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LOI NOI DAU.

Khoéng con nghi wggi nira, bit dang thrc d& thrc ar chiém dugc chb ding riéng cho minh
trong rén toan hc hién dai. Néu cac kn throng xuyén theo déi cac ehng trinh360 thé thao hay
24/7 thi cac lan cd tté thiy nhiing chrong trinh pln I6n déu binh IWn nhigu vé mén ti# thao vua —
bongda. Bt dang thic ding Ay, ngay nayi khip cac dén dan toan taiéu thiy vin dé& nong lbng
nhat, thoi su nhat van 1a kit dang thic. Véi mong mwn cé thé gép chdt it congie vao cong cic dbi
mai day va hoc, ching téi — niing thanh vién a Dién Pan Bit Pang Thirc Viét Nam VIMF - mun
tao ra ndt san chi that sy bb ich cho niking tan da dang va 8 yéu thich b mén kit dang thrc nay. Va
s radoi cua fip san nay lalai dién cho nliing gi ma chang t6i mong rén. Tap san bao @n nhrng
chuyén mc chinh:

- Bat dang thirc tir nhitng cujc thi: tuyén chon nhing kit dang thic va nhiing i giai hay tr cac céc
thi nhe NMO (thi toan @a cac qéc gia), TST (chn doi tuyén thi toan gdc ), dé thi tuyén sinhdai
hoc, cac cac thi bit dang thrc, ...

- B4t ding thirc aru tAm va sang ho: tuyén chon nhitng kit dang thic hay ma ching téirtsang 4o
hoic aru tim duoc tir cac bai toan trén cacadidan, dic biét 1a Dién ban Bit bang Thrc Viét Nam.

- Giai toan nhu thé nao? tim kiém nhirng bai vét msi hay W cac \in dé bat dang thic o dién — hin
dai, nhiing sang4o mgi, nhiing ing ding aia Mt bt dang thrc dac biét naodd gidp gi quyét dugc
dugc mot 16p cac bai toan ding thic, nhirng tim toi & rong cho ngt bat ding thic hay naaio, .

Tap tai liéu khdng chla ngroi ban dong hanh @i ching ta ma t6i con mong B ring N6 con
gilp céc bn ty traoddi, tich iy kinh nghém lan nhau théng qua & mbi thanh vién haytéong gop not
chut src minh vao dp sandé né ngay cang hoan tim hon. Cac hn co ti¢ tham giadong gopo cac
chuyén mc: Bat ding thic tir nhitng cudc thi va Giai toan nhw thé nao?. Riéng chuyén mc bit
ddng thic tir nhitng cuc thi kéu @i s déng gop i tit ca cac thanh vién thdng quateipost cadi thi
hay tr cac rim 1én forumdé tong hyp va tim bi giai méi (néu co).

Yéu cau khi tham gia: X i ,
beé cho thong nhit, lam cho &p san co tinh fhquan, @ doc, & tra ciu va tun cle thoi gian
chung téi biéndp chnh sra lai. Cac lun tham gia én phii tuén thi nghiém ngt cac yéu 4u sau:

1. Bai chi danh may Bng word (2003 hic 2007) va chgiri vé mot dia ch email duy nht:
vif. wmf@gmall com
2. Tét ca cac cong the toan san thio déu phii dung mathtype h@ equation éa word 2007.

Tranh tinh tang c6 chi thi viét binh throng c6 clir hoic symbol thi dung mathtype, nlhé st khéng
tao tmhdong b cho #ip san va rit thoi gio bién p chinh gra ki. Vi thé, yéu du tit ca cac cong thc
toandéu phai dat trong mathtype.

3. CA4c bai vét phai trinh bay ndt cach khoa bc nhit, khéngduoc viét lang man
4, Font chir a Unicode, & chit |a 11, size trong mathtypéreg la 11 i
5. Bai trong chuyén mc Bat dang thirc tir nhirng cubc thi cac kn co e sru tam tir cac cuc thi

va mt s 1o giai khac nhau (né ghi g6 xut st bai todn va tén Hie nickname ngoi giai). con chuyén
muc Giai toan nhe thé nao? phai 1a nhitng bai vét méi gan day (do fan viét thi cang ét) bao gm
nhitng tim toi khAm phad/mot bit ding thrc naodé hay nét ki thuit nho &p ding gii mot 16p cac ft
dang thic ...

6. Cac lan giri bai dén nhy dé lai tén twi, nicknamedé ching ti tn cip nhit thong tin

Cii cuing, xin lru y ring chudng t6i thrc hién tip san nay Mt cach nghiém tac vi ae dich gido
duc. Vi thé, ching ti hi yng raing cac bn odng tac dng phii that sy nghiém tlc va co trach rém di
v6i méi bai viét cia minhdé gop phan hoan thin tip san nay. Cacab tham gia tichec 8 duoc hrong
wu dai tir dién dan. Xin chan thanhaen on
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Bir Ding Thirc Tir Nhing Cupc Thi

BAl O 1.Cho cé&c 8 thic dwonga, b, ¢ sao chaabc = 1. Ching minh eng
a+3 b+3 c+3 > 3

Gt 12 T+ T cx12”

UK TST 2005

Lol GiAl 1 (VIME). Doabc =1 néndit a==,b=—,c=

% |<
N|><

<IN

Bat dang thic duoc viét lai nhu sau
2
X+ Xy, 3y + yz, 3%+ 2%
(x+y)?* (y+2* (z ¥

- §{(X_y+1J +[y_ Z+1j +( z X+1j2]
41\ x+vy y+ 2z Z+ X
+1{(x+y)2—(x— W, (- (y ¥, (2 X-(2 )%}23
4 (x+yy (y+2° (z+ ¥

Hay

2 2 2
x=y) ,[y-z +[sz_3 x Y, ¥y z 2 X3 X)yy)z-z)
X+y ytz z+ *y y oz % ( %)y Wy )z+z)
+ Néu (x— y)(y- 2( = ¥<0 thi bit trén hén nhiéndang.
+ Néu (x- y)(y- 2( = ¥=O0thi theo lat ding thic AM — GM ta c6

x=y), LZ2+(L32>33 (x Wy Xz )X

X+y y+ 2 z ¥ \(* Xy X 2)
. o o (X=y)(y—2(z X 2 Al s
Nén ta chicin ching minh T yT A2 )§1<:> 2(x y+ Yz+ 2 %2 0(luén dang).

Vay ta c6diéu phai ching minh.Ding thic xay ra khi va chkhia = b = ¢ = 1.

Lot Giral 2 (VIMF). Trudc tién ta cling minh 2 b dé sau
Bo bk 1.

1 1 1 2
+ + >
14a 14+b 14c¢c 14+a+b+c

+1

Bo b 2.
! + ! + ! + >1
o (I+a)? (A+b)2 (A+c)? a+b+c+1"
Chizng minh B dé 1. Bat dang thrc twong duwong Wi
3+ab+bc+ca+2(a+b+c)> 3+a+b+c
 24ab+bct+cata+b+c T 14+atb+tc
Ma theo lt ding thic AM — GM thi a® + b* + ¢? = 3Va? b?c? = 3
Véy Bo d¢ 1 dugc chrng minh. )
Chitng minh B ¢ 2. theo nguyén Ibirichlet thi 2 trong 36 (a — 1), (b — 1), (c — 1) cuing du,

c+1

khong m‘ittinhténgquétgdaﬁ:(a—l)(b—l)20=>7=ab+12a+b.Tacé

1 1 1
Arar T aenr > 1rap s @7 D+ (@=-b)F =0 (ding)

ea®+b2+c%>1

1 + 1 - 1 .
(a+1)?2 (Bb+1D2"14+ab c+1

Do do6
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1 1 1 1 c 1 1

> =1
(1+a)2+(1+b)2+(1+c)2+a+b+c+1_c+1+(c+1)2+C+1+C+1
. c
Véy Bo de 2 dugc chrng minh.
Tro lgi bai toan.Bat dang thic da cho trong duong Wi
1+1+1+2+2+2>3
o 1+a 1+b 1+b (a+1)?2 (Bb+1)2 (b+1)2—
Ma theo d @é trén ta cé
1 N 1 N 1 N 2 N 2 N 2
1+a 1+b 1+b (a+1)?2 (Bb+1)2 (b+1)>2
2 2
+1=22=1=3

>
. _(a+1)2:|_(b+1)2+(b+1)2+a+b+c+1
Vay ta codiéu phai chtng minh.bang thic xay ra khiva clikhia=b=c=1

NHAN XET. Tir loi gidi trén ta c6 tlé lam chit bai toan ling giz thiét ab + bc + ca = 3 = abc > 1.
Cé&c lun hay thr lam xem
]

BAI O 2.Cho céc 8 thuc deonga, b, c vax,y,z sao char + x = b+ y = ¢ + z = 1. Ching minh
1 1 1
(abc+xyz)<—+—+—) >3
ay bz cx
Russia 2002
Lot GiAl 1. Ta co

(abc + xyz) (

1 1 1 bc ca ab zx xy yz
—+— —) =—+—+— = 4=
ay bz cx y z x a b c

bc ca ab zZx xy VZz
—(7+c)+(7+a)+(7+b)+(z+z)+(?+x)+(?+y)
c a b z x y
—-(@at+x+b+y+c+z)=—+—-+-+—-+-+=-6
o ) y z x a b ¢
Theo it dang thic AM — GM 2 $ thi
a z b x c y
—+=>2, —+=>2 —+=>2
o 'z a x b y
Cong cac ht dang thirc nay ¢ theo ¢ ta suy raliéu phai chirng minh.

