a:\/§.
Suy ra:
AB=1/5
HB:4—‘/5 (66)
3
Gia st B(x;y), x> 0. Ta c6:
(x-2)%+(y-2)*=5 x=3;7=0
(66) = x—12+ +é2:@ — x:—l' ~8 loa
( 3) (y 3) 9 57 :

Suy ra B(3;0).

— 33—
Tu BC = EBH = C(-1;-2).
Tit AD = BC = D(-2;0).

,—‘ Bai 3 N

Cho x, y, z1a céc s6 thuc khong Am théa man
0<(x+P)2+(y+2°+(z+x?<2
Tim gia tri 16n nhat cta biéu thic:

3
P:4"+43’+4Z+ln(x4+y4+z4)—Z(x+y+z)4

Loi giai

O=x,y,z=<1

Tt gia thiét, ta co: .
8 { P+yi+z4<1
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Xét ham so

g(t)=4"-3t-1, tel0;1]
Taco: g'(r)=4"In4-3.

") =0 < t=1lo 3 =
g - - g4ln4_ 0

g>0 = t>1; <0< r<i

Vil<—— <4nén0< f < 1. Bang bién thién clia ham sb g(1):
n

r |0 to 1
g - 0 +
O >y
§ g(t)
Suy ra g(t) <0,Vt € [0;1] hay
4'<3t+1, Vte[0;1]
Mat khac, do 0< x,y,z< 1 nén:

x4+y4+z4sx2+y2+z251
Tu do, ta cé:
4, 4, 43 4
P<3+3(x+y+2)+In(x"+y " +z )—Z(x+y+z)
3
S3+3(x+y+z)—zl(x+y+z)4

Dat x+ y+z=u,khido: u=0va

3 4
P=<3+3u—-u

(s % 3 4 . .
Xétham so f(u) =3+3u—-u" vGi u=0. Ta co:

) flw=3-3u% fw=0<= u=1
Bang bién thién cta f(u):

u |0 1

+00

ffw| + 0
21

fap| 74

Dua vao bang bién thién, ta c6

21
fu) < i Yu=0

Vay maxP = —.

]- A 2 , ? PN 2 . o , ~ .
Suyra: P < T Dau ddng thic xay ra khi va chi khi x =1,y = z=0 hodc cac hoan vi.
21

4
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56 THPT Tha Dic (TP H6 Chi Minh)

Trong mit phang véi hé truc toa dd Oxy, cho tam giac ABC nhon c6 A(-1;4), cac duong cao
AM,CN va truc tam H. Tam du’dng tron ngoai t1ep tam gidc HMN 1a I(2; 0). Duong thang BC
di qua P(1;—2). Tim toa d6 cac dinh clia tam gidc, biét B thudc duong thang d: x+2y—-2=0

Hudng dan

Dé thay tii gidc BMHN ndi tiép dudng tron tam 1(2;0), dudng kinh BH.
Gia st B(2-2b; b), H(2b +2;-b). Ta c6:
AHBP=0 = b=-1 = B(4;-1), H(0;1).
Viét dugc phuong trinh dudng thang BC: x—3y—7=0,AC: 2x— y+6 = 0 va tim dugc C(-5;-4).

,—‘ Bai 2 |

Giai hé phuong trinh
Q- x2+2y>=x+2y+3xy
VY+1+y/x2+2y2=2y—x
Loi giai
DK:y=-1.

Dit £ = /x2 +2y2 = 0. Phuong trinh dau ctia hé tré thanh:

t2+(1—y)t—x2—2y2—x—2y—3xy:0

| y¥Ft2yt=—x-y-1

r=x+2y

X2+2y%2=x+2y

— ' VX2 +2y2=—-x—-y-1
\/7
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:

e \/x%2+2y%=-x-y-1.Thay vao phuong trinh thit hai cta hé, ta co:
1

Vy+ :3y+1(=>{y>§ —= y=0

9y +5y=0
Suyra: V x%2 = —x -1 (khéng théa man).

o \/x2+2y?2=x+2y.Taco hé:

-1-+v5
Vy+1=-2x X = V5 - -
— 4 (théa man)
\/ X2 +2y2=x+2y _1+v5
Y=
- ) a -1-v5 1 5
Vay hé da cho co nghlem( 4\/_; +2\/_)
Bai 3 )

Cho x, y,z1a cac s6 thuc duong théa man
5(x% + y2 +2%) = I(xy+2yz+zx)
Tim gia tri I6n nhat ctia biéu thic:
X 1
T Y2422 (x+y+2)3

Hudng dan
Tit gia thiét, ta co:
5x° — 9x(y+2)=18yz— 5(y2 +2°%)
Ap dung BDT Cauchy, ta c6:

1
yzsz(y+z)2 s 5
, 51 ) = 18yz—-5(y " +2z°) <2(y+2)
V' +z 2§(y+z)
Do dé:
5x2-9x(y+2) <2(y+2? = [x-2(y+2)]6x+y+2) <0
= x<2(y+2)
Suy ra:

- 2x 1 - 4 1
T (+2? (x+y+23 7 y+z 27(y+2)3

bat y+z=1¢>0, tacé:

Lap bang bién thién clia ham sb f(¢), ta thu dudc P < 16.

A . 1 1
VaymaxP=16khix=—;y=2z=—
3 12

57 THPT Nong Cong 1 (Thanh Héa) 1an 2
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N

Bai 1 .

Trong mat phang véi hé truc toa do Oxy, cho duong tron (C) tdm I c6 hoanh do duong. (C)
di qua diém A(-2;3) va tiép xtic v6i dudng thang (d,) : x+ y +4 = 0 tai diém B.

(C) cat duong thang (d») : 3x+4y—16 = 0 tai C va D sao cho ABCD la hinh thang (AD| BC) c6
hai dudng chéo AC, BD vuong géc véi nhau. Tim toa do cac diém B, C, D.

Loi giai

Vi ABCD la hinh thang néi tiép dudng tron nén né6 A
la hinh thang can.

bat K = ACn BD. Khi do: AKBC vubng can tai K.

Suy ra:

ACB=45° =— AIB=90° — IB 1 Al (67)

Mat khac:

(dy) tiép x(c v6i (C) tai B = IB L (dy).  (68)

d
Tu (67) va (68) suy ra: ! )
5
IB d(A dl)) \/_
Ta c6 phuong trinh dudng thang Al: x+y—1=0. Vi I € AInén I(a;1- a). Khi do:
= — & .
—-=  (loai)
Vay I (— 5) Vi B 1a hinh chiéu ctia I 1én (dy) nén B(-2;-2)
. . . . . 1\? 1\ 25
Phuong trinh cua duong tron (C) la: (x - 5) + (y - 5) = >
Hai diém C, D c6 toa do 12 nghiém hé phuong trinh:
2 2
(x—%) ; y—%) :% (x;7) = (0;4)
3x+4y-16=0 5y =D

Vi AD//BC nén C(4;1), D(0;4).

,—‘ Bai 2 N

Giai hé phuong trinh

\/x2+xy+2y2+\/y2+xy+2x2:2(x+y)
By-6)Va—1=(2+/y=2)(y+avx—2+3)

Huéng dan

bK: { ; i 2 . Phuong trinh dau clia hé tuong duong véi:
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T3l oo

LX
bat — = ¢ >0, ta dugc:

y
VE++2+ V22 +t+1=2(t+1) (69)
Ta chiing minh:
3 5
\/t2+t+222t+2, V>0 (70)
That vay,

3 5 ) 3 5)\? 5 N
\/t2+t+222t+2<=>t+t+2— ZHZ >0 < 7(t-1)°=0 (ludn dung)

Dau "="xay ra khi va chi khi r = 1.

Tuong tu, ta co:
V2P +t+1=

Dau "="xay ra khi va chikhi r = 1.
Cong theo ve (70) va (71), ta co:

t+=, VYt>0 (71)

NGNS
S~ w

VT(69)=VP(69)
Vay ¢ = 1 la nghiém ctia phuong trinh (69). Tit d6 ta c6 x = y.
Thay x = y vao phuong trinh thi hai ctia hé, ta c6:
Bx—6)Vx—1= (2+ \/x—Z) (x+4\/x—2+3) PN f(\/4x—4) = f(2+ \/x—Z).
Trong do6 f(1) = £ +t.
Dé thay f(1) dong bién trén R. Do dé:
VAx—-4=2+vx-2.
Giai phuong trinh, ta thu dugc x=2,x = 3?4.

, .  n 4 34
Hé co hai nghiém (2;2); (%, %)

Bai 3 .

Cho x, y 1a cac s6 thuc khong 4am théa man:
\/2x2 +3xy+4y%+ \/Zy2 +3xy+4x2-3(x+y)? <0.
Tim gi4 tri nh6 nhat ctia biéu thiic:

P=2x3+ ) +2(x°* +y?) —xy+ VX2 +1+/y2 +1.

