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1 KIEN THUC CHUAN BI

1.1 Dinh nghia bat dang thiic

Dinh nghia 1.1. Cho hai s6 a va b, ta néi rang a nhé hon b va ki hiéu la a < b néua—b
am. a < b<=a—>b am.
Tuong tu ta c¢é a lon hon b va ki hiéu la a > b néu a — b duong. a > b <= a — b duong.

Dinh nghia 1.2. Cho a,b la hai biéu thic s6, cic ménh dé dang "a < b hogdc "a > b”
dugc goi la bat dang thie.

Dinh nghia 1.3. Ta néi a nhé hon hodc bing b néu a < b hodc a = b va ki hiéu la a < b.
Viya<b<a<bVa=b
Tuong tu ta cing cé dinh nghia cho a lon hon hodc bang b.

1.2 Cac tinh chit cd ban ctia bat ding thic

Tinh chat 1.1. Tinh bdc cau: a < b va b < ¢ suy ra a < c.

Tinh chat 1.2. Quy tdc cong bat ding thic vdi mot so:
a<b<=a+c<b+cVec

Tinh chat 1.3. Quy tdc chuyén vé: a <b+c<=a—c<b

Tinh chat 1.4. Quy tdc cong hai bt ding thic:

{a<b =a+c<b+d
c<d

Chii j: Khong cé quy tdc tric hai bat dang thic cung chiéu.
Tinh chat 1.5. Quy tdc nhan hai bat ding thic vdi mot so:
e a<b& ac<benéuc>0
e a<b& ac>benéuc<0

- 2 < ~ .44 2 . 0 S a<b
Tinh chat 1.6. Quy tac nhan hai bat dang thic: & ac < bd
0<ec<d

Chii yj: Chir dugc phép nhan hai bat dang thic khong am cung chiéu va khong cé phép chia
hai bat diang thic cung chiéu.

Tinh chat 1.7. Vdi hai 56 a,b > 0; n nguyén duong ta c6: a < b < a™ < b*

Tinh chat 1.8. Vdia,b>0,neNn>1tacé:a<be Ya< Vb
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2 PHUONG PHAP CHUNG MINH BAT DANG THUC

2.1 Chidng minh bt ding thic dung dinh nghia

Dé chitng minh A > B, ta di chiing minh A — B duong va nguge lai, dé ching minh A < B
ta chiing minh A — B am. Sau day la cac vi du:

VI DU MINH HOA

Vi du 2.1. Ching minh ring véi moi x,y ta luon co6

ZE2 +y2
> .
5 = |2yl
2 2
Loi gidi. Xét hieu — ;Ly — |yl ta co
2 2 2 2 2
CAY =ty 2oyl _ (=l + D" S
2 2 2
Dau ” =7 x4y ra khi va chi khi |z] = |y|.

Vay bat déng thic ding.
Vi du 2.2. Chiing minh rang véi moi x,y ta luon co6
ot + y4 > :133y + xy3.
Loi gidi. Xét hieu o' + y* — (2%y + x3?), ta c6
ot +yt = (Py +ay’) = (2 = 2Py) + (v - )
=2z —y) + vy — o)

= (z —y)(=® — )
= (z—y)*(2® + 2y + v°)

ST N AT
= (z =y’ [(e+5)° + =]
> 0.

Vay béat dang thic luon ding. Dau ” = 7 x4y ra khi va chi khi z = .

Vi du 2.3. Chiing minh rang véi moi a, b ta luon c6
a>+b*+1>ab+a+b.
Loi giai. Xét hieu S=a* +0*+1—(ab+a+b)=a*>+b*+1—ab—a—b.
Ta co
25 = 2a* + 20> + 2 — 2ab — 2a — 2b
= (a®* —2ab+b*) + (a* = 2a + 1)+ (b* =2+ 1)
=(a=b’+(a—12+b-1)
> 0.

HoANG THANH THUY
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a—b=0
Dod6 S>0,dau” =" xdyrakhivachikhi{a—-1=0 <a=b=1.
b—1=0

Bét dang thitc da duge chiing minh.

Vi du 2.4. Cho cac s6 duong a, b, chiing minh rang

2\/_ S\/_
Va+ b
2
Loi giai. Xét hieu vab — Vab ta co
Va+ b
4
4ab—£ vab(1 - 2V/ab >
Va+ b Va+ b
Vab
———(Va—2Vab+ V)
T Va+ b
Vab
———(Va— Vb)’
T Va+ Vb
> 0.
Vay bat déng thitc ding. Dau ” = ” xay ra khi va chi khi a = b.

BAI TAP TUGNG TU

Bai tap 2.1. CMR véi moi a, b, ¢, d, e ta déu co

A+l +E+ P+ >alb+c+d+e).
a2+ +c* _ atb+co
Bai tap 2.3. CMR v6i moi a, b, ¢ ta ludn c6 a® + b + ¢ > ab + be + ca.

Bai tap 2.2. CMR v6i moi a, b, ¢ ta luén cé

Bai tap 2.4. Cho a,b,c > —1, chiing minh rang
21 +a+b+c+ ab+ bc+ ca) > —abe.
Huéng dan: Chuyén vé, dua vé dang

(a+b+c+1)>

(1+a)(1+b)(1+c)+ 5

>0, (via,b,c>—1).

b,c >0 .
Bai tap 2.5. Cho @0 e . Chiing minh rang b + ¢ > 16abc
a+b+c=1

Bai tap 2.6. Cho a,b > 0. Chiing minh rang (a + b)(1 + ab) > 4ab.
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2.2 Phuong phap bién doi tuong duong

Bién doi tuong duong BDT can chitng minh vé mot BDT da biét hoic BDT hién nhién
ding. Sau day la cac vi du:

VI DU MINH HOA

Vi du 2.5. Cho cac s6 khong am a, b, chiing minh rang

a;bz\/@
o as _a+b ?
Loi gidi. Ta ¢6 — >Vabsa+b—2Vab> 0= (Va—Vb) >0

Day la bat dang thic ding. Tt d6 suy ra dpem

. b
Vi du 2.6. Cho a,b > 0. Chiing minh ring % +2>2
a

Loi gidi.
2, 12 2, 12
g+922<:>a +b 22<:>a +b 2ab20
b a a ab
—b)?
NG b> >0 Ding vi a,b> 0
a

Déng thuc xdy ra <= a = b
Vi du 2.7. Chiing minh ring Va,b € R ta c6: a* + b* > a3b + ab?
Loi giai. Ta c6
a* 4+ b* > a®b + ab®
&(a' —a’b) + (' — ab®) > 0
sa*(a—b)+b0*(b—a) >0
s(a—b)a®—=b*) >0
b V3

S(a—0b)*|(a+ 5)2 + (76)2 >0 (ludn dang)

Déng thiic xay ra < a = b.
Vi du 2.8. Cho céc s6 thiic duong a, b, chiing minh rang

b a
— + —= > Va+ Vb
at v
Loi giai. Bat dang thtc trén tuong duong véi
Wb+ ay/a
———— > a+Vb
vab Ve

& Wb+ av/a — aVb — by/a > 0 (do Vab > 0)
& Vala—b)+Vbb—a) >0
& (Va—vb)(a—10b) >0.

www . VNMATH. com HOANG THANH THOUY
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Bat ding thitc trén ding vi \/a — Vb va a — b luon ciing ddu. Vay BDT ban dau duing.
Dau” =" xdy ra khi va chi khi a = b.

Vi du 2.9. Chiing minh réng néu ab > 0 thi (a* — v*)? > (a — b)*.
Loi giai. Ta c6 bat dang thiic trén tuong duong véi

(a—b)2(a+b)?*—(a—b*>0
& (a=b)*[(a+b)*—(a—b)°] =0
& dab(a — b)* > 0.

Bét dang thitc cudi ding vi ab > 0, do d6 bat dang thitc ban dau ding.
Déng thitc xay ra khi va chi khi @ = b hosic a = 0 hoic b = 0.

BAI TAP TUGNG TU

N 1
Bai tap 2.7. Ching minh rang Va € R ta cé a + — > 2
a

. 1
Bai tap 2.8. Ching minh rang Va # 0 ta c¢6 |a + —| > 2.
a
cea ) s e
Bai tap 2.9. Ching minh réang Va ta ¢6 a® + 1 > a.

. . . ar +by =c
Bai tap 2.10. Cho céc s0 a,b,¢,z,y thod man ¢ 2y
a®+0°>0

2
Chitng minh rang 22 + y? >

a?+b%
Bai tap 2.11. Ching minh ring (a® + b°)(a + b) > (a* + b*)(a® + b*) v6i ab > 0.

www . VNMATH. com HOANG THANH THOUY
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2.3 Phuong phap sit dung bat dang thic X2 > 0

Bat dang thiic ¢6 dién nhat 13 22 > 0, dau bang xay ra khi v& chi khi z = 0. Ta sé néu ra
hai dang bat dang thiic 4p dung bat ding thic tren.

e V6i moi a, b, ta co:
(a—b)2>0&a®+b*>2ab< (a+b)? > dab < 2(a* + %) > (a +b)?
Dau bang xay ra khi va chi khi a = b.
e Ap dung bat ding thic trén ba 1an cho ba sé thuc bat ki a, b, ¢, ta co:
a®+b%+c* > ab+betca < (a+b+c)? > 3(ab+betca) < 3(a*+b*+c*) > (a+b+c)?

DAu bang x4y ra khi va chi khia =b = c.

VI DU MINH HOA

Vi du 2.10. Cho a + b > 2. Chiing minh rang

a. a’?+0v*>2.
b. >+ >a+0b

(a—l—b)2.

Loi giai. Ta c6 2(a* + V%) > (a + b)* & a® + b* > 5

a. Ma a+ b > 2, nén ta suy ra ngay a® + b? > 2.

(a+0b)? a+b

b. Tua?+b* > = (a+b)T. Ma a+b > 2, nén ta suy ra ngay a>+b> > a+b.

O cau b. chiing ta c6 thé lam nhu sau:

Taco:a>+1>2avab?+1>2b suyraa®>+0>*>a+b+(a+b—2)>a+b.
Binh luan Ca hai cach giai ctia cau b. chung ta da sit dung phuong phap tach theo lugng
troi nhu sau: Dé ching minh A > B, ¢6 thé lam theo hai céch:

C1. Chiing minh A > B + C, roi chting minh C' > 0.