Lol GlAl 2.
Tum&k@nmcm(§+1)=y(§+1)=z6+¢)
1

z
1

Hay2+1=2,241=2 S41=
x x’y vy’ z
D{itﬂ=m,2=n,£=pth‘lm+1=—,n+1=l,p+1=l
X o, Y z o y z
Va hat dang thrc cin chirng minhduoc viét lai thanh
(abc+1)(xz+xy+yz)>3<:>( +1)( t ! )>3
xXyz a b ¢/~ mnp mp+1) n(m+1) pn+1))
mnp +1 mnp + 1 mnp + 1
&——t1+— —
m(p +1) n(m+1) p(n+1)
(:)p(n+1) m(p+1) n(m+1) m+1 N n+1 N p+1 -
y p+1  m+1  n+1l mp+1) nm+1) pn+1)
D¢ dang clitng minhdugc bat dang thrc trén fang kit dang thrc AM — GM 6 $.

+1=>6

BAIL O 3.Cho céac 8 thic deonga, b, ¢ sao cho(a + b)(b + ¢)(c + a) = 1. Ching minh eng
3
ab+bc+ca< Z

Romania 2005, Cezar Lupu
Lol GlAl l.
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Tur b4t ding thrc quen thac (a + b)(b + ¢)(c + a) > g(a + b + ¢)(ab + bc + ca) va gi thiét suy ra

9
(a+b+c)(ab+bc+ca)£§

Hon nita ta éing coa + b + ¢ = +/3(ab + bc + ca)
Nén

®| o

J3(ab + bc + ca)3 <
Tur day ta & dang suy raiéu phii ching minh.

Lol GlAl 2.
bata+b=x,b+c=y,c+a=zthixyz=1vaa =
Va bit dang thic cin ching minhduoc viét lai thanh
x+y—zy+z—-x y+z—-xz+x—-y (@Z+x—-y)x+y—z
2 ' 2 + 2 ' 2 + 2 ' 2

x+z-y b= x+y-z c= y+z—x
! 2’ 2

3
S —_

4
Hay

o x*+y?+2%+322(xy +yz + zx)
Vi xyz = 1 nén lat dang thrc nay co th viét lai thanh
o x2+y?2+2%2+2xyz+ 12 2(xy + yz + zx)

bay la ndt bat dang thrc kha quen thic.

BAI O 4.Choa, b, c 1a cac $ thuc khéng am sao chob + bc + ca = 1. Ching minh gng

Jai+a+JB+b+yE+ 22 ar br ¢

Lol Giai 1 (Albanian Eagle) )
Bat dang thrc can ching minhdugc viét lai thanh
a 4 b N c - (a+b+c)ab + bc + ca)

Jab+c¢) Jblc+a) Jc(a+b) (@a+b)b+o)c+a)
Ap dung bit dang thic Jensen d6i véi hamf(x) = % ta co

a b c a+b+c

+ + >
Jalb+c) Jb(c+a) +c(a+b) \/a2b+ab2+bzc+bcz+cza+ca2

Iran TST 2008

. a+b+c
Do d6 ta ch can chrng minh

(a+ b +c)*(a?b + ab? + b%c + bc? + c?a + ca® + 2abc)

> 4(ab + bc + ca)(a®b + ab? + b?c + bc? + c?a + ca?)
Khéng mit tinh Hng quét, gi sit ¢ = min {a, b, c}. Khi d6 bt ding thic trénduoc viét lai thanh
(a —b)?(a?b + ab? + a’c + b?>c —ac?> —bc®) +c?(a+b)(a—c)(b—c) =0

Bat dang thic nay hén nhiénding doc = min {a, b, c}.
Vay, ta c6diéu phii chang minh

Lo Giai 2 (VIMF).
Theo it dang thrc Mincopxki ta co

Ja+a+\b + b+ G+ c=./ d+ dab be dary B (bab bc kay € (cab 4c)
=Ja’(a+b+ 9+ abct\ B( & b x+ abe. % & b)e abc\/(z Ja+a +b)2e+(3\/ z)f:n

=\/(a+ b+ )’ +9abc.
Do d6 ta chi can ching minh

J(a+b+d’+9abc 2f(a b+ Y ab be da- Y ‘a3 abkc) 2a+h).
Day chinh la Bt ding thrc Schur . Vay bai toandugc ching minh .
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1 1
Ding thic xay ra khi va chkhi (a, b, ¢) = [— — —] hoac (1; 1; 0) va cac hoaniv

NERNENE

]
BAI O 5.Cho céc 8 thyc deonga, b, c. Chiing minh gng
(a® +2)(b%2 + 2)(c? + 2) = 9(ab + bc + ca)
APMO 2004

LOIGIAI L. Pt ¢ = =<, Khi d6

(b? + 2)(c? +2)—b2c2+1+2b2+2c2+322bc+2b2+2c2+3=(b+c)2+b2+c2+3
> ;(b +¢)?>+3
Va dodé ta chi cin chtng minh
(a®> +2) (; (b+0c)*+ 3) > 9(ab + bc + ca) © [(b+ ¢)? + 2](2 + a?®) = 6(ab + bc + ca)
Theo Hit ding thic Bunhiacopxki thi

[(b+c)?+2]2+a?) = (V2(b+c)+ \/fa)z =2(a+b+c)?=6(ab + bc + ca)
Va treong hop rat radugc didu phii chang minh.

Lol Glal 2. Ta € ching minh kit didng thic chit hon
(a2 +2)(b?2+2)(c?+2)= 3(a+b+c)?+ (abc — 1)
V6i moi s6 thue deonga, b, ¢
CHUNG MinH. Bat dang thrc trén trong duong Wi
2(a?b? + b%c? + c?a®) + 4(a® + b% + c¢?) + 2abc + 7= 9(ab + bc + ca)
Theo tit dang thic AM —GM thi
2a2b? + 2 + 2b%c?+ 2 + 2c%?a®+ 2 > 4ab + 4bc + 4ca

Va3a? + 3b%+ 3c¢? > 3ab + 3bc + 3ca
Nén ta chcan ching minh

a? +b%+ c?+2abc+ 1 = 2(ab + bc + ca)
Theo nguyén IDirichlet thi 2 trong 36 (a — 1), (b — 1), (c — 1) cuing du. Khéng nat tinh Hng quat,
gia st (a—1)(b—1) =0 thi 2c(a—1)(b — 1) = 0 = 2abc > 2bc + 2ca — 2c . Do d6 ta ch can
ching minha? + b2 +c?+1>2c+2ab e (a — b)>+(c — 1)2>0
Bat dang thrc trén ludnding.
Viy ta c6diéu phii ching minh.Ding thic xay ra khi va chkhia =b = ¢ = 1.
Ding thic xay ra khiva chkhia = b = ¢ = 1

Lol Gial 3 (VIMF). Ta € ching minh it ding thrc chit hon bai toan badau nhrng trong pam vi
rong hon voi bai toan trongdi giai 2.
(a®?+2)(b?2+2)(c?*+2) = 3(a+ b +c¢)?
véi moi sb thuc a, b, ¢
CHUNG MinH . Bét dang thrc da cho trong duong Wi
2(a?b? + b%c? + c?a®) + a® + b2 + c? + a®’b?c* + 8> 6(ab + bc + ca)
Theo nguyén IDirichlet thi c?(a? — 1)(b? — 1) = 0= a?b?c? + ¢? = b%c? + c%a?. Do d6 ta ch
can ching minh
2(a’b? + b%*c? + c?a?)+6=>4(ab + bc + ca) ® (ab—1)?+(bc—1)?+(ca—1)>=> 0
Bat dang thic trén luénding.
Vay, ta codiéu phii ching minh.dang thrc xay ra khi va ciikhia = b = ¢ = +1

BAI O 6.Cho cac 8 thuc x, y, z sao chax + y + z = xy + yz + zx. Tim gia t¢ nhs nhit cia
X .y . 2
X*+1 y'+1 Z+1

Brazilian Math Olympiads
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Lot Gial 1 (Vo Quoc BA Can), Chox =y = —1 vaz =1 thi P — _71 VA ta § ching minh gia t

nho nhat cua P 14 _71 tirc 14 chiing minh

_|_
X*+1 y*4+1 2241 2 X+1 y+1 7Z+1
Tudidukienx +y+z =xy + yz+ zx tacO z( X+ y—1)= x+ y— X\.
Chu y &ing ta khéng thco x+ y=1, bsi vi néu ngroc la x+ y=1, thi X+ y— xy=0 hayxy =1,

2 2
X y N z >—l(i}(x+1)Jr(yL|—1)>(z—1)2

2
maXYSle(diéu nay vo Ii) nénx+ y=1vata cg= XY= XY
4 4 ot y—1
2 2 2
Nén ta chcin ching minh (X2+1) + (y2+ 1) > (ZW— 1) :
X*+1 Yy 1T (X4 y= 1+ (X Y= Xy

Theo Hit ding thic Cauchy — Schwarz thi
(x+17 | (y+1P (@400 y)+ @+ )= x) a(xy—1
X +1 Y41 1+ X)) yF+ @& ¥)E xf @ X)E yP+ @ ¥)E xF
Nén ta clican ching minh
AX+ Yy—1F + 4(x+ y— Xy > (I+ X))@ YW+ & ¥)E ¥
o f(X)=(Y —3y+3)%— (3Y¥ — 8y+ 3%+ 3§— 3y 1>
Mata céa, = (3y? —8y+ 37 — 4(y*— 3y+ 3)ByY— 3y+ 1=— 3¢~ B< nénf(x)>0
Vay ta codiéu phai chirng minh.

Lol Gial 2 (VIMF). )
bita+ b+ c=p,ab + bc + ca = q,abc = r, ti gia thiét ta cop = q
Ciing nhr dir doan trong di giai 1 ta $ chiing minh gia tr nho nhit caa P |a—§ va ta clirtng minh
2X n 2y T 2_—1 . q2r+ po-3r+ p 2_—1
X¥+1 y'+1 Z+17 2 4 pP— 20+ F— 2p+ 1T 2
S e2pr+p*-3r+p)+(@*+2p° -2p-2pr+ 1201 —6r+4p°+120
T bat dang thrc dang

(ab —c)? + (bc — a)?> + (ca—b)?> =0
ta thuduogc
a?b? + b%c? + c?a? + a® + b? + c? = 6abc © (ab + bc + ca)®> + (a + b + ¢)?
> 2abc(a+ b +¢) + 2(ab + bc + ca + 6abc & 2p? = 6r + 2pr + 2p
Va dodo
r2—6r+4p?+1=r2—6r+2p®>+1+2p2=r2—6r+2p>+1+6r+2pr+2p
=r+p’+@+1*=20
Phép clitng minh hoanat.