Loi giai

batQ= \/2x2 +3xy+4y%+ \/2y2 +3xy+4x2. Ta co:

0= [\2 2] (VB | [vole ) VB =omeimstes

Dau "="xay ra khi va chi khi x=y > 0.

bat t=x+ y, ta co:
2 _ =
{t tZO:[IO 72)
=

t=0
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Mat khac:
Pz2(x3+y3)+2(x2+y2)—xy+M+\/y2+122t3+2t2—t—2(6t+5)+\/m
hay !
4P>28+32+4V 2 +4
Xétham sb f(1) =212 +312 +4V 12 +4 v6i t thdéa man (72). Ta c6:
fl()=6+6t+ >0, V¢ (théaman (72))

2 +4
Suy ra:

f(® =min{f(0); f(1)} = f(0)=8
Vay 4P = 8. Hay min P = 2 khi:

x=y=0 o
{x+y:0 <~ x=y=0.

58 THPT Nguyéen Trung Thién lan 1

Bai 1 .

Trong mat phang v6i hé truc toa d6 Oxy, cho tam gidc ABC c6 trung diém canh BC la
M(3;-1). Diém E(-1;-3) nam trén dudng thang A chiita dudng cao di qua dinh B. Pudng
thaglng AC di qua F(1;3). Tim toa do6 cac dinh cua tam giac ABC, biét duong tron ngoai tiép
tam giac ABC c6 duong kinh AD véi D(4;-2).

Loi giai
Goi H la truc tm ctia tam giac ABC. Khi do:

BD//CH = BDCH la hinh binh hanh

— M latrung diém DH = H(2;0)

{ BH//CD

Puong thang AC di qua F(1;3) va nhan HE = (-3;-3)
1a vecto phap tuyén nén c6 phuong trinh: x+y—4=0.
buong cao BH c6 phuong trinh: x— y—2=0.

Gia stt B(b;b—2),C(c;4 - ¢). Do M 1a trung diém BC

neén:
b+c=6 - b=
b-c+2=-2 c=5
VélyB(l;—l),C(S;—l).

buong cao AH di qua H va vuéng goc véi BC nén c6 phuong trinh x = 2.
Toa do ctia A la nghiém ctia hé phuong trinh:

x=2 — x=2
x+y—4=0 y=2

Vay A(2;2)
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Giai phuong trinh

(x+2)(\/x2+4x+7+ 1)+x(\/x2+3+1):0

Loi giai
Phuong trinh da cho tuong duong véi:
(x+2) (\/(x+2)2+3+1) = —x(\/x2+3+1) — f(x+2)=f(-x)
Trong do f(r) = t(\/ ?+3+ 1). Ta co:

fl=1+V2+3+

Do d6 ham sb f(r) dong bién trén R. Khi dé:
fx+2)=f(-x) = X+2=—x << x=-1
Vay phuong trinh da cho c6 nghiém duy nhat x = -1.

,—‘ Bai 3 |

Cho x, y,z1a cac s6 thuc duong théa man x? + y% + z2 = 3.
Tim gia tri nho nhat cta biéu thic:

t—z

>0, VteR
2+3

X N Y N %
(Y422 (x+2)?  (x+y)?

Loi giai
£ b 1
Tu gia thiét 0<x,y, 3. Ta chu inh > —x°.
gia thiét suy ra 0 < x, y, z < V3. Ta chiing min G- 21"
That vay:
1 A ,
ﬁ > sz — 22xB3-x%) = (x-1)*x+2)=0 (ludn ding)
Ta co: )
+2)? <2(F +xH) =23 - x* T T ooy
yray=2y+x)=206-2 = (y+2?% 23-x?) e
Tuong tu:
y 21y2; _z 1
23-y2) " 4 23-22) 4
Tl d6 suy ra:
X ¥y z 1

3
= + + > (X’ +y*+28) ==
(y+2)2 (x+2)2% (x+))?% 4 4

Diu "="xayrakhivachikhix=y=z=1.

. 3
Vay minP = T
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59 THPT Lam Kinh (Thanh Hoa)

Trong mat phang vé6i hé truc toa dd Oxy, cho hinh binh hanh ABCD c6 dién tich bang 4.
Biet A(1;0), B(0;2) va tdm I cua hinh binh hanh nam trén dutng thang y = x. Tim toa d6 cac
dinh C va D.

Loi gidi A D

Tacé AB = (~1;2) = AB = /5. H
Phuong trinh dudng thang AB 1a: 2x+ y—2=0.

Gia st I(1;1) € (d) : y = x. Vi I 1a trung diém AC va
BDnéntaco: C2t—1;21),D@2t;2t—2).

B e *C

Goi CH la dudng cao ké tit C clia hinh binh hanh. Theo gia thiét:
4
Sapcp=AB.CH=4 — CH = ﬁ

Ta co:

ocwl ks

6t—4 4
d(C;AB) =CH < | | = t
t

\/g —

Sl

Vay C (g, g) ,D (§ %) hoac C(-1;0), D(0;-2).

3’3

Giai hé phuong trinh

x?hf+xy+1:4y
yu+yV:2ﬁ+7y+2

Loi giai
Nhan xét: Hé da cho khong c6 nghiém dang (xy;0).
V6i y #0, ta co:

X% +1

+x+y=4
HPT < \ 5

+1
(x+y)2—2x =7

x%+1

batu= ,U=x+y, ta co hé phuong trinh:

u+v=4 u=4-v
2 _ And 2 _
v--2u="7 v"+2v-15=0
e VOiu=1;v=3,taco:
P+l=y {x2+1:y {x2+x—2:0
— —

v=3;u=1
v=-5u=9

x+y=3 y=3-x y=3-x

e VOiu=9;v=-5, taco:
{x2+1:9y _{x2+1:9y {;ﬁ+9x+46:0
= =

X+y=-5 y=-5-x y=-5-x (v6 nghiém)

Vay hé phuong trinh da cho c6 hai nghiém: (1;2), (-2;5).
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N

Bai 3 .

Cho a, b, ¢ 1a ba canh ctia mét tam giac. Chiing minh rang:

(1+1+1+b+c<2 (73)
a
3a+b 3a+c 2a+b+c) 3a+c 3a+b
Loi giai
a+b>c
Vi a,b,clacac canh ctia 1 tam gidcnén:{ b+c>a .
c+a>b
a+b
2 =X X+y>z
bat{ ¢+ta_ = (x,y,2>0).Taco:{ y+z>x .
2 zZ+x>y
a=z
Khi do: . )
VT(73):a+ +a+c+ S -
3a+c 3a+b 2a+b+c y+z z+x x+y
Ta co:
2z z
X+y>z = z(x+y+2)<2z(x+y) < >
X+y+z x+y
Tuong tu:
X - 2x y 2y
y+z x+y+z z+x Xx+y+z
Do do: )
x Ly L F u+y+@:2
y+z z+x Xx+y Xx+y+z
Vay:
(1+1+1+b+c<2(dcm)
a .
3a+b 3a+c 2a+b+c) 3a+c 3a+b p
60 THPT Cu Huy Can (Ha Tinh)
Bai 1 .

Trong mat phang véi hé truc toa do Oxy, cho hinh chit nhat ABCD c6 diém A thudc dudng
thang d, : x— y—4 =0, diém C(-7;5), M la diém thuoc BC sao cho MB = 3MC, duong thang
di qua D va M c6 phuong trinh d» : 3x — y +18 = 0. X4c dinh toa do dinh A, B biét diém B c6
tung do duong.

Loi giai

Gia st A(t;t—4) € d;. Goi I = ACn DM. Ta co:

IA AD —
AIAD ~AICM = = =

ol 4= JA=-4IC
. ) IC CM
Giasu I(x; y), ta co:

IA=(t-xt-4-y),IC=(-7-x5-Y).
Khi do:

http://diendantoanhoc.net Trang 199



t—x=28+4x

t—4-y=-20+4y
t—28

===

=31 _ r£16

Y="%

a:_4rc’<:{

A D

t—28 t+16
Suyrazl( ; )
5 5

Vile DM nén:
r—28 t+16

5 5

+18=0 <= t=5

Vay A(5;1).

Tt gia thiét suy ra CB = 4CM.

Gi& st M(1;3u+18) € dy, B(a; b). Ta c6: CB = (a+7;b—5); CM = (u +7;3u +13). Khi dé:
a+7=4u+28
b—5=12u+52
Ta c6: CB = (4u+28; 12u+52); AB = (du+ 16;12u + 56).
Vi ABCD la hinh chti nhat nén:

CB=4CM < — B(4u+21;12u+57)

CB.AB=0 16(u+7)(u+4)+16(Bu+13)Bu+14)=0

— 5u®+46u+105=0

21

u=-——

— 5

u=-5
e 21 . 21 33
e VGiu=-——,tacOB|—;—
5 55
 V6i u = -5, ta c6: B(1;-3) khong théa man.

Vay A(5;1) B(E-E)
Y y L) 5) 5 .

,—‘ Bai 2 N
Giai hé phuong trinh
{ x2+2x—3:y+3\/x+y+3

6x2+2xy+2(\/}—1)(\/}+1) =302~ y—4) (/222 + xy +3x+2

. V.

