Tai lieu boi dudng hoc sinh giéi THCS Trang 1

1 BAT DANG THUC VA CUC TRI

x? — 2x + 2005
22

Bai 1.1. (2005*) Tim gia tri ctia « dé biéu thic M = dat gia tri nhé nhat. Tim
gia tri do.
Glidi
N . , 2 =2 2005 N
Dieu kién = #£ 0. Gia st M la mot gia tri thuoc tap gia tri cua ham so z :E;L , khi do6 ton
Xz
22 — 22 + 2005
132

taixz #£0dé M = . Quy dong méu sb va chuyén vé ta duge

(1 — M)x* — 2z + 2005 = 0. (1)

Néulething.

Néu M # 1 thi dé phuong trinh (1) c6 nghiem thi

2004
A> 1-2 1-M) > M>—.
>0< 005( ) >0 Z 5005

. . 1zl 2004 .
T do6 ta nhan thay gia tri nho nhat cia M 1a 2005 xay ra khi x = 2005.

£ ‘ 1 1 1
Bai 1.2. (2005*) Cho a, b, ¢ 1a ba s6 duong théa man hé thic + + > 2. Ching
l+a 1+4+b 1+c

. 1
minh rang abc < 3

Giai
Tt gid thiét bai toan cting véi bat dang thic Cauchy ta co
1 1 1
[ T A
b c
T 140 1+tc
be

Tuong tu ta cling duge

1 ca 1 ab
—F 22 ) > 20|
1+b (I14+c¢)(l4+a) 1+c (I1+a)(1+0)
Nhan ba bat déng thic ciing chiéu duong ta dugc

1 abc
@ DO Dex]) = lax )b+ Dier1)

hay
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Bai 1.3. (2006*) Cho a,b,c 1a do dai ba canh ctia mot tam giac va a + b + ¢ = 2. Chiing minh
rang:
2,12, 2
a® 4+ b° + ¢ + 2abc < 2.
Gidi
Do a, b, c 1a ba canh ctia tam giac nén a < b+ ¢, tu day ta co
2a<a+b+c=2=a<1l.

Tuong tu ta ciing ¢6 b,c < 1. T d6 thi

(1—a)(1=0b)(1—-¢c)>0
=1—(a+0b+c)+ ab+ bc+ ca > abc
= abc < —1+ ab+ bc + ca.

Suy ra
2abc < =2+ 2(ab + bc + ca).

Tir day thi

a® +b* + ¢ + 2abe < a® + b* + ¢ + 2(ab + be + ca) — 2
=(a+b+c)P—-2=2

. £ 1 2
Bai 1.4. (2007) Tim gié tri 16n nhat cia ham s6 y = (2z + 1)(2 — 3z) véi = € {—5, 51
Gidi

1 2 . P
Doz € [—5, 5] nén 2x +1 >0 va 2 — 3z > 0. Ap dung bat dang thic Cauchy ta co

y=(2z+1)(2 - 32)

1
:6(6x+3)(4—6x)

1 /62+3+4—32\> 1 49 49
=6 2 6 4 24

PR 1 1
Daubéngxéyrakhi6x+3:4—6xhay:r;:E.Vay rnaxy:g—ikhixzﬁ.

Wl
—

)

[N

Bai 1.5. (2007*) Cho ba sb a, b, ¢ duong va théa abc = 1. Chiitng minh réng

a® b3 c3
T+0(l+9 (talto Tral+d

3
> —.
!

Giai
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Trang 3

Ap dung bat ding thic Cauchy ta c6

3 3
a 1+b+1+023\3/a(1+b)(1+c)_

A+0)(l+o 8 3 (T +0)(1+ )64

Tuong tu ta c6 hai bat dang thic nita la

b3 +1—|—a+1+c>3b
Ita)(lte 8 g ~ 1
A +1+a+1+b>3

—c.

It+a)(1+0) 8 8 ~1

Cong ba bat déng thtc trén, va rit gon ta dude diéu phai ching minh.

3

= 4@.

Bai 1.6. (2008*) Cho a,b,c > 0 va a + b+ ¢ =1, chitng minh rang b + ¢ > 16abc.