BAI O 7 .Cho a,b,c 1 cacddwong va x,y,z lalg dai 3 nh aia mst tam giac. Ching minh eing

\/Mam \/w_fxw \/Xf_vzbcs ar b
z y X

o MIC Staff 2009 — R4N Quoc LudT
Lol GiAl 1 (MIC Staff). Sir dung kit dang thrc AM — GM ta cé

Z+x— +z—x Z+x— +z—Xx
’—yab+ ’y—ca=\/a ’ ya+ ’y c
Z y Z y

2
1 zZ+x— +z—x
<a+- —yab+ y—ca
4 ’ z ’ y
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Nén ta chcan ching minhduoc

X+ —Z Z+x-—y +z—x
’ Y ’ ’y ca| <b+c,

(4_2”%)“(4_”%)622 zjx+§—z+]<z+x—y><y+z—x> e

yZz
> 0 nén sau khi apug kit dang thic AM — GM, ta ch cin

z+x-y y+z—x

Chu y éng 4 — >0va4d—
chang minh tt dang thrc sau

<4+z+x—y)(4_y+z—x)> 2\/x+y—z+\/(z+x—y)(y+z—x)
~ >

2

y ve yz
Bat dang thrc nay trong duong Wi bit ding thic sau

x+y—z+z+x—y+y+z—x+ x+y—-2)y+z—x)z+x—y)
z z y xXyz

<4

Pitm=y+z—x,n=z+x—y,p=x+y—zthimmn,p lacac é deong va lit dang thic trén tt
thanh

m n p \/ 2mnp mn? + np? + pm? + mnp

m+p+n+m+p+n+ (m+n)(n+p)(p+m)£2@ m+n)(n+p)(p+m)

2mnp & mn? + np? + pm? + mnp
(m+n)(n+p)p+m)

> /2mnp(m +n)(n +p)(p + m)
Binh phrong 2 \é cua kit dang thrc nay tadugc bit dang thic trong duong 1a
m?n* + n’p* + p?m* > 3m*n?p?
Bat dang thrc nay hén nhiénding theo Bt ding thic AM — GM 3 ).
Vay ta codiéu phai chirng minh.

Lol Gl 2 (MIC Staff). Gia s rang x, v, z la d6 dai 3 anh ciu tam gidcABC. Khi do

A B
z+x—y sind—sinB+sinC 25”170057
z h sinC h

Cc
C057
biéu nay dn dén

Z+x— +z—x XxX+y—2z
/Tym /y_m frroe,

CcoS= VabSLn +cos \/casm +cos—VbcsmC

é B os&
COSZCOSZCOSZ

(abcos2 % + cacos ';1 + bccos? ) (sinA + sinB + sinC)
< (Cauchy Schwarz)

A osBcost
COSZCOSZCOSZ

= V2abcosB + 2cacosA + 2bccosC + 2ab + 2bc + 2ca
Mit khac, Wi chil yé bt dang thic quen thac
2abcosB + 2cacosA + 2bccosC < a? + b? + c?
Ta c6 tte dé dang suy radt qua caa bai toan.

Lol Glal 3 (VIMF).
Dox,y,z lado qai 3anhaiamjttamgiac nédatx = k+m,y=m+n,z=n+k (k,mn > 0)
Bat ¢ang thrc can chrng minh trong duong Wi
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JZk ab+\/ 2n ca+\/ 2m bcs a+ b+ «
k+n m+ n m+ Kk

Khéng mit tinh Hng quat, gi sir k 1a $ & gittam van. Theo lit dang thic AM — GM, ta c6

2k 2n 2m 2ka 2na k- n 2mc
ab+ ca+ c= b+ k
k+n m+ n mt k K N m n m k

51( Z<a+b+ 2na  k+ n., 2mc+bj:§1{2a+2b+( ke n, ZmJ(C}

2 k+n ktn mtn m K m n M
Do d6 ta chi can ching minh

3.(k+”+ szsca (k+ m(k+ D+2ngm p<2( m ) m )

2\m+n mt+ Kk

= k*+mng km+ kn= ( k B k )0
Bt dang thirc tréndling dok 1a $ ¢ giram van.
Vay ta cddiéu phai ching minh.bang thrc xay ra khi va ctikhia =b =cvax =y = z.

BAI O 8.Cho cac 8 dwonga, b, c. Biét rang a<sb< cvaa+b+ c=1+%+—1. Ching minh eing
a c
1

a+c-1

b>

MIC Staff 2009 — Vasile Cirtoaje
Lol Gial 1 (MIC Staff).
Tugiathiéta < b < ctasuyrab —c)(b —a) < 0, hay laac < b(a + ¢ — b), tir d6 din dén
1 1 1 a+c 1 a+c 1

b = — — —_ = [ — —
atbtc a+b+c ac +b_b(a+c—b)+b'

Suy ra
b(a+c)*—2(a+c)+b(1—-b?) 20,
Va ta thuduoc
~ Vb —bZ+1 1+Vb —bZ+1
at+c< 5 hoica+c¢ > 5 :
Mit khac, ta thy a + ¢ > b mat—2 "2 bb "+ < b nén khong té xay ra trong hop a + ¢ < —1_@.

Nhu vay, ta phii co
1+Vb*—bh2+1_1+Vb2 1

> > —
a+c= 5 > 5 b+1

Hay la

b>——:
L, ) Ta+c—=1 .
Bat dang thrc aia taduoc ching minh xong. B thay rang tr cac ip luan trén ta cdiang thrc xay ra
khivach khia=b=c=1.

LoI GlAl 2 (MIC Staﬁ)
Détx— Y= z——thltaplzilchu:ngmlnhy< +——1vmx>y>z>)vax+y+z—1+

141 Tu:glathletx+y+z——+ +—,tasuyraiu:qc
y z x ¥y z

1 1 z
= S 2(——
2y (x+z)(xy 1)+\/(x+z) (xz 1) +4
Do d06 ta phii chirng minh

<x+z)($_1)+j@ﬂ)z(é_lf%sz(;g_l)

Hay la
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1 z 1
jmz)z(__l) raseen(Lar)-:
XZ XZ
Do
1 1 (z—1)?
(x+z)(—+1)—2=x+—+ >0
A L, \XZ X Z
Nén ta co th binh plrong 2 \é bat dang thirc trén va thu gn no hi thanh
4 -1Dz-1
(z+x)(x —1D)(z )S 0
/ 5 7 Xz r 1 1 1 \
Bat dang thrc nayddng reu x > 1 > z. Tuy nhién, ap ¢hg gia thict x + y + z = < +;+; mot lan

nira, ta tAy rang
1 1 1 1 1 1 1 1 1
2(x+y+z)=2<—+—+—)=x+y+z=—+—+—=<x+—)+(y+—)+(z+—)26
X vy z X y z x y z
Tir d6 suy ra

1
xtyt+z 1
Z

x = 3 =1,
Phép cling minh @a ta hoanat.

Lol Gial 3 (VIMF). Pat bc = x,ac = y,ab = z. Do a<b< cnénx= y= z

Tacéa+b+c=£+—é+—l«= ab+ bet ca2 Abe a€ abo « W =2 xy Wz
a c

Va bit ding thic cin ching minhduoc viét lai 1a ab+ bc= b+l = x+ 2\/Zyx+1

2
Chly #ing X= y= Znénx+ y+ z= xy+ yz zngﬁs x ¥y 23 % x1

Bay giv ta xét 2 trong hop

Trudng hop 1.Néu z=1 thi ta chi can ching minh XZ\/ZyX

Ma dox= y= zva x=1 nén xzx/l.xz\/z(
y
Tir d6 ta codiéu phai chirng minh
Truong hop 2.Néu z<1
+ —_—
XT 27 X2 5046

Tu X+ Y+ z= Xy+ yZ Z, suy ray=X
X+z-1

x+22\/§(+1=» X+ z-1= /Mc\/ﬁ z1> fic (* z)(%x z R=2
y X+ z— Xz X z Xz

o (X+22=(x+ YA x2#D=20e (* M * 2 x21)20- (& )g—X)( AR (
Bat ding thrc trénding dox=1> z
Vay ta c6diéu phai ching minh.Ding thic xay ra khiva chkhix =y =z=1haya=b=c = 1.
]

BAI O 9. Chocéc $ thuc dronga, b, c théa mana? + b? + c? = 3. Ching minh ing
82—-a)2—-b)(2—-c)=(a+bc)(b+ca)(c+ ab)
TRAN Quoc Ludt - MIC Staff 2009
LOI GiAl 1l (MIC Staff).
Gia st c = min{a, b, c}, suy rad < ¢ < 1. Ta c0 cadanh gia sau
22—-a)(2-b)=8—4(a+b)+2ab=8—4(a+b) + (a+ b)? —a? - b?
=4—-a’-b’+(a+hb—-2)2=4—-0a’>-b*=1+c?
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(a+bc+b+ca)® (a+b)?*(c+1)? - (a® +b?)(c?+1)

(a+bc)(b+ca) <

) 4 ) 4 - 2
3—c“)(c+1
=( )2( ) <(B-c»)(*+1),
a® + b? 3—c?2 342c—c?
c+ab<c+ > =c+ 5 =

Vi vdy, dé ching minh Bt dang thrc da cho ta chcan ching minh it cziéng thic sau &t
o 7 8(c—2)=>(B-c?)(B+2c—c?
La mot bat dang thrc hién nhiéndung vi
82-c)—B3-c>)B+2c—c)=T-cH(c-1?*=0
Vay ta c6diéu phai ching minh.Ding thic xay ra khi va chkhia = b = ¢ = 1.