C2. Ching minh A > BC, (gid st B > 0 ) roi chiing minh C' > 1.
Van st dung ¥ tuéng tach theo lugng troi nhu trén, ta xét vi du sau:
Vi du 2.11. Cho a,b,c¢ > 0 va a + b+ ¢ < 3. Chitng minh ring

Va+Vb+ /e > Vab+ Ve + e

www . VNMATH. com HOANG THANH THOUY
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Loi gigi. Dat « = /a, y = Vb, z = /. Ta ¢ z,y,2 > 0 va 22 + 3> + 22 < 3. Ta can
chiing minh
rH+y+z>xy+yz+zx

Ta co
3(“’y+yz+zx)S($+y+2)2©xy+y2+z:c§(x+y+2)x+g+z (1)
Mit khac (z +y 4 2)? < 3(22 4 12 + 22) < 9, ta duge
r+y+2<3 (2)

Tu (1) va (2) ta ¢6 diéu phai chiing minh.

www . VNMATH. com HOANG THANH THOUY
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2.4 Dung ciac bat dang thic co dién dé chitng minh bit ding
thic
2.4.1 BAt dang thiic Cési
1. Dang tong quat: Cho ay,as, - ,a, 1a nhitng s6 khong am. Khi d6

o CL1+CL2+"'+CLTL
n

> Yaaz---ap
e DAu bing trong bat déng thiic xay ra khi va chi khi a1 = ay = --- = a,,

2. Truong hgp dac biét

e . a1t as
e V6in =2 ta co:

> \/aia; dau bang xiy ra <= a; = as

. CL1+CL2+CL3

e V6in =3 ta co: 3 > ¥Ya,azaz dau bang xdy ra <= a; = ay = a3

VI DU MINH HOA

Vi du 2.12. Cho ay,as, - ,a, > 0. Chting minh rang:

11 1 )
(ar+ay+ - Fa)| —+—+--+— | >n

ap Qa2 Qn
N, e X £ 2 . ~ , P N 1 1 1
Loi giai. Ap dung bat dang thitc Cosi cho cac so duong aqy,as,---a, va —, —,---— ta
a; Qo Qp
dugc:
ay +a et ap
1 2+ + Zna1a2”'an (1)
n
1 1 1

al aQ a/n>n (2)
n - \/ala2~-an

Do hai vé ctia ( 1) va ( 2) déu la sé duong, nén nhan tiing vé clia chiing ta c6 diéu phai
chiing minh.
Dau biang xay ra

ay = az =" =0an
& 1 1 1 S ap =0y ="' =ay,
a1 2 (075

Binh luan Bat dang thtc trén tuy don gidn, nhung no lai c6 tng dung rong rai. Nguoi
ta thuong hay sit dung hai dang dac biét ctia n6, do la:

1. Véin =2 o o
nlilhsiolits
(a+0)( +g)zde +y >

(3)

www . VNMATH. com HOANG THANH THOUY
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2. Véin=3 11 11 9
b -+-4+-)>29& —-—+-4+->—- 4
(a+ +C>(a+b+c)_ a+b+c_a—|—b+c (4)
Trong d6 a, b, ¢ 1a nhitng s6 duong
Cac ban hay xem cac vi du 2.13, 2.14 va cac bai tap 2.18 trén trang 16, 2.12 trén
trang 15, 2.15 trén trang 15 dé biét them tng dung ciia né.

Vi du 2.13. Cho tam giac ABC, c6 cac canh a, b, ¢ va p 1a nita chu vi. Chiing minh réng:

1 1 1 1 1 1
+ + >2( -+ -+ -
p—a p—b p—c a b ¢

(1 1 4 4
pa p—b_(p—a);f(p—b) b
Loi gidi. A dung ( 3 trén trang trudc) ta co: = -
gl Ap dyng ( A T A e E TR
L - 4 4
o \p—c p—a (p—c+(p—-a) b
Cong tiung vé ba bat dang thic trén suy ra:
1 1 1 1 1 1
+ + >2( -4 - 4=
p—a p—b p-—c a b ¢
Daubingxdyra<p—a=p—b=p—c< a=b=c< ABC la tam giac déu
Vi du 2.14. Cho a,b,c > 0 va thod man ab + bc + ca = abe. Chiing minh réng
1 1 1 1
+ + <=
a+3b+2c b+3c+2a c+3a+2b" 6
Loi gigi. Ap dung ( 3 tren trang ngay truéc) ta co:
1 1 1/1 1
a+3b+2c 3b+(a+2c) ~ 4\3b a+2
<1 1_'_1 1+1+1
413 9\a ¢ ¢
1 /1 1 1
Sl () Yl 1
12<3a+b+ 30) (1)

Hoan toan tuong tu ta co

1 <1 1+1+21
—12 c

b+ 3c+ 2a 3b 3a)

1 1/1 1 1
R e I T il
c+3a+2b_12(3c+a+23b> )

Cong timg vé cac bat dang thic (1), ( 2), ( 3) ta dugc

1 L 1 n 1 <1 1+1+1
a+3b+2c b+3¢c+2a c+3a+20b 7 6\a b ¢

www . VNMATH. com HOANG THANH THOUY
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v L1 e% 1 1 1
Mat khac theo gia thiet, tit ab + bc 4+ ca = abe ta c6 — + 3 +-=1
a c
X 1 1 1

1
Vi < -
W 3t 2  bi3ct2a  ct3at2b =6

DAu bang x4y ra khi va chi khia =b=c=3

Vi du 2.15. Cho a,b,c,d > 0, chiing minh réng
1. a4+ 03+ > a?b+ b’c+ ca
2. Z—j—i-i—z—i-fl—z—FZ—z >a+b+c+d
Loi gidi.
1. Ap dung bat déng thitc Cosi cho ba s6 khong am a?, a?, b ta duge
a4+ a®+ b 23W:3a2b

Tuwong tu ta ciing co:

b+ b + & > 3b%c
S+ A+ a® >3

Tu do6 suy ra a® + b® + ¢ > a?b + b?c + c?a. Dau bang xdy ra & a=b=—c

2. Lam tuong tu

3

a
b—2+b+bz3a
b3
—2—1—0—1—023[)
C

3

C
ﬁ‘l—d—FdZ?)c
d3
—2+a+a23a
a

Tu do6 suy ra diéu phai chiing minh, dau bang xdy ra < a =b = c = d.

Binh luan Cac ban hiay xem thém céic bai tap 2.16 trén trang 16, 2.17 trén trang 16, roi
hay cho nhiing trudng hop diic biet dé c6 nhitng bat ding thic "phit hop" véi muc dich
cua ban.

Vi du 2.16. Cho ay,as,--- ,a, la cac s khong am. Cho ay,as, - ,a, 1a cac sd hitu ti
duong sao cho oy + ag + -+ - + o, = 1. Chiing minh ring

oqay + agag + -+ + apan > attas? - - ap”
Loi gidi. Vi o, o, - -+, oy, 18 céce s6 hitu ti duong, va o + g + -+ -+, = 1, nén ta cé the

viét ching duéi dang sau (sau khi da quy dong mau sé cac phan sb):

_n P2 _ DPn
] = — = —

2= N e =

www . VNMATH. com HOANG THANH THOUY
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Trong d6 pi, p2, -+ pn, N 1& cac s6 nguyén duong va p; +pa +-+-+p, = N
Ap dung bat ding thic Cosi v6i p; 86 a1, ps 86 as, ... P $O an, ta co:
ay+---+a+a+ - Fagt Ay o ay

' e

p1 lan p lan pn lan > puteeteteg [a0102 L gan

P1+Dp2+ -+ DPn

o p
P P2 DPn
@Nal—i—ﬁag%—---qLNanZalNaZN---aT{V
& ajay + agas + -+ apa, > aftay? - an™ (dpem)
Dau bang x4y ra <= a; = ay = - - = ay,

Vi du 2.17. Cho a,b,c > 0 va thod man a + b+ ¢ = 9. Chiing minh rang
Va+ b+ e < V31
Loi giai. Stt dung bat dang thiic Cosi ta co:
a+3+--+3>nva3!
—_———
n—1 Sé
b+3+---4+3>nvVb3n!
———
n—1 Sé
c+3+--+3>nVe3nt
—_——
n—1 80

@(a+b+c)+9(n—1)va"3”—1({l/a+ Vo + {L/E)
& Ya+ Vb + e < V3t

DAu bang xdy ra < a=b=c = 3.
Vi du 2.18. Cho x,y, z € [0; 1]. Chiitng minh rang
_ _ _ 81
(2" 42V +25)( 27" 427V + 277 §§

Loi giai. Diat a =2%,b=2Y,c=2* suy ra 1 < a, b, c < 2. Bat dang thic da cho tré thanh

(a+b+c) 1+1+1 <81
“ Cabc_8

2
T (a—1)(a—2)<0tacdéa+— <3.Dodo
a

1 1 1
m+b+@+a(—+—+—)§9
a b ¢

1 1 1
m+b+@+2(a+—+—)

1 1 1
Mat khac 4 [(a+b+c)| -+ -+ - < b_c
a b c 2
1 1 1 81
Nén ta co: b -—+-+-)<—= (d
én ta c6: (a + —|—c)(a—|—b+c> <3 (dpem)

www . VNMATH. com HOANG THANH THUY
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Vi du 2.19. Cho a,b,c € [0;1]. Chitng minh rang
a b c

b+c+1 * a+c+1 * a+b+1

Loi giadi. Khong giam tong quat ta ¢ thé gia st a < b < c. Ta ¢6

(@+b+ D)+ (1—a)+(1-b]"

+(1—-a)(1-0)(1—c)>1

(a+b+1)(1—a)(1-0) < 3 =1
. B s Ty
Neéen (1 —a)(1 b)_a+b+1 Tt d6 suy ra
l1—-c
_ — o) >
g

a a

Mit khac a < b < cdodé tace: { P T¢T1 T atb+l
<

at+c+1 " a+b+1

a b c
a 1— 1—-0)(1—c)>1 (d
Vayb+c+1+a+c+1+a—l—b+1+< a)( ) ¢) =1 (dpem)

Hay xem bai 2.14 trén trang 15 dé biét bat déng thiic tong quat ctia bai toan nay.
1 1

+ oot —n—1.
1+CL1 1-'-(12 1+6Ln

Vidu 2.20. Cho a; > 0,7 = 1, n thod man diéu kién

Chiing minh rang ajay -+ a, < ———
(n—1)"

Loi gidi. Tt gid thiét suy ra:

S R S Y N S R P
1—{—a1_ 1+a2 1—|—CI,3 ].—|-CLn

- B O
_1+a2 1+a3 1+an

aoQ3 * * * Gy,
>(n—1)y
1+a1_( ) \/(1+a2)(1+a3)---(1+an)

Theo bat dang thitc Cosi, ta co:

Li luan tuong tu ta co:

1 aias - - - Gy
> (n—1)n%¢
1+a2_( ) \/(1+a1)(1+a3)---(1+an)

1 @142 - Gp—1
> (n—1)3
1+an_( ) \/(1+a1)(1+a3)"'(1+an—1)

Nhan timg vé clia n bat déng thitc trén, ta dudc:

1 > ( 1y a1ag -+ Gy
/,’L_
(1—a)(I+az)---(1+an) (1+a1)(1+ag) - (1+an)
1

PN n<—

a1a9 4 _(n—l)"
£ N 2 . ~ ? . 1

Dau bang xay ra khi va chi khia; =ay=---=a, = T

n_

www . VNMATH. com HOANG THANH THOUY
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Vi du 2.21. Cho hai day s6 khong am aq, as, - - - ay; by, ba, - - - b,. Chitng minh réng

V(al +b1)(ag + b2) -+ (@, + by) > Jarag -~ ay, + /biba--- by,

Loi giai. C6 hai kha nang xay ra

1. Néu (ay + by)(as + by) - - - (a, + b,) = 0 thi bat ding thiic da cho ding.

2. Néu (ay + b1)(ag + ba) -+ - (an + b,) > 0 khi d6 bat dang thitc da cho duge viét lai
duéi dang:

o] az an +</ by by bn <1
a1+bl'a2+b2 an—i-bn a1+b1.a2+bz an+bn_
Theo bat dang thitc Cosi ta co:
a n 1 n
n LI G2 .. _@ < = . + @2 +..._|_a—
ap +by ag+by  an+b, " n\a+b  ax+b an + by,
b b by, 1 b b b,
ib/ 1 . 2 < — 1 + 2 4+ —
(11+b1 a2+bz an+bn n CL1+b1 a2+b2 an—i-bn

Tit d6 suy ra dieu phai chiing minh.

A NS 2 . ~ ? . a a/ a 2, ~ 2, A N
Dau bang xay ra khi va chi khi: 2 =2=2=..= = & day quy uéc néu by, = 0 thi

o by by b,
ap = O,Vk = l,n.
Vi du 2.22. Chitng minh ring
sin® x

1 Néu = <<= thi A= : >4
4 2 cos x(sinx — cos x)

2. Néuogmggthi:

PPq1

sinfzcosPxr < 4| ———
—\ (p+q)rte

(p,q € N)
Loi gidi.

T T
1. bat t = tgz, tu 1 <z < 5 Suy ra 0 <t < 1. Bai toan tré thanh ching minh
2

A:

>4v610<t<l.
t—1

1 1 N
TacéA:t—1+ﬁ+2 > 24/ (t —1)(——)+2 = 4 tit d6 suy ra diéu phai ching

t—1
minh.
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[\

2

p P . , sin“x , COS
2. Ap dung bat dang thic Cosi cho p so va ¢ soO 9 ta co:
sin? sinz  cos?zx cos? x
b b q q

N N J/

p 8O g O _ sin? x cos®
p+q - pr q?
s 2p 2q
[sin“? x cos*? x
aN 1 Z (p + q) p+q
pP q?

