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Tém tat nodi dung
Bai viét trudc tien sé gisi thieu v6i ban doc vé bat ding thic Garfunkel va
mot s6 cach chitng minh ma tac gid suu tam duge. Theo sau 1 nhitng c6 gaing mé
rong bat ding thitc nay theo nhiéu huéng khac nhau, didu nay ciing lam nay sinh
mot s6 van dé rat khé ma tac gia chua co 161 gidi, duge phéat biéu dusi dang cac
bai toan maé. Tat ci cac két qua va 1oi gidi déu dugce ghi r6 nguon, trit nhitng két
qué cua tac gia.

1 Gi6i thiéu
Nam 1989, Jack Garfunkel dua ra bai toan sau trén tap chi Toan hoc Canada

Crux Mathematicorum [2] :
Bai toan. (Bai toan 1490*, tap chi Crux) Tim so thuc k nhé nhat sao cho

a b c
+ + <kva+b+c
Va+b Vb+e Veta

vdi moi s6 thuc duong a,b, c.

Day 1a mot bai toan bat ding thic thuoc dang tim hing s6 t6t nhat. Thong
thuong doéi véi dang bai nay, viec dau tién can lam khong phai 14 bat tay tryc tiép
vao cong viec tim kiém cach ching minh bat ding thitc, ma la xac dinh gia tri
clia hang s6 can tim, diéu nay dong nghia véi viéc phai xac dinh dude cac trudng
hop xdy ra ddu ding thic!. “Oai am” thay, dbi véi bai toan nay, déng thiic khong

*Bai viét dugce chinh sita va bo sung thang 12 nam 2008.

INgay nay, c6 rat nhiéu bai toan bat ding thiic ma viéc tim hing s6 t6t nhat duge lam (va chi co
thé duge lam !) sau khi quy duge bai toan vé mot bién, d6 thuong 1a cac bai toan bat ding thic co
diu déng thiic xay ra tai cdc diém vo ti chia cin phic tap, hing sé t6t nhat dé thuong 1 gia tri nhé
nhét hay 16n nhat ctia mot ham s6 nao dé. Ban doc c6 thé thiy rdé didu nay trong nhitng phan sau ciia
bai viét.
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x4y ra trong truong hop “co dién” a = b = ¢ ma ngudi ta van thuong nghi dén tai
thai diém d6. Phai ching day 14 diéu da khién cho bai toan trd thanh mot trong
nhitng bai toan khong cé 16i giai ctia tap chi Crux trong mot thai gian 7

Su phét trién ctia Bat dang thiic trong nhitng nam gan day dem lai cho chiing
ta mot kinh nghiém rang, déi véi nhitng bat ding thitc déi xting hay hoan vi ba
bién, déng thitc thuong (khong phai luon luon) xay ra khi hai trong ba bién bing
nhau ho#ic c6 mot bién dat gia tri tai bien. Ching ta hay thit 4p dung nhan xét
nay vao bai toan trén.
Néu b = ¢ thi bat dang thic tré thanh

\/a+b+\/g§k:\/a+2b.

Theo bat didng thiic Cauchy-Schwarz ta c6

m+\/§g\/(1+;> (a+b+b):\/§m

v6i dang thite xay ra khi va chi khi @ = b. Do dé6 k > \/g
Néu ¢ = 0 thi bat déng thitc tré thanh

a
+vVb<kva+b
va-+b o “

hay
Vbla+b) < (k—1)(a+0b)+b.

Cho b =0 ta dudgc k > 1, nén k — 1 > 0. T d6 theo bat déng thitc AM-GM

(k—1)(a+b) +b>2VEk — 1/b(a + b)

v6i dang thitc xay ra khi v chi khi (k — 1)a = (2 — k)b, diéu nay chi c6 thé xay
rakhi 1l <k <2
Tu day ching ta cé

2\/k:—121hayk:2%

Vay néu ta chon 2 la gid tri nhé nhét ctia k thi ding thifc cing ¢6 thé xdy ra (vi
1 <2 <2) (véic=0,a=3bhosc cac hoan vi).

So sénh 2 > \/g ta c6 thé du doan réng 2 chinh la gia tri t6t nhat ctia k va bét
tay vao viec kiem chiing (ching minh cu thé). Trén thyc té thi day ding la 1a gia
tri can tim. N6 cho chiing ta bat ddng thiic Garfunkel :

Véi moi s6 thuc khong am a, b, c trong dé khong cé hai s6 nao dong thoi bang 0,

ta co
a b c

5
+ + 2
Va+b Vb+c¢ et+a " 4




vdi dang thite zdy ra khi va chi khi (a,b,c) ti 1 vdi (3,1,0) hodgc (0,3,1) hodc
(1,0,3).

Dep, kho va day thit thach, c6 thé néi ring, bat ding thic Garfunkel ngay nay
dugc biét dén nhu mot trong nhitng bat déng thic dai s6 ndi tiéng. Qua trinh
tim kiém chitng minh cho né cfing da mang lai nhiéu phuong phap méi trong Bat
déng thic.

