Tam ty cir va cac bai toan phuong tich

Tran Quang Hung - THPT chuyéen KHTN

Tém tit noi dung

Trong bai viét nay trinh bay mdi lien hé dic biet gitta tam ty cur va phuong tich thong qua
hé thitc Leibnitz. Tam ty va phuong tich 1a hai khai niém ctia chuong trinh hinh hoc 10, tuy
vay mot st lien hé gitta chiing hau nhu khong duge dé cap dén. Trong bai bao nay to6i xin trinh
bay mbi lien hé dep gitta hai khai niém nay thong qua hé thiic Leibnitz, ¥ tuéng chinh 1a ching
ta sé diing hé thitc Leibnitz dé ching minh mot s6 cong thiic tinh phuong tich tit mot diém cé
toa do ty cy xac dinh t6i mot duong tron xéc dinh. Sau dé ching ta sé néu ra cac tng dung co
ban cho ctia cac hé thitc do, dong thsi véi cac khai niem nay, cic cong cu ta sé sit dung 1a do
dai dai s6 va tich vo hudng.

1 Cac khai niém co ban

Trong bai gidng nay ching ta trinh bay moéi lien hé dep gitta hai khai niém nay thong qua hé thiic
Leibnitz, ¥ tudng chinh la ching ta sé diing hé thic Leibnitz dé ching minh mot s6 cong thic tinh
phuong tich tit mot diém c6 toa do ty cu xac dinh t6i mot dudng tron xac dinh. Sau dé ching ta sé
néu ra cac ing dung co ban cho ciia cac hé thitc d6, dong thoi véi cac khai niém nay, cac cong cu ta
sé sit dung 1a do dai dai s6 va tich vo huéng. Phan dau nay ching ta nhic lai va khong chiing minh
mot s6 khéi niém co ban.

1.1 Tam ty cu cia mot hé diém

Dinh 1y 1 (Tam ty cy cho hé hai diém). Cho doan AB wva cdc s6 thuc «, 3, o+ 3 # 0 thi ton tai
duy nhat diém I sao cho CYI—1>4+ Bl‘g — 0. Néu c6 o, B sao cho 0/171—1— 5’f§ = ﬁ, thi %, = %/,
khi dé ta néi I la tam ty cu hé hai diém A, B ing vdi bo so (o, B) va ky hiéu I(a, B).

B

Hinh 1.
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Chiing minh. Ta co

ozﬁ‘l%—ﬁ]@zﬁ
@—aﬁ%—ﬁ(zﬁ—ﬂ):
o Al = 4B

a+p

) — —
Nhu Vay I xac dinh duy nhat, gid sit ¢6 o/ TA + B'I@ = 0 tuong tu ta suy ra

a+p Q@
Al = R O

Dinh 1y 2 (Tam ty cu cho hé ba diém). Cho tam gidc ABC va cdce so thic o, B,ya+ B+~ # 0 thi
ton tai duy nhat diém I sao cho aIA+Bf§+7[ = 0 khi do gia st co o', 5", o + 8+ #0

sao cho O/IA + B'ﬁ + 7’]@ = thz —/ 6/ = . khi dé ta néi I la tam ty cu ciia bo ba diém
Q 7
A, B, C 1ing vdi bo s6 (v, B,7) va ky hicu I(a, 3,7).
A
B C

1
Hinh 2.

Chitng minh. Do a + B+~ # 0 tit gid thiét ding thiic vector ta c6

aﬁljtﬁl‘ﬁ—i-'yl‘g':ﬁ
Suy ra

ﬂ:—(iﬁ /@+77 1@)

a+ [+ a+ B+
Theo dinh 1y phan tich vector I ton tai duy nhat.
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Gia sit ¢6 a’ﬁl—l—ﬂ’@ —|—'y’1? = 6> ta suy ra
/ /
7Y SR SR !

O/‘i_ﬂ,‘i_'y/ O/‘i_ﬂ,‘i_'y/
Theo sy phan tich vector thi
B v a+f+y  «

5/ ’7,_0/4‘5,4"}//—0/

D6 1a diéu phai chiing minh. O
Chia y. Cac dinh 1y 1 va dinh 1y 2 néi vé sy ton tai duy nhat clia tam ty cuy tng véi toa do ty cu sai
khéc nhau mot ty 1é thitc. Tam ty cy hé n diém cling dude dinh nghia bing hé thiic vector tuong tu,
tic v6i Ay, ..., A, phan biét va cac s6 thuc oy, ..., oy, c6 tong khac 0 thi ton tai duy nhat diém I thoa
méan Y., [A; = (. Tuy nhién diém khéc biét co ban 1a véi n > 3 v6i mdi diém diém I trong mat
phéng khong xac dinh duy nhat bo (ay, ..., ay,) sai khdc nhau mot ty 1é thiic, tiic 1a v6i I xac dinh
ta c6 thé tim dugce nhiéu bo (o, ..., a,,) khong ty 1& ma chiing van théa man dang thit vector trén,
chinh diéu nay cho chiing ta thay ta chi c6 thé dung bo ba toa do ty cu chi v6i tam gidc hodc trong
khong gian 1a véi tit dién, d6 thuce chat ciing chinh 14 hé qua cia cac dinh 1y phan tich vector trong
mat phang hoic khong gian.