DK:{ xX+y+3=0 .

x=0
Tit phuong trinh dau ctia hé, ta cé:
K +3x=x+y+3+3/x+y+3 = f(x):f(\/x+y+3)
Trong d6 f(1) = t*+3t, (t=0). Taco:

fl(n=2t+3>0, Vi=0
Ham so f () dong biéen trén [0; +o0). Do dé:

f(X):f(\/x+y+3) = x=\/x+y+3 = y=x*-x-3
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Thay vao phuong trinh thi hai ctia hé, ta c6:

2x° +4x2 —4x—-2=3(x-1)Vx3+x2+2
— (x-1) (2x2+6x+2—3\/3 x3+x2+2|=0

x=1

<~
2x% +6x+2-3Vx3+x2+2=0

e VGix=1,tacé y=-3.
e Taco:
2x% +6x+2-3Vx3+x2+2=0
= @+ 43+ D =+ 2 +2+3V a3+ x2+2
<:>g(x+1):g(3 x3+x2+2)
Trong d6 g(t) = t> +3t. Ta co:
g(M=3t2+3>0, VieR
Suy ra ham s6 g(¢) dong bién trén R. Do do:
g(x+1):g(3 x3+x2+2) — x+1=Vx3+x2+2

— 2x°+3x-1=0

LT3V
— 4
-3-v11 .
x=——— (loai)
4
.. =3+4/11 ) -8-5V11
Vi x=———,tacoy=———.
4 8
A 1A N ~ ) LA -3+v11l -8-5v11
Vay hé phuong trinh da cho c6 nghiém: (1;-3), YR p

N

Bai 3

Cho x,y la cac s6 thuc théa man: 4x* + y* < 8. Tim gi4 tri 16n nhét, gia tri nhé nhat cla:
(2x+6)2+ (y+6)% +4xy—32
2Xx+y+6

P=

Loi giai
Ta co:

2
824x2+y22@

= (2x+y)2516
— —4=<2x+y=<4
— 2=<2x+y+6=<10
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bat t=2x+ y+6,t€[2;10]. Khi do:

P:2x+y+6+m=f(t)
Xét ham so: fn= t+%, t€[2;10]. Ta co:
! _ 4 / _ t=2 . o _2

Vay:

52 = - _
maxP=— < x=1 ; minP=4 < * 1 .
5 y=2 y=-2

61 THPT Da Phuc (Ha Noi)

Bai 1 .

. 2 . " . " . 11 A R
Trong mat phang vGi hé truc toa do Oxy, cho hinh vuéng ABCD co6 E,F (?;3) lan luot la

trung diém AB, AD. Goi K 1a diém thudc canh CD sao cho KD = 3KC. Phuong trinh dudng
thang EK : 19x — 8y — 18 = 0. Xac dinh toa d6 dinh C, biét diém E c6 hoanh d6 nho6 hon 3.

Loi giai
Bai to4n nay tring vdi bai 1 ctia Dé thi THPT Luong Ngoc Quyén (Thai Nguyén) - Dé 14.

,—‘ Bai 2 \

Giai hé phuong trinh
2, .2 2 2
\/x +y +\/x +Xy+y _e
2 3

X\/2xy+5x+3=4xy—5x-3

Loi giai
Diéu kién: 2xy+5x+3 = 0.

Ta co:
2, .2 2 2
X° + +xy+ + +
Yy + X"+ Xy+y > |x+ yl 4 |x + yl
2 3 2 2

Do d6 phuong trinh dau ctia hé tuong duong véi: x = y = 0. Thay vao phuong trinh thi hai ctia
hé ta dugc:

=|lx+yl=zx+y

6x° —xV2x2+5x+3—(2x*+5x+3)=0

1
X=-V2x2+5x+3
x=-z V2x2+5x+3 (phudng trinh v nghiém)
x=3
— 1 .
x= -3 (loai)

Tu x=3suyray=3. )
Hé da cho c6 nghiém duy nhat (3;3).
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N e

Bai 3
a1 . Tim gia tri nho

Cho a, b, c 1a cac sb thuc déi mot phan biét théa man:
ab+bc+ca>0

nhéat cta:
P=2 2 + e + 1 + 2
B (a-b)? (b-0? Ic-al| vab+bc+ca

Loi giai
Ta co: ,
2, 2 +
Ty z(x y)’ Vx,y
2 2
1+1> 4 > 2\/§ A >0
- - = = ) xyy
X oy xty /x?+y?
DAau "= xay ra khi va chi khi x = y. Mit khac:
2 2 2 5
P> + + +
la=bl |b—cl Ic—al +ab+ac+ca
Gia st: a> b > c. Khi do:
10 10 10v2
P> + >
) la—c| 2vab+ac+ca (1-b)(1+3b)
Ta co: )
(l—b)(l+3b)25(3—3b)(1+3b)S§
— P=>10V6.
N ) P, 2+v6 1 2-v6 ., ..
Vay min P = 10v/6 khi va chi khi a = 6\/_,b == ve va cac hoan vi.

62 THPT Lang Giang I (Bic Giang)

Bai 1
Trong mit phang vé6i hé truc toa do Oxy, cho tam gidc ABC. Goi E, F 1an lugt 1 chan dudng
3 8 N 2 A
), phuong trinh duong thang BC la

1 .

cao ha tu B,C. Tim toa do diém A, biét E(7; 1),F( =

x+3y—4=0vadiém B c6 tung do duong.

.

Huéng dan

Goi K la trung diém ctia BC. Khi d6, vi K€ BCnén K(4 -3¢ 1).
Vi BEC = BFC =90° nén B, C, E, F nam trén duong tron tam K, ban kinh KB. Do dé:

KE=KF
2 ( 13)2
+lr-—=

5

<=>(3+3L‘)2+(t—1)2:(§—3t

—t=0
Trang 203
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Vay K (4;0). 1y
ViBe BCnén B(4-3b;b),b>0.
TG KB = KE, tinh dudgc B(1;1).
Stt dung tinh chat trung diém clia K, ta tim
dugc C(7;-1).
Khi do:
CE:x=7, BF:4x-3y-1=0.
Vi A= BFNnCE nén A(7;9)

,—‘ Bai 2 \

Giai hé phuong trinh:
(xy+3)%+(x+y)*=8
x y 1 (74)
+ =-=
X*+1 y’+1 4
Loi giai

Nhan xét: (0;0) khéng phai la nghiém ctia hé.
VGix#0,y#0, ta co:
2+1 2 +1
T YT g
X
X Y y 1

+ — =
*+1 y’+1 4

(74) =

Dita=—— l,b:y2y+ —, ta dugc hé phuong trinh:
a+b:—i (a;b):(——;—)
1 _ g — . 1 1 .
ab_ (ay )_(_y__)
Ta c6 hai truong hgp:
1
° < a:_i — x=-1
b:l y:2i\/?_)
4
1
. a=7 x=2+V3
[ y=-
2

Vay hé phuong trinh da cho c6 4 nghiém: (—1;2 + \/§) : (2 +/3; —1)
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N

Bai 3

Cho céc sb thuc duong x, y, z. Tim gia tri 16n nhat clia biéu thiic:
8

T2 2d x+2)(y+2)(z+2)

Loi giai
V6i moi s6 thuc duong x, , z, ta co:
2
x2+y22(x+y)
+2)?
z2+42(22)
Suy ra:
1
x2+y2+z2+425[(x+y)2+(z+2)2]
1
:x2+y2+z2+42E(x+y+z+2)2
1 2
fr— <
VX2+y2+z2+4 X+y+z+2
Mat khac:
(x+y+z+6)3
(+2(y+2)(z+D) < ——
8 216
= — <- , Yx,5z2>0
(xXx+2)(y+2)(z+2) (x+y+z+6)3
Do dé:
2 216
P< — , ¥x,5z>0
X+y+z+2 (x+y+z+6)3
batr=x+y+z+2,t>2.Khido:
L2 26
Tt (t+4)3
Ta c6:
648 2 fln=0
! _ _ . —
f0= =Vt {t>2 r=8
Bang bién thién:
r |2 8 +00
't + 0 -
1
f(t)0/8\ 0
Do do:

Psmaxf(t):f(B):%

A 1 . s s
VaymaxP:g,datdu’gckhlvachlkhlx:y:z:z.

63 THPT Ly Tu Trong (Khanh Hoa)
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Trong mat phang v6i hé truc toa dd Oxy, cho hai diém A(1;2), B(4;1) va dudng thang d :
3x—4y+5=0.Viet phuong trinh duong tron (C) di qua A, B va cat duong thang d tai C, D sao
cho CD =6.

Loi giai

Nhanxét: ViAe dnén A= Chodac A=D.Gidst A=C.

Goi I 1a tam duong tron (C), ban kinh R > 0.

(C) di qua A, B nén I thudc dudng trung truc A caa

AB.

