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Ngay 10 thang 2 nam 2007

Bat déng thitc Schur 1a mot trong nhitng bat ding thic "manh" hién
nay, tuy nhién déi véi cac ban méi bat dau lam quen vé6i bat dang thic thi
bat dang thic nay "kha la JAm" va khé st dung. Bai viét sau xin dugc gidi
thiéu véi cac ban mot s6 "tinh nang" ctia Schur va "ngudi ba con" clia no,
Vornicu Schur, ciing nhu "sttc manh" clia ching déi véi bat ding thic déi
xting ba bién.

1 Cac két qua
Dinh Iy 1 (bat ding thitc Schur) Vdi moi s6 khong am a,b,c, k, ta cé
a*la—b)a—c)+b*b—c)b—a)+ Flc—a)(c—b) >0

Cé6 nhiéu cach chitng minh cho Schur, xin dugc gidi thiéu véi cac ban cach
chitng minh don gian nhat. Khong mat tinh tdng quat, gid st a > b > ¢ > 0,
ta co

VT =c*la—c)(b—c)+ (a—b)a*(a—c) —bb—-¢c)]>0

Bét déng thiic Schur duge chiing minh.
Dac bigt, v6i k=1 va k = 2, ta duge

a® + b% + ¢ + 3abe > ab(a + b) + be(b + ¢) + calc + a) (1)
at + v+t Fabe(a 4+ b+ ¢) > ab(a® + %) 4 be(b® + %) + ca( 4 a?) (2)

Néu ta dat p = a+b+c,q = ab+ bc + ca, r = abe thi cac bat dang thiic nay
¢6 thé viét lai nhu sau
4g — 2
s p( q4 P) 3)



(49 — p26) (p*> — q) ()
P

Day 1a 2 dang thuong dung nhat ctia Schur, dic bigt 1a (3). Tuy nhien,
trong thuic té, d6i v6i nhiéu bai toan, néu ta st dung ngay ching thi khong
c6 hieu qua, 1i do rat "don gian" 1a vi a,b, ¢ > 0 nén r > 0 nhung 4q — p? thi
lai c6 thé nhan cac gia tri am 1an gia tri khong am nén céc bat dang thic
(3) va (4) chua di "do chat" dé "xit Iy" ching. Do do, ta thutng sit dung

r > max {o, plt —r) } (5)

r>

r > max {0’ (4 - P")@* — q) }

o (6)

Sau day, ching ta sé chuyén sang "ngudi ba con" ciia bat ding thic
Schur, ta c6 dinh ly sau

Dinh 1y 2 (Vornicu Schur) Vdi moia > b > ¢ > 0 va x,y,2 > 0, bat
ddng thice

zla—b)a—c)+ylb—c)b—a)+ z(c—a)(c—b) >0
dung khi
1. >y (hodcz>vy).
2. ax > by.
3. bz >cy (néua,b,cla do dai ba canh cia mot tam gidc).
4. VT +VzZ = \/y.
That vay (1) Ta c6
VT =z(a—c)(b—c)+ (a—b)[z(a—c)—ylb—1c)] >0
(2) Cha y ranga>b>c>0néna—c> ¢-(b—c), do d6

VI =z(a—c)(b—c)+ (a—0b)[z(a—c)—y(b—c)]
(a—b)(b—c)(ax — by)

>z(a—c)(b—c)+ 2

>0



3) Doa>b>c¢>0vaabcladd dai ba canh cia mot tam gidc nén
(a —b), vi thé
VT =x(a—b)(a—c)+ (b—c)[z(a —c¢) — y(a —b)]

(b—c)(a—b)(bz — cy)

Al 8

>z(a—0b)(a—-c)+ >0
c
(4) Ta c6 bat ding thiic tuong duong véi
a-c a-c
x- z
b—c a—b_y
Hay
a—>b b—c
r+z+ |z + z- >y
b—c a—"b
St dung bat didng thitc AM - GM, ta cé
a—2>b b—rc 2
x+z+ vy + z- b >x+z+2Vx :(\/54_\/2) >y

Dinh 1y dugdc chitng minh xong. Ta c6 thé thiy (4) ding v6i moi a,b, c € R
thoéa a > b > ¢, tuy nhién tieu chuan nay thuong doi héi phai tinh toan
phiic tap nén rat it khi ta st dung né.

Vita 16i toi da gidi thiéu vé6i cdc ban xong vé Schur va Vornicu Schur,
tuy nhien, dinh 1y 14 nhu thé, cdc ban &t han sé dat cau hoi 1a lam thé nao
dé dua mot bat dang thitc vé cac dang nay. Bang kinh nghiém ctia minh, toi
xin dudc gidi thiéu véi cac ban 1 ki thuat chuyén mot bat ding thic sang
dang Schur (c6 thé chua Ia t6i wu). Trude hét, cdc ban hay chuyén bat déng
thiic vé 1 trong 2 dang sau

> z2(a—b)?>0 (7)

hoac
> My(2a—b—c)* >0 (8)

cyc

C4 2 dang nay déu c6 thé dé& dang dua vé duge. Tit (7), ta c6

Zz(a—b)Q:Zz(a—b)(a—c—i—c—b)

cyc cyc
= Zz(a— b)(a — c) +ZZ(b— c)(b—a)
= Sy + 2)a - B)a—o)



Chang han, ta c6

Zaz—Zab: %Z:(a—b)2 :Z(a—b)(a—c)

cyc cyc cyc cyc

Zab(a+ b) — 6abc = Zc(a —b)* = Z(bJr c)(a—b)(a—rc)

T (8), ta co
S Mu(2a—b—0)?=2> My(a—b)(a—c)+ > Ma(a—b*+ > My(c—a)

cyc cyc cyc cyc
=2 Ma(a—Db)(a—c)+ > (Mg + M)(a—b)?
cyc cyc

St dung khai trién tréen, ta cé

> (Mg + My)(a—b)* = (2M, + M, + Me)(a — b)(a — ¢)

cyc cyc

Nhu vay
ZMG(% —b—c)= Z(4Ma + My + M.)(a —b)(a—c)
cyc cyc

Hy vong cac ban sé tim duge nhiéu thuat toan hon nita.