1.2 Phuong tich

Phuong tich trong chuong trinh hinh hoc 10 thuong dude gin lién v6i viec khai trién no theo cat
tuyén, tuy nhién ta sé dinh nghia phuong tich mot cach doc lap va nhin lai viéc khai trién no theo
cat tuyén ciing nhu mot hé qua ctia hé thic Leibnitz cho hai diém.
Dinh nghia 1. Cho duong tron (O, R) va diém P bat kyj ta goi s6 thuc OP? — R? la phuong tich
ctia diém P doi vdi duong tron (O), phuong tich duge kyj hiéu la Pp0)-

Nhu vay tit dinh nghia ta d& thay dau ctia phuong tich xac dinh tity theo vi trf clia diem déi véi
duong tron.

B

Hinh 3.
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Dinh 1y 3 (Khai trién phuong tich theo tiép tuyén). Cho duong tron (O) va P bat ky d ngoai (O).
PT la tiép tuyén cia (O), T thuoc (O). Khi d6 Ppjo) = PT.

T

T!

Chatng manh. Dinh Iy 13 hé qua tryc tiép tit dinh nghia phuong tich thong qua dinh 1y Pythagoras. O

Dinh 1y 4 (Khai trién phuong tich theo cét tuyén). Cho dudng tron (O) va diém P bat kij, mot cdt
tuyén qua P cdt duong tron tai hai diém A, B thi tich PA-PB luon khong doi vdi moi cdt tuyén qua
P va chinh bing phuong tich diém P doi véi (O) tic Ppjoy = PA- PB

Chaitng minh. Ching ta sé chiing minh chi tiét dinh 1y nay trong phan bai tap. O
Sau day ching ta sé di dén mot sd bai toan van dung két hgp cd hai kién thic vé tam ty cy va

phuong tich dé giai toan, deé nam 1o cac bai tap va vi du nay yéu cau cic ban can c6 céac kién thiic
cd ban nhat vé vector va do dai dai s ctia vector.

2 Mot s6 bai tap van dung

Bai tap dau tién ching ta xay dung chi tiét hon bai toan tam ty cu ctia hai diém, néi cach khac la
ta chi ra mot bo s6 cu thé.

Bai 1 (Bai toan vé tam ty cu he hai diém). Cho doan AB va diém I ndam trén duong thing AB,
chitng minh rang
i) [(IB,—TA)
iz NPT N afAB?
i) Néu I(c, B) thi vdi moi P thi aPA? + BPB? = (a + B)PI* + P

iii) Ap dung chiing minh hé thiic Sterwartz trong tam giac ABC vdi moi M thuoc doan BC' thi

MB.AC? + MC.AB? = BC.MA? + MB.MC.BC.
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A
B M C
Chiing minh.
i) Goi @ la vector chi phuong truc AB ta dé théy EI_JZX — mﬁ —TB-TA?¢ —-TA-IB¥¢ = 6)

ii) Ta ¢6

OZPA2+BPB2:a(ﬁ+ﬁ4)2+ﬂ(ﬁ+]§>2
:(Q+B>P]2+2ﬁ'(a]—’>4+6]§)+OKIA2—|—B]B2_

Ta chit § tit al A+ BIB = 0

. Binh phuong v6 huéng ta co

(al_f4+ﬁﬁ)2 =0« o’ TA* + 2B + 20[61—1)4.13 =0
A +1B* — AB*

& o’TA? + B2 1B? + 203 5 0
o alA? 4+ BIB? = B e
o+

iii)Ap dung vio tam gidc ABC ta dé thiy véi M nim trén duong thing BC thi M(MB,—MC)
do d6 ap dung hé thitc Jacobi phan ii) ta dé suy ra

MB - MCBC*

MB.AC? — MC.AB* = (MB — MC)AM? — —————
MB — MC

& MBAC? — MCAB?* = CBAM? + MB - MC - BC
Khi M thudc doan thing ta chon vector chi phuong truc cing huéng B? dé bd dau cia do dai

dai s6, suy ra

MB.AC? + MC.AB?> = BC.MA?> + MB.MC.BC

D6 1a diéu phai chitng minh.
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Nhan xét. Qua chitng minh ta con thiy dugc cong thitc Sterwartz tong quéat véi do dai dai s6

MB.AC? — MC.AB?> =CB.AM? + MB - MC - BC

Bai 2 (Cong thifc khai trién phuong tich theo hai diém va dudng tron). Cho duong tron (O) va doan
thang AB bat ky, I la tam ty cu cia A, B theo bo s6 «, 3, ching minh ring

(6%
aPaj0)+ BPs0) = (a+ B)P1/0) + a—fBABQ.

