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CHUONG 1

BAT DANG THUC HINH HOC

Su sung sudng khi ai dé chiing minh mot bai toan cting nhu khi chinh toi ching minh no vay. E.
Landau

1.1 Phép thé Ravi

Nhiéu bat dang thiic duge don gidn hoa bang cac phép thé thich hgp. Ching ta bat dau véi
bat dang thic hinh hoc co dién. Bat déang thiic hinh hoc khong tam thuong dau tien ' 1a gi
nhi ? Vao nam 1746, Chapple da chiing minh rang

Dinh ly 1.1.1. (Chapple 1746, Euler 1765) Cho R va r la cdc ban kinh duong tron
ngoai tiép va noi tiép tam gidgc ABC. Khi do, ta ¢c6 R > 2r va dau ding thic xdy ra khi va
chi khi ANABC' la tam gidc déu.

Chitng minh. Cho BC = a, CA =b, AB = ¢, s = “t*¢ va S = [ABC].? Ta nh6 lai dong
nhat thic: S = ¢ S =8, S%=s(s—a)(s—Db)(s—c). Vi Va}i', R > 2r tuong d\IIdng ?V(/ji
ab¢ > 25 hay abc > 85 hay abc > 8(s — a)(s — b)(s — ¢). Ta can chiing minh diéu khéng
dinh sau. O

Dinh 1y 1.1.2. ([AP], A. Padoa) Cho a, b, ¢ la cic canh cia mot tam gidc. Khi do, ta co
abc > 8(s —a)(s —b)(s —¢) hay abc > (b+c—a)(c+a—>b)(a+b—rc)
dau dang thic zdy ra khi va chi khia =b = c.

Chitng minh. Ta stt dung phép thé Ravi: Vi a, b, ¢ 14 cac canh clia tam gidc, nén ton tai cac
s6 thuc duong z, y, z sao cho a =y + 2, b = 2 + z, ¢ = v + y. (Tai sao vay?) Khi do6, bat
dang thitc da cho trg thanh (y + 2)(z + 2)(z +y) > Swyz v6i x, y, z > 0. Tuy nhién, ta lai
dugc

(y+2)z+a)(z+y) —8ryz=a(y —2)* +y(z —2)* +z2(x —y)* > 0.

Bai tap 1. Cho ABC la mot tam gidc vuong. Ching té rang
R>(1+V2)r

Khi nao ding thite xdy ra ¢

IBat ding thitc hinh hoc dau tien 1a bat ding thic tam giac : AB + BC > AC
2Trong tap sach nay, [P] ky hiéu 1a dién tich ctia da gidc P.
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That tu nhién khi héi ring bat ding thic trong dinh 1y 2 ¢6 x4y ra khong khi cac sb thuc
duong tiy ¥ a, b, ¢? Diing vay ! C6 thé chitng minh bat ding thitc ma khong can theém diéu
kién a, b, ¢ la cac canh cia mot tam giac:

Dinh 1y 1.1.3. Cho z, y, z > 0. Khi dé, ta c6 vyz > (y+z2—x)(z+x—y)(x +y— 2). Diu
dang thic zdy ra khi x =y = z.

Chitng minh. Vi bat bat dang thitc déi xitng theo céc bién, khong mat tinh tdng quat, ta
gidsiax >y >z Khido, tacox+y>2vaz+ax >y Néuy+z>x, thiz, y, 2 14 chiéu
dai cac canh clia mot tam gidc. Trong trudng hop nay, bang dinh 1y 2, cho ta két qua. Bay
gid, ta c6 the gia st rang y +2 < z. Khi do, zyz > 0> (y+z—2)(z+r—y)(z+y—2). O

Bét déng thic trong dinh 1§ 2 x4y ra khi mot trong céc z, y, z bing 0:
Dinh 1y 1.1.4. Chox, y, 2 > 0. Khi dé, ta cé xyz> (y+z —x)(z+x —y)(r +y — 2).
Chitng minh. Vi z,y,z > 0, ta c6 thé tim dugc day s6 duong {x,}, {yn}, {z.} v6i

lim z, =z, lim y, =y, lim 2z, = 2.
n—oo n—oo

Ap dung dinh 1y 2, suy ra
Tn¥nzn 2 (Yn + 20 — Tn) (20 + Tn — Yn)(Tn + Yn — 2n).

Bay gio, lay gi6i han ca hai phia, ta dugc két qua.
O

Ro rang, bat dang thitc x4y ra khi # = y = 2. Tuy nhién, vyz = (y+z—2)(z+x—y)(v+y—=2)
va z, y, z > 0 khong dam bao ring z = y = 2. Thuc vay, véi z,y, 2 > 0, bat dang thic
wyz = (y+z—x)(z+ 2 —y)(r+y— z) tuong duong voi

r=y=2 hay v=y,2=0 hay y=2,2=0 hay z=2x,y =0.
Ta c6 kiém tra ngay riang
wyz—(y+z—z)ztr—y)lety—2) =z@—y)(z—2)+yly—2)y—2)+2(z —2)(z —y).
Vi vay, dinh 1y 4 1a mot truong hgp dic biét ctia bat dang thitc Schur.

Bai toan 1. (IMO 2000/2, Titu Andreescu dé nghi) Cho a,b,c la cic s duong sao
cho abc = 1. Chitng minh ring

o)

Cach gidi 1. Vi abc = 1, ta thuc hién thay thé a =
lai bat ding thic da cho dudi dang cta z, v, 2 :

%,b:%,c:fVéi$,y,z>0.3TaViét

T z T\ (%
(——1+—) <g—1+—> (__1+Q> <l e ayz>yY+z—x)(z+z—y)(z+y—2).
y y) \z z) \z T

]

?’Chovidu,lﬁyx:l’y:%,zzﬁ‘



Phép thé Ravi rat thich hgp déi véi cac bat déang thiic véi cac canh a, b, ¢ clia tam giac.
Sau khi stt dung phép thé Ravi, ta c6 thé bo di didu kien ching la cac canh ctia mot tam
giac.

Bai toan 2. (IMO 1983/6) Cho a, b, ¢ la cdac canh ciia mot tam gigc. Ching minh rang
a’b(a — b) + b%c(b — ¢) + c*a(c — a) > 0.

Cach giar 1. Saukhidit a=y+ 2, b=z2+2x, c=x+y v6i x,y,z > 0, né trd thanh
22 2 2
P2+ ye+ By > dtyr eyt 4oyt hay —+ =+ >ax+y+ 2,
Y z
Tit bat déang thiic Cauchy-Schwarz

2 2 a2
(y+2z+z) (—+y—+—) > (x+y+2)°%
y oz

Bai tap 2. Cho a, b, ¢ la cdc canh ciia mot tam giac. Chiing té rang

a b c

+ + < 2.
b+c c+a a+bd

Bai tap 3. (Darij Grinberg) Cho a, b, ¢ la cdc canh cia mot tam gidc. Chiing minh bat
dang thic
a® +b® + ¢ + 3abe — 2b%a — 2¢%b — 2a’c > 0,
3ab + 3b%c + 3c¢%a — 3abc — 2b%a — 2¢*h — 2a*%c > 0.
Bay gio ta néi dén bat dang thitc Weitzenbock va cac bat ding thic lien quan.

Bai toan 3. (IMO 1961/2, bat dang thitc Weitzenbock) Cho a, b, ¢ la cic canh ciia
mot tam gidc vdi dién tich S. Ching té ring

a+ b + > 438,
Gidi. Vit a=y+ 2z, b=2+ 2z, c = +y véi x,y, 2 > 0. Diéu nay tuong duong
(y+2°+ (z+2)°+ (x+y)?)* > 48(z + y + 2)zyz,
c6 thé suy ra tit bat dang thic sau:
(y+2*+(z+2)*+ (x+y)H)?* > 16(yz + 22+ 2y)> > 16 - 3(zy - yz +yz - 20 + 2y - Y2).
O day, ching ta st dung bat déng thic p? + ¢ > 2pg va (p+q+7)2 > 3(pg+ qr +rp). O

Dinh 1y 1.1.5. (bat dang thic Hadwiger-Finsler) Bt ky tam gidc ABC vdi cic canh
a, b, ¢ va dién tich F, bat dang thic sau day zdy ra.

2ab + 2bc 4 2ca — (a* + V? 4 ¢*) > 4V/3F.



Chitng minh 1. Sau khi thyc hién phép thé a = y+ 2, b = 2 + 2, ¢ = x + vy, trong d6
x,y,z > 0, né tré thanh

zy 4+ yz + 2x > \/3ryz(z +y + 2),
ta suy ra tit déng thtc

(o = y2)? + (g2 = 20)° + (50 = a)”

(zy +yz + 22)* — 3ayz(r +y + 2) = 5

O
Chitng minh 2. Chiing ta st dung tinh chat ham 16i. C6 nhiéu cach dan dén dang thiic sau:

2ab + 2bc + 2ca — (a® + b* + ¢?) . Ath B—I—t C
= tan — al — an —.
4F 2 2 2

Vi tan 2 1 ham 16i tren (0, %), Bat dang thic Jensen ching t6 réng

A, B, C
2ab—|—2bc+QCiF— (a® + b + ¢?) > 3tan <5+5+_5) — /3.

]

Tsintsifas da chiing minh bat déng thiic tong quat ctia bat ding thitc Weitzenbock va bat
ding thitc Nesbitt.

Dinh 1y 1.1.6. (Tsintsifas) Cho p,q,r la cdc s6 thuc duong va cho a,b, ¢ kj hiéu cdc canh
mot tam gidac vor dién tich F'. Khi do, ta co

P 2y L 2y " 259/3F

q-+r r+p p+q

Chatng minh. (V. Pambuccian) Stt dung bat dang thitc Hadwiger-Finsler, n6 di dé chitng t6
rang
LA R )
q+r r+p p+q

1
02>§(a+b+c)2—(a2+62+02)

hay
1
(p+q+r) 2 <p+q+r) - <p+q+r) 23 asbio
q+r r+p p+q 2
hay
((g+r)+(r+p)+(P+q) ( Loy Lyt 02) > (a+b+c)
q+r r+p p+q - '
Tuy nhién, diéu nay rat ra tit bat ding thiic Cauchy-Schwarz. O

Dinh 1y 1.1.7. (b4t dang thitc Neuberg-Pedoe) Cho ay, by, ¢ kij hieu cic canh ciia tam
giac A1 B1Cy vdi dién tich Fy. Cho as, bs, co ky hiéu cdac canh cia tam gidc Ay BoCo vdi dién
tich Fy. Khi do, ta co

a12(b22 + C22 — (122) + b12<022 + a22 — b22) + 012(&22 + b22 — 622) 2 16F1F2



N6 c6 phai la bat dang thiic tong quat ctia bat dang thiic Weitzenbock’s.(Tai sao?) Trong
[GC], G. Chang da chitng minh bat dang thitc Neuberg-Pedoe bang viéc st dung s phric.
V6i cac nhan dinh bing hinh hoc va cac chitng minh bat dang thiic Neuberg-Pedoe, xem
trong [DP] hay [GI, trang.92-93]. O day, ching ta dua ra ba cach chiing minh dai s6.

B dé 1.1.1.
ar?(ag? + by? — c22) + b2 (bo® + % — ax?) + 1% (ca? + ax® — by®) > 0.
Chiitng minh. Hay quan sat rang né tuong duong
(a12 + % + 012)(6122 + bo? + 622) > 2(0l126122 + b1%by* + 012022)-

Tit cong thitc Heron, ta thay riang, véii = 1,2,

16E2 = (CLZ'2 + bz‘z + Ci2)2 — 2(@2'4 + bi4 + Ci4) >0 hay CLZ'Q + biz + Ci2 > \/2(6%4 + bz‘4 + Ci4) .

Bat dang thic Cauchy-Schwarz néi ring

(a12—|—b12+012)(a22—|—622+022) > 2\/(@14 + b14 + 014)(CL24 + b24 + 624) Z 2(@126L22+b12b22+012622).

O
Chatng minh 1. ([LC1], Carlitz) Tit bd dé, ta dugc
L= a12(b22 + 022 — CL22) + b12(622 + CL22 — 622) + 012(CL22 + b22 — 022) > 0,
Vi thé, ta can chiing t6 riang
L? — (16 F,*)(16F,%) > 0.
Ta dé& dang kiém tra déng thitc sau
L? — (1613 (16 %) = —4(UV + VW + WU),
trong doé
U=blc? —b’ci®, V= ci%a® — c’ay® vie W = a;%by® — ap?b”.
Stt dung dang thiic
a12 612
a’U+ b’V +c®W =0 hay W = ——U — =V,
C1 C1
ta c6 thé dan ra ring
2 2_ g2 _p2 2 4a2b2 — (012 — q:2 — b,2)2
UV VW Wy =~ (g o mes mhn N dahe (el m e m o)y,
012 2&12 4@12012
Suy ra
2 2 2 2 2 2
a c1® —ay” — b 16F, 2
UOV+VW 4+ WU =—-—— (U — V] — Ve <.
+ + 612 ( 2&12 ) 4&12C12 -
O



Carlitz thay rang bat dang thitc Neuberg-Pedoe c6 thé rit ra tit bat dang thitc Aczél.

Dinh 1y 1.1.8. (bat dang thiic Aczél) Cho ay,--- ,a,, by, - b, la cic s6 thuc duong

thdéa man
a2 > as? + - +a,® va b2 > b2+ -+ b,

Khi do, ta co

albl — (a2b2 + -+ anbn) Z \/((L12 _ (a22 + e+ anQ)) <b12 _ <b22 + e+ an))

Chitng minh. ([AI]) Tt bat dang thitc Cauchy-Schwarz

arby > \/(aQ2 ot an?)(be” 4 A by?) = ashy 4 -+ anby.
Khi d6, bat dang thic trén tuong duong
(a1by — (asby + -+ + anbn))? > (ar® — (@ + -+ a,%)) (b® = (" + - +b.%)) -

Trong truong hop a;% — (ax® + - - - + a,?) = 0, n6 tam thuong. Vi vay, bay gio ta gia sit rang
a;®> — (ax? + -+ - + a,?) > 0. Diéu nay lam ta nghi dén da thiic bac hai sau

P(z) = (a2—b1)* =) (a;2—b;)* = <a1 — Zaz ) 242 <a161 — Zn:aibi> T+ <b12 — ibﬁ) )

1=2

3

Vi (H) = —ZZ ) (al <a1> - b> < 0 va vi hé s6 ctia 22 trong da thic bac hai P la sd
duong, P c6 it nhat mot nghiém thuye. Vi thé, P c6 biét thiic khong am. Suy ra

RSN RS SIEN

Chatng minh 2 ciia bat dang thitc Neuberg-Pedoe. ([LC2], Carlitz) Ta viét lai dudi dang
ai, bla C1, 02, an Co:

]

(a12 + 1912 + 012)(6122 + b22 + 022) — 2(@126122 + b12622 + 012622)

Z \/<(a12 + b12 + 012)2 — 2(@14 + b14 + 014)> ((a22 + 622 + 022)2 — 2(&24 + b24 + 024)>.
Ta ap dung thay thé sau
T = a> + b + 012@2 = \/§a12,x3 = \/51912,5104 = \/5012,

Y1 = a® + 0"+ ey = V2a0% s = V2h° Yy = V2007
Nhu trong chiing minh bo dé 5, ta c6

z1® > w® oyt v oy >t s’
Ta ap dung bat dang thic Aczél, suy ra bat déng thic

T1Y1 — ToYo — T3Y3 — T4Ys = \/(3712 — (222 +y3% + 242)) (1% — (1% + y32 +y4?)).



Ta két thic phan nay bang mot ching minh rat don gidn ctia mot sinh vién nam nhat
trong chuong trinh KMO?* miia he.

Chatng minh 3. Xét hai tam giac AA;B,C; va AA;ByCy trén R%:
A1<07p1)7 Bl(p2> 0)7 Cl(p37 0)7 A2(07 ql)a B2(q27 0)7 va C2<q37 O)
Tit bat ding thiic 22 + y? > 2|xy| suy ra ring

a12(bo? + 2% — ag?) 4+ b1 (co® + ag® — by?) + 1% (ag® + by? — ?)

(s — p2)°(200* + 2q1q2) + (01* + ps®) (202" — 242g3) + (P1* + P2?) (245" — 2q23)
= 2(ps — p2)’@® + 2(q3 — @2)°p1” + 2(p3q2 — p2qs)’
2((ps — p2)a1)* + 2((g3 — g2)p1)”

4/(ps — p2)a1| - (g3 — q2)p1|
16F F5 .

AV
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1.2 Cac phuong phap luogng giac

Trong phan nay, ta 4p dung cac phuong phap lugng gidc dé "xit Iy" cac bai bat dang thic
hinh hoc.

Dinh Iy 1.2.1. (Dinh 1y Erdés-Mordell) Néu tit mot diém P trong mot tam gidc cho trudc
ABC' ké cac duong vuong goc PH,, PHy, PHs3 vdi cic canh ciua no, tht PA+ PB + PC >
2(PH, + PHy + PHy).

Diéu nay Erdos néu ra vao nam 1935, va sau d6 Mordell chiing minh trong cling nam.
Bat ding thic nay cé nhiéu cach ching minh, André Avez sit dung dinh 1y Ptolemy , Leon
Bankoff dya vao géc trong cac tam gidc dong dang, V. Komornik dya vao bat dang thic
dién tich, hay Mordell va Barrow st dung lugng giéc.

Chitng minh. ([MB], Mordell) Ta chuyén n6 sang bat dang thitc lugng giac. Cho hy = PHy,
ho = PHy va hs = PHs. Ap dung dinh 1y Sin, Cosin ta dugc

PASiHA:HQHg = \/h22+h32—2h2h3008(ﬂ'—A),

PBsin B = H3H1 = \/h32 -+ h12 — 2h3h1 COS(’/T — B),

PCsinC = H/Hy, = \/h12 + hy® — 2hyhy cos(m — C).
Vi thé, ta can ching minh rang

1
Z SinA\/h22 + h32 — 2h2h3 COS(7T — A) Z 2(h1 + h2 + hg)

Van dé chinh 1 biéu thiic vé trai qud ndng dang can thitc bac hai. Muc tiéu ciia ching ta la
tim can dudi hon ma khong c6 can thitc. Dé két thic diéu nay, ta biéu dién biéu thic dusi
diu can bac hai dusi dang tong ctia hai binh phuong.
FH?,Q = hy? + hy® — 2hyhs cos(m — A)
= hy® + hs® — 2hyhg cos(B + O)
= ho® + hs® — 2hyhs(cos B cos C' — sin Bsin C).
Stt dung cos? B +sin? B = 1 va cos? C +sin? C = 1, ta thay ring
M, = (hysin C' 4 hgsin B)? + (hy cos C' — hg cos B)? .
Vi (hg cos C' — hs cos B)2 la khong am, ta dugc HyHs > hsysin C + hgsin B. Suy ra riang

\/h22 + hs® — 2hyhs cos(m — A) hysin C' 4+ hssin B
> > D

. sin A - . sin A
cyclic cyclic
Z sin B n sin C b
= - ; 1
< \sinC sinB
cyclic
sinB sinC
> - - 1
- sinC sin B
cyclic

= 2hy + 2hs + 2hs3.



Ta st dung ciing cach dé "xit 1§" cac bat déng thitc hinh hoc sau.

Bai toan 4. (IMO Short-list 2005) Trong mot tam gidc nhon ABC, cho D, E, F, P,
@, R la chan cdc cao tu A, B, C, A, B, C toi BC, CA, AB, EF, FD, DFE, tuong 1ing.
Chatng minh rang

P(ABC)p(PQR) > p(DEFY,

trong do p(T') kiyj hiéu chu vi cia tam gidc T.
Gidi. Ching ta hay ewuler® hoa bai toan nay. Cho p 1a ban kinh duong tron ngoai tiép tam
gidc ABC. That dé dé chiing minh chting minh ring BC = 2psin A va, EF = 2psin A cos A.
Vi DQ = 2psinC cos Becos A, DR = 2psin BecosC cos A, va ZFDE = 1 — 2A, tu dinh 1y
Cosin cho ta

QR> = DQ*+ DR*—-2DQ - DRcos(m — 2A)

4p* cos® A [(sin C cos B)® + (sin B cos C')* + 2sin C cos Bsin B cos C cos(24)]

hay

QR =2pcos AN/ f(A, B,(C),

trong do
f(A,B,C) = (sin C cos B)* + (sin B cos C')* + 2sin C cos Bsin B cos C cos(2A).

Vay, ching ta can giai bai sau:

(Z 2psinA> <Z 2pcosA\/f(A,B,C)) > (Z 2psinAcosA)

cyclic cyclic cyclic

hay
2
(Z sinA) <Z cos Av/ f(A, B, C)) > (Z sinAcosA) .
cyclic cyclic cyclic
Cong viéc chiing ta tim ra can hgp 1y ctia v/ f(A, B, C). Mot lan nita, ta viét f(A, B, C)) nhu
la tdng ctia hai binh phuong. Ta thiy ring
f(A,B,C) = (sinCcosB)*+ (sin BcosC)* 4 2sin C cos B'sin B cos C' cos(2A)
= (sinCcos B + sin Bcos C)* 4 2sin C' cos Bsin B cos C' [—1 4 cos(24)]
= sin*(C + B) — 2sin C cos Bsin Beos C - 2sin® A
= sin® A[1 — 4sin Bsin C cos Bcos C].
Vi vay, chiing ta viét 1 — 4sin Bsin C cos B cos C' nhu 1 tong ctia hai binh phuong. Meo &
day 1a 1 bang (sin2 B + cos? B) (sim2 C' + cos? C). That ra, ta dugc
1 —4sin BsinCcos BecosC' = (sin2 B + cos? B) (sin2 C + cos? C) — 4 sin Bsin C' cos B cos C'
= (sin Bcos C' — sin C cos B)? 4 (cos B cos C' — sin Bsin C)’
= sin*(B — C) +cos*(B + O)
= sin?(B — C) + cos® A.

