SU QUYEN RU CUA BAT DANG THUC

CHUYENDE .
Danh gia tren bien

BAt dang thic 1a mot trong nhitng chi dé khé ciia Todn hoc, d€ gidi quyét dugc nhiing bai
todn héc bia doi héi chiing ta phai thong minh, sdng tao, phai chiu khé tim toi phat trién va bén
canh d6 can phai c6 phuong phap ro rang. Bai viét nay gidi thiéu véi doc gid mot phuong phap rat
quen thudc trong gidi nghién ctiu vé bit déng thiic, d6 1a phucng phap: "DANH GIA TREN BIEN",
cling c6 nhiéu tai lidéu néi 1a: "NHIN VAO BIEM MUT". Véi tu cach mot ngudi biét mot chiit vé
Toan hoc, t6i da thu thap va tham khao y kién ctia nhiéu thay c6 gido yéu toan dé viét chuyén dé
nay. Toi xin chan thanh cdm on cac thay co: "Vii Minh Thing, Nguyén Thé Anh - K41-PHSP Ha
N6i", va cic thay c6 bt danh: "huyclve - thaithuanGC - chienthan - vophung".

Cam on su quan tdm ctia cdc ban! Moi y kién dong gép dé€ gitip cho bai viét dugc diy di va
chinh xac hon, vui long lién hé qua dién thoai hodc hom thu: |tienthuy3385@gmail . com.

1 Mot s6 bat dang thitc co ban
1) Pinh 1y 1. Néu f(x) 1a ham sb bac nhit theo x, thi véi moi x € [a, b] ta ludn cé:
min{f(a), f(b)} < f(x) < max{f(a), f(D)}.

2) Pinhly 2.

e Néu f(x) 1a ham 16i trén khoang [a, b] thi ta c6: f(x) > min{f(a), f(b)}.
e Néu f(x) 12 ham 16m trén khoang [a, b] thi ta cé: f(x) < max{f(a), f(b)}.

3) Pinh Iy 3. Cho f(x) = ax® + bx + ¢, (a # 0). V6i x € [a, 8] thi f(x) dat gia tri min hoic

max tai x = @, x = S hoidc x = — (néu — € [a,B].)
2a 2a

2 Mt sb thi du
Bai toan 1. Cho x,y,z € [0, 2]. Chiing minh rang:
2 +y+z)—(xy+yz+zx) <4. (1)
Hudng ddn. Ta s& chuyén hét sang vé trdi va coi chiing nhu mot ham bac nhét theo x. Sau d6 ta
ap dung Pinh ly 1. va hoan thién chiing minh.
Loi giai. Ta c6
2x+y+z2)—(xy+yz+zx) < 4

©2x+y+2)—(xy+yz+zx)-4<0
SR-y—-2x+2(y+2)—-yz—4<0.

- Xét ham s f(x) = (2 —y — 2)x + 2(y + 2) — yz — 4, x4c dinh trén [0, 2].
- Nhén thdy f(0) = 2(y +2) —yz —4 = (2 - y)(2 —2) < 0va f(2) = —yz < 0, dp dung Dinh
Iy 1, ta cé f(x) < max{f(0), f(2)} < 0. (dpcm)

Bai toan 2. Cho a, b, c,d € [0, 1]. Chiing minh ring:
A=)l =b)1 =) -dy+a+b+c+d=>1.(2)
Loi giai. Ta c6
A=a)1=b)1 =) —dy+a+b+c+d>1
ol-U-b(l-c)d-d]a+(-b)A-c)1-dy+b+c+d—130.

Tai liéu boi dudng hoc sinh gidi - luyén thi dai hoc 1 Ths.Nguyén Tién Thity
No. 0974913435


tienthuy3385@gmail.com

SU QUYEN RU CUA BAT DANG THUC

-Xéthamsd f@) =[1-(1 -1 -1 -d)]a+A-b)(1-c)1-d)+b+c+d—-1,xéic
dinh trén [0, 1].

-Nhan thiy f(1) =b+c+d>0vaf0)=1-b)(1-c)1-d)+b+c+d—1=gb) =
[M-0-00-db+(-c)l—-d)+c+d-—1(x).

-Xétg(l) =c+d 20,80 = -c)1-d)+c+d-1=cd = 0, theo (%) suy ra
f(0) = g(b) = min{g(0), g(1)} > 0,VYb,c,d € [0, 1].