Chiing minh. Goi ban kinh ctia (O) la R, tt hé thiic phan ii) bai toan 1 trit hai vé cho (a + 3)R? ta
dugc

a(IA* — R?) 4+ B(IB* — R?) = (a + B)(IP* — R?*) + —acfﬁABQ.
Theo dinh nghia phuong tich hé thic nay cho ta
_ ap 2
aZaj0)+ BPsjo0) = (a+ B) P10y + Oé——i-BAB .

Bay gio ta quay lai chiing minh dinh 1y 4 vé khai trién phuong tich theo cat tuyén nhu sau

Dinh 1y 4 (Khai trién phuong tich theo cat tuyén).Cho duong tron (O) va diém P bat ky, mot cat
tuyén qua P cdt duong tron tai hai diém A, B thi tich PA-PB luon khong doi vdi moi cdt tuyén qua
P va chinh bing phiuong tich diem P doi vdi (O) tic Ppjoy) = PA- PB.

Chaing minh dinh Iy 4. Ta gid st P 1a tam ty cu ctia A, B theo bo s «, 8, khi cho A, B € (0) thi
e_@A/(O) = QZB/(O) = 0 tu do6 suy ra

af
Tuy nhién theo i) bai toan 1 ta chu y % = —% do d6 két hop hé thic trén ta suy ra

,_@p/(o): B.PC. U
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Nhan xét. Cach lam nay tuy dai nhung c6 rat nhiéu wu diém. Thit nhat ching ta xay dung dinh
nghia phuong tich mot cach doc lap va ching ta khai trién phuong tich theo cat tuyén hodc tiép
tuyén nhu nhitng hé qua ctia dinh 1y Leibnitz. Thit hai trong qua trinh chitng minh, thiyc chat ching
ta da dua ra bai toan tong quat rat quan trong dé 1a ta c6 thé tinh phuong tich ctia mot diém I bat
ky trén mot doan thang déi véi mot dudng tron thong qua phuong tich ctia hai miat doan thang do.
Cong thitc nay c6 ¥ nghia 16n trong thyc hanh giai toan.

Cong thiic tinh phuong tich clia diém trén doan thang theo phuong tich ctia hai dau mit con c6
the viét dudi dang sau

Bai 3. Cho duong tron (O) va ba diém A, B,C thang hang, chiing minh ring

Py BC + Ppy0yCA+ PoyoyAB+ BC-CA-AB =0

Chiing minh. Chtng ta chi can dé ¥ ring vai tro clia A, B, I trong bai toan 2 1a nhu nhau nhu vay
ban chat bai toan nay 1a bai toan 2 nhung viét theo cach khac ma thoi. O

Cac bai toan 2 va 3 c¢6 nhiéu ing dung hay, cidc ban hiy van dung lam mot s6 bai tap sau

Bai 4. Cho tam gidac ABC va diém P bat kj trong tam gidc. Qua P ké duong thang song song vdi
BC cat AB, AC tai Ay, Ay. Tuong tu ta c6 By, By, Cy, Cy. Chiing minh ring

gzp/(ABc) = PA,-PAy+ PBy - PBy+ PC, - PC,

Bai 5. Cho tam gigc ABC noi tiép (O) vdi P nim trén cung nhé BC . Qua P ké duong thang song
song vdi BC' cat AB, AC tai Ay, Ay. Tuong ti ta cé By, By, Cy, Cy. Chitng minh rang

PA,-PAy = PBy - PBy+ PCy - PCs.

Bai 6. Cho tam gigc ABC déu tam O va diém P bat ky, goi dy,dy, d, la cdc khodng cdch ti P dén
cdc canh BC,CA, AB ciia tam gidc. Chiing minh rdang

gPOQ =d>+di + d> — dyd, — ded, — dody.

Bai 7. Cho tam gidc ABC va tam dudng tron ngoai ticp O, gid st cdc tia OA, OB, OC cit cdc canh
BC,CA,AB tai A', B',C". Chiing minh rang
AB-AC BC-BA (CB-CA
AA”? + BB”? + 00/2

+1=0
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V6i tam ty cit cho hai diém chiing ta da ting dung va xay dung lai duge dinh ly khai trién phuong
tich theo cat tuyén dong thoi da tong quat hon dinh 1y nay & bai toan 2 va 3, cau hoi dat ra 1a véi
tam ty cu hé ba diém ta sé thu duge dicu gi

Bai 8 (Bai toan vé tam ty cy hé ba diém). Cho tam giagc ABC wva I la tam ty cu cia A, B,C 1ing
vdi cdc bo s6 o, B,7, ching minh ring
i) Néu I nam trong tam gidc ABC thi o, 3,7 luon cung dau, hay zét dau o, 8,7 trong cic mién
con lai ciia mat phang.
. .«
i1) Khi I nam trong tam giac hay ching minh rang — = ﬁ _ 7 vdi S, = Siec, Sy = Srca, Se =

Se. S, S.
SraB-

B C
ii1) Vi moi diém P trong mdt phdng, ching minh cdc dong nhat thitc sau

aPA® + BPB? + vPC? = (a + B + ) PI* + al A> + BIB* + vIC?.