1 S sin??  cos® ¢
(p+qpre = pr g
q
& sin? xcos¥x < p”—q
(p+q)rte
q
& sinf xcos? x < e (dpcem)
(p + q)pta

BAI TAP TUGNG TU

Bai tap 2.12. Cho céc sb a, b, ¢ 1a ba canh ctia mot tam gidc. Chiing minh rang

a b c 3
>

' b+c+c+a+a+b_2

a . b n c S
"b+c—a c4+a—-b a+b—c”

Bai tap 2.13. Cho a,b,c >0

. . 1
1. Néu a + b+ ¢ = 1. Chitng minh rang abc(a +b)(b+ ¢)(c+a) < ol
5 & £+£> 1 n 1 L 1
be  ca  ab T vab  Vbe +ca

Bai tap 2.14. Cho 0 < a; < 1,7 = 1,n. Chiing minh rang
ai as Qn

+ e —

S—a+1 S—ay+1 S—a,+1

+(1—a)(1—ag)---(1—ay) <1

édéS:al—i—ag—l—---—i—an.

Bai tap 2.15. Cho tam giac ABC, O la diém tuy ¥ trong tam giac, AO, BO, CO kéo dai

cat cac canh ddi dién tai M, N, P. Chiing minh rang:

AO+BO+CO>6
OM ON OP —
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Bai tap 2.16. Cho a, b, ¢ 1a nhiing s6 khong am, n, k 14 nhiing s6 ti nhién, n > 2,k > 1.
Chitng minh rang

L.a"+b"+c">a" '+ b""e+ ™ la
2' an + bn + cn Z anf2b2 + bn7202 + Cn72a2
3.a" + 0"+ " > a4 bR 4 v RaF

Bai tap 2.17. Cho a,b, ¢, d 1a nhitng s6 duong. Chitng minh rang

a” b" " d"” S 1 1 1 1
’ pnt+1 + cntl + dn+1 an-i—l ~a b c + d

an+1 bn+1 CnJrl dnJrl

3. + + + >a+b+c+d
b cn dr am™

Bai tap 2.18. Chiing minh ring trong moi tam giac ta c6 h, + hy + he > 97, & day
ha, by, he 12 ba chiéu cao clia tam gidc con 7 14 ban kinh dudng tron noi tiép.

Bai tap 2.19. Cho a,b > 0;2,y,2 > 0 v x +y + z = 1. Chiing minh rang

b\* b\* b\* A
a+—| +|la+—-) +(a+—-]) >3(a+3b)
T Y z

o

n n

< 2.

Bai tap 2.20. Ching minh ring Vn € N ta c6 7\L/1 +

Bai tap 2.21. Cho m,n la nhitng s6 ty nhién sao cho n > m. Chiing minh rang

(o2) 2

Bai tap 2.22. Chiing minh réng

1. log, 1 (n+2) <log,(n+1) véin € N,n > 2

1\" 1\" 1\ " 1\ "
2.(y+_) <<1+_) <<1__) <<(y__) v6i m,n € N*,m < n
m n n m

Bai tap 2.23. Cho ba s6 duong a, b, c. Chiing minh rang

a? b? 2 a+b+c
+ + >
b+c c+a a—+bd 2

Bai tap 2.24. Cho o, 3,7 > 0 va thod man a+ 3+ v = g Chting minh rang

sin acsin 3 sin y sin 3 sin o sin 7y < 3
cos(a—pf) cos(y—p) cos(a—=) " 4
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1 1 1 s
Bai tap 2.25. Cho z,y,z > 0 va — + — + — = 4. Chiing minh rang
x oy oz

1 1 1
+ + <1
2e+y+z2 +2y+z x4+y+2z

Bai tap 2.26. Cho z,y,z > 0 va zyz = 1. Chitng minh réng

1 313 1+ 3 L 23 1+ 23 3
\/+x—|—y+\/+y—|—z+\/+z+x S 3V3
Ty Yz ZT

Bai tap 2.27. Cho a,b,c > 0 va a + b+ ¢ = 3. Chting minh réng

\/5+\/l_7+\/52ab+bc+ca

2.4.2 B4t dang thidc Bunhiacopxki
1. Dang tong quat: cho hai day s6 a1, as, - - a, va by, bs, - - - b,. Khi d6 ta c6

o (af+aj+---+a)(bF+03+ - +02) > (ar1by + agbsy + - -+ + ayby)?
D N N 211 @ a Qn p 2 N
e Dau bang xay ra khi va chi khi b—l = b—2 == quy u6c neu b; = 0 thi
1 2 n
a; = 0
2. Truong hgp dac biét
a2

s a
e Viin =2 taco: (a+a3)(b?+0b3) > (arby + asby)? dau bang xdy ra & b—l =+
1 b

e V6in =3 taco: (a3 + a3 + a3)(b? + b3 + b2) > (a1by + agby + azbs)? dau bing

2 ai a2 as

ayra & — = — = —

T T b
Binh luan Chtng minh bat déng thic Bunhiacopxki trong truong hop tong quat da duge
chiing t6i trinh bay trong phan Phuong phdp tam thiic bic hai. Cho nén 6 day ching toi
khong trinh bay lai, ban hay xem vi du 2.37 trén trang 26. Sau day chiing téi trinh bay
tmg dung ctia bat ding thic Bunhiacopxki trong cac bai toan chitng minh bat déng thic.

VI DU MINH HOA

Vi du 2.23. Cho a® + b + ¢ = 1. Chting minh ring a + 3b + 5¢ < v/35
Loi gidi. Ap dung bat déng thic Bunhiacopxki cho hai bo sb (1,3,5) va (a, b, c) ta dugc:

(12 + 32+ 5%)(a* + b* + %) > (l.a + 3.b + 5.¢)
a+3b+5c < V35

o | b
Déu biing xy ra khi va chi khi % =2=:
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Vi du 2.24. Cho 3x — 4y = 7. Chitng minh rang 322 + 4> > 7.
Loi giai. Sit dung Bunhiacopxki ta ¢6
2

19— (30— 4y)* < (VB + (—2)?) [ﬁwﬁx) ~2(2y)

< (34 4)(32% + 497)

PR , =1
Vay 322 + 4y* > 7. Dau bang xay ra(:){x )
y=—
14_24_3_1
Vidu2.25. Chola b ¢ . Chitng minh ring
a,b,c>0
1 2 3)*
a2+b2—|—c22< +\/_3+\/_)
Loi giai. Ta c6:
1 1 12 3\]
2 202> 0 b 2 _ = b o240
a”+b"+c _3(a+ +¢) 3 (a+b+c) o s
1
2§(1+x/§+¢§)4
a="?
DAu bang x4y ra khi va chi khi: { b =?
c="?

2?2 +axy +y? =16
V2 4+yz+22=3
Loi gisi. Tit gid thiét ta co:

Vi du 2.26. Cho { ching minh rang zy +yz + zx < 8

e+ 2 (Lay = 16
22 V3 2 _

Theo bat déng thitc Bunhiacopxki ta co:

V3 V] z

(S 2y +35)+ (F2)+3)

2 2 2 2
g\/ w2 e [ 2 (e
=V16.3 = 4V3

3
T do suy ra %—(xij%—l—yz—i-%) <43

Hay zy + yz + zx < 8 (dpcm)
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Vi du 2.27. Cho ay, ay, - - - a,; by, by, - - - by, 13 hai day s6, trong d6 b; > 0,Vi = 1, n. Chiing
minh rang:

a®  a? a? ap +as + -+ +a,)?
S e T (a1 2 )

bi by E bi +by+---+ b,

Loi gidi. Ap dung bat ding thic Bunhiacopxki cho hai day sé:

aq a9 Qp,
B ) & b7 b?"'a bnt 0:
VROV T A

a? a3 az 2
=t (bt by) > (atag e Fay)
by by b,
2 2 2 2
ai  as a; _ (a1 +as+---+ay,)
-+ -+ + =2
b1 by bp = bitbat-+by
Déubé“mgxéyrakhivachikhiﬂ:%:---:%
bl b2 bn
Vi du 2.28. Cho x, %9, -+ , 2, 1& cac s khong am va thod man dieu kién

T1To + ToZ3 + -+ + Ty 1Ty + Tpry = 1. DAt S = > ;. Chiing minh rang
i=1

SN 1
) >
i:1S_xi n—1

3
Z;

Loi gidi. Dat a; = ,bi = \/2:(S — ;) Vi =1,n Theo bat dang thitc Bunhiacopxki

7

(S5 ) (Sus ) = (3) y

i=1

ta co:

n

Do > xi(S —x;) = 5% — ixf
i=1

=1

n

LD OF:

n 2
Nen tir (1) c6: Y- < .
=1

i=1
n n 2

Lai theo bat dang thitc Bunhiacopxki, ta c6: n Y z2 > (Z mz) hay
=1

1= =1

n Z x? > S? (2)
i=1
Mat khac, sit dung bat dang thic Bunhiacopxki mot 1an nita ta co:

n 2
(Z :c?) > (2122 + Doz + -+ Ty 1Ty + T2
=1

Két hop véi gia thiét suy ra

me >1 (3)
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T (1 trén trang trude), ( 2 trén trang ngay trude) va ( 3 trén trang trude) suy ra:

n 3
Iy

23

i=1

PR ) 1
> . Dau bang xay ra khi va chi khi 1 =29 =+ =2, = — (dpcm)

—z; n—1 N

BAI TAP TUGNG TU

Bai tap 2.28. Cho 2 > 0,y > 0 va thod man 23 + ¢ = 2. Chitng minh rang 2% + 3? < 2

Bai tap 2.29. Cho 22 + y? = 1. Chiing minh réng 21+ y 4+ yvVI+x < V2 + V2
Bai tap 2.30. Cho a,b,c,d > 0. Chitng minh ring

a+b b+c c+d d+a 8

- - + >

b+c+d c+d+a d+a+b a+b+c 3
1 1 1 1

- + >3

Bai tap 2.31. Cho a,b, ¢, d 1a cac s6 duong thod méan: :
ai tap o a,b,c, dlacac so ng thod man 1—|—a+1—i—b T =

Chitng minh rang

1
bed < —
et = g1

Bai tap 2.32. Cho a,b,c,m,n,p > 0. Chitng minh réng
a b c 3
+ >
mb+nc mc+na ma+nb " m+n

b
Bai tap 2.33. Cho a,b,c,m,n,p > 0, thoa man e + -4 £~ 1. Cm
m n p

2
m+n-+p> (\/a+\/5+\/5)
N e ~ N o ~ 4 9 P . S
Bai tap 2.34. Cho a,b > 0 va thod man — + 7= 1. Chitng minh rang
a

25
a+b+Va+ B> (24 V2)

Bai tap 2.35. Cho z > y > z > 0. Chitng minh ring

2%y

vz 2w
2 x

i e L T
Y

Bai tap 2.36. Phap biéu va chitng minh bai toan tong quat ciia bai tap 2.31

Bai tap 2.37. Cho a,b,c 1a do dai cac canh ctia tam giac, p la nita chu vi. Chiitng minh

rang

VP<Vp—a+\p—b++p—c<y/3p
Bai tap 2.38. Gia stt zo 1a s6 thuc thod man diéu kien: xj + axd + bxd 4+ azg + 1 = 0.
Chitng minh rang

a4+ v >

Ol o>
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2.5 Phuong phap phan ching

Muén chiing minh mot ménh dé p ding, ta lam theo cdc bude nhu sau:
e Gia st p sai, tic la p ding.
e Tu p ding dan dén diéu mau thuan.

e Két luan p dung.

VI DU MINH HOA

Sau day la cac vi du minh hoa:

. . . 1 1
Vi du 2.29. Cho cac so duong a,b. Chiing minh rang néu a < b thi — > =
a

1 1
Loi giai. Gia st — < b Khi do
a
1 b—a

1
T l<0e
a b~ a

<0< b—a<0(viab>0).