Mot diéu ma ching ta can Iuu ¥ 1a néu ta két hop kj thuat nay véi cac
ky thuat khac nhu SOS, don bién, ... sé tao nén "siic manh khong tudng".
Cac ban sé thay dugc dieu d6 qua céc bai toan ¢ phan sau.

2 Mot sé bai toan

1 [Tran Nam Ding] Chitng minh rang véi moi a,b,c > 0, ta cé
2(a® + 0>+ ¢*) +abc +8 > 5(a+ b+ c)
Chiing minh. St dung bat dang thitic AM - GM, ta c6
12(a® + b2 + %) + 6abc + 48 — 30(a + b + ¢)
=12(a® + b* 4+ ) + 3(2abc 4+ 1) + 45 — 5-2-3-(a + b + ¢)
> 12(a® 4 b% + 2) + 9Va2b2c + 45 — 5[(a+ b+ ¢)2 + 9]

=T7(a®>+b* + )+ ?abc — 10(ab + be + ca)
abc
27ab
>7(a?+ b2+ )+ _=rae 10(ab + be + ca)
a+b+c



Mat khéc, sit dung bat ding thic Schur,
9ab

— 0% > 4(ab+be+ca)—(a+b+c)? = 2(ab+be+tca) — (a+b2+c2)

a+b+c

Do do

27ab
7(a2+b2+02)+£
a+b+c

> 7(a? +b* + %) + 6(ab + be + ca) — 3(a® + b* + ¢*) — 10(ab + be + ca)
=4(a®* + b+ —ab—bc—ca) >0

—10(ab + bc + ca)

Bat déng thitc dugc ching minh xong. Dang thiic x4y ra khi va chi
khia=b=c=1.
2 [Darij Grinberg] Vdi moi a,b,c > 0 thi
a® 4+ b* 4 ¢ 4 2abc + 1 > 2(ab + be + ca)
Chatng minh. St dung bat dang thic AM - GM va bat dang thic Schur, ta
co
a? 4+ b? + ¢ + 2abc + 1 — 2(ab + be + ca)
> a? + b2 + 2 + 3a*3p¥328 — 2(ab 4+ be + ca)
> a2/3p2/3 (023 1 p2/3) 4 R334 213) 4 23232 1 ¢2/3)
—2(ab + be + ca)
— Q23023 (M3 _ pUBY2 L p2BRIB(BUB 3V L 2323 132 > g
Bat déng thic dude ching minh xong. Dang thiic xdy ra khi va chi
khia=b=c=1.
3 [APMO 2004] Véi moi a,b,c > 0,
(a® +2)(b? +2)(c* +2) > 9(ab + be + ca)
Chitng minh. St dung bat ddng thiic AM - GM,
(a® +2)(b* + 2)(c* +2) — 9(ab + be + ca)
= 4(a® 4+ b* + ) + 2[(a®b® + 1) + (B*c + 1) + (2a® + 1))
+ (a®v*c® +1) + 1 — 9(ab + be + ca)
> 4(a® + 0% + %) + 4(ab + be + ca) + 2abe + 1 — 9(ab + be + ca)
> a? + 0% + & + 2abc + 1 — 2(ab + be + ca)

Stt dung két qua bai toan tren, ta c6 dpcm. Ding thitc xay ra khi va
chikhia=b=c=1.



4 [Pham Hitu Diic] Cho cdc s6 khong am a,b,c, ching minh

i;/cﬂ—l—bc i;/()2—|—ch i,/02—i-ab> 9v/abe

b2 + 2 cZ + a? a2+ " a+b+c

Chaing minh. St dung bat dang thic AM - GM,

2 2 2, 2 2 12 2 2 2 2
a(b® +¢*) +b(c” +a”) + c(a +b):a(b +C)—|—b+c>33 abc(b? + ¢?)

a? + be a? + be - a? + be

Suy ra

o/ a%+be 3(a® + b? + ¢* + ab + be + ca) 9
E > >
o abe(b? +¢2) T a(b®+ )+ b(+a?)+c(a?+b?) T a+b+c

Vi theo bat dang thiic Schur,

(Z a) <Z a® + Z ab> -3 Z a(b*+c*) = Z a3—|—3abc—z ab(a+b) >0

cyc cyc cyc cyc cyc cyc
Déng thitc xay ra khi vi chi khia =b = c.