LOI Gl 2 (MIC Staff). Twong tr nhu loi giai 1, ta ding cddanh gid2(2 — a)(2 — b) = 1 + ¢?
Mit khac theo &t diang thrc AM — GM thi2(2 —¢) =4 —2c > 4 — (c? + 1) = a? + b?
Do \y, theo tt ding thrc Bunhiacopxki thi
42—-a)(2 - b)(2 —c) = (a® + b?)(c? + 1) = /(a2 + b2)(c? + 1).4/(a? + b2)(c2 + 1)
> (ac + b)(a + bc)
Ngoai ra, 4p dng bit ding thic AM — GM ta ding c6
a?+b%? c?+1
2= > + > >ab+c

Két hop vai két qua ¢ trén ta thuluoc diéu phii chirng minh.

Lo Gial 3 (VIMF). Khéng nit tinh tng quat, gi st ¢ = max {a, b, c}, khi d6
3=a’+b?>4+c?<3c*’=>c>1, 3=a’?+b*’+c?>2ab+1=>ab<1,

Taco
4—2a=a’-2a+1+b%?+c?>b%+?
Danh gia trong tr ddi véi b vac. Nhan céc it dang thic lai véi nhau tadugc
8(2—a)(2-b)(2—c) = (a® + b?)(b? + c?)(c? + a?)
Va ta chi can ching minhduoc
(a®? + b2)(b? + c®)(c? + a®) = (a + bc)(b + ca)(c + ab)

& (a? + b? + c?)(a?b? + b%c? + c%a?) — a?b?c?

> a?b?c? + abc + abc(a? + b% + ¢?) + a?b? + b%c? + c%a?
Tur diéu kien a? + b? + c? = 3 ta thu @n bit dang thic nay thanh

2(a%b? + b?c? + c?a?) = a?b?c? + 2abc © c?(a? + b?) — 2abc = a?b?(c? — 1)
Hay ta ch cin ching minh
2c2ab — 2abc = a?b?(c? —1) © 2c(c—1) = ab(c—1)(c+ 1) © 2c = ab(c + 1)

biéu nay hén nhiénding theo cadanh gial > ab,2c > c + 1
Vy, ta codiéu phii chirng minh.

BAI O 10.Chizng minh &ng réu a, b, ¢ la cac $ duwong thi
abc < (a+b)(a+b+2c)

(a+b)(b+c)(c+a) ™ (Ba+3b+ 2c)?
TrRAN Quoc ANH — MIC Staff 2009

LOI Gial 1 (MIC Staff). Theo it dang thic AM — GM thi
(a+c)(b+c)_1+cz+ (1+1> - 4c? N 4c  (a+b+20)?
B ab " \a"b)= (a+b)2 a+b  (a+b)?

ab b
Do d6 taduoc
abc c(a+b)

(a+b)(b+c)(c+a) ™ (a+b+2c)?

Mit khéac ta thy
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1
c(3a+3b+2c)? = 5.80. (Ba +3b + 2¢).(3a+ 3b + 2¢)

1/8c+3a+3b+2c+3a+3b+2c\°
s—( 3 ) = (a+b + 2c)?

[o¢]

Suy ra
c a+b+2c

<
(a+b+2c)? ™ (3a+3b+ 2c)?
Nén ir day ta & dang suy ra@uoc didu phii chang minh.

Lol GiAl 2 (MIC Staff). Ta viét bat dang thic cin ching minh hi thanh
(a+b)(a+ b+ 2c) - (3a + 3b + 2¢)?

_abc “(a+b)(b+c)(c+a)
Sau khi phan tach va thoemyta thy bat dang thrc c6 ding trong duong la
1 1 1\ a b (3a + 3b + 2¢)?
2 ( +-+ ) oot
b bc (a+b)(b+c)(c+a)

Dén day ap aing hit dang thic Cauchy — Schwarz ta tHiy rang
1 1 1 a b a+b+c a+b+c a+b
2( +o+ ) — + +

bc bc ca ab
_(a+b+c)2 (a+b+c¢)* (a+b)?
" bc(a+b+c¢) ca(a+b+c) ab(a+b)
(3a + 3b + 2¢)? _ (3a+3b+2c)?

> =
“bc(atbtc)tcala+b+c)+abla+b) (a+b)b+c)cta)
Phép clitng minh @a ta hoanat.

LO1 Gial 3 (VIMF). Chuén héaa + b + ¢ = 1. Khi d6 bt ding thic cin ching minhduoc viét lai

abc <(1—c)(1+c)® 1 - 1—c?
(a+b+c)lab+bc+ca)—abc~™ (3—c)? 1+1+1_1_(3—c)2
s a b c
Theo it dang thrc Cauchy — Schwarz thi
1 - 1 _ 1 _c(1-0)
1.1.1 .- 4 1 . & 1 . (@C+1?
atpte™l axpte~1 1=¢ctc !t

Do d6 ta chi can ching minh
c(1-r¢) - 1—c?
(c+1)2~ (3—10¢)?
Hay(c+1)?2cB-c)* ©(Bc—-1)>20
Bat ¢ang thrc trén hén nhiéndldng. Vay ta cédiéu phai chang minh.

BAIL O 11.Cho céc 8 thuc dronga, b, ¢, x, y, z. Chiing minh gng
bex cay abz  _(& b X

(x+y)(x+ 2 (y+z(y+ )< (2 X # )y 40 x )
Dé Thi Tai Nang Toan Hoc Tré THPT — http://www.truongtructuyen.vn

LOI GlAL it m=x+ y,n= w z k= # thi bit ding thrc da cho trong duong Wi
bo(m+ k-1 cim A K abn k m (8 )

mk mn nk  mr k
@bc(rrf+ |<2—rf+2m|3(+ cam+ h- 2 rr)rJr ao’n *k m2 hk(a+b+c)
mk mn nk
b+ K- cgr+ A- B abh ke H_ o o
mk mn nk

Nhung tir cachdit Ravi trén thi ta thy ngaym,n, k 14 d6 dai 3 @nh aia tam giacABC. Nén Lt dang
thire trén c6 th viét lai thanh
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o 2bccosA+ ZacosB+ Zbcogx a+ b+ t
Bat dang thrc nay la nét bat dang thirc @& qua quén thic. Vay ta codieu phai chirng minh.

]
BAlL O 12.Choa, b, ¢ 1a cac $ thuc dirong. Ching minh lat dang thic
a_k)+E:+£a> /3(& +b%+ c)
c a b
Phap 2005

LO! Gl 1.Theo it ding thrc AM — GM ta c6

ab, bc, ca _3(_ab_bc+_bc_c§_ca_a 3(a +b2+c)
c a b ca ab bec

Nén ir day ta suy ra ngagiéu phii chirng minh.

Lol Gial 2 (VIMF). Ta € ching minh it dang thic chit hon la
ab bc +.c8 a+ 6 B+ é+ e+ éz 3(a2+b2+c2)
c a b at b bt c c a

Trudc tién ta cltng minh

a2+b2+b2+c cz+a2
o a+b b+c c+a
Bat dang thrc trén trong duong Wi

Z(a2+b2_ at bJZ 3(a2+b2+c2)_(a+ b+ c)

S(a +b2+c)

a+b 2
) e 1 1 )
Tadua W dangS.0.S véi S, = - ;
2(b+c) \/S(az +7+ cz) +at bt c
S = 1 1 S = 1 1

2(a+c) \/3a+b2+cz)+a+b+c 2(b+a) \/3(a2+b2+cz)+a+b+c'

Dé thay cacS,, §, S déu drong nén Bt dang thic trénding.

Tiép theo ta chng minh
ab bc ca_ d+ B B+ & &+ &
—+—+ > + +

c a b a+tb b+ c c a

Bat dang thic nay trong duong Wi

zta—b—a; b)zZ[ iitf -5

Cc

G- g

bc b+ c ac at ¢ ab b
Khéng mit tinh Hng quat, gi sir a=b=> c thi theo 1At dang thic AM — GM ta c6

C 1 1 a c 1 1 _2 1 1_ a C
S +S= —— >2 =" - = + >0
bc ab bra br G béab B a bc bbb at c(bth)a (b c
b 1 a(b—c)+bc>0

ac a+c atar §
Vay bit dang thrc tréndugc ching minh.