Suy ra b < a, mau thuan vdéi gia thiét.
N . 1 1
Vay dieu gia su la sai hay — > 7 Ta c6 dpem.
a

Vi du 2.30. Chiing minh réng Vz € R ta c¢6 |z + y| < |z| + |y|.
Loi gidi. Gia st ton tai z,y sao cho |z + y| > |z| + |y|. Vi hai vé déu duong, binh phuong
lén ta co

(x +1)* > a® + 2Jz|ly| +y* = 2xy > 2|z[|y|

Diéu nay vo li. Vay |z +y| < [2| + |y|.

Vi du 2.31. Cho céac s6 khong am a, b, ¢, d. Chiing minh rang

Via+e)(b+d) > Vab+ Ved.
Loi giai. Gia stt \/(a + ¢)(b+ d) < Vab 4 V/cd. Binh phuong hai vé khong am, ta dugc
(a+c)(b+d) <ab+ cd+ 2Vab.cd & ad + be < 2V ad.be.

Diéu nay vo li, vi theo BDT Cauchy thi ad + be > 2v/ad.be.
Vay BDT ban dau la dung.

14++/5 <¢§

Vi du 2.32. Chitng minh ring :
5vV10—-2y5 6
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1++5 3
Loi gidi. Gia sit S Levs > V3 Bin phuong len ta c6
5v10—2v5 6
( 1++5 )2>3
5V 10 —2¢/5/ — 36
6+ 2v/5 J

25(10 — 2/5) — 12
& 72+ 245 > 250 — 505
& 37V5 > 89
& 6845 > 7921 (vo 1f).

Vay diéu gid sit 1a sai. Ta c¢6 dpem.

Vi du 2.33. Ching minh rang véi moi s6 thuc a, b, z,y ta c6
(a® +0?)(2® +y*) > (az + by)*.

Loi giai. Gia st (a® + b%) (22 + y?) < (az + by)?. Khi d6

a’z? + a*y? + b22° + b*y? < a*2® + 2abzy + b2y?
< ay? — 2aybr + b*2? < 0
& (ay —bx)? < 0 (vo Ii).

Vay diéu gia st 1a sai. Ta c6 diéu phai chitng minh.

BAI TAP TUGNG TU

Bai tap 2.39. Cho cac so6 thuc a,b, ¢, d théa man a + b = 2cd. Chiing minh rang it nhat
mot trong hai BDT sau 1a dang: ¢? > a;d? > b.
Huéng dan: Phéan chimg, dan dén (c — d)? < 0, vo 1i.

Bai tap 2.40. Cho cac s6 a, b, ¢ théa man 0 < a,b, ¢ < 1. Chting minh réng it nhat mot

1 1 1

trong cac BDT sau la sai: a(1 —b) > Z;b(l —c) > T c(l—a)> i
a>b

Huéng dan: Phan chitng, dan dén { b > ¢ , vo li.

c>a

Bai tap 2.41. Cho céc s6 duong a, b, ¢ théa man abe = 1. Ching minh rang a+b+c > 3.
Huéng dan: Phan chitng, dan dén a?b + ab® + abc < 3ab, tit d6 suy ra a > 4.

Bai tap 2.42. Chiing minh ring néu 0 < z < g thi cotgg < 1+ cotgz.

Huéng dan: Phan ching, dan dén (tgg —1)2<0, vo li.
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2.6 Phuong phap quy nap

Cho ng 1a mot s6 nguyen duong va P(n) la mot ménh dé ding v6i moi s6 ty nhien n > ny.
Néu

1. P(no) la ding va

2. Néu P(k) dang, thi P(k + 1) ciing ding v6i moi s6 tu nhién k > ng thi ménh dé
P(n) ding v6i moi sd ty nhién n > ng

VI DU MINH HOA

Vi du 2.34. Cho n la s6 nguyén, n > 1. Chiing minh réng

1
44— 1= 1
e Tt ot s n (1)
Lo gidi. Ta c6 = — - < 1— = = L Nen (1) diing véi n 2
: — == — —=—.Neén =
i gidl. Ta c6 o5 = 7 ol ung véi
Gid st (1) dang v6i n =k, (k > 2), tic la:
1 1 1 1
b 44— ] 9
@ Tm T T < L (2)
Ta can chiing minh ( 1) dang v6i n = k + 1, tic la
Ll iy <1 (3)
22 32 k2 (k+1)? kE+1
. 1
Cong vao hai ve cua ( 2) véi e ta duge
1+1—|— —|—1—|- ! <1 1—|- !
22 32 k2 (k+1)2 ko (k+1)?
Dé chitng minh ( 3) ta can chitng minh
1 1 1
1 - <l-
F )2 k1
<:>0<1 1 1
Eo(k+1)2 k+1
1
S0 < ——
k(k+1)?

Bat ding thiic cudi cling ding, tic 14 ( 3) ding. Tit dé suy ra di¢u phai chiing minh.

Vi du 2.35. Cho a, b 1a hai s6 tuy ¥ va thod méan a + b > 0. Ching minh rang Vn nguyén
duong ta deéu co:

<a—|—b>”§a +b (1)
2 2
Loi gidi.
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e V6in =1 dé thiy (1 trén trang trudc) dung.

e Gia st (1 trén trang ngay trudc) ding véi sé6 nguyén duong n = k, ta c6

<a+b>k< ak + bk
2 - 2

e Ta phai chitng minh bat déng thic ding véi n = k + 1 tic la

a+ bkl gkt 4 il
P —
(5) =7

a+b

That vay, nhan hai vé cta ( 2) vdi > 0 ta dugc

<a+b>k+1< a*+bFa+b
2 - 9 2

Ta co
b +btatb a4
2 2 2
a4 afh + Ve 4+ 0T < 20 4 20!
sad Tt —adfb — e+ <0
sa"(a—b) —b(a—b) >0
S(a = ¥)(a—8) 20

Dé thay bat dang thitc cudi ciing ding, do dé ( 3) ding. Tir d6 suy ra diéu phai
ching minh. Dau bang xdy ra < a = b. Va néu n 1é thi dau bang x4y ra con them
truong hop a = —b.

BAI TAP TUGNG TU

\ 1\n
Bai tap 2.43. Chiing minh ring (1 v —) <3
n

Bai tap 2.44. Chiing minh ring néu a > —1 va n 1a s6 nguyen duong, thi (14+a)” > 1+na
Bai tap 2.45. Chfmg minh ring néu n € N,n > 2 thi

1
1\/_<\/_\/_ %<2\/ﬁ

1 13 2n-1 1
. _<__...

<
2\/_ n Von +1

Bai tap 2.46. Ching minh rang véi n 13 s6 nguyén duong, a tuy y ta cé

S+

| sinna| < n|sina|

www . VNMATH. com HOANG THANH THOUY



CHUYEN DE BAT DANG THUC www . VNMATH . com 25

2.7 Phuong phap tam thidc bac hai
Noi dung ctia phuong phap nay 1a stt dung dinh 1y vé dau ctia tam thiic bac hai
1. Dinh 1§ thuan: Cho tam thitc bac hai f(z) = ax? + bz + c(a # 0) va A = b* — 4dac.

e Néu A < 0 thi f(x) cing dau vé6i he s6 a, v6i moi s6 thuc x
b

e Néu A =0 thi f(x) cung dau véi he s6 a, v6i moi = # ~5.
a

e Néu A > 0 thi f(z) ¢6 hai nghiegm phan biét xq, x5 gid st (1 < x3). Thé thi
f(z) cung dau vé6i a v6i moi & ngoai doan [zy; xs] va f(x) trai dau véi a khi z
¢ trong khoang hai nghiém (z1; ). (Hay néi gon la "trong trai ngoai cung")

2. Dinh 1§ ddo: Cho tam thiic bac hai f(z) = ax?+ bz +c(a # 0) va mot s6 thite a. Néu
af(a) < 0 thi tam thic c6 hai nghiém phan biét 1, ze(z1 < 22) VA 77 < a < 3.

Céac dang toan thuong gap:

Dang 1: Gia sit can chitng minh az? + bz + ¢ > 0,Vx € R. Khi d6 ta ching minh a > 0
va A =b> —4ac <0.

Dang 2: Gia sit can chitng minh bat dang thic dang b — 4ac < 0, khi d6 ta lap mot tam
thitc bac hai f(z) = az® + bxr + c(a # 0), rdi bién ddi dua tam thitc nay vé dang cac tong
binh phuong dé khang dinh ring f(z) > 0,Vx € R. Tit d6 suy ra A = b* — dac < 0.
Dang 3: Gia sit can chitng minh bat dang thiic dang b — 4ac > 0, khi d6 ta lap mot tam
thitc bac hai f(x) = ax?® + bz + c(a # 0), 16i chi ra ring tam thiic nay c6 nghiém béing
cach tim o € R sao cho af(a) < 0 hodc tim «, 8 € R sao cho f(a)f(3) < 0.

VI DU MINH HOA

Vi du 2.36. Cho tam giac ABC bat ki, A, B,C tuong ting 13 ba goc clia tam gidc ting
v6i ba canh a, b, c. Chiing minh réng Vo € R ta déu co:

2
1—1—% > cos A + z(cos B 4 cos C) (1)

Loi giai. (1) & 2* — 2z(cos B + cos C') + 2(1 — cos A) > 0
Dat f(z) = 2% — 2x(cos B+ cos C) +2(1 —cos A) thi f(z) 1a mot tam thitc bac hai cta z.
Tacoé:hesba=1>0va

A" = (cos B+ cos C)* — 2(1 — cos A)

B+C B-C A
= 4 cos® ; cos? 5~ 4 sin® B)
A B-C
= 4sin* —(cos® -1)
2 2
A B —
= —4sin? Esin2 ¢ <0,VzelR

Vay f(z) > 0,Vz € R.
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Vi du 2.37. Chitng minh bat dang thiic Bunhiacopxki tong quat. Cho
a1,09, ..., Ap, b1, 0o, ... by
14 2n s6 bat ki. Chitng minh réng:
(a4 a5+ - +a2)(b] + b3+ -+ b2) > (a1by + agby + - - - + anb,)? (2)

Loi gidi. Néu a; = ay = -+ - = a,, = 0 thi ( 2) hién nhién ding.
Xét a? + a3 + -+ + a2 # 0. Lap tam thiic bac hai:

flz)=(al + a3+ +a2)x* — 2(arby + agby + - - - + apbp)x + (b7 + b5 + -+ + b2)
Ta c6 f(z) = (a1x — b1)? + (agx — b2)* + -+ + (@, — b,)? suy ra f(z) > 0,Vz nén f(z)
phai co:
A" = (ayby + agby + - + anby)? — (af + a5+ - +a2) (b + b5+ - +b2) <0
& (a1by + aghy + - -+ anb,)? < (a3 4+ a3+ -+ a) (b 4+ b5+ -+ b2) (dpem)
Dau bang x4y ra < a1x — by = aox — by = -+ = a,v — b, = 0

ap az _ Gn

S » (quy u6c a; = 0 thi 0)

Vi du 2.38. Cho a > 0 va n 1a s6 tu nhién. Chitng minh ring:

1+ vAa+1
\/a+\/a+---+\/5<+—2a+.

n dau cin

Loi gii. Dat
xr1 = \/E
T9 = a+ \/5

xnz\/a+\/a+---+\/5

n dau cin

Do a > 0 nén ta c6 ngay =, > x,_1.
1. Néu a = 0 thi bat ddng thic hién nhién dang.