5 [Vo Qudc Ba Can] Cho cdc s6 khong am a, b, ¢, ching minh bat ding thic

3 3 3

a b c 9 9 9
+ =+ >a"+b"+c

VB2 —be+c2 VR —ca+a® Va2—ab+ b2

Chitng minh. St dung bat dédng thiic Cauchy Schwarz, ta cé

Z CL3 . Z Cl4 (CL2 + b2 + 02)2
2 _ o — 2 = — 2
Ge Vb —bet+c?  Zavbi—betc? T Y cavb? —bet+c

Ta can chitng minh

Za\/bZ—bc—l—c2§a2+b2—|—02

cyc
Lai stt dung bat déng thitc Cauchy Schwarz, ta dudc
2
<Z av/b? — be + c2> < (Z a) (Z a(b® — be + 02)>
cyc cyc cyc

6



Nhu vay, ta chi can chiing minh
(a> 4+ b+ )2 > (Z a) (Z a(b® — be + 62)>
cyc cyc

Hay

Za4 —I—acha > z:ab(a2 +v?)

cye cyc cye
Day chinh la bat dang thitc Schur.
Vay bat dang thitc can ching minh ding. Dang thiic xay ra khi va chi
khi (a,b,c) ~ (1,1,1), hodc (a,b,c) ~ (1,1,0).
6 Ching minh rang vdéi moi s6 duong a, b, c th
a® — be n b — ca n c? —ab
Vaz+202+3c2 V2 +22+3a2 V2 +2a2+302
Chiing minh. St dung bat dang thitc Cauchy Schwarz, ta c6

Z a —bc) :Z 8(&2—56) Lhae —QZQ
V6( a2 + 202 + 3¢2) V/6(a2 + 2b% + 3¢2)

cyc cyc cyc

_ZSCL —be) + (b+ ¢)y/6(a? + 2b% + 3¢2) —QZa

V/6(a2 + 2b% + 3¢2)

cyc

_Z (a® —be) + (b+¢)(a+2b+ 3c) QZCL
V/6(a? + 2b% + 3¢2)

cyc

:ZSa +ab+bc+ca+c? Z

a
S V/6(a? +20% 4 3c2) e V6( a2 + 2b2 +3¢2) %C:

Do dé, dé chiing minh bat ding thiic da cho, ta chi can ching minh

2 2
zSa +ab+bc+ca—+c 22\/62@

a? 4 2b2 4 3¢2

cyc cyc

St dung béat dang thiic Holder, ta dugc

3
2 (chc(&z? + ab+ bc+ ca + 62))
vire >
Z chc(&ﬂ + ab + be + ca + ¢2)(a® + 262 + 3c2)

27 (3 Loy 0 + Sege ab>3
11 (S a?) 20282 46 (Seye0) (Sipeat)




Do do6, ta chi can chitng minh

s e
11 (chc a2) + 21 chc a?b? +6 (Ecyc a2> (Ecyc ab) cyc

Do day la mot bat dng thiic ddng bac véi a, b, ¢ nén khong mat tinh
tong quat, gid st a + b+ ¢ = 1. Dt ¢ = ab + bc + ca,r = abc thi ta
¢6 5 > q > 9r > 0. Ngoai ra, st dung bat déng thic Schur, ta dugc
r> 4"%. Bat ding thic trén tré thanh

9(3 — 59)® > 8(11(1 — 2¢)* + 21(¢* — 2r) + 6¢(1 — 2q))

Hay
—1125¢ 4+ 1601¢> — 911¢ + 3361 + 155 > 0

Bat ding thic nay hién nhien ding vi

—1125¢% 4+ 1601¢> — 911¢ + 3367 + 155
4q — 1

> —1125¢% + 1601¢> — 911¢ + 336- +155

1
=30- 3¢)(1125¢% — 12264 + 353) > 0

Vay bat dang thiic can chiing minh ding. Déng thitc x4y ra khi va chi
khia=b=rc.

7 [Vo Qudc Ba Can] Cho a, b, ¢ la cdc s6 khong am théa man ab+be+ca = 1,
ching minh
a> v 2 9 19 9
5ot 2+ ) > VB2
c  a

Chitng minh. Bat ding thic tuong duong
Czyc:<b+b—2a>+ Czy;a— /3%;&[) 22(%;a —%C:ab

Hay
Z S.(a—b)>>0

cyc



trong do6

1 1 1
S, =—-—+t—1, Sp=—+t—1, Se=-+t—-1
c a b
L4 1
let—72(a+b+c+\/§).
Ta c6
1 1 1 3
Sa+Sp+Se=—-+-+--3+
b a b c 2 (a +b+c+ \/§>
— 4;¥, __3 4_ 3
abe 2(a+b+c+\/§)
3v3 3
> V3 = — 3+
(ab+ bc + ca)2 2(a+b+c++3)
3
= 3V3-3+

>0
2(a+b+c+\/§)

SaSy + SpSe + 5.5 —Z<t+[1)—l> <t+i—1>

cyc

1 1 1
= 3t2+2<za—3>t+zab—22a+3

cyc cyc

1 1 a-+b+c+ 3abc— 2
— _9 ~4+3= >0
- Zab z:ajL abce -

cyc cyc

That vay, néu a+b+c > 2 thi didu nay 1a hién nhién, néu a+b+c < 2,
Z 2 _p2

dit p = a+b+c thi theo bat dang thic Schur, ta ¢6 abc > % >0,

do dé

a+b+c+3abc—2>p+ 2 = >0

3 >
Bat dang thic dugc ching minh xong. Dang thic xay ra khi va chi
Khia=b=c= ¥

Nhan xét. Bai nay 14 1 vi du cd ban cho sy két hgp gitta Schur va SOS.

dp-p* o 2-pp-1){@+3)
3

8 [lurie Borieco, Ivan Borsenco] Tim hdng s6 a nhé nhat sao cho bat dang
thiic sau
3—a

(x+§+z>a<$y+y32+zx) 2 > (a:+y)(y—;—z)(z+x)

ding vdi moi s6 thuc duong x,y, z.



3In3-4In2
2In2—In3

1.81884... Ta sé chitng minh day la gia tri can tim, tic 1a chiing minh

Ching minh. Cho x =y =1,z — 0, ta suy ra dugc a > =ag ~

3—a

a 3-ag
<m+y+z) ’ (xy+yz+zar> = @ryly+2)(z+2)
3 3 - 8

Vi day la mot bat déng thiic dong bac véi z, vy, 2 nén ta c6 thé chuan
héa cho z+y+z = 1. Dat ¢ = ab+bc+ ca, r = abe thi % >q>9r >0.