2 Mot sb cach chitng minh

Bat dang thitc Garfunkel 1a mot trong cac bat dang thic dai sé thu hat duge
nhidu sy quan tam trong giéi Bat ding thic, do dé cling c6 khong it cach ching
minh duge dua ra cho né, dic biét la trong vong 5 nam trd lai day (thoi ki phét
trién manh mé ctia Bat déang thiic). Xin duge gidi thigu véi ban doc mot s6 cach
chitng minh ma téc gid tap hop duge. Trong da s6 cac cach chitng minh duéi day,
ban doc sé thay dugc ring, viec “biét trudc” truong hgp xay ra dang thic la rat
quan trong, tham chi n6 chinh 1a mau chét ctia 15i gidi. Didu nay c6 thé sé dem
dén cho ban doc mot suy nghi rang, nhing 15i giai d6 1a thiéu ty nhién. Tuy nhién,
theo 16i lam bat déng thiic hién dai, viéc tim ra trusng hgp xay ra ding thitc (hau
hét 1a doi véi cac bat dang thiic c6 dau bang xay ra khi cac bién léch nhau va ti
le nhau theo ti 1& ctia cac s6 nguyén) 1a mot bude can thiét ctia 10i giai, ma ngudi
ta thuong khong ghi ra, hay noi cach khac, né la phan “an” cta loi giai.

Cac cach ching minh sé duge xép theo trinh tur thoi gian. Ban doc hay tu kiém
tra trudng hop xay ra déng thic.

Ching minh 1. (Gabriel Dospinescu, [5], 2003)
Dit
a+ a+c b+c

T =

thé thi
a=z>+y? -2 b=a24+22 -yt c=y* + 2% - 2?
va bat déng thic trd thanh

2 2 2 2 2 2 2 2 2
Tty —=z +y+z—x +Z+x—y§5f\/m

x Y z

hay
— — — 5v/2
oty D@ty 5VE

TYz 4

Chiing ta thay ring chi can chiing minh bat dang thiic trong truong hop /y? + 22 >

r>y>z2>0.
Vi
(2 V75 27),

5)
f\/xQ—l—y 2422>

%\Cﬂ



nén ta chi can chiing minh

rT+y+z+

(w—y)(y—Z)ia;Z—Z)(wﬂLerZ) SZ(H y2+z2),

bat ding thitc nay tuong duong véi f(x) < 0 v6i moi o thod man \/y2 +22 >z >y
trong do6

f(z) = 4(y—z)a:3—yzac2+(4z3 — 43 + APz + 4y — Byz/y? + z2> z+dyz(y?—22).

Néu y = 2 thi
f(@) = —ay?(e —y) —ay* (5v2 = T) <0,

bat ding thic ding. Gia sty > z. Ta c6

fF0) = 4dyz(y*—2*) >0

fly) = v’z <3y+4z—5\/m) <0

f (W) = 2yz (42 Y2+ 22 —y* — 522)
= o (VP2 -2:) <0

(
(

Mat khac,

Do d6, vi f(z) lién tuc, ta ¢6 f(x) c6 mot nghiém khong duong, mot nghiém trong
khoang (0,y], mot nghigm 16n hon hodc bang +/y? + 22; nhu vay f(z) khong c6
nghiém nao nam gitta y vad /4% + 22 (vi f(z) la mot da thic bac 3 theo x nén né
chi ¢6 t6i da 1 3 nghiém), nghta 1 f(z) khong déi déu trong doan [y N/ 22} ,
mit khac ta da ching minh f(y) <0 va f (y/y2 + z2) <0, vivay f(z) <0 véi
moi x thod man +/y? + 22 > x > y. Bat didng thiic dugc chitng minh.

Binh luan. Y tuéng d6i bién (a,b, ¢) qua (z,y, z) 1a rat ty nhien. Diém mau chét
trong 15i giai chinh la stt dung bat dang thiic %x/:ﬂ +y2+22> 3 (:1: + Y2+ 22)
dé dua vé mot bat ding thitc da thiic theo bién z. Pay qua la mot viec lam “mao
hiém” vi n6 da pha v& tinh hoan vi ciia bat dang thitc. Cac biéu thitc ciia f(y) va
f (\/y2 n z2) don gidn dén khong ngd | Pay qué 1a mét 19i gidi dep va ddy... tho
bao !



Chitng minh 2. (dya trén y tudng cta Pham Kim Hung, [1], 2006) Theo
Chitng minh 1 ta phai chitng minh

riyg ey EOZAE AT WV

TYz

hay

s s M a L oy ) TP TR — (a2
@)

v6imoi \/y2+22>x>y>2>0.

Trude hét ta chiing minh nhan xét sau:

Nhan xét : Néu ta giam x,vy, z di cing mot luong t thi vé trai ctia bat ding thiic
(2) tang lén trong khi vé phai thi gidm xuong.

Dé chiing minh nhan xét, ta phai chitng minh

(z+y+2— 3t)?

LAl g s Ty
13 mot ham dong bién va
5v2 )
gt) = —~(@+y+z =30V -2+ (y— 1)’ +(z -2 — (z+y+2—31)

1& mot ham nghich bién trén [0, 2].
That vay, néu ta dit m = z —t,n = y—t,p = z—t (myn,p > 0) va A =
m2 +n2 4+ p2, B =m +n + p thé thi

m*n2p? f'(t) = (m +n+p)((m + n + p)(mn + np + pm) — 6mnp) >0

g = — <15\/§A+5\/§BQ 6B> <0

va

4 4 A

(cd hai bat déng thiic trén déu ding theo bat dang thitc AM-GM)

Nhan xét dugce chiing minh.

Bay gio, theo nhan xét, ta chi can chitng minh bat déng thic sau khi gidm z,y, 2
di cing mot lugng ¢ nam gitta 0 vA z. Ching ta sé chon t sao cho (v — t)? =
(y —t)? + (z — t)? (dé dang kiém tra sy ton tai ctia t), nhu vay ta thay ring chi
can chitng minh bat déng thiic trong truong hop z? = y? + 22, nghia la ¢ = 0. Lic
dé6 bat ding thic trd thanh

a )
+Vb < =Va+b,
Vats ot

diéu nay dung vi
2
(\/a +b— 2\/B>
4/a+b

5

VP-VT =




Bat déng thic duge ching minh.