2. Néu a > 0, khi d6 ta c6 z, > x,_1.
Mat khac tu cach dat ta co xi =a+ T, 1.
Vay 22 < a+ x, hay 22 —z,, —a < 0.
Xét f(t) = t* —t —a < 0. Theo trén ta c6 f(x,) < 0, vay theo dinh 1i ddo dau
tam thic bac hai thi tam thitc bac hai f(¢) c6 hai nghiém ¢;,¢2(t; < t2) thod man
t1 < x, < to, tuc la

r, < ———— (dpcm)
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Vi du 2.39. Cac s6 a,b,c,d,p,q thod man diéu kien: p? + ¢> —a? — 0> — 2 — d%> > 0.
Chiing minh rang:

(pg — ac = bd)* > (p* — a® = b*)(¢* — & — d?) (1)
Loi giai. Diéu kieén da cho dugc viét duéi dang:
P —a® =)+ (= =d*) >0 (2)

Khi do, ti ( 2) ta co

)P =a®=0*<0
e Hoic 5 9 )
¢ —c—d* >0

o P -2 —d><0
e Hoic
g P —a?—b >0

Do dé bat dang thic ( 1) ding.
Vi vay khong lam mat tinh tong quat c6 thé gia si p> —a? —b% > 0. Suy ra p? > a2 +b> > 0

nén p # 0.
Xét tam thiic bac hai

flx) =" —a® = b*)2* = 2(pq — ac — bd)z + (¢* — & — )

Suy ra f(z) = (pr — q)* — (ax — ¢)* — (bx — d)*. Véi a = %, ta co:

fa) = = ((aa = o+ (ba )
Nén (p? — a® — b*) f(a) < 0. Theo dinh 1i ddo dau tam thiic bac hai thi tam thic f(x) c6
nghiém, tit do6 ta dugc
A = (pg—ac—bd)?— (p* —a* - *) (¢ - —d*) >0
Hay (pg — ac — bd)* > (p* — a®> = V?)(¢> = ¢ — d*) (dpcm)
Vi du 2.40. Ching minh rang Vo, y ta déu c6
(z+y)? —ay+1>V3x+y)
Loi giai. Ta co:
(z+y)—ay+1>V3x+y)
sty tay+1>2V3+yV3
s+ y—V3)r+y  —yV3+1>0
Xét f(x) =2+ (y — V3)x +y* — yv/3 + 1, ta co:
Ay =(y— V3 —4y* —yV3+1)
= 32 +2V3y — 1
= —(V3y—12<0,Vr,yeR
Mt khac f(z) co he s6 a =1 > 0 nén f(z) > 0.

9-v3 V3
6 VT3

Dau bang x4y ra < x =
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BAI TAP TUGNG TU

V6i cach giai tuong tu nhu nhitng vi du trén, ta ¢6 c6 thé giai cac bai tap sau:

Bai tap 2.47. Chiing minh réng Va,y ta luon co:
2%(1 4 sin®y) + 2z(siny + cosy) + 1 + cos’y > 0
Bai tap 2.48. Cho tam giac ABC. Chitng minh ring Vx,y, 2 ta c6
22 + 9% + 22 > 22y cos C + 2yzcos A + 2zx cos B

?+y?+ 22 =38

Bai tap 2.49. Cho (z,v, z) la nghiém ctia hé phuong trinh {
Yy +yz+zr =4

. 8 8
Chtng minh rang —3 <z,y,z< 3
, b d=17
Bai tap 2.50. Cho a,b,c,d € R thoa man atbhet
A+ dP =1

. 5
Ching minh rang 1 < a < 5

r+y+z=>5

Bai tap 2.51. Cho z,y, z thod man
Ty +yz+zx =8

Chiting minh rang 1 < z,y,2 < 3

2 byt p =2

Bai tap 2.52. Cho z,y, z thod man
zy+yz+ze=1

. 4 4
Ching minh rang —3 <zxz,y,z< 3

Bai tap 2.53. Tim m dé biéu thiic sau day luon duong

P =927 + 209 + 42° — 122y + 622 + mayz véi 2® +y> + 22 £0
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2.8 Phuong phap dao ham

Dé gidi mot bai toan chiing minh bat ding thiic bang dao ham, thudng ching ta lam theo
cac bude sau:

w» Budce 1: Xac dinh ham f(z) va mién xac dinh D ctia né.

» Bude 2: Xét sy bién thien ctia f(z) trén D ho#c trén nhitng doan con thich hop ctia D.
= Budc 3: Tu sy bién thien ctia f(z) trén D két hop véi tinh chat ctia do thi ham s f(x)
suy ra két luan ciia bai toan.

VI DU MINH HOA

Duéi day chiing toi trinh bay moét vai vi du minh hoa cho phuong phap:

Vi du 2.41. Chiing minh rang Vz € (0; g) ta co: sinz < r < tgx.
Loi giai.

* Truée hét ta sé chiing minh sinz < x (1) Va € (0; g)

= Bude 1:

(1) ©x—sinz >0

£ . . x . ™
Ta sé xét ham s0 f(x) = x — sinz, trén mién xac dinh [0; 5]1

= Bude 2: - -
Ta co: f'(z) =1 —cosz >0, Vx € [0; 5] Do d6 f(x) la ham dong bién trén [0; 5]
= Bude 3:

Vay v6i moi z € (0; g), f(x) > f(0)=0< x—sinz >0< x> sinz.
* Ching minh: = < tgx (2) Va € (0; g)

(2) & x —tgr <O0.

Xét ham: f(z) = x — tgz trén [0; g]

Tac6 f(z)=1— <0 Vrelo g], do d6 f(z) la ham nghich bién tren [0; g]

cos? x

Vay v6i moi z € (0; g), flx) < f(0) e x—tgr <0&x < tgr.
s 1

Vi du 2.42. Chiing minh rang: z* + (1 — z)* > 3’ Vr e R.

Loi gii:

Xét ham s6: f(z) = 2 + (1 — x)* tren R.

Ta c6:

* f(x) = 4{1;3 —(1— x)?’}
1

*f/(x)>0<:)x3>(1—x)34:)x>1—x<:)x>5.

Béng bién thién cta f(z):

!Chiing ta phai xét [0; g}, chtt khong xét (0; g) dé con ton tai £(0)

www . VNMATH. com HOANG THANH THUY



www . VNMATH. com

CHUYEN DE BAT DANG THUC www . VNMATH . com 30
1
T —00 2 +00
f(x — 0 +
+00 +00

-

1
Vay, 22+ (1 — z)* > Va € R.

ga

Vi du 2.43. Cho z > y > 0: Chiing minh réng:

:1:—|—y> r—y
2 Inx —Iny

Loi giai.
= Buée 1:
Ta co
r+y r—y
2 Inx —Iny
a1 ny>22 Y (do x>y >0)
nz —In ox
Y Tty )
x o
@ln—>2.g
Y —+1
)
x P
sm--22 >0 (1)
Y —+1
Y
£ o x N P t—1
Néu dat t = — > 1 thi (1) ¢6 dang: f(¢t) =Int — 2'75—1——1 >0 (2).
)
= Bude 2: 1
Xét ham s6: f(t) =Int — 2. voi ¢ > 1.
t+1
Ta co:
1 t+1)—(t—1
iy p D= 1)
t (t+1)2
t—1)>
:( ) >0, Vt>1
t(t+ 1)

Do d6 ham f(t) luon dong bién tren [1; +00).
= Bude 3:
Suy ra f(t) > f(1) = 0. Vay, (2) dang, tit d6 suy ra (d.p.c.m)

Cht ¥

o~ Khi st dung phuong phap dao ham dé ching minh bat déng thiic thi ching ta phai di

HoANG THANH THUY



CHUYEN DE BAT DANG THUC www . VNMATH . com 31

khao sat st bién thién ctia mot ham f nao dé. Vi vay ching ta can chd y dén may diém
sau:
0 Phai xic dinh ding ham f va tim dtng mién xac dinh D.
® Vicc xac dinh diu cta f ¢6 thé tién hanh theo céc cach sau:

* Tim cac diém t6i han clia ham sé f, roi lap bang xét dau cta f'.

* Giai bat phuong trinh trén mién D.

* Néu khong tim dudc cac diém t6i han ctia ham s6 f thi ta tinh f* roi tit dau cta
f” xac dinh duge cac khoang don diéu cua f’. Tu d6 xac dinh duce dau cia f’ (xem vi
du 2.45).
® Viéc xac dinh ham s6 f ¢6 thé theo nhieu huéng nhau, khong ¢é mot quy téic nao cho
phép x4c dinh cdc ham f. Mot s6 bai thi ham f c¢6 thé nhin thay ngay tit dé bai ( xem
cac vi du 2.41 trén trang 29, 2.42 trén trang 29 ), mot so thi phai bién doi khéo méi dugc
ham f hop Iy (7). Nhin chung dé tim duge ham f thich hop thi ching ta can huéng dan
hoc sinh nghién cttu ki dé bai, vi du 2.46 trén trang tiép 1a mot vi du vé viéc xac dinh
ham f cho thich hgp.

Vi du 2.44. Chitng minh rang:
1 1 2007 1

5007 ~ 2006 ~ 2006

Loi giai. Bat ding thitc da cho duge viét lai dudi dang:

1 1
—— < In2 —In2 —
5007 < In2007 — In 2006 < 5006

. 1
Xét ham s6 f(x) =Inz, véi z > 0. Ta co f'(xr) = — > 0,Vx > 0.
x

Do d6 theo dinh 1i Lagrange thi V0 < a < b déu ton tai ¢ € (a;b) sao cho:
1
Inb—Ina=-(b—a)
c
Dac biét v6i a = 2006, b = 2007 suy ra Jc € (2006;2007) sao cho

In 2007 — In 2006 = !
c

1 1 1
ay —— < — =1n2 —1n?2 —
Vay 2007<c n 2007 — In 006<2006

Chn y: Dinh 1i Lagrange
Néu f(z) ¢6 dao ham trong khoang (a;b) thi v6i moi 1,22 € (a;b) déu ton tai zo nam
gitta x1, s sao cho

fla2) = fla1) = fe)(x2 — 21)

3
Vi du 2.45. Cho x > 0, chiing minh rang: x — % < sinz.
3
Loi gidi. Xét ham f(x) =sinz —z + % trén [0; 4+00).
2

Ta c6: f'(z) =cosz — 1+ %
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f7(x) = —sinz +x > 0, Vo > 0 (chitng minh diéu ndy tuong ty nhu vi du 2.41 trén

trang 29).

Suy ra f/(z) 1a ham dong bién trén [0;+o00) = f'(x) > f/(0) = 0,Vz > 0. Do d6 ham
3

f(x) dong bién trén [0;+00) < f(x) > f(0) =0z — % < sinz,Vz > 0.

N 2
Vi du 2.46. Ching minh rang Vz € (0; E) ta c6 3x — 2® < — .
2 sin 2z
T
Loi giai. Xét 2 ha 6 : =3x — 23 v = tréen (0; —).
i giai. Xé am so sau: f(z) = 3x — z° va g(z) o, tren (0; 2)
Ta c6: f'(z) =3 —32% f'(x) =0z ==+1.
Béang bién thién cta f(z): o
z -1 0 1 2
f(x) - 0+

: %

T bang bién thien ta c6 f(z) < 2, Vz € (0; g) (1).

M3t khac ta lai ¢6 0 < sin2zx < 1, Vz € (0; g) & gx) =
Tit (1) va (2) ta ¢6 f(z) <2 < g(x), Yz € (0; g).
Dau’ =" xay ra khi va chi khi dong thoi ¢c6 dau’ =" & (1) va (2) ¢6 nghia la:

xr = 1 xr = 1 R
& T diéu nay la vo ly
x p—
4

Vay f(z) < g(z), Vz € (0; g) hay 3z — 23 <
© Loi binh:
Trong vi du nay, néu ching ta xét ham s6 f(r) = 3z — a3 —

. s N
trén mien (0; —) thi ve

sin 2x ( 2>

S g o Lo i e 5 ., COS2T

nguyeén tac la van duge. Nhung thuc té viéc xét dau cta f/'(x) = 3 — 32* + 4 trén

sin” 2x
(0; g) Ia rat khé khan. Vi, f’(x) c6 chita ca biéu thiic lugng gidc va biéu thitc dai so.

BAI TAP TUGNG TU

Bai tap 2.54. Ching minh ring Va € (0; g) ta co:

. 2z
©® sinx > —.