Giai
Ta c6
bt+e\ . g o
16abc < 16.a. (4p dung bat dang thic Cauchy cho hai s6 b va ¢)
= 4a.(b+ c)?
=4(b+ ¢).a.(b+c¢)
b+c)’ o )
<4(b+c). <%+C> (4p dung bat dang thic Cauchy cho hai s6 a va b+ ¢)
1
:4(b+6)'1 =b+ec
) . 3r? +5
Bai 1.7. (2009) Tim gia tri 16n nhét ciia biéu thitc P = jl |
T
Giai
Ta bién ddi biéu thiic P nhu sau
B 322+ 5
o241
5(22 + 1) — 222
B 2 +1
2
x
=5H—-2. .
241

Do vay P < 5. Dau biang xdy ra khi 2 = 0. Vay Ppax = 5 khi 2 = 0.

Bai 1.8. (2009*) Cho « > y > 0. Chitng minh rang z +
(2007 EEmITEE

nao?

> 3. Dau bang xay ra khi
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Giai

Ta viét lai vé trai dudi dang

y+1l y+1 4
rT—y)+ + + — 1.
eyt a1y
Ap dung bat ding thitc Cauchy cho bén sé duong
y+1 y+1 4 LA —y)(y +1)2
r—y)+ + + >4 =4.
T T e S e — 12

Két hop hai diéu trén ta c6 diéu phai ching minh.

Bai 1.9. (2010) Cho ba sb a,b, ¢ thuoc doan [—1,2] théa man a + b + ¢ = 0. Chting minh réng
a’> + b+ c* <6.

Giai
Vi-1<a<2nén (a+1)(a—2)<0haya® <a+2 Tuong tutacod?> <b+2, <c+2.
Cong ba bat déng thitc ciing chiéu ta dudc

A+ +c*<a+btct6=6 (doa+b+c=0).
Bai 1.10. (2010*) Cho ba 6 a, b, c v6i a > b > ¢. Chiing minh ring a? — b* + 2 > (a — b+ ¢)*.
Giaz
Bién déi tuong duong bat déng thic trén

a> — b+ > (a—b+c)

sa’ b+ >a?+ b+ —2ab— 2be + 2ac
&b —ab—bc+ac<0

& (b—c)(b—a) <0 (Dang, vib>c,b<a).

Duéi day xin giii t6i cac ban mot s6 bai toan luyén tap cting véi huéng dan gidi. Nhitng huéng
dan nay mang tinh chat md, phit hgp véi nhu cau tir hoc ctia hoc sinh. Hau hét cic bai tap nay
chi 6 mic do trung binh kha.

1. Cho a,b > 0, chitng minh a + b > 2v/ab (HD: bién ddi vé dang (v/a — vb)? > 0).

2. Cho a,b,c > 0, chiing minh a + b+ ¢ > 3v/abc (HD: chitng minh bat ding thitc Cauchy cho
4 $6, sau d6 ap dung cho 3 s0).

3. Chitng minh a® + 6% + c® > ab+bc +ca, Va,b,c € R (HD: ¢6 thé ding BDT Cauchy hoic
dua vé dang (a — b)?2 + (b—¢)* + (c — a)* > 0).

4. Chiing minh |az + by| < /(a® +0?)(22 4+ y2) (Va,b,z,y) (HD: binh phuong hai vé).

5. Chtng minh a® + b > ab(a +b) (a > 0,b> 0) (HD: dua vé dang (a — b)*(a + b) > 0).
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6.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

GV

a® + b3 S a+b

Chtng minh > 5

3
) (a > 0,b > 0) (HD: dua vé bat dang thiic quen thude
a® + b3 > ab(a +D)).

Ching minh a* + b* > ab(a® + b*) (Va,b € R) (HD: tuong tu nhu bai 5).

b A
Ching minh 1 < 4 b <9 (a,b,c > 0) (HD: danh gia troi mau so).
a+b b+c c+a

Ching minh a®> + 0> + >+ d®> +e* > a(b+c+d+e) (Ya,b,c,d,e) (HD: dua vé tong cac
binh phuong).

Cho a, b, c la ba canh tam gidc. Chiing minh a? 4+ b* + ¢* < 2(ab + bc + ca) (HD: dung tinh
chat a < b+ ¢).