Binh luan. Chitng minh trén da st dung phuong phap Don bién toan mién, day
la mot phuong phap manh dé giai nhitng bai toan bat déng thic déi xing hay
hoan vi c6 trudng hgp déng thiic x4y ra khi ba bién bing nhau hodc mot bién dat
gi4 tri tai bien. Ban doc c6 thé tim thay thong tin chi tiét ctia phuong phap nay
trong [1].

C6 mot budc rat tha vi (va rat quan trong !) ciia 10i gidi trén, d6 1a viéc nhan
thém hai vé ctia bat dang thiic (1) v6i cing mot luong (x +vy + z) (bude thyc hien
trude khi dua ra Nhan xét). Tai sao ching ta lai phai lam nhu vay ? Hay xét bat
dang thitc (1) :

R e R P Ve N R S

TYZ

Néu ta gidm z,y, 2 di cing mot lugng ¢t (0 < ¢t < z) thi 16 rang vé trai cta (1)
tang len. Xét ham s6

52
4

f(t) (x—t)2+@Wy—1t)2+(=—-102—(r+y+2z—3t).

Bing cach lay dao ham, dé dang kiém tra ring ham s6 nay khong ting ciing khong
gidm, nghia 1 ta khong thé xac dinh dugc chiéu bién thien ctia vé phai, do dé
khong thé dat dudce két qua nhu mong mudn.

Chitng minh 3. (V6 Quéc Bd Can, [6], 2007) Theo bat dang thitc Cauchy-
Schwarz ta cé

Za(5a+b+90)'z(a+b)(5a+b+90)

- 5(a—|—b+0)2'z(a+b)(5a+b+9c).

VT?

IN

Do d6 chi can ching minh

(a+b+c)-z

(a+b)(5a + b+ 9c)

5
< —.
=16
Bat ding thic nay ding vi
(VP —VT) (16 [(a+b)Ba+b+ 9c))
= > ab(a+b)(a+ 9b)(a— 3b)

1243 Z a’b?c + 835 Z a®bc? + 232 Z a’be + 123002022
> 0.

(ban doc ty kiém tra)
Bét ding thiic dugc chitng minh.



Binh luan. Buéc sit dung bat ding thiic Cauchy-Schwarz rat thi vi. Ching ta
hay thit giai thich cAch tim ra cac thita s6 5,1, 9.
St dung bat ding thitc Cauchy-Schwarz

(Z — b>2 < (az+by+c2) (a:(acif— Ol y(bb+c) + z(cj—a)) '

trong do6 x,, z 1a cac s6 thyc khong am.
Mot cach tu nhién, ta chon

r=a+mb+nc,y=b+mc+na,z=c+ma+nb

v6i m,n 1 cac s6 thyc khong am. Khi dé ta c6

<Z aa+ b>2 = (Z (a+b)(aimb+nc)> (S ata+mbtne))

v6i dang thitc x4y ra khi va chi khi

a(a+b)(a+mb+nc)?>  bb+c)(b+me+na)®  c(c+ a)(c+ ma+nb)?

a b c

Ching ta biét ring, § bat ding thitc ban dau, ddng thiic x4y ra khi a = 3,b =
1,c¢ = 0 (hay cac hoan vi), thay cac gia tri nay vao diy dang thiic & trén ta dudc

4(34m)? = (1+ 3n)? hay 2m — 3n = —5.
Hon nita, dé c6 thé rit gon duge mot thita sé (a + b+ ¢), ta chon m,n sao cho

Za(a—i—mb—i—nc):(a—l—b—l—c)Q,

nghia la
m+n=2.
T day giai ra ta duge
1 . 9
m=gvan=_.

Cong viéc con lai sau khi 4p dung bat ding thitc Cauchy-Schwarz 13 chitng minh
mot bat déng thic phan thic, sau khi quy dong noé tré thanh mot bat déng thic
da thuc hoan vi béac 6.

Dé két thic phan nay, tac gid xin dua ra mot chitng minh bang bat ding thic
AM-GM va xin nhudng quyén binh luan cho ban doc.



Chitng minh 4. (Lé Hiu Dien Khué, 2008) Gia st a + b+ ¢ = 1 va dit
A= (a+b)(b+c)(c+a),B=>a*b+c)(c+a),taco bat ding thic ban dau
tuong duong v6i mdi bat ding thic sau

(Za\/(b+c)(c+a))2 < %5314
B+22ab(a+c)\/(a+b)(b+c) < %A
322ab(a+c)\/(a+b)(b+c) <

25A — 16B.
Theo bat dang thitc AM-GM cho hai s6 ta c6

A

A

VT = 204 (Y3 ab\/am)2
= 2194 (Z a?b*(c+a) +2 Z ab20\/m)
< 2104 (Z a’b?(c+a) +2 Z ab*c(2a + b+ c))
= 2%A(ab + be + ca)(a®b + b*c + c*a + 3abe)

= 4(32A(ab + be + ca))(8a®b + 8b%c + 8c2a + 24abc)
< (32A(ab 4+ be + ca) + 8ab + 8b%¢ + 8c¢%a + 24abc)?.