Seuler dong tir. (trong Toan hoc) chuyén cac bai toan hinh hoc tam gidc thanh cac bai toan lugng giac

9



Vi thé ta suy ra
f(A, B,C) = sin® A [sin®(B — C) + cos® A] > sin® Acos® 4

sao cho

Z cos A\/ f(A,B,C) > Z sin A cos® A.

cyclic cyclic

Vi vay, ching ta hoan thanh chting minh néu ta thiét lap

(ZmA) (ZsinAcos2A> > (ZsinACOSA)Q.

cyclic cyclic cyclic
That vay, ta thiy ring no la két qua truc tiép tit bat dang thitc Cauchy-Schwarz

(p+q+r)(@+y+2) > o+ Vay+Vrz),

trong d6 p,q,r, x,y va z 1a cac s6 thuc duong. O
Ta c6 thé lay can dudi khac ctia f(A, B, C):

f(A,B,C) = (sinCcosB)*+ (sin BcosC)* 4 2sin C cos Bsin B cos C cos(2A)
= (sinC cos B — sin B cos C')* + 2sin C cos Bsin B cos C [1 + cos(24)]
sin(2B) sin(2C)
2 2
> cos® Asin(2B)sin(2C).

= sin*(B—-C)+2 -2cos* A
Khi d6, chiing ta c6 thé st dung diéu nay dé chon can dudi khac ciia chu vi tam giac PQR:

p(PQR) = Z 2pcos AN/ f(A,B,C) > Z 2p cos® AvV/sin 2B sin 20

cyclic cyclic
Vi thé, ta xét bat déng thic sau:

p(ABC) Z 2p cos? AV/sin 2B sin 2C > p(DEF)’

cyclic
hay
2
<2p Z sin A) (Z 2p cos® AV/sin 2B sin 20) > <2p Z sin A cos A) .
cyclic cyclic cyclic
hay

<Z sinA) (Z COSZA\/SiDQBSiIl2C> > (Z sinAcosA) )

cyclic cyclic cyclic
Tuy nhién, né tré thanh bat ding thic khong ding. Cé bac bé diéu nay thit xem!

Bai toan 5. Cho I la tam duong tron noi tiép tam gidc ABC véi BC = a, CA = b va
AB = c. Chiing minh ring, vdi moi diém X,

aX A2 +bXB? + ¢XC? > abe.

10



Chitng minh. Bat dang thiic tam gidc nay suy ra tit bat dang thic sau:
aX A+ bXB* +cXC? = (a+b+c)XI* + abe. °

C6 nhiéu cach thiét lap déng thiic nay. Dé euler héa didu nay, ching ta xét mot hinh trén
mit phang Descartes sao cho A(ccos B, csin B), B(0,0) va C(a,0). Dat r 1a ban kinh dusng
tron noi tiép tam giac ABC va s = %HC, ta duge I(s — b,r). Ta biét rang

,_(—a)ls=bs—0)

rT =
S

biat X(p, ¢). Mat khac, ta duge

aXA®+bX B + cXC?
= al(p—ccos B + (¢ — csinB)Q} +b(p*+¢°) +cl[lp—a)?+¢*
= (a+b+c)p* —2acp(l +cos B) + (a+ b+ c)q* — 2acqgsin B + ac® + a*c
%) + 2s¢® — 2@@[&?%0] +ac® + d’c
= 2sp> —pla+c+0b)(a+c—0b)+2s¢* — 4q/ANABC] + ac® + a’c
= 2sp® — p(2s) (25 — 2b) + 2s5¢* — 4qsr + ac® + a’c

= 2sp® —4s (s — b)p+ 25¢° — 4rsq + ac® + a’c.

= 2sp? — 2acp <1 +

Ta cling c6
(a+b+c)XI?+ abe
= 2s[(p—(s—b)*+(¢—7)"]
= 25[p*—2(s—b)p+ (s —b)>+¢* —2qr +1°]
= 2sp® —4s(s —b)p+25(s — b)* + 25¢* — 4rsq + 2sr* + abe.
Ta suy ra
aXA? +bXB* +cXC? — (a+b+c)XI? — abe.
= ac® 4 a’c — 2s(s — b)? — 2sr* — abc
= acla+c)—2s(s —b)* —2(s —a)(s — b)(s — c) — abc
= acla+c—b) —2s(s —b)* —2(s —a)(s—b)(s — c)
= 2ac(s —b) —2s(s —b)* —2(s —a)(s —b)(s —c)
= 2(s—=0b)ac—s(s—b) —2(s—a)(s—c)].
Tuy nhién, ta tinh duge ac — s(s —b) —2(s —a)(s —c¢) = —2s> + (a + b+ ¢)s = 0. O

Bai toan 6. (IMO 2001/1) Cho ABC' la mot tam gidc nhon vdi O la tam dudng tron ngogi
tiep. Cho P trén duong BC la chan duong cao ha tu A. Gid st ZBCA > ZABC + 30°.
Chaing minh rang ZCAB + ZCOP < 90°.

6TMO Short-list 1988
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Chitng minh. Bat dang thitc goc LOAB + ZCOP < 90° ¢6 thé duge viét nhu ZCOP <
Z/PCO. Diéu nay c6 thé duge chi ra néu chiing ta thiét lap bat dang thiic chiéu dai OP > PC.
Vi phuong tich ctia P ting v6i duong tron ngoai tiép tam gidc ABC 1a OP? = R* — BP - PC,
trong d6 R ban kinh duong tron ngoai tiép tam gidc ABC, né tré thanh R? — BP - PC >
PC? hay R? > BC - PC. Ching ta euler bai toan nay. Ta dé thay BC = 2Rsin A va
PC = 2Rsin BcosC. Vi vay, ta chi ra bat dang thic R? > 2Rsin A - 2Rsin B cos C' hay
sin Asin BeosC' < 1. VisinA < 1, n6 due dé chi ra réng sin Asin Beos C' < 1. Cudi cung,
ta stt dung diéu kien goc ZC > ZB + 30° dé dugc bat dang thic lugng giac

sin(B + C') —sin(C' — B) < 1 —sin(C — B) < 1 —sin30°

1
in B C = = —.
sin B cos 5 < 5 < 5 1

]

Chiing ta két thic phan nay bang bat ding thitc Barrows manh hon Dinh 1y Erdos-Mordell.
Chiing ta can bat dang thitc lugng gidc sau:

Meénh dé 1.2.1. Cho z,y,z,01,05,05 la so thuc vdi O, + 0y + 05 = 7. Khi do,
22+ + 22 > 2(yzcos Oy + zx cos By + zy cosbs).
Chiing minh. St dung 63 = 7 — (0; + 05), ta dé thay réng
2y +2°—2(yz cos 0y +2zx cos Oo+ay cos B3) = (2 — (2 cos By + y cos 91))2+(:1: sin , — y sin 91)2 )
]
Hé qua 1.2.1. Cho p, q, va r la cdc so thuc duong. Cho 0y, 0, va 05 la cdc s6 thuc théa
man 0 + 0, + 05 = w. Khi do, bat dang thitc sau zdy ra.

1
p60891+QC0392+7’00863§—( —|—@+@)
2\p q 1

Chiing minh. Lay (z,y, 2 (, /qr \ /T;’, \/ q) va 4p dung ménh dé treén. O

Dinh ly 1.2.2. (Bat dang thic Barrow) Cho P la mot diém bén trong tam gidc ABC
va cho U, V., W la cic giao diém cia phan gidc cic géc BPC, CPA, APB vdi cic canh
BC,CA,AB tuong ting. Ching minh rang PA+ PB + PC > 2(PU + PV + PW).

Chitng minh. ([MB] va [AK]) Cho dy = PA, dy = PB, d3 = PC, |, = PU, l = PV,
Iy = PW, 20, = Z/BPC, 20, = ZCPA, va 205 = ZAPB. Ta can chiing minh rang d; + ds +
ds > 2(Iy + Iy + I3). Ta d& dan ra dang thitc sau

2dsd; 2dsd; . 2d,dy

[, = 01, Iy = 0 I3 =
1 d2+d3COS 1, l2 d3+d1COS 2, Va I3 d1+d2c

0s 03,

Bing bat dang thitc AM-GM va hé qua & trén, dicu nay c6 nghia la

ll + lz + l3 S dgdg COS 61 + V d3d1 COS 92 + d1d2 COS 93 d1 + dg + dg)
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Nhu 1a mot ap dung khéc ciia ménh dé lugng gidc trén, ta thiét lap bat déng thitc sau

Hé qua 1.2.2. ([AK], Abi-Khuzam) Cho x1,--- , x4 la cic s6 duong. Cho 0y,--- ,04 la
cac so thuc sao cho 0 + -+ + 0, = m. Khi do,

T1T3 + I2$4)(.T1I4 + l’gxg)
T1ToT324 '

T1T2 + 23T
11 €08 0] + X9 cos Oy + x3 cOs O3 + 14 cosly < \/( 179 + 2374)(

Chitng minh. Cho p = £t2® 4 za®swa® o TLL2ALITL yi \ = \/g. Trong 01 +0s+4(03+04) =7

2x110 2x324

va 03 + 04 + (01 + 65) = m, ménh dé 4m chi rang

x1 €08 by + 22 cos Oy + Acos(bs + 04) < pA = /pg,

x3cosls + x4 co80y + Acos(0y + 02) <

= /pq.

Vi cos(fs + 04) + cos(f; + 63) = 0, cong hai bat dang thitc trén ta dugc

>

)(Il.rg + $2$4)($1l’4 + $2x3>

T1T2X374

T1To + T3T
21 €08 01 +15 cos Oy +x3 cos U3+x4 cos Oy < 2,/pg = \/( 172 T m3d
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1.3 Cac tng dung ctia S6 Phiic

Trong phan nay, ching ta thao luan vai tng dung ctia s6 phic trong bat dang thitc hinh
hoc. Méi s6 phiic tuong tng véi mot diém duy nhat trén mat phang phtc. Ky hiéu chuan
cho tap cac sb phiic 1a C, va chiing ta ciing xem mit phang phiic 1a C. Cong cu chinh la cac
ap dung ctia bat déng thic co ban sau.

Dinh 1y 1.3.1. Néu zy,--+ ,2, € C, thi |z1] + -+ + |zn| > |21 + - + 20|
Chitng minh. Quy nap theo n. O

Dinh 1y 1.3.2. (Bat dang thitc Ptolemy) Cho bat kj cic diém A, B,C,D trong mdt
phdng, ta co

AB-CD+ BC-DA> AC - BD.

Chiing minh. Cho a, b, ¢ va 0 la céc s6 phiic tuong tng véi A, B, C, D trong mit phang
phtc. N6 tré thanh
ja—=b|-[c[+|b—c|-|a] = |a—c|-]b].

Ap dung bat ding thitc tam gide t6i ddng thitc (a — b)e + (b — ¢)a = (a — ¢)b, ta duge két
qua. O

Bai toan 7. ([TD]) Cho P la mot diém tu do trong mat phang ciia tam gidgc ABC vdi trong
tam G. Ching minh bat ding thic sau

(1) BC-PB-PC+AB-PA-PB+CA-PC-PA>BC-CA-AB vi
(2) PA*. BC+PB’-CA+PC - AB > 3PG-BC-CA-AB.

Gidi. Ta chi kiém tra bat ddng thic dau tien. Cha ¥ A, B, C, P 1a céc s6 phiic va gia st rang
P tuong ting v6i 0. Ta can chiing minh rang

|(B—C)BC|+|(A—B)AB| + |(C — A)CA| > |(B—-C)(C — A)(A— B)]|.
Ta van ap dung bat déng thic tam giac t6i déng thic
(B-—C)BC+ (A—B)AB+ (C—-A)CA=—-(B-C)(C—-A)(A-B).
O

Bai toan 8. (IMO Short-list 2002) Cho ABC' la mot tam gidc cé mot diém trong F sao
cho ZAFB = /BFC = ZCFA. Cho cic duong BF va CF gap cic canh AC va AB tai D
va E, tuong ing. Chiing minh rang AB + AC > 4DE.

Gidi. Cho AF = 2, BF = y,CF = z vi cho w = cos%7r + 7 sin %’r Ta c6 thé xét cac hinh
tren C sao cho cac diem F, A, B, C, D, va E dugc dai dién bang céc s6 phic 0, z, yw, 2w?,

d, va e. Ta dé thiét lap dugc rang DF = 2= va EF = L. Dieu nay c6 nghia la d = — 22w
Y T+z
va e = —“Lw. Bay gio ching ta ching t6 rang
—2x x
|z — yw| + |2w? — x| > 4 wt —L 2

w
Z+T r+y
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2

Vifw|=1vaw? =1, taco |2w? — 2| = |w(zw? — )| = |z — zw|. VI thé ching ta can chiing

minh
dzx dxy
|z —yw| + |z — 2w| > - w| .
z+x xT+y
4zx 4xy

Manh hon, ta lap |(z — yw) + (2 — 2w)| >

dr w_ﬂw‘ hay |p — qw| > |r — sw|, trong d6

Rorang lap >r >0 va ¢ > s > 0. Suy ra rang

_ _ _ dzx _ Axy
p—z—l—x,q—y—i—x,r——zﬂ va s = 7.

p = ql’~Ir = swl* = (p—qw)(p — qu) — (r—sw)(r — sw) = (P*~1*)+(pg—75)+(¢"~5") > 0.

Ta dé kiém tra ring dang thiic xay ra khi va chi khi AABC la tam gidc déu. O
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CHUONG 2

BON CACH CHUNG MINH CO BAN

Radi rac hoa ra! Shiing-shen Chern

2.1 Phép thay thé luong giac
Néu ban ddi mat vé6i tich phan c6 cac can thic bac hai nhu
/\/1—:1:2 dr, /\/1+y2 dy, /\/z2—1 dz
thi phép thay thé luong gidc nhu x = sint, y = tant, 2 = sect rat hay sit dung. Ta sé hoc
cac phép thay thé lugng gidc phit hgp lam don gidn bat dang thitc da cho.
Bai toan 9. (APMO 2004/5) Chitng minh ring, vdi moi s6 thuc duong a,b,c,
(a® 4+ 2)(b* + 2)(c* 4+ 2) > 9(ab + be + ca).

Cach giai 1. Chon A, B,C € (0 ’r) véi a = V2tan 4, b = /2tan B, va ¢ = v/2tan C. St

)
dung déng thic luong gidc quen thude 1 + tan®6 = Coi%,, ta c6 thé viét lai n6 nhu sau

4
9 > cos A cos B cos C (cos Asin Bsin C + sin A cos B sin C' + sin Asin B cos C) .

Ta dé dang thay
cos(A+ B+ C) = cos Acos B cos C — cos Asin Bsin C' — sin A cos Bsin C' — sin A sin B cos C.

Khi dé, bat dang thiic luong giac trén c6 dang

4

5 > cos A cos B cos C (cos Acos BcosC — cos(A+ B+ C)).

Cho 0 = 4+8+€, Ap dung bat ding thic AM-GM va bat ding thic Jesen, ta c6

cos A + cos B +cos O\ *
cosAcosBcong( ) < cos® 0.

3

Ta can chiing t6 rang

> cos® 0(cos® 0 — cos 36).

O W~
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St dung dang thiic luong giac
cos30 = 4cos®f — 3cosh hay cos®d — cos30 = 3cosh — 3cos® 0,

tré thanh 4
77 > cos* 6 (1 — cos? 9) ,

tit bat dang thiic AM-GM suy ra

1
20 20 31 0 20 1
<COZ . COZ . (1 — cos? 6)) < 3 (COZ + CO; + (1 — cos? 6)) = 3

Ta thay ring dang thiic xay ra khi va chi khi tan A = tan B = tanC' = \/Li néu va chi néu

a=b=c=1. O
Bai toan 10. (Latvia 2002) Cho a, b, ¢, d la cdc so thuc duong sao cho

1 1 1 1

=1.
1—|—a4+1—{—b4+1+c4+1—|—d4

Chaing minh rang abed > 3.

Cach gidi 1. Ta c6 thé viét lai a®> = tan A, b*> = tan B, ¢ = tanC, d*> = tan D, trong do
A,B,C,D € (0,%). Khi d6, dang thic dai sd trd thanh déng thic ludng gidc:

cos® A + cos®? B + cos? C + cos®> D = 1.

Ap dung bat ding thic AM-GM, ta dugc

Wl

sin? A = 1 — cos®> A = cos® B + cos® C + cos® D > 3 (cos B cosC cos D)5 .

Tuong tu, ta duge

Wi

sin B > 3(cosC’cosDcosA)§ ,sin?C' >3 (cosDcosAcosB)% , va sin® D > 3 (cos Acos Bcos O)5 .

Nhan ting vé ta suy ra dugc két qua! O

Bai toan 11. (Korea 1998) Cho x, y, z la cdc so thuc duong sao cho x + vy + z = xyz.
Chaing té ring

1 1 1 3
+ + <.
Vid+a?2  J1+y2 V14227 2

Vi hém f khong 16m trén R*, ta khong thé ap dung bat dang thiic Jensen d6i véi ham
f(t) = 1+t . Tuy nhién, ham f(tan ) 16m trén (0, g)‘

Cach gidi 1. Ta c6 thé viét ¢+ =tan A, y = tan B, z = tan C, trong d6 A, B,C € (O, g) St
dung 1 + tan? 6§ = ( - ) ta viét lai n6 dudi dang ctia A, B, C :

3
cos A+ cos B + cos C' < 3"

Suy ratu tan(n—C) = —z = 1z+y =tan(A+B)vatun—C,A+B € (0,m) man—C = A+B

hay A+ B+ C = 7. Vi vay, ta chi can chting minh sau day. O]
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Dinh 1y 2.1.1. Cho bat ky tam gidc nhon ABC nao, ta cé cos A+ cos B + cos C' < %
Chiing minh. Vi cosz 13 16i trén (0, %), ta suy ra tryc tiép tit bat déng thic Jensen. O
the nghi ngay den bat dang thiic cos A+ cos B 4 cos C' < % khong xay trong bat ky tam giac
nao. Tuy nhién, ta biet rang dieu do lai xay ra vé6i moi tam giac.

Ching ta chd ¥ rdng ham cos z khong 16m tren (0, 7). That ra, n6 1om tren (5, 7). Ta c6

Dinh 1y 2.1.2. Trong bat ky tam giac ABC, ta c6 cos A + cos B + cos C < %

Chitng minh 1. Tum—C = A+ B suy ra cos C' = — cos(A+ B) = — cos Acos B+sin Asin B
hay
3 —2(cos A+ cos B + cos C) = (sin A — sin B)? + (cos A + cos B — 1)* > 0.

]
Chaing minh 2. Cho BC = a, CA =b, AB = c¢. St dung dinh 1y Cosin, ta viét lai bat dang

thitc da cho dudi dang cia a, b, ¢ :
V+ct—a®> A+a®>-0  a>+b -
+ +
2bc 2ca 2ab

3
< -.
-2
Loai mau, ta dugc
3abe > a(b* + ¢ — a®) + b(c® + a* — b%) + c(a® + b* — ¢?),

tuong duong véi abc > (b+ ¢ —a)(c+ a —b)(a+ b — ¢) theo dinh 1y 2. O

Trong chuong trudc, ta thay ring bat dang thic hinh hoc R > 2r tuong duong véi bat
dang thiic dai s6 abc > (b+c—a)(c+a—b)(a+b— c). Bay gio ta thiy ring, trong ching
minh dinh 1y trén, abc > (b+ ¢ — a)(c+ a — b)(a + b — ¢) tuong duong véi bat dang thiic
lugng gidc cos A + cos B + cos C' < % Mot ai d6 hoi rang

Trong tam giac ABC, ton tai mot quan hé tu nhién gitta cos A + cos B + cos C'
va %, trong d6 R va r 1a cac ban kinh dudng trong ngoai tiép va noi tiép tam
giac ABC' ?

Dinh ly 2.1.3. Cho R va r la bdn kinh duong tron ngogi tiép va noi tiép tam gidgc ABC.
Khi do, ta c6 cos A+ cos B+cosC =1+ 4.

Chitng minh. St dung dang thic a(b® + 2 — a?) + b(c? + a® — b?) + c(a® + b — 2) =
2abc + (b+ ¢ —a)(c+a — b)(a+ b — ¢). Phan con lai danh cho doc gia.

U

Bai tap 4. (a) Cho p,q,r la cic s6 thyc duong sao cho p? + ¢* + 12 + 2pqr = 1. Chiing t6
rang, ton tai mot tam gidc nhon ABC sao cho p = cos A, ¢ = cos B, r = cos C.

(b) Cho p,q,r > 0 vdi p* + ¢* + r? + 2pgqr = 1. Chiing té ring, ton tai A, B,C € [0,5] vdi
p=cosA,q=cosB,r=cosC,va A+ B+C =m.

Bai toan 12. (USA 2001) Cho a,b, va c la cdc s6 thiuc khong am sao cho a®+b*+c*+abc =
4. Chitng minh rang 0 < ab + be + ca — abe < 2.
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Gidi. Cht ¥ réng a,b,c > 1 chi ra réng a® + b* + ¢ + abc > 4. Néu a < 1, khi d6 ta c6
ab+bc+ ca —abc > (1 —a)be > 0. Bay gio ching ta chiing minh rang ab + bc + ca — abe < 2.
Cho a = 2p, b = 2q, ¢ = 2r, ta dugc p* + ¢*> + r? + 2pgr = 1. Bing bai tap trén, ta viét lai

a=2cosA, b=2cosB, c=2cosC v6i A, B,C € [O,g} v6i A+ B+ C =m.
Ta can chitng minh

cos Acos B+ cos BcosC + cosC cos A —2cos Acos BeosC <

N | —

Ta c6 thé gid st ring A > £ hay 1 — 2cos A > 0. Chu y réng
cos Acos B +cos BcosC 4+ cosCcos A — 2cos Acos BcosC

= cos A(cos B + cos C') + cos B cos C(1 —2cos A).