2 B2 2
QI A? + BIB? 4+ ~IC? = D10+ 7ab” +afe
a+ B+
Bya? + yab?® + afc?

PA? 4+ BPB?>+~PC? = (a+ B +~)PI*+
&Y 5 7y (a+6+7) POy

(Dong nhat thiic Jacobi Lagrange).

i) Chitng minh mot so tam ty cu dac biét, ¢ day H,O,I,G tuong ting la truc tam, tam ngogi
tiép, tam noi tiép, trong tam tam gidc ABC thi

- Truc tam H(tan A, tan B, tan C').

- Trong tam G(1,1,1).

- Tam duong trong ngoai tiép O(sin 2B, sin 2C, sin 2A).

- Tam duong tron noi tiép I(sin A, sin B, sin C).
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A

Chiing minh.

i) Goi duong thang I A giao BC' tai A’ bang phép chiéu vector dé& dang suy ra A'(S,7) trén BC
tuong tu c6 B'(v,«a) tréen CA va C'(a, ) trén AB nhu vay I § trong tam gidc ABC' khi va chi khi
A’ € [BC|,C" € [AB], B’ € [CA] & a, 3,7 cung dau.

ii) Khi I & trong tam gidc thi nhu cau i) trén, duong thang A giao BC tai A’ thi A'(8,7) trén

] A'B
BC mit khéc dé ching minh A’(A'B, A'C) mé S

= — vay suy ra — = 7 va tuong tu ta co

YAC T, S, S,
diéu phai chiing minh.

iii) Bai toan dugc chiing minh bing tich vo huéng hoan toan tuong tu véi hai diém.

iv) Ta can xét ty lé cic bo ba ty s6 d6 theo cac dien tich S,, Sy, S, tuong tng véi cac diem dic
biét. ]

Sau day ching ta sé ting dung dong nhat thitc Jacobi Lagrange vao xay dung cach tinh phuong
tich ctia tam ty cy hée 3 diem

Bai 9 (Khai trién phuong tich theo bo ba diém). Cho dudng tron (O) va tam gidgc ABC' bat ky. I la
tam ty cu ciua A, B, C ing vdi cdc bo so o, 3,7, chiing minh rdng

aPaj0) + BPsj0) T 1Pojo)  Bra® +~ab? + afc
a+pf+y (a+B+17)?

P10y =
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10
A
B
Chatng minh. Tt dong nhat thic Jacobi Lagrange
2 b2 2
aPA? £ BPB? 4 APC? = (a + f 4 ) PI + 1T 700 +ape
a+ B8+
Trit hai vé cho (a + 8+ 7)R? va theo dinh nghia phuong tich ta thu dugc
2 b2 2
Q(PA?— R2) + B(PB? — B?) + 4(PC? — ) = (0 + f + ) (PI? — R?) + 21T 0ol +afe
a+ B+
& aPayor + BP0 + 1P (a4 B+ 7) Py + LT 70V + 0
a = (a
A/(0) B/(0) T 7<"C/(0) V)<1/(0) at B+
aPrj0)+ BPsj0) +7Pci0)  Bra® + yab® + afc?
< Prj0) = - 5
a+pB+y (a+p8+7)
]

Bai toan trén c6 vo ciing nhiéu tng dung trong thiuc hanh gidi toan, ching ta hiy lan lugt ting

dung n6 dé gidi mot s6 bai toan sau

Bai 10 (Tinh phuong tich ctia tam ty cy d6i v6i dudng tron ngoai tiép). Cho tam gidc ABC noi
tiép duong tron (O) vdi moi P(a, 3,7) trén mat phdang, ching minh ring phuong tich diém P vdi

(O) cho bdi hé thic

_ Bra® +yab® + afc?
(@+B+7)?

Ppj0) =
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A

Chiing minh. Ta cht § A, B,C déu ndm trén dudng tron (O) nén P40y = Ppjo0) = Pcjo) = 0.
Ap dung tiép bai toan 9 ta suy ra
_ Bra® +yab® + apc
(a+B8+7)?
D6 1a diéu phai chitng minh. O

Ppj0) =

Chu y. T cong thitc tinh phuong tich ta thiy P(«, 3,7) thuoc dudng tron ngoai tiép khi va chi khi
Bya? + vyab?® + aBc?
(a+8+7)?