Do d6 chi can chitng minh
32A(ab + be + ca) + 8a®b 4 8b*c + 8c%a + 24abc < 25A — 168,
bat dang thiic nay c6 thé dugc viét lai dudi dang dong bac
32 A(abd-betca)+-8(a?b+b et a+3abe) (atb+c)? < 25A(atb+c)?—16B(a+btc).
Béat dang thic cudi ciing ding do

VP—VT:Zab(a+b)(a—3b+20)2+2abc(32a2+2ab> > 0.

Phép chitng minh hoan tat.
Nhan xét. Budc dau tien sit dung bat dang thitc AM-GM c6 thé dudc thay thé
bing cach st dung bat ding thitc Cauchy-Schwarz nhu sau :

v = 204 (3 a,b\/cm)2
2104 (Z ab) (Z ab(a + c))

219 A(ab + be + ca)(a®b + b*c + c2a + 3abe).

IN



3 Mot s6 mé rong

Trong phan nay ching ta sé c¢6 ging dé mdé rong bat dang thic Garfunkel theo
nhiéu huéng khac nhau.

RAt tu nhién, ta nghi dén viéc thay ddi s6 bién, ching han:
Bai toan 1. Tum hdng s6 k nhd nhat sao cho bat diang thic

¢ + b + c + d <kva+b+c+d
Va+b+c Vb+c+d e+td+a Vd+a+b

diing vdi moi s6 thuc khong am a,b,c,d.

Lai giai. Cho (a,b,c,d) = (3,1,0,0) ta duge k > %. Chting ta sé chitng minh bat
déng thic khi k = 2 va nhu thé 2 s& la gia tri nhd nhat ciia k.

Khong méat tinh tong quat, gid sit ¢ = min(a, b, ¢, d). Theo bat ding thiic Gar-
funkel ta c6

T4 b + ctd <§\/a+b+c+d
Va+b Vbtc+d etd+a 4 '
Do do
Z a < a n b n c+d - d . d
= Vatbte T Vatb Vbtet+d Vetdta Vetrdta Vbh+d+a
< O +b4+c+d d + d
°/a et d—
= 4 Vet+d+a Vb+d+a
< 5\/a+b+c+d (Vid+a+b>c+d+a)

4

Bai toan két thic.

Nhan xét. Bing cach lam tuong tiu, ban doc hay ty chiing minh két qué sau :
Bai toan 2. Ching minh ring véi moi s6 thuc khong am a,b,c,k thod man
k < max(a,b,c) ta cé

a + b + ¢ + i <§\/a+b+c+k
Va+b+k Vb+c+k Veta+k Vat+bdc 4 '

Luu y la bat dang thitc trén sé tré thanh bat dang thic Garfunkel khi k = 0.

Loi giai clia Bai toan 1 goi ¥ cho ta di dén véi bai toan tong quat hon:
Bai toan 3. Cho s6 tu nhién n lon hon 2. Tim gid tri nhé nhat cia so6 thuc k sao
cho bat ding thic sau day ding vdi moi s6 thuc khong am ay,as, ..., ap :
a a a
1 + 2 4t n
Vartax+ - tan-1 Vartazt+-t+ay Van +ar+-+an—2
< kvay+as+- - +ay,.




Lai giai. Cho (a1,as,...,an) = (3,1,0,...,0) ta dugc k > 2. Néu ta ching minh
duge bat déng thiic khi k = 2 thi 2 1a gia tri nhd nhét clia k. Ta sé chitng minh
bat ddng thiic nay bing quy nap.

Khi n = 3 bat ding thiic tré thanh bat ding thiic Garfunkel. Gia st bat ding
thitc dng vé6i n sd, ta sé chitng minh né ciing ding véi n + 1 sb.

Diat VT = f(ay,az, ..., a,) = Ap, thé thi theo gid thiét quy nap ta c6

v6i a1, as, ..., an > 0.
Ching ta phai ching minh

5
Appr < Z\/al +as+ -+ ant1.

Gia st ap—1 = max(al,ag,...,an+1). Dét bl = al,bz = ag,...,bn_l = an_l,bn =
an + apy1 va B, = f(bl,bg, ,bn) Ta c6

App1 = b + b T
T i tbat o tbeatan Vb tbstotba
bn—l an
+ -
Vb1 +bn+b1+ - 4bp—g b tbi byt + bys
Ap41
+
\/an+1+bl+bg+"'+bn_1
_ B by _ by
\/b1+b2+~~+bn,1+an \/b1+bg+"'+bn,1
bn, an,
- +
Von+b1+ - +boz /by F b1+ by+ o+ by
i An+1
\/an+1+b1+b2+---+bn_1
_ B+ by _ by
Vo +ba b tan /bbb
An41 An+1
- - :
<\/an+1+b1+b2+---+bn1 \/bn+b1+b2+---+bn2>
Vi vay, ti
bi+ba+--+bp1+ap,>br+ba+ -+ by
va
A1 +b1+ba+ - +bp1 =2 by +b1 +b2+ -+ bp2
ta co

An—i—l < Bn

10



Miit khéac theo gia thiét quy nap

) )
BngZ\/b1+b2+“'+bn:Z\/a1+a2+"'+an+an+l

Do do

)
An+1 <B,< Z\/al +as+---+an+apt,
nghia la bat dang thic ciing ding véi n + 1 s6. Bai toan két thic.

Két qua ban dau thu duge that tha vi. Rat tu nhién, mot cau hdi khac duge
dit ra : véi bat déng thitc sau thi sao :

a N b n c n d
Va+b Vb+c Ve+d Vd+a

<kva+b+c+d?