Ta dingdua \€ dangS.0.5 V6i S, =

Tuongty §+S>0; §=—

BAI O 13.Cho céc 8 thyc drongx, y, z. Ching minh eng
32+ 22?2 +y3(z22 + x2)?2 + 23 (x% + y?) = xyz[xy(x + y)? + yz(y + 2)? + zx(z + x)?]
USA TST 2009
Lot GlAl 1 (VIMF).
Bat dang thic d& cho trong duong Wi
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x[(xy? +x2z2)* = (y?z + yz*)?] + y[(yz* + yx?)? — (x*z + xz?)?]
+ z[(zx? + zy?)? — (x®y + xy?)?] = 0
e x(xy? +xz2 + y?z+ yz3)[y*(x — 2) + 22 (x — y)]
+ y(yx? + yz? + x?z + xz?)[x%(y — z) + z%(y — x)]
+ z(zx? + zy? + x2y + xy?)[x%(z—y) + y?(z—x)] = 0
Hay
x2(y — 2)(x%y? + yz? + x%yz + xyz? — xzz2 —z%y% — x%yz — xy?2)
+y2(z — x)(x%2% + z22y? + x%yz + xy?z — x?y? — x%22% — xy?z — xyz?)
+ z2(x — y)(x%y? + z%2x?% + xy?z + xyz? — x?y? — y22%2 — x%yz — xyz?) > 0
e x3(y—2)%(xy + xz — yz) + y3(z — x)*(xy + yz — zx)
‘ +23(x —y)?(yz+zx —xy) = 0
Tadua & dangS.0.S
S=8y—2?*+S,(z—x)*+S,(x—y)*=0
Trongdo S, = x>(xy + zx — yz),S, = y*(xy + yz — zx),S, = 23 (yz + zx — xy)
Khong mit tinh tng quat, gi sir x > y > z. Khi d6 & thiy S, > 0
Taco
Se+ Sy =x*y +x3z(x —y) +xy* + y3z(y —x) = z(x — y)(x® — y?)
=z(x —y)?(x*+xy +y?) =0,
Sy+S,=y*z+xy3(y—2)+yzt +x23(z - y) 2 x(y — 2)(y* — 23)
=x(y—2)?’(*+yz+2%) 20
Dod6 S = (5 +S,)(y—2)* + (5 +S,)(x—y)*+2S,(x—y)(y—2)=0
Vay ta codiéu phai chitng minh.Dang thirc xay ra khi va clﬁ khix =y =z

Lo GIAl 2 (Vo OU(')C BA CAN).
batx = ,y =-,z== th| kit dang thirc tro thanh
(a® + b2)3 (b2 +¢2)?  (c? + a?)? - 1 ((a+b)?> (b+c)? (c+a)?
c3a*b* adb*c* b3c*a* abc( a3h3 b3c3 c3a3 >
Haya(b? + c¢?)2 + b(c? + a®)? + c(a? + b?)? > a3(b + ¢)?> + b3(c + a)? + c3(a + b)?
Chu y Bing
a(b? + ¢c?)? + b(c? + a?)? + c(a® + b?)?
=a(b*+c*) + b(c* + a*) + c(a* + b*) + 2(ab?c? + bc?a? + ca?b?)
=a*(b+c)+b*(c+a)+c*(a+b)+a?bc(b+c) + b?calc + a) + c?ab(a + b)
Do d6 bt dang thre duogc viét lai thanh
[a*(b +¢) + azbc(b +c¢)—a3(b +c)?] + [b*(c + a) + b%ca(c + a) — b3(c + a)?]
+ [c*(a+ b) + c?ab(a+b) —c3(a+b)?] =0
Hayaz(b t+c)a—b)a-c)+ b%(c+a)(b —c)(b — a) + c2(a+b)(c—a)(c—hb)=0
Dé dang cleng minhdugc bit ding thic naydang theo Bt dang thic Vonicur Schur.
Vay, ta codiéu phii chang minh.

NHAN XET. V6 Quoc BA CAN con bru y ring kit dang thrc trén con th viét lai thanh Kt ding thic
dang sau
x(y—2)>2(xy+xz—yz)? +y(z—-x)?(yz+xy —zx)?> + z(x — y)?(zx + yz — xy)?> > 0
||

BAI O 14.Ching minh Eng Wi cac $ thuc deongx, y, z thda mane(x + y + z) = 3yz, ta co
(x+y)P+@x+2°+3x+y)y+2)(z+x) <5y +2)°
Tuyén Sinh Pai Hoc Khai A 2009
Lol GIAl o )
Truoc tién la 2 b de duwoc dung xuyén st trong cac i gidi cua chung ta
BOPE 1. x <. [yz
Chitng minh 1 Theo ft ding thic AM — GM ta c6
3yz=x2?|-x(y+z)2x2+2x\/ﬁ®(x—\/ﬁ)(x+3\/ﬁ)SO:xS\/ﬁ
Chi/ng minh 2.Tr diéu kién ta co
4yz = (x +y)(x +2) = 2\[xy. 2Vxz = \Jyz > x
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BOPE22x<y+2z
Chi/ng minh 1.Theo lat dang thrc AM — GM ta co
) 3 y+z 3
x +x(y+z)=3yZSZ(y+z)2<:>(x—T) x+z(y+z) <0=2>2x<y+z
Chitng minh 2 Tir diéu kién ta c6
x+y+2z)>3 x+y+z)?
(x+y+z)=3xyzs%:x25%
Chithg minh 3Theo 1§ dé 1 thi

>2x<y+z

y+z
x < yzST:ZxSy+z

LOI GIAl 1 (PAP AN BO GD&PT — PHAN HuYy KHAI).

a+b—-c a+c—b b+c—a

bat a=x+y,b=x+zc=y+z thi x = Y == va diéu kién x(x+y+
z) = 3yz tro thanhc? = a® — ab + b*.
Bat dang thrc can ching minh trong duong
a® + b3 +3abc < 5c® © (a+b)(a? —ab + b?) + 3abc < 5¢ © (a + b)c? + 3abc < 5¢3
o & (a+b)c+ 3ab < 5¢?
Theo b d¢ 2 ta thuduoca + b < 2c¢
Suy ra(a + b)c < 2c? va3ab < %(a + b)? < 3c¢?
Tu day ta suy ratiéu phii chirng minh.
bang thrc xay ra khi va chkhia = b = c hayx =y = z.

LO! GIAI 2 (LE THONG NHAT va cac éng ar). Tir gia thiét ta co(x + y)(x + z) = 4yz

Pita=x+y,b=x+2z Taco(a—b)? = (y —z)? vaab = 4yz

Mit khac

a3 + b3 = (a + b)(a® — ab + b?) < J2(y2 + z2)[(a — b)? + ab]

= 2[(a — b)? + 2ab][(a — b)* + ab] = \/2[(y — 2)? + 8yz][(y — 2)* + 4yz]
=2[(y + 2)? + 4yz](y + 2)? < 2(y + 2)3

Takico3(x +y)(x +2)(y + 2) = 12yz(y + 2) < 3(y + 2)*

Cong 2 kit dang thrc trén é theo \¢ ta codiéu phai chirng minh.

LOI GIAI 3 (NGUYEN ANH DUNG va cac éng ).
x%+xt
3

Ditt = y + z, tir gia thiét suy rayz =
Theo B dé 2 thi2zx <t
Bat dang thic phii chiing minh trong duong Wi
Cx+y+2)2-3(x+y)x+2)2x+y+2)+3x+y)(x+2)(y+2) <5 +2)>3
e Rx+y+2)32-3(x+y)(x+2)2x <5(y+2)?
© Rx+y+z)—6x[x?+x(y+2)+yz] <5(y+2)>3
2

t
& (2x +1)% —6x|x? +xt+ <5t & 2t(2x% 4+ 3xt — 2t?) <0

2 2
Vio<x<io2x?+3xt <= +2-=2t2 520 +3xt — 22 <0
Tir day suy ratiéu phii ching minh.

Lol GiAl 4 (BAo Tuol TRE Online & T HANH NIEN Online)
Tu didu kien x(x + y + z) = 3yz suy ral + +— =32

X x
Theo® & 2 thit =u+v > 2 ‘
Chia 2 \¢ cia it dang thic cin ching minh chax? thi taduoc bat ding thic trong duong la
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A+u)d+@+v)2+30+w@+v)(u+v) <5u+v)d
©R+)3-31+w?A+v)-31+w(A+v)2+3(1+u)(1 +v)t <5¢3
R+t -6+w(1+v)<5t3 e 2+t —-6(1+u+v+uv) <583

1+t
@(2+t)3—6(1+t+T>S5t3@4t3—6t2—4t20(:>t(2t+1)(t—2)

>0
Bat dang thrc cbi hién nhiénding Wi t > 2.

LO1 GlAl 5 (canhang 2007)Theo I dé 1 thix < \/yz va chl Y(x + y)(x + z) = 4yz
St dung hing dang thic u® + v = uv(u + v) + (u — v)?(u + v) taduoc
x+y)>2+(x+2°2=@x+y)x+2)2x+y+2)+(y—2)?Qx+y+2)
<4yz(2fyz+y+z)+ -2 *2\yz+y+z)=(y +z)2(\/§+\/5)2
<2(y+2)3
Ngoai ra ta tng c63(x + y)(x + 2)(y + z) = 12yz(y + z) < 3(y + 2)*
Nén &ng 2danh gia nay ta cdicu phii chang minh.

LO! GIAl 6 (tanpham90).Bit ding thic da cho trong dwong Wi
x34+3x%2(y+2) + 3x[(y + 2)? — 2yz] + 3xyz < 2(y + 2)3

e x3+3x%2(y +2) + 3x [(y + 2)? —gx(x +y+2)|+3xyz < 2(y + 2)3
baty + z = 2a. Taco
x3 + 6x%a + 3x |4a? —%x(x + Za)] +x%(x+a)<16a® ©4(x—a)(x+4a)a<0
Theo I @ 2 ta cadiéu phai chirng minh.

LOI GIAL 7 (VIME). Theo 6 dé 2 thi2x < y + z

Ap dungding thrc a® + b3 + ¢3 — 3abc = (a + b + ¢)(a? + b? + ¢? — ab — bc — ca)

Lan lwot thaya, b, c boi x + y,x + z,—(z + x) taduoc

(x+y)32+(x+2)°3+3x+y)(y+2)(z+x) <5 +2)3

S+ +x+2)>-@+22+3x+Y+2)(z+x) <4(y+2)°
ex+y+x+z—y—-2)[(x+y?+x+22?+@@+2)°*+(x+y)y+2)
+x+2)y+2)—(x+Yx+2)]<4(y+2)3
& 2x(x? +3y? + 322+ 3(xy + yz + zx)) < 4(y + 2)3

Do 2x < y + z nén ta chcan ching minh

x2+3y2+322+3(xy+yz+zx) <4y + 2?2 ©x?-3yz+3x(v+2) < (y+2)? © 2x(y + 2)

o <@+2)2eo@+2)(y+z—-2x)=0
Bat dang thrc tréndung doy + z > 2x.
Vay, ta c6diéu phii ching minh.bang thrc xay ra khi va chkhix = y = z.