Bat dang thic can ching minh tré thanh

8 3—ag
2
r 4+ q3+a0 —q>0

2

Xét 2 trudng hop
Truong hop 1. 1 > 4¢ > 0, khi do,

3—ag

3—aq
8q 2 8q 2 3—ag 8 ag—1
T+ 33+a0 _qZ 3+ag _q:q 2 (33+a0 _q 2 )

2 372 2

ag-1
3—ag 8 1 2

> —_ | = =0

=17 (353&0 <4) )

Trudng hgp 2. % > ¢ > 1, khi d6, 4p dung bat ding thitc Schur, ta
cérZ%ZO. Do do,

3—ag 3—ag 3—ag
+8q2 >4q—1 8¢ 2 8qg 2 5q + 1 (o)
r - —q= - =
55 1=y 42 EETT) 9 q
Ta c6 i3 ) 5
f/(q) = ag—1 ap+3 - §
q 2 . 2

Dé dang kiém tra dugc f’(¢g) 13 ham dong bién, lai c6 f’ (%) < 0 va
f'(3) >0, do d6 ton tai duy nhat g € (1, 1) sao cho f'(qo) = 0. T
day, ta dé dang kiém tra dudgc

rw=minfs(3).1(3)]
Nhung f (3) = f (3) = 0. Do do,
flg) =0

10



Bat ding thitc duge chitng minh hoan toan. Két luan,
3In3—4In2
2In2 —In3 °

Gmin =

9 Chiing minh rang véi moi s6 duong a,b,c ta luon cé
a? N b? N c? < (a+b+c)?
b +bc+c2 24ca+a®  a?+ab+b*> ~ 3(ab+ be+ ca)

Chaing minh. St dung bat dang thiic Cauchy Schwarz, ta c6
2 4

a a
Czy;b2+bc+c2 _Zaz(bQ—i-bc—i-cQ)

cyc
< (a? + b% + c2)?
~ 2(a?b? + b%c? + c%a?) + abe(a+ b+ ¢)

Ta can ching minh
(a% + b2 + c2)? S (a+b+c)?
2(a?b? 4+ b%c? + ?a?) + abc(a + b+ ¢) ~ 3(ab+ be + ca)

Vi day 1 mot bat dédng thitc dong bac véi a,b, ¢ nén khong mat tinh
tong quat, ta c6 thé gid st a +b+c = 1. Dat ¢ = ab+ bc+ ca,r = abc
thi ta c6 £ > ¢ > 9r > 0. Bat déng thic trén tré thanh

(1—2¢)*

>
2¢% — 3r —

1
3q
Hay

3r+12¢3 —14¢> +3¢ >0
Xét 2 truong hop
Truong hgp 1. 1> 4¢ > 0, ta ¢6
3r4+12¢°% — 14¢% + 3¢ > 12¢° — 14¢* + 3¢ = q(12¢*> — 14g + 3) > 0
Trudng hop 2. £ > ¢ > 1 khi d6, sit dung bat déng thic Schur, ta
corz%zo. Suy ra,

4q — 1

+12¢° — 14¢% + 3¢

_ 2 _
_ (3¢ — 1)(12¢* — 10g + 1) -0
3 >
Vay bét déng thitc can ching minh ding. Dang thiic xay ra khi va chi
khi (a,b,c) ~ (1,1,1).

3r+12¢° — 14¢%> + 3¢ >

11



10 [Vo Quoc Ba Can] Tim hing s6 k lon nhat sao cho bat ding thic sau
dung
a+b+c+kabc>k+3

vdi moi s6 khong am a, b, c théa man ab + bc + ca + 6abe = 9.

Ching minh. Cho a =b = 3,c =0, ta dugc k < 3. Ta sé chiing minh day la
gia tri ta can tim, tic la

a+b+c+ 3abc > 6

Dit p=a+b+c,q = ab+ be + ca,r = abe. Gia thiét clia bai toan
c6 thé viét lai 1 ¢ + 6r = 9. Sit dung bat ding thitc AM - GM, ta c6
p? > 3¢ > 9. Bat dang thic trd thanh

p+3r=>6
Hay
2p—q=3
Néu p > 6, thi diéu nay hién nhién ding. Xét 6 > p > 3, khi d6 c6 2
truong hgp xay ra
Trudng hgp 1. Néu p? > 4q thi
P _ (p—2)(6-p)

p—q>2p——="—""—"=4+32>3
p—q=2p 4 1 +35 2

Trudng hgp 2. Néu p? < 4q thi theo bat déng thic Schur, ta cé
2
r > PP > 0. Do do

27 = 3¢ + 18r > 3¢ + 2p(4q — p?)

Va vi thé 5

2p° 427
2p—q>2p— ———
P42 o

Ta can chitng minh
3
_2p7+ 27 >3

2
P 3 <

Hay
P+1)-3)(p—6)<0
Bat ding thitc nay hién nhién ding. Vay

kmin = 3.