Day la mot van dé rat kho va theo hiéu biét clia tac gia thi vAn chua c6 151 giai
nao duge dua ra cho né. Tuy nhién, st dung may tinh, Ji Chen da tim ra két qua
gan dang sau? :

Gia tri nho nhét cia k 13 1.4352668092582209310763 - - -, 13 mot nghiém cia
da thic 16k + 215k — 6520k2 — 119315k10 + 2624314k% — 1307131945 +
47083212k* — 63453437k% + 2805634,

ting véi d = 0 va céc gia tri cla a, b, c nhu sau :

a = 0.57342129895395259025749 - - - 1a mot nghiém cia da thic
3016a® —30106a” 4-130587a° — 320588a° +485356a* — 461664a* 4-267664a” —
85824a + 11584,

b = 0.23242913083753598063825 - - - 14 mot nghiém clia da thic
1508b°% + 14679b7 + 5892805 + 124964b° + 1475600 4+ 9067263 + 19264H% —
4752b — 1600,

¢ =0.19414957020851142910425 - - - 1a mdt nghiém ctia da thiic
7548 —5845¢7+19716¢% —37935¢° +45610¢* —35003¢3 + 165602 — 4241 ¢+400.

Ban doc hin déng y véi tac gia ring két qua trén khong mang nhiéu y nghia
trong viec ching minh bat dang thic. Lieu c6 thé tim dugc gia tri chinh xac cla
k khong ? Xin dugc dat lai cau hoi nay nhu 14 mot bai toadn md :

Bai toan md 1. Tim gid tri nhé nhat cia s6 thuc k sao bat dang thic

a b c d

+ + + <kvVa+b+c+d
Va+b Vb+c Ve+d Vd+a ¢ ¢

diing véi moi s6 thuc khong am a, b, c,d.

2Xem [7]

11



Thc gid két thuc huéng di nay bang mot két qua khong manh nhung dep :
Bai toan 4. (Mircea Lascu, [7])) Chiing minh bt ding thitc sau vdi moi s6 thuc
khong am a,b,c,d :

LI S S S Nruw S
a c .
Va+b Vb+c Ve+d Vd+a 2

Lai giai. (V6 Quoc Ba Can) Khong mat tinh tdng quét, gia st a+b+c+d = 1 va
a+c>b+c. Khido, néuditz =a+cthiz> % Theo béat déng thiic Garfunkel
ta co

a b c

+ +
Va+b Vb+c eta

SZ\/Q—HH—c:Z\/l—d

va,

c d a 5 )
+ + <Vedtdda="vV1-b.
Ve+d Vd+a Vat+c T 4 4

IN

ve+a a+c
= JWI-b+Vi-d)—Ve+ta
< Z 22—-b—d)—+vc+a (Cauchy-Schwarz)

= VAT a) - Ve

Mat khéc, dé dang kiém tra ring %\/2(1 +xz)—x < % v6i moi z thod man
1>z > 1 tit d6 suy ra bat ddng thic can chiing minh. Dang thic khong xay ra.

5 5

Yy 2 VT—d-—=— 421 2
4 4
5

Ching ta tiép tuc di theo mot huéng khac dé mé rong bai toan : thay doi hé
s6. Mot két qua kha quen thuoc 1a :
Bai toan 5. (Pham Kim Hung, [1]) Chiing minh bit ding thic sau ding vdi moi
56 thuc khong am a,b,c :

S b + = <\/§(a+b+0)
Va+2b Vb+2¢c e+2a " V2 '

Déi v6i bat dang thic nay thi \/g chua phéi 14 hing s6 tot nhat (va do dé ding
thitc khong thé x4y ra). Xin dua ra mot két qua manh hon nhu sau :
Bai toan 6. Ching minh bat dang thitc sau ding vdi moi sé thuc khong am a,b, ¢

a b c
+ + <kva+b+c
Va+2b Vb+2c e+2a T
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%72 +.4,/-1+ % ~ 1.17995968. Pdng thitc zdy ra khi va chi khi

a=2+2V3,b=1¢=0 va cic hoin vi.
Lai giadi. Dat o = Va +2b,y = Ve + 2a, z = Vb + 2c, thé thi

trong do k =

x? + 4y? — 222 b 2% 4 4x? — 242 y? 4 422 — 222
= ="
9 ’ 9 ’ 9

Bat ding thic tré thanh

2 2 _ 9,2 [2 2 2
Zaz + 4y° — 2z <k x4ty + 2
9z 3

Zy -2 +2Z——2x+y+z < 332+ 2+ 22) — 3(ax +y + 2)

hay

hay

2 —y)(y — 2)(x — 2) <1+1+1>

Ty Yz 2T

3)

< 3ky/3(2? + y? + 22) — oy emw?
< 24+ y?+22) - 3(x+y+2) 22 -

Ta thay chi can ching minh bat déng thic trong trudng hop 4/ y2—;7422 >z >
y > z > 0. T dieu kien 222 < y? + 42? dé dang kiém tra ring phuong trinh
2(x—1)? = (y— 1) +4(2 —t)? c6 hai nghiém t; vi t5 thod man 0 < t; < min(t, 2)
v v6i moi 0 <t <ty ta c6 2(x — )2 < (y — )% +4(z — t)2.

