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Md rong mot bai toan hinh hoc trén THTT

Tran Quang Hung

Tém tit noi dung
Bai viét dua ra tong quat cho mot bai toan hay dude nhiéu ban doc quan tam trén bao toan
hoc va tudi tré véi phép chiing minh thong qua tinh chat chim diéu hoa va tng dung bd dé
E.R.IQ, them vao d6 1a mot vai tng dung ciia bai tong quat.

Tren THTT s6 402 thang 12 nam 2010 muc dé ra ky nay cé bai toan hay nhu sau ctia thay
Nguyén Minh Ha

Bai toan 1. Cho tam giac nhon ABC, duong cao AD. M 1a mot diém thudc doan AD. Cac dudng
thing BM,CM theo thi tu cit AC, AB tai E,F. DE, DF theo thi tu cit cac duong tron dudng
kinh AB, AC lan lugt tai K, L. Ching minh rang duong thang ndi trung diém cta EF, KL di qua
A.

Nhan xét. Loi gidi bai toan trén da c6 tren THTT s6 406 nam 2011. Ngoai viéc tinh toan cac ty s6
dé stt dung bo dé E.R.I.Q nhu trong dap an, ta con c6 thé giai bai toan bing cach st dung hai cap
tam gidc dong dang X KA va YAF, XEA va Y AL. Tuy nhién, viéc tinh toan cac ty s6 nho viéc st
dung phuong tich két hop vé6i dinh 1y Thales gitip ta c¢6 mot goc nhin khac trong viéc khai thac gia
thiét cac diém dong vien. Véi y tudng sit dung boé dé E.R.I.Q nhu vay, ching ta c6 cach nhin tong
quat nhu sau

Bai toan 2. Cho tam gidac ABC va P la diém bat ky trong mit phang. PA, PB, PC cat BC,CA, AB
tai D,E,F. PA cit EF tai G. H la hinh chiéu cia G len BC. HE, HF lan lugt cat duong tron
ngoai tiép cac tam giac HAB, HAC tai M, N khac H. HG cat dudng thing qua A song song BC
tai Q. Chitng minh ring dudng thang néi trung diem M N, EF di qua Q.

Dé giai bai toan ta st dung hai bo dé sau
Bb dé 2.1. Cho tam giac ABC va P la diém bat ky trong mit phdng. PA, PB, PC cit BC,CA, AB

tai D,E,F. PA cat EF tai G. H 13 hinh chiéu ctia G len BC. HE, HF, HG lan lugt cat duong
thing qua A song song BC tai X,Y,Q thi Q la trung diém XY va HX = HY .
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Chitng minh. Goi FF giao BC tai R ta ¢6 hang diéu hoa co ban (BC, DR) = —1 chiéu xuyén tam
A len duong thang EF ta c6 hang (EF,GR) = —1 do d6 chium H(EF,GR) = —11laic6 HG L HR
do d6 tit tinh chat chium phan giac dé suy ra HG la phan giac ZEHF. Vay trong tam giac HXY ¢6
HG = HQ la duong cao va phan gidc do d6 tam gidc HXY can tai H, suy ra @ la trung diém XY
va HX = HY. O

B6 dé sau dugce dit ten 1a E.R.I.Q la viét tit cac chit cai dau clia cum tit tiéng Anh "Equal Ratio
In Quadrilateral" béi kién tric su Hy Lap Kostas Vittas, ching toi tam dich 1a "ty s6 bang nhau
trong ti giac".
PR o L X MA ND ..,
Bo dé 2.2. Cho ti gidc ABCD, cac diem M, N thuoc AB,CD sao cho =5 = ~C thi cac diem
chia AD, BC va M'N cing mot ty s6 sé thing hang.

Bo dé 1a két qua co ban c6 thé tham khao nhiéu cach chiing minh trong nhiéu tai lieu khac nhau.
Trd lai bai toan
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Loi gidi. Goi AQ cat duong tron ngoai tiép tam giac HAB, HAC lan luct tai S, T. HE, HF lan luoct
cat AQ tai X,Y. Ta thay A, S, H, M thugc duong tron (K) ngoai tiép tam gidc AHB va A, T, H, N
thuoc duong tron (L) ngoai tiép tam giac AHC nén XS.XA = XM.XH vaYT.YA =YN.YH,
XSXA_XMXH

YITYA YNYH ' o
Ta lai chi y t1t gidc ATC'H la hinh thang can va c6 AQ la dudng cao nén TA — CH = 2QA. Tu
XE XA XA D S ¢ S ¢ S
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== 4).
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XMXH XEYH, XM YN YH> YN
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Tu (2),(3) suy ra