L i gii 8 (VIMF). Theo I dé 1 thix < [yz
Do do6
x+y)>2+(x+2°2+3x+Y)(Y+2)(z+x)

<(yz+y) +(yz+2) +3(yyz+y) ¥z +2)(y +2)

=Py +2) +VB [y +2) +3/y2(Jy +2) O +2)

= (V7 V) (7 +2) + 332y +7) 0+ 2

= (7 +V2) (v + 2= 32) + 352(Jy +V2) (0 + 2)
=%(y+z+2\/ﬁ)(y+z+\/ﬁ)(4y+4z—4\/ﬁ)+3\/ﬁ(\/§+‘/§)20’+2)
<1<y+z+2\/ﬁ+y+z+\/ﬁ+4}’+42_4\/ﬁ>3

< 3

(y+2)
373

(V2 + Z))Z(y +2)=2(y+2)3+3(y+2)°3=5@U+2)3
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Vay, ta codiéu phii chang minh.

Dua vao cac cach gjitrén cac bn hay gii bai toan sauding trén ap chiToan Hoc Tudi Tré sb thang
7 nram 2009
“Cho céac é thuc dwonga, b, c sao char? + 2a(b + c¢) = 5hc. Ching minh eing
(a+b)2+@+c)®+(a+b)a+c)b+c)<3(+c)"
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Bit Pang Thic Sang Tao Va Suu T?um‘

LTG. Pay la nhing bai toan ma ching toisu tam dugc tir nhiéu nguén tai ligu khac nhau,
cha yéu la trén cac dén dan Toan,ddc bigt 1a Dien Dan Bat Pang Thirc Vigt Nam www.vimf.co.cc/
va chung tbi cli twong thudt lai theo nguyén @n ciza ngwoi da gii bai Ién.

BAI ST1.Cho céc 8 thuc dronga, b, c sao chaz + b + ¢ = 3. ching minh eng
1 1 1 9

+ + =
ab+1 bc+1 ca+1 " 2(Va++b++)

2math
Lot GlAl (NGUYEN ANH TUAN).
Theo it dang thrc AM — GM ta c6

1 ab Vab

=1- >
, o 1+ab 1 14+ab 2
Tuong tr doi vai 2 bat dang thrc con hi, cong cac Bt dang thic lai véi nhau tadugc

1 1 1, Nabt\bc+vea _, (VatVb+ve) —a-b-c

ab+1+bc+1+ca+1_ , 2 4
15 (Va+ Vb ++)
T4 4

Do d6 ta chi can ching minh
15 (Va+vb+e) - 9
4 4 ~2(Va++b ++c)
batt =+a ++b ++/c. Chay éng
Va+b+c<va+vb++vc<,3(a+b+c)
Nén+/3 < t < 3. Va bit dang thic cin ching minhduoc viét lai thanh

15 t2_ 9 V33-+3 V33++3
e A I < - == T <
7 4_2t(:>t 15t+18<0 o (t 3)<t > ><t+ > )_0
Dé thiy v3 > \/ﬁz—ﬁ néndanh gia trémting Wi t € (V3, 3]
Phép cltng minh hoanit.
[
BAI ST 2.Cho céc 8 thuc dronga, b, c. Ching minh ting
a++vab+3Vabc 3| (a+b) a+b+c
< Ja. .
3 2 3
Lot Gial 1. Ap dung kit dang thic Holder ta c6
+b) a+b+ +a+ ++Vab +b)(a+b+
a.(a ).a c lata a)(a+Va G C)z(a+@+m)3

2 .3 = 27
Tur day ta c6 ngaytiéu phai ching minh.

Lol Glal 2. Theo Hit ding thic AM — GM thi ta § chirng minh [t déng thrc manh ton la
3, +b 3 +b) a+b+
a+ ab.a2 +3\/abcs3\]a.(a2 )-a 3 <

3 6a? 3 3b 3 6bc
+ + <3
(a+b)la+b+c) a+b+c (a+b)la+b+c)

Theo Hit ding thic AM — GM thi

3 6a? 3 2a 3a 1 2a 3a
== 1. . S_<1+ + )J
(a+b)la+b+c0) a+b a+b+c” 3 a+b a+b+c

Hay
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3 3b _311 3b <1(1+1+ 3b )_1(2+ 3b )
a+b+c “a+b+c” 3 a+b+c/ 3 a+b+c/

3 6bc 3 2b 3c 1
(a+b)(a+b+c)= 1'a+b'a+b+cS 2b 3c '
L . . R _ 3(1+_a+b+a+b+c)
Cong cac ht diang thrc nay ¢ theo ¢ ta thudwoc diéu phai chieng minh.

BAI ST 3.Chocéac $ thuc deonga, b, c. Chiing minh ging

1 1 1 1 1 1
(a5 -1)(p4c=1)+(b+=1)(c-=1)+(c+==1)(a+;-1)23
b c c a a b
Vasile Cirtoaje
Lot GiAl.
bitx =a +%,y =b +%,Z =c +§th‘| kit ding thic duoc viét lai thanh
-Dy-D+-DE-D+(E-DHx-1)=3 ) 7
Theo nguyeén IDirichlet thi 2 trong 3 & (x — 2), (y — 2), (z — 2) clung du. Khong nat tinh ng
quat, g st (x —2)(y —2)20=xy+4=>2x+2y=>2(x+y+2z)<2z+xy+4 (1)
Lai co

1
xyz=abc+a+x+y+222+x+y+222+2,/xy+Z:>Z(xy—1)22(,/xy—1)

=>z([xy—-1)=22=24+42222fyzzx <yz+zx (2)
Tu(l)va(2)tasuyra2(x+y+z)<2z+xy+4<xy+yz+zx
Vay, ta codieu phii chirng minh.bang thrc xay ra khi va cihkhix =y =z, haya=b=c=1
[ |

BAI ST 4.Choa, b, ¢ 1a dé dai 3 enh aia mjt tam giac sao cha? + b? + c? = 3. Ching minh eing
a+b+c=abc+?2
NGUYEN ANH Tu4N
Lot GiAl (VIMF).

Ditp=a+b+c, q=ab+bc+ca, r=abcthia?+b*+c>=3p?-2q=3eq=
Do a, b, c 1ado dai 3 @anh aia mbt tam giac nén ta cddhbét dang thic quen thac la
2(a?b + ab?® + b?c + bc? + c?a+ca?) = a® + b3 + c3 +9abc © 3(a + b + c)(ab + bc + ca)

p?-3
2

s 2 2 p(p® —3)
>(a+b+c)(a*+b +c)+18abc<:)3pq23p+18r@72p+6r
3
-3
R
12 6

Bat dang thrc cin ching minh trong duong Wi p = r + 2
Theo it dang thrc trén thi ta chcan ching minh

3
P 1_23p—§Sp—2@p3—17p+24S0=)(p—3)<p+3+z\/ﬂ><p—\/4_2_3>SO
Tur gia thiét a® + b% + c? = 3 suy ra
Ja2+b2+c2<a+b+c<3@+b>+c?)=>V3<p<3
Chiy &ing+v3 > ‘/f_3 nén lt ding thrc trén 1 hén nhiénddng
Vay, ta c6diéu phii ching minh.bang thrc xay ra khi va clkhia = b = c.
m

BAI ST 4.Choa, b, c la dé dai ba @nh aia npt tam giac. Ciing minh

0,8 0,8 0,8
L + [ b j + [ c b\} > 30,2
(\/az+8bcj VB +8ca Jé+8a

Lot Glal (VIMF). Theo it dang thic AM — GM 10 $ ta ¢6
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8
\/az+8bc+ +\/a2+8bc+1+]21 \/é+8bc &/ é+8b& 6a 10 N &+ 8b
3a 3a 3a = 3a
8numbers
Hay
0,8
[ 3a } . 310 _ 1% _
Ja?+sbc) 8/&+8bct6a 4/ &4+ 8be 3¢

Va trong tr ta co

[ 3b j08> 1% [ c j08> 15c
Jo?+8ca) 4/ +8act 3b \Jc2+8ab)  4/E+8ab+ 3¢

Do do6

)
\/a2+8bc \/b2+8ca é+8a
4\/a +8bc+ 3a 4/6+ 8ac+ 3b 4/ 6+ 8alr 3

150 157 152
4J (a2 +8bq) + 3¢ z\/b2 (6+8ap+ 36 4 § & 8apr 3t
15@+ b+ cy Sch
“d (@ g [ Brsape] fors e d w b po
15(a+b+ cy’

Bunhi '
4\/(a+b+c) g+ 15+ 6’+24ab§c ng. B+ é)( unhiacopxkj

Do d6 ta chi can ching minh
15@+ b+ ¢y

4\/(a+b+c)(a°’+ G+ ¢+24aby+q 4+ B+ §

=

Hay

2(a® + b + ¢?) +10(ab+ ber cd2 4\/(& b oo B br e 24 al
Doa, b, c la ba @anh aia mbt tam giac nédata =x+y; b=y +z, c=z+x. Tacod
* (a+b+ Q)" =4(x+ y+ °=4B(F * ¥ ¥
*ab+bctca=(x Yy ¥+ xp yE X ’p (g kY HZ);
*abc=(x+ y+ 2( xyr yz 2% Xxyz pq(rexyz)
*a*+b’+ P +24abc=(ar b §-3(a B Y ab be da 27 akx
=8p’-3.2p(p’ + Q)+ 27(pg- r)= 2p+ 21pg- 27
Dod6 2(a? +b? + ¢?) +10(ab+ be+ cg= 4\/(& oo B b+ o 24 al

- (ap*+3(p*+ )22 2p( 20+ 21p- 27) = ( 76+ A 2 4.2f P+ 2pe 2f
- 33p*+99° + 216pr= 126°q
Ma theo It dang thic Schur thi
(x+y+2 +9xyz24(% ¥ X x¥ y& ¥z °p9 >4 pg 3L5°p 2835 pr126°|.
Nén ta chcin ching minh 1,5p* + 9 = 67,5