Dé thay riang néu ta gidm z,y, z di cing mot lugng ¢ trong doan [0, ¢1] thi vé trai
ciia (3) tang lén. Ta sé chitng minh vé phai gidm xuéng, nghia la ham s6

)2

x—t

) =3kv3((x — )2+ (y—t)2+ (2 — 1)%) = 3(z +y + 2 — 3t) —22

1a mot ham nghich bién trén doan [0, t1].
That vay, dat m=x —t,n=y—t,p=2 —t ta co

+n+p
() = —9k——" +9—2

m,n,p

Ta phai chitng minh

13



Vi k > 1 nén chi can chitng minh

N2
P ey

Ta c6

V/3(m? + n? + p?)
3(m? +n?+p?) — (m+n+p)?
v@mﬂ+n2+ﬂ)x(¢Mm2+n?+ﬁ)+nw+n+p)
9 " S (m —n)?

2 (m+4+n+p)?

VP — 9(1_ m-+n+p )

= 9x

Do d6 chi can chitng minh

hay

bat ding thic nay ding vi

2(m+n+p) > 2m+ /4n? + 4p? > 2m + \/n? + 4p? > 3m > 3n > 3p.

Bay gid, ta chi can ching minh bat ding thic sau khi da gidm «, v, z di ciing mot
lugng ¢ trong doan [0,¢1]. Ta sé& chon ¢t = ¢1, khi d6 ta thay chi can chiing minh
bat dang thiic trong trudng hop 222 = y? 4 422, nghia la ¢ = 0. Bat dang thrc

ban dau tré thanh a
—_— \/1; < kva +b.
va—+2b -

Gia stt a + b =1, ta can chitng minh

9@2%;1+ﬁ§k

v6i moi b € [0,1]. Tinh dao ham
(b+3) N 1
21+b)VI+b 2Vb

Suy ra ¢'(b) cting dau v6i /(1 + b)3 — (b + 3)v/b, bidu thitc nay lai ciing dau véi
(1+0) —b(b+ 3)? hay —3b> — 6b+ 1. Tit d6 dé dang kiém tra rang

2 2v/3 -2 2
max g(b) = —1—|—>:—|— —14+ — =k.
mu“> g( V3 23 V3

g ) =-

14



Bat dang thic duge chitng minh. Ban doc hay ty minh kiém tra lai diéu kien xay
ra déng thic.

Tong quat hon, ta cé bai toan sau :
Bai toan 7. Cho q la s6 thuc thod min 0 < ¢ < % hogc q > %ﬁ\/ﬁ ~
1.193375245. Tim gid tri nhé nhat clia s6 thuc k sao cho bat ding thic

a b c
+ + <kva+b+c
vVa+gb Vb+qe Jetqa T

diing véi moi 6 thuc khong am a, b, c.
Lai giai. Ta xét hai truong hop :

Tru’(‘jnghg'plzogqgé. Choa=b=c=1 ta dugc k > %.Taséchfrng

minh bat ding thic véi k = q% va nhu thé day sé 1a gia tri nhé nhat cla
k

Ta phai chiing minh

a b c 3
+ + </ ——=Vatbrte
Va+agb Vb+qge Jetqga T Vg+1 “ ¢

Theo bat déng thitic Cauchy-Schwarz ta c6

b
VI?<(a+b+c) | —— + +—).
a+qgb b+gqgc c+qa
Chi can chitng minh
a b c 3
+ + < )
a+gb b4+qc c+qga 1+¢q

Bat ding thitc nay tuong duong véi
b c a 3
+ + > .
a+qb b4+qgc c+qga 1+¢

Lai theo bat déng thitc Cauchy-Schwarz

2
yrs @tbto”
>_bla+ qb)
Nhu vay chi can chiing minh
(1+q)a+b+¢)® >3 bla+qd)

hay
(1 —2¢)(a® +b* + ¢ — ab — bc — ca) > 0.

Bat ding thiic cudi ciing hién nhien ding. Vay gia tri nhé nhét ciia k trong
truong hgp nay la 4 /q%.

15



N . 134513 =
Trudng hgp 2 : ¢ > =p—==. Dit

z=+a+qby=+c+qa,z=b+qc
Khi doé
o 2?4 2y? — 2 ) 2+ ¢?a? — g o y2—|—q2z2—q1‘2‘
9 ’ 9 ’ 9
Bat ding thic tré thanh

Zx2+q2y2_q22 < 22+ y2 + 22
(@B+Dxz  — qg+1

hay
y2—z2 2 ?J2 2
7> —— t(a —q)) S (@l ty+z)
k(q® +1)
<2+ 2+ 22— (P —q+ D4y +2
SNCES y (¢ —q+1)(z+y+2)
hay

Ty Yz 2T

4@ —y)(y — 2)(x - 2) <1+ 1 +1>

2

MY @ at Dyt - (@) Y

(4)

Ta thay rang chi can ching minh (4) trong trudng hop @/% >r>y>
z > 0. T diéu kien gz? < y? + ¢°22, dé dang kiém tra ring ton tai ¢, thoa
min 0 <t; <z, gz —t1)? = (y—t1)? +¢*(z —t1)? vi véimoi 0 < t < t; ta
6 gz —1)* < (y — ) + ¢*(z — ).