Day chinh 14 phuong trinh biéu dién dudng tron ngoai tiép trong hé toa do ty cu. Dung hé toa
do ty cu dé nghien citu hinh hoc tam giac 13 mot huéng di rat hay va cho nhiéu két qua rat phong
phti. Céc ban c6 thé xem thém trong [4].

Bai 11 (He thic Euler). Cho tam giagc ABC noi tiép (O, R) va ngoai tiép (I,r). Chiing minh rdang

OI?> = R?> — 2Rr.

=0 < Bya® +yab® + aBc? =0

Ppjapcy =0 —




Tran Quang Hung - THPT chuyén KHTN 12

Chiing minh. Ap dung cong thic phuong tich bai toan 10 cho T (a,b, c) va bién doi lugng giac ta thu
dugde diéu phai chitng minh. O

Chu y. Tit bai toan tréen do OI%? > 0 ta suy ra bat dang thic noi tiéng R > 2r hay con goi la bat
ding thitc Euler. Bat dang thic Euler c6 thé coi la bat ding thitc 16n nhat trong cac cac bat dang
thitc ctia hinh hoc so cap, n6 cling véi cach chitng minh ctia n6 1a co sé, nén tang ctia hau hét cac
bat déng thiic hinh hoc néi tiéng khac.

Bai 12 (He thtic tuong tu cho cic tam bang tiép). Cho tam gidac ABC ngi tiép (O, R) va ba duong
tron bang tiép (I,74), (Ip,ms), (Ic,7c). Chitng minh ring

OI} = R?* + 2Rr,, OI; = R* +2Rr,, OI? = R* 4+ 2Rr..

Chatng minh. Ap dung cong thiic phuong tich bai toan 10 cho I,(—a, b, ¢), Iy(a, —b, ¢), I(a, b, —c) va
bién do6i lugng giac ta thu duge dic¢u phai ching minh. O

Bai 13. Cho tam gidac ABC noi tiép duong tron (O, R), trong tam G.

2 P24 2
a) Chitng minh ring OG?* = R* — H%.
b) Ching minh ring Pujo0) = —8R*cos Acos Bcos C.

c¢) Ching minh hé thic liong gidc co ban cos A® + cos B? + cos C? + 2 cos A cos B cos C' = 1.

Chaing minh. a) Ta ciing chi can 4p dung cong thiic phuong tich bai toan 10 cho G(1,1,1) va
H(tan A, tan B, tan C), phan sau ta ciing chi can cha y rang OH = 30G két hgp cong thiic a),b) ta
c6 dieu phai chting minh. O

Nhan xét. Cach lam clia ta néu hiéu theo mot cach nao d6 thi hoi dai xong cai 16i clia cach lam
do6 1a dit cac bai toan quen thudc clia ching ta trong mot cai nhin thdng nhat hon khi xem ching
déu 1a hé qua cia cong thic phuong tich bai toin 10. Mot dicu qua trong khac 1a ta thay duge ¥
nghia hinh hoc ctia dong nhat thitc luong gidc co ban trén bat nguon tit dusng thang Euler va cac
bai toan phuong tich. Dong nhat thiic Iugng gidc trén c6 ¥ nghia dic biet doi véi nhitng ngusi yéu
thich bat dang thic hinh hoc, bat dang thic dai s6 va né la chiée cau ndi quan trong gitta hai linh
vige 16n bat ding thic.

Sau day ta trinh bay mot bai toan cé ¥ nghia diic biét trong hinh hoc phing v6i phép chitng minh
st dung cac cong cu vita xay dung

Bai 14 (Dang thitc Ptolemy dang chi tiét). Cho tam gidc ABC noi tiép (O) va P nam trén (O)
trong ba s6 aPA,bPB,cPC ¢6 mot so biang tong ba s6 kia, cu thé la khi

i) P nam trén cung nhd B/E' tht aPA = bPB + cPC

i) P nam trén cung nho C’?l thi bPB = cPC + aPA

i) P ndm trén cung nhi AB thi ¢PC = aPA +bPB

Chitng manh. Khi P thuoc cung nhé BC ta dé chi ra P 1a tam ty cu cia A, B, C ting véi bo s6
a b ¢

“pa pp PO
minh. V6i P thudc cac cung tron khac ta chting minh tuong tu. O

sau d6 ap dung cong thitc phuong tich bai toan 10 ta suy ra diéu phai ching
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Bai 15 (Phuong tich tam ty cy doi v6i duong tron noi tiép). Cho tam gidac ABC ngoai tiép duong
tron (I) vdi P(a, 8,7), chiing minh rang phuong tich cia P doi véi (I) cho bdi hé thic

alp—a)’+Bp—b2+v(p—c)? Bya®+yab® + afc?