Ta c6 phuong trinh ctia A:3x — y — 6 = 0. Khi do:
I(@;3a—6),R = V10a? —50a + 65.

Goi H 1a trung diém CD, ta c6:

_ _ o2 g2
R=IC < R= CH—l—d(Im

9a —29)?
— V10@ —50a+65=1/9+ 4= 2
25
a=1
= 43
a=—
) . 13
Ta co6 hai truong hgp:
« a=1.Tacé I(1;-3), R = 5. Phuong trinh dudng tron (C) ¢6 dang: (x—1)* + (y +3)* = 25.
43 , (43 51 5v6l < N N p
e a=—.Taco I(—; —) ,R = ——. Phuong trinh duong tron (C) co dang:
13 1313 13
( 43)2 ( 51)2 1525
x-—| +|ly-—=| =——.
13 13 169
Giai hé phuong trinh
x3—6x2+13x:y3+y+ 10
V2x+y+5-/3-x—y=x>-3x*-10y+6
Loi giai
Diéu kién: { 2x+y+520
: 3-x-y=0

Phuong trinh dau ctia hé tuong duong véi:
x-2l+x-2)=y*+y = f(x-2)=f(y)
Trong d6 f(¢) = > + t laham sO xac dinh trén R. Ta co6:
fl(H=3t°+1>0, VteR
Suy ra ham sé f(r) dong bién trén R. Do dé:
fx=2)=f(y) = x-3=y
Thay vao phuong trinh thi hai ctia hé, ta co:

V3x+3-v5-2x=x3-3x*>-10x+26
(75)

—-l<sx=<-
2
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L £ N 5 ,
Xét ham so g(x) = V3x+3-V5-2x trén -1 . Ta cé:
. 1 5
g(x)= + >0, Vxe|-1;-
2V3x+3 V5-2x 2
N A X « A A 5
Suy ra ham so g(x) dong bien trén [—1; E] .
s £ N 5 ,
Xét ham so6 h(x) = x° —3x* — 10x + 26 trén ~1;5 |- Tacé:
5
h(x)=3x*-6x-10<0, Vxe —1;5]

N A . « A A 5
Suy ra ham so h(x) nghich biéen trén |-1; 5|

Mat khac g(2) = h(2) =2. Do d6 hé (75) c6 nghiépl duy nhéat x = 2.
Vay hé phuong trinh da cho c¢6 nghiém duy nhat (2;-1).

,—‘ Bai 3 |

Cho cac s6 thuc khéng am x, y, z théa man diéu kién: x + y + z = 3. Tim gi4 tri nhé nhat ctia
biéu thiic:

1 1 1
= + +
4+2In(1+x)-y 4+2In(l+y)-z 4+2In(1+2z)—x

Loi giai
Ap dung BDT Cauchy cho ba s6 duong a, b, ¢, ta cé:

1 1 1 1 1 1 9
(a+b+o)|—+—+—-|29 = —+—-+-2=
a b c¢ a b ¢ a+b+c

(76)

I?éu "="xay rakhivachikhia=b=c.
Ap dung (76), ta co:

9
P>
124+2In(1+x)—x+2In(1+y)—y+2In(1+2) -z

Xét ham sb f(t)=2In(1+¢)— t trén [0;3]. Ta co:
2
'OH=——-1; f(@®=0 t=1
i o s (o —

f0)=0; f(1)=ln4-1; fB)=4In2-3

Do do:
4ln2—3:1[101;13r]1f(t)sf(t)SI[r(}g?(f(t) =ln4-1
Suy ra:
12In2-9< f(x) + f() + f(z) <3In4 -3
= 12In2+3<f(xX)+ f(y)+ f(z)+12<9+3In4
9 9 3
—P= = =
R+ fx)+f(+f(z) 9+3In4 3+In4
Vay min P = — x=y=z=1.

3+1n4

64 THPT Quang Ha (Quang Ninh)
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Trong mat phang véi hé truc toa d6 Oxy, cho hinh vudng ABCD c6 dinh A(2;2). Biét diém
M(6;3) thudc canh BC, diéem N(4;6) thudc canh CD. Tim toa d6 dinh C.

Loi giai D N C

. s R , 9
Goi I la trung diém MN. Ta co 1(5; E)'

I
Do MCN =90° nén C thudc duong tron tam I duong kinh MN.
Vi CA la phén giac trong ctiia goc MCN nén CA giao v6i dudng
tron (I) tai diém E la diém chinh gitta cung M N khong chia C
(E va A cung phia so v6i MN). Suy ra E la giao diém cua (I) va M
trung truc cia MN.
A B
. . . ) 9\? 13
Phuong trinh duong tron (I): (x—5)“+ |y — 5 =T
Phuong trinh trung truc cia MN la: 4x -6y +7 =0.
Toa do ctia diém E la nghiém ctia hé phuong trinh:
13 11
9\ 13 e
(x—5)2+(y——) = — X = ’y_ 2
2 4 <= 72 7
4x—-6y+7=0 XZE,J/ZE

N p . A~ 77
Vi E, A cung phia so v6i MN nén chon E (5; 5)'

Phuong trinh duong thegmg AE:x—y=0.Do Ce AEnén C(c;c). Vi Ce (I) nén:

(c 5)2+(c 9)2—13 c:(;
2] 4 c=5 (loai, vi tring E)

Vay C(6;6).

Giai hé phuong trinh

x4+4y3+(x4—1)y+4y2:1
8y  +4Vx2+1=x*+6y+2

Loi giai
Ta co:
x4+4y3+(x4—1)y+4y2 =1
S Y+ +4yy+D=y+1
= x*+4)* - D(y+1) =0
y=-1
xt+ay? =1
Ta xét hai truong hgp:
e V6i y = -1, thay vao phuong trinh thit hai ctia hé, ta cé:

x=0
Wxt+1=x*+4
x:iZ\/E
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-l1=x=<1
e Vix*+4y°=1 = { _1_ 1 .Phuong trinh thi hai clia hé tré thanh:
Z_y_z
8y —6y—2+4Vx2+1-x*>=0 (77)

Xétham sb f(x) =4V x%+1—x? trén [-1;1], ta co:

fl(x) =

X oy flx)=0 = ¥=0
\/x +1 ’ B x:i\/§

fED=4v2-1; f0)=4; f(*V3)=5
Vay min f(x) = f(0) =

Xétham sb g(y) =8y° -6y —2 trén , ta co:

! 2 / 1 1 1
g(N=24y"-6;, g(=0=y=+- gl|:z|=-4 g|--|=0
2 2 2
1
Vay min g(y):g(—):—4.
-5:3] 2

Do do:
fxX)+g(y)=0, Vxel[-1;1],Vye

1.1]

22|
P 1

Dau "=" xay ra khi va chi khi (x; y) = ( 2)

Suy ra:

=0
1

x
(77) =

\S}

Vay hé phuong trinh da cho c6 nghiém:(o; %) ,(0;=1),2V2;-1), (-2V2; -1).

N

Bai 3 .

Cho cac sb thuc duong x, y, z théa man diéu kién: x + y + z = 3. Tim gi4 tri nh6 nhit ctia biéu
thic:
2 7 22

+ +
yz+V8+x3 zx+8+y3 xy+V8+z

P=

Loi giai
Trudc hét ta chting minh ri”ing: v6i cac s6 thuc ay, az, by, b, ¢1, ¢2 sao cho ay, by, ¢, > 0, ta ludn co:

2 2 2 2
ai by ¢ _(ai+bi+a)
a b o @rbhirar 78)
ar bz () dg+b2+62

Chuing minh
Ap dung BDT Bunhiacopxki cho hai b (

af b?  c*
b,

(4]

\/_\/b_z\/_

) va (\/Ll_z;\/b_;\/C_g), ta co:

(az + by +¢3) = (ay + by + ¢1)?

Do a, + by + ¢ >0 nén ta co diéu phai chiing minh.
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Quay lai bai toan, ap dung BDT (78), ta co:

2
P (x+y+2)

Xy+yz+zx+V8+x3+/8+y3+v8+73
Mat khac:

6—x+ x°
VB +x3= \/(2+x)(4—2x+x2)sT

6—y+y°
\/8+y3:\/(2+y)(4—2y+y2)s%

6—z+ 22

V8+23=V(Q2+2)(4-2z+22) < >

Do do:

- 2(x+y+2)? ~ 2x+y+2)7°

T 2(xy+yzrax)— (X+y+2)+x2+y2+22+18  (x+y+2°2-(x+y+2)+18
Dau bangxayrakhivachikhix=y=z=1hodcx=y=z=2.
batr=x+y+z=3,taco:

212
Pz ——
?—t+18
Xét ham sb (t)—z—tztrén [3; +00). Ta co:
T0=2="1s , o '
o —21°+ 72t . o =0 . B
FO=ta ey [0=0= | 12367 JRJO=2
Bang bién thién:
r |3 36 +00
ffm + 0 -
144
3 il
f() Z/ 1 \‘ 2
L _ _3
Ta co: [gllo%)f(t) =f(3) = R
VélyminP:Zkhix:y:z:l.
65 THPT Thong nhat (Binh Phudc)
Giai hé phuong trinh
x=2y—-yxy=0
Vx-1-2y-1=1
Loi giai
x=1
DK: 1
y_2
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Phuong trinh dau ctia hé tuong duong vdi:
X=y=y+vxy) =0
= (va+vy)(vx-2vy)=0

Vx—2,y=0
VX+yy=0 (vOnghiém)

—x=4y

Thay vao phuong trinh thi hai ctia hé, ta c6:
Vay—-1-4/2y-1=1
= 4y-1=/2y-1+1
<—4y-1=2y—-1+2,/2y—-1+1

= | Vori-2
1
R

Trong mat phang v6i hé truc toa do Oxy, cho cac diém A(1;0), B(-2;4), C(—1;4), D(3;5) va
duong thang d : 3x— y—5 = 0. Tim toa do diém M trén d sao cho hai tam giac MAB, MCD
co dién tich bang nhau.