Ta ép dung bat dang thic Jensen dan ra cos B+cos C' < 3 —cos A. Chu y ring 2 cos B cos C' =
cos(B — C) + cos(B + C) < 1 — cos A. Diéu nay dan ra

1—cosA

cos A(cos B+cos C')+cos B cos C(1—2cos A) < cos A <g — cos A)—l—( 5

) (1-2c0s.)

Tuy nhién, ta dé kiém tra ring cos A (2 — cos A) + (2=4) (1 — 2cos A) = L. O
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2.2 Phép thay thé Dai S6

Chiing ta biét rang nhiéu bat dang thic trong hinh hoc tam giac c¢6 thé duge "xit Iy" bing
phép thé Ravi va phép thé liong gide. Chiing ta c6 chuyén bat ding thitc da cho thanh céc
bat dang thic d& hon thong qua vai phép thé dai so.

Bai toan 13. (IMO 2001/2) Cho a, b, ¢ la cdc s6 thuc duong. Chiing minh ring

a n b n c > 1
Va2 +8bc Vb2 +8ca V2 + 8ab

Cach gidi 1. Dé khit can bac hai, ta ding phép thé sau:

a b c

—_— Y=, 2= —
va? + 8be Y Vb2 + 8ca V2 + 8ab

RS rang, z,y,2 € (0,1). Muc dich cia ching ta 1a ching t6 rang x +y + 2z > 1. Chung ta
chua y

CL2 B $2 b2 y2 62 B 22 . 1 B x2 y2 Z2
8bc  1—22" Sac 1—y2 8ab 1— 22 512 \1—a2)\1—9y2)\1—-22/)"

Vi vay, ta can chiing t6 riang

TH+y+2z>1, trong d6 0 < 2,9,z < 1va (1 — 2 (1 —y*)(1 — 2%) = 512(zyz)>
Tuy nhién, 1 > x + y + z suy ra ring, bang bat dang thitic AM-GM,
(1=2*)(1=¢*)(1=2%) > ((z+y+2)° =) ((w+y+2)° =y ((r+y+2)*=2%) = (s+at+y+2)(y+2)
(yty+2) (=) (wty+a+2) (o) = Aa’y2)1-2y2)? Aly*z) T 2()? A(ey) T 2(ay)
= 512(zyz)?. Diéu nay mau thuéan! O

Bai toan 14. (IMO 1995/2) Cho a,b,c la cic so thuc duong sao cho abc = 1. Chiing t6
rang

.mH
N

1 + 1 1 > 3
ad(b+c)  be+ ) (a+b)_2'
Céch gidi 1. Sau khi 4p dung phép thé a = % b= = %, ta dugc zyz = 1. Bat dang thic
c6 dang
x? y? 22 3
+ + > =
y+z z4+x x4y 2

Tit bat dang thitc Cauchy-Schwarz suy ra rang
2 2 52
+ L4
yt+z z+x TH+Y

[@+z%+@+w%+@+yﬂ( )2(x+y+@2

sao cho, bang bat ding thitc AM-GM,

2 2 2 1
x N Y N z >x+y—|—z>3(xyz)3:3‘
y+z z4+xz x4y 2 - 2 2
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(Korea 1998) Cho z, y, 2 1a cac s6 thyc duong v6i z +y+ 2z = zyz. Chitng minh

rang
1 1 1

+ +
Vits®  J1+y2 V1422

3
< -
2

Cach gidi 2. Diém bat dau la dit a = %, b= i, c= % Ta thay rang a + b + ¢ = abe tuong
duong véi 1 = zy + yz + zr. Bat dang thiic trd thanh

x Y z 3
+ + <z
Vaz+1l 2 +1 V22417 2
hay
3
z n Y + c <=z
Ve +ry+yz+zr YRt ayt+yz+z2z /R +ay+yz+ar o 2
hay
x Y z 3
+ + <z
Viet+yle+z)  Vy+2)y+z) Viz+ao)(z+y) 2
Bing bat dang thiic AM-GM, ta c6
T _a:\/(:v+y)(x+z)<1a7[(x+y)+(x+z)]_1( z )
Via+y)(r+z) (e+y)le+z) —2 (z+y)(z+2) 2\z+z w+z/)

Theo cung cach, ta duge

Y 1 Y Y . z 1 z z
<z + va <z + :
Viy+2)y+e) " 2\y+z y+e Jerta) ety 2\zta  zty
Cong vé theo vé ta duge két qua. O
Bay gio ta chiing minh mot dinh 1y ¢6 dién theo nhiéu cach khéac nhau.
Dinh ly 2.2.1. (Nesbitt, 1903) Cho cdc so thic duong a,b,c, ta cé

a b c
+ +
b+c c+a a—+bd

3
> —.
-2
Ching minh 1. Sau khi thé v =b+c, y=c+a, z = a+ b, ta dugc

y+z—x _ 3 y+z
T >_ h >6

cyclic cyclic

tw bat dang thic AM-GM ta suy ra:

+ z Z zZ T T Z Z T T
Zy :g+_+_+_+_+gZﬁ(g._._._._.g
T T T Yy oy z z T T Yy z 2

N——
o=
I
&

cyclic
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Chitng minh 2. Ta dung phép thé

dé thay rang

a ) ot
Zf(x): Zmzl, trong do f(t)_l——l—t

cyclic cyclic
Vi f la ham loi trén (0,00), bat ddang thic Jensen chiing té ring
1 1 1 r+y+z 1 r+y+z
)= == < -z h - < _ .
f(g) . 3C§Cf(x)_f< ; ) ay f<2>_f( ; )

Vi f tang don diéu, dieu nay suy ra

1 a 3
<=2 " h — = > .
5 < 3 ay Zb+c :E—I—y+z_2

cyclic

Chitng minh 3. Nhu trong chiing minh trude, chi di ching minh

rT+y+=z T
3 t d/T:— :1
rong do 3 v Z e

T >

DO | —

cyclic

Ta dé dang thay

x
Zl—i—:c:l

cyclic
suy ra 1 = 2xyz + xy + yz + zx. Bdng bat dang thic, ta cé

1 = 2zyztaytyzter < 2T°43T% = 21°437°—1>0 = (T-1)(T+1)*>0 = T >

(IMO 2000/2) Cho a,b, ¢ 1a cic s6 duong sao cho abc = 1. Chiing t6 réng

e b ()

Cdch gidi 2. ([IV], Ilan Vardi) Vi abc = 1, ta c¢6 thé chiing minh rang a > 1 > b. * Suy ra

1—(a—1+%) (b—l+%> (c—1+é>:(c+%—2> <a+%—1)+w. 2

]

ITai sao? Chu ¥ ring bat ding thitc khong doi xiing theo ba bién. Kiém tra lai xem!
Zxem [IV] dé kiém tra lai.
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Céch gidi 3. Nhu trong cach giai 1, sau khi thé a = Sb=Yc==2véixz, y z>0 tach

thé viét lai n6 nhu xyz > (y+ 2 — 2)(2z + * — y)(x + y — 2). Khong mat tinh tong quat, ta
c6 thé gid stz >y >2. Daty —x =pva z — 2 = q v6i p,q > 0. Ta thiy ring
vz —(y+z—a)(z+r—y(r+y—2)= 0" —pe+ )+ @’ +¢* —pq—pg).

VipP—pg+¢*>(p—¢q)?>0vap®+¢*—p*¢—pg® = (p—q)*(p+q) >0, Ta c6 dugc két

qua. n
Cdch gidi 4. (Theo IMO 2000 Short-List) Stt dung diéu kién abc = 1, ta suy ra ngay céc
ding thiic
1 1 1
2:—(a—1+—) —i—c(b—l—l——),
a b c
1 1 1
2=- (b—1+—) +a<c—1+—),
b c a
1 1 1
2:—(c—l+—) +b(a—1+—).
c a c

Dic biét, it nhat mot trong cic sb u =a — 1 + 1 v:b—1+%,w:c—1+%laam. Néu

b?
ton tai mot s6 nhu thé, thi ta c6

1 1 1
<a—1—|——> <b—1—|——> <c—1+—):uvw<0<1.
b c a

Va néu u,v,w > 0, bat dang thiic AM-GM cho ta

1 c 1 a 1 b
2=—-u-+cv>2y/-uv, 2=-v4aw > 2,/-vw, 2=—-w-+aw > 24/ -wu.
a a b b c c

Vithé, wv <2, vw <2 wu<¢ vivay (wow)? <2-2.¢ =1 Viu,v,w >0, ta hoan tat

chiing minh. O]
Bai toan 15. Cho a, b, ¢ la cdc so thuc duong théa méin a + b+ c = 1. Ching té rang

a n b +\/abc§1+3\/§.
a+bc b+ca cH+ab 4

Gidi. Ta mudn thiét lap

ab
1 1 © 3V3
bc+ ca+ ab§1+ \/_
T T ) 1

Dat x = \/%, y=+/%5, 2= @/%b. Ta can chitng minh réng
1 1 z 3v/3

<14 —
1+x2+1+y2+1—|—22_ + 4 7

23



trong d6 x,y,z > 0 v zy + yz + zz = 1. That ra khong kho khi ching té rang ton tai
A, B,C € (0,7) v6i

A B C
:B:tana,y:tang,z:tang, vaA+ B+ C=nm.

Bat dang thtc trd thanh

1 4 1 4 tan § 2§1+&§
1+ (tan é) 1+ (tan g) 1+ (tan %) 4
hay
1+%(cosA+cosB+sinC) < 1+¥
hay

3v/3

cos A+ cosB +sinC < —
O

Chu § réng cos A + cos B = 2 cos (432) cos (452). Vi [452| < Z, diéu nay c6 nghia la

A+ B —
cosA+CosB§2cos( —g ):2C08<7T20).

Ta ching té
2 cos <¥) +sinC < 3—\2/3,

trong d6 C' € (0, 7). Day la bat dang thitc mot bién.? Phan con lai danh cho doc gia.
0 day, ta cho cach giai khac ctia bai toan 10.

(Latvia 2002) Cho a, b, ¢, d la cac s6 thuc duong sao cho

1 1 1 1

=1.
1+a4+1+b4+1+c4+1+d4

Chitng minh rang abed > 3.

Cdch gidi 2. (tit Jeong Soo Sim tai ky thi KMO 2007) Ta can chiing minh bat dang thtec
a*b*c*d* > 81. Sau khi dung phép thé

1 1 1 1
1+ a?’ 1404 144’ 14 d4’
ta dudce p c
1— 1-B 1 - 1—-D
“ A B ¢ c D

3 Tach né ra! Shiing-shen Chern
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Khi d6 rang buoc trd thanh A + B + C + D = 1 va bat dang thitc c6 thé dudc viét lai nhu

1-A 1-B 1-C 1-D
. . . > 81.
A B C D

hay
B+C+D.C+D+A.D+A+B.A—|—B+C>81

A B C D .

hay
(B+C+D)(C+D+A)(D+A+B)(A+B+C)>81ABCD.

Tuy nhien, day la két qua tit bat déng thitc AM-GM:

Wl
ol
ol
W=

(B+C+D)(C+D+A)(D+A+B)(A+B+C) > 3(BCD)3-3(CDA)3-3(DAB)3-3(ABC)5 .

O

Bai toan 16. (Iran 1998) Ching minh ring, vdi moi x,y,z > 1 sao cho * + i +1=2,

Vity+z>vVe—1+y—1+vz—1

Céch gidi 1. Chang ta dung phép thé a = Vo —1, b = /y — 1, ¢ = v/z — 1. Khi d¢, dicu
kién tré thanh
1 n 1 n 1
1+a®> 140 1+

=2 < P+ + A +24850°F =1

va bat dang thitc tuong duong

Va2+2+2+3>a+b+c & ab+be+ca<

NN GV

Cho p = be, ¢ = ca, r = ab. Cong viéc clia ching ta 1a chiing minh rang p +q +r < % trong
dé p? + ¢® + 12 4+ 2pgr = 1. Theo bai tap 7, ta c6 thé dimg phép thé luong gidc

p=-cosA, q=cosB, r=cosC mot trong cac A, B,C € (0,%) with A+ B+ C = .

Ta chi can chitng minh cos A+cos B+cos C < % N6 dudc suy ra tit bat déng thitc Jensen. O
Bai toan 17. (Belarus 1998) Chiing minh rang, vdi moi a,b,c > 0,

b c>a+b+b+c

a
-4 - 1.
b+c a  b+c c—l—a+

Glidi. Sau khi viét z = ¢ va y = £, ta dugc

y a+b z+1 b+c 14y

C
- )
a

z b+ec 14y c+a y+a
Ta c6 thé viét lai bat dang thic nhu

3y 4+ 22 4+ + P 4y > 2%y + 2xy + 2212

25



Ap dung bat ding thitc AM-GM, ta c6

3y + , Ytz +yP+ P

s 2y, 5 > 2wy, 2® +y* > 2wy

Cong ba bat déng thic trén ta dude két qua. Dang thiic xay ra khi va chi khi © = y = 1 hay
a=b=c. O]

Bai toan 18. (IMO Short-list 2001) Cho zy,--- ,x, la cic so6 thuc tiy 4. Ching minh
bat ding thic

1 ) Tn
+ +oo <.
1—|—$12 1+$12—|—$22 1+$12+"'+xn2 \/_
Cadch gidi 1. Ta chi xét truong hop khi zy, -+, 2, 1a cdc sd thuc khong am.(Tai sao nhi?)?

Cho 2o = 1. Ap dung phép thé v; = z¢®> + -+ + ;2 v6i moi i = 0,--- ,n, ta duge x; =
VUi — Yi—1. Ta can ching minh bat déng thic sau

i V' Yi ;Z,yil < \/ﬁ

Viy, > 9y véimoii=1,--- ,n, Ta c6 mot can trén vé trai:
Zvyz Yi—1 Z\/yz Yi—1 Z
i—0 yzyz 1 Yi—1

Bay giv, ta ap dung bat dang thitc Cauchy-Schwarz dé cé can trén ciia bicéu thiic con lai:

- 1 1 11
Z %1__< n;(ym_@)_ n(%_;>

Viyo =1 vay, >0, nén ta dugc can trén mong muédn 1a /n.

O

Cdch gidi 2. Ta c6 thé gid st rang x,--- , 2, 1a cac s6 thic khong am. Cho zg = 0. Ta st
sung phép thay thé dai s6 sau

ti: 5 = C; = —F/———— va S = —F/——
Va2 + -+ V14t2 V14t
voi moi ¢ = 0,---,n. Ta dé thay rang "5 = co- - s Visi = V1 —¢? , bat ding

thitc mong mudn trd thanh

cocrV1 —ci2 4 cocica/1 — 2 + -+ cpcr - e/ 1 — 2 < /.

4_x ) |z1] |z2| |zn |
1412 + 14x12 4222 + + 1+x12+ Fxn2 S 14212 + 14x12 4222 + + 14z 24 ta, 2
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Vio<eg <1v6imoit=1,---,n,tacod

n n n
ZCO"'Ci\/l —¢? < ZCO"'Ci—l\/l —GT = Z\/(CO"'Ci—1)2 — (o cim16i)*.
i=1 i=1 i=1

Vi ¢y = 1, bang bat déng thic Cauchy-Schwarz, ta dugc

Z \/(Co ccim1)? = (cor i) < NZ [(co++cic1)? = (co- - cim1ci)?] = \/n [1—(co---cn)?.

]
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2.3 Dinh ly ham tang

Dinh ly 2.3.1. (Dinh ly ham tang) Cho f : (a,b) — R la ham khd vi. Néu f'(z) > 0
vdi moi x € (a,b), khi dé f don diéu trén (a,b). Néu f'(x) > 0 vdi moi x € (a,b), khi dé f
tang ngat trén (a,b).

Chitng minh. Trude tién ta xét truong hop khi f/(x) > 0 v6i moi € (a,b). Cho a < x1 <
z3 < b. Ta mudn chimg té ring f(z1) < f(x2). Ap dung dinh Iy gia tri trung binh, ta c6
¢ € (x1,9) sao cho f(x2) — f(x1) = f'(¢)(xa — x1). Vi f'(¢) > 0, phuong trinh nay nghia
1a f(z3) — f(x1) > 0. Trong trusng hop khi f/(x) > 0 véi moi x € (a,b), ta c6 thé ap dung
dinh 1y gia tri trung binh cho ra két qua. O
Bai toan 19. (Ireland 2000) Cho x,y > 0 vdi x+y = 2. Chiing minh rang x?y?(x*+y?) <
2.

Cach gidi 1. Sau khi thuan nhat no, ta can chiing minh

6
2(T5Y) 2 P hay (o4 ) 2 32 4 0P)

(Bay gio, hay quén di rang budc x +y = 2!) Trudng hgp zy = 0, bat dang thiic x4y ra. Bay
gio ta gia st rang zy # 0. Vi tinh thuan nhat ctia bat dang thiic, diéu nay c6 nghia la ta c6
thé chuan héa zy = 1. Khi d6, né tré thanh

1\° 1
<:c + —) > 32 <x2 + —2> hay p* > 32(p —2).
x x

trong d6 p = (z + %)2 > 4. Cong viéc ctia chiing ta la t6i thieu héa F(p) = p> — 32(p — 2)
tren [4,00). Vi F'(p) = 3p*> — 32 > 0, trong d6 p > /32, F tang (don dicu) tren [4,00). Vi
thé, F(p) > F(4) = 0 v6i moi p > 4. O
Cadch gidi 2. Nhu trong cach giai 1, ta chiing minh rang (z +y)® > 32(2? + y?)(zy)? v6i moi
x,y > 0. Trong truong hop z = y = 0, qua ro. 2Ba;/ gis, néu 24y > 0, khi d6 ta c6 thé chuan
héa 22 +y* =2. Dat p=ay, tac6 0 <p < L =1 va (v +y)? =2 + y> + 22y = 2 + 2p.
Bay gio n6 tré thanh
(24 2p)® > 64p* hay p* —5p® +3p+1>0.

Ta mudn t6i thiéu F(p) = p* — 5p* +3p+ 1 trén [0,1]. Ta tinh F'(p) =3 (p—3) (p — 3). Ta

thay rang F tang don di¢u trén [0, 1] va gidm don dieu tren [3,1]. vi F(0) =1 va F(1) = 0,

ta két luan rang F(p) > F(1) = 0 v6i moi p € [0, 1]. O

Cach gidi 3. Ta ching t6 rang (v + y)® > 32(2? + y?)(zy)? trong d6 x > y > 0. Ta thé
u=x+yvav=x—y. Khido, ta cou>v>0. N6 tré thanh

2 2 2 2\ 2
u® > 32 (u —H))(u U) hay u® > (u? +v?)(u? — v?)%

2 4

Cha y ring u* > v —0v? > 0 va u? > w? —v? > 0. So, ub > (u? — vh)(u? —0?) =
(u? + v?)(u* — v?)% 0
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Bai toan 20. (IMO 1984/1) Cho x,y,z la cic so thuc khong am sao cho x +y+ 2z = 1.
Chaing minh rang 0 < zy + yz + 2z — 2xyz < 2—77

Cdch gidi 1. Cho f(x,y,2) =2y +yz + 2z —22yz. Tacothe gid st 0 <o <y<z<1. Vi

t4+y+z=1dan dén 2 < 3. Suy ra f(z,y,2) = (1 — 32)yz + ayz + 2z + xy > 0. Ap dung
bt déng thic AM-GM, ta duge yz < (22)? = (552)% Vi 1 — 22 >0, suy ra

2
flz,y,2) =z(y+2) +yz(1-22) <x(l—z)+ (1;37) (1-2z)= _2x3zx2+1.

Cong viec ctia chiing ta 1a tim gia tri ciic dai ham mot bién F(x) = %1(_2$3 + 2%+ 1), trong
d6 z € [0,3]. Vi F/(z) = 32 (3 — x) > 0 tren [0, 5], ta két luan F(z) < F(3) = 5= v6i moi
T e [O, %} O

(IMO 2000/2) Cho a,b,c 1a cac s6 duong sao cho abc = 1. Chiing minh réng

ot ) e e

Cdch gidi 5. (dua theo k¥ thi chon doi tuyén IMO 2000 & Nhat) Vi abc = 1, nén it nhat mot
trong cac a, b, ¢ 16n hon hay bang 1. Ta néi b > 1. Ta dudc ¢ = ﬁ, tré thanh

1 1 1
— — — [ — | <
<a 1+b)(b 1+ab)(ab 1+a)_1

adb® — a?b® — ab® — a?b? +3ab® —ab+ > — b2 —b+1 > 0.
biat x = ab, n6 tré thanh fy(z) > 0, trong do

hay

fot) =t +0° — 0% —bt* + 30t — > — b —t — b+ 1.

C6 dinh mot s6 duong b > 1. Ta can ching té rang F(t) := fu(t) > 0 v6i moi ¢t > 0. Tu
b > 1 suy ra da thitc bac ba F'(t) = 3t* — 2(b+ 1)t — (b* — 3b + 1) ¢6 hai nghiem thuc
b+1—+4b2 —7b+4 b+ 1+ v4b> — b+ 4
va A\ = .

3 a A 3

Vi F cyec tiéu dia phuong tai t = A, ta thay rang F(t) > Min {F(0), F(\)} v6i moi t > 0. Ta
phéi chiing minh rang F(0) > 0 va F(A) > 0. Taco F(0) = 0> —b*—b+1 = (b—1)*(b+1) > 0.
Ta con chi ra rang F'(\) > 0. Cha ¥ ring A 1a nghiem cta F'(t). Sau khi chia, ta dugc

1, b+1\ 1
F(t)=F'(t) (gt - %) +3 ((—8b* + 14b — 8)t + 8b* — 7b* — Tb + 8) .
bat t = X, ta co
1
F(A) = 5 ((=80° + 14b = 8)A+ 86" — 70 — b+ 8)
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Vi thé, ta di thiét lap diéu do, véi moi b > 0,

b+ 14 V40> —Tb+ 4
3

(—8b2+14b—8)( >+8b3—7b2—7b+820,

tuong duong
160> — 15b* — 15b + 16 > (8b* — 14b + 8)V/4b2 — Th + 4 .