T (1),(4) suy ra

bo dé 2.1.
Tt d6 cling theo bo dé 2.1 va bd dé 2.2 trung diém @ ctia XY va trung diém ctiia M N, EF thing
hang. Ta c6 diéu phai chitng minh. O

Nhan xét. Khi AD la dudng cao clia tam giac ABC ta thu dugc bai toan ban dau. Bai toan phat
biéu véi P la diém bat ky sé c6 gia tri ting dung 16n trong nhiéu truong hop dac biet khac nhau. Sau
day toi xin dan ra mot vai vi du ting dung bai toan nay

Bai toan 3. Cho tam giac ABC va P bat ky. Goi PA, PB, PC lan lugt cat BC,CA, AB tai
D,E,F. Goi H 1a hinh chiéu ctia D len EF. HB, HC lan luct cat cac dudng tron ngoai tiép tam
gidc AHE, AHF tai M, N. @Q 1 hinh chiéu ctia A len HD. Chiing minh réng duong néi trung diém
BC,MN di qua Q.

Loi giai thi nhat. Ap dung truc tiép bai toan 2 cho tam giac AEF véi cac dudng BE, CF va AD
dong quy, ta thu duge diéu phai chiing minh. O

Chiing ta c6 thé trinh bay mot cach khac chiing minh bai todn nay truec tiép, do ciing thé coi la
mot cach khac ching minh bai toan 2.

Lai giai thi hai. Goi T, S lan ludt 1a giao diém ctia HM, HN véi AQ. Ap dung tinh chat chuim
diéu hoa nhu trong b6 dé 1 bai toan 2 thi ta suy ra duge HQ la phan giac goc ZSHT ma HQ L
ST suy ra tam giac HST can tai H. Suy ra @ la trung diém ST va ZHST = ZHTS. Lai c6

SA SN
ZANS = 180° — ZANH = 180° — ZAFH = Z/ZBAT. Do d6 ASAN ~ ATBA suy ra = = 71’
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hay SATA = SN.TB. Chitng minh tuong tu suy ra SATA = TM.SC suy ra TM.SC = SN.TB
hay S:N = ﬂ T day ap dung bo dé E.R.I.Q ta thu dugc diéu phai ching minh. O
SC TB
Nhan xét. Hai bai toan nay ciing c6 thé coi 1a mot. Trong 15i giai bai todn 2 ching ta tinh toan
cac ty s6 nho dinh 1y Thales va phuong tich ro6i dung E.R.I.Q. Nhung trong 15i gidi thit hai bai toan
3 ta stt dung hai cip tam gidc dong dang. M&i phuong phép déu c¢6 uu va nhuge diém. Céach lam
tinh toan thi hoi dai nhung logic vi chiing ta bién ddi do dai dai s6 trong cac bude 1a déu chinh xac.
Cach lam st dung tam giac dong dang ngan hon nhung viéc diing do dai dai sé trén cac truc khong
song song la chua ddm béo logic. Viéc dua ra hai 1i gidi qua hai dang phat biéu nhu trong bai viét
12 hop 1y vi tranh dugce sy trung lap, dong thoi cach phat biéu nhu dé bai toan 3 da lam cho van
dé duge "an di" mot chit. Viec ap dung bai toan 2 va bai toan 3 vao cac tam gidc khac nhau tao
ra nhiéu bai toan méi hodc bd dé méi rat thd vi. Ta dén mot vi du khac 4p dung bai todn 2 va bai
toan 3 nhu sau

Bai toan 4. Cho tam gidc ABC duong cao AD,BE,CF. K 1a hinh chiéu ctia D len EF. Goi
KB, KC lan lucgt cat cac dudng tron ngoai tiép tam giac KAE, KAF tai M, N khac K. Goi P,Q la
trung diem M N, BC. Chitng minh ring PQ vh DK cit nhau trén tiép tuyén tai A ctia dudng tron
ngoai tiép tam giac ABC.

Hinh 1.

