SU DUNG TiNH DANG CAP PE CHUNG MINH BDT

S’ DUNG TINH CHAT PANG CAP
TRONG CHU’NG MINH BAT PANG THU’'C VA TIM CU’C TRI

Trong bai viét nay ching tdi gi¢i thiéu véi ban doc mot ki thuat thuwong str dung dé xitr 1i cac
bai to4n vé bat dang thirc va bai todn tim cwc tri cia mot biéu thirc trong d6 cac biéu thirc va
gia thiét ctia bai toan déu 1a nhirng biéu thirc, dang thirc, bat dang thirc dang cip.

Truwéc hét xin nhic lai dinh nghia biéu thirc dang cip:

Biéu thirc f(x;,X,,..., X,) dwoc goi la biéu thirc dang cdp bac k (k1 ¥)néu

f (mxl, mx,, ..., mxn) = mKf (xl, Xgyeey xn)
Néu biéu thirc f(x, X5, ..., X,,) 1a biéu thirc dang cip bac 0 thi véi phép dit X; =X, % 10,
i=2,3,..,n taco: f(x,Xy,....x,) =T (l,tz,tg,...,tn) 13 biéu thirc n - 1 bién, tirc 1a ta da lam
giam di s6 bién. Dt biét v&i biéu thirc dang cip bac 0 hai bién thi ta ¢ thé chuyén vé biéu
thirc mot bién. Do d6 dé tim cuec tri cia biéu thirc nay ta c6 thé sir dung phwong trinh khao sat
ham so.
Sau day la cac vi du minh hoa
Vi du 1. Cho hai s6 thuc x, y thay d6i va théa min x? + y? = 1. Tim gia tri Ién nhit va gia tri

nhé nhét ca bidu thirc: P = M (D& thi PH Khéi B — 2009 ).
1+2xy+ 2y

Lo giai.

*Néuy=0p P=1.

2.2 2 2

2(t7y” +6ty") _ 2(t° +6t) =2f(t)
t°y? +2ty’ +3y?>  t2+2t+3
-4t? + 6t +18

*Néu y! Othidat: x=tytacéd: P =

Xéthamsé f(t),tacod: f' ()
(t2 +2t+3)

> (=00 4 =3, =2, im ()1

Lap bang bién thién ta dwgc: max f(t) = f(3) = g min f(t) = f(- g) =-3

1x =3y
Vay: max P = 3 dat dwogc khi : Lt L1
i 1+ 410
i 3
[X=-3
Va min P =-6 dat dwoc khi |l 1 5
Ty=z| =t
T 1+¢2 13
Vidu 2. Cho x, y la hai s6 thuc thay d6i va thoa man % 2 y? =11 . Tim gi4 tri 1én nhit
X X
2y .
va gia tri nho nhit cua biéu thirc: A = —2 + 2L 4 3y2,
X X
Lo giai.
bity= l,tir gia thiét bai toan ta co: i(3+ 2t+t°) =11b L1
X X2 X2 3+2t+t°

Do t?+2t+3>0P tl j
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2
Khido: A= @+2t+3t2) =113 *2+1
x> t2 +2t+3
2
Xét ham s& f(t)_w R G S FP Y -
S+2t+s (t2 + 2t + 3)°

f(-2+J§):2- J§,f(-2- \/5):2+\/§,Kl®irp¥f(t):3

. /t2+2t+3 . 6+ 23
- 11 - 11

i
Ixz
Suyra max A =11.max f(t) =22 + 11\/_ dat duoc khi :
T _-2-\/5
1y=
[ X
| 2
,_X:i\/t +2t+3:i\/6-2\/§
min A =11.min f(t) =22 - 11\/— datdu'crckhul 11 1
) -2+\/_
¥y

Vi du 3. Cho hai sé thwec x3 0,y 3 % thoa x° +y3 = x? - 2y2. Tim gia tri 1én nhit, gia tri nho
nhat cta biéu thirc P = x + 3y.

