LOI GIAI VA BINH LUAN DE THI VMO 2016

Tran Nam Diing — V6 Quéc Ba Can — Tran Quang Hiing — Lé Phiic Li

1. Dé thi

1.1. Ngay thi thi nhat (06/01/2016)
Bai 1 (5.0 diém). Giai hé phuong trinh

6x —y+z2=3
x2—y?—2z=-1 (x,y,z€eR).
6x> =3y —y—2z2=0

Bai 2 (5.0 diém).

a) Cho diy sb (a,) xac dinh bdi a, = In(2n?+1)—In(n?+n+1),véin = 1, 2, ... Ching
minh rang chi c6 hitu han s6 n sao cho {a,} < 1.

b) Cho diy sb (b,) xdc dinh b&i b, = In(2n%? + 1) + In(n®> +n + 1), véin = 1, 2, ...

Chitng minh rdng ton tai vo han s6 n sao cho {b,} < 5.

Bai 3 (5.0 diém). Cho tam giac ABC c6 B, C cb dinh, A thay ddi sao cho tam gidc ABC
nhon. Goi D 1a trung diém ctia BC va E, F tuong ting 1a hinh chiéu vuéng géc ctia D trén cic
dudng thang AB, AC.

a) Goi O la tam ctia dudng tron ngoai tiép tam gidc ABC. EF cat AO va BC 1an luot tai M
va N. Chiing minh rang dudng tron ngoai tiép tam gidgc AM N di qua mot diém cd dinh.

b) Cic tiép tuyén ctia dudng tron ngoai tiép tam gidc AEF tai E, F cat nhau tai 7. Ching
minh rang 7' thudc mot dudng thang cb dinh.

Bai 4 (5.0 diém). Ngudi ta trong hai loai cdy khdc nhau trén mot miéng dét hinh chit nhat kich
thuéc m x n 6 vudng (mdi 6 trong mot cay). Mot cach trong cay dudc goi 1a dn tugng néu nhu:

i) S6 lugng cay dugc trong ctia hai loai ciy bang nhau;

ii) So lugng chénh léch cla hai loai ciy trén mdi cot khong nhd hon mot nita s6 6 ctia cot do.

a) Hay chi ra mot cach trong cay 4n tugng khi m = n = 2016.

b) Chitng minh néu c6 mot cach trong cy 4n tugng thi ca m va n déu la bdi ctia 4.
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1.2. Ngay thi thd hai (07/01/2016)

Bai 5 (6.0 diém). Tim tit ca cdc sb thuc a d& tdn tai ham s6 f : R — R thda man:
i) f(1) = 2016;
i) f(x+y+ f(») = f(x)+ay véimoix, y €R.

Bai 6 (7.0 diém). Cho tam gidc A B C ndi tiép dudng tron (O) (v6i tim O) c6 cic goc
& dinh B va C déu nhon. Liy diém M trén cung B C khong chia A sao cho A M khong
vudng goéc véi BC. AM cat trung truc cia B C tai T. Pudng tron ngoai tiép tam giac AOT
cat (O) tai N (N # A).

a) Ching minhring /BAM = ZCAN.

b) Goi I 1a tam dudng tron noi tiép va G 1a chan dudng phan gidc trong géc A clia tam gidc
ABC. AI, MI, NI cit (O) lan lugt tai D, E, F. Goi P va Q tucng tng la giao
diém cta DF v6i AM va DE véi AN. Puong tron di qua P va tiép xiic v6i A D tai [
cat DF tai H (H # D), duong tron di qua Q va tiép xiic véi A D tai I cat DE tai K
(K # D). Ching minh ring dudng tron ngoai tiép tam gidac G H K tiép xiic v6i B C.

Bai 7 (7.0 dié7m). S6 nguyén duong n dugc goi 1a s6 hoan chinh néu n bing tng cac udc sb
duong cua n6 (khong ké chinh no).

a) Ching minh ring néu n 1a s6 hoan chinh 1€ thi n6 c6 dang

n = psmz,

trong d6 p 1a s6 nguyén td c6 dang 4k + 1, s 1a sd nguyén duong c6 dang 4h + 1 vam
12 s6 nguyén duong khong chia hét cho p.

b) Tim tit ci cdc s6 nguyén duong n > 1 saocho n — 1 va 22F1) qéu la cdc sb hoan chinh.

2. Binh luan chung

Néu chua néi dén chuyén dep x4u, hay dé thi dé nim nay c6 vé vira stic hon dbi véi cdc thi sinh,
dic biét 1a chu tric c6 vé khd dep v6i mot bai gidi tich, mot bai t6 hop, mot bai s6 hoc, hai bai
dai sb va hai bai hinh hoc.