12



11 [Vb6 Qubc Ba Can] Cho cdc s6 khong am a,b,c théa a® + b* + ¢* = 1.
Chatng minh rdang
3 b3 3

a C >\/>

b2 — be + c? +c2—caL—|—a2+ 2 _ab+ b2 —

Chitng minh. Bat ding thitc can chitng minh tuong duong

b—|—c
Z b3+63 — 2

cyc

b+
) <Z)§C)+b+c> 2(a+b+c)+V2
cyc
Hay
1
3 3 3
((L +b +C)ngcaz—ab+b222(a+b+c)+\f2

St dung bat dang thitc Cauchy Schwarz, ta co

1 9
>
Czy;cﬂ—ab—i-bz ~ 2(a® + b2+ 2) — (ab+ be + ca)

Do d6, ta can chiing minh

9(a® + b3 + ¢?) -
2(a? 4+ b2+ ) — (ab+ bc + ca) —

20a+b+c)+V2

bat p=a+b+c¢,q = ab+ bc + ca,r = abc thi ta c6 p,q,r > 0 va
=/T+2q¢,1 > q. Khi do6, bat dang thic trén c6 thé viét lai 1a

Ip(1—q)+3r) > (2 +2) 2~ )

Hay
5p — Tpq +V2q + 27r > 2V/2
Xét 2 truong hop
Trudng hogp 1. 1 > 2, bat ding thic tuong duong véi

f(q) =5/2q+1—"7q\/2q + 1+ V2q + 27r > 2V/2

13



P = 2(2q—|—1)—21q—2< 2(1+1)—21q—2:_ 21q ~0
V2q+1 - V2q+1 V2q+1

Suy ra, f(q) 1a ham nghich bién. Suy ra,
1
flg)>f <2> = 2V2+27r > 2V2

Trudng hop 2. 2¢ > 1, st dung bat ding thic Schur, ta c6 r >
2 N
pla—p’) _ p(Q%_l) > 0. Do do, ta chi can chiing minh

9
5p — Tpq + V2q + 3p(2¢ — 1) > 22

Hay
g(q):2\/2q+1—q\/2q+1+\/§q22\@
Ta co
g/(q): \/2(2q+1)—3q—|—1 < \/2(1+1)—3q+1 _ 3(1—q) >0

V2q+1 - V2¢+1 V2q+1

Do do, g(q) 1a ham dong bién. Suy ra,
1
9(a) > g <2> =2v2
Do d6, bat ding thiic can chitng minh ding. Dang thitc xay ra khi va
chi khi (a, b, ¢) = (% %,O) .

12 [Walther Janous|] Cho cic s6 duong a,b,c,x,y,z. Chitng minh bt ding
thic

c 3(zy + yz + 2x)
) . _ >
b WAt G+ e ty) 2 T ty+2

Chitng minh. St dung bat ddng thitic Cauchy Schwarz, ta cé

Zbic-(vaz):Z(bfll_c~(y+z)+(y+z)> — 2z +y+2)

cyc cyc

-3 (Z(bm) ( 'Zj) 2z +y+2)

cyc

> - (Vity+Vute+veta) —2a+y+2)

= (z+y)(r+2) - (+y+2)

14



Do do6, ta chi can chiing minh

Z (z+y)x+2)—(z+y+2)> 3(xy + yz + zx)

r+y—+=z

cyc
Dat 2m? = y+2,2n% = 24 2,2p> = x+y (m,n,p > 0), bat ding thiic
trén c6 thé viét lai nhu sau

2(mn+np+pm)_(m2+n2+p2) > 6(m2n2 + n2p2 +p2m2) _ 3(m4 + n4 +p4)

m? +n? + p?
Hay
Zm4 + Zmn(m2 +n?) + Zm2np > 4Zm2n2
cyc cyc cyc cyc

Theo bat déng thic Schur thi

Z m?t + Zanp > Z mn(m? + n?)

cyc cyc cyc
Nhung theo bat dédng thitic AM - GM, ta lai c6
Zmn(mQ +n?)>2 ZanQ
cyc cyc

Bat déng thic duge chitng minh xong.
Nhan xét. Cac ban hay thi sic véi bai toan sau

a b c
Y+2)+ o eta)+ =@ ty) 2 Vley +yz + 2x)

b+c +b

v6i moi a, b, ¢, z,y,z > 0.
13 [Hojoo Lee] Chitng minh rang véi moi a,b,c > 0 thi
1 1 1 b+c c+a a+b

b+g “a?+bc bVP+ca A+ab
Chitng minh. Bat ding thiic can chitng minh tuong tuong

a—"b)a—c
Z( a34)—(abc )ZO

cyc

Khong méat tinh téng quat, gia stt a > b > ¢, ta ¢

I b3 — 3 -0
3 +abec b3 +abc (b3 + abc)(cd + abe)

Do d6, theo dinh 1y 2, ta c6 dpcm. Dang thitc x4y ra khi va chi khi
a=b=c
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14 [Hojoo Lee| Vdi moi a,b,c > 0, ta cé

a’+bc bV 4+ca A +ab

+ + >a+b+c
b+c c+a a+b

Chiing minh. Khong mat tinh tong quat, gid sit a > b > ¢, ta c6 bat dang

thic tuong duong
Z(afb)(afc) >0
p b+ c

Ta co
1 1 a—>b

b+c c+a (b+c)(c+a) ™

Nen theo dinh Iy 2, ta c6 dpcm. Ding thitc xiy ra khi va chi khi
a=b=c.

15 [Vasile Cirtoaje] Chiing minh ring vdi moi s6 duong a,b,c théa a+ b+
c=3, ta co

3 + 0"+ )+ a? + 02+ P+ 62> 6(a®+ 05+ )
Chiaing minh. Bat dang thiic dude viét lai nhu sau

0<> (3a*—6a® +a’+4a—2)=> (a—1)*(3a> - 2)

cyc cyc
1 20 2 1 2 32, 2
:gczyc(Qa—b—c) (3a —2):3WZC(4a +b°+c"—4)(a—Db)(a—c)

Khong méat tinh téng quat, gia sit a > b > ¢. Ro rang

42 + 02+ —4>4 + P +a’—4> 42 +a®> + b — 4

(a + b)? (3¢ —1)2

2 92 =
Neén theo dinh ly 2, ta c6 dpcm. Ding thitc xiy ra khi va chi khi
(a,b,¢) = (1,1,1) hodc (a,b,c) = (4,4, 1).