D& thdy bat ding thirc tréndlng theo Bt dang thic Cauchy — Bunhiacopxki
Vay ta cadiéu phai ching minh.bang thrc xay ra khi va clikhia = b = c.
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BAlL ST 5. Cho céc 8 thuc khong ana, b, c. Ching minh lat ding thic

2
a3+b3+c3+3abca'fL‘f°zaz afa pr beb X dak )
ab’ + bc’+ cd
Lol GiAll (VIMF).
Néu a=b=cthi a’b+ bc+ ¢ a> alf+ bé+ cd, nén theo fit ding thrc Schur thi

’b+bc+ Fa
@+ +F+3abct 20T CA S B+ d+3 abe a cth )& Carc
5 ab’ + bc?+ c& sea p lch) tarc)
Néu c= b= a thi bit ding thic duoc viét lai nhu sau

a’b+b’c+ ¢a

2 - 2% 1> af & b atc )ab a
2+ bt o J ha b+ bcbhb ) datc)

a*+b*+ c3—3abc+3ab{

ab® + bc?+ c&

= Z@+bro((am e (b gre( ) - AT INE Dy (i gy pe jir )k

1 B _n2. 1l 1 3Abc(a- b)(b- 9(c- 8
«:E(a+b o(a b+2(b+c—a(b-)f+2(e a Yy € )a= T blT g

Theotiéu chuan 1 trongKi thugt phan tich binh plreng cho hit dang thirc hoan v S.0.C thi ta chi
can ching minh

3abc(c- 9
2Jac+cta—b-——— 7 >0
ab’ + bc’+ c&

Quy dong, rat @n va nhém cacéshang li voi nhau tadugc bit dang thre trong duong la
2bc2(J€c- a)+ aB(c b+ bR e pr A% ab a2 34 a2 & a@ 2ahe
Bat dang thrc trénding doc=b> a

Vay ta c6 ta cdliéu phii ching minh.Pang thic xdy ra khi va ch khi ba bén bing nhua hac mjt
trong 3 bén king 0 va 2 kin con hi bang nhau.

Lol GlAl 2 (dangtrung).
Néu a> b> c thi theo lat dang thrc Schur ta co

2
a3 + b?’ + C3+3abcmz
’ o ab’ + bc +‘caf
Néu a< b< c thi kat dang thrc dua € dang
6abo(a— Bh(b- 9(c- a_

flabo=2 (a-b(at b- - ab® + bl + cd
= (ab’ +bc*+cd)> (a b*26abt & Y b ) € )i

Ma (a-b)’24(b-9(c- 9 va 4(ab’+bc+ cd)26b¢ & b 2 ab+ ber G+3 bx3 a,

hién nhiénddng nén ta chcin chrng minh kit dang thic trong teong lopa = 0

Hay dn ching minhb*(b— 9 +(b— 9°(b+ ¢+ é( e p=0-2(b X b X=0

Bt dang thirc trén hén nhiénddng.

Vay ta cédieu phai ching minh.bang thrc xay ra khi va clikhi a = b = ¢ hoica = b,c = 0 va cac
hoan v.

d+ B+ é+3abe apa Y lcb )e €arc)

BAIL ST 6. Cho cac 8 thuc khéng ana, b, ¢ sao cho khéng c6 2 s1do cling bng 0. Ching minh
1 1 1 1
+ + >
(a+2by’* (b+2cP (c+t2&’ abr be ci

PHam Kim HUNG

V& Ki thugt phan tich binh plreng cho kit ding thic hoan ¥ S.0.C cac fan c6 the xem thém trongchuyéndé bit dang
thirc THPT cia Dién Pan Bét Pang Thirc Vigt Nam www.vimf.co.cc/
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Lot Gial (V6 Quoc BA CAN). Taxét 2 tirong hop
Trwong hop 1. Néu 4(ab+ bc+ cd=> a+ b+ Ethi

S S SR @+ xy N b+ 2a¥ N (c+ 2by
(@+2b}  (b+2cf (c+2d) (a2 (a2 (B2¢F(b2& (€2F%(€25
9(a+b+ 0’
2(a+2b)2(a+ 2cF + (b+ 20¢ (br 2+ (& 2 (e sz(Schwarz.
Ta chrng minh

o(Saf (5 a2 ¥ (a+ 207 (2] - S (S ab (S ¥+ (S o
- (Zaz—Zab)(4z ab->’ é)zo (dung do4(ab+bc+ cg= 4+ B+ ©)

Truong hep 2. Néu a® +b° + > 4(ab+ ber ci. Khong it tinh ©ng quat, gi st a = max{a, b, c}.
Ta ching minh a=2(b+c). Bit dang thrc nay dang by vi néu ngroc lai a<2(b+c) thi
a+b’+c-4(ab+ ber cd= a2 b2 e bbb & (c€)ad kb

1

>+ 52 2 nén ta ch
(@+2b)” (b+20° (at+2b(br29

Tro lai bai toan, theo 4 dang thic AM — GM ta co

> 1 pa-2b-20> 0 (ding doas 2b+ 2¢)
(a+2b)(b+2c) abt ber ca

Vay ta codiéu phai chirng minh.Dang thirc xay ra khi va chkhi a=b=c.

can ching minh

|
BAI ST 7. Cho c4c 8 thyc khdng am, b, c. Ching minh eing
(a=b)a=c) +bb — )b —a) +clc — e —b) > tabela —b)
aa a-c ¢ @ eemaie “(a+b+c)(a+b)(b+c)(c+a)
VIMF
Lol Gial (VIME). Xét
a3 + b3 + ¢ + 3abc — (a®b + ab? + b?c + bc? + c?a + ca?)
=a®>+b3+c3—a(b?—bc+c?) —b(c?—ca+a?)—c(a?—ab + b?)
bt a(b®+c®) b(c*+a®) c(a®+Db%)
b+c c+a a+b
_ab(a® - b*) + ac(a® — c?) N bc(b? — c?) + ba(b? — a?)
h b+c c+a
ca(c? —a?) + cb(c? — b?)
+
a+b1 1 1 1
_ 2 _ 12 _ 2_ .2 _
= ab(a b)<b+c c+a)+bc(b c)(c+a a+b)
+ca(cz—a2)< LI )
a+b b+c
_ab(a+b)(a—b)* bcb+c)(b-c)?  calc+a)(c—a)?
~ (b+o)(c+a) (c +a)(a+ b) (a+b)(b +c)
Bay giv ta cé
ab(a + b)(a — b)? N bc(b + ¢)(b — ¢)? N ca(c + a)(c — a)?
(b+c)(c+a) (c+a)(a+Db) (a+b)(b+0)
B abc (az _ b2)2 N (bZ _ C2)2 N (CZ _ a2)2
T (a+b)b+0o)(c+a) c a b
- abc (b? —a? + b? —c? +c? —a?)?
“(a+b)b+c)(cta) a+b+c
B 4abc(a? — b?)?
’_ (a+b+c)la+b)b+c)(c+a)
Phép cltng minh hoanat.
||
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BAI ST 8. Chiing minh tng \6i moi a, b, c khéng am ta c6
1 4 1 4 1 - 1 4 2
at+ab+b%? bZ4+bc+c2 c2+ca+a? ab+bc+ca a?+b%+c?
Duvong Duc LAM

Lol GlAl 1l (VIMF). Ta xét 2 tirong hop
Truong hop 1.néua? + b? + ¢ < 4(ab + bc + ca) thi theo it ding thic quen theac
1 1 1 9

+ + >
. a?+4+ab+b%2 b2+bc+c®2 c2+ca+a? (a+b+c)?
nén ta chcan chrng minh
9 1 2

= +
(a+b+c)2 ab+bc+ca a?+ b?%+ c?

ditx = a? + b% + ¢2,y = ab + bc + ca thi bit ding thic duoc quy &
9 1 2
>—+-—9xy > 2y9)? & (x — —4y)<0
x+2y_y+x xy_(xf }f) (x—y)x—4y) <
dox > y va theo di thiét ¢ trénx < 4y ta suy ra bt dang thirc trénding
Trwong hop 2.néua? + b? + c? > 4(ab + bc + ca) thi suy ra
2 1

<
a?+ b%+c? ™~ 2(ab + bc + ca)

suy ra
1 2 3 1
+ <=,
X ~ab+bc+ca a?+b?+c?2" 2 ab+bc+ca
nén ta chcan chrng minh
1 1 1 3 1
+ + >,
. . a’+ab+b> b>+bc+c? c*+ca+a®* " 2 ab+bc+ca
den day theo lt dang thirc Iran 96 thi
bat dang thrc nayddng theo Bt dang thrc Iran 1996
1 1 1 9 1
+ + >
a’?+ab+b> bZ+bc+c? c?+ca+a? 4ab+bc+ca

1
ab + bc + ca

3
=>—.
2
Lot GiAl 2 (Duon DUt LAM).
St dung kit dang thrc AM — GM ta cé
1
(b? + bc + c?)(ab + bc + ca) < Z(b +c)?(a+b +c)?
Suy ra ta chcin ching minh
4(a® + b? + c¢®)(ab + bc + ca)? (
theo it ding thic Holder thi
4(a2+b2+c2)(ab+bc+ca)2( ! + ! + ! )
(a+b)2 (b+c)? (c+a)
=@ +b?>+c?)(a(b+c)+blc+a)+cla+b))(alb+c)+b(c+a)
1 1
> 4
‘ +C(a+b))<(b+c)2+(c+a)2+(a+b)2)_(a+b+c)
bay chinh latieu phai chirng minh.