Ngay thd nhét c6 hai bai dé 1a bai 1 va bai 3. Bai 2 ciing c6 thé coi 1a bai d& nhung trén thuc té
thi nhiéu thi sinh lai giip kh6 & cau 2b). Cach phét biéu hoi tréch di mot chiit nhu thé da 1am khé
nhiing thi sinh khong c6 nén tang t6t vé Iy luan. Néu nhin k¥, ta sé thiy ring két luan ctia bai
toan chiang qua la hé qua cta ba su kién:

1) limb, = +o00;
2) day b, tang;

3) lim(bug1 — by) = 0.
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Tt c4 cac day s6 thoa man ba diéu kién niy déu c6 tinh chit nhu viy va s6 2016 & day chi 1a s6
nam cho no dep.

Trén phong nén ba bai todn dé& nhu vy thi viéc dit mot bai td hop kho vao ciing c6 ly. Va céi hay
ctia bai nay 14 dut khé nhung van c6 chd dé thi sinh kiém diém. Cu thé 12 thi sinh c6 thé 1am cau
a) va qua d6 chiing minh phan diéu kién du ctia cau b). Chiing ti nghi ring trong 4p luc phong
thi va ciing phai tén doi chit cong stic cho 3 bai dau, sb thi sinh 1am tron ven bai 4 13 khong
nhiéu, thAm chi c6 thé khdng c. Tuy nhién, cac ban c6 thé kiém diém & mot sd y Lit vit khac (vi
du ching minh m, n chén).

Y tudng chinh khi giai bai nay 1a dung danh gia bit dang thic va nhin xét hién nhién sau: Néu
trén mot hang c6 n ciy va sb cdy loai A (goi la a) nhiéu hon s6 ciy loai B (goila b) thia > %”
vab < %. Chitché hon,néun = 4k +r (véir =0, 1,2, 3)thia >3k +rvab < k.

Bay gio binh luan chi tiét hon mot chit vé chét lugng clia cac bai toan ctia ngay 1. Thuc té 1a
ngoai su hai 1ong vé dd khé clia cic bai todn ngay 1, ta c6 thé danh gia 1 cc bai toan clia ngay
1, trlt bai 4 déu chua dugc dep va hay.

e Bai 1 r0 rang Ia mot bai toan “ra cho ¢6 tu”, khong c6 mot y tudng gi méi ngoai cai y
tudng vun viit 1a cong trir dai s6 dé ra phuong trinh hé qua (x — 1)%2 = (z — 1)?, mot
tinh hudng dudc “cai dit” mot cach chi quan. Nhiing kiéu bai nhu thé sé khong gitip ich gi
cho hoc sinh trong viéc hoc cac giai hé phuong trinh “thuc thu”.

e Bai 2 ciing c6 thii vi mot chit vé mit hoc thuat, cu thé 1a dit ra mot tinh hudng la cho hoc
sinh (va qua 1a c6 kha nhiéu ban bi “gdy” & cau nay). Nhung cich dit vin dé thuc su 1a
khong dep, khién cudng (dic biét 1a & cau a). Viéc phan giai tich cit loay hoay mii & chi
dé gidi han diy s6 khién bo phan ra dé c6 vé nhu qué bi y tudng. Theo chiing toi, chiing ta
nén manh dan mé rong chi dé dé€ c6 thé gi6i thidu nhiing ting dung dep dé khac clia giai
tich (nhu tinh lién tuc, dao ham va cuc tri, da thiic va nghiém, tinh 16i 16m. . .).

e Bai 3 thudc dang bai ta khong khen dudc nhung ciing kho ché. C6 thé 1a viéc ra mot bai
hinh hoi dé nhu viy sé lam cho cdc d6i manh vé hinh khong hai long 1am vi khong ¢6 1gi
thé gi nhiéu hon so v6i cdc doi khac nhung xét trong tinh hinh chung hién nay, gidi phdp ra
mot dé todn nhu vay ciing 12 hop 1y. VAn dé nay thuc ra tai cac ky IMO ciing thudng xuyén
gdp phéai (c6 nhiing bai hinh phai néi 1a qua dé, vi du IMO 2003 bai 4 hay IMO 2007 bai 4,
nhung khong c6 miy bai d6 thi hoc sinh mot s6 nude kiém dau ra diém dé doat giai) va
chiing ta phai ddnh gi4 vin dé dudi nhiéu géc nhin, tif nhiéu dbi tuong.