Cho a,b,c la ba canh tam gidc. Ching minh (a +b —¢)(b+ ¢ —a)(c+a —b) < abe (HD:
diing bat dang thitc Cauchy cho hai s6 mot & vé trai).

Chtng minh a + b + ¢ >
b+c c+a a-+b
4
a+b

3 Z 2
= (a>0,b>0,c>0) (HD: bat dang thitc Nesbit).
2

> (@ > 0,b > 0) (HD: la he qua triyc tiép ciia bat ding thitc

S|

1
Chtng minh — +

a
Cauchy).

1 1 1
Ching minh — + — 4+ - > 9 (a>0,b>0,c>0) (HD: tuong tuw nhu bai 13).
a b ¢ a+b+c

Chiing minh 3(z% +4* + 22) > (v +y + 2)? (Vx,y,2 € R) (HD: tuong tu nhu bai 3).

Chitng minh v/(a + ¢)2 + (b+ d)? < Va2 + b2+ + d>  (Va,b,c,d € R) (HD: binh phuong
roi dua vé bai 4).

b 1 .
Cho a, b duong, chitng minh p” j_ 7 + prp: < o (HD: dung Cauchy cho du6i mau).
Cho a, b duong, chiing minh (a + b)(ab+ 1) > 4ab (HD: dung Cauchy cho hai s6).

b b .
Cho a, b, ¢ duong, chitng minh Xy % > a+ b+ c (HD: dung Cauchy cho hai s6 mot).
c  a

Cho a, b, ¢ duong, chting minh a® + b* + ¢® > a>vbe + b*\/ca + Vab (HD: 1a hé qua ciia bai
5).

A+ B+ A+add
+ +

Ch b, ¢ duo hi inh
0 @me 16, CHthe min 2ab 2bc 2ca

bai 5).

> a+ b+ c (HD: la hé qua cta

2 2
Cho a, b duong, chiing minh 4/ % + 1/ b > va+ Vb (HD: la he qué clia bai 5).
a

1 1
+ + -4
n+1 n+2 n+n

1 .
Cho n € Z*, ching minh 5 < (HD: danh gia troi mau).
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

GV

1 1 1 1 1
ChoneZ+,chﬁngminhﬁ—{—ﬁ—{—---—l—ﬁ<2(HD:du’aVaodémhgiéﬁ<—<n_1)n

).

Chiing minh 2? + 5y* — 4zy + 20 — 6y +3 > 0, Vz,y € R (HD: dung tam thiic bac hai).
1 2 3

\ , : 1 .
Cho a, b duong théa a + b = 1, ching minh p + pr > 6 va = + 20 > 14 (HD:
diing bat dang thic Cauchy vé6i diém roi tai a = b= 5)

2 . . 1 5 N £ 2 2~
Cho a, b duong théa ab = 1, chiing minh a+ b+ I > 3 (HD: dung bat dang thiic Cauchy

a
v6i diém roi tai @ = b = 1).
Cho n € Z*, ching minh 1 + L + L + -4 = > 2(vn+1—1) (HD: chiing minh
1 VR Vi
. b b L e
Cho a,b duong, tim gia tri nho nhat cia ot + Vab (HD: dung bat dang thic Cauchy,
Vab  a+b

luu ¥ diém roi).

Chiing minh (a + b + ¢)(a® + b* + ¢*) > 9abc  (a,b,c > 0) (HD: ding Cauchy cho ting s6
mot § vé trai).

Cho a > 1,b > 1, chiing minh av/b — 1+ by/a — 1 < ab (HD: 4p dung Cauchy cho s6 v/b — 1,
va cho s6 Vb —1).
1 1 1

Cho a, b, ¢ duong théa a + b+ ¢ = 1, ching minh 21 Proca @5 ow 2

dung bai 14).

9 (HD:

b c 3vV/3

+ + >
B24+c2 c2+a2 a24+02 2

Cho a, b, ¢ duong thoéa a? + b*+ ¢* = 1, chiing minh

3v3 N 2
a > T\/_GZ bang Cauchy, luu y chon diém roi).