Huéng dan

Taco: AB=5,CD=v17va AB:4x+3y—-4=0;CD:x—4y+17=0.Vi M € d nén M(m;3m-5).

Yéu cau cua bai toan tuong duong véi:

) Samap = Samcp <= AB.do,ap) = CD.dwi,cp) .
Ap dung cong thiic tinh khoang cach tit diem den duong thang, ta thu dudc 1 phuong trinh an

. 7
Giai phuong trinh, ta thu dugc: M, (§ ;2) , M5 (—9;-32).
Nhan xét: Cau nay khong xting tam véi dé thi THPT Qudc gia vi né chi yéu cau tinh toan thong
thuong chi khong can dung cac tinh chat hinh hoc dac biét.

N

Bai 3 .

Cho céc s6 thuc duong a, b, c thoa man diéu kién: a+ b + ¢ = 1. Chiing minh ring:

a+b®> b+c® c+dad? N

+ + > 79
b+c cta a+b (79)

Loi giai
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Ta co:

VT(79) = 4 + b + ¢ + b + ¢ + a =A+B
“\b+c c+a a+b b+c c+a a+b|
Mat khac:
1 1 1 1
A+3=—
+3 2((a+b)+(b+6)+(c+a))(a+b+b+c+c+a)
33 3 1 9
> — b)(b 3 =—
>2\/(a+ Jb+olera) \/(a+b)(b+c)(c+a) 2
3
— A=>-.
Hon nua:
b2 2 2
l=(a+b+c)?< + + (a+b+b+c+c+a)=2B
b+c c¢c+a a+b
:Bz%.
Tu do ta co:

3 1

, < X 2. , . A 2 2 ? PR ? . 1
Ta c6 diéu phai chiung minh. Dau dang thuc xay rakhivachikhia=b=c= 3

66 THPT Hong Quang (Hai Dudng)

N

Bai 1 .

Trong mat phang véi hé truc toa dé Oxy, cho tam gidc ABC c6 dudng cao va dudng trung
tuyén ké tit dinh A lan lugtla d; : x—3y =0va dp : x+ 5y = 0. Pinh C nam trén duong thang
A:x+y—2=0vaco hoanh do duong. Tim toa do cac dinh clia tam giac, biét ring duong
trung tuyén ké tit C di qua diém E(-2;6)

Loi giai

Do A =d; nd, nén toa do diém A la nghiém clia hé phuong trinh:

x-3y=0 — x=0
xX+5y=0 y=0
Vay A(0;0).

Vi C € A nén C(c;2 - ¢). Puong thang BC di qua C va vudng géc v6i d; nén cé phuong trinh dang:
3x+y—-2c—-2=0
Goi M la trung diem BC. Vi M = BCnd, nén toa do diem M la nghiém cta hé phuong trinh:

. 5¢+5
X+5y=0 -
{3x+y—20—2:0 - _ ¢+l
Y——T
. 5¢+5 c¢+1
vy {25 £
Goi G la trong tam tam gidc, ta co:
10c+10
AG=-AM = 2L,
3 _ Cc
YG 1
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. e — 10c+52 —-2c—128
Khido: EC=(c+2;-4-¢); EG= 1 ; 1 )

Vi E, G, C thdng hang nén EC, EG. Do dé:

10c+52 —2c¢—=128

2l _ 21 — *-5c-6=0 <

c+2 —-c—4
Vay C(6;—4). Khi d6: M(5;-1). Suy ra B(4;2).

,—‘ Bai 2 N

c=-1 (loai)
c=6

Giai hé phuong trinh
1 ¥y 1+y
x- = -
(x+12 x+1 y
V8y+9=(x+1)/y+2

Loi giai
Diéukién:{ X7 -1
; y>0
Ta co:
1
X— S —1+y<:>x+1+y: Y + L
(x+1)2 x+1 y y x+1 (x+1)2
xy+y+1 yx+y+1_
y (x+1)2
xy+y+1=0
y:(x+1)2

* VGi y = (x+1)?, thay vao phuong trinh thi hai ctia hé, ta c6:
V8(x+1)2+9=(x+1)|x+1|+2
— Truong hop x> -1, dat t = x+1, (¢ > 0). Ta c6 phuong trinh:

V8 +9=1r"+2 < 8°+9=1*+4r>+4

— t*-27-5=0

— ?=5
— t=v5

t=—v5 (loai)
— x:—1+\/§

Tu dé suyra y=5.
— Truong hop x < —1. dat t = x+ 1, (¢ < 0). Ta c6 phuong trinh:

2 4 2
+ —_ — +
/—81‘2 9 2 8t2 9=¢"—-4t"+4
—-t“+2=0

*-122-5=0
<2

{ ? =6+V41
— 2
<2

(v0 nghiém)
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 VGi (x+1)y = —1, thay vao phuong trinh th hai ctia hé, ta c6:
1
\/8y+9+;\/?—2:0 (80)

Mat khac: y>0 = 8y+9>9 = /8y +9>3 Do db phuodng trinh (80) v6 nghiém.

Vdy hé phuong trinh da cho 6 nghiém duy nhét (~1+ v5;5).

Bai 3 y

Cho céc s6 thuc duong x, y, z théa man diéu kién: x > y va (x+ 2)(y + 2) = 1. Tim gi4 tri nhé
nhat ctia biéu thic:

! N 4 .\ 4
C(x-1)2 (x+22 (y+2)?
Loi giai

N 2 « A - 1
bat x+ y+z=a. Tu gia thiét, taco (x+ 2)(y + z) = 1.Suyra:y+z:g.

Mat khac:
X>y = x+z>y+z = a>1
Ta co:
(42 1 a*-1
X—y=x+z- Z)=a——=
y y a a
P @ + 2 a2 @ PRI I @ +3a° +4
= _— a = —_—_—
(a2 -1)? a? (a2 -1)? a?~ (a®-1)2
Dat r=a?>1.Xétham so f(1) = W+3t+4ttén (1;+00). Ta co:
r+1
/ /
H=——5+3; D=0« t=2
(@ TEIE (@

Bang bién thién clia ham s6 f(1):

r |1 2 +00

1o 0 +

>~

Tit bang bién thién , ta cé:
P=f(n=12,vt>1
X+zZ= \/E

Déu dang thiic xay ra khi va chi khi: Jize

Sl

Vay min P = 12.
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67 THPT Song Lo (Vinh Phuc)

Trong mit phang vé6i hé truc toa do Oxy, cho tam gidc ABC cén tai A, dudng trung tuyén ké
ti dinh Ala d:2x+ y—3 = 0. Dinh B thudc truc hoanh, dinh C thudc truc tung va dién tich
tam giac ABC bang 5. Tim toa d0 cac dinh ctia tam giac.

Loi giai

Gid stt B(b;0, C(0;¢). Khi d6 BC = (~b; ¢). Goi H 1a trung diém BC. Ta c¢6 H (g; g)
Mot vecto chi phuong clia dudng thang d 1a i = (-1;2).
Do tam giac ABC can tai A nén:

{ BC.i=0 __ { b+2c=0 __ { b=4

Hed 2b+c=6 c=-2
Suy ra: B(4;0),C(0;-2).
Ta c6 BC =2v2, H(2;-1).
Mat khac:
1
Sapc=5BC.AH < AH = V5

Gia stt A(a;3-2a). Ta co:

AH=V5 <

Vay A(1;1) hodc A(3;-3).
,—‘ Bai 2 \

Giai hé phuong trinh
X+y+y\/x2—y*=12

Y\ X2 —y* =12

Loi giai

Diéu kién |x| = |y|.

pitd U=\x*-y4,uz0
’ v=x+y
2

A A . . 1
Vi x = -y khongthoamanhénéntaxétx#—-y.Taco y= E(v—u—).
14

Hé phuong trinh da cho cé dang:
u+v=12

u? —
_(,,__):12
2 v

u=4,v==8
u=3;v=9

<

4
8 =

.{l;
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2_ 12— = . -
— x-yr=4 )X 5 (thoa man).
x+y=8 =3




it

Vay hé phuong trinh da cho c6 hai nghiém: (5;3), (5;4).