e Bai 4 12 mot két qua dep dé va bat ngd. Khong ngd 1a tif mot diéu kién xem chiing 16ng 180
nhu vay lai din dén mot cAu tric rat hai hoa va d6i xing. Qua 1a rit 4n tuong. Cach phat
biéu ctia bai todn ciing gitp thi sinh c6 co hoi dao béi, kiém diém & bai nay. Tuy nhién,
nhu ching ti da néi & trén, c6 18 thdi gian han hep sé 1a yéu t6 quan trong khién cac thi
sinh giéi nhat vin khong thé kip xt 1y bai todn nay. Nhan viéc nay ching toi kién nghi ta
nén hoc cac nuéc va IMO, ting thdi lugng mot budi thi 1én 270 phit, tit d6 c6 diéu kién
ting chat lugng cac bai toan.

Ngay thit hai c6 ba bai toan vé co ban 1a ngang nhau vé dd khé nén thi sinh sé chon giai
theo sé trudng cua minh.

e C6 thé 1a bai 5 s& d& hon mdt chiit do day 1a mot chii dé quen thudc va k§y thuat sit dung
trong 10i gidi cling quen thudc véi cac phép thé va mot s6 nhan xét co ban vé f nhu néu
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a # 0thi f la don 4nh va toan dnh. Bai todn nay c6 cach phat bi€u va ci dang phuong
trinh ham hoi gidng bai Vietnam TST 2004:

Tim tt cé cdc s6 thuc a sao cho phuong trinhham f (x2 +y + f(y)) = f2(x) +ay
c6 nghiém ham duy nhit f : R — R.

Tuy nhién dé& hon nhiéu. Theo chiing tdi bai phuong trinh ham nay dit & vi tri bai dau
cua ngay 2 la hgp ly.

Bai 6 la bai hinh hoc tuy khé hon bai 2 nhung ciing khong qua khé. Cau a) 1la mot bai tap
cd ban c¢6 thé lam nhanh gon biang phép bién ddi géc. Cau b) tuy dudc phat biéu ric rbi
nhung lai c6 nhiéu c4ch tiép can nhu dung dinh 1y Pascal, phép vi tu, phép nghich dio. ..

Bai 7 dé cap dén mot van dé kinh dién trong s6 hoc 1a van dé vé s6 hoan hio. C6 hai dinh
ly kinh dién vé s6 hoan héo, déu gan lién véi tén tudi cta Euler, dé la:

Dinh ly 1 (Euclide — Euler). Néu n la s6 hoan hdo chédn thi n = 2¥=1 (2% — 1), trong
dé k la sé nguyén duong sao cho 2% — 1 la s6 nguyén t4.

Dinh ly 2 (Euler). Néu n la s6 hoan hdo 1é thi n phdi cé dang n = p*'*'m?, trong
do p la s6 nguyén t6 dang 4k + 1, con m la s6 nguyén duong khong chia hét cho p.

C4 hai dinh ly nay d&u c6 thé chiing minh kha ngin gon dua vao dinh nghia s6 hoan hao,
dinh 1y co ban ctia s6 hoc va tinh chét ctia ham o (n). Cac két qua nay c6 trong hau hét
cac sach gido khoa vé Iy thuyét s6 hay céc bai viét vé s6 hoan hao. Piéu dang chd y 1a du
dén nay, véi dinh ly thd nhét néi trén, tit c4 cdc sd hoan hio chin di dudc mo ta (va chiing
lién quan dén s6 nguyén t6 Mersenne) thi ta chua biét gi vé s6 hoan héo 1. Hién nay chua
tim dudc mot s6 hoan hao 18 ndo va ciing chua chitng minh dugc 14 chiing khong ton tai.

Dinh ly thi hai chinh la céu a) trong bai 7 cia VMO 2016. C6 1€ cau nay dugc ra v6i ham
¥ gdi y cho cau b). So dd chiing minh gdm cac y sau: Vin 1é vao(n) = 2nnéno(n) la
mot s6 chin va khong chia hét cho 4. Tt d6, do o (p*) sé 18 néu k chin va chan néu k
18 nén n phai c6 dang p*m? véi s 18 vi m khong chia hét cho p. Tiép theo can chiing
minh p = 1 (mod 4), sitdung p + 1| o (p*) v6i s 18, cudi cung la ching minh s = 1
(mod 4),stdung o (p’) = s 4+ 1 (mod 4) khi p =1 (mod 4).