4 +a? + 12 —4 >4 +

16 [Vasile Cirtoaje] Ching minh rang vdi moi a,b,c > 0 théa a+b+c = 3,

ta co
a b c

a—|—bc+b—i—ca+c—|—ab

3
> 2
-2
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Ching minh. Ta c6

B 2a(b+ ¢) — be
Zy:a—l—bc_Q Z(a—f—bc (ab+bc+ca)>
abe a—>b)(a—c
B @ ba—g

2(ab + be + ca) o a? + abc

Khong méat tinh téng quat, gia stt a > b > ¢, ta ¢

I b? — 2 -
2 +abc b2 +abc (b2 + abc)(c? + abe) ~

Nén theo dinh 1y 2, bat déng thic can ching minh ding. Ding thc
xday ra khi va chi khia=b=c=1.
7 [Vasile Cirtoaje] Ching minh rang véi moi a,b,c > 0 thi

1 n 1 n 1 - 2a n 2b n 2c
b+c c+a a+b 3a2+bc 3b2+ca 3¢+ ab

Chitng minh. Dat z = /%,y = /% 2z = /% bat ding thiic trd thanh

1 2
> =
Czy;x(y—i-z) Czy;x2+3yz

Ta c6
1 2
Zx(y—i—Z) _;xQ—i—Syz
—Z y)(z — 2) +Z 2(x —y)?(2(x — y)? + zy(z + )

x(y + 2) ar2 +3yz) S wy(e +2)(y + 2) (22 + 3y2)(y* + 322)

cyc

Khong méat tinh téng quat, gid st >y > 2, ta ¢
1 1
2(x +y)(22 +3zy)  y(z+x)(y? + 3zx)

_ (=2l —2) +yay+2)
yz(z +y)(@ + 2)(y? + 322)(2* + 3zy)

Nen theo dinh Iy 2, ta c6 dpcm. Ding thitc xiy ra khi va chi khi
a=b=c
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18 [Pham Kim Hung] Vdi moi s6 khong am a,b,c théa a® +b> +c* = 3, ta

co
a*Vb+ ¢ N b*\/c+a N AVa+b <3
Va2 +be VB2 +ca VE+ab

Chitng minh. St dung bat ddng thiic Cauchy Schwarz, ta cé

2(b+c) a?(b+c)
VT? < 2. a”( —3
_Za Z a? + be ; a? + be

cyc cyc

Ta can chiing minh

2
Z a (b + C) é 3
a® + be
cyc
Mat khéc, lai st dung bat dang thitc Cauchy Schwarz, ta c6 a+b-+c < 3
va nhut vay, ta chi can chitng minh

2
b
Z a® + be

cyc

ala —b)(a—c
Z ( a24)-(bc )Z

cyc

Khong mat tinh tong quat, gid st a > b > ¢, ta ¢

a? b? c(a® —b3)

a2+bc b2+ca (a2 +be)(b? +ca)

Nén theo dinh 1y 2, ta c6 dpcm. Dang thic xdy ra khi va chi khi
a=b=c=1.

19 [V6 Quoc Ba Can] Xét bat dang thic sau vdi moi a,b,c > 0

b+c c+a a+b <3(a—|—b—|—c)
a?24+bc b2+ca c2+ab ab+bc+ ca

1. Chatng minh ring bat ding thitc trén noi chung khong ding.

2. Chitng minh rdng néu a,b,c la do dai ba canh cia mot tam gidc th
bat ding thic nay ding.
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Chiing minh. (1) Choa=3,b=c=1.
(2) Ta c6 bat ding thitc tuong duong

a a?+bc el ab 4+ bc + ca

cyc

Hay
(a—0b)(a—rc) be(a —b)(a — c)
Z a(a? + be) = Z abc(ab + be + ca)

cyc

Hay

1 1
> (a—b)(a—0) (a(a2 +be) a(ab+bc+ca)) -

cyc

Z (a—b)a—c)(b+c—a) >0

a? + be

cyc

Khong mat tinh tong quat, gid sit a > b > ¢, chd ¥ rang a,b, ¢ 1 do
dai ba canh ctia mot tam giac, ta co

a+b—c>c+a—->b>0, b(b* + ca) > c(c* + ab)
Nén

bla+b—c) _ c(c+a—Db)
c® + ab b2 + ca

Do d6 theo dinh 1y 2, bat ding thiic duge chitng minh. Ding thic xay
ra khi va chi khi (a,b,c) ~ (1,1,1), hodc (a,b,c) ~ (2,1,1).

>

20 [Pham Htu Dic| Ching minh véi moi a,b,c > 0, ta cé

a®(b+c) N b*(c+a) N c3(a+b)
a? + be b2 + ca c?+ab
Chiing minh. Khong mat tinh tong quét, gid st a > b > ¢ > 0. Ta c6

a3 c a C(I2—C
§:2 w+-)7§:a®+c%:§: (b+e)( be)

ab + be + ca < <2+ +

a? + be a? + be
cyc cyc cyc

B a(b+ c)(a2 — bc) 9 9

= Z ( e (a® —be) | + Z(a be)
cyc cyc

be —a?)(a —b)(a —c

ZZ( C)Lngbc)( )+Z(a—b)(a—c)
cyc cye

B (a—0b)(a—rc)

= 2abcczy; T rabe
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Déng thitc xay ra khi va chi khi a = b = c.

