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Chuyén dé¢ MU _LOGARITH Luyén thi Pai hoc 2012
 Dang todin: CHUNG MINH BAT PANG THUC MU_ LOGARITH

Bai tip 1: Ching minh rang;
2
e 21+x+x7 (Vx>0)

2)Hamsb y = f(x)=5" (\/x2 +1- x) dong bién trén R.

Bai giai:
2
1) Xét ham sb f(x):e“—l—x—% v6i x>0, ta co:
floy=e" -1-xf"(x)=¢"-1= f'(x) =0 x=0.
Lap bang bién thién suy ra: f"(x)2 f(0)=0= f/'(x) = f/(0)=0 (Vx20)
= f(x)=2f0)=0 (Vx 20) (d.p.c.m)
2) TXD: D=R.
Ta co:

V=l =(5 1n5)(\/ﬁ_x)+5x[
m‘¢¢>\/x_2—x20

1 1
In5>1> — —_— >0
Vat+1 Vat+1

Vay ham s6 y = f(x) dong bién trén R (d.p.c.m)

—1}:5““(m—x)[1n5— ! j

2

x*+1 x +1

Ta co: = f'(x)>0 (VxeR)

=In5-

Bai tip 2: Chirng minh céac bat ding thirc sau:

1) Vina ++/Inb <2,/In “;b (Va,b>1)  2) @ + b + " >3Jabc (Va,b>1)

b a
3 [ s 2 (vrys0) pl2+l] <[22+21] (vazp>0)
X 2x+y 2¢ 2

Bai gidi:

2
1) Ta ¢6: VIna ++Inb < 2(Ina+Inb) =2Inab < /21n(“;bj —2, /m"éb

Diu “="xdyra<> a=b.

2) Ta co: aloghr' — CIOgba — aloghc +clog,,b — Clog,,a +clogah ) Clogha.clog”b >

Tuong tu: @ +b"°* >2a, b +c"*" >2b

Cong ba BDT trén lai voi nhau ta co:

a4+ B 4 (% > g bt e > 3R abe

Diu “="xdyra<>a=b=c.

X+y
X

3)bat ¢ = >1:>tx=x+y<:>y=x(t—1)
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2y 3 ZX(Z‘—I) _21‘—1

Do do: = =
2x+y 2x+x(t—1) t+1

-1
Bai toan tr¢ thanh chung minh: Inz > 2t—1 (‘v’t > 1)
r+
. t—1
Xét ham so f(t):lnt—Zﬁ (VIZI)
+

, 14 (e=1)
Taco: f/(t)=—- = >0 (V=1 >f(1)=0 (Vt>1
aco: (== ST (Vi=1)= f()= f(1)=0 (Vr=1)

hay lnt>2t;1 (Ve>1) (d.p.cm)
t+
4) Ta c6 BPT can chimg minh trong dwong voi
b a
a 1 b 1 a b b a a b
(2 +?j 3(2 +?j & (4°+1) <(4"+1)" < bIn(4* +1) <aln(4 +1)

ln(4“ +1) 3 ln(4b +1)

Ty ST L
Xét ham s0 f(t):ln(4—+1) (1>0).
o _4f1n(4’+1)—(4’+1)1n(4’+1)
Taco: f'(t)= 1‘2(4’+1) <0 (‘v’t>0)
nén ham sb f(¢) nghich bién trén (O;+00).
ln(4“+1) 1n(4”+1)

Vay: a2 b>0< f(a)< f(b) <

5 (d.p.c.m)

Bai tip 3: Ching minh cac bat dang thic sau:

) ln(1+\/1+x2)<l+lnx (Vx> 0) 2) 1L<ln(1+x)<x (Vx> 0)
X + X

x+a\" (aY 5y 7
3) (Hbj >(5) (Vr.ab>0,a%b) 4)(2°+3") <(2°+3) (vx>y>0)

x+1
5) x> (XTH) (‘v’x > 1)

1) Xét ham s6 f(x)=1n(1+\/1+x2)—l—lnx (Vx> 0)

X
Vil —x
NESES b

Tacod: f'(x)= >0 (Vx>0)= f(x) la ham tang trén (0;+00).
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Mt khac: lim