0) QSin:E + 22—;33 > 2:v+1.
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@ x.sinx + cosz > 1.
23
®@sinr >1r— —.
6
. x3
@ tgx —sinx > o

Bai tap 2.55. Cho 0 < 2 # y < 1 chiing minh réng:

1
<ln y —In * )>4
y—x 1—y 11—
Inx 1

<
r—1  x

Bai tap 2.56. cho 0 < z # 1 chitng minh rang:

Bai tap 2.57. Cho z > 0 chitng minh ring:
O lnz <.z

1
e In <1+\/1+x2) < —+Inz
x

Bai tap 2.58. Chiing minh riing cic bat dang thiic sau day luon ding véi z € [0; 1]

72
a)l—x<e‘x<1—a:+?
e zt
b)1—z< <1- —_—
Ji-e<gsl-24oaT,

Bai tap 2.59. Chiing minh v6i > 0 va v6i moi s6 nguyén duong n ta déu co:

2 3 "

z X
[ >1+$+§+§+"‘+H

Bai tap 2.60. Ching minh rang v6i moi s6 nguyén duong n > 3 ta ¢c6 " > (n 4 1)"
Bai tap 2.61. Chitng minh ring diéu kién can va du dé:
zt+p2*+q¢>0, Ve eR la 256q > 27p*.

Bai tap 2.62. Chiing minh ring Vz ta co:

V17T < Veos2x +4dcosz + 6 + Veos2x — 2cosz + 3 < V2 + /11

e n .2y >a?
Bai tap 2.63. Cho z,y thoa man hé:
y < —22% + 3z
Chitng minh rang: 2% + y? < 2
Bai tap 2.64. Cho 0 <z,y,z<1vaz?+9>+22=1
Chiing minh rang:
T Y z S 3v3

1—x2+1—y2+1—z2_ 2
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Bai tap 2.65. Ching minh rang néu z > 0 vd o > 1 thi 2%+ a — 1 > ax. Tu d6 ching

minh
b3 c3
b3 C3 _3 7 + + .

Bai tap 2.66. Cho hinh hop chi nhat ABC'D.A'B'C'D’. Goi «, 3,7 tuong tng la cac goc
ctia duong chéo B’D ctia hinh hop tao vé6i cac canh B’B, B’A, B'C’. Chiing minh rang:

cotga n cotgﬁ cotgy S 3v3
sin v smﬁ siny — 2

Huéng dan: Dat o = cosa;y = cos 3;2 = cosvy. Khi d6 ta c6 0 < o, 3,7 < 1 va 2% +
y? + 22 = 1. Ap dung két qué ciia bai tap 2.64 trén trang ngay trudc ta c6 ngay didu phai
chiing minh.
Bai tap 2.67. Khong diing bang s6 hay may tinh c4 nhan hiy ching minh rang:
® 4tgh°tg9° < 3tg6°tgl0°
® tgh5° > 1,4
91< %°<7
sin —
3 20
Bai tap 2.68. Cho x > y > 2 > 0, chitng minh ring

r oz y_xT Yy =z
- +t-t+=-2—-+=+-=
z Yy Ty z x

Bai tap 2.69. Cho a > b > ¢ > 0, chting minh rang:
AV + 03P + Aa® > b+ VE + Pd®
Bai tap 2.70. Cho céc s6 duong a, b, ¢ chiing minh rang

a . b n c >3
b+c¢c c+a a+b " 2

Bai tap 2.71. Cho a,b, ¢ > 0 chiing minh réng:

3(at + bt + ) ab+bc—|—ca>2
(@ +02+c%)? a2+ +c%
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2.9 Phuong phap hinh hoc, toa do, vécto

Khi stt dung nhém phuong phap nay dé gidi bai toan chitng minh bat ding thic ching ta
thuong van dung cac kién thiic co ban sau:

1. Trong tét ci cac dudng gap khic ndi hai diém A, B cho trudce, thi duong thing nbi
A, B 1a duong c6 do dai bé nhat.

2. Trong mot tam gidc, tong do dai hai canh luon luon 16n hon do dai canh thit ba.

3. Cho M & ngoai mot dudng thang A cho truée. Khi dé6 do dai duong vuong goéc ké
tit M xudng A, ngan hon moi dudng xien ké tit M xubng cting dudng thing Ay.

4. Trong cic tam giac cuing noi tiép duong tron, thi tam giac déu c6 chu vi va dién tich

16n nhat.
S — 7 p
V6i cac vécto a’, b ta co:
— — , . —
5. 1d|+|b|> |d + b|, dau bing xdy ra <= a 11 b2
— N —
6. |'@ — b|> |la| — |b||, dAu bing x4y ra <= @ 11 b
— — B . —
7. @b <|d||b]|, dau bing xdy ra <= @ 11 b
Chi y. Néu ta gin véi toa do, gia stt @ (z1;11), 7(@; y2) (trong khong gian ta xét tuong

tr), ta sé dugc cac bat dang thic sau:

zZ N 9 H
° \/x%—i—y% + \/x§+y§ > \/(:B1+:E2)2+(yf+y§), ddu bang xdy ra <= @ 11 b,
{L‘lzkﬂfg

(k > 0). Bat dang thiic nay c6 thé mé rong
Y1 = ky2

diéu nay tuong duong véi

cho nhiéu vecto.

z N H o X ~
o 117y + Yiya < /22 + y2\/23 + 92, dau bing xdy ra <= @ 1T b, didu nay tuong
r = ko
duong véi { ' 2 (k>0).
Y1 = kyo

VI DU MINH HOA

Vi du 2.47. Chiing minh rang Va2 +a+1++va2 —a+1>2,Va €R
Loi giai. Ta c6

vV +a+1+vVa>—a+1>2
@\/<a+1>2+<£>2+\/<a—3>2+<§>222

2ki hiéu nay nghia la hai vecto @, b ciing phuong
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Dat uw = ( +%;\/7§),7—(—a+%;§) ta co:
o 7=l 2y (2
o 7=l Ly (2

o |u+uv|=2

2 2 N . _ —_— . 2
Bat dang thic can chiing minh ¢6 dang |u| + |v| > |u + v| = 2 day la mot bat dang thic
dtng, tit d6 suy ra diéu phai ching minh.
1
a+
Dau bing xay ra khi va chi khi 21 —
—a+ B
Vi du 2.48. Cho z,y, 2z > 0. Chitng minh rang
Va2 + 2oy + VR + 22 gz Va2 + 2 oz > V3w +y + 2)

S a=0

I

Loi giai. Bat dang thic can chitng minh tuong duong véi

\/(x+y)2+(£y)2+\/(y+f)2+(£z)2+\/(z+£)2+(£x)22\/§(x+y+z)

2 2 2 2 2 2
Dit
3 3
o 7= (o %2y Suy ra T = W‘ g (O
2" 2 2 2
3 3
¢ T=(y+ £Z)- Suy ra || = \/(y +2)% + (£Z)2
22 2 2
o W= (z+ g; ?w) Suy ra |w| = \/(z + g)2 + (?9@)2

Ta ¢6 |u+ v+ w| = V3(z + y + 2) Mat khac ta luon ¢6 || + |0| + |[W]| > |u +v +wl.
Tt d6 suy ra diéu phai chiing minh.
a+2b=9

Tim gia tri nhé nhat cla
c+2d=14

Vi du 2.49. Cho 4 s6 thyc a, b, ¢, d thod man {

T =Va2—12a+ > — 8b + 52+ Va2 + b2 + 2 + d? — 2ac — 2bd+ V¢ + d? — 4c + 8d + 20
Loi giai. Ta ¢6
T=y(@=62+0-42+V(a—c)?+(b—dP+/(c—2)+(d+4)?
Trong mit phing Ozy xét hai duong thing
Ar:x4+2y—9=0 va Ag:z+2y—4=0
Xét hai diém ¢ dinh M(6;4), N(2; —4) va hai diém di dong P(a,b) € Ay, Q(c;d) € Ay
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y
Ay
A, 4
2
|
I
|
19} } Q 5 T
|
.’ Q
|
|
_4___1V

Taco T = MP + PQ+ QN > MN = 4+/5. Suy ra T, = 4v/5. Dau bing xay ra khi va
P = Py(5;2)

chi khi M, N, P,Q thang hang. Hay
Q@ = Qo(40)

BAI TAP TUONG TU

Bai tap 2.72. Cho diem A(2;3), tim hai diem B, C trén Oz sao cho BC = 6 va AB+ AC
nhoé nhat

2402 +1=2a+4b .
Bai tap 2.73. Cho a,b, ¢, d thod man bt ot Chiing minh rang
3c+4d+4=0

A+ d® —2ac — 2bd + 2a + 4b > 2

Bai tap 2.74. Cho a,b,c > 0 va ab + bc + ca = abe. Chiing minh rang

Vb2 + 2a? N V2 + 202 N Va? +2c2

> 3
ab be ca -

P 4ay+y? =3

¢6 nghiém. Chitng minh ran
V2t yzt 2t =16 ghnie g g

Bai tap 2.75. Gia st hé {
Yy +yz+ 2z <8

www . VNMATH. com HOANG THANH THOUY



CHUYEN DE BAT DANG THUC www . VNMATH . com 38

Bai tap 2.76. Chiing minh réng Va,y ta déu co

\/40082:cc082y+sin2 (x —y)+ \/4sin2xsin2y+sin2 (x—y)>2

Bai tap 2.77. Chiing minh réng

1. /22 +4y2 + 61 + 9+ /22 + 4y — 27 — 12y + 10 > 5, Vur,y

2. V9422 —32v2+ V16 + 22 — dz/2 > 5

Bai tap 2.78. Tim gia tri nho nhat clia bicu thic

A=z =12 +y24+(z+1)2+y2+ |y — 2|

x,y,z2 >0
r+y+2<1

/ 1 / 1 / 1
2+ — PP+ 5 2 5 > V82
T Y Z

Bai tap 2.79. Cho { . Chitng minh rang
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2.10 Phuong phap mién gia tri

Chiing xét hai bai toan sau:
Bai toan 1. Tim gia tri 16n nhat, nhé nhat néu c6 clia biéu thic P = f(z) v6i v € D.?
Bai toan 2. Tim gia tri 16n nhat, nhé nhat néu c6 ctia bicu thic P = f(x,y) * véi
z,y € D.

Phuong phap lam dang toan nay nhu sau: Truéec hét tim diéu kien ctia P ° dé he
phuong trinh sau cé nghiém.

=P A ) =P Z. . .
{f(x) (doi v6i bai todn 1) va {f (=.9) (d6i v6i bai toan 2).
xreD x,y€ D

VI DU MINH HOA

Vi du 2.50. Tim gia tri 16n nhéat, gia tri nhé nhat ctia biéu thic

2sinx +cosx + 1

sinx — 2cosx + 3

2sinx +cosz + 1

Loi giai. Ta c6 sinz —2cosx 4+ 3 # 0,V € R. Khi d6 P = thi phuong

sinx —2cosz + 3’
trinh sau c6 nghiém
2sinx +cosx + 1 B

sinx —2cosx +3

Twong duong véi phuong trinh sau c6 nghiém

(2—P)sinz+ (2P +1)cosz =3P — 1

Diéu nay tuong duong véi (2 — P)?+ (2P +1)2 > 3P - 1)? & —= < P <2 Vay GTNN

N —

1
cua P la —5 va GTLN ctia P 1a 2.