2 _ — = 2 ~
=3 xX*—y*=3 _ ] X=5 (th6éa man).
9 x+y=9 y=4

N

Bai 3

Cho céc sb thuc duong a, b, ¢ théa man diéu kién: abc = 1. Chiing minh rang:
va N vb N ve
2+bya 2+c¢vb 2+ayc

Loi giai
Ta co: Ja
a a a
dol+a=2
2+b\/ﬁ 2\/_+ba 1+a+ba ( az2va)

Tuong tu:

Vb __ b

2+C\/E_1+b+bc

ve ¢

2+ayc l+c+ac

Cong theo vé cac BDT trén, ta co:

va Vb Ve a b c
+ + > + +
2=byva 2+cvb 2+ayc l+a+ba 1+b+cb 1l+c+ac
3 abc b N ch
" bc+bca+babcl+b+ch b+bc+abc
1 b ch

:bc+1+b1+b+cb+b+bc+1 -

Ta c6 diéu phai chiing minh.
Dau dang thic xay ra khiva chikhia=b=c=1.

68 THPT Chuyén Nguyén Hué (Quang Nam) lan 3

Cho duong tron (C) co phu’dng trinh x* + y —2x— 4y + 1=0va P(2;1). Mot dudng thang d di
qua P cit dudng tron tai A va B. Tiép tuyén ta1 A va B ctia duong tron cat nhau tai M. Tim
toa do ctia M biét M thuoc dusng tron (Cy) : x> + y> —6x—4y+11=0

Loi giai
buong tron (C) ¢6 tam I(1;2), ban kinh R =2.
Goi M(a;b). Vi M€ (C)) nén a* +b*—6a—4b+11=0 (a)

a+l b+2
Goi K 1a trung diém IM, suy ra K i,

Trang 216 http://diendantoanhoc.net



Phuong trinh duong tron duong kinh IM:

( a+1)2 ( b+2)2 (a-12 (b-2)?
x— +|y- = +
2 2 4 4

= x*+y —(a+Dx—(b+2)y-a-2b=0

Vi A, B thudc (C) va (IM) nén suy ra phuong trinh dudng thang AB: (a—1)x+(b-2)y+1-a—2b=0
DoPeAB = a-b-3=0 (b)

=4
1

Tt (@) va (b) suy ra{ Z: — M(4;1)

Giéihéphufdngtrinh{ By VXY =5 (x,yeR)

y2+2:xy+y

Loi giai

= <
\%

v

<N =

D@uk@n{zy_lzo c:{
j x—y=0

a’+1
Pita=+2y-1,b=yx—y(a,b=0).Khid6{ ¥~ 2, = x+y=a’+1+b°
x—y=b

a+b*+a+b-4=0

Khi do6 hé da cho tro thanh{ P4+ —3=0

S°+S-2P=4 (a)

P’+8*-2P=3 (b

o S=a+b 2
Dat{ P=ab (S,P=0,S >4P)tad11(jc{

Trl (a) cho (b) tadudc S—P*=1 = S=P*+1
Thay S = P? +1 vao (b) ta dudc
P?+P*+2P?>+1-2P=3
— pP*+3P?-2P-2=0
— (P-1)(PP+P*+4P+2)=0

P=1
P2+ P?+4P+2=0

ViP=0nén (*) < P=1= S=2.Tudda=b=1 =>{ ;C:?

Vay hé da cho cé nghiém (x;y) = (2;1)
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V6i a, b, ¢ 1a cac s6 thuc théa man a? + b? + ¢ = 3. Tim gia tri 16n nhat clia biéu thic

P=a*+b*+c*+3(ab+ bc+ ca)

Huéng dan

Kihiéu P = P(a,b,c) = a* + b* + ¢* + 3(ab + bc + ca).
Dé thay chi can xét a, b, c = 0.

2 S s | b2 + c? N :
Gia su a = max{a, b, c} va dat s = 2c , p = bc. Ta sé ching minh:

P(a,b,c) < P(a,s,s) (81)

Khi dé, dé y rang a? + s* + s> = 3, bai toan dudc dua vé trudng hop c6 hai sé bang nhau.
Viet lai biéu thiic theo s va p, ta co:
P(a,b,c) =4s* —2p* +3p+3ay/2s2+2p = f(p)

Xem f(p) 1a ham s6 bién p:
3a

V282 +2p
3

1
!

(p)=-4+3+ ==
I 2+2 2

f'(p)=—-4p+3+

Vio<sp<s<l<anén:

Do d6 f(p) dong bién trén [0, s]. Suy ra:

f(p) = f(s)=Pla,s,s)
(81) dugc chiing minh xong.
Bay giod chi can xét bai toan khi c6 hai s6 bing nhau (cu thé hon nita la trong trudng hop a > 1>
b=c).
Bai toan bay gio tré thanh mot bién, tinh dao ham va 14p bang bién thién ta dé dang tim dudc
maxkhia=b=c=1hodca=2b=2c=V2

69 THPT Chuyén Hung Vuong (Pha Tho)

Trong mat phang hé toa d6 Oxy, cho tam gidc ABC c6 dudng trung tuyén AM va dudng cao
AH lan lugt c6 phuong trinh 13x—6y—2 =0, x—2y— 14 = 0. Tim toa d6 cac dinh ctia tam giac
ABC biét tam duong tron ngoai tiep cua tam giac ABC la I(—6;0).

Loi giai

Toa d6 Alanghiém ctia hé:

x—-2y-14=0 x=—4 .
{13x—6y—2:0 :{y:—9 = A(-4;,-9)

Ké duong kinh AA’ clia dudng tron ngoai tiép A ABC.
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Khi d6 A'(-8;9).

Goi K la truc tam A ABC.

Dé thidy BKCA' ¢6 2 cdp canh dbi song song nén BKCA' 1a
hinh binh hanh. Do d6 M la trung diém A'K.

Vi K va M lan lugt ndm trén dudng thang AH va AM nén

A < 13m -2
toado K(2k+14,k) va M(m, 5 ) K
M 1a trung diém A'K, suy ra: H

13m-—-2
k+9=2. - M(2;4)

{ 2k+14-8=2m { k=-1 { K(12;-1) B c
—

Puong thang BC di qua M va nhan AK lam vtpt nén BC:2x+y—-8=0

Gia stt B(b;8 - 2b). Vi I 1a tam dudng tron ngoai tiép A ABC nén
b=
b=

—_— W

IA=IB < 4+81=(b+6)°+(2b-8)? —

V6i b =3 ta cé B(3;2). Do C dbi xiing v6i B qua M nén C(1;6)

V4i b=1tacé B(1;6). Do C db6i xting v6i B qua M nén C(3;2).

e 2 A ~ 4
Giai bat phuong trinh 2x +5/x > 11 + >
x_

Loi giai
Diéu kién x =0, x #2.
Bét phuong trinh da cho tuong duong:
4 7x
2(x-2)+5Vx>7+ —— = 20-2) +5v/x > o
Dé thiy x = 0 khong lam nghiém ctia b4t phuong trinh.

, . A 2 2 _2 7
Xét 0 < x # 2, chia 2 ve cua BPT cho v/x ta dugc x )+5>£

VX x—2
- x_z . », 2. N
bat r = ——, khi d6 BPT tro thanh
Vx
7 212 +5¢—7 r>1
2t45>—«— ——— >0 <= t2t+7N(t-1)>0 < 7
t t ——<t<0
2
V(jit>1tacé—x_2>1ha
NE: Y
+1 -2
(ﬁ )(ﬁ )>0<=>x>4
Vx
oo 1 . 7 x-2
Vi —--<t<0tacdo —— < —— <0hay
2 2 Vx
0<x<2

1
— —<x<2
4

(Vx+4)(2Vx-1)>0

Vay BPT da cho c¢6 tap nghiém la ( ;2

1
- U (4; +o0
2 ( )
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Gia sti a, b, ¢ 1a cac so thuc duong théa man a+ b+ ¢ = 1. Tim gid tri nh6 nhét ctia biéu thiic:
a’ b? 3 .

- + ——(a+Db)

(b+¢)?+5bc  (c+a)*>+5ca 4

Loi giai

Stt dung bat dang thiic Cauchy, ta cé:
a? a? _ 4a?