- Tir dé ta c6 f(a) > min{f(0), f(1)} > 0,Va,b,c,d € [0, 1]. (dpcm)

Bai toan 3. Choa,b,c,A,B,C >0théaman: a+A = b+ B = ¢+ C = 1. Chiing minh rang:
aA+bB+cC < 1.
Lai giai. Ta c6
aB+bC+cA<1
sal-by+b(l-c)+c(l—a)y-—1<0

Sa+b+c—ab-bc-ca-1<0
©(l-b-ca-bc+b+c-1<0.
- Xétham sd f(a) = (1 = b —c)a—bc + b + ¢ — 1, x4c dinh trén [0, 1].
- Nhan thay f(0) = —bc+c+b—1=(1-b)(c—1) <0va f(1) = —bc < 0, 4p dung Pinh ly
1tacé f(a) < max{f(0), f(1)} <0,Va,b,c € [0, 1]. (dpcm)

Bai toan 4. [IMO] Cho ba s6 duong x,y,z théa man x +y + z = 1. Ching minh rﬁng:
+yz4+2zx —2xyz < —7
X X —2x .
y+yz+z yZ 77
Loi giai. Ta c6
+yz+2x —2xyz < —7
X X —2xyz <
y+yi+=z Yz 27

7
S xy+yz+zx—2xyz—— <0
Xy + Y2+ 2x = 2xyz = o <

7
1-2 l-2)-—=<0
S ( 2)xy +z(1 — 2) 77 S

. 7 2 (1-z\? \
Xéthémséf(xy):(1—2z)xy+z(l—z)—ﬁV(’iiOSxyS(x;y) :(TZ) . Nhén théy

7 1 1 l—zz 1 1\ 1
— 2 — 2 2 — < A& h
f0)=-z"+z2 7= (z 2) 103 <Ovaf(( > ))— 2(z 3) (z+6)_0,nent €0

1-2z\ , .
Pinh Iy 1 ta c6 f(xy) < max{f(0), f ((TZ) )} £0,VYx,y, z thda man diéu kién bai toan. (dpcm)

Bai toan 5. Cho ba sb duong x, y, z thda min x + y + z = 1. Chiing minh ring:

A +y +2) + 15xyz > 1.

e en . 92 [1=z\
Ldigiai.DénhgléOSxys(xzy) :(_Z) )

2
Ta co
47+ + )+ 15xyz > 1
@4[(x+y+z)((x+y+z)2—3xy—3yz—3zx)+3xyz] +15xyz-12>0
©4-12xy—12y7 - 12zx + 27xyz -1 20
©3xy9z2-4)-12z(1-2)+3 > 0.
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2
) -
Xétham s6 f(xy) = 3xy(97—4)—127(1-2)+3, v6i 0 < xy < (TZ) .Tacé £(0) = 1222—12z+3 =

1-z2

2 2
32z-172 > ()vaf((%) ) = 3(7) (97-4)—12z(1-2)+3 = %(3z— 12 > 0. Ap dung

. . 1-z)? , S
DPinh ly 1 ta c6 f(xy) > min{f(0), f ((TZ) )} > 0, Vx,y, x thdéa man dicu kién bai cho, dpcm.
Bai toan 6. Cho ba s khong 4m x, y, z thda man x + y + z = 1. Chting minh riing:

1
x3+y3+z3+6xyzzz.

oo o ) 92 (1-z\?
Li gidi. Danh gid 0 < xy < (%) - (TZ) ,
Ta co

1
(' +y +2) +6xyz > 1

1
o [(x+y+z)((x+y+z)2—3xy—3yz—31x)+3xyz]+6xyz—Z20
1
(:)1—3)cy—3yz—3>z)c+9xyz—é—1 >0

3
(:)3xy(3z—1)—3z(l—z)+z > 0.

2
) 3 1- 3
Xeétham s6 f(xy) = 3xy(3e=1)=32(1-2)+ 7. v6i 0 < xy < (TZ) .Tacé f(0) = 3z2—3z+Z =

2 2 2
1 Y A W B 397 1, 1
3(z—§) ZOvaf((—2 ))—3(—2 )(3Z_1)_3Z(1_Z)+4_1__4 [(Z_E) +E>O']
p 1- X
Ap dung Pinh 1y 1 ta cé f(xy) > min{f(O),f((TZ) )} = 0, Vx,y, x thdoa man diéu kién bai cho,

dpcm.

Bai toan 7. Cho ba s6 khong 4m a, b, c. Ching minh riang:

a+b+c
3

— Vabe < max{(Va - Vb, (Vb - Vo)’ (Ve - Vay’).
Loi giai 1. Gia st
max{(Va — Vb)*,(Vb - V), (Ve = Va)*} = (Va— Vb’
Xét biéu thiic:
f(a,b,c)=VP - VT = (Va- Vb)* - MSﬂ + Vabe.

Véit = m, ta co:
fla.b.c)— ft.t.c) = (Va - «/5)2—%“% W—((x/%— Vi? - ”;” + Vaﬁ)

:M>O
3 2 0.

Theo dinh ly don bién ta cé: f(a,b,c) — f(t,t,¢) =0, v6it = Vabc.

S o o i AL . +b+
Loi giai 2. Gidsta < b < c. Lucdotacanchlmgmlnh:%—Qabcﬁ(\/_—\/5)2.