1 1
@+ T o2 Crar

)Z(a+b+c)4

Lot Gilal 3 (TRAN Quoc AnH). Ta € chirng minh lt déng thre chit hon la
1 1 1 5 4
+ + > +
a’+ab+b® b*+bc+c® c®+ca+a® 3(@b+bc+ca) 3@ +b*+c?)
Ta viét lai bat dang thic

a(b+90 bc S5 4(ab+ be ca
Zb2+bc+c2+zb2+ bet 623+3(é+ B+ &)

% > 2 thi ta chi cin ching minh
c

Ma theo lat ddng thic quen thac )
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1 bc 4(ab+ bct cg
_+Z 2 2
3 b’ +bc+ ¢  3(&+ B+ &)
Dung kit dang thic AM — GM ta € ching minh it dang thic chit hon la
1,25 be 24(ab+bc+ca)©3+22 chZ(&bﬁcz(b B 28 bk
3 3p*+c® 3@+ b+ ) P+ ¢ &+ b+ ¢ G+ ¢ & B+ ¢
Bat dang thic naydang theaSchwarz. Phép cing minh gia ta hoanit.

BAI ST 9.Cho céc 8 thuc deonga, b, ¢ sao chaz + b + ¢ = 3. Ching minh ing
a2+b2+c+ b2+c2+a+ c2+az+b>3
a+b+c? b+ ¢+ a? c+a+b® "~

Lot Gial (VIMF). Theo it ding thrc AM — GM thi
a?+b%+c a’+b%+c - 2(a® +b%+0)
a+b+c? [(@+b2+c)a+b+c?) a+bi+ci+atb+c
Tuong tr cho 2 It ding thrc cong 4i va odng ki véi nhau taduoc
a2+b2+c+ b2+c2+a+ c2+a2+b>2(a2+b2+c2+a+b+c)
a+b+c? b+c+a? c+a+b? = a?+b*+c?+a+b+c
Do d6 ta ch can ching minh

Jaanin

2(@®+b*+c?+a+b+c)
a?+b?+c?2+a+b+c

Haya? + b?+c?2>a+b+c
Bat dang thic naydang doa? + b? + c? (a+b+c)2 =a+b+c
Viy ta c6diéu phii ching minh.Ding thIC xay ra khiva chhkhia=b=c=1.

BAI ST 10.Cho céc 8 dwonga, b, c théa manabc = ab + bc + ca. Ching minh lat ding thic
1 1 3

+ + <
1+a?2+b% 1+4+b%2+c?2 1+c*>+a?" 19

dragonl
Lo1 GiAl (NGUYEN VIET HUNG).
it x = %,y = %,z = % tir diéu kién dé bai ta cox + y + z = 1 va hit ding thrc da cho trong duong
1 1 4 1 3

+ < —
1 1 1 1 1719
1+?+7 1+}7+Z—2 1+z2+
Theo lat dang thrc AM — GM thi
1 N 1 1 N 1 N 1
1,1 1 1,1~ 2 1 2
xy vz zZX

= + +
. ) xy+2 yz+2 zx+2
Cha y Bing Wi moi s6 duong t thi
t 162 1 2(9t — 1)?

-——t+ = - =
t+2 361 361 361(t + 2)

t _ 162 1
Nén — < —t+—
t+2 — 361 361

Ap dung hit dang thrc nay Wi xy, yz, zx thi taduoc

xy+yz zZx <162(+ +)+3 64(++)2+3_3
P T e R TS R e T T2 R A TR T

Bai toanduoc ching minh xongbang thic xay ra khiva ctikhia = b =c =3
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BAI ST 11.Cho céc 8 thyc dronga, b, ¢ sao chaa? + b? + c? = 1. Ching minh eing
a b c 3v3

o b2+c2+c2+az+a2+b22 2
Lol GiAl 1, Bat dang thic da cho trong duwong Wi

a b c 3v3 a? b? c? 3v3

l—az-i_l—bz-i_l—c2 = 2 ®a(1—a2)+b(1—b2)+c(1—c2)2 2

Xét f(x) = x(1 — x?) véi x € (0;1)
Tacof'(x)=1—3x2 = 0<:>x=ie (0; 1)
Tir d6 lap bang bién thién ta thy f(x) < 3\/_,Vx € (0; 1), khido ta co
2 2 2
b ¢ (a2+b2+cz)=£

a
>
 wd-d ha-p) cd-d = 2
Vay, ta codiéu phai chirng minh.

Lot Gial 2 (Neuvin Puc ToAn). Bat dang thic dé cho trong duong Wi

a b c 3\/_
b2 2
1—a2+1—b2+1 cz_ (a+ +c%)

Ta € chirng minhdai dién cho ndt bat dang thrc va trorng tr cho 2 lat dang thic con hi

a 3v_ 2
—_— oall—a?) < —
o 1—a2_ a?® a( a“) 33
Theo it dang thrc AM — GM thi
1 1 (2a%+1—-a®>+1—-a?\" 4
az(l—az)z=§.2a2.(1—a2)(1—a2)sz.< 3 ) =
Hay
(1-a?) <2
a —a S —
33

Phép cling minh @a ta hoanat.

Lot GiAl 3 (VIMF). Ta co
a b c a b c

+ + = + +
b2+c¢?2 c¢24+a? a?2+b? 1—a? 1—-b%2 1-c2

VAL a2 s 1\2 2 4 I R
Tu bat diang thic ding (a—ﬁ) >0, tadugc 1 —a? < —Za+3, twong tr doi véi 1 —b? va

1 — ¢? ta thuduoc

a b c - a b c
1~ 1-bp2 1-c2~_2_ 4' 2 ~4' 2 4
o V3 3 V3~ 3 V3 '3
Theo it dang thrc Schwarz thi
a N b N c 3 a? N b? N c?
2 4 2 4 2 4= 2 4 2 4 2 4
—=a+3 —mb+z —J=c+z —=a’+za —=b +zb ——=c?+ac
B3 T/ BCTs TR T TR TR
- (a+b+c)2 3 (a+b+c)2
==
a?+b%2+c?)+z(a+b+c +x(a+b+c
-5 ¢ )+ 3 ) -3 )

Va ta ch cin ching minh
(a + b +¢)? > 3v3
2

+3(a+b+c)

\/—
Bét dang thic nay trong duong Wi bat dang thrc hién nhiénding(a + b + ¢ — \/§)2 > 0.
Phép cltrng minh @a ta hoanét.
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Giai Toan Nhu Thé Nao?

PEN ... BAI TOAN TONG QUAT
VIMF

LTG. Trong ki thi Toan Qéc t¢ (IMO) nzm 2008 c6 cau 2 la éhbai toan kit dang thic kha hay.
Bai toan nay cddt nhiéu cach gii nhung tr tweng chinh y¥in 1a dia vé binh phrong aia mst tong

(x 20). Trong bai nay, téi xin di thiéu wi cac un mpt loi giai nhue thé va mit loi giai khac nira

ciing dep mit bang hit dcfng thic Bunhiacopxki - Cauchy - Schwarzt , va plin cwi sé 1a bai toan
tong quat. Chung ta cungibdau voi

BAIL ToAN *. Chox, y, z 1a cac @ thuc khac 1 va thé manxyz = 1. Ching minh eing

2 2
X + y + z >1
(x-1* (y-1? (z-17
Lot Glat 1 (VIME). Doxyz = 1 néndit x=2, y=2,7=C. =8P bre, e
b c a a-b b-c c €
Taco

et (2
(x-1)* (y-1° (z-17 a b b- c g

- %K"“b.ﬂj +(M+1j (CJF a‘+1j }21@ U+ VvV + W+ 2(u+ v w1

a-b b-c c- a
Lai c6 (u+1)(v+D)(w+l)=(u- D(v- D(Ww 1= ur vw wu=
Do doé
U +V+W+2(Uu+r v W2le (W WH+2(0 v W-2(uv v wWe
= (U+v+wW +2(u+ v W+2-1> 0= (W w w 1f > C (lubndung).
Viy bét dang thrc dugc ching minh xong.

Lo GiAl 2 (VO Quoc BA CAN).

2 2 2
Ciing nhr trén ta phi ching minh( a j +( b j +( Ca} 21
a-b b-c c-

Ma theo it ding thic Bunhiacopxki - Cauchy - Schwarzt thi
[ (-0t o] £ 2 oS a)f =(2 8- of
Lai co
S (@-b2(c-a%)=[3((a- Bl )] -22((a be ¥ b X b )}
=[T(@-b)(c-a8)] +2(a-h(b- ¥ e A a b b e € )&[D((a)o<)H =(2 Y k
Dodé( a j2+( b j2+( C(Izl
a-b b-c c-

Vay bit dang thrc dugc ching minh xong.

~ Trénday la hai éi giai dep mit cho bai toan *. Tuy nhién al ding ki, ta mwn tim ndt bai toan
tong quat kon. Va nhr mongdoi, chung ta co
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BAIL ToAN **. Chox, v,z la cac  thic khac 1 va the manxyz = 1, va $ thuc bit ki m. Ching minh

x+m)’ +my [z
) (35 () =
x-1 y-1 z-1

x+mb_y+m z2nm,. _atm __btm__ctrr

,C= thi x VY= \
x-1 y-1 z-1 a-1 b-1 c-1

a+tmbtmect m B _
1 o1 o1 L (mrD(ab+ bor ca+( -1 (& b pr 1= 0(1)

+ Néu m=—1thi BDT hién nhiéndlng
+ Néu m# -1 thi tir (1) suy ra—(ab+bc+ cd=( m-1)( a b p+ fi- ml
Taco

Lol GiAl (VIMF). bat a=

Doxyz =1 nén

a’+b’+c’=(a+ b+ ¢*-2(abr be- cp=( & b X+2( m)( @ b )e2’m2

=(a+b+c+t m1)°+ n+1> M+1>1
Vay bit dang thrc dugc ching minh xong.

NH4N XET. RS rang bai toan **dng quéat cho bai toan * v truong hyp riéngm = 0, vadiéu kién dé
dang thic xay ra trong bai toan ** &ng lam = 0). Viéc danh giaVT = nf +1=1la mot diéu rat hay.
Cac lan hay gai bai toan ** theo kxéng aia loi giai 1 cia bai toan *, xem nhbai ép.
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