Ta con phai chiing minh

b+c
:E:: ? = :E:: a2 + be

cyc cyc
Hay
2(q — _
Z a*(a —b)(a —c) >0
a? + be
cyc
Doa>0b>cnén 2+b > p20aa b day st dung dinh 1y 2, ta ¢6 dpem.

Déng thic xay ra khi va Chl khl a =0b=chodca=bc=0 vacac
hoan vi.

21 [Pham Hitu Diic, Vo Qubc Ba Can| Cho cdc s6 duong a, b, ¢, chitng minh
bat dang thic

2 2 2
\/a —|—bc+\/b —|—ca+\/c 4—abZ 3+ bo)
b+c c+a a+b
Chitng minh. St dung bat dang thitic AM - GM, dé thay ring

2{: a«+—b a +-C \/ﬁAquffiifo

b+c

cyc
Ta can chitng minh

Z 2(a? + be) (a+b)(a+c)
bt pv b+c

cyc

ZMa(a —b)(a—c)>0

cyc
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trong do

M, = !
\/b+c<\/2a2+bc)+\/ a—i—c)
My, = !
\/c+a(\/2 (b2 + ca) + /(b + o)( b—{—a)
M. = !
\/a+b(\/202+ab) +/(c+ c—i—b)

Khong mat tinh téng quat, gia sit a > b > ¢ > 0. Khi dé, ta co
a(a+ ¢)(b* + ca) > b(b + ¢)(a® + be)

Do do
\/&Ma > \/BMb

Suy ra
aMa > be

Theo dinh 1y 2, bat déng thic can ching minh ding. Dang thic xay
ra khi va chi khia=b=c.

22 Chitng minh rang vdi moi a,b,c > 0, ta cé

—_

a? b2 c?

ot b2t  @iro@ta) T @eta) et =3

Ching minh. Ta c6
2

1 a a a
3_§(2a+b)(2a+c) :;<3(a+b+c) B (2a+b)(2a+c)>

2

B 1 Z (a—0b)(a—rc)
~3(a+b+o) e (2a+0)(2a+ ¢)
Khong méat tinh téng quat, gia stt a > b > ¢, ta c6
a(a 4+ 2b) > b(b+ 2a) > 0, a(2b+c¢) > b(2a+¢) >0

a? b?
>
(2a+0b)(2a+¢) ~ (2b+¢)(2b + a)
Theo dinh 1y 2, ta c6 dpcm. Dang thitc x4y ra khi va chi khia =b = ¢
hoéc a =b > 0,c = 0 va cac hoan vi.
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23 [V6 Qudc Ba Can] Cho cic s6 khong am ,y, z théa 6 > x +y+ 2z > 3,
chitng minh rang

\/1+x+\/1+y+\/1+22 \/:Ey+yz+zx+15

Chiing minh. Dat a®> =1+ 2,b> =14y, > =1+ z,d = a® + b* + ¢ thi ta
c6 a,b,c>1va 9> d> 6, bit ding thic tré thanh

a+b+c> \/18—2d+a262—|—b202+c2a2
Hay
3d + 2(ab + be + ca) > 18 + a?b* + b2 + 2a?
St dung gia thiét 9 > d > 6 va bat dang thiic AM - GM, ta c6

1
3d(d — 6) > ~d*(d — 6) > (d — 6)(a®b® + b*c* + *a?)

w

Suy ra

6(a’b® + b2 c? + c*a?)

y > 18 + a’b? + b2 + Pd?

3d +

Ta can chiing minh

3(a?b? 4 b2c? + c*a?)
d

ab + bc + ca >

Hay
(ab + be + ca)(a® + b + ¢*) > 3(a®* + b*c® + 2a?)

Hay
Z(b—i— c)da—b—c)a=b)(a—c)>0

cyc

Khong mat tinh tong quat, gid st a > b > ¢, ta ¢
(b+c)da—b—c)—(c+a)db—c—a)=(a—b)(a+b+6c) >0
Tw do, suy ra
(b+c)(da—b—c)>(c+a)(db—c—a)> (a+b)(4dc —a —Db)

Mat khac lai ¢6
92 >9>a’ +b* + &2
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Suy ra
(a+ b)?
2

82 >a’>+ 1% >
Do do
4de—a—b>0
T day, sit dung dinh 1y 2, ta c6 dpcm. Ding thic xay ra khi va chi
khiz=y=2=2hoacz=y=2=1.
4 [Vasile Cirtoaje| Vdi moi a,b,c > 0, ta c6

2 2 2
a® + be b* + ca c+ab
5 5+ 5t 5 = 2
b 4+ bc + ¢ c*+ca+a a*~+ab+b

Chiing minh. Ta c6

a® + be (a—"0b)(a—c) ab(a — b)?
92 = RS S
Zb2+bc+02 %C: b2 + be + 2 +§ (a2 + ac + c2)(b% + be + ¢2)

Khong méat tinh tong quat, gia stt a > b > ¢, ta ¢

1 B 1 B (a=b)(a+b+c) 0
b2+bc+c?2  a?tac+c? (a?+ac+c?)(b2+be+c?) T

Nén theo dinh 1y 2, bat déng thic can ching minh ding. Ding thic
xdy ra khi va chi khia =b =c.