Loi giai.

bat x =ty,t3 \/E, khi d6 tir gia thiét bai todn ta suy ra:

2
y(t3+1)=t2-2p y=L-2
2 +1
Viy3%b t2-42+9£00 (t-3)(*-t-3£00 1+2JE£t£3_
Tacé: P = y(t+3) w_h_t-—w
2 +1 t3+1
2 _ot- . é 4 3 2
Xét ham s6 f(t) = --— 20" 7 ] p=gt \/7 3u tac: £y = 23t AT 210 - 2

Vi -3t% +4t3 +21t2 - 2:t3(3- t)+(t3- 2)+2t2(9- t2)+3t2 >0, "tl D

Dantéi f'(t) >0," t1 D . T d6 ta tim dwoc:

aQ+\/_30 7+\/_

Z

1+J_

X

minP =1+f

D

i
dat dwoc khi }
i
T y

3
3 4577
maxP=1+f(3)=—datdu'Q'ckh1| .
2 !
iY77 %
Vi du 4. Cho cic s6 thuc dwong x,y thoa xy £ y- 1. Tim gié tri nhd nhit ctia biéu thirc

Loi giai. Datt_l>op p=t3+£
X 2
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Khi dé xy £ y- 1 tré thanh x?t- tx+1 £0, vi x ton tai nén bit phwong trinh nay phai cé
nghiém x hay D=t%- 4t 00 t3 4

2(t°- 2
s " _ .3, 2 L _ne2 4 "
Xéthamso f(t) =t°+—,t3 4 c6 f'(t)=2t°- — = >0, "t3 4
t2 t3 3

Suy ra min f(t) = f(4) :%.
34 8

1

Vay minP = 513 dat dwoc khi |LX
ty=2

Vi du 5. Chirng minh rang v&i moi s6 thuc dwong x,y, z thod x(x + y + z) = 3yz (*), ta ludn co:

(x+y)3 + (x+2)3 +3(x+ y)(y + 2)(z + X) £ 5(y + 2)° (PH Khéi A-2009).
Loi giai.
bat y = ax; z = bx.

-1
2.

Khi d6 gai thiét bai todn tré thanh: x(x + ax + bx) = 3abx? U 1+ a +b = 3ab(*) va bit ding
thirc cin chirng minh tré thanh:

(x + ax)3 + (x + bx)3 + 3(x + ax)(ax + bx)(bx + x) £ 5(ax + bx)>

0 1+a)’+@+b)°+31+a)l+b(a+b)£(@+b? (1)

Vi (*) va (1) 1a nhirng biéu thirc d6i xrng doi véi a,b nén ta nghi téi cach dat

S=a+bP =ab

g2 -‘I-P:l-'-S ].P_l+S
Mbi quan hé gitra S véPlé}S 4P 0! 3 o IP=73
11+S=3P 302 45 450 js32
Khi dé6 :
(1+a)(1+b)=1+a+b+ab=1+s+1+s=4(1;S)

1+a)d+@1+Db)3 :(2+a+b)3- 3l+a)l+b)(2+a+b)=(2+S)°%- 4(1+S)2+9)

Nén ) U (2+S)3- 4(S? +3S+2)+4S(1+S) £5S°
0 252-35-2300 (2S+1)(S- 2)2 0 luéndiungdo S3 2.
Vay bai todn da dwgc chirng minh.
Vi du 6. Cho cac s6 thuc x,y,z € [1; 4];x >y,X >z.Tim gia ri nhé nhit cua biéu thirc
X z
= +—L 4
2X4+3y y+z z+4X

(PH Khai A-2011).

Loigiai. baty =ax,z =bx =a,b € %;1 .Khi do:
X I S bx 1 a b
2Xx +3ax ax+by bx+4+x 2+3a a+b b+1
Xéthamsé f@) = —— + -2 fl@)=——> 4D
2+3 a+b @+3a) (@+by

Xét b(2 + 3a)? — 3(@ +h)? = 9a%b + 6ab + 4b — 3a% — 2
> 15a% + 4b — 3a® — 3? = 3a” (80 — 1) +b(4 — 30) > 0

GV: Nguyén Tat Thu



SU DUNG TiNH DANG CAP PE CHUNG MINH BDT

. . 1 1 4 1
Nén f(a) la ham dong bién trén |—;1| = f@) > f|—-| = — + ———
@ 8 4] @)= 4] 11 114
4 1 b
Dodé: P> —+4 —— 0+ ——=
" irm br1 ©
. -4 , 1
Taco: g'(b) = + =g'G)=0sb==
L+4y 0+ 2
1 34 34
T d6 suy ra: >g|=|=—hay P > —
y g(b)_g2 33 WP 223
1
7 a—=— X =4y x=4y=1
bang thirc xay ra khi 4 o ,ma X,y,26[1;4]:>
1 X =22 7=
bh==
2
VayminP:%.
33
. , A 16 . e L2 L Ne A g2
Vidu 7. Cho a,b,c >0 thoa (a+2b) ¢h + E+= 4 va 3a 3 c.Tim gia tri nho nhat va gia tri lén
e o
2 2
nhat cta biéu thic: P=ﬂ.
ac