Vi cd 1603 — 150 — 15b + 16 va 8b* — 14b + 8 duong,® né tuong duong
(16b° — 156 — 15b + 16)* > (8b* — 14b + 8)*(4b* — 7b + 4)
hay
864b° — 3375b* 4+ 5022b% — 3375b% +864b > 0 hay 864b* — 3375b% + 50220 — 33756+ 864 > 0.

Cho G(x) = 864z* — 3375z 4 502222 — 33752 + 864. Ta chiing minh rang G(z) > 0 v6i moi
x € R. Ta thay ring

G'(z) = 34562% — 1012522 + 100442 — 3375 = (z — 1)(34562° — 6669z + 3375).
Vi 345622 — 66692 + 3375 > 0 v6i moi x € R, ta thay G(z) va x — 1 ciing dau. G gidm don

digu trén (—oo, 1] va tang don diéu trén [1,00). Ta két luan G c6 cuc tiéu tai o = 1. Vi thé,
G(z) > G(1) =0 v6i moi x € R. O

°Ta dé thay 16b° — 156% — 15b+ 16 = 16(b> —b? —b+ 1)+ b +b > 16(b* —1)(b—1) > 0 va 8b*> — 14b+8 =
8(b—1)2+2b > 0.
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2.4 Thiét lap can méi
Trudc tién ching ta xem hai cach chitng minh bat dang thiic Nesbitt.

(Nesbitt) Véi moi s6 duong a, b, c, ta co

a L b . c >3
b+c¢c c4+a a+b 2

Chitng minh 4. T (;% —1)* >0, ta din ra

a >1 ,ffc—l 8a—b—c

b+c =4 F=+1 4la+b+o)
Suy ra

D D T et

b+ c a+b+c 2

cyclic cyclic

Chitng minh 5. Ta ndéi ring
a 3CL% 3 3

w\»—t

az(b+c).

(NI

> hay 2 (a% +b3 +c3) >3
> ay az 2 c2
btc 2<a%+b%+c>

Bat dang thite AM-GM cho a: b2 +b> > 3azb wva a3 +c> e > 3azc. Cong vé theo vé
hai bat dang thic nay ta duge 2 (a% +b2 + c%) > BCL%(Z)—F ¢), nhu mong muon. Vi thé, ta cé

a 3 a 3
>y & 2
.b+c_2za%+b%+c% 2

Njw

Ta c6 thé chiing minh vai bat déng thic hoan vi vong quanh bing cach tim ra can méi.
Gia st ta mudn thiét lap
Z F(z,y,2) > C

cyclic
Néu ham G thoa man

(1) F(x,y,2) > G(x,y, z) v6i moi z,y,z > 0, va
(2) chdic G(z,y,z) = C v6i moi z,y,z > 0,

khi d6, ta dan ra
Y Flx,y,2)> Y Gla,y,z)=C

cyclic cyclic

Vi dy, néu ham F thoéa man
T

Flx,y,z) > ———
( y ) rT+y+z

véi moi z,y, z > 0, khi d6, lay tong hoan vi vong quanh ta dugc

ZF(m,y,z) > 1

cyclic

Nhu ta thay & trén, hai cach ching minh bat dang thic Nesbitt, c6 nhiéu can dudi.
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Bai toan 21. Cho a, b, c la cdc canh ciia mot tam gidc. Chiing minh rang

a b c
- - <
b+c c+a a+bd

2.

Chitng minh. Ta khong ap dung phép thé Ravi. Tit bat déng thic tam giac, dan ra

a a
2 e X Tarhig 2

cyclic cyclic 2

]

C6 mot lan, t6i ¢6 gang tim can méi clia (x + y + 2)? trong d6 z,y,z > 0 . C6 can dudi
quen thuoc nhu 3(zxy +yz + zzx) va 9(:Uyz)§. Nhung t6i muén tim ra mot cai hoan toan khac.
Toi da thit tach biéu thic déi xiing theo ba bién z,y, z. Chi ¥ ring

(x+y+2)?P=2+y*+ 22+ oy +ay+yz+yz+ 2w+ 22
Toi 4p dung bat ding thitic AM-GM vao vé phai ngoai trit biéu thitc z? :
v+ 22wy oy +yzr+yz+ w2z > Sx%y%z% .
Suy ra rang
(x4 y+2)> > 2?+ 8xy
(IMO 2001/2) Cho a, b, ¢ 1a cac s6 thyc duong . Chiing minh réng

a n b . c > 1
Va2 +8bc b2+ 8ca v+ 8ab

Cach gidi 2. Ta thay rang bat ding thic trén cling cho ta mot can dudi khac x + y + 2,
nghia la,

r+y+z2> \/xé <:17% +8y%z%>.
Suy ra

3
x1 x
Z—szzl'

3 3 3
cyclic xr2 + 8y 171 cyclic

Sau khi thé x = a%, Yy = b%, va z = c%, khi d6 tré thanh

a
- >1.
Z va?+ 8bc

cyclic

]

Bai toan 22. (IMO 2005/3) Cho z, y, va z la cic so duong sao cho xyz > 1. Chiing minh
rang
25— 2 W — o L5 2

+ + >0
x5+y2+22 y5+22+l’2 Z5+$2+y2_
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Cdch gidi 1. Diéu can chitng minh tuong duong véi bat ding thiic sau
L2 P y2— P 25
— +1 —+1 ——+4+1) <3
<x5+y2+z2 " ) " (y5+z2+x2 " ) - (z5+x2+y2 " ) B

P+ 4?42 x2+y2—|—22<3
2P+ y2+22 P +22+122 S+ az4y? T

hay

Theo bat déng thitc Cauchy-Schwarz va zyz > 1, ta ¢

2+ y? + 22 - yz +y? + 2*
$5+y2+22 — x2+y2+z2'

(@ +9° +2°)(yz + 5" +2%) = (@* +y° +2°)° hay

Lay tong hoan vi vong quanh va 22 + y? + 22 > 2y + yz + 2z cho ta

e L N R N x2+y2+z2<2 xy +yz + 2x
Ayt 422 P24 S pa? T vyt 22 T

Cédch gidi 2. Y tudng chinh nhu sau:

1.5 y5 2,5 - 332 y2 22

>1 .
5175+y2+Z2+y5+22+l’2+25+$2+y2 — - $5+y2+22+y5+22+x2+25+x2+y2

Dau tién ta bién ddi vé trai. Ta suy ra tit y* + 2% > y32 + y2® = yz(y? + 22) dugc

5 $5 112'4

4 4 S 2 4 ,2) > 2 2 }g x > _ ‘
w A zayEy ) 2y kS by s 2 e e Ay g

Lay tong hoan vi vong quanh, ta c6 bat dang thitc mong mudn. Ta con bién doi vé phai.
[Cach 1] Theo cach giai 1, bat dang thitc Cauchy-Schwarz va zyz > 1 chi ra

2} (yz +y? + 22) - x?

(x2+y2+22)2 — $5_}_y2_{_22'

(@ +¢° +2°)(yz + 5" +2%) = (@° +y° +2°)° hay
Lay tong hoan vi vong quanh, ta co

2 2 2 2
I e D
(:E2+y2+22)2 $5+y2+22

cyclic cyclic

Cong viéc ctia chiing ta 1a thiét lap thiét lap bat dang thitc thuan nhat sau

S R (ET) DTS LR SRS e

cyclic cyclic cyclic cyclic cyclic

Tuy nhién, tit bat dang thitc AM-GM, ta dugc

Zx4zzx4;y42 ngygzzxz(yz_;_z?) > ZnyZ'

cyclic cyclic cyclic cyclic
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[Cach 2] Ta c6

20t + oyt + 24 4 da?y? + 42222 S x?
4(1‘2 +y2 +22)2 — 25 +y2 +22‘
Ta di chiing minh
221 + yt + 2t + 4oy + 4?22 x2yz
4(2? +y? + 22)? Tttt s
vi zyz > 1 chi ra rang
2y B x? x?
TP y2d D g2y 2 T b by 422

Yz
Vi vay, ta can chi ra bat dang thitc thuan nhat
(22t + yt + 2+ da?y? + 40?22 (2t FPr 4+ y2d) > daPyz (2 + P+ 22
Tuy nhiéen, day la hé qua suy ra tit bat dang thic AM-GM.
(22" + ¢t + 2 + 42Py® + 42722 (2" + P2 + y2t) — dxtyz(2® + P + 22)?
= (@8 + 2y + 2% + 2% + y 2 + yP20) + (2 + 2t + 2% 4 202 T + PP
+2(25% + 22%) — 62*y 2 — 62ty2® — 22%2

6\6/1’8 . x4y4 . $6y2 . I6y2 . y7z . y3z5 + 6\6/.T8 cxdod 652 652, yz7 . y523

v

+24/ 2592 - 2622 — 62ty3 2 — 62ty — 225y2
= 0.

LAy tong hoan vi vong quanh, ta dugc

L Z 20t + oyt + 24 4 da?y? + 42222 S Z x? '
4(1.2 + y2 + 22)2 1;5 + y2 + 22

cyclic cyclic

Cach gidi 3. (theo thi sinh Turie Boreico® trong ky thi IMO 2005 & Moldova) Ta lap
25— 2 25— 2

> .
$5+y2+22 — $3(1'2—|—y2—|—2’2)

N6 suy ra tit dong nhat thic

25— 2 25— g2 (x3 _ 1)2x2(y2 + z2)

42422 B2 y2+22) a3+ 22) (a2 4 22)

Lay tong hoan vi vong quanh va st dung zyz > 1, ta ¢
5

x5 — a? 1 1 1
Z$5+y2+22 Z$5+y2+222 (1‘2_;) Zmz:(l‘2_yz)20

cyclic cyclic cyclic

6Nguoi nhan giai diic biet cho bai giai nay.
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Day 1a cach giai rat thong minh clia bai toan
Bai toan 23. (KMO cubi tuan 2007) Ching minh rang, vdi moi a,b,c,z,y,z > 0,

azr by cz <(a—|—b—|—c)(x+y+z)

— + < .
a+x b+y c+z a+btct+r+y+=z

Gidi. (theo Sanghoon) Ta can bo dé sau:
Lemma. V6i moi p, q, w1, ws > 0, ta co
pe_ _ wi’p+wi’y
PHa ™ (i +w)’

Chitng minh bé dé. N6 tuong duong
(p+q) (w’p+wq) — (w1 + wy)’ pg > 0

hay
(wip — waq)® > 0.
Lay (p,q, w1, ws) = (a, 2,7+ y + z,a + b+ ¢) trong bo dé, ta dugc

ar_ _ (z+y+2)2a+ (a+b+c)x

a+r = (z4y+z+a+b+e)’

Twong tu, ta duge
by <(x+y+@%+wa+b+@@

b+y = (r4+y+ztatbdte)]
va
cz <(x+y+z)2c+(a+b+c)2z
¢tz (zdytztatbte)?
Cong vé theo vé, ta dugc
ax_ by L ¢ <(w+y+z)2(a—|—b+c)+(a—|—b—|—c)2(:v—|—y—|—z).
atxr bty ct+z7 (z+y+z+atb+c)’
hay
azr by cz (a+b+c)(z+y+2)

+ + < -
a+xr b+y c+z7 at+btct+r+y+=z

Bai tap 5. (USAMO Mua He 2002) Cho a, b, c la cdc so6 duong. Chiing minh

20 \% [ 26 \7 [ 2 \?
+ + > 3.
b+c c+a a+b

£, 1A % 2 . N a

(Hint. [TJM]) Thiét lap bat dang thie (£%)° >3 (a+b+c).
Bai tap 6. (APMO 2005) (abc =8, a,b,c > 0)
a? b? ?
+ +
VA+a)A1+0) A+ +E) A+ 31+ ad)

(Hint.) Sit dung bat dang thic \/11? > 52 cho ta can dudi clia vé trai.

4
> -
-3
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CHUONG 3

THUAN NHAT HOA VA CHUAN HOA

Nha toan hoc nao ciing chi c6 vai meo nhé ma théi. Trudc kia, mot nha ly thuyét sé noi
tiéng lao lang da c6 mot s6 nhan xét ché bai cic tdc pham ciia Paul Erdés. Cdc ban nguing mo cdc
tac pham va cong trinh cia Erdés cong hién cho Todn hoc nhu chinh toi cing lam nhu vay, va tos
cdm thdy that buc minh khi chinh nha todn hoc lao lang phdt biéu phi phang cdc cong trinh cia
Erdés da lam "giam" di cdc ching minh cia ong ay chi dua trén cdc meo nhé. Nha lj thuyét so
nao ma khong nhan ra ring cdc nha todn hoc khdc, tham chi la nha todn hoc gidi nhat, cing cé thé
chi c6 vai meo nhé ho st dung mai mdi. Chang han nhu Hilbert. Tap hai cia bai suu tam cdc bai
bao ciia Hilbert cé cdc bai bao ciia Hilbert vé lyj thuyét bat bién. Toi da doc cdac bai bdo nay kij. That
buon, khi ai dé néi rang mot so két qud my man cia Hilbert da bi lang quén hoan toan. Nhung khi
doc cdc ching minh hay va sdu cia Hilbert vé lyj thuyét bat bién, that ngac nhién ta thay Hilbert
ciing chi s dung chung cdc meo nhé dy. Ngay ca Hilbert ciing chi c6 vai meo nhé ma théi!
Gian-Carlo Rota, Ten Lessons I Wish I Had Been Taught - Mudi bai hoc toi mong muon dude hoc,
Notices of the AMS, January 1997

3.1 Thuan nhat héa

Nhiéu bai toan bat ding thic thuong cé cac rang budc nhuab=1, 2yz =1, z +y+ 2 = 1.
Mot bat ding thtc doi zing khong thuan nhét c6 thé duge chuyén thanh mot bat ding
thitc thuan nhat. Khi dé, ta 4p dung hai dinh Iy hay: bat déng thtc Shur va bat dang thiic
Muirhead. Ta bat dau véi mot vi du don gian.

Bai toan 24. (Hungary 1996) Cho a, b la cdc s6 thiuc duong vdi a + b= 1. Ching minh

rang
a? n b?
a+1 b+1

—_

>_

OJ

Gidi. St dung diéu kién a + b = 1, ta c6 thé dan tit bat dang thitc da cho thanh bat déng
thitc thuan nhat , nghia 1a

1 a? b?
=< + hay @b+ ab® < a® + b°,
3 (a+b)(at(@+0)  (a+b)b+(a+p) & TTE=
suy ra tit (a® + %) — (@b + ab?) = (a — b)*(a + b) > 0. Bat dang thiic xdy ra néu va chi néu
a=b=1 ]
2

Bét dang thic tren a?b + ab® < a® + b3 c6 thé tong quat héa nhu sau:
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Dinh 1y 3.1.1. Cho ay,as, by, by la cdc s6 duong sao cho a; + ay = by + by va max(ai,as) >
maz(by, by). Cho x va y la cdc s6 khong am. Khi dé, ta c6 x®y® + x@2y® > gPyb2 4 gb2y0.

Chitng minh. Khong mat tinh tong quat, ta gia st ring a; > as, by > bo,aq > by. Néuz =0
hay y = 0, r6 rang bat dang thitc x4y ra. Vi vay, ta gid stt 2,y > 0. Ta suy ra a; +ay = by +bo
ma a; — ay = (b — as) + (by — ay). Ta dé thay

7% yaz + xa«anl _ q;bl

ybz . xb2yb1 — 02902 (xalfaz + yalfaz . xblfazybzfaz o xb2*a2y51*a2>
X

Yy
azyag (xbl—ag . ybl—az) (xbz—az _ yb2—a2)
1

_ (:L'bl _ yb1) (xb2 _ yb2) > (.

Ghi cha 3.1.1. Khi nao dau bat dang thitc zdy ra trong dinh lj 87

Bay gio ta dua ra hai ky hi¢u tong > eyctic VA& D _gom- Cho P(z,y, 2) la mot ham ciia ba
bién x, y, z. Ta dinh nghia:

Z P(:C7 y7 Z) = P(‘r7 y’ Z) + P(y? Z’ :Ij) + P(’Z? x? y)?

cyclic

> P(x,y,2) = P(z,y,2) + P(z,2,y) + Py, ,2) + P(y, 2,2) + P(z,2,y) + P(2,y,2).
sym
Vi dy, ta biét ring
Z Py = 2Py + v’z + 2P, Zx?’ =2(2* +y* + 2%

cyclic sym
Z 2. .2 2 2 2 2 2 _
rry=xy+taxz+yz+yx+zzr+ 2%, Zwyz—Gmyz.
sym sym

Bai toan 25. (IMO 1984/1) Cho x,y, 2 la cdc s6 khong am sao cho v +y+ 2z = 1. Ching
minh rang 0 < zy + yz + 22 — 2xyz < 2—77 .

Cach gidi 2. St dung diéu kieén x +y + z = 1, ta dan bat déng thiic da cho thanh bat déng
thitc thuan nhat, nghia 1a

7
OS(xy+yz+zx)(x+y+z)—2xyz§ﬁ(x—i-y%—z)?’.

Bét déng thic vé trai tam thuong, vi né tuong duong

0<zyz+ Zny.

sym

Rit gon vé phai thanh
7 Z 23 + 15xyz — 6Zx2y > 0.

cyclic sym
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Ta xem
7 Z 23 + 15xyz — 6Zx2y = (2 Z - Zx2y> +5 <3xyz+ Z x — Zﬁy) ,
cyclic sym cyclic sym cyclic sym

ta chi can chiing minh

2 Zm3 ZZﬁy va 3ryz + Zx3 ZZny.

cyclic sym cyclic sym

Ta cht ¥ rang

2 2PN 2ty =) @+t - D (@Pytay’) =) @+ -2ty —ay’) >0

cyclic sym cyclic cyclic cyclic

Bat ding thic thi nhi duge viét lai

Zx(x—y)(az—z) >0,

cyclic
1a trusng hop dac biét ctia dinh 1y Schur trong phan ké tiép ta sé dé cap. O
Sau khi thuan nhat héa, doi lic ta cé thé tim cac tiép can ding, hay xem:

(Iran 1998) Chiing minh réng, v6i moi z,y,z > 1 sao cho = + i +1=2,

Vitytz>vVo—1+y—1+vz—1.

Cach gidi 2. Sau phép thé dai s a =1, b= i, ¢ = 1, ta can chiing minh

1 1 1 1—a 1-5 1—c
-+-4+-2> + + ,
a b ¢ a b c

trong d6 a,b,c € (0,1) va a+ b+ ¢ = 2. St dung rang buoc a + b + ¢ = 2, ta dugc bat dang
thiic thuan nhat

1 1 1 1 a+btc —a atbtc —b atbtc —c
- 2o ) > 2 2 2
\/2(a+b+c)(a+b+c)_\/ a +\/ b +\/ c
1 1 1 b — —b b—
(a+b+c)| =+ -+~ 2\/u+\/%+\/u,
a b ¢ a b c

dan ra trie tiép tit bat ding thitc Cauchy-Schwarz

\/[(b+c—a)+(0+a—b)+(a—|—b—c)] (2+%+%) 2\/b+2_a+\/0+z_b+\/a+i_c'

]

hay
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3.2 BAat dang thic Schur va Dinh 1§ Muirhead
Dinh ly 3.2.1. (Schur) Cho .y, z la cic s6 thuc khong am. Bat ki r > 0, ta c6

Z 2" (z —y)(x —z) > 0.

cyclic

Chitng minh. Vi bat dang thiic d6i xiing theo ba bién. Khong mat tinh tong quat, ta cé thé
gid st x > y > 2. Khi d6 bat dang thiic da cho dugc viét lai 1a

(@ —y)la" (@ =2) =y (y = 2)] + 2" (x = 2)(y = 2) 2 0,
va moi hang tit & vé trai khong am. O
Ghi cha 3.2.1. Khi nao ddang thic zdy ra vay?
Bai tap 7. Bdc b6 ménh dé sau: Vdi moi a,b,c,d >0 var >0, ta co
a"(a—b)(a—c)(a—d)+b"(b—c)(b—d)(b—a)+" (c—a)(c—b)(c—d)+d"(d—a)(d—b)(d—c) > 0.

Truong hop dic biét sau ctia bat dang thitc Schur hay sit dung:

Z:L'(x—y)(x—z) >0 & 3xyz+ Zx322x2y & Z$yz+2x3222x2y.

cyclic cyclic sym sym sym sym

Hé qua 3.2.1. Cho z,y, 2 la cdc s6 thuc khong am. Khi dé, ta cé

[N

Svyz + a8 oyt 422 > 2 <(95?J) + (yz)% + (237)%> :

Chitng minh. Bang bat dang thitc Schur v bat dédng thiic AM-GM, ta c6

3ryz + Z x> Z oy + xy? > Z Z(xy)%.

cyclic cyclic cyclic

Ching ta stt dung bat déng thitc Schur dé cho mot cac giai khéac
(APMO 2004/5) Chiing minh rang, véi moi sé thyc duong a, b, c,
(a® 4+ 2)(b* + 2)(c* +2) > 9(ab + bc + ca).
Cach gidi 2. Sau khi khai trién, né tré thanh
8+(abc)2+22a262+42a2 29Zab.
cyclic cyclic cyclic
Tit bat dang thiic (ab — 1)? + (be — 1)? + (ca — 1)2 > 0, ta duge

6+2§:a%224§:ah

cyclic cyclic
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Vi thé, ta chi chiing minh nhu sau 1a da

2+(abc)2+42a2252ab.

cyclic cyclic

Vi 3(a? + b? + ¢) > 3(ab + bc + ca), nén ciing chi chiing minh

2—|—(abc)2—|—2a2222ab,

cyclic cyclic
ma day la truong hop dac biét khi t = 1.
Hé qua 3.2.2. Chot € (0,3]. Vdi moi a,b,c > 0, ta cé

(3—t)+t(abc)% + Z a’ > 2 Z ab.

cyclic cyclic

Dac biét, ta duge bat diang thic khong thuan nhat

5 1
5+ é(abc)‘* +a® + b + & > 2(ab + be + ca),

2+ (abc)® 4+ a* + b* + ¢ > 2(ab + be + ca),
1+ 2abc + a® + b* + ¢* > 2(ab + be + ca).