Lai giai. Goi S, R lan luot la giao diem KM, KN véi tiép tuyén tai A ctia dudng tron ngoai tiép
tam gidc ABC. Ap dung bd dé ching minh tren ta suy ra DK 1a phan gidc goc BKC. Lai c6 két
qua quen thuoc la EF || RS nén DK vuong géc véi RS ma DK lai 1a phan giac ZRK S suy ra tam
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gidc KRS can tai K. Goi T 1a giao diem DK, RS, suy ra T la trung diém RS. Dén day ta thay ngay
mo hinh ctia bai toan 3 1a trung diém cac doan thing M N, BC va T thang hang. Ta dudc dic¢u phai
ching minh. O

Sau day la mot ing dung dep khac

Bai toan 5. Cho tam giac ABC' dudng tron noi tiép (1) tiép xic BC,CA, AB tai D,E,F. H 1a
hinh chiéu cta D len EF. HB, HC cit cac dudng tron ngoai tiép tam giac HAE, HAF tai M, N
khac H. Chiing minh réng trung diém ctia BC, M N va AH thang hang.

Hinh 2.

Lai giai. Goi P, R,Q, T lan lugt 1a trung diém BC, EF, AH, MN. Goi S la giao diem QR, DH. Dé&
dang chiing minh duge ASH R la hinh chit nhat, suy ra AS la phan giac ngoai dinh A ctia tam giac
ABC. Goi K, L lan lugt 1 giao diem AS v6i HM, HN. Van v6i tinh chat hang diéu hoa nhu bo dé
1 bai toan 2, ta suy ra duge HS la phan giac /ZKHL, ma DH | KL suy ra tam giac H KL can tai
H. Suy ra S la trung diém KL. Ap dung toén sb 3, suy ra S, T, P théng hang. Ap dung mot nhan
xét quen thudc la véi diém H nam trong tam gidc sao cho ZHBA = ZHCA thi dudng néi chan
hinh chiéu ctia H trén phan giac ngoai va phan giac trong goc A di qua trung diem BC, ta thu dugc
S, R, P thang hang. Tt dé suy ra P, R, ) thang hang. Ta c6 diéu phai ching minh. O

Nhan xét. Ta c6 thé khong ding nhan xét trén ma chiing minh tryc tiép P, R, S thang hang nhu
sau. Goi ID cit EF tai X va cat (1) tai Y khac D. AY cat BC tai Z. Dé thiy AX di qua trung diém

7 o P . _XR RX IX IX PX
PcuaBC’va]fcunglatrungdlemcuaDZ,matkhacIP||AYvaA—S—R—H_E_ﬁ_ﬂ
nén P, R, S thang hang.
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Bai toan 6. Cho tam gidc ABC trung tuyén AM. Cac diem E, F lan lugt thuoc CA, AB sao cho
EF || BC. H 1a hinh chiéu ctia M len FF. HB, HC lan lugt cit duong tron ngoai tiép tam gidc
HAE, HAF tai K, L. Chting minh rang HK = HL.

Hinh 3.
Lai gidi. Do EF || BC, ap dung dinh ly Thales suy ra = - 75 lai ¢c6 M la trung diem BC
MB . . .
suy ra I = —1. Ap dung dinh 1y Ceva cho tam giac ABC véi cac diem M, E, F' lan lugt thudc
MB EC FA \
BC,CA,AB, ta ¢c6 —.—.— = —1 suy ra AM, BE,CF dong qui. Chitng minh tuong ty bai
) MC FA FB .
toan 3, dé c6 HM la phan giac goc KHL va HM di qua trung diem K L, suy ra tam gidc H KL can
tai H. Suy ra HK = HL. D6 1a diéu phai chiing minh. O

Bai toan 7. Cho tam giac ABC noi tiép duong tron (O). Dudng tron ngoai tiép tam giac BOC' cat
AO tai K khac O. Lay cac diem FE, F thuoc CA, AB sao cho K A la phan giac /ZEKF. KE, KF lan
lugt cat cac duong tron ngoai tiép tam giac KAC, KAB tai M, N khac K. Chiing minh rang duong
noi trung diém cta EF, M N di qua A.
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Hinh 4.

Loi giai. Goi P, Q lan lugt 1a giao diém tiép tuyén tai A ctia dudng tron (O) véi KE, KF. Dé& ching
minh dugc tam gidc K PQ can tai K va A la trung diem PQ. Ta ¢6 ZKBC = Z/ZKOC = 2/0AC
suy ra ZKBA =2/0AC + ZABC = 180° — ZABC = /ZKNA suy ra ZANQ = ZABC = Z/EAP,
lai c6 ZNQA = ZAPFE suy ra AANQ ~ AAPE. Suy ra NQ.EP = AQ.AP. Chiing minh tuong tu
suy ra MP.FQ = AQ.AP. Tt day ap dung bo dé E.R.I.Q suy ra diéu phai chiing minh. O

Bai toan 8. Cho tam giac ABC truc tam H. P la diém bat ky tren AH. Dudng tron ngoai tiép cac
tam gidc APC, APB lan lugt cat CA, AB tai E, F. HB, HC lan lugt cat duong tron ngoai tiép tam
gidc AHF, AHE tai M, N khac H. Ching minh rang tam giac AEF va AMN c6 chung duong doi
trung.
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Hinh 5.