Vidu 2.51. Cho z,y > 0 va x +y = /2 + /y + /ry. Tim GTLN, GTNN ciia

m =z +y— Ty
S = . S% > 4P

Loi gidi. Dt VIRV pinigenta {2
P=/xy S, P>0

Hé sau c6 nghiém

2 _
{52—2P:5+P p=2"9
= 3

S—P=m — 82 4+ 48 = 3m (¥)

3Diéu kien D & day khong nhat thiét 14 doan hay khodng ma la mot rang buodc cho trude clia z, y
4Pé don gidn ta chi xét biéu thitc hai bién
5Coi P la tham s6
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2 _
52245 S

i = S -8
VI{&pZo < 3 >0 < 1<8<4-

S>0

Vay hé phuong trinh ¢6 nghiém khi va chi khi phuong trinh (x) c6 nghiém { S

ol s

Giai ra ta duge 0 < m <
4

. 4
Kétluan 0 <m < 3 Vay GTNN cua m 1a 0 va GTLN cua m la 3

BAI TAP TUGNG TU

Bai tap 2.80. Cho z,y thod man vz —4 + /y — 1 = 4. Tim GTLN, GTNN ctia

A=uxy—3y
Bai tap 2.81. Cho z,y # 0 thod man 22 + y?> = 2%y + zy*. Tim GTLN, GTNN cta

2 1
A=Z4=
r y

Bai tap 2.82. Cho z,y # 0 thod méan 22 + y?> — zy = zy(z + y). Tim GTLN clia

1 1
A=t

Bai tap 2.83. Cho z,y thod man 22 + y? + zy = 1. Tim GTLN, GTNN clia

A= -y +20°
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2.11 Cac phuong phap khac
2.11.1 Phuong phap lam troi

VI DU MINH HOA

Vi du 2.52. Chitng minh rang Vn > 2,n € N ta c6
1 1 1 1

n+1+n+2+”'+n+n 2

Loi giai. Ta ¢6

1 1
>
n+1 n+n
1 1
>
n+2 n+n
1 1
>
n+n-—1 n-—+n
1 1

n+n_n+n

Cong cac BDT theo vé, ta duge

1 1 1 1 1 1 1
+ +o > + ot - -
n+1 n+2 n+n n+n n+n n+n 2
Ta ¢6 dpcm.
Vi du 2.53. Ching minh rang Vn € N,n > 2 ta c6
1 1 1
ﬁ+§+"'+ﬁ<2.
Loi giai. Ta c6
1
!
! < L =1
22 " 1.2 2
1 1 1 1
n2 " (n—1)n n-1 n
Cong vé véi vé cac BDT ta c6
S P (I R U ST
12 22 n? 2 n—1 n n

Ta c¢6 dpcm.
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Vi du 2.54. Chting minh rang: Vn > 2,n € N ta c6:

> \/n.

H

1
Jn

5
_l’_
-
_l’_

Loi giai. Ta c¢6

V

V

Sl-s-
sl-sl-

\%

- sl
Si-

. . 1 1
Cong vée v6i vé cac BDT tac6: —+ —+---+—=2>n = /n.

Ta c6 diéu phai chiing minh.

Vi du 2.55. Chitng minh rang: Vn > 2,n € N* ta c6:

1 1
I+ —+——+ -+

2.
1.2 1.23 lo.n =
Loi giai. Ta ¢6
1=1
1
— =1-=Z=
1.2 2
1 1 11
123 23 2 3
1 <1_1 1
1234 34 3 4
1 1 1 1

Cong ve v6i ve ta co

1 1
VI<1l+1—=-+-
<1+ 2—1-2

1
3 n—1 n n

Ta c6 dieu phai chiing minh.

BAI TAP TUONG TU
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Bai tap 2.84. Ching minh rang Vn € N* ta c6

(LI DS S
32 52 (2n+1)2 4

1 1,1 1

) |
Z, = . 2 d -
Hudng dan: St dung mr=3 < ra=T P Y

).

Bai tap 2.85. Chiing minh rang véi moi s6 ty nhién n ta déu c6

1 1 1
+ o —— < L.
vVn2+1 Vn?24+2 vVn2+n

1 1 1
< =
vnZ4+1  vn?2 n

Bai tap 2.86. Ching minh rang v6i moi s6 tu nhién n ta déu c6

<2(v/n—+vn-—1).

Huéng dan: Stt dung

1
vn
Huéng dan: H6i Trinh Van Van K53D.
Bai tap 2.87. Chiing minh réng véi moi s6 tit nhién n > 2 ta déu c6

11 1
=t =< 2V — 1,
V1oV2 vn

Huéng dan: Nhu bai trudc.

2.11.2 Phuong phap lugng giac

VI DU MINH HOA

Dang 1: Sit dung diéu kién ctia bién |z| < k, k > 0 diat

r=ksina,a € [— g,g] hodc z = kcos o, v € [0; 7).

Vi du 2.56. Chitng minh rang [3v/9 — a2 + 4a| < 45.
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Loi gidi. Dieu kién: |a| < 3. Dat a = 3sina,a € [— % §] Khi do
13vV9 — a? + 4a| = |3.3cosa + 4.3 sin
= 3|3 cosa + 4sin ¢

3 4
= 15]5 cos a + gsina\

iﬂe[&zb

3
= 15|cosa — G| (v6i CosﬁZE,sinﬂ:5 5

< 15.
Ta c6 diéu phai ching minh.
Vi du 2.57. Chitng minh riang néu |z| < 1 va n 1a s6 nguyén duong n > 2 thi
(1—2)"+(1+x)" <2m

Loi giai. Dieu kien: |z| < 1. Dat z = cos o, # km(k € Z). Khi d6

(1—z)"+(1+2)"=(1—cosa)”+ (14 cosa)"

(
(281n ) —i—(QCosZg)n
2"

2

a 2n &
(sm 5 +cos 2)

< 2"(sin2 % + cos? %) (vin >2)

= 2"
Ta c6 diéu phai ching minh.

Dang 2: Cac bién z,y ciia bai toan c6 diéu kien 22 + 3% = k2, k > 0.

— ksi
Iﬂndétadm:{m THY Y6t a e [0;2n]
y = kcosa

N 1
Vi du 2.58. Cho z? + y? = 1. Chitng minh ring 1 <25 4+¢% <1,
L&QﬁDa{xzmm véi a € [0;27], ta c6
Y = cos

2% + 9% = sin® a + cos® a
— (cin2 2 4
= (sin? o + cos? ) (sin* @ — sin? o cos? a 4 cos®* @)
2

= (sin® a + cos® a)? — 3sin® a cos® a

3
=1— =sin®2a.
4sm Q
1 3
Mat khac vi 0 < sin? 2a<1nen1§1—zsm 200 < 1.

Ta c6 dieu phai chiing minh.
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Vi du 2.59. Chitng minh ring néu a + b = 2 thi a* + b* > a3 + 3.
Loi giai. Ta xét hai truong hgp sau:

e Néu ab < 0, khong méat tinh tong quat, gia sit b < 0. Tit do suy ra a > 2 va

4 3
a” > a
{b4>b3 =at+v >+

a = 2sin’ o

oNéuabZO,tfra—i—b:Qtadat{ vl a € [0; 27]. Khi d6

b=2cos’a
at+ bt > ad+1® < 16sin® o + 16 cos® a > 8sin’ a + 8 cos’ a
& 8sin® a(2sin® a — 1) + 8cos® a(2cos®*a — 1) > 0
& 8cos2a(cos® a — sin® ) > 0

& 8cos® 2a(cos” a + cos® asin® a + sin? @) > 0

BDT cudi diing. Vay a* + b* > a3 + b°.

3
57

Dang 3: Stt dung diéu kien |z| > k,k > 0 dat = = Q€ [O; Z) U [77;
—_— COos 2

\/&2—1+\/§<2
- < 2.

Vi du 2.60. Cho |a| > 1. Chiing minh rang —2 <
T 3 o
, Q0 € [O; 5) U [’/T; 7} Khi do

Loi giai. Dat a =
COS &

I
V@143 Vaowa 1TV
. = T
COS v
= cos aftga + V/3)

= sina + V3 cosa

T
—2 LAY
cos(a 6)

Do do6 —2 < 2. Ta c6 dpcm.

Va2 —1+V3
B a

Dang 4: Bai toan c6 biéu thic dang 22 + k2, diit « = ktga, a € ( — g; g)

Vi du 2.61. Chiing minh ring |1+ ab| > Va2 + 1.v/02 + 1.
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(e

véi a, f € (—%;5). Khi d6

a = tgo

Loi giai. Dat
b=tgl

11+ ab] = |1 + tgatgs|
B ‘cosacosﬁ—i-sinasinﬁ

cos acos 3
cos (o — f3) |
cos « cos (3
1

cos acos (3
= 1+ tg2a.\/1 + tg23
=Va2+ 1V + 1.

IN

Ta c6 diéu phai chiing minh.

1 (a+b)(1—ab)
(14 a?)(1+1?)

<

N 1
Vi du 2.62. Chitng minh rang véi moi a,b ta ¢c6 — 3

™

—t
L% veia@e (=5 5). Khids

Loi giai. Dat
b=tgl

(a+b)(1—ab)  (tga+tgB)(1 — tgatgs)
(14+a2)(1+062) (14 tg2a)(l +tg?B)
= cos? a. cos® B(tga + tgB)(1 — tgatgp)

= sin(a + 3). cos(a + f3)

5 sin2(a+ )
1
!

IA

Ta c6 dieu phai chiing minh.

BAI TAP TUONG TU

Bai tap 2.88. Cho a,b,c,d théa man a = ¢yv/1—d?,b = dv/1 — ¢2. Chiing minh rang

jal + bl < 1.
Huéng dan: Dat |d| = cos «; |¢| = cos .

Bai tap 2.89. Cho a, b, c 1a do dai cac canh clia mot tam giac vuong, canh huyén c. Céc

s6 thie z,y, z thod man ax + by = cz. Chitng minh ring 22 + y? > 2%

Huéng dan: Tt ax + by = cz suy ra g + -y ==z
c c

. b . . .
Cha y rang sin A = g; cos A = —. Xét cac truong hgp z, y dong thaoi bang 0 va khong dong
c c

thoi bang 0.
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Bai tap 2.90. Chiing minh ring 4aby/(1 — a2)(1 — )+ (2a>—1)(2b*—1) < 1, véi [b] < 1.
Huéng dan: Dat a = cosa; b = cos (5.

Bai tap 2.91. Cho cac s6 duong a, b, c thod man a + b = c.
Chting minh ring a®* + b4 > ¢3/4,

. b b
Huéng dan: Tt a + b = c suy ra a + - =1. Dat sina = g;coszoz = -.

c ¢ c c

Bai tap 2.92. Cho 42% + 9y* = 25. Chitng minh rang |6x + 12y| < 25.
3Y\ 2
=) =1

) 2
Hudng dan: Tu 422 + 9y* = 25 suy ra (_x)2 + ( 5

)

2
Dit sina = —x;cosa = 3_y
) )

Bai tap 2.93. Chiing minh réng véi moi n > 2 va véi moi a ta c6
—(1+ad*)" < (20)"+ (1 —a*)" < (1 =d*)"
Huéng dan: Viét BDT duéi dang

2a \n 1 —a?
—ls (m) +(1+a2

)" <1
Q@
Data:tgg,—ﬂ<oz<7r.

0< <1 .
Bai tap 2.94. Cho z,y, z thod man { D= . Chitng minh rang

Ty +yz+zer =1

T n Y n z >3\/§
1—22 1—9y2 1-—22— 2

Huéng dan: Dat x = tga;y = tgl; z = tgv,0 < o, 5,7 < g Dua veé

tg2a +tg28
1 —tg2a.tg2f

—tg27.

Bai tap 2.95. Cho z,y, z thod man 2 + y* — 22 — 4y + 4 = 0. Chitng minh ring
22 —y? +2V3xy — 2(1 +2V3)x + (4 — 2V3)y — 3+ 4V3 > 1.

Bai tap 2.96. Cho 22 + y? = u? +v? = 1. Chitng minh ring

[2(u =) + y(u+0)| < V2
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3 UNG DUNG CUA BAT DANG THUC

3.1 Giai phuong trinh, hé phuong trinh, bat phuong trinh

VI DU MINH HOA

Vi du 3.1. Giai phuong trinh o — 1 + 5 — 2 = 2v/2
Loi gidi. = Ap dung bat ddng thic Bunhiacopski cho hai bo sé:

(L) va (Vo —Tv5 =)

ta dudgce:
2
(12 + 1) {(\/x —1)* 4+ (V5 — x)ﬂ > (\/x —14++5— x)
2
<:>2(m—1+5—x)2(\/x—1+\/5—x)
2
@(x/x—l%—\/f)—x) <8
Ve —1+v5—2<2V2
Dau” =" xdy ra khi va chi khi:
Ve—1 b—x
|
Sr—1=5—=z
Sr=3

Vay phuong trinh c6 nghiém duy nhat x = 3.