Néu ta gidm z,y, z di cing mot lugng ¢ trong doan [0, #1] thi r6 rang vé tréi
clia (4) tang len. Ta s& chitng minh vé trai gidm xuéng, nhu vay, bang lap
luan tuong ti, ta chi can xét bat déng thiic trong trudng hgp ¢ = 0. Mubn
chitng minh diéu nay, ta phai chi ra rang

?T‘
—~
Q’Qw
+| +
=l =

3
) = M 0 G0
z— )2
)X (g Dy

12 mot ham nghich bién trén [0, #4].

batm=x—t,n=y—t,p=2z—1t (m,n,p <0), khi d6 ta co

(m —n)?
2

k(g +1) m+n+p

Fo) =~ Va+1 ><\/m2+nQ—|-102

+3(¢°—q+1)—(¢"—q) )

m7n7p

m

16



Ta phai chitng minh

3(q2_q+1)<1_l€\/q+1 m+n-+p )S(q2—Q)Z(Tn_n)2-

3 /m2 + n2 + p2 m2

Tt bat ding thic ban dau, cho a = b = ¢ = 1 ta dugc k > 3 hay

1+q?
ky/q+1 1 )
—3 Z ﬁ, do dé

m,n,p

_k\/q—l—l m4+n-+p

3 /m2+n2 +p2

m-+n-+p
- V/3(m? + n? + p?)
3y m? — (X m)”
V3> m? x (\/3Zm2+2m>

> (m—n)?
= 2(m+n+p)?

1

Vay, chi can ching minh

m—mn)? m—mn)?
3(q2—q4‘1)m<(q2—®2(m2)-

Béat déng thic nay c6 thé dude viét lai dusi dang

Sp(m —n)? + Sp(n —p)2 + Su(m —p)2 >0

Trong do
S, = n*p*2(¢" — @)(m+n+p)? —3(¢> — g+ 1)m?],
Sm = p’m’2(¢" — Q)(m +n+p)* = 3(¢*> — ¢+ 1)n?],
Sp = m*n*[2(¢" — q)(m+n+p)* —3(¢* — g+ 1)p?.

Vim>n2>p>0nén
2(¢° — q)(m+n+p)* > 18(¢* — Q)p* > 3(¢* — ¢ + 1)p’,

suy ra S, > 0.
Do do, tu
Sp(m — p)2 > Sp(m — n)2 + Sp(n — p)2,

ta chi can chiing minh

S+ Sn > 0va Sy + S, > 0.
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Nhung vi
S — Sp = 2(¢* — Q)p*(m +n + p)*(m* —n?) >0
nén ta chi can S, + S, > 0 1a dii. Bat dang thifc nay ding vi

1 2

—(Sp+5) = (@ —a)(m+n+p)?*m*+p°) —3(¢* — ¢+ 1)m*p°

2n2
> (¢° —q)(m+2p)*(m® +p*) = 3(¢* — ¢+ 1)m*p?
> (q°—q) - 8mp-2mp —3(¢° — q+ L)ym*p?
= (13¢® — 13¢ — 3)m*p?
> 0.

Nhu vay ta da chitng minh dugc f(¢) nghich bién. Theo 1ap luan & trén, chi
can xét bat déng thitc ban dau trong truong hgp ¢ = 0, khi dé bat ding thiic

tré thanh a
—— +Vb< kVa+0b.
va—+ gb -

Gia st a + b = 1, thé thi gia tri nhé nhat ctia k chinh 1a gia tri 16n nhat cia
ham s6 g(z) trén doan [0, 1] trong d6
11—z
g@)= ———% | /2
V1+(g—1)z
Tinh dao ham
(g—Dz+qg+1 1

g(x)=—2 T o

Suy ra ¢'(z) cung dau véi
(1+ (¢ = 12)° —2((g— Do +q+1)°
biéu thitc nay c6 thé duge viét lai dudi dang mot da thic bién x
P(z) = (¢—1)*(q—2)2° + (¢ - 1)(g = 5)2” — (¢* — g +4)z + 1.

Ban doc c6 thé tu ching minh két qua sau : néu % < ¢ < 2 thi P(x)
¢6 hai nghigm am va mot nghiém thuoc (0,1), néu g > 2 thi P(x) c¢6 mot
nghiém am va hai nghiém x1, zo thod man z; < min(1, z3) va f(z1) > f(1),
néu ¢ = 2 thi P(z) ¢6 hai nghiém am va nghiém con lai thuoc [0, 1].
Trong c& ba truong hgp trén, ta déu c6 két luan chung : Gia tri nhé nhat
cua k la

1—x9

1+ (g —1)xo

+v/Zo
trong d6 xo 1a nghiém duong nhé nhat ciia phuong trinh

(¢—1)%*(q—2)2*+ (¢—1)(¢—5)2” — (* — ¢+ 4)z+1=0.
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Vay bai toan da dugc gidi trong ca hai truong hgp.
Nhan xét.

1. Trong trudng hop thit 2 clia bai toan, diéu kién g > % da dugc st dung
dé chiing minh S, + S, > 0 (vi ta can 13¢> —13¢g—3 > 0, trong khi dé chiing
minh S, > 0 ta chi can mot diéu kién yéu hon 1a 5¢2 — 5¢ — 1 > 0). Thuyc ra
ta c6 thé tim dudc mot gia tri tot hon ctia ¢ nhu sau :

Ta sé tim diéu kién can va di cta ¢ dé bat ding thic

Sp(m—n)2+Sm(n—p)2+Sn(m—p)2 >0 (5)

ding v6i moi m, n,p thod man m > n > p > 0, trong d6 cac biéu thic cta
Sm, Sn va Sy, dude xac dinh nhu trén. Dé tim diéu kién can, tachon =p =1,
khi d6 m > 1 va bat ding thitc (5) trd thanh

(2(q2 —q)(m+ 2)2(m2 +1)— 6(q2 —qg+ 1)m2) (m — 1)2 >0
hay
2(¢* — q)(m +2)*(m* + 1) > 6(¢* — ¢ + L)m*.
Dé thiy ¢ > 1, do dé bat déng thiic tuong duong véi

(m+2)%(m? +1)

3¢ —q+1) _
[ 2 .