Chiing minh. Sau khi dat x = a%, Yy = b%, z= cg, n6 tré thanh

3—t+tlxyz)t + Z 2 > 2 Z(Q;y)%

cyclic cyclic
Theo hé qua 1, ta chi can chitng minh sau 1a da

3—t+ t(xyz)% > 3xyz,
day 1a hé qua ctia bat déng thitc AM-GM c6 trong:

3t t —t 3
5 1+ g(xyz)% > 1% ((J:yz)%>3 = 3xyz.

Ta c6 thé thay dau dang thic x4y ra khi va chi khi a = b =c = 1.

(IMO 2000/2) Cho a,b,c 1a cac s6 duong sao cho abc = 1. Chiing minh réng

o) o) o)<

Cach gidi 2. Ta c6 bat ding thiic tuong duong véi bat dang thitc thuan nhat sau ' :

(a — (abe)'® + @) (b — (abe)'? + M) <c — (abe)'? + M) < abe.

C a

1V6i cach thuan nhét thich hgp, ta thay bai toan 1 trong chuong 2.
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Sau khi thé a = 23,0 = y3, ¢ = 23 v6i x,y, z > 0, n6 trd thanh

2 2 2
Yy z €T

rat gon, ta dugce
(%y — y*2 + 2°z) (vP2 — 2P + 2%y) (%2 — 2%y + yP2) < 2%y°2°

hay
3x3y3z3 + Z l,6y3 > Z x4y4z—|— Z x5y2z2
cyclic cyclic cyclic
hay
3(ay)(y72) (Z°x) + ) (@) = > (2%y)*(y%2)
cyclic sym
day la truong hgp dic biet ctia bat dang thitc Schur. O

Day la bai bat ding thic khac v6i rang buoc abe = 1.

Bai toan 26. (Tournament of Towns 1997) Cho a,b,c la cic so duong sao cho abc = 1.
Ching minh
1 1 1
<1.

a+b+1 * b+c+1 * c+a+1"
Gidi. Ta c6 thé viét lai bat ding thiic nhu sau:
1 1 1 1
+ + < .
a+b+ (abc)/3  b+c+ (abe)t/3 ¢+ a+ (abe)'/? ~ (abe)l/?
Ta thé a = 2%,b = y>,c = 23 v6i x,y, 2 > 0. Khi d6, n6 tréd thanh
1 1 1 1
+ + <
v ryd+ayr P+ B +ayzr 243 +ayzr T oayz

tuong duong

wyz Y (@ + 9 +ay) (P + 2+ 2y2) < (0P 4+ 00+ ay2) (0P + 2P+ ay) (2P + 2+ ayz)

cyclic

hay
Zxﬁy:a > Zx5y222 |
sym sym

Ta ap dung dinh 1y 9, dugce

Zx6y3 _ Z 2843 4 y82°

sym cyclic

> Zx5y4+y5x4

cyclic

= > @+

cyclic

> Z x5(y2z2—|—y222)

cyclic

= Z x5y% 22

sym
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Bai tap 8. ([TZ], pp.142) Ching minh rang vdi tam gidc nhon ABC,
cot® A + cot® B + cot® C' + 6 cot A cot B cot C > cot A + cot B + cot C.

Bai tap 9. (Korea 1998) Chon I la tam ciia duong tron noi tiép tam gidc ABC. Ching
minh

IA> +IB*+1C* > BCT+ 0;42 i AB2.
Bai tap 10. ([IN], pp.103) Cho a,b,c la cic canh cia tam gidgc. Chiing minh
a’b+ a*c+bc+ ba+ Ca+ b > a® + b° + & + 2abe.
Bai tap 11. (Bat dang thiic Suranyi)) Chiing minh ring, vdi moi x1,--- ,z, > 0,
(n—1)(z"+-x,") +nzy x> (21 +x,) (" 4w, ).
Dinh ly 3.2.2. (Muirhead) Cho ay, as,as, b1, bo, by la cdc s6 thuc duong sao cho
a; > ay > ag > 0,00 > by > b3 > 0,a1 > by, a1 +az > by + b, a1 + az + az = by + by + bs.

Cho x,y, z la cdc s6 duong. Khi dé, ta cé D eym THY®22 > D0 xbryb2zbs,

Chiing minh. Truong hop 1. by > as : Ta suy ra tit a; > ay + ag — by va tit a1 > by
ma a; > mazx(a; + az — by, by) sao cho max(ay,az) = a1 > max(a; + as — by, by). T
a1+a2—b1 Z b1+a3—b1 = das va a1+a2—b1 Z b2 2 bg, ta co ma:v(al—l—ag—bl,ag,) Z madf(b27b3).
Ap dung dinh 1y 8 hai lan ta dudc

Z xalyaz Za3 — Z Za3 (I’al yag + xag yal )

sym cyclic

E 93 (xaﬁ-az—bl ybl + xbl ya1+a2—b1)

cyclic

— E 20 (ya1 taz—b1 a3 + 8z +a2—b1)

cyclic

> Z l‘bl <yb2 st 4 ybs ZbQ)

cyclic

= E % be 2%,

sym

v

Truong hgp 2. by < ag : Ta suy ra tt 3by > by + by + b3 = a1 + as + az > by + as + a3 ma
by > as+az—by vaa; > ag > by > as+az—by. Vithé, ta c6 max(ag, az) > maz(by, ag+az—by)
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va mazx(ay, as + az — by) > max(be, bs). Ap dung dinh 1y 8 hai lan ta dugc
Z JfalyGQ Za3 — Z Ial (yag Za3 + yag Zag)

ay (yb1 Za2+a3—bl + ya2+a3—b1 Zbl)

7

]

Ghi chi 3.2.2. Bait dang thic zdy ra khi va chi khi x =y = z. Tuy nhién, néu ta cho x = 0
hayy =0 hay z = 0, khi dé ta c6 thé dé dang kiém tra ding thic zdy ra khi a1, as,as > 0 va
b1, by, by > 0 néu va chi néu

r=y=2z hay x=vy, 2=0 hay y=2, x =0 hay z=z, y=0.
Ta c6 thé sit dung dinh 1§ Muirhead dé chiing minh bat dang thiic Nesbitt.
(Nesbitt) Véi moi s6 thyc duong a, b, ¢, ta c6

a . b i c >3
b+c c4+a a+b 2

Chitng minh 6. Quy dong khit mau ta dugc

2> ala+b)a+tc)>3(a+b)(b+c)cta) hay Y a® =) a’h.

cyclic sym sym

(IMO 1995) Cho a, b, ¢ la cac s6 duong sao cho abc = 1. Chiing minh

1 1 1
ad(b+c) * b(c+a) * Ala+0b)

3
> —.
-2

Cach gidi 2. Bat dang thiic da cho tuong duong

1 1 1 3
> .
Bh1o)  Pleta)  Aath) ~ 2abe)i

Diat a = 23,b = 3®,¢c = 23 véi x,y,2 > 0. Khi d6, né tré thanh > !

cyclic x9(y3+23) 2 20 4yTz2"
Khit mau ta duge

lezym +2 Zx12y923 + ZnyQZG Z 3Zx11y825 + 6$8y828

sym sym sym sym

43



hay

(lez 12 Zx1185>+2<zx1293 anBs) <Z$996 Zx888>_ 7
sym sym sym sym sym sym

va mdi s6 hang & vé trai khong am theo dinh ly Muirhead. O

Bai toan 27. (Iran 1996) Cho x,y, 2 la cdc s6 thuc duong. Ching minh

1 1 1 9
oy +yz + z) <<x+y>2 ITEER <z+x>2) =

Chitng minh. Bat déng thiic da cho tuong duong
4ny+22xyz+6x222 Zx 6Zx3y3—22x3y2z20.
sym cyclic sym cyclic sym
Ta viét lai

(Z 2 x4y2> +3 (Z wy =Y x3y3> + 2zyz (3:63/2 + Y 2t =) x2y> > 0.

sym sym sym sym cyclic sym
Theo dinh 1y Muirhead va bat déng thiic Schur, né la téng ctia ba s6 hang khong am. [
Bai toan 28. Cho z,y, z la cdc so thuc khong am vdi vy + yz + zo = 1. Chitng minh

1 1 1 )
+ + > -
r+y y+z z+x " 2

Chiing minh. St dung xy + yz + zz = 1, ta dong nhat héa bat ding thic da cho:

(zy + yz + 2x2) ORI S 2> 2
x z T -
vy r+y y+z z+x) T \2

hay
4 Z oy + Z clyz + 14 Z 3%z + 382272 > Z rhy® 4+ 3 Z 33
sym sym sym sym Sym
hay
(Z oy — Z x4y2> +3 (Z oy — Z x?’y?’) + xyz (Z 23+ 14 Z 2y + 38:1:yz> > 0.
sym sym sym sym sym sym

Bing dinh 1y Muirhead, ta nhan két qua. Trong bat déng thitc & trén, khong can diéu kien
Yy +yz + zx = 1, ding thiic xay ra néu vachinéur =y, 2 =0 hay y=2z,2 =0 hay z =
x,y = 0. Vi zy+yz+zz = 1, dang thitc xuat hién khi (x,y, z) = (1,1,0),(1,0,1),(0,1,1). O
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3.3 Chuan hoda

Trong phan trudce, ta da biét dude cach chuyén mot bat dang thiic khong thuan nhat sang
bat dang thtc thuan nhéat. Hay néi cach khac, bat dang thtc thuan nhét ciing c6 thé dugce
chuan hoéa theo nhiéu cach khac nhau. Ta dua ra hai céch giai clia bai toan 8 bing cach
chuan hoa:

(IMO 2001/2) Cho a, b, ¢ 1a cac s6 thyc duong. Chitng minh rang

a n b n c > 1
Va2 +8bc Vb2 +8ca V2 + 8ab

a _ b _ c
a+b+c’ y= a+b+c’ <= a+b+c’

Céch gidi 3. Ta thuyc hién phép thé x = 2 Bai toan la:
o f(2* +8yz) + yf(y* + 82x) + 2 f(2* + 8xy) > 1,

trong do f(t) = \/% Vi f la ham 16i R* vi 2 +y + 2 = 1, ta ap dung bat dang thitc Jensen
(c6 trong) ta duge

o f(2® + 8yz) + yf(y® + 82x) + 2f (2> + 8xy) > f(x(2® + 8y2) + y(y* + 82x) + 2(2* + 8xy)).
Chu § rang f(1) = 1. Vi ham f la ham gidm ngat, ta chiing minh
1> 2(2 + 8yz) + y(y? + 8zx) + 2(2* + Sxy).

St dung x+y+z = 1, ta thuan nhat n6 (z+y+2)* > x(2®+8yz) +y(y? +8zx) + z(2* + 8xy).
Tuy nhién, ta dé thay ti

(z+y+2)° —a(2® +8yz) —y(y* +82x) — 2(2* +8xy) = 3[x(y—2)* +y(z —2)* +2(x—y)*] > 0.
m
Trong cach giai tren, ta chuan héa = 4+ y + z = 1. Bay gid ta ching minh né bing cach
chuan héa ryz = 1.
ab

Cach gidi 4. Ta st dung phép thé x = 2—2, y = 75, 2 = %. Khi do, ta dugc zyz = 1 va bat

C2
déng thic tré thanh
1 1 1

+ + >1
V1I+8x V1+8y V1+8z

tuong duong

> V(1 +82)(1+8y) > /(1 +8z)(1 + 8y)(1 + 82).

cyclic

Sau khi binh phuong hai vé, né tuong duong

8(z +y+2)+2v/(1+8z)(1+8y)(1+82) Y VI+8z>510.

cyclic

2Chia a + b + ¢ ra bat ding thiic tuong duong D eyelic e > 1.
a 8be
\/ (atb+e)? + (atb4c)2
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Ta nhé rang zyz = 1. Bat ding thic AM-GM cho ta z 4+ y + z > 3,
(1482) (14+8y) (1482) > 9r5-9y5.9:5 =720 va S VI+8r > 3 Voud > 9(ayz)# = 0,
cyclic cyclic
Stt dung ba bat déng thic nay ta dugc. O
(IMO 1983/6) Cho a, b, ¢ 1a céc canh ctia mot tam gidc. Ching minh
a’b(a — b) + b?c(b — ¢) + c*a(c — a) > 0.
Cach giai 2. Saukhidit a=y+2,b=z4+x, c=x+y v6i z,y,z > 0, n6 tré thanh
2 2 2

e
B tr+ Sy > atyz e tays hay —+ L+ > e tytz
y oz oz

Vi n6 thuan nhat, ta c6 thé giéi han trong trusng hop = +y + 2z = 1. Khi dé, né tré thanh

(2 +er (2 s () 21

trong d6 f(t) = t2. Vi f 1a ham 16i trén R, ta ap dung bat ding thitc Jensen (c6 trong) ta

dugce
it (2) et () wat (B) 24 (52 ve Yoo ) = sy =1

Bai toan 29. (KMO Mua Doéng 2001) Chiing minh rang, cho a,b,c > 0,

V (a2b + b2c + c2a) (ab? + be? + ca?) > abe + /(a3 + abe) (b3 + abe) (c3 + abe)

Cach giai 1. Chia cho abc, n6 tré thanh

a b ¢\ (c a Db 5/ [ a? b2 c?
-+ -+ )| =-+7+-] =abc+ —+1)(—+1)|—=+1].
c a b a b ¢ bc ca ab

Sau khi thé 2 = ¢, y =2 2 = £, ta dudc rang buoc zyz = 1. N6 lay tu

\/(x+y+z)(xy+yz+zx)21+§/(§+1) <%+1> (§+1>.

T rang budc zyz = 1, ta tim hai dong nhat thic

() (L) (Bn) = (F55) (20) (B2) = G+ aa s i+ ),

(x+y+2)(zy+tyz+zo)=(+y)y+2)z+2)+zyz=(x+y)y+2)(z+x)+ 1.
Cho p = /(v +y)(y + 2)(z + =), bat déng thitc trd thanh \/p3 + 1 > 1+ p. Ap dung bét

déing thic AM-GM, ta c6 p > {"/21 /7Y - 2,/y% - 2¢/zx = 2. It follows that (p*+1)—(1+p)* =
pp+1)(p—2) = 0. O
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Bai toan 30. (IMO 1999/2) Cho n la s6 nguyén vdin > 2.
(a) Xdc dinh hing nhé nhat C sao cho xdy ra bat dang thic
4
Z vz (2? + 2) <C<Z xl>
1<i<j<n 1<i<n

vdi moi so thuc x1,- -+ , T, > 0.
(b) Cho hing C, héy zdc dinh khi nao dang thitc wdy ra.

Cach gidi 1. (Marcin E. Kuczma?®) V6i vy = --- = x,, = 0, xay ra v6i bat ky C' > 0.
Vi vay, ta xét truong hop khi o1 + --- 4+ z,, > 0. Vi bat ding thic thuan nhat, ta c6 thé
chuan héa thanh z; + --- + z,, = 1. Ta ky hieu

F(zy, - ,x,) = Z xzxj(xf+x§)

1<i<j<n

T gid thiét 1 +--- + 2, =1, ta c

F(ZEL te ,l’n) = Z .fEiSZIZ'j + Z ZL'Z'I']'S = Z .C[,'ZSZ.QTZ Z x; (1 — :L‘Z)

1<i<j<n 1<i<j<n 1<i<n JF#i 1<i<n

Ta néi réing C = i. Du chiing t6 réng
1 11
Flry, - ,1,) < = = =.=.0,---,0).
(x17 ’x)—g (2 2 )

B6 dé 3.3.1. OSxSyﬁ%suyme—x‘ggy?—y?’,

Chiing minh. Vix +y < 1,tadudc z +y > (x +y)? > 2> +xy + 9> Viy — 2 > 0, tur day
suy ra y? — 22 > 3 — 2% hay v — y® > 2% — 2%, nhu mong mudn. O

Trudng hop 1. 3 >z > 2, > -+~ >,
- < 3 SRR SP
vi(2:® — 2°) ull=] — (= =—) 1, =-
i—1 2 843 8
Trudng hop 2. 21 > 3 > a9 > - >, Letxy =z vay=1—x =29 + -+ + x,. Since

yZ«rQ;"'wrn;

Pz, —:vy+2xz vt — <a:y+zxzy —y’) =2y + (v’ - ).
=2

3Toi chi thay ddi mot it cach gidi clia tac gid trong [Au99)].
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Since 23y + y(y* — v*) = 23y + y3(1 — y) = zy(z? + y?), it remains to show that

ol

zy(z® + %) <

Stt dung © +vy = 1, ta thuan nhat héa bat dang thic trénnhu sau.

1(3j +y)*.

zy(z® + y°) < 3

Tuy nhiénr, ta thay ngay rang (r + y)* — 8zy(2? + y*) = (x —y)* > 0.
]

Bai tap 12. (IMO 1991) Cho n la mot s6 nguyén vdi n > 2. Tim gid tri lon nhat cia

Z l‘,ZL’J(fEl + l’j),

1<i<j<n
trong do xv,--- ,x, >0 vaxy+---+x,=1.
Ta két thic phan nay bang chiing minh khac ctia bat ding thiic Nesbitt.

(Nesbitt) Véi moi s6 thuc duong a, b, ¢, ta c6

a n b n c >3
b+c¢ c4+a a+b 2

Chiing minh 7. Ta ¢6 thé chuin héa a +b+c = 1. Chi ¢ ring 0 < a,b,c < 1. Bai todn
bay gio trd thanh ching minh

X

3
3 bic: > fla) =5, trongd f(x) = ——

cyclic cyclic

Vi f la ham loi trén (0,1), bat dang thitc Jensen chi ra

1 a+b+c 1 1 3
- > ) = — | == > —.
sz () = r(5) =5t XA 2
cyclic cyclic
Ching minh 8. (Cao Minh Quang) Gid st a+b+c = 1. Chi § ab+bc+ca < 3(a+b+c)? = 5.

Manh hon, ta lap

a b c 9
>3——(ab+b
b+c+c—|—a+a+b_3 2(@ +be+ ca)

a +9a(b—|—c) N b Jr9()((:—|rcz) L +9c(a+b) >3,
b+c 4 c+a 4 a+b 4

Bat dang thitc AM-GM chaing té

a 9a(b + c) \/ a 9a(b+c)
> 2 . — — .
Zb+c+ 4 _Z b+c 4 Z3a k

cyclic cyclic cyclic

hay
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Chiing minh 9. Bay gio, ta tach doi ziing biang cach chuan héa pht hop. Vi bat dang thic
doi ziing theo ba bién, ta cé thé gid st a > b > c. Sau khi thé x = Sy = g, tacox >y >1.
No trd thanh

— hay —— - — .

T B R TR S B e Ry

Ap dung bét ding thitee AM-GM ta duoc
1 1 1 1

L S R SIS S S R

y+1 x+4+1 y+1 x+1 y+1 x+1
Ta chiing t6 ring
1 N I N B 1 y-1 oy

— —— S —~ & :
y+1 x+1 -2 z+y 2 y+1 - z4+1 z+y 21+y) ~ (x+1)(z+vy)

Tuy nhién, bat ding thic sau cting ré rang xdy ra véi x >y > 1.

Chitng minh 10. Nhu trong ching minh trude, ta chuan héa ¢ = 1 vdi gid st a > b > 1.

Ta ching minh
a b 1

b+l a+l Tatb
Cho A=a-+bva B=ab. N6 trd thanh

3
> —.
2

a+bv+a+b 1 3 A*—-2B+A 1 _ 3
>= hay ————————+—> = hay 24°—A*—~A+2 > B(7TA-2).
(a+nw+&)+a+b—2 W AT B+1 a7 M 2250 )

ViTA—2>2(a+b—1)>0 va A?> = (a +b)? > 4ab = 4B, ta chi can chitng minh
4(2A% — A2 —A4+2) > A} (TA-2) & A*-24% —4A+8>0.

Tuy nhién, ta dé thay ring A3 —2A% —4A +8 = (A —2)*(A+2) > 0.
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3.4 BAat dang thic Cauchy-Schwarz va Bat dang thic Hoélder
Ta bét dau bang dinh 1y ndi tiéng sau:

Dinh 1y 3.4.1. (Bat dang thic Cauchy-Schwarz) Cho ay,--- ,ap, by, - b, la cdc s6
thue. Khi do,
(a4 -+ a,)(0® + -+ b,%) > (arby + - + anby)?.