X

{ln1+\/1+x2 1

J:O:f(x)<0 Vx>0,
X

2) Xét hai ham s6 f(x)=1In(1+x)—x va g(x) =In(1+x)——— véi x>0,

x+1
3) Xét ham sb f(x)z(““] :>lnf(x):(x+b)ln[x+aj
X+b xX+b
fl(x) . (x+a) b-a o (x+aj b—a
= f(x) _ln(x+bj+x+a:>f(X)_{ln x+b +x+a /@)
Dit g(x)zln(x+aJ+b_a:>g/(x): (b—za) <0, suy ra g(x) nghich bién,
x+b) x+a (x+a) (x+b)

ma lim g(x) =0.

= g(x)>0 (Vx>0)= f/(x)>0 (Vx >0) suyra f(x) dongbién trén [0;+x)
b

= f(x)> f(0)= ( (Vx>0) (d.p.c.m)

a
b

S T T @ )] = totrser Ltise

Vo1 a:E.
a' 1n(1+a')—(1+a’)ln(1+a’)

2

Dit f(t)z%ln(1+a’):>f/(t)= <0 (Vr>0)

t
Vay f(t) nghich bién trén (0;+%0) ma x>y >0= f(x)< f(y) vay (1) ding nén BDT
dugc chimg minh.
5) Taco

x+1
X" Z(XTHJ <:>xlnx—(x+1)lnx7+1>O<:>xlnx—(x+1)ln(x+1)+(x+1)1n2>O

Khéo sat ham sb f(x)=xlnx—(x+1)ln(x+1)+(x+1)ln2 (‘v’le) ta c6 diéu phai chimg
minh.

i u+b+c)

Bai tap 4: Chimg minh v6i g, b, ¢ >0 ta c6: a’.b".c* > (abc)?

Bai gidi:

Viham s6 y =Igx dong bién trén (O; +00) . Ta lay logarith véi co s6 10 hai vé ctia BDT trén
ta duoc BDT tuong duong can dugc chimg minh:

3(alga + blgb+clgc) > (a +b+c)(lga+ lgb+ lgc) .
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Ta co:
(a-b)(lga—1gh)20< alga+blgb>algb+blga (1)

(b—c)(lgb—lgc) >0 blgbh+clge=blge+clgh (2)
(c—a)(lgc—1ga) 20 clge+alga=clga+alge (3)

alga+blgb+clge=alga+blghb+clgc 4)
Cong (1), (2), (3) va (4) vé theo vé ta duoc d.p.c.m.
Bai tap 5:

a) Ching minh v61 a, b>1 thi véimoi ¢ >0 taco log, b>log b va dau dang thiic xdy ra
khi ¢ =0.

b) Chimg minh rang v6i b>a > 1 thi véi moi ¢ >0 taco log, b >log, (b i c) va ddu dang
thirc xay ra khi ¢ =0 hoac a =b.

¢) Khong dung bang sé va may tinh, ching to rang %log3 29<2+log, 7.

d) Tim x thoa mén phuong trinh log, . (3)(2 —6x + 5) =log, . . . (4x2 —8x+ 6)

Bai giai:
a)Via, b>1va c>0 nén logb(a+c) >log, a. Dau “=" xdy ra < ¢ =0.
Do do: ! < ! hay log, b=>1log, b (d.p.cm)

log, (a +c) log, a
b+c

a+c

atc

b) Ta co: log, b>1log,. (b+c)<log,b—1>log, (b+c)-1< log, b > log
a

. b+c . b_b+c
Vib>a>1,¢>0 suyra >1 va—2
a+c a a+c

+ b+
¢ > log bre (theocaua)
a+c

, do do:

a+c

log, b 2 log, b
a a+c

RS rang dau dang thirc xay ra khi chi khi ¢ =0 hodc a = b.
c) Taco

1 1
%10g3 29<2+log, 7<= %log3 29 <log,28 < Elog3 29< glog2 28 < log, 29 < log, 28
Ap dung BDT & cau b) voi a=8, b=28, ¢ =1 tasuy ra d.p.c.m.