P — _
I a+ B+ (4 B +7)?
alp—a)*+Bp -0+~ —c)?
pr— t@
a+ B+~ + /o)
A
E
F
1
B D C

Chiing minh. Goi duong tron noi tiép (I) tiép xic BC,CA, AB tai D, E, F theo cong thitc phuong
tich va tiép tuyén ta co
( y})g/(o) = AE2 = AF2 = (p - a)2, yB/(O) = BD2 = BF2 = (p - b)z, gzc/(o) = CE2 = CD2 =
p—c)’.

Sau d6 ap dung cong thiic bai toan 9, ta thu dugce diéu phai ching minh. O

Bai 16. Chaing minh mot so dang thic co bin ciia lugng gidc trong tam gidc sau
i) ab + bc + ac = p* + 4Rr + r?
i) a® + b? + 2 = 2p? — 2r(4R + )
i) (p—a)’+(p—>0*+(p—c)=p*>—2r(4R+r)
b .
Chitng minh. 1) Stt dung S = Z—Jg =pr = /p(p—a)(p —b)(p — ) ta dé suy ra p* + 4Rr + 1 =
abc (p—a)(p—"0)(p—c) P —p*(a+b+c) + plab + be + ca)

PP+ —+ =p*+ =p*+p°—2p° +ab+
p p \ p
bc + ca = ab + be + ca, d6 1a dieu phai chiing minh
ii),iii) Chi la hé qua cta i). O

Tit cac dang thitc trén suy ra duge cong thitc phuong tich ctia trong tam G déi véi (1)

Bai 17. Cho tam giac ABC ngogi tiép (I) va trong tam G. Chiing minh rdng rang cong thic cia
phuong tich G doi véi duong tron noi tiép tam gidc ABC' cho bdi

p? —4r(4R+r)

Pe)1) = 5 :
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Chiing minh. Ap dung cong thic tinh phuong tich véi dudng tron noi tiép cho G(1,1,1) ta co

(p—a)2+(p—b)2+(p—c)2+a2+b2+c2

P —
G/(n) 3 5
Két hop cac dang thic bai toan 15 ta dé suy ra diéu phai ching minh. O
P NN 2 ~ x 2 2 16Rr — 5T2 N Fa £ 2 2 2
Chu y. T cong thic trén ta dé chira 0 < IG* = — 5 tir day suy ra bat dang thiic co ban

p? > 16Rr — 512 goi 1a bat dang thitc Gerretsen thit nhat.
Bai 18. Cho tam giac ABC ngi tiep (O, R), ban kinh ngi tiép r, truc tam H. Ching minh ring cong
thite ciia phuong tich H doi vdi duong tron noi tiép tam gidge ABC cho bdi

c_@H/(I) = 4R? + 4Rr + o2 — p2.

16 Rr — 512 OR? — (a® + b? 2

Chiing minh. Ta da tinh duge GI* = #, OI?> = R? — 2Rr va OG? = (a 9+ +c)
cht ¥ tit két qua duong thang Euler ta c6 SHG = 2HO hay SHG — 2H0 = O ap dung hé thic
Jacobi ta suy ra 3/G? — 210? = TH? — 60G? két hgp bai toan 15 bing cac tinh toan cu thé ta suy
ra diéu phai chitng minh. O

Cha y. Tu cong thitc phuong tich trén ta dé chi ra 0 < TH? = 4R? + 4Rr + 3r? — p? tut d6 suy ra
bat déng thiic co ban p? < 4R? + 4Rr + 3r? goi la bat déng thiic Gerretsent thit hai.

Bét dang thic Gerretsen 4R? + 4Rr + 3r2 > p?> > 16Rr — 5r? 1a céc bat dang thic khé va co
ban ciia céc bat dang thic hinh hoc phang n6 thusng duge dung lam bo dé dé chitng minh mot s6
bai toan bat dang thic dai s6 va hinh hoc khac, qua day ta thay duge ¥ nghia hinh hoc dep vé mit
phuong tich ctia chung.

Sau day ching ta xay dung mot cach tuong tur cach tinh phuong tich tit tam ty cy dén cac duong
tron bang tiép ciia tam gidac ABC qua cac bai tap sau

Bai 19. Cho tam gigc ABC trong tam G tryc tam H wva ba duong tron bang tiép (1,,74), (Iy, ),
(I.,7.) chiing minh rdang

9GI? = (p—a)* + 16Rr, + 52, 9GI} = (p — b)*> + 16Rry, + 517, 9GI? = (p — ¢)* + 16Rr. + 512

HI? = 4R*—4Rr,+3r2—(p—a)? HI} = AR*—4Rr,+3r; —(p—b)*, HI? = 4R* +4Rr.—3r> — (p—c)?
Ti dé hay suy ra mot s6 ding thic hodc bat dang thite hinh hoc khdc.
Ta tiép tuc xay dung cong thitc phuong tich déi véi dudng tron chin diem Euler.

Bai 20 (Cong thiic phuong tich véi dusng tron chin diém Euler). Cho tam gidac ABC duong tron
chin diém Buler (E), vdi moi P(a, 3,7) trén mat phang, ching minh rang phuong tich diém P vdi
(E) cho bdi hé thic

abccos A + Beacos B+ yabeos C Brya® +yab® + afc?
2(a+8+7) (a+B8+7)?