> =
(b+c¢)?+5bc (b+c)2+w 9(b+ c)?

b? 4b?
Tuong tu =
(c+a)2+5ca 9(c+a)?
Suy ra:
a? b? 4a? 4b?
+ > +
(b+c)2+5bc (c+a)?+5ca 9b+c)? 9(c+a)?
4 a? b?
> — +
9| (b+0)? (c+a)?

a b 2
> +
b+c c+a

2
9
2@+ +cla+b)
9

2
- ch+c(a+b)+ab
A —(‘”21’)2+c(a+b)
= 2
9 cz+c(a+b)+%
2| 2(a+b?+4ca+b
9 | (a+b)?+4c(a+Db) +4c?
\/ia+b+c:1néna+b:1—c,c120dé:
2| 20-0?%+4ca1- 3 2[1-02+20)1% 3 8(1-c\> 3
px2| 2U-0"+4cl=0) | 3, o 2[0-0R+20) __(1_6)2:_(_0) Salee
9((1-0c)2+4c(l-c)+4c? 4 9 (1+¢)? 4 9l1+c¢ 4
Y 8(l-c)* 3 2
Xéthamso f(c)==|——| —=-(1-¢)*VvlOid<c<]1.
9\1+¢c 4
fﬂﬂ_ 16 1-c¢ 2 3@ 1)_32 c—1 3@ 1l
9 1+¢’ (1+0?% 2 T 97 (c+1)3 2
c=1 1
flle)=0 < C_l <=>c:§ (doc<1)
1 13
Lap bang bién thién ta dudc f(c) = f (5) =3 v6i moi c€ (0;1)

A 1 2 P 2 . 1
Vasz—§.Dangthu<:xayrakh1a:b:c:§

A 1
Vay minP = -3
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70 THPT Chuyén Nguyén Hué (Quang Nam)

N\

Bai .

Trong mat phang hé toa do Oxy cho diém M(1;2) va hai dudng thang d, : x—2y+1 =0 va
dy:2x+y+2=0.Goi Ala giao diem cua d, va d,. Viet phudng trinh duong thang d di qua M

. R 2 A ' A ] 1 1 .
va cat cac duong thang d,, d 1an lugt tai B, C (B, C khong trung A) sao cho — + —; dat gia

) AB2 " AC
tri nho6 nhat.
Loi giai
Dé thiy d, L d, va giao diém A(-1;0)
C TS s " ~ L 2 A NN | 1 1 1
Goi H la hinh chiéu vuong goc cua A trén d. Khi do + = >
AB2  AC? AH? ~ AM?

A ]- ]- .2 . kd A .

Vay —; + — dat gia tri nho nhat khi H = M.
" AB?  AC? ’

dlAM = d:x+y-3=0

3x% +12y% +24xy - 9(x +2y)1/2xy =0

5x*=7y*+xy=15 Ly

Giai hé phuong trinh {

Loi giai
Diéu kién xy = 0.

Dat phuong trinh dau 1a (a), phuong trinh sau 12 (b). Ta c6:
(a) = (x+2y)2 +4xy=3(x+2y)\/2xy

< u=x+2y g, ..
Dat{ v=\/2xy (v=0). Khi do ta co:

w+20° =3uy = u=v
u=2v
Véiu=v = x+2y=+/2xytaco:
x+2y=0 X+2y=0
xy=0 — <{ xy=0 — x=y=0
x2+4y2+2xy:0 (x—2y)2+6xy:O

Thé x = y = 0 vio phuong trinh (b) thiy khong thoéa man, vy x = y = 0 khong phai 1a nghiém
cuia hé.

VOiu=2v = x+2y=2/2xy < x=2y
Thay x =2y vao (b) tadugc y* =1 < y=+1

V6i y = -1 = x=-2.Khong théa man.
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V6i y=1 = x=2.Thoa man.

Vay hé da cho c6 nghiém (x, y) = (2;1)

N

Bai 3 |

Cho a, b1a cac s6 thuc duong théa man a+ b + ab = 3. Tim gia tri nh6 nhét ctia biéu thtic

_a N b? B ab
" 1+b 1+a a+b
Loi giai

Tir gia thiétsuyraa+b+ab+1=4 < (a+1)(b+1)=4

, . p .. 2 2 +y)7?% . .
Ta chung minh dugc danh gia sau Xy % > b +J2 vOoimoia,b>0,x,yeR
a a

Ap dung danh gi4 trén ta cé:
(@a+b?® 3-(a+b) (a+Db)? 3
= + = + —
2+a+b a+b a+b+2 a+b

= a+b=2nénr=2.

2 R b2
Déltt:a+b,théth1d03:a+b+absa+b+(aJ:l )

2

2 ~ N A t 3 2. 3
Khao sat ham so f(t):m+;—lvdl tzZtathuduocf(t)zf(Z):E

A 3 2 P 2 . A . 3
Vay P = 5 Dang thucxayrakhia=b=1.VayminP = >

A 2, RN 2 « R . tz 3 , R 2 ~ A X ,
Nhan xet. bé tim GTNN cua biéu thtc P ta co thé su dung ki thuat thuan tay BDT nhu

sau.
2 3 £ t+2 2 1 2. (t+2).2 1 5
—t =4 —+-——=23———— - ==
t+2 t t+2 2t t 2 (t+2).2t.t 2 2

Pang thtic xayrakhi r=2haya=b=1.

71 THPT Chuyén Lé Quy Don (Binh Dinh)

N

Bai 1 .

Trong mat phang hé toa dé Oxy, cho hinh thang cdn ABCD (AD | BC) c6 phuong trinh
duong thang AB: x—2y+3 = 0 va dudng thang AC: y—2 = 0. Goi I 1a giao diém ctia AC va BD.
Tim toa do céc dinh ctia hinh thang can ABCD, biét IB = IAv2, hoanh d6 I16n hon -3 va
M(-1;3) nam trén duong thang BD.

& Vv
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Loi giai

A=ABnAC = A(1;2)
Léy E(0;2)e AC.SuyraEA=1

Qua E ké duong thang song song BD cét AB tai F. Theo E,

EA IA
inh ly Thales thi — = — EF=EAV2=v2
dinh ly ales thi —— = — = V2=1V2

ViFe AB — F(2t—-3:1).Dodé EF = 2t-3;t-2)
r=1
Suyra2t-3)+(t-2)'=2 = | 11
5

V6i t =1 thi F(-1;1) = EF = (-1;-1). Vi EF | BD nén EF 14 vtcp clia BD, va do M € BD nén
phuong trinh BD:x—y+4=0.Vado I=BDnN AC = 1(-2;2)

ViB=BDnAB = B(-5;-1)

BGi vi ABCD la hinh thang can nén
IB_IB

- — IB=V2.ID = I[B=-V2.ID = D|— -2
IA _ID V2 V2.ID ( )

V2 \/_

—_

1 —
JIA=——IC = C(=3V2-2:2)
V2

.. 11 . . — 7 1) .. N N .
VOi ¢ = = thi EF = (E;E) la vtcp cua BD, tu do phuong trinh BD: x—7y+22 =0.

I=BDnNAC = I(-8;2) (loai do x; > -3)

1-y)(x— —x*=4/(y-1)3.
Giai hé phuong trinh 1=y 3Z+3) . - DR (x,yER)
VxX2—y+2Vx3-4=2(y-2)

Loi giai
y=1 2
Dieukién{ x’>y < =y
x=l,y=1
x=0

Danh sb phuong trinh daula (a), phuong trinh sau la (b).
(@) = 3(y-1>-x(y-1)—-x*=(y-D\/y-1Vx

Nhan xét y = 1 khong 1a nghiém ctia hé. Xét y > 1, chia 2 vé clia (a) cho (y - 1)? ta dugc:

2
X X X
3—-— | —| =,/ —
y-1 (y—l) y-1
g [ x s ,
batt= —1(t>0),kh1dotacoz
y_
=1
P2 r-320— | '

Bryore3=0 71 (do £>0)
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V6i t =1 thi y = x + 1, thay vao phuong trinh (b) ta dugc

3_4_(x—1)3
VX2—x—1+2Vx3-4=2(x-1) < Va2-x-1+2 x3 x—1) =0
VO3 -24+ V3 -4 (x-1+(x-1)2
— Vx2-x-1+ 6’ —x—1) =0
V(3 —4)2+ V3 —4.(x—1) + (x - 1)?
— Vx2-x-1|1+ 63 ¥ ox-l =0
VOB -2+ V3 —4.(x-1D+(x-1)2
= x*-x-1=0
1
PR LAC R
2
. 1 5 3 5
lex:+—\/_ = y= +V5
2 2
N A ~ - . A 1 53 5
So diéu kién hé c6 nghiém (x, y) = ( +2\/_, +2\/_)

Bai 3

Cho x, y 1a hai s6 thuc duong théa man 2x + 3y < 7. Tim gia tri nhé nhat clia biéu thtic
P=2xy+y+,/5(x*+y?) —24§/8(x+y) —(x®+y2+3)

Loi giai

Ta co \/5(x2+y2) = \/(4+1)(x2+y2) >2x+y

Va(x+y-32=x*+y*+9+2xy—6(x+))=20nén2(xy+x+y+3) =8(x+y) — (x> + y* +3)

Tuwdosuyra P=2(xy+x+y) —24/2(xy+x+y+3)

Miit khéc tit gia thiét suy ra

1 (2x+3y+5)?
x+y+xy=x+Dy+ 1)—1:6(2x+2)(3y+3)—1§T—155

Patt=3{/2x+y+xy+3)thio<r<2v2.
Xétham sb f(1) =1>—6-241v6i0<r<2v2.Taco f'(r) =312 -24<0 Ve (0;2V2]
Vay f(#) nghich bién trén (0;2v/2]. Do d6 f(1) = f(2V/2) = 10-48V/2

VAy P = 10 - 48v/2. Dang thitc xay rakhi a=2,b=1. Vay min P = 10 — 48V/2.