Vi du 3.2. Giai phuong trinh sau:

V2 +x+1+vVa2—z+1=2 (1)

f 2 1>0
Loi gigi. Do: 4 & T8 Vr € R
?+z+1>0
nén tap xac dinh ctia phuong trinh la: x € R.
Loi giai 1:
= Ap dung bat ding thic Cauchy cho 2 sé duong;

Va4 +1, Va2 —x+1
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ta co:
\/x2+x+1+\/x2—x—|—122\/\/932—1—:6—1—1.\/352—334—1
=2/ V@ + )+ [+ 1)~
=2 rr4+a2+1
=2Vat+ a2 +1
> 2
Dau” =" x4y ra khi va chi khi
Vi+ax+1=vr2—z+1 _0
Vit+a2+1=1 a
Vay phuong trinh da cho c¢6 nghiém duy nhat z = 0
Lai giai 2:
» Chon hai vécto
1 V3 1 V3
U = (—x 5,\/7—) V&U—(:L‘—I—?\/T_)
Ta co
S 1, V3,
. = - = —
7=y 5+ ()
1 3
7=y (L
U+ U=

w =k
k>0
1 1
(—x+§):k.(a:+§)
= ﬁzk‘/_g
2 "2
k>0
{k:1
p=—
=0

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 0
Loi giai 3:
w Viét lai phuong trinh (1) duéi dang tuong duong sau:
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Trong mat phiang toa do Décac vuong géc 2Oy chon ba diém

L £)7 B(l; v8

9 7)7 M(SE; 0)

Ta c6:
o ad =l D (L

v B = (o Ly (D
e AB=2

Do dé (2) tré thanh:
AM + BM = AB < M, A, B thang hang

Dé thiy phuong trinh duong thing AB la:

1 V3
T+ 5 _ Y+ 7
1 V3
Vi M, A, B thang hang nén toa do ctia M phai thod man phuong trinh duong thang AB,
tu d6 tim dugec z = 0
Vay phuong trinh da cho ¢6 nghiém duy nhat z = 0.
Binh luan Trén day la ba cach giai dai dién cho ba huwéng danh gia khac nhau ctia mot

"d6i tugng". (v6i bai toan trén, ban doc c6 thé tim hicu trong [?] dé biét them mot s6 cach
gidi thi vi khac) Trong ting dung ciia bat dang thitc dé giai phuong trinh, bat phuong
trinh, tuy thuoc vao timng doéi tugng can danh gia ma ta chon hinh thic tuong ting, ¢ thé
la diing truc tiép mot bat dang thitc quen thudc nao do; dung dao ham, khéo sat ham so;
ciing c6 thé dung hinh hoc, vécto, toa do,...

Vi du 3.3. Giai phuong trinh sau:

Va2 — 21+ 5+ Va2 + 22+ 10 = v29 (2)
Loi gidi. Phuong trinh (2) duge viét dudi dang tuong duong sau:

Ve =12+224+/(z+1)2+32=+v29 (2.1)

+) Tap xéc dinh: z € R
+) Dat: @ = (1 —2;2), 7 = (z +1;3) ta cé:

0\7| V(1 —x)2+22
o |V =/(z+1)2+ 32
o | U+ V| =29
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Khi d6 phuong trinh (2.1) ¢6 dang: ||+ |7'| = | + 7| (2.2)
Nhung (2.2) x4y ra néu va chi néu

—N—
v I
)

5
=l

((1—xz) =k(z+1)
&12=k3
k>0
)
2
 A—
@9 1
€rT = —
("5

. 1
Vay phuong trinh da cho c¢6 nghiém duy nhat x = R

Vi du 3.4. Giéi phuong trinh: 3% + 4% = 5% (3)
Loi giai. Phuong trinh da cho tuong duong véi:

3 4

—)* -)*=1 (3.1

Cr+dy =161

Dé thay x = 2 1a mot nghiém ciia (3.1), ta sé chiing minh né 1a nghiém duy nhat.
Chu y ring ham s6 y = a® nghich bién khi 0 < a < 1

* V6i x > 2 ta co:

Gy < Oy
2 x 2 2
(g) < (g)
SOy + (R <GP+ (r=1

=x > 2 khong la nghiém

* V61 z < 2 ta ¢o:

Gy > (22
2 x i 2
(g) > (g)

=)+ (> (G + () =1

=x < 2 khong la nghiém

Vay phuong trinh da cho c¢6 nghiém duy nhat z = 2

Vi du 3.5. Giai phuong trinh: (z — 1)20% 4+ ( — 2)20% =1 (7)
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Loi giai. Ta co:

Xét ham sb: f(z) = (x — 1)290 + (2 — 2)29%% tren doan [1;2].

Ta co:
2006( 2005 $ . 2)2005)
( ) =0 (l‘ )2005 ( 2)2005 =0
(J} )2005 —(CL’ o 2)2005
sr—1=—(r-2)
o 3
T ==
2
Béng bién thién cia f(x):
T —4 —2 0 2
['(z)
1
f(@) \
Z 0 =
Tu bang bién thién ta c6 f(z) <1 Vz € [1;2]
Dau” =7 xdy ra khi va chi khiz =1V x =2

Vay phuong trinh da cho c¢6 hai nghiém z; = 1,25 = 2.
Vi du 3.6. Giai phuong trinh sau:
gsine _ glsing ooy 4 olel — 0 (9)
Loi gidi,
9) & {(2511“3)2 — 2287 cos a7 + cos® a:y} - {2"’” — cos? xy} =0
2
& <25i” — CoS xy) + (2”| — cos? xy) =0(9.1)

Nhan xét rang:

2
. (2““" — oS my) > 0,Vz,y
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o 2171 > 90 =1 > cos? ay, Va,y
= 21l —cos?zy > 0,Va,y
= VT(9.1) > 0,Vx,y
Vay phuong trinh da cho duge thod méan néu va chi néu:
25T — cos y x=0
<~
27l =1 = cos® zy yeR
L1 r=0 o, . -
Ket luan: { la nghiém cua phuong trinh da cho.
yeR
BAI TAP TUONG TU
Bai tap 3.1. Giai cac phuong trinh sau:
® V/x+1+V3—2=2/2
bS: =1

@V +1+V3—z=2vV2+1

b.S: .Il:l,.%'g’g:l:t\/ﬁ

©\Vr+9+ 15 —x=2V12

bS: z=3
0Vr—2+/4i—x=2>—6z+11
bS: z=3
© /22 + 4y + 6z + 9+ /22 + 4y — 22 — 12y + 10 = 5
r=a«
1
—3<a<l1

@ sinz+ /2 —sin’z +sinz.\/2 —sin’z =3

D.S: x:g—l—lm,kez

@ /22 tay+y?+ Yzt 2= ViR s+ 2
D.S: PT v6 nghiém

Bai tap 3.2. Giai phuong trinh: vz — 2+ 4 — 2 = 2% — 62 + 11

bS:z=3
Bai tap 3.3. Giai phuong trinh V322 — 72 + 3—Va22 — 2 = /322 — 5x — 1—V22 — 3x + 4
DS:z =2
Bai tap 3.4. Giéi cac phuong trinh sau:
1. V322 4+ 62+ 7+ vVba2+ 10z + 14 =4 — 22 — 22
bS:z=-1
2. Ve —1+vVz+3+2/(z—1)(x+3)=4—2z
DS:xz =1
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3. Vr—vVr+1—-Ve+4+Ve+9=0

bS:z=0
4o\ /(x+2)2x—1) =3V +6=4—/(x+6)(2z — 1) + 3/ + 2
DS:z=7
31y
5. Yy — 1+ 2y — ==
DS:x=y=2
16 4 1225
6. + + =82 —+vVzr—3— —1—+2z—0665
Vi=3 -1 Jz-0665 v vy v
r=19
bS: ¢y =
x = 1890
7. Vb —a28 — /3t —2=1
DS: |z] =1
8. |Wa2—4x+5—+vVax2—10x+50| =5
5
DS: z = -
Ty

9. 2v/x +1+V3—2 =2z +1
DS:le;le—Fx/ﬁ

Bai tap 3.5. Giai bat phuong trinh vz — 1+ vz —3 > /(22 — 3)2 + 22 — 2
bS:z=5

3.2 Tim gia tri 16n nhéat, gia tri nhoé nhat

Tu tudng ciia phuong phap nay: stt dung cac bat déng thic quen thuoc da biét, cac danh

gia khéo 1éo dé chi ra dau ” = 7 trong cac két qua mong mudn. Tir dé xac dinh duge
GTNN, GTLN. Sau day la cac vi du minh hoa.

VI DU MINH HOA

Vidu 3.7. Cho z,y,2 >0 vax +y+ z = 1. Tim gia tri 16n nhat cia

_w+y+z
x4+l y+1l o 241

Loi giai. Ta c¢6

r+1-1 y+1-1 =z4+1-1
P = + +
r+1 y+1 z+1

_3(1+1+1>
N r+1 y+1 241
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Ap dung bat ding thitc Cosi ta co:

1 1 1
1 1 1( )>
(r+1+y+1+z+1) itot o) 2

1
>3V (x+1)(y+1)(2+1).3¢
N 1 n 1 n 1 S 9 _9
r+1 y+1 z4+41" " x4+y+2z+3 4
N P 9 3 S > 2 . ~ ? . ]'
Tu’dosuyraPSZS—ZZZ.Daubangxayrakhlvachlkhlx:y:z:5
3 1
Vamem:Z@x:y:z:§
Vidu 3.8. Cho a > 3,b > 4,c> 2. Tim gia tri 16n nhat cla
P_ab\/c—2+bc\/a—3—|—ca\/b—4
N abc

Loi giai. Ta ¢6

\/c—2+\/a—3+\/b—4

P=
c a b

Ap dung bat ding thic Cosi cho 2 sb duong ¢ — 2 va 2 ta dudc:

_ Ve—2 1
c=(c—2)+2>2y/2(c—-2)= . §2\/§

Dau ding thitc xdy ra & c—2 =2 < c = 4.
Tuong tu ta co

va—3 1
a 23
b—14 1
< =
b !
Tu dé P< L + L —i—l Dau ba ay ra < b_8
6 suy ra —— + —— + —. Dau bing x =
c=4
1 1 1
Vay Pz = —=+ —= + —

2 3 . s

Vi du 3.9. Cho z,y > 0 va — + — = 6. Tim gié tri nhé nhat cia x + y
r Yy

Loi giai. Stt dung bat ding thiic Bunhiacopxki ta co

Va2 = (i ) < 4 D vy =4y

VT VY
oty >(\/_+\/_) 5+62\/_
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2 3
PR 246
Dau déng thitc x4y ra < Q é & 3—1—6\/6
VT _ WY y="—
VI Y
5+ 2v6

BAI TAP TUGNG TU

Bai tap 3.6. Cho z,y la cac s6 thay doi thod man dicu kien 0 < 2 < 3,0 <y < 4. Tim
gi4 tri 16n nhat cta biéu thic:

A=Q@B-z)(4-y)(2z+3y)
) , . 1
Bai tap 3.7. Tim gia tri 16n nhat ctia biéu thic P = y — 4 + 8 biét réing 422 + 13> = 1

Bai tap 3.8. Cho (v —1)2 4 (y —2)2+ (2 — 1)2 = 1. Tim z,y, z dé |z + 2y + 32 — 8| dat
gi4 tri 16n nhat.

1

cosxr sinx

Bai tap 3.9. Cho 0 < z < g Tim gid tri nhé nhat ciia y =
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