Lai giai. Goi Q la giao diem BM, FN. Ta c6 Z/ONQ = ZHAC = ZCBQ suy ra C, B, N, (Q cing
thudoc mot dudng tron. Suy ra ZNQB = /ZNCB = /BAH = ZEMH suy ra NQ || EM. Cuang tu
ttt giac BCKL noi tiép nén dé ¢6 KL | ME || NQ. Goi PB, PC lan lugt cat CA, AB tai T, S va
cat duong tron ngoai tiép tam giac PAC, PAB tai Y, Z khac P. Goi AR, BK,CL la dudng cao tam
gidc ABC'. Dé thay hai tanéiiééélBYg% é}ZfC’ dé}r)l% dzr}lfg. Mat khéBcElai C(}’gAAl}?/E :ggﬁ%// va
CACE = CRCZswy 1 Gy es: = Gpoz ~ poac Y 6F = PCAB ~ AB'PC
PB AT _CASB AT _ ZB CA _ HB il % chce dine thite cubi o6 duse do &b d
ABTP — SACT AB — 20 AB — HO- Ta chi § cédc dang thic cudi ¢6 duge do ap dung
Menelaus cho tam giac ABT véi S, P,C thang hang va dinh 1y Ceva tam gidc ABC véi BT, CS
va AR dong quy. Tu d6 chi y ZHBE = ZHCF nén hai tam gidc HBE va HCF dong dang. Suy
ra /ZHFA = /ZHEA = ZKMA. Tit d6 hai tam giac vuong KFH va KMA dong dang. Tt do
LC KF KF KH KM KH KMKH KM __ AL o ABK
IN KC ~ KHKC  KAKC  KHKB _ Kp ' ! hatam gidc ACL
dong dang suy ra tam gidc ABM va ACN dong dang. Vay ta c6

LB KB LC KC

LE KM LN KF
suy ta NE | MF || BC. Ta suy ra ti gidc EMFN 1a hinh binh hanh hay FF, MN cit nhau tai
trung diem méi duong, vay tam giac AEF, AMN c6 chung dudng trung tuyén ké tit A. Ta ching
minh phan gidc goc ZM AN ciing dong thoi 1a phan giac goc ZBAC do theo chiing minh trén hai

8



Tran Quang Hung - THPT chuyéen KHTN

tam giac AACN ~ AABM nén L/FAN = ZFAM hay phan giac ZFAFE va phan giac ZMAN
tring nhau. Vay duong déi trung dinh A clia tam gidc AMN va tam gidc AEF trung nhau. Suy ra
diéu phai chiing minh. 0

Cac ban hay lam bai tap sau dé luyen tap.

Bai toan 9. Cho tam giac ABC véi P, Q) ding giac trén phan giac géc A. E, F 1a hinh chiéu ctia P
len CA, AB. D 1a hinh chiéu ctia Q len BC. H 1a hinh chiéu ctia D len EF. HB, HC cat cac duong
tron ngoai tiép tam gidc HAE, HAF tai M, N khac H. Chitng minh ring trung diém ctia BC, M N
va AH thang hang.

Gai y. Goi K, L 1a hinh chiéu ctia B,C tréen EF. Ta c6 cac cap tam gidc dong dang ABDQ ~
s HK DB
ABFP,ANCDQ ~ CEP,ABKF ~ ACLE. Chu y rang BK || DH || CL nén ta ¢c6 —— =

HL ~ DC
DB DP FB EP BF BK _ _ .. N v 1 .
PP DC - FPEC - CE- C’L'Tu’ d6 AKBH ~ ALCH ta suy ra dieu phai ching minh.

Cudi bai viét tac gid mudn néi 10i cdm on chan thanh t6i hoc tro Nguyén Ngoc Chi Lan da gitp
tac gid nhiéu trong viéc hoan thién cac 16i gidi bai todn 3, bai toan 6, 7, 8. Tac gid cling mudn néi
16i cAm on chan thanh t6i ban Nguyén Tién Ding sinh vién K50 Dai hoc Ngoai thuong da doc
toan bo bai viét va cho nhiéu goép ¥ gia tri dong thoi cho cidc nhan xét xac dang cho bai toan 1, 2,
3, ban Diing ciing dua ra cac ggi y 16i gidi khac dé hoan thién cho céc bai toan 5, 8, 9.
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