(HD:

hi inh
chiing min 1 —

a? a3 a3 _ (a; +as + az)? .
Chtt inh + + 24+ 3> by, by, b3 >0,V R) (HD: Dung bat
ng min b1+b2+b3 e T b (b1, b, by ,Vay,as, a3 € R) ( ung ba

dang thitc Bunhiacopski).

a’ b? c? 1
Ch b, c duo h inh > - b HD: dung bai
o a,b, ¢ duong, chitng min 2a+3b+26+3c+2c+3a_5(a+ +¢) ( tng bai
34).
2 2
Cho a > 1,b > 1, chtitng minh P + . > 8 (HD: dung bai 34).
J— a J—

Cho a,b,c > 0 thoa a® + b + ¢ = 3, chiing minh a® + b° + ¢® > 3 (HD: dung Cauchy béng
cach them b6t dudi dang a® + a® +a® + 1+ 1).
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38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

20.

ol.

o2.

53.

o4.

25.

GV:

1
Cho x +y + z = 1, chiing minh 2 4 ¢ + 2* > 3 (HD: dung bai 15).
. . 1 1 1 a+b+c . »
Cho a, b, c filIOng, chiing minh i be + e + 2 ab < 7 (HD: dénh gia Cauchy
cho cac bieu thic dudi mau).
1 1
Cho 0 < a,b,c < 1, chiing minh Tbﬂc > 3 + (1 —a)(1—-0)(1 —c) (HD: gia stt ¢ =

maX{a, b, C}, danh glé can trén cho m)

CAc bai tap duéi day khong c6 huéng dan, ky thuat giadi ching twong tu nhu cac
bai tap trén.
1 1 2

>

Ch > 1,y > 1, cht inh .
ox > 1,y =21, chung min 1—|—$2+1+y2_1—|—xy

1

a® + 08+ 8 1+1
a3bh3cd “a b
+

Chiing minh (a'® + %) (a® + b*) > (a® + b%)(a*

Cho a,b,c > 0, chiing minh

)  (Ya,b € R).

Cho a, b, c > 0, chiing minh a(l +0%) + b(1 + ) + (1 + a®) > 2(ab + be + ca).

1 1 1 1 1
Cho a,b,c > 0, chlmgmlnh + +—
=V Ve Ve
Cho a,b,c > 0 théa a* + b* 4 ¢* = 48, ching minh ab? + bc? + ca® < 24.
4 4 4 9
Ch b,c > 0, chit inh > :
0 0 e = B s S ¥ bt e atbt2e - atbte
1 1
Choa,b>0vaa+b<1,tim GINNcia P= —+ + —.
a?+ b2 2ab
1 1 1 1 1 1

Cho a,b, ¢ > 0, chiing minh < ~
0, e I ¢ " b+2c+a c+2a+b at3b btac c+3a

Cho a,b,c > 0, chiing minh (1 4+ a)(1 4+ b)(1+¢) > (1 + Vabc)?.

Cho z >y > 0 va 2° + y° = v — y, chiing minh 2* + y* < 1.

18
Cho z,y,z > 0 va z +y+ 2z = 1, ching minh zy + yz + 2z > e
2+ xyz
22+ 3
Ching minh —— > 2 v6i moi © € R.
s VaZ+2
a? y
Cho z.y # 0, chu’ngmmh +—+4>3 —1—— .
y T

Chiing minh \3/3+\3/§+ \3/3—\3/§<2.\/§
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a+b+c>0
56. Cho a, b, c thoéa < ab+ bc+ ca >0 , chiing minh ca ba s6 a, b, ¢ déu duong.
abc > 0

1 1 1
57. Cho a,b, ¢ duong thoa a + b + ¢ = 3abe, ching minh — + W + = =3
a c

2 b2 2 1
58. Cho a,b,c > 0 théa vab+ vbec + /ca = 1, chiing minh ¢ + + ¢ > —
b+c c+a a+b 2

r+y+z=5

, ching minh 1 <z,y,z <
P yP+22=9 s Y

Wl

59. Cho z,y, z thoéa {

ol =

60. Cho z > 0,y > 0 théa 2\/x — ,/y = 1, ching minh z +y >
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