Chiting minh. Cho A = a2+ -+ -+ a,2 vd B = \/b12 + o 4 b, Trong truong hop khi
A =0, tadugc a; = --- = a, = 0. Vi thé, bat ding thiic da cho dé dang x4y ra. Vi thé, ta
c6 thé gia st réing A, B > 0. Ta chuan héa

l=a’+ - +a,>=b>+ - +b,°.
Vi vay, ta can chting minh rang
la1by + - 4+ apby| < 1.
Ta ap dung bat déng thic AM-GM dan ra

l’2+ 2 I.n2+ n2
‘wlyl—i_'+xnyn’§’x1y1’+'+’$nyn‘§1—y1+"+—y:1
2 2

Bai tap 13. Ching minh dong nhat thic Lagrange:
n n n 2
(z ) (z b) _ (z b> S ()
=1 =1 =1 1<i<j<n

Bai tap 14. (Darij Grinberg) Gid st rang 0 < a; < -+ < a, va 0 <by < --- < b, la cic
0 thae. Chatng minh

(5 (29 (5 (54)- ()

Bai tap 15. ([PF], S. S. Wagner) Cho ay, - ,ay,, b1, ,b, la cdc so thuc. Gid si ring
x € [0,1]. Ching minh

n n n 2
(Z a; + 2 Z aiaj) (Z b2+ 2z Z bibj) > (Z ab; +x Z aibj) .
i=1 i<j i=1 i<j i=1 i<j
Bai tap 16. Cho ay, -+ ,apn, b1, -+ ,b, la cdc so thuc duong. Ching té

Vit an) (b + - 4 0y) = Varb + -+ Vb,

Bai tap 17. Cho ay, -+ ,apn, b1, -+ , b, la cdc so thuc duong. Chitng minh

a? a? _ (a1 + -+ ay,)?
L+...+_2(1 )
by by = bit oot by
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Bai tap 18. Cho ay, -+ ,apn, b1, -+ ,b, la cdc so thuc duong. Chiing té

a1+ +an> 1 a1+ +an 2
bn2_a1+---+an bl bn '

Bai tap 19. Cho ay, -+ ,apn, b1, -+ ,b, la cdc so thuc duong. Chitng minh

DY 2
ﬂ+...+%2 (a1+ +an)
bl bn a1b1+"'+anbn

Bing cach ap dung bat dang thitc Cauchy-Schwarz, ta cho mot cach giai khéac clia bai
toan sau.

(Iran 1998) Chiing minh ring, véi z,y, 2 > 1 sao cho ; + . + 1 =2,

Vity+tz2vVe—14+y—1+vz—1

Cach gidi 3. Ta ky hicu £=4 + yT_l + 21 = 1. Ap dung bat ding thic Cauchy-Schwarz ta

z
dan ra

r—1 -1 =z-1
\/W:\/(m+y+z)( - +yy +— )Z\/x—l—l—\/y—1+\/z—1.

O
Ta ap dung bat déng thiic Cauchy-Schwarz dé chitng minh bat déng thiic Nesbitt.
(Nesbitt) Véi moi s6 duong a, b, ¢, ta c6

a b c
+ +
b+c c+a a+bd

3
> —.
-2

Ching minh 11. Ap dung bit ding thic Cauchy-Schwarz, ta ¢é

1 1 1
b b > 32,
(bFe)+(eta)+(ath) (b+c+c+a+a+b> -
Ta suy ra tu

a+b+c a+b+c a+b+c_ 9 a
> h 3
b+c + c+a + a+b T2 % +C§Cb+c

9
> —,
-2
Chitng minh 12. Bit dang thiic Cauchy-Schwarz cho

2
a a (a+b+c) 3
— > > > —.
Zb+cZa(b+0)_<Za> hay Zb+c_2(ab—|—bc+ca)_2

cyclic cyclic cyclic cyclic
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Bai toan 31. (Gazeta Matematica) Ching minh ring, vdi moi a,b,c > 0,

Var + a2b? + b4V + 022 + AVt + a2 + at > av/2a? + be+bvV2b2 + ca+cvV2e¢2 + ab.

Gidi. Ta duge chudi déng thic va bat déng thic

2b2 a2b2
VA + 210 = 4. 4 4
Z a* + a2b? + b Z at + b+2

cyclic cyclic
2b2 L, a??
> \/_ Z A —— 0+ 5 (Cauchy — Schwarz)
cyclic
a?c?
= > \/ N \/ - —)
\/_ cyclic ( 2
a’b? a?c?
> T Y PP AM — GM
> iy (e+ ) (0+%)  ani-cw
a bc
> V2 Z at + — (Cauchy — Schwarz)
cyclic
= Z V2a* + a2be .
cyclic
]
Day la nghiém ingenious cua
(KMO Mua Doéng 2001) Chitng minh, v6i moi a, b, ¢ > 0,
Vv (a2b + b2c + c2a) (ab? + be? + ca?) > abe + /(a3 + abe) (b3 + abe) (c3 + abe)
Cdch gidi 2. (dua theo bai giai ctia bén tham gia) Ta c6
V(a2b + b2c + c2a) (ab? + be2 + ca?)
1
= 5\/[b(a2 + be) + ¢(b? + ca) + a(c? + ab)] [c(a? + be) + a(b? + ca) + b(c? + ab)]
1
> 5 (\/%(oz2 + be) + vea(b® + ca) + Vab(c? + ab)) (Cauchy — Schwarz)
> ;\3/\/%(&2 + be) - Vea(b? + ca) - Vab(c2 + ab) (AM — GM)

= %f’/(ag’ + abe) (b3 + abe) (¢3 + abe) + /(a3 + abe) (b3 + abe) (c3 + abe)

1
> 5\3/2\/a3 -abe - 2V b3 - abe - 2V ¢3 - abe + {’/(afﬂ + abe) (B® + abe) (& +abe)  (AM — GM)
= abc+ /(a3 + abe) (b3 4 abe) (¢3 + abe).
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Bai toan 32. (Andrei Ciupan) Cho a, b, ¢ la s6 thuc duong sao cho

1 1 1
> 1.
a+b+1+b+c+1+c+a+1 -

Show that a + b+ ¢ > ab + bc + ca.

Cdch gidi 2. (by Andrei Ciupan) Bing cach ap dung bat ding thiic Cauchy-Schwarz, ta
dugc
(a+b+1)(a+b+c*) > (a+b+c)?
hay
1 < A+a+b
a+b+17" (a+b+c)?

Bay gio bing céach tinh tdng cyclic, ta dugdc

1 N 1 N 1 <a2+b2+02+2(a+b+c)
a+b+1 b+c+1 c+a+17 (a+b+c)?

Nhung tit diéu kién, ta c6 thé thay ring
A2+ +E+2a+b+c) > (a+b+c)

va vi thé
a+b+c>ab+ be+ ca.

Ta thay ring dang thic xay ra néu va chi néua =b=c = 1. O
Cadch gidi 2. (by Cezar Lupu) Trudc tien, ta thay rang

a+b (a+b)?
2> —_— = .
Z( a+b+1) C§Ca+b+1 Céc(a+b)2+a+b

cyclic

Ap dung bat déng thic Cauchy-Schwarz ta c6

2> Z a+b > Ca+b)? 43 a*+8> ab
Z4+a+b = Y (a+b2+a+b 2> a2+2> ab+2) a

cychc

hay
a+b+c>ab+ be+ ca.

]

Ta minh hoa k§ thuat chuan héa dé thiét lap cac dinh 1y ¢ dién. Sit dung ciing ¥ tudng
trong viéc chitng minh bat dang thitc Cauchy-Schwarz, ta tim cach tong quat:

Dinh 1y 3.4.2. Cho a;;(i,j =1,--- ,n) la cdc s6 thuc duong. Khi dé, ta c6

(a11" + -+ a") (@ F - Fann”) > (@121 - A1+ - F Q1pQap - Q)"
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Chitng minh. Vi bat dang thitc thuan nhat, nhu trong chitng minh ctia dinh 1y 11, ta chuan
hoa )

(ai1”+,,,+ainn); =1 hay ai1”+---+a,~n”: 1 (Z: 1, ,n).
Khi d6, bat dang thitc ¢6 dang ay1ag1 - - - ang +- - - +A1pGon - - - Gy < 1 hay Z?:l At Ay <
1. Vi vay, ta chi can chiing t6 rang, véi moi i = 1,--- ,n,

1
Qg - Qi < . trong d6 a;" + -+ a;" = 1.

Dé hoan tat ching minh, ta vAn con bat ding thic thuan nhat sau: O

Dinh 1y 3.4.3. (Bat dang thiic AM-GM) Cho ay,--- ,a, la cic s6 thuc duong. Khi dé,

ta co
a1+-~-+an

n

2 "al...an.

Chiing minh. Vi bat dang thic 1a thuan nhat, ta c6 thé "gian" aq,--- ,a, saochoa;---a, =
1. * Ta mudn chiing t6 ring

ar-ap,=1 —= a1+ ---+a, >n.

Chitng minh bang dan chiing theo n. Néu n = 1, tam thuong. Néu n = 2, khi d6 ta dugc
a1+ az — 2 = a; + ay — 2y/a1a; = (/a3 — \/az)* > 0. Bay gio, ta gid st ring bat dang
thiic xdy ra véi s6 nguyén duong n > 2 nao do6. Va cho aq, -+ -, a,41 1a cac s6 duong sao
cho ay - -+ apany1=1. Ta gid st rdng a; > 1 > a,. (Tai sao?) Suy ra tit ajas + 1 —a; — ay =
(a; — 1)(ag — 1) < 0 sao cho ajas + 1 < a; + as. Vi (ajaz)az---a, = 1, do gia thuyét quy
nap, ta ¢6 ajas +az+ -+ apy1 >n. Vivay, ay +as—1+ag+---+ap1 > n. O

Quan sat don gian sau (khong la meo dau nhé!):
Choa,b>0vamne€N.Layx; =+ =2, = @ VA Ty = - - - = Ty, = b.
Ap dung bat ding thitc AM-GM cho 21, -+ , Zman > 0, ta duge

ma + nb 1 m n m__n
- 2 (ambn) m-l‘—n hay a + b 2 am+n bm+n )
m4+n m+n

m+n
Vi vay, véi moi s6 hitu ti duong w; va wy vii wy + ws = 1, ta duge
w1 a+wsb>a“tbe?.
Ta co
Dinh ly 3.4.4. Cho wy, ws > 0 with wy +we = 1. Vi moi x, y > 0, ta co

W1 T Hwsy > xy 2

PDit v = —%—+ (i=1,---,n). Khi d6, ta dugc x1 -+, = 1 vd n6 trd thanh xq + -+ + z,, > n.

1
(al”'an) n
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Chitng minh. Ta c6 thé chon day s6 duong hitu i ay, as, as, - -+ sao cho

lim a,, = w;.

n—oo

Va dat b; = 1 — a;, ta dugc

lim bn = Wa.
n—00

Tt quan sat truée, ta cod
an T+ by y > xybn

Bang cach lay giéi han hai vé, ta dugc két qua. O
Thay d6i mot chit & trén, ta thay bat dang thitc AM-GM dan ra

Dinh 1y 3.4.5. (Bat dang thitc AM-GM cé6 trong) Chowy, - - - ,w, > 0 vdiwy+- - Fw, =
1. Voi moi x1,--- ,x, >0, ta co

Wn,

Wi Ty Wy T = 21 Ty
Céch khac, ta thay ring né 1a hé qua clia ham 16i Inz. That vay, bat dang thiic Jensen

6 trong noéi rang In(wy z; + -+ + wyp ) > wiIn(xy) + -+ +w, In(zy,) = In(z, “* -2, “n).

Nhé lai réng bat ding thiic AM-GM dugc st dung dé dan ra dinh 1y 18, d6 la téng quat
clia bat dang thitc Cauchy-Schwarz. Vi ta c6 bat dang thitc AM-GM c6 trong, ta lap bat
dang thitc Cauchy-Schwarz cé trong.

Dinh 1y 3.4.6. (Holder) Cho z;; (i =1,--- ,m,j = 1,---n) la cdc so thuc duong. Gid si

rang wy, -+ ,wy la cdc so thuc théa man wy + -+ -+ wy, = 1. Khi dé, ta cé
n m wj m n
(%) =3 (11 ).
Jj=1 \i=1 i=1 \j=1

Chitng minh. Vi tinh thuan nhat ctia bat dang thitc, nhu trong chitng minh dinh 1y 12, ta
c6 thé gian (rescale) @1, ,Tp; 520 cho @1 + +++ + Ty = 1 v6i mbi j € {1,--- ,n}. Khi
do, ta can chiing to6

n m n m n
H 19 > Z H xy;* hay 12> Z H T
j=1 i=1 j=1 i=1 j=1
Bat ddng thic AM-GM c6 trong cho ta
n n m n m n
ijwij > Hl’ijwj (Z € {1, ,m}) —— Zijxij Z ZHiL’ijwj.
j=1 j=1 i=1 j=1 i=1 j=1
Tuy nhién, ta c6 ngay

m n n m n m n
E E u)jxij = E E wjxij = E w]‘ E Iij = E wj =1.
7=1 i=1 7=1

i=1 j=1 j=1 i=1
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CHUONG 4

N
~

TINH LOI

Bat ky 4 tudng nao chi thé hién khong qud mam muoi tie. S. M. Ulam

4.1 Bét dang thic Jensen

Trong chuong trudc, ta dan ra bat déng thic AM-GM c6 trong tit bat dang thiic AM-GM.
Ta st dung ciing ¥ tudng dé nghién citu cac bat dang thiic ham sau day.

Ménh dé 4.1.1. Cho f : [a,b] — R la mot ham lién tuc. Khi dé, cdic ménh dé sau tuong
duong.

(1) Vdi moin € N, bat dang thitc sau zdy ra.
wif(z1) + - Fwnf(zn) > flwr 214+ + wn )

vdi moi 1, Xy € [a,b] vawy, W, >0V w - Fw, = 1.
(2) Vi moin € N, bt dang thic sau zdy ra.

Tlf($1)+"‘+rnf(xn) > f(?“l A R ol ) xn)

vdi moi Ty, ,x, € [a,b] vary, -, €QT wdiTy + -+ 1, = 1.
(3) Vdi moi N € N, bat dang thitc sau zdy ra.

fy) + -+ fyw) Zf(yﬁr‘}\';r yN)

N

vdi moi Y1, -+ ,yn € [a,b].
(4) Vdi moi k € {0,1,2,---}, bat dang thic sau wdy ra.

f<y1)+'é1;+f<y2k) > f (y1+--2;€+ y2k>

VA MOT Y1, , Yok E [a, b].

(5) Ta c6 %f(x) (y)Zf(Ty) vdi moi x,y € [a,b].

(6) Ta c6 \f(x) + ( Nf(y) > fOx+ (1= Ny) vdi moi x,y € [a,b] va X €
(0,1).
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Chitng minh. (1) = (2) = (3) = (4) = (5) la o6 rang.

(2)= (1) : Let z1,--+ ,z, € [a,b] VA wy, -+ ,wy, > 0 V6w +--- +w, = 1. Ta c6 thé thay
ring ton tai chudi s6 hitu ti duong {ry(1) }been, -+, {rx(n)}ren thoa man

lm rp(j) =w; (1<j<n) va rg(l)+---+rg(n)=1 forall ke N.

k—o0

T gid thiét trong(2), ta duge r(1) f(z1) + -+ + re(n) f(zn) > fre(1) 21+ -+ 1ri(n) 2,).
Vi f lien tuc, lay k — oo hai vé dan ra bat déng thtc

wif(xr) + - Fwnf(zy) > flwr x4+ 4+ wy ).

(3) = (2) : Cho @y, ,x, € [a,b] vary, -+ 1, € QT v6iry + -+ + 1, = 1. Ta thay rang
mot s6 nguyén duong N € N sao cho N7y, ---, Nr, € N. V6i méii € {1,---,n}, ta c6 thé
viét r; = &, trong d6 p; € N. Ta suy ra ttt ry +--- 417, = 1 that N = p; +-- - + p,. Khi d6,
(3) suy ra

Tlf(xl) +oeee rnf(xn)

pp lan pn lan
_ f@)+ et @)+ 4 f @)+ )
N
p1 lan Py lan

——— ——t—
R R o o
N

v

f

= f(T1[E1+"'+TnI'n).

(4) = (3) : Cho w1, ,yn € [a,b]. Lay k € N sao cho 2¥ > N. Cho a = “=F Khi do,
(4) dan ra

fly) + -+ flyn) + (2" = n) f(a)
2k

(2% —iV) lan
Fp) + -+ Flyn) + fla) + -+ f(a)

9k
(2F — N) lan
——N—
nt+--+yvn+ a+---+a
> f 5
= fla)

sao cho

fy1)+ -+ flyn) > Nf(a) =Nf (W) .



(5) = (4) : Ta st dung quy nap theo k. Trong truong hop k£ = 0,1,2, qua rd rang. Gid si
(4) xay ra v6i k > 2 nao d6. Cho yy, -+, yaet1 € [a, b]. Bing gid thuyét quy nap, ta duge

(0 +f(y2k)+f( Yory1) + o+ fYorer)

)+
(y + y2k>+2kf(y2k+1+...+ y2k+1)
2k
£ (ot +yzk>+f(M)

fly
oF f

v

_ 2k+1

2

y1+“.+ yzk y2k+1+.”+ y2k+1
2k + 2k

> 2k‘+1f

2
Yi 4t Yo
- 2k+1f( okt 1 : )

Vi vay, (4) dang vé6i k + 1. Xong quy nap.
Hon nta, Ta da thiét lap (1), (2), (3), (4), (5) tuong duong. Vi (1) = (6) = (5) ro rang,
Diéu nay hoan tat ching minh. ]

Dinh nghia 4.1.1. Mot ham thuc f dugc goi la loi trén [a, b] néu
M@) + (1= M) > f O+ (1-A)y)
vdi z,y € [a,b] va X € (0,1).
Meénh dé trén noi rang

Hé qua 4.1.1. (Bat ding thic Jensen) Cho f : [a,b] — R la mot ham 1oi lien tuc. Vdi
moi Ty, -+ ,x, € [a,b], ta co

fl@y) 4+ f(z) Zf(.rﬁr-;l-—k xn)

Hé qua 4.1.2. (Bat ding thic Jensen cé trong) Cho f : [a,b] — R la ham 1o lien
tuc. Cho wy,-++ ,wy, >0 vdiwy + -+ +w, = 1. Vdi moi x1,--- ,x, € |a,b], ta co

wif(xy) + - Fwnf(zn) > flwrzg+ - 4+ wy ).

Thiec ra, ta c6 thé tinh lién tuc ctia f. Nhu trong bai tap, chiing t6 ring mdi ham 16i trén
la,b] 1a lien tuc trén (a,b). Vi thé, mdi ham 16i tren R 1a lién tuc tren R. Ta duge

Hé qua 4.1.3. (Chi tiéu 16i I) Cho f : [a,b] — R la ham lién tuc. Gid si

f@ﬁ;f@) f<$+y>

vdi moi x,y € [a,b]. Khi dé, f la ham loi trén [a,b].

Bai tap 20. (Tiéu chuan 16i IT) Cho f : [a,b] — R la ham lién tuc cé vi phan hai lan
trén (a,b). Ching té rang cac ménh dé sau tuong duong.
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(1) f"(x) >0 vdi moi x € (a,b).
(2) f la ham loi trén (a,b).

Khi ta dan ra (5) = (4) = (3) = (2) trong ménh dé, ta khong st dung tinh lien tuc cia
f:

Heé qua 4.1.4. Cho f : [a,b] — R la mot ham. Gid su

10250, g (249)

vdi moi x,y € [a,b]. Khi dé, ta dugc
rof(an) + o+ f(@n) 2 flroag+ - 41 )
vdi Mot T, Ty € [a,b] va Ty, e, € QY withry 4+ 1, = 1.

Ta két thiic phan nay bing biéu dién mot chiing minh dan chimg quen thudc ciia bat déng
thiic Jensen cé trong. Ta c6 thé bo qua tinh lien tuc clia f.

Cach gidi 2. Bat dang thiic ding véin = 1,2. Ta gid sttné ding véin € N. Cho z1, - - , Tp, Ty €
la,b] v& wy, -+ ,wpe1 > 0 with wy + -+ + w,y1 = 1. Since 1_“:;“ 4+ 1_‘:’;“ =1, ta suy

ra tir gid thiét quy nap

wif(z) + -+ wpir f(@ng1)

w1 Wn,

pu— 1 _— n A - n n mn
(1 —wnp1) (1 )t e fl >> + w1 f(Znt1)
W1 Wn,
> (1 —uw, —— it Ty, n n
> w+1)f(1_Wn+1£E1+ +1_Wn+190)+w 1f (Tns1)
w W,

Z f ((1 — wn+1) |:—1 T + -4 ‘mn:| + Wn-i—lxn-i-l)

1— Wn+1 1— Wn+1
= flwiz1+ - + Wnp1Tns1)-
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4.2 Cac trung binh luy thiwra

Tinh 15i 13 mot trong nhitng khai niém quan trong trong giai tich. Bat dang thitc Jensen 1a
cong cu that sy rat manh trong ly thuyét bat ding thic. Trong phan nay, ta sé thiét lap bat
dang thiic trung binh lity thita bing cach ap dung bat dang thitc Jensen theo hai cach. Ta
bét dau v6i bo dé don gian.

Bo6 dé 4.2.1. Cho a, b, va ¢ la cdc s6 thue duong. Ta dinh nghia ham f : R — R bing cdch

o) = (),

trong dé = € R. Khi d6, ta dugc f'(0) = In (abc)s.

Chitng minh. Ta tinh f'(x) = enetbonbicne Khi d6, f(0) = Retbiac — (abc)s. O

Bo dé 4.2.2. Cho f: R — R la ham lién tuc. Gid sit f tang don diéu trén (0,00) va tdng
don diéu trén (—o0,0). Khi dé, f tang don diéu trén R.

Chiing minh. Ta chiing t6 f tang don diéu trén [0, c0). Do gia thuyét, ta ching t6 f(z) > f(0)
v6i moi x > 0. V6i moi € € (0,x), ta cd f(x) > f(e). Vi f lién tuc tai 0, ta duge

f(z) = lim f(e) = f(0).

e—0t

Tuong ty, ta thay ring f ting don digu trén (—oo,0]. Ta chi ra ring f tang don di¢u trén
R. Cho = va y 1a cac s6 thuc v6i z > y. Ta mudn ching t6 f(z) > f(y). Trong trudng
hop 0 & (z,y), ta c6 duge két qua do gid thuyét. Trong trudng hop x > 0 > y, chi ra réng
flx) = f(0) = f(y). O

Dinh 1y 4.2.1. (Bat ding thitc trung binh liy thita theo ba bién) Cho a, b, va c la
cdc s6 thuc duong. Ta dinh nghia mot ham Mpe) : R — R bdi

Mape)(0) = Vabe, My (r) = (W)i (r #0).