Pp)E) =
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~C
Chaing minh. Goi A’, B',C" lan lugt 1a trung diem BC,CA, AB va D, E, F lan ludt 1a chan duong

cao tit A, B, C. Ta cha ¥ rang duong tron (E) di qua A, B',C’, D, E, F. Khi d6 theo cong thtic khai
trien phuong tich theo cat tuyén

— b A B bcos C
yA/(E) = AF.AB' = ceos tuong tu ta co 323/(}3) = - C;)S ,egzc/(E) = avcos do do6 ap
dung bai toan 10 ta dugc
P _abccos A+ Beacos B+ yabcosC - frya® 4+ yab® 4 afic?
e 2(a+B+7) (@+B+2
D6 1a diéu phai chitng minh. O

Nhan xét. Cing giong nhu cong thiic phuong tich véi duong tron noi tiép va ngoai tiép, cong thiic
phuong tich véi duong tron chin diém Euler cling c6 rat nhiéu tng dung phong phu khéc nita, viec
tim hiéu chi tiét xin danh cho ban doc.

Sau day ching ta ting dung cac bai toan phuong tich dé giai mot bai toan hay khac, ching ta
bat dau tit mot bai todn co ban trong [2]

Bai 21. Cho tam gidc ABC trong tam G. Ching minh rang

PajaBo) = PBjaca) = Po)cAaB)-

Trong do, ky hiéu (XY Z) chi dudng tron ngoai tiép tam gidc XY Z, ky hieu Pk xyz) chi phuong
tich ctia diém K déi véi dudng tron (XY Z). Bai toan trén dude chiing minh chi tiét trong [2] va
nhiéu tai lieu khac xin khong nhic lai chiing minh 6 day. Mat khéc trong bai toan T8/399 ctia THTT
s6 399 ching ta da biét mot tinh chat ddo lai rat tha vi do la

Bai 22 (T8/399). Cho tam gigc ABC, néu diém P khong ndm trén canh, khong ndm trén duong
tron ngoai tiép tam gidc va théa man hé thic

PaypBe) = PB/(pca) = Pc)(PAB)-

Chatng minh rang P la trong tam tam gidc ABC.
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Vé phuong dién hinh hoc vector ching ta cé thé coi trong tam G la tam ty cu clia bo ba diém
(A, B,C) v6i cac he s6 (1,1,1). Vay tai sao ching ta khong xét bai toan cho tam ty cy bat ky 7 Véi
¥y tudng do, toi dua ra mot bai toan tong quat hon khong nhitng thé 1oi giai thu duge sé dan ching
ta dén cac két qua tuong tir trong khong gian.

Bai 23. Cho tam gidc ABC va diém P(a, 3,7) bat ky khong ndm trén canh, khong nam trén dudong
tron ngogi tiép tam gidc. Chitng minh ring

aZaippe) = BPpipcay = 7 Pcypap) = (a+ B +7)Ppjasc)-

Chitng minh. Ta sé& xét vi tri tuong doi ctia P va tam giac ABC. Vi A, B,C, P la cac diém bat ky
tréen mat phing nén ta ciing c6 thé tim "toa do" ty cu ciia A trong tam gidac PBC sau do tinh
2P 4/pBe) theo cong thitc trong bo dé tren. That vay, ching ta sé dua ra cong thitc dé thong qua
mot hé thitc quen thuoc clia tam ty cir néu OéP—zZl + Bﬁ + 7@ = 6> thi v6i moi M ta co

aMA + BMB + A MC = (a+ 8 + ) MP
Sau dé6 ap dung M = A ta suy ra
B/@—i—v%@:(a—irﬂjtv)ﬁ

hay
(a4 B+)AP + BAB + vAC = T
Nhu vay tir day ta dé thay A 1a tam ty cy clia tam gidc PBC tng v6i bo ba s6 (—(a+ 8+ 7), 3,7).
Ap dung bai toan 10 cho A va tam gide PBC ta thu duge
By’ = Bla+B+y)PB* — (a+ B+ y)yPC* _ pya® — (a+ B +19)(BPB? +9PC?) ()
(—(a+B+7)+8+7) a?

Bay gio ta sé tinh B3P B? + yvPC?, tit hé thiic Leibniz cho moi M ta c6

PA)PBC) =

aMA?* + BMB?* + yMC? = (a + 8+ )M P? + aPA*> + 3PB* + yPC?

hay
Bya? + yab? + afc?