Trang 224 http://diendantoanhoc.net



72 THPT Chuyén PH Vinh lan 3

N

Bai 1 .

g 2 . " .2 . " 8 o - -
Trong mat phang vdi hé toa do Oxy, cho tam giac ABC co trong tam G (5;0) va co duong

tron ngoai tiép 1a (C) tAm I. Biét rang cac diém M(0;1), N(4;1) lan lugt déi xiing I qua céc
duong thang AB, AC, duong thang BC di qua diém K (2;-1). Viet phuong trinh duong tron
(®)

Loi giai

Goi H, E 1a trung diém ctia MN, BC
= H(2;1).
Tit gia thiét ta suy ra JAMB,IANC la cac
hinh thoi. Suyra AMN, IBC la cac tam giac
can bang nhau.

AH1 MN

IE L BC

— AHEI la hinh binh hanh.

— G cingla trong tdm cuia tam giac HEI
— HG cét IE tai F 1a trung diém IE. T
BC|| MNvaK(2;-1) € BC.

Ta viét dudc: BC: y+1=0.

Mat khac:

—_—

3— 1
HF=-HG = F(?);——).
2 2

EF1 BC = EF:x=3 = E@3;-1).
Vi F 1a trung diém ctia JEnén I(3;0) vaR=IA= HE=/5

Suy ra phuong trinh (C) 1a (x—3)*+ y* =5

Giai bat phuong trinh:
32 -1DV2x+1<2(x - x%) (82)

Loi giai
A en 1
biéu kién: x = -5
Véi diéu kién trén, ta co:
(82) <= (x-D[2x*-3(x+1)V2x+1]>0
— (x—l)[2(x+1)2—3(x+1)\/2x+1—2(2x+1)] >0

— x-Dx+1-2v2x+1D2x+1)+v2x+1] >0
— (x-Dx+1-2v2x+1)>0 (a)
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1 , . <
Do2(x+1)+vV2x+1>0, Vx= —5 ta xét hai truong hgp sau:

1 . 2
+) —55x< 1. Khi do:
(@ < (x+1-2V2x+1)<0 < x*-6x-3<0 < 3-2V3<x<3+2V3
Do6i chiéu dieu kién, ta dudc nghiém 3-2v3< x < 1.
+) x> 1. Khi do:

2
(1) e (x+1-2V2x51)>0 e > —6x-3>0 e | <737 V3

x<3-2V3
Két hop diéu kién, ta dugc nghiém x >3 +2v/3.
Vay ta dugc nghiém ctia bat phuong trinh1a 3 -2v3 < x <1 va x >3 +2v3.

N

Bai 3 .

Gia st x, , z 1a cac s6 thuc duong théa man x+ z < 2y va x? + y? + z% = 1. Tim gia tri 16n nhat
ctia biéu thiic

x z 1 1
e e
1+22 1+x? El

Loi giai
Tit gia thiét ta c6: vVxz < y.

Chu y rang, v6i moi x, y = 0 va moi a, b ta co:

x°y
<+ 83
<a+b (83)

That vay, (83) tuong duong véi (ay — bx)* = 0
Khi do:
1 1

_+_
x3 z3

po XV, ¥E s(i+i)5 (x+y? | (z+p)? )
1+2z%2 1+x? x3 Z3) 7T 40+2%) 401+x?3)
 (x+p? (z+y)? 3(1 . 1)
A2+ y2+2220)  4QRx%+ Y2+ 22) ¥ Z3

1 2 2 2 2 1 1
s—( * Y LY )—y3( +—)

4\ x2+22 22+y? x>+z2 x’+y? 2B

1 1 y? y? 3(1 1)
=—+ - + - —+—
4 4\ Z2+y% x2+y? Y™z
1 1( y? 2 1 1
il A —y3(—+—)
4 4\2yz 2xy x3 28
1 1 3 3
Ly oy (v¥.ry
4 8 X x3 2z
<—+- Z+Z - y+y) +3y—(z+z)
4 8\z x X z xXz\x z
1 1 3 2
LIy oy z+z) +§(z+y (z+z)
4 8\z x X z 4\x z X z
1 1 3
1My, 1 z+z)
4 8\z x 4\z x
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2
< . 4 1 1 1
Datt:X+X,t22 y—ZZ.KhldOPS——t3+—t+—
: zZ X zX 4 8 4

1s £ 1 1 1 . ., 3 1
Xét ham so f(t):—Zt3+§t+Zle t=2.Tacé f’(t):—zt2+§<0,\7’t22.

3
Suyra [gff.f)f(t) =f(@2)= -3

3 2 1
Suyra P<-=,daudang thiicxayrakhi x=y=2z=—
y > g y y V3

A .2 <12 A 2 N 3 A 2 .
Vay gia tri l6n nhat cua P la — dau"="xayrakhix=y=z=

-

73 THPT Chuyén Hung Vuong (Gia Lai)

Trong mat phang toa dé Oxy, cho hinh chit nhat ABCD c6 dién tich bang 16, cic dudng
thang AB, BC,CD, DAlan lugt di qua cac diéem M(4;5), N(6;5), P(5;2), Q(2;1). Viet phuong trinh
duong thang AB.

Loi giai
AB di qua M(4;5) nén phuong trinh AB c6 dang: ax+ by —4a—5b=0 (a*+b* #0)
BC 1 ABva BC diqua N(6;5) = phuong trinh BC c6 dang bx—ay—-6b+5a=0
Ta c6 dién tich hinh chit nhat:

S=dpap)-dac) =16
la—3b| |4a—4b| _ 16
VaZ+12 VaZ+ b2
< a®—4ab+3b* = +4(a® + b?)

3a® +4ab+b* =0
5a° —4ab+7b*=0 (vO nghiém)

a+b=0
3a+b=0

+Vbia+b=0,chon a=1,b=-1tadugdc phuong trinh ABla: x—y+1=0

+V6i3a+ b=0, chon a=1,b=-3tadudc phuong trinh AB:x-3y+11=0.

x3—x2y—y=2x2—x+2 (1)

V2 +4Vx+2+,/16-3y=2x"-4x+12 (2) (x,y€R)

Giai hé phuong trinh: {

Loi giai

http://diendantoanhoc.net Trang 227



Phuong trinh (1) = (x-y-2).(x*+1)=0 < y=x-2

Thay vao phuong trinh (2) ta dugc:

(x—2)2+4Vx+2+/16-3(x—2) =2x* —4x+12
—4Vx+2+V22-3x=x*+8

— (X*—4)+42-Vx+2)+(@4-V22-3x)=0

4 3
— (x-2)|(x+2)— + =
2+vVx+2 4++v22-3x

x—2=0= y=0
(x+2)—

4 3
+ =0
2+vVx+2 4++v22-3x

(%)

Giai (*), ta xét ham s6: fx)=(x+2) 4 + 3 trén doan —Z'g]
’ ' 2+vVx+2 4+v22-3x ' "3
2 9 22
!
(x) =1+ + >0 Vxe(—z;—)
/ VX+2Q2+Vx+2)?2 2v22-3x(4+v22-3x)? 3
. A < 22 .4 a 22 . 22 .
= f(x) lién tuc va dong bien trén doan |-2; < |rma -1€|-2; 5| va f(-1)=0.

Tu do:
(¥) = f)=f(-1) &= x=-1<<= y=-3

Vay hé phuong trinh c6 hai nghiém la (x; y) = (2;0) va (x; y) = (-1; -3).

Bai 3 .

Cho x; y; z1a 3 s6 thuic thuoc doan [1;2]. Tim gi4 tri nh6 nhéat ctia biéu thiic:

B (x+y)?
T 2(x+y+2)2-2(x2+y?)—z2

Loi giai

Taco
_ (x+y)? _ (x+y)? _ (x+y)?
S 2(x+y+22 22+ YY) —22  Z2+4a(xy+yz+zx) Z2+4(x+y)z+4xy

Tacé 4xy < (x+y)? nén

Xy

_+_

P> (x+y)° _ z z
T2+ (x+Yz+x+y)? 2
R Pt [ B L
Z Z Z Z

. x . «
batr= —+X,V1 x,y,z€[l;21 nén t € [1;4]
z z
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t 412 + 2t
Taco f)=———, fl() =————— >0 tefl;4
f( . thf() [1;4]

+4 (1+4t+ t2)2

) \ ) + 1
Ham so f(r) dong bien trén [1;4] nén f(r) dat GTNN bang 5 khir=1

xX=y
Dau"="xayrakhi{ z=x+y <=>{ JZC
x,¥,z€([1;2]

N 1...
VaymlnP:gkhlx:y:I;z:Z
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