Khi dé, M.y la ham lién tuc tang don diéu.

Chiing minh 1. Viét M (r) = M,p ¢ (r). Ta thiét lap M lien tuc. VI M lién tuc tai r v6i moi

r # 0, ta chi ching minh
lim M (r) = Vabc.

r—0

Cho f(z) = In (“+2+=), trong d6 = € R. V1 f(0) = 0, b6 dé 2 chiing t6

lim L) iy L) = SO0 £/(0) = In Vabe.

r—0 7r r—0 r—0
Vi e* la ham lién tuc, nghia la

limM(r)zlimef(rr = el Vabe — /abe.

r—0 r—0
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Bay gig, ta ching t6 M tang don diéu. Do bd dé 3, ta thiét lap M tang don dieu trén (0, 00)
va tang don diéu trén (—oo,0). Ta ching t6 M tang don diéu trén (0,00). Cho = >y > 0.

Ta mudn ching t6
1 1
a® +b" 4 ¢* 5> a’ +bY +c¥\v
3 - 3 '

Sau khi thé v = a¥, v = a¥, w = a?, n6 trd thanh

1
wy +vv +wv m> u+v+w v
3 - 3 '

Vi n6 thuan nhat, ta chuan hoéa u + v + w = 3. Ta can chiing minh ring

G(u) + G(v) + G(w) .

Y

trong d6 G(t) = tv, trong d6 t > 0. Vi 5 > 1, ta thay rang G 16i. Bat dang thiic Jensen
ching t6

Clw) + G +6(w) ,, ¢ (%) — Gy =1

Tuon tu, ta dan ra M tang don diéu trén (—oo, 0). O

Ta da biét ring tinh 16i ctia f(x) = 2 (A > 1) dan ra tinh don diéu clia cac trung binh
lity thira. Bay gio, ta sé ching t6 tinh 16i clia zInz ciing dan ra bat dang thic trung binh
Ity thua.

Chiing minh 2 cia tinh don dieu. Viét f(x) = Mqp,e)(z). Ta st dung dinh ly ham tang. Do
b6 dé 3, ta chi can ching minh f’(x) > 0 véi moi 2 # 0. Cho x € R — {0}. Ta tinh

flx) d 1 a® + b® + c* 1 3(a"Ina+b"Inb+c"Inc)
f(z) dx (In.f()) o 3 T 3(a® + b* 4 ¢*)

hay

22 f'(x) <am—|—b’”+c‘”> a®Ina®+b*Inb* + c®Inc”
=—1In + .

f(x) 3 a® + b* + c*
Ta thiét lap f'(z) > 0, ta thiét lap
x bx wi
a®Ina® + 6" Ind* + " Inc® > (a® +b* + ) In (%) :

Ta gidi thieu ham f : (0,00) — R béi f(t) = tInt, trong d6 ¢ > 0. Sau khi thé p = a?,
q=a¥, r =a*, no tré thanh

F(0) + f(a) + f(r) = 3f (M) |

3

Vi f 15i trén (0, 00), tit bat déng thiic Jensen ta suy ra. O
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T hé qud, ta duge bat ding thitc RMS-AM-GM-HM véi ba bién.

Hé qua 4.2.1. Vdi moi so6 thuc duong a, b, va c, ta co

2 2 2
CL+b +c Za‘i‘b‘i‘czmz
V 3 3 +

+

= QO

|~
ol

Chaing minh. Bét dang thic trung binh liiy thita cho ta Mapey(2) > Mgpey(1) > Mg pe)(0) >
Mg pe)(—1). O

St dung tinh 16i cia zInz hay tinh 16i ctia 2* (X > 1), ta thiét lap tinh don diéu cta
trung binh Iy thita véi n 1a sd thue duong.

Dinh 1y 4.2.2. (Bat dang thiic trung binh liy thira) Cho zy,--- ,x, > 0. Trung binh
luy thia cia bac r duge dinh nghia bdi

1
T

xt 4+ e+ xnr r
Mo 0) = VF7, M) = (20 20)
Khi do, My, ... z,) : R — R lién tuc va tang don diéu.
Ta két luan rang

Hé qua 4.2.2. (Trung binh hinh hoc la Giéi han) Cho xy,--- ,x, > 0. Khhi do,

r—0 n

1
"4+, \ "
n/wl...l‘nzlim( ! _'_ _|_ ) .

Dinh 1y 4.2.3. (B4t dng thitc RMS-AM-GM-HM) Vdi moi z1, - , 2, > 0, ta 6

n

i R e 2 B s o 2
> > Ya Ty >
\/ n - n - 1 n_i++L

Tn
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4.3 Bét dang thic Troi
Ta n6i rang mot vector x = (xy, -+ ,x,) troi hon mot vector khac y = (y1,- -+ ,yn) néu

(D z1 > >0, 1 2+ 2 Yn,
2) 1+ Fap >y +--+yp véimoi 1 <k <n-—1,
B+ F o=y ++ Yn

Dinh 1y 4.3.1. (Bit dang thic Troi) Cho f : [a,b] — R la ham loi. Ching té
(1, , ) majorizes (Y1, ,Yn), trong dé x1,- -+ ,Tn, Y1, ,Yn € [a,b]. Khi dé, ta duoc

fla) +- 4 f(@n) 2 fly) + -+ ()

Vi du, ta c6 thé cuec tiéu cos A + cos B + cos C, trong d6 ABC' 1a tam giac nhon. Nhé lai

rang — cosz 16i tren (0,%). Vi (3,2,0) troi (4, B, C), bat déng thic troi chi ra

cos A + cos B + cos C' > cos <g) —i—cos( ) 4+ cos0 = 1.

2
Ciing c6, trong tam giac ABC, tinh 16i clia tan 2 (%) tren [0, 7] va bat dang thiic troi chi ra

B

A
21—12v/3 = 3tan? (%) < tan? <Z)+tan2 (—

C
1 +tan 2 (Z) < tan? <%>+tan20+tan20 =1.

(IMO 1999/2) Cho n la sb nguyen n > 2.

Hay xac dinh hing nhé nhat C sao cho bat déng thiic

Z zixj(x +a25) < C ( Z £L’Z>

1<i<j<n 1<i<n

dtng véi moi s6 thuyc z1,--- ,x, > 0.

Cdch gidi 2. (Kin Y. Li') Nhu trong cach giai dau tién, sau khi chuan héa x; +---+z, = 1,

ta lay cuc dai
n
S wmmial +a)) =) fla),
1<i<j<n i—1
trong d6 f(z) = 2® — 2* 1a ham 16i tren [0, ]. Vi bat dang thic dbi xting, ta 6 thé gidi han
trong truong hop x4 > x5 > --+ > x,. Néu 1 > x4, khi d6 ta thay rang (1,1,0,---0) troi

(z1,--+ ,2,). Vi vay, tinh 16i cta f tren [0, 5] va bt dang thitc Troi chi ra

1

gf(:l:i)éf(%)+f(%)+f(0)+...+f(0):8

!T6i thay ddi mot it cAch gii trong [KYL].
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Ta xét truong hgp khi % > x1. Viet 1 = % —evll e € [0, %} Ta thay (1 —z1,0,---0) troi

(22, -+ ,2,). Theo bat dang thitc Troi, ta thay ring

D @) < f(L—z)+ fO) +--+ f(0) = f(1— 1)

sao cho
éf(l’i) < fla)+f (1 —21) = 21 (1—21) [ 24+ (1—21)]] = (i _ €2> <% n 262) _5 <% B 64) - é
[

64



4.4 BAt dang thitc ap dung dudng thing

C6 mot cach don gian dé tim ra can mdéi cho ham kha vi da cho. Ta bit dau ching t6 moi
dudng thing tiép tuyén tron ngit canh sau.

Ménh dé 4.4.1. (Dic tinh ctia dudng thang supporting) Cho f la ham thuc. Cho
m,n € R. Gia s

(1) f(a) = ma+n vdi a € R,
(2) f(x) > mx +n vdi moi x trong vai khodng (€1, €3) bao gom «, va
(3) [ kha vi tai o.

Khi dé, duong supporting y = mx +n cia f la duong tiép tuyén cia f tai v = a.

Chaing minh. Ta dinh nghia ham F : (e;,e;) — R bang F(x) = f(z) — mz — n v6i moi
x € (€1, €2). Khi do, F kha vi tai o va ta duge F'(a) = f'(a) —m. Do gid sit (1) va (2), ta thay
F ¢6 cie tiéu dia phuong tai o. Vi thé, dinh 1y dao ham dau tien cho céc gia tri cyc tri dia
phuong chirdng 0 = F'(a) = f'(a)—msao chom = f'(a) van = f(a)—ma = f(a)—f'(a)a.
T d6 ra suy ra rang y = mx +n = f'(a)(z — a) + f(a). O

(Nesbitt, 1903) Véi moi s6 thyc duong a, b, ¢, ta c6

a b c
- -
b+c c+a a+b

l\DIOJ

Chiing minh 13. Ta chuan héa a+b+c=1. Chi 0 < a,b,c < 1. Bai todn bay gio ching

minh 5
Zf(a)z—@f()—i_f() , trong® f(z) = -
. 2 11—z
cyclic
Phuong trinh clia duong tiép tuyén cia f tai x = + duge cho bdi y = r4_1. Ta néi rang

1
-3
f(z) > 222 i moi x € (0,1). Ta suy ra ti dang thic

92 —1 (3z—1)?
f@) = ——= A1—2)

Bay gio, ta két luan ring

a 9a—1 9 3 3
P D DL Y

cyclic cyclic cyclic

Phét biéu trén c6 thé duge tong quat hoa. Néu mot ham f c¢6 dudng supporting tai vai
diém trén do thi cia f, khi d6 f théa man bat dang thitc Jensen’s trong ngit canh sau.

Dinh 1y 4.4.1. (Bat dang thic dudng Supporting) Cho f : [a,b] — R la mot hamn.
Gid st o € [a,b] va m € R théa man

f(x) =2 m(z —a) + f(a)
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vdi moi x € [a,b]. Cho wy, -+ ,wy >0 vdiwy + -+ +w, = 1. Khi dé, bat ding thiic sau xdy
ra
Wlf(xl) +-- +an(xn) Z f(&)

vdi moi xy1,- - , Xy € |a,b] sao cho o = wyxy + - + wpa,. Ddc biét, ta dugc

f@y) + -+ flan) zf(f>,

n
trong do 1, -+ ,x, € [a,b] vi X1 + -+ -+ x, = s vAi S € [na,nb].

Chitng minh. Ta suy ra tit wy f(x1) 4+ - +wn f(x,) > wi[m(z; —a)+ f(@)]+- - - +wi [m(x, —

a) + fla)] = f(@). O
Ta c6 thé 4p dung bat dang thitc dudng supporting dé dan ra bat dang thiic Jensen déi

véi cac ham vi phan.

Bo dé 4.4.1. Cho f : (a,b) — R la ham 1oi sao cho khd vi hai lan trén (a,b). Cho y = l,(z)

la duong tiép tuyén tai o € (a,b). Khi dé, f(x) > l.(z) for all z € (a,b).

Chiing minh. Cho a € (a,b). Ta mudn ching t6 dudng tiép tuyén y = l,(z) = f'(a)(z —
a) + f(a) la duong supporting cta f tai = « sao cho f(x) > l,(x) v6i moi z € (a,b). Tuy
nhién, theo dinh 1y Taylor, ta thay 6, gitta o va  sao cho

f// ex
£(2) = £(0) + F(@) )+ 0D - 02 > f(0) + (o)~ a0
[
(Bat ding thiic Jensen c6 trong) Cho f : [a,b] — R la ham 15i lien tuc sao
cho kha vi hai lan trén (a,b). Cho wy, -+ ,w, > 0 véi wy + -+ + w, = 1. V6i moi
Ti," ,Tn € [a’7b]7
wif(@) + - Fwnf(zn) > flwr o1+ +wy, z0).
Chitng minh 3. Do tinh lién tuc ctia f, ta c6 thé gid st zy,--- ,z, € (a,b). Bay gig, cho

p=w T + -+ w, v, Khi d6, p € (a,b). Theo b6 dé trén, f c6 dudn tiép tuyén
y=1,(x) = f(p)(x—p)+ f(p) tai x = p satistying f(z) > [,(x) v6i moi = € (a,b). Vi vay,
bat dang thitc duong supporting ching té rang

wif (@) + -t wnf(@n) Z wrf(p) + - Fwnf(p) = flp) = flwr o+ 4 wn ).

]

s

Ta cha y ring ham cosine 16i trén [0,%] va 1om trén [Z,7|. Ham khong 16i trén c6 thé
16i dia phuong va c6 cac duong supporting tai vai diém. Diéu nay cé nghia la bat déng thic
duong supporting 1a cong cu rat hay vi chiing ta c¢6 thé sinh ra cac bat déng thiic loai-Jensen
tir cdc ham khong 16i.

(Dinh ly 6) Trong tam gidc ABC, ta ¢6 cos A+ cos B+ cosC' <

N
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Chitng minh 8. Cho f(z) = — cosz. Muc dich ctia chiing ta 1a thiét lap bat dang thic ba

bién
f(A)+ f(B) +£(C) s <z>
3 - 3/
trong d6 A, B,C € (0,7) v6i A+ B+C = 7. Ta tinh f'(x) = sin z. Phuong trinh dudng tiép
tuyén clia f tai z = 5 lay = */73 (x — %) — 5. Dé ap dung bat déng thiic dudng supporting,
ta can chiing minh

S \/5 ( 7T) 1
—cosx > — (z—=)—=
2 3 2
v6i moi z € (0, 7). Day 1a bat dang thiic mot-bién! Ta két thic chiing minh. O

Bai toan 33. (Nhat 1997) Cho a, b, va ¢ la cdc s6 duong. Ching minh rang

(b+c—a)*  (c+a—0b)?* (a+b—2c)?

3
(b+c)2+a* (cH+a)+b> (a+0b)*+c? ‘

5

>

Chitng minh. Vi tinh thuan nhat ctia bat ding thiic, ta c6 thé chuan héa a +b+c = 1. Ta
co tu

(1 - 2a)? (1 — 2b)? (1-20)2 _ 3 1 1 1

> - & < —.
(1 —a)2+a2+(1 —b)2+bz+(1 —c)?4+c 75 2a% — 2a + 1+2b2 —2b+ 1+202 —2c+17 5
Ta thay rang phuong trinh dudng tiép tuyén cta f(z) = m at © = 5 c6 dang y =
%x + g—g va
54 o7 2(3x — 1)2(62 + 1)
_ [ = ) =— <0.
/(@) (25“”“ 25) 2522 20 11)
v6i moi z > 0. Ta suy ra
54 27 27
<N Xy 2L
2 <) patp=3
cyclic cyclic
]
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CHUONG 5

BAI TOAN

Moéi bai todn toi gidi trd thanh dinh ly, né phuc vu cho viéc gidi cdc bai todn khdc. Rene Descartes

5.1 Céac bat dang thitc da bién

M 1. (IMO short-list 2003) Cho (z1, 2, -+ ,x,) va (y1,Y2, - ,Yn) la hai diy so thuc
duong. Gid s (21,22, , 2z,) la day so thuc duong sao cho

2
Zigj = Tilj

vdi moi 1 <i,j <n. Cho M = max{za,--- ,29,}. Chiing minh
Mtmt ot \* (2t a (et
2n - n n ‘
M 2. (Bosnia va Herzegovina 2002) Cho ay, -+ ,apn, by, -+ ,bp,C1, -+ ¢ la cdc s6 thuc

duwong. Chiing minh bat dang thuc sau:

M 3. (C'2113, Marcin E. Kuczma) Ching minh

- - - a;b;

vdi moi so thuc duong ai,- -+ ,an, by, -+, by
M 4. (Yogoslavia 1998) Cho n > 1 la cdc s6 duong va ay, -+ ,ap, by, -+ , by la cdc s6 thuc
duong. Ching minh.
2
(Z aibj> Z Z a;a; Z blby
i) it it

LCRUX with MAYHEM
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M 5. (C2176, Sefket Arslanagic) Ching minh

(@ 4+ b1) -+ (@n + b)) > (ag -+ an)® + (by - by)w
trong do ay,- -+ ,Qn, b1, -+ ,b, >0
M 6. (Korea 2001) Ching minh 1, , 2, 04 Y1, ,Yn la cdc $0 thuc théa man
sttt =gty =1
Chiing to

2 > (z1y2 — 2911)?

1 - Zn: LY
=1

khi nao ding thic zdy ra.

M 7. (Singapore 2001) Cho ay,- - ,ay,, b1, , b, la cdc so thuc duong trong 1001 va 2002.

n n

2
E &Z'2 = E bz .
i=1 i=1

Giad st

Chaing minh rdang

3 n
a; <17 2

— < — a;”.
i=1 bi 10 i=1
Khi noa dang thic zdy ra.
M 8. (Bﬁt d‘&zlng thic Abel) Cho ay, -+ ,an,x1, -+ ,xN la cdc 50 thate v0i x, > Tpiq > 0

vdi mot n. Ching minh
|a1:1:1 +---+ aNa:N| < Ail?l
trong do
A= maa:{|a1\, |CL1 + (12’, SR |CL1 + -+ (IN|}.

M 9. (China 1992) V§i moi s6 nguyén n > 2 hay tim s6 duong nhé nhat A = \(n) sao cho
néu

1
Ogalv"' 7an§ 57 bla"' 7bn>07 a1++an:bl++bn:1
khi do
bl o 'bn S )\(albl + -+ anbn)-
M 10. (C2551, Panos E. Tsaoussoglou) Gid st rang ay,- - ,a, la cic so thuc duong.

Cho ejr, =n—1néuj =k vaejr =n— 2 ngudc lai. Cho dj, =0 néu j =k va d;j =1
nguoc lai. Chiing minh rang

n n n n 2
S e’ =] (Z dj,kak>

j=1 k=1 j=1 \k=1
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M 11. (C2627, Walther Janous) Cho x1, - ,x,(n > 2) la cdc s6 thuc duong va cho

T+ -+, Choay, - ,a, la cic so thuc khong am. Hay zdac dinh hing toi vu C(n) sao
cho )
. a;(Sn — ;) - !
AU VS |
,Z xZ; o C(n) <H aj)
7j=1 j=1

M 12. (Cudc thi vo dich Toan giita Hungary-Israel nam 2000) Gid si rang k va |
la hai s6 nguyén duong cho trude va a;;(1 <i < k,1 < j <) la cdc s6 nguyén duong cho
trudc. Chitng minh rang néu q > p > 0, khi do

£(5) “(5(5))

j=1 \i=1 i=1

M 13. (B4t ding thic Kantorovich) Gid sit 21 < --- < x, la cdc s6 duong cho trudc.
Cho A, -+, Ay >0 00 A\ + -+ N\, = 1. Chiing minh ring

n n A,L A2
trong dé A = Bt o G = | /x11,.

M 14. (Czech-Slovak-Polish Match 2001) Cho n > 2 la cdic s6 nguyén. Ching minh
(a® + 1)(ag® + 1) -+ (a,° + 1) > (ar’az + 1)(az’az + 1) - - - (an’ar + 1)
vdi moi s6 thuc khong am a1, - - ,ay,.

M 15. (C1868, De-jun Zhao) Chon >3, a; > as > -+ > a, >0, vap > g > 0. Ching
minh

a1Pas? + asPas? + - - + a,_1Pa,? + a,Par? > a9as” + aglas® + - - + a, 1%," + a,%a,”
M 16. (Baltic Way 1996) Vdi cic so duong a,b. Chitng minh ring

T1To + ToZg + -+ + Tno1Tn + Tp1 > 12203 + 22%23%24% + - - - + %21 20"
vdi moi n > 2 va cdc s6 thuc duong xq, -+, Tn.

M 17. (IMO short List 2000) Cho x1, 2y, ,x, la cdc so thuc tuy j. Ching minh rang

x x T,
— + z +o <Vn.

T+ T4x?+a2 T+ a?+- 42,2
M 18. (MM?1479, Donald E. Knuth) Cho M,, la gid trj [6n nhat cia

Ln i L2 NI L1
I4+zi 4+ Fw)? (Ltag+ -+ x,)? (1+2,)?

vdi moi so thuc khong am (21, ,2,). Tai diém nao gid tri cuc daizay ra? Hay biéu dién
M,, theo M, _1, va tim lim,,_,. M,.

2Mathematics Magazine

70



M 19. (IMO 1971) Hay ching minh nhan dinh sau day ding vdin = 3 van =5 va sai

vdi moi $6 tu nhien n > 2 : néu ai,--- ,a, la cdc so thuc tuy vy, khi do
n
S [Tt —e =0
i=1 i#j

M 20. (IMO 2003) Cho x; < 1y < --- < m, la cdc s6 thuc.
(a) Chiing minh rdang

2
2(n? — 1)
( S ;Uj|> <2 S g
1<i,j<n 1<i,j<n

(b) Chaing t6 ring dang thitc wdy ra néu va chi néu x,,xq,--- ,x, la day s6 hoc.

M 21. (Bulgaria 1995) Chon > 2 va 0 < xq,--- ,x, < 1. Ching minh

n
(1 + 2o+ -+ ) — (T122 + TaT3 + - -+ + Tpy) < [5}

va dang thite khi nao xzdy ra.
M 22. (MM1407, M. S. Klamkin) Hay xdc dinh gid tri lon nhit cia tong
P +aof 4 4 x! — T — wolag” — -yt
trong dé p,q,r la cdc so théap>qg>r>0va0 < z; <1 vdi moii.
M 23. (IMO Short List 1998) Cho ay,as,-- ,a, la cic s6 thiuc duong sao cho
ar+as+---+a, <1.
Chiing minh

ajas - ap(1—(ag +ag+ -+ ay)) < 1
(a1 +as+---+a,)(1—a))(l—as) (1 —a,) ~ ntt

M 24. (IMO Short List 1998) Cho 71,79, -+ ,7, la cdc s6 thuc duong > 1. Chitng minh

1 1 n
4+ 4 > - .
r+1 17 (rpoory)w 1

M 25. (Baltic Way 1991) Ching minh, vdi bat ky so thuc ai,- -+, ay,
Sy

1<ij<n +5-1

M 26. (India 1995) Cho z1, 72, , 2, la cic s6 thuc duong cé tong biang 1. Chiing minh

Ty T n
1—x l—z,  \Vn-1
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M 27. (Turkey 1997) Cho n > 2, Tim gid tri nhé nhat cia

I15 IQS In5
Tot+ax3+--+x, T3+ +T,+T T+ T3+ -+ Tpo
vdi cdc so thuc duong x1,--- ,x, subject téi dieu kién x,% + --- + x,% = 1.