Loi giai. bat a=xb,c=yb;x,y>0
Ttr gia thiét ta co: (x+2)§_+12=4b x=i- 2=M
e VYo y+1 y+1

DoX=3:1p Yy 2Y-2:Yy 2 5016200 2£y£3
y ¢ 3 3 y+1l 3
2 2
Khido: p=Xt2-3V " 2y*3_4.)
Xy yi-y

Xéthamso f(y) véi y1 g 3f,co:

3yt +4y3+3 _-3v°(y-2)- (2y°- 3

f'(y) = <0, "yl €3y
2 - y)? (y?- y)?
_ _ 1 .2
Suy ra max P = max f(y) = f(2) = —, dat dwoc khi a==b,c =2b
Y 6 3
min P = min f(y) = f(3) =1, dat dwoc khi a =b,c = 3b.
23
. LN ) ~ a 1 16 . s P
Vi du 8. Cho cac s6 dwong a, b, c théaman: (a+b+c) ¢y +E +E+: 16. Tim gia tri l&n nhat va
e 2
2 2
gia tri nho nhéit cta biéu thirc P :%.
Lo giai.
bat b =ay,c = ax; x, y > 0, tir gia thiét ta c6: (1+x+y)§_+l+£2=16
e X Yg

0 (1+£)x2+gey+1-132x+y+1:0 *)
y e Y %)
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N

Ty>0
! 2 i}
a,b, ¢ ton tai khi (*) c6 nghiém x,y >0 hay la: }'D:(}aey+£— 132 - 4(y+1)§ﬁ+123 0
T e Y o e VYo
i 1
[y+—<13
1 y
i
Ty>0
I N
. 2 . 1y>0
0 1%+22 308y +10+161200 1 10 7-35 ;T3S
i¢ Yo & VYo 1|'y+§£7 2 2
i
iy+s<13
1 y
67 u
Khids P =y+2 khiosit f(y) = y+ 2 voi yi & 38.7+3VBY 1 dwec
y y 8 2 2 g
5 ]‘b—7_3\/ga
- o) LD =
maxP:fae] 3\/gi:21+3\/g,datdlf(?€khi|1 2
§ 2 5 2 i._3-45_
t 2
minP=f(\/§)=2\/§,datdu‘o‘ckhi}b:\/aa véi x 1a nghiém ctia phwong trinh
fc=xa

(V2+1)x2- (1342 - 3)x+V2+1=0.
Cuodi cung ching t6i dwa ra mot sé bai tip dé ban doc luyén tap.
Bai 1. Cho x? +y? +xy =1. Gi4 tri 16n nh4t va gia tri nhé nhit ciia A = x? - xy +2y2.
Bai 2. Cho céc s6 thuc x, y thoa x? + y? + xy £ 3. Tim gia tri 16n nh4t, gia tri nho nhit cia biéu
thirc P = x? - Xy + y2
Bai 3. Cho x, y 12 hai s& thuc tily y théa man didu kién x? + y? + xy ® 1. Tim gia tri nh6 nhat
cua biéu thirc: P = )@);ﬂ
y" +1
Bai 4. Cho x,y 3 0 théa x> +y® = x- y. Chitng minh riing x*> +y? <1.
Bai 5. Cho c4c s6 thuc a,b,c3 0 théa 4abc ® 2a - (b+c)3. Chirng minh ring

%a“ +3(b* + 04) 3 2a%p? - 3b%c? +2c%a?.

Bai 6. Cho cac s0 thuc dwong a,b, ¢ thoa ab +bc + ca = 3b2. Tim gia tri 1on nhét, gia tri nho
nhat cia biéu thirc:
S S abc - (a2 +c2)(a+c)_
b+c a+b b?(a + c)

Bai 7. Cho cac s6 thyc dwong x,y théa x + 2\/x_y 3 8y. Tim gia tri nho6 nhat cda biéu thirc
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®l 16 10

Bai 8. Cho cac so6 thyc dwong a, b, ¢ thoa (a + c) — +-—+=""va c?3 4b. Tim gia tri 1&n nhit,
2 2 b
ea b g
s . 2 ~ 2 g 7 + -
gmwummmMQMMWﬂch:a gb.
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