M A? MB? + vMC? = M P?
a + 5 + (a+B+7) + P S

Néu cho M = A ta thu duoc

Bya? + yab? + afc?
a+ B+

B+ 0" = (a+ B +7)AP? +

Do dé
B+ ) (B +~b%) — Bya®

(a+B+7)?
Néu lam tuong ty cho M = B, C ta thu dugc cac hé thic cho PB, PC
a+ B)(ab* + Bc*) — afc?
(a+ B +7)?

paz =

v+ a)(vh* + ac?) — yab?
(a+B+7)

pp = per = |
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Tuy nhién ta khong tinh trie tiép ma sé tinh thong qua cong thiic

BPB? +~yPC? = aPA* + BPB* + yPC? — aPA? =

Bra® +yab® +afc®  (B+) (B +40?) = Bya®  (a+ B +7)Bva® + a(Brya® + yab® + afc?)
ot Bty T (et By - (a+B+7)

Thay thé vao dang thitc (%) ta thu dugc

Ba? — (a+ B+ 7)Bva® + a(Bya® + yab? + afc?)
7 a+ B+ _ Bya® +rab® +ape?

P —_ -
A/(PBC) a2 ala+ F+7)

Mat khac ciing tit bo dé ta da cé

Bya? + yab? + afc?
(a+8+7)?

Ppjapc) = —

Tt hai cong thic trén dé suy ra
aPayppcy = (4 B +7)PpjaBc)
Néu lam tuong ty v6i cac dinh B, C' ta sé thu duge diéu phai ching minh

aZ?peo) = BPBipcay = 7 Pcypap)y = (a+ B +7)PpjaBc)-

Tit bai toan tong quat nay ta dé dang giai dude mot s6 truong hop dac biet nhu sau

Bai 24. Cho tam giac ABC va P la diém bat ki bat ki khong ndm trén canh, khong ndm trén duong
tron ngoai tiép tam gidc va théa man hé thic

Pa)pBo) = PBi(pca) = Pc)(PAB)
Chitng minh rang P la trong tam tam gidc ABC.
Chiing minh. Ta gid st P ¢6 toa do ty cu P(«, 8,7) ap dung bai todn phuong tich trén ta luén cé
aZaippe) = BPBipcay = Y Pc)paB)
Nhu vay
Pajppo) = Ppyrcay = Peoypapy & (a:f:7)=(1:1:1) « P=G(1,1,1)
la trong tam tam giac ABC. O

Bai 25. Cho tam gigc ABC va P la diém bat ki bat ki khong ndm trén canh, khong ndm trén duong
tron ngoai tiép tam gidc va théa man

aP s/ peo) = BPB/(pca)y = VP c/(PAB)
Chiing minh rang P(a, 3,7).
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Bai toan nay chinh la tong quat clia dé toan T8/399 va né c6 mot sé hé qua don gidn vi du nhu

Bai 26. Cho tam gidc ABC va P la diém bat ki khong ndm trén canh, khong nam trén duong tron
ngoai tiép tam gidc théa man

aPa)ppo) = bPp)poay = cPoypaB)
Chiing minh rang P la tam duong tron noi tiép tam giac ABC.
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3 Mot so bai toan khac
Bai 27. Cho tam gidc ABC hay tim tap hop diem P sao cho

PA PB PC

pa TP Tpo T3

Bai toan tong quét hon
Bai 28. Cho tam gidc ABC hay tim tap hop diem P sao cho

PA PB

“px I

C
PB/+7PO/_Q+5+7 (04,57’Y>0)
Bai 29. Cho tam gidc ABC trong tam G goi A', B',C" la giao diém cia GA,GB,GC vdi (O) hdy

tinh
1 1 1

Gaz T Gr T Gon

Bai 30. Cho tam gidac ABC vdi I(a, 8,7) duong thang IA, IB,IC cit (O) tai A', B',C" hay tinh

o p gl
IA’2 + ]’BIQ + 10/2

Bai 31. Cho tam gidc ABC noi tiép (O) trong tam G, chiing minh rang

1+1+1)+1(a2+b2+02)
GA GB  GC 3'GA GB GC

GA-}-GB-}-GC-}-Q@G/(O)( =0.

Sau dé ta sé c¢6 bai toan tong quat hon nhu sau

Bai 32. Cho tam gidc ABC noi tiép (O), I(a, 8,7) ching minh rang

afy ( a? b? c?

atA+,TA " TB c) ="

+ +a a+
OJA+BIB+VIC+=@I/(O)(6]A7+7]B * ]CB>+

Bai 33. Cho tam gidc ABC noi tiép duong tron (O) hai phan gidc trong AE, BF, tia EF cit (O)
1 1 1

tai I, ching minh rang TA= 1B + ok

Thuc chat bai toan trén chi la mot truong hop diic biét clia bai toan tong quét say khi I tring
tam noi tiép I(a, b, c).

Bai 34. Cho tam gigc ABC noi tiép duong tron (O) vdi I(a,B,7) cic duong thing Al, BI cdt

BC,CA tgi E,E. Tia EF cat (O) tai I, chiing minh rang + 170'
c

a J—
alA bIB
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