M 28. (China ]996) Gia st n € IJ; Ty = 0, L1, , Ty > 07 V4 1+t x, = 1. Chim
Z;

1< E - T

i=1 \/1 Zo +$1_1\/Qj‘z—|—+xn 2

M 29. (Vietnam 1998) Cho 1, -+ ,x, la cdc s6 duong sao cho

1 1
o+ 1098 T 2 51998 T 1998
Chiing minh
1
M > 1998
n —_—

M 30. (C2768 Mohammed Aassila) Cho xy,--- ,x, be n la cic so thuc duong. Ching
minh . .

1 2

+ -

T n
+ Y2
V1o + 202 Vawows + x3? Vo + 112 T /2

M 31. (C2842, George Tsintsifas) Cho zy,--- ,x, la cdc so thuc duong. Chitng minh

(a)

xln_i__i_xnn—i_n(xlxn)ﬁ

> 9

Y

nry -« Ty T+t

(b)
XT1+* Ty xl_i_..._'_xn
M 32. (C2423, Walther Janous) Cho xy, -+ ,x,(n > 2) la cic so thuc duong sao cho
1+ -+ x, =1. Chitng minh

1 1 n— x n—x,
1+— - 1+—) >
1 Tn 1—x 1—x,
Khi nao dang thitc xzdy ra.

M 33. (C1851, Walther Janous) Cho zy,- - ,x,(n > 2) la cdc so6 thuc duong sao cho
that

> 1.

244z, =1
Chiing minh

2\/5—1< Z2+l‘i<2\/ﬁ+1‘
Syn—17 &5+z; ~ 5/n+1

M 34. (C1429, D. S. Mitirinovic, J. E. Pecaric) Ching té ring

L B

2
T TiT T Tip1Tivo

trong dé xv,--- ,x, aren > 3 la cdc so thuc duong. Di nhién, Tpi1 = T1, Tpyo = Ta. >

3Bai toan goc la chitng té sup > =n-—1

n T;
=1 z;24x;41Tiq2
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M 35. (Belarus 1998 S. Sobolevski) Cho a; < ay < -+ < a, la cic s6 thuc duong.
Chitng minh cdc bat dang thic

n ar ay+---+ay
> 1
(a) et T n ’
n 2k ap+---+an
(b> 1 1 = 2 I
a_+ +a— 1+k n

trong do k = .,
M 36. (Hong Kong 2000) Cho a; < as <---<ay lan 50 thuc sao cho
ai+ay+---+a, =0.

Ching to
a’ +a? 4+ -+ a2 +naja, <0.

M 37. (Poland 2001) Cho n > 2 la s6 nguyén. Ching minh

n n n
1: y .
Zx, + (2) > szl
i=1 =1
vdi moi s6 thuc khong am xq,--- , .

M 38. (Korea 1997) Cho ay,--- ,a, la cic s6 duong, va dinh nghia

ar+---+a, 1 n

A= G=(ar )" H=

(a) Néun chin, ching té

(b) Néu n Ié, ching té

A n—2 2n-1) (A\"
Z<o + =) .
H ~ n n G

M 39. (Romania 1996) Cho 1, , Ty, Tniy la cdc s6 thuc duong sao cho
Tpy1 = X1+ -+ Tp.
Chiing minh

n

Z \/xi(aznﬂ - xl) < \/33n+1($n+1 - xl)

=1
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M 40. (C2730, Peter Y. Woo) Cho AM (zy,- -+ ,xz,) va GM(xy,--- ,x,) lan ot ky hiéu
la trung binh so hoc va trung binh hinh hoc cia cdc s6 duong x1,--- ,x,. Cho cdc s6 thuc
duong ay, -+ ,an, by, -+ by, (a) ching to

GM(ay + by, ya, +by) > GM(ay, -+ ,a,) + GM(by, -+ ,by).
vdi moi so thuc t > 0, dinh nghia
ft)=GM({t+bi,t+0by,--- ,t+b,) —t
(b) Chitng minh rang f la ham tang don diéu va rang
lim f(t) = AM(by, -~ .b,)

M 41. (C1578, O. Johnson, C. S. Goodlad) Vdi méi so thuc duong zdc dinh a,, cuc

dai hoa
a1ag - - - Ay

(1+ay)(ay +ag)(ag +az) - (an_1 + ay)
vdi moi s6 thuc duong ai,- -+ ,Gp_1.

M 42. (C1630, Isao Ashiba) Cuc dai héa

ai1as + azaq + -+ - + aon_100n,

vdi moi hoan vi ay,--- ,as, of the set {1,2,---  2n}
M 43. (C1662, M. S. Klamkin) Ching minh rang
LU12T+1 1:221"-1—1 xn2r+1 47

> r
pa—— + P + P P (w129 + X223 + - - - + Tp21)

trong don > 3, r > %, x; > 0 vdi moi i, va s =x1 + -+ x,. Cing vay, hay tim cdc gid tr;
n va r sao cho bat ddang thic la sharp.

M 44. (C1674, M. S. Klamkin) Cho cdc so thuc duong r, s va s6 nguyén n > L, tim cac
$6 thuc duong x1,- -+ , T, tim cuc tiéu

(1 n 1 —1—-""‘%)(1+x1)s(1—|—x2)s"'<1+xn)s.

x" o T

M 45. (C1691, Walther Janous) Cho n > 2. Xdc dinh can trén cia

1 ) T
+ + e+
Toxs- X, +1 xTyx3---2,+1 T1X9 - Tpo1 + 1

vdi moi xq,- -+, x, € [0,1].
M 46. (C1892, Marcin E. Kuczma) Cho n > 4 la mot s6 nguyén. Tim cdn trén la cgn
dudi chinh zdc cia tong cyclic

T

Ti1+ T + Tip

i=1
vdi mot n-bo cac so khong am xy,--- ,x, sao cho x;_1 + x; + x;11 > 0 vdi moi i. Di nhién,
Tpt1 = X1, Tg = . Characterize all cases in which either one of these bounds is attained.
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M 47. (C1953, M. S. Klamkin) Hay zdc dinh diéu kién can va di theo cdc hang thuc
1, , Ty Sa0 cho

2 2 2 2
T1° F " A @y > (1w A raxe e )
Tdy ra vdi moi so thuc x1,- -+, Tn.

M 48. (C2018, Marcin E. Kuczma) Bao nhiéu hoin vi (xy,--- ,xz,) cia {1,2,--- n}
sao cho tong cyclic

|1 — @o| + |To — 23| + -+ |Tpo1 — Tp| + |2 — 24
la (a) cuc tiéu, (b) cuc dai?

M 49. (C2214, Walther Janous) Cho n > 2 la mot so tu nhién. Ching té ton tai mot
hing C = C(n) sao cho vdi moi x1,-+- 2, >0 ta cd

n
PIRVATRS
i=1

Hay wzdc dinh gid tri cuc tieu C(n) vdi vai gid trj n. (Vi du, C(2) = 1.)
M 50. (C2615, M. S. Klamkin) Gid st xy,--- ,z, la cic so khong am sao cho

9 s n(n+1)
Zﬂl?i Z(mil’iﬂ) - 9

trong dé cdc tong & trén doi ming theo by cdc {1,--- ,n}.
(a) Xdc dinh gid tri I6n nhat cia . ;.
n+1
2

(b) Chitng minh hay bic bé cuc tidu cia S a; la /™)

M 51. (Turkey 1996) Cho cdc s6 thic0 = 21 < Ty < -+ + < Ty, Topy1 = 1 Vi x40 — 23 < h
for1 <i<mn, sao cho
1-h & 1+h

O < - Toi (X1 — Toi1) < 5
1=

M 52. (Poland 2002) Ching té rang vdi moi so6 nguyén n > 3 va moi day so duong

T, , T, it nhat mot trong hai bat dcfng thic théa :
& X n - X n
L 1Y) DI L
‘7 Tit1 T Tiy2 2 ‘— Ti-1 T Tig 2

0 daﬂ% Tpt+1 = L1, Tpt2 = L2, L0 = Ty -1 = Tn—1-

M 53. (China 1997) Cho z1,- -+ ,x1997 la cac s0 thuc théa man cdc dieu kién sau:

1
_ﬁ <@y, Trger < V3,21 4 -+ L1997 = —318V/3

Hay xdc dinh gid tri cuc dai ctia 212 + - - - + 219972,
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M 54. (C2673, George Baloglou) Cho n > 1 la s6 nguyén. (a) Ching té
(1 +ay--- an)n Z Qg an(l + a1n72> N (1 -+ a1n72>

vdi moi ay, -+ ,a, € [1,00) néu va chi néun > 4.
(b) Ching to
1 n 1 P 1 S n
a1(1 + (Ign_2) Clg(l + a3”—2) Cln(l —+ CLln_Q) — 14+ ai - Qp
vdi Mot ay, - ,a, > 0 néu va chi néun < 3.
(¢) Ching to
1 1 1 n

. >
* +an(1+an”—2)_1+a1---an

+
a1(1 + a1”—2) (12(1 + agn_z)
vdi moi ay, -+ ,a, >0 néu va chi néun < 8.
M 55. (C2557, Gord Sinnamon,Hans Heinig) (a) Chiing 6 day cdic so6 duong {x;}

n k i

Zzzxiqkﬁ;(i%)?i.

k=1 j=1 i=1
(b) Bat ding thic trén van ding khi khong cé hé s6 2 khong? (c) Hing c toi thiéu la bao
nhiéu khi thay vao hé so 2 trong bat dang thic trén?

M 56. (C1472, Walther Janous) Vdi mdi so6 nguyén n > 2, hay tim hang lon nhat C,,

sao cho
n
Cod lail < D ai—ay
i=1 1<i<j<n
vdi moi s6 thuc ay, -+ ,a, théa man >, a; = 0.

M 57. (China 2002) Cho c € (%, 1). Tim hang nhé nhat M sao cho, vdi bat ky s6 nguyén
n>2 va cic s6 thuc 1 < ay < as < -+ < ay, if

1 n n
— <
LS ke a
k=1 k=1
khi do

n m
Zak < MZ kay,
k=1 k=1

trong dé m la s6 nguyén lon nhat va khong lon hon cn.

M 58. (Serbia 1998) Cho x1, 2y, ,x, la cdc s6 duong sao cho
Ty +ax2+---+x, =1

Chitng mvinh bat dding thitc

r1—X2 angccg aa:nfxl 2

a n
27,

1+ Xo To + X3 Ty + 1

ding vdi moi so thuc duong a. Xdc dinh ddng thic zdy ra khi nao.
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M 59. (MM1488, Heinz-Jurgen Seiffert) Cho n la s nguyén duong. Ching minh ring
néu 0 <z <9 <z, tha

dang thic zdy ra khi va chi khi xy = - =z, = 1.
M 60. (Leningrad Mathematical Olympiads 1968) Cho ay,as,--- ,a, la cdic so thuc.
Cho M = maz S va m = min S. Ching minh rang

(=DM =m)< Y7 a;—a;] < (M —m)

1<i,j<n

M 61. (Leningrad Mathematical Olympiads 1973) Hay thiét lap bat dang thic sau

: i T U 1
ZQ CcoS (W) (1 — COS (W)) < 5
i=0

M 62. (Leningrad Mathematical Olympiads 2000) Ching minh rang, vdi moi 0 <
1 S xp <L S Ty,

n
T1T2 Tol3 Ty L1 Tndy
+ +-rt+t— 4+ > g €;
T3 Ty ) )

=1

M 63. (Mongolia 1996) Ching minh, vdi moi 0 < a1 < as < ... < ay,

a; + ao as + as a, + aq < a1+ as + as as + ag + ay a, + a1+ as
2 2 2 - 3 3 3 '
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5.2 Cac bai toan trong hoi thao Putnam

P 1. ’Putnam 04A6‘ Gia st f(x,y) la ham thuc lién tuc trén hinh vuong don vi 0 < x <
1,0 <y < 1. Ching minh

/01 (/olf(f”’y)dx)Zdw / (/Olf($7y)dy>2dx
< (/Ol/olf(x,y)dxdy>2+/ol/ol (f(z,y))* dz dy.

P 2. |Putnam 04B2| Cho m va n la cic s6 nguyén duong. Ching minh réng

(m +n)! m! n!
(m +n)mtn ~ mmpn

P 3. ’Putnam 03A2‘ Cho a1, as,...,a, va by, by, ... b, la cic s6 thuc khong am. Ching
minh

(arag - an)™ + (biby - b,)Y™ < [(ay + b1)(ag + by) - - - (a, + b,)]™

P 4. ’Putnam 03A3‘ Tim gia tri cuc tiéu cla

|sinx 4 cosx + tan x + cot x + sec x + csc x|

vdi cdc so thuc x.

P 5. ’Putnam O3A4‘ Gid st rang a,b,c, A, B,C la cdc so thuc, a # 0 va A # 0, sao cho

lax® + bx + c| < |A2® + Bz + O
vdi moi so thuc x. Chiing minh

|b? — 4ac| < |B? — 4AC].

P 6. |[Putnam 03B6| Cho f(x) la ham sé thuc lien tuc zac dinh trén khodng [0,1]. Sao cho

/01 /01 |f(z) + f(y)|dxdy > /01 ()] dx.

P 7. |Putnam 02B3| Ching minh ring, vdi moi s6 nguyén n > 1,

1 1 ( 1 ) "
— < -—(1-=) <—.
2ne e n ne
P 8. ’Putnam 01A6‘ Mot cung ciia parabol cé thé nam trong mot duong tron ban kinh 1
c6 chiéu dai lon hon 42

P 9. |Putnam 99A5| Ching minh riing ton tai mot hing C sao cho, néu p(z) la mot da
thite bac 1999, khi dé

p(0)] < 0/_1 ip(2)] dar
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P 10. |Putnam 99B4| Cho f la ham thuce dao ham bac ba lién tuc sao cho f(z), f'(

), ["(x), f"(x)
la cdc s6 duong vdi moi x. Gid si f"(x) < f(x) vdi moi x. Chiing minh rang f'(z) < 2f(z)

for all x.

P 11. |Putnam 98B4| Cho ay,,, kij hieu hé s6 ciia 2™ trong khai trién cia (14 x + 22)™.
Chaing minh rang véi moi s6 nguyén k > 0,

L
0< ) (—)'ap; <1

i=

w2
e

]

P 12. |Putnam 98B1| Tum gid tri nhd nhat cia

(0+2)' — (a4 ) -2
@+ D+ @+ 5

for x > 0.

P 13. |Putnam 96B2| Ching minh ring vdi moi sé nguyeén duong n,

2n—1 2n+1

(2"_1> ) <1~3-5~.(2n—1)<<2”+1) 2

(& (&

P 14. ’Putnam 96B3‘ Cho {x1,xo,...,x,} = {1,2,...,n}, tim, bang chiing minh, gid trj
lon nhat c6 theé, nhu mot ham cia n (vdin > 2), cia

T1T2 + Xox3 + -+ Tp_1Tpn + Tp21.

P 15. |Putnam 91B6| Cho a va b la cic s6 duong. Hay tim s6 1dn nhit ¢, dudi dang ciia
a va b, sao cho

sinhur  sinhu(l — z)

ambl—m S a— .
sinh u sinh «

vdi moi u vdi 0 < |u| < c wva vdi moi z, 0 < x < 1.

P 16. (CMJ*416, Joanne Harris) Vdi gid tri nao cia ¢ sao cho

e +e < pea?
—5 = .

vd1 mot T thuc?

P 17. (CMJ420, Edward T. H. Wang) Ta dé thay rang [Daniel 1. A. Cohen, Cac ki
thuat co bin trong Ly thuyét To hgp, trang.56] 2" < (2:) < 22" wdi moi s6 nguyén n > 1.
Chatng minh rang cdc bat dang thitc manh lon

22n—1 _ om _ 22n
N4D n NZD

xay ra véi moin > 4.

4The College Mathematics Journal
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P 18. (CMJ379, Mohammad K. Azarian) Cho = la so thuc bat ky. Chiing minh

Z sin(kx) Z cos(kx)

k=1
P 19. (CMJ392 Robert Jones) Ching minh rang

1 1 1
(1—1— P) (:L‘SIHE) >1 for x> ﬁ
P 20. (CMJ431 R. S. Luthar) Cho 0 < ¢ < 6 < 5. Chitng minh ring

(1 —cosx) < 2.

[(1+ tan? §) (1 + sin® §)]"" ¢ < [(1 + tan® §) (1 + sin® 0)]~7.

P 21. (CMJ451, Mohammad K. Azarian) Ching minh ring

8602 « CSC2 «

T cos® oo + sin? o > 7r2,

provided 0 < o < 7.

P 22. (CMJ446, Norman Schaumberger) Néu x, y, va z la s6 do cdc géc cia mot tam
gidc (khong suy bién), chiing minh ring
1 1 1

msin — > xsin — + ysin — + zsin —.
T x Yy z

P 23. (CMJ461, Alex Necochea) Cho 0 <z < § va 0 <y < 1. Ching minh rang

/1 —1y?—cosx

r — arcsiny < )
Y

bat dang thic xdy ra khi va chi khi y = sinx.

P 24. (CMJ485 Norman Schaumberger) Chiing minh rang
(1) néua>b>1hayl>a>b>0, th abv* > a”b*; va
(2) néua>1>b>0,th a’ b < a? b’

P 25. (CMJ524 Norman Schaumberger) Cho a, b, va ¢ la cdc s6 thuc duong. Ching

minh ,
abbct > (&;—b> (b—;—c) (c—;—a) > h*Pac.

P 26. (CMJ567 H.-J. Seiffert) Chiing minh rang vdi moi s6 thuc duong phan biét x va
Y,

(M>2< vy Ity

2 2sinh % 2

P 27. (CMJ572, George Baloglou va Robert Underwood) Ching minh hay bdic bo

ring vdi § € (—Z,%), coshf < \/ﬁ.
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P 28. (CMJ603, Juan-Bosco Romero Marquez) Cho a va b la cdc s6 thuc duong phan
biét va cho n la s6 nguyén duong. Ching minh

n+1l _ 4n+l1 n n
a+b<n b a < nf0 —i—b'
2 “\m+Db-a =V 2

P 29. (MM®904, Norman Schaumberger) Cho z > 2, chitng minh

x 1 r—1
1 < — <1 .
n(x—l) _jZOxQJ - n(x—?)

P 30. (MM1590, Constantin P. Niculescu) Vdi a, 0 < a < § cho trudc, hay xdc dinh
gid tri nhé nhat cia o > 0 va gid tri lon nhat cia 8 > 0 vdi

r\® _sinzx T\ B
) =@ =G)
a sina a

(Tong qudt héa thy trd thanh bat dang thic quen thuoc Jordan 2 < sinz <1 on [0,%].)

P 31. (MM1597, Constantin P. Niculescu) Vdi moi z,y € (0,/3) vdi x # y, ching
minh rang

1 —sinzy 2 1 —sinz?. 1—siny?
In—————= ) >In - In - :
1 4 sinzy 1+sinx? 1+ siny?

P 32. (MM1599, Ice B. Risteski) Choa > 3 > 0 va f(z) = 2%(1—2)’. Neu0 <a < b< 1
va f(a) = f(b), ching té rang f'(a) < —f'(5).

P 33. (MM Q197, Norman Schaumberger) Ching té ring néu b > a > 0, thi (£)* >
5> (3)"

P 34. (MM1618, Michael Golomb) Ching té rang 0 < x < ,

m™T—X T

<sinz < (3——)3:
T

m™T—X

X

T+ T+T

P 35. (MM1634, Constantin P. Niculescu) Hay tim hdang nhé nhdt k > 0 sao cho

ab . be . ca <ka+b+o)
a 1
a+b+2c b4+c+2a cH+a+2b"

vdi moi a,b,c > 0.

P 36. (MM1233, Robert E. Shafer) Ching minh rang néu x > —1 va x # 0, khi dé

2 2

T X
2
2 24 <[1n(1+$)] < 9 4
o2 120 rZ 240
Il+z+ 5 ot 22 I+z+ 5 E———

5Mathematics Magazine
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P 37. (MM1236, Mihaly Bencze) Cho cic ham s6 f va g dugc zdc dinh bdi

w2z ) o) 8z
=— vai g(z) = ———
2712 + 812 g 472 + a2

()

vdi moi s6 thuc x. Chitng minh ring néu A, B, va C la cdc goc ciia mot tam gidc nhon, va
R la ban kinh duong tron ngoai tiép tam gidc khi do

a+b+c

FA) + F(B) + 1(0) < o2

<g(A) +g(B) + g(C).

P 38. (MM1245, Fouad Nakhli) Vdi méi s6 x khoang khodng md (1,€) ta dé ching t6
rang c6 mot s6 duy nhat y trong (e, 00) sao cho 1117;/ = D2 Vi x va y nhu vy, ching minh
rang x +y > xlny +ylnx.

P 39. (MM Q725, S. Kung) Chiing minh rang (sinz)y < sin(xy), trong dé6 0 < z < 7 va
O<y<l1.

P 40. (MM Q771, Norman Schaumberger) Ching minh ring néu 0 < 0 < %, khi do
sin 26 > (tan §)<=2,
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