25 [Romania TST 2005] Cho cdc s6 duong a,b,c théa a+b+c =3, ching
minh ring
1 11 )
Stmtgzdt P d
2
Chaing minh. Ta c6 bat ding thic tuong duong

Z(;—a2+2(a—1)> >0

cyc

2
Z(a_ 1)2.14_2# >0

a?
cyc

> (AM, + M, + Me)(a —b)(a — ¢) = 0

cyc
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trong do

14 2a—a? 14200

M, = D) 5 My, = 12 ) 2

a
Khong mat tinh tong quat, gid st a > b > ¢, ta ¢

(a —b)(a+ b+ 2ab)

My — Mo = a2b2

>0

Tu do, ta co
AM. + M, + My > 4My + M. + M, > 4M, + My + M.

Mat khac, ta lai c6

4 1 1 8 2 2
AMo+My+Me= 5+ 5+5+-+-+-—6
a c a b ¢

1 1 1
(1l )0
a b ¢

Nen theo dinh ly 2, ta c6 dpcm. Déng thitc xay ra khi va chi khi
a=b=c=1.

26 [Darij Grinberg] Cho cdc s6 duong x,y,z théa xyz = 1, ching minh
bat dang thic
y+z z+x z+y 1 1 1
< =+ =

B 4yz  Ptar Bay a2 2 22

Chiing minh. St dung bat dang thitc GM - HM, ta c6

1= Yayz >+
ETLTY

8=
<=
N =

Data:%,b:lc:%thitacéa,b,c>0Vélz do do

y’

y+z a®(b+ c)
Zﬁ’—l—yz = (Za) (Z 3a3—|—bc(a+b+c)>

cyc cyc cyc

_3
a+b+c’

Ta can chitng minh

a®(b+ c)
Zaz = (Za) (Z 3a3+bc(a+b+c))

cyc cyc cyc

24



2
RTINS SR O
po 3a3 +be(a+b+c)

Hay

D eyel@ — b)? N Z a(3a® — 3a?(b + ¢) + 3abc + be(b + ¢ — 2a))

>0
chc a po 3a3 4+ be(a+b+c) -

Ecyc (a—b)( b+c—2a
+3 >
chca Z:3a3+bca~|—b~l—cjL Z3a3+bca—|—b—|—c)_

Khong mét tinh tong quét, gia st a > b > ¢, dé thay WZMW >

b3

m > 0 nén theo dll’lh 15/' 2, ta co

a’(a —b)(a — c)
zy; 3a3 +be(a+b+c) —

Ta con phai chiing minh

Z b+C—2CL ZO
po 3a3 4+ be(a+ b+ ¢)

Hay

> Se(a—b)*=0

cye
trong do
Sa = (36 + 3¢% — a® + 3bc — ca — ab)(3a® 4 be(a + b + ¢))
Sy = (3¢% + 3a® — b% 4 3ca — ab — be) (303 + cala + b+ ¢))
S. = (3a* + 3b* — ¢ + 3ab — be — ca)(3¢® + ab(a + b+ ¢))
Do a > b > ¢ > 0 nén dé thay Sy, S. > 0. Ta c6
a’Sy + b°S,
=cla+b+c)((a—b)2(a+Db)(2a> + ab+ 2b%) + c(a — b)(a® — b?)
+a® + 0% + 3(a® + %) + 2(a* + b)) + 3a*b*(2(a — b)*(a + b)
+3(a+b)c? +2(a® + b%)c+ (a — b)%c) > 0

Bat dang thic duge ching minh xong. Dang thic xdy ra khi va chi
khiz=y=2z=1.
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27 [Nguyén Van Thach] Cho cic s6 khong am a, b, c, ching minh bat ding

thic
a3+abc+ b3+abc+ c3+abc>§
(b+¢)3 (c+a) (a+b)3 — 2

Chitng minh. Cha § rang 3. . 54 > 3 Va,b,c > 0 nén ta chi can chiing
minh
a?® + abe a
>
Z \/ (b+c)3 — Zb+c
cyc cyc
Hay
Y My(a—b)(a—c)>0
cyc
trong do
M — Va
(b+c)Vb+c (\/a2 +be+ +/a(b+ c))
M, = vh
(c+a)ve+a <\/b2 +ca++/b(c+ a))
M. = Ve

(a+b)Va+b (\/02 +ab+ +/c(a+ b))
Khong méat tinh téng quat, gid stt a > b > ¢ > 0 thi ta c6
(c+a)?(B*+ca)—(b+c)*(a®+bc) = c(a—b)(a* +b*+c*+ac+bec—ab) > 0

(c+a)’*b— (b4 c)*a = (a —b)(ab—c*) >0

Suy ra

(c+a)Vb2+ca > (b+c)va? + be, (c+a)Vb> (b+c)Wa

Tu day, ta suy ra duge M, > My > 0 nén theo dinh 1y 2, ta ¢c6 dpcm.
Déng thic xay ra khi va chi khia =b = c.
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3 Két luan

Con rat nhiéu bai toan cé thé giai dude bang Schur va Vornicu Schur nhung
do khuon kho nén xin duge néu nhiing bai toan dién hinh nhat. Qua dé, it
han it nhiéu cac ban da thay dugc "tinh ning" ciia ching. Hy vong ring
qua bai viét nay, cac ban sé c6 1 cai nhin khéac vé bat ding thiic Schur. Do
trinh do con han ché, nén hy vong cdc ban bé qua cho nhiing sai s6t (néu
c6) va mong cic ban sé déng gop ¥ kién dé toi hoan thien bai viét nay, xin
cam on rat nhiéu. Moi ¥ kién déng gép xin giii vé dia chi: V6 Qubc Ba Can,
C65 khu dan cu Phit An, phuong Phit Thit, quan Cai Rang, thanh phé Can
Tho hodc qua thu dién tit babylearnmath@yahoo.com
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