d) Ta co:

log 3x* —6x+5) =log 4x* —8x+6)

[ (357 = 6x45)+ (x+1)7 |

2x —4x+4 ( 3x2-6x+5 (

elog, ., (3)62 —6x+ 5) =log

252 —4x+4+(x+1)
2x* —4x+4=3x"-6x+5

= ) (Theo két qua cau b))
(x + 1) =0

<:>(x+1)2:0<:>x:1
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Bai tip 6: Chimg minh véi a, b, ¢ >1 théa man (a+b)(b+c)(c+a) :(a+b+c)3:

c+a

log,., a+log, b+log.  c< %

Bai giai:
Ta c6, theo bai tap 5, ta co:

1oga(a+b)>logaﬂ'(a+b+c):>log a<loga+bﬂ_(a+c) (1)

(a+b) (2)
a+b+c (b + C) (3)

Cong vé theo vé cac BPT (1), (2) va (3), két hop véi gia thiét, ta suy ra diéu phai ching
minh.

a+b

Tuong tu, ta co: log, . b<log

a+b+c

log . c<log

cta

Bai tip 7: Chimg minh v6i moi Vx € (0;1) ta co:

1
x"All—x<
\2ne

Bai gidi:
X 1
BDT can chimg minh <> 2n(1-x)x* <—. Ta co:
e
Theo BDT Cauchy:

2n+l 2n+l
2n(1—x)x2":(Zn—2nx).x.x...xS{<2n_2nx)+2nx} :( 2n j

2n+1 2n+1

2n

2n+l
Ta can ching minh: (23?_ J < é hay (2n+ 1)[ln2n —In(2n +1)] <-1

hay In(2n+1)—=1n2n > .
Y ( ) 2n+1

Xétham so f(x)=Inx, (2n<x<2n+1) c6 f/(x):l
x

ln(2n+1) —In2n 1

Theo dinh li La-go-rang thi dc e (2n;2n + 1) dé: -
(2n + 1) —2n c

. 1
ma ¢ <2n+1 nén —> suy ra d.p.c.m

¢ 2n+l
Bai tap 8: Chung minh vé1 x >0, a > 1 ta co:
i (xIna)’ (xIna)’
a >l+xlna+ +...+ '
n!

Bai gidi:
Taco: a' =e

xlna

vadat r=xIna>0.

A , . 2 1 L , t t"
BDT can chirng minh trd thanh: Vi 1> 0, taco:e’ >1+1¢ +E ot
n!
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2 n
Chirng minh bang quy nap fn(t):e'—l—t—%—...—t—' (Vt>0) (*)
: n.
Véin=1:f()=e -1-t= f/(1)=¢' —1>0 (Vi >0)
Suy ra f;(#) dong bién trén [0;+00) = f,(r) > £;(0) =0. BDT (*) dung v6i n=1.
Gid sir (*) dingdén n=k e N, tic 1a f,(t)>0 (V¢>0).
Ta can chimg minh (*) ding dén n=k+1eN", tiic 14 £, (1)>0 (V¢>0).
t’ t* t
That vay, ta co: H=e —-1—-t———...——
T Jua® 20 7Tk (k)

k+1

2 k
:ﬂgl(t)ze’—1—t—%—...—%=fk(r)>o (V£ >0) ( theo gia thiét quy nap )

Vay f.,,(t) dong bién trén [0;+00) = £, (1) > £,,,(0)=0 (d.p.c.m)

Bai tap 9: Chiing minh rang véi 0 < a < b ta cé:
b—a b b-a
<In—<
a a

Bai giai:
Inb—1Ina <l *)
a
Xét ham s6 f(x)=Inx, xe [a;b] . Ro rang f(x) la ham s6 lién tuc trén [a;b] vataco

/ 1 A A ; Inb—Ina 1
=— |V b)), Ve : ;b)) d& ——=—.
f(x) B ( xe(a )) Vaytontalce(a ) € P B

. } 1
BDT can chirng minh twong duong voi 5 <
—a

Ma 0<a<c<b nén 1 < 1 < 1 . Tu day, BDT (*) dugc chirng minh.
c a
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