21z a+b+c , ey
Xét ham so bién b: f(b) = — Vabc, ta c6 f(x) < max{f(a), f(c)}. Gia su f(a) = f(c) ta
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ching minh
f@ 2 (Va~- ey
1 2 3
o - §a—§c— Va?c +2+Vac <0
Chii ¥ riing: a+ ¢ + ¢ + Va2c + Va2c + Va2e > 6 NadP® = 6 y/ac. Ta sé c6 diéu phai chiing minh.
Bai toan 8. Cho a, b, ¢ € [0; 1]. Ching minh ring:

a N b . c
b+c+1 c+a+1 a+b+1

+(d-a(1-b1-c)<1.
Loi giai. Gia st a > b > ¢, ta co:

a N b N c a+b+c
b+c+1 c+a+1 a+b+1 " b+c+1

Luc d6 bai toan s€ tuong duong véi:

a+b+c
(l—a)(l—b)(l—c)Sl—m

l-a
S(l-a)(1-b)(1-c)< m(*)

Sau khi riit gon (1 — a) va st dung bét déng thiic Cauchy thu dugc diéu phéi chiing minh.
© Ngoai ra chiing ta cé thé ding ham bdc nhdt dé’ gidi quyét van dé ().
Bai toan 9. Cho x,y,z, 1 € [0, 1]. Chitng minh rang:
xzy + yzz +Z22+Px— ()cy2 + yz2 +z% + txz) < %
Loi gidi. Gia st y > 1 (con cdc truong hop khdc tuwong tw). Xét ham s6:
foy, 2,0 = (v = 0x% + (2 = y)x + Y2z + 22t — y22 — yi°.
Dé théy ham sb f(x,y,z,1) la ham $6 16m, nén ta c6
Oy z,0) < max{f(0,y,z,0, f(1,y,z,0)}

-Tacé £(0,y,z,1) = z(y = )(y + t — 2). Néu y + t — z < 0 thi bat dang thifc hién nhién diing, con
néuy + -z > 0, tadp dung bat ddng thiic Cauchy sé thu dugc két qua. Pang thitc xay ra khi
21
).

(x,y’Z, t) = (0» 19 59 5
-Talai c6: f(1,y,2,1) = (1 = )2 + (2> = Dt + t + y’z — y> — yz2. DE thiy day 12 ham 16m trén
[0, 1] theo bién ¢, nén ta cé:

Sy, z,1) <max{f(1,y,z,0), f(1,y,z, )}

Tt d6 ta c6 diéu cn ching minh.

3 Mot so bai tap dé nghi
Bai 1. Cho ba s6 duong a, b, ¢, théa min a + b + ¢ = 3. Chiing minh ring:

a* +b> + % +abe > 4.
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Bai 2. Cho ba sb duong a, b, ¢, thda man a + b + ¢ = 1. Chling minh rﬁng:
7(ab + bc + ca) < 2 + 9abc.

Bai3. Choa > 0,;a;,a2,---,a, €[0,a] va
§ = Z(a —ap.(a—a)) - (a—a-1).a(a—ager) - (@ — ay).
=1

Tim gia tri 16n nhét cta S.
Baid. Choa,b,c,d, e € [p;q], v6i g > p > 0. Chiing minh rﬁng:

-

I 1 1 1
(a+b+c+d+e)(—+-—+-+-4+-)<25+6
a b ¢ d e

Bai 5. Cho ba s6 dudng a, b, c. Chiing minh ring:
b

c—a

Cc
+ ’ ) + |a — b| > 2.
Bai 6. Cho x; € [0, 1], véi i = 1, n. Chting minh ring:

n
x1+xz+~--+x,,+x1x2+X2X3—~--—x,,x1S[E].

Bai 7. Cho n sb khong am: a;,a, - - - , a,. Ching minh rﬁng:

ayt+a+---+a,

— {farar - ay < max ((\/a—i_ \/@2)'

n I<i<j<n
Bai 8. Choa,b,c,d € [0, 1]. Chling minh rﬁng:
a+b+c+d-abced <3.
Bai 9. Cho x; € [0, 1], v6i i = 1, n. Chiing minh riing:
Xp+x+- -+ x,— XX x, <n—1.
Bai 10. Cho ba s6 duong x, y, z thda man: x + y + z = 1. Chiing minh rang:
Ixyz + 1 > 4(xy + yz + zx).
Bai 11. Cho ba s6 duong x, y, z théa man: x + y + z = 1. Ching minh ring:
52+ +2) <6 +y  +2) + 1.

Bai 12. Chon e N;n>2vaaj;ap; - ;a, € [0,1]. Ching minh rﬁng:

a
Za2+a3+--~+an+l (I —a)d —a)--- (1 -ay)

cycle
Bai 13. Cho ba s6 duong x, y, z thda man: x + y + z = 1. Chiing minh rang:

1 1 1 27
+ + < —.
l-xy 1-yz 1-zx~ 8
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