?—q m

Béat dang thic nay ding v6i moi m > 1 khi va chi khi

3¢ —q+1) .
———~ < min h(m 6
q2_q - [L4e0) ( ) ()
trong do
m—+2)2(m2+1 m 4+ 2)?
h(m):( )m(2 ):(m+2)2+7( m2)'

Trude khi tinh gia tri cu thé clia ¢, ta sé chiing minh (6) cling 1a diéu kién di
dé bat déng thitc (5) ding. Tuong ty nhu trén, ta chitng minh duge S,, > 0
va Sy, > S, vay chi can chi ra S, + S, > 0. Ta ¢6

1

52+ Sh) = (¢° — @)(m +n+p)*(m® + p*) — 3(¢* — ¢ + L)m?*p?
> (¢* — q)(m+2p)*(m* +p*) — 3(¢° — ¢ + \)m?p°

suy ra chi can ching minh

(¢® — q)(m +2p)*(m* + p*) > 3(¢* — ¢ + 1)m?p?
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v6i m > p > 0. Néu p = 0 thi bat ding thitc hién nhien ding. Gia sit p > 0,
bat dang thiic tuong duong véi
3(¢> —q+1)
9> —q

(m + 2p)*(m? + p?)
m2p2

<

Dit t = 7 > 1 thi bat dang thic trd thanh

3(¢> —gq+1)
> —q

(t+2)%2(t2+1)

> = h(t).

<

Bat dang thitc cudi ciing ding theo sit xac dinh ¢ & trén. Nhu vay (6) 1a diéu

kién can va di ciia g dé co6 (5).

Bay gio ta sé tim ra khodng gi4 tri cu thé clia ¢ thod man (6). Tinh dao ham
4m+2)  2(m+2)(m?-2)

W (m) = 2(m +2) - =12 = .

suy ra ming 4 o) h(m) = h (\3/§), tir do

3 —q+1) <h(€/§)

?—-q
hay
3 dat
g —— g,
BRRICORE
nghia la
1++1+4s
q> ——.
2
Ta tinh
; (VA+4V2+4) (V) +1) 124692 +5V4
n(V2) = 3 - 3
V4 V4
= 5+6V2+3V4,
1+4 1+ 12 1+ 12
S = —_— =
h(V2) -3 24 6v2+3V4
_ 1446V2+3V4
O 246V2+3V4
Suy ra
1++v1+4 1 14 4+ 624 3V4
g>vitas Ly A f* ;f ~ 1.177843572.
2 2 2462 +394

V6i khoang gia tri nay clia g, két qua ctia bai toan van khong c6 gi thay doi.
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2. Ngoai Bai toan 6, chiing ta con c6 hai két qua dic biét khac cling kha dep
cua Bai toan 7 la

b 17 — /33 -5 33
S < VST b 50 W
Va+4b b+4c e+da 6v/—1+ /33 12

b 24/3 — —
“__, P 6 ek B e R e e
V2a+3b V2b+3c V2c+ 3a 1443 2

Truong hop con lai van con 1a bai toan md :

St e . oo« | 1 /14+6§/§+3{”/1>
Bai toan md 2. Cho q la so thuc thod man 5 < q < 3 <1 + 216921391 ) Tim
gid tri nhé nhat cia s6 thuc k sao cho bat dang thite

b
a4 % <kVaxbte

_I_
va+qgb Vb+qgc Jetqga ~

diing vdi moi 6 thuc khong am a, b, c.

Luu ¥ 1a bat déing thitc Garfunkel tng véi truong hop ¢ = 1, do d6 Bai toan mé
2 méi thye sy 1a bai toan tdng quat clia né chit khong phai 1a Bai toan 7. Déi véi
bai toan nay ching ta khé cé thé dy doan dude trudng hop cu thé xiy ra ding

thite khi ¢ nhan mot gia tri bat ki nim gifta 3 va L (1 + «/%), do d6
tac gia nghi ring, trong bon cach ching minh bat dang thic Garfunkel & trén,
néu c6 mot cach co the gidi duge Bai toan md 2, thi d6 phai I cach thit 2 (do cac
cach con lai déu dya trén sy biét trude trusng hgp xay ra dang thitc). Néu khong,
chiing ta can phai tim mot huéng gidi quyét khac. Ro rang bat ding thiic nay van
con nhiéu diéu thia vi dang chd ban doc kham ph4, !

Dé két thic bai viét, xin duge dua ra mot huéng mé rong nita cho bat dang
thic chia ching ta, day 1a mot bai toan duge néu lén & Dién dan Toan hoc hon ba
niam vé trude, nhung chua cé mot 16i giai chinh xac nao duge dua ra (theo hiéu
biét ctia tac gid). Mong ban doc ciing quan tam suy nghi.

Bai toan mé 3. Cho s6 thuc duong k nhé hon 1. Tim gid tri nhé nhat cia M
sao cho bat ding thic sau ding vdi moi so thuc khong am a,b,c :

a b c

@t Of T v o T eraF s Mlatbe+ey

Két qua dir doén :
k

3 _
M = max (2k,1+k:(1—k:)lk-k>.

21


http://diendantoanhoc.net

Tai lidu

1]

Pham Kim Hung, Sdng tao Bat ding thic, Nha xuat ban Tri Thite, Ha Noi
2006. Ban tiéng Anh Secrets in Inequalities, nha xuat ban GIL, Romania
2007.

Tap chi Crux Mathematicorum http://journals.cms.math.ca/CRUX/

Ba bai todn md, mot chit dé ctia Dién dan Toan hoc,
http://diendantoanhoc.net/forum/index.php?showtopic=39622
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