Dinh ly thit nhit ciing c¢6 thé chiing minh ngin gon nhu sau: Gia st n = 2%m véi m
la s6 18. Tir tinh nhan tinh tacé o (n) = (2K+! — 1)o (m) = 2KT1m. T day suy ra
m = (2%+! — 1) M. Thay ngudc lai phuong trinh, ta dudc o (m) = 2*¥+1 M. Tiép theo
ta ching minh M = 1 va m 12 s6 nguyén t6 bang phan ching. Vi néu ngudc lai ta sé c6
o(m)>m+ Mvatidom + M <o (m) = 2K M, suyram < 2k — 1) M,
mAu thudn véi su kién m = (281 — 1) M.

Bay gid cau b), ndi dung chinh clia bai toan 7, ¢6 thé xit ly dudc khong miy khé khin néu
dung hai két qua trén, va nghiém duy nhét ctia bai toan 1a n = 7 ting v6i hai s6 hoan hao
dau tién 1a 6 va 28.

Diéu thi vi 12 s6 2016 ciing 14 s6 c6 dang 2X~1 (2% — 1) véi k = 6. Diéu dang tiéc 1a
26 — 1 = 63 khong 1a s6 nguyén t6 nén 2016 khong phai 13 s6 hoan hdo. Nhung ciing
c6 thé gidi thich vui rang ddy 1a Iy do d€ bai toan vé s6 hoan hao, mot chii dé bi lang quén
lai dudc chon trong dé thi nim nay.
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Tom tit lai dé thi nim nay vé co ban 1a tuong dbi 6n, ciu triic phan mon 1a dep, khong c6 bai nao
qua khé hay phat biéu rdi rim, dic biét bai nao cling c6 y dé kiém diém. Ciing vi thé ma nim
nay cong tac cham thi sé vat v hon va can phai dudc t6 chiic can than hon. Vé chit lugng dé bai

A G

thi cling c6 mot sd bai khdng dugc dep, da sd & mic do “tam dudc” va dic biét ¢6 bai sb 4 1a dep
dé va thud vi nhit. C6 vé nhu céc chii dé vé gidi tich, sd hoc va tham chi 13 hinh hoc va dai s6 da
can kiét nén tinh méi trong cic phan nay khong nhiéu.

V6i nhitng danh gid vé do kho dé clia dé thi nim nay va qua tham khdo tinh hinh bai Iam ctia mot
s6 doi tuyén, chiing toi cho rang nim nay sé c6 vai giai nhét chit khong chi 1a 1 nhu nim ngodi.
Diém chuin clia cic giai du kién ciing sé cao hon nim ngoai va chiing t6i mao mudi dua ra mot
bd cut-off tron tria thé nay 15-20-25-30. Hai bai toan “phai” 1am ducgc 1a 1 va 3, tiép theo la cac
y 2a, 4a, 5, 6a (danh cho gidi khuyén khich va gii ba), 2b, 6b (gii nhi) va 7a, 7b, 4b (gidi nhat).

3. Ldi giadi va binh luan cac bai toan

Bai 1 (5.0 diém). Giai hé phuong trinh

6x —y +z2=3
x2—y2—22=—1 (x, y,zeR).
6x2 —3y2—y—2z2=0

Loi giai. Tu gia thiét, suy ra
(6x2 =3y —y —2z?) =3(x?—y2—-2z41)—(6x —y +2z2-3)=0.
Mot cach tuong duong, tacod (x —z)(x +z—2) = 0. Tudésuyrax = z hodc x + z = 2.
e Trudng hop 1: x = z. Khi d6, hé phuong trinh di cho c6 thé viét lai dudi dang

x> +6x—y =3

x?—2x —y?=—1

Tir phuong trinh thi hai, ta suy ra y? = (x — 1)?, tiic y = £(x — 1). Thay tr8 lai phuong
trinh dau, ta dé dang tim dudc cdc nghiém (x, y, z) clia hé 1a

(—5—«/% 7-33 —5—«/5) (—5+«/§ —7+ /33 —5+«/§)

2 2 2 2 2 2
(—7 — V65 9+ 65 —7— \/65) (—7 + 65 9— /65 —7+ «/65)
2 T 2 2 ’ 2 T 2 2 ‘

e Trudng hdp 2: x + z = 2. Thay z = 2 — x vao, ta viét dudc hé phuong trinh dudi dang

X4 2x+1—y=0
x242x—y2=3=0

Trif tuong ting hai vé& hai phuong trinh, ta dugc y? — y 4+ 4 = 0. Tuy nhién, diéu nay khong
th€ xay ra. Do d6, trudng hgp nay hé vo nghiém. U
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Binh luan. DAy 1a kiéu bai quen thudc ctia phuong phap cong dai sd. Diém mau chdt & day 1a
lua chon céc phép ghép tuong ting that thich hop dé tim quan hé giita cic 4n v6i nhau. Ki€u bai
nay da tiing xuat hién nhiéu 1an trong céc ky thi VMO trudc dé:

1. (VMO, 2004-A) Giai h¢ phuong trinh:
X +x(y—22=2
¥+ y(z—x)? =30
P 4z(x—y)* =16
2. (VMO, 2004-B) Giai hé phuong trinh:

x? 4+ 3xy? = —49
x? —8xy + y? =8y — 17x

3. (VMO, 2010) Giai hé phuong trinh:

x* —y* =240
x3 = 2y3 =3(x%— 4y2) —4(x —8y)

4. (VMO, 2007) Giai hé phuong trinh:

12
1— =2
( y+3x)ﬁ

12
1 =6
( +y+3X)ﬁ

C6 1é bai nay dudc ra véi muc dich “cho di€ém” dé khich 1é 1am ting thém su tu tin cho cdc thi
sinh khi thit stic cdc bai phia sau. Tuy nhién, nhitng kiéu bai nhu thé nay ban chit cla chiing
mang tinh “guong gao”, thiéu su tu nhién vi ngudi ra dé thudng phai xuét phat tir mot dang thiic
lién hé nao dé rdi di ngudc 1én dé ra bai toan. Meo cang khé thi bai toan cang khé nhung lai
khong mang nhiéu y nghia khi giai. Thiét nghi nhiing ki€u bai nay nén han ché xuét hién trong
cac ky thi Olympic chon hoc sinh giéi thi hon.

Bai 2 (5.0 diém).

a) Cho diy s6 (a,) xac dinh bdi a, = In(2n?> + 1) —In(n®> +n + 1), véin =1, 2, ...
Chiing minh ring chi ¢6 hitu han s6 n sao cho {a,} < 1.

b) Cho day s6 (b,) xdc dinh b6i b, = In(2n?> + 1) +In(n®> +n + 1), véin =1, 2, ...

Chitng minh rdng ton tai v han s6 n sao cho {b,} < 5.

Loi gidi. a) Déthdy 1 < n%’f,:rll <2v8imoin=1,2,... Tudésuyra0 <a, <In2 < 1va

la,| = 0. Vé6i két qua ndy, ta c6 {a,} = a, va

2n? +1
lim = lima,, = limln —— = 1n2.
im{a,} = lima, =l prRT——
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Do d6, ton tai ng € N* d€ {a,,} > In2 — w555 v8i moi n > no. By gid, néu c6 vo han sé n dé

{ay} < % ta chon n; > no 12 mot trong céc s6 dé. Khi d6, theo céc ly ludn & trén, ta c6

1
= n In2— ——,
3~ tami>In2 =150

hay

Mau thuin nhan dugc cho ta két qua cAn chiing minh.

b) Dé théy (b,) ting va lim b, = +oc0. Ngoai ra, ta cling c6

@n?2+1)(m?+n+1) _ 0

lim(b, — b,—1) = liml =
im( 1) = limn 2n?2 —4n+3)(n2—n+1)

Trd lai bai todn, gia sk ton tai hitu han n d€ {b,} < 5. Khi do, ta thdy ton tai ng € N* dé

1
by} > ——
tbn} = 2016

v6i moi n > ng. Do lim(b, — b,—1) = 0 nén ton tai n; € N* dud 16n dé

1

by — by < ——
n 1= 2016

v6i moin > ny. Vi (b,) ting va dan vé vo han nén ta thiy ton tai vo s6 cic sd n > max{ng, n;}
d€ |b,| — |bp—1] = 1. Xét cac s6 n nhu thé, tlf bit dang thiic & trén, ta suy ra

) = oo |+-{Ba} — 1ot} < ——

2016°
hay
2015
bp—1} > {b —.
{ n 1} { n} + 2016
Do {b,} > 557 nén {b,—;} > 1. Mau thuin nhan dugc cho ta diéu phai ching minh. O

Binh luan. Bai todn nay c6 cach phat biéu thd vi vé tinh chét cia phan 1é nhung ban chit ciia
n6 vain 12 mot bai toan vé gidi han day s6. Tuy nhién, c6 vé vi cach phat biéu la 1dm ctia n6 nén y
b) da gay kho khiin cho nhiéu ban thi sinh trong ky thi. Diém méu chét clia bai toan 1a d€ y dén
lim(b,+1 — b,). Py 1a mot k¥ niing quan trong can c6 trong xi Iy cac ban todn vé gidi han day
s6, diic biét 1 cc bai todn lién quan dén dinh ly Stolz va trung binh Cesaro.

Xin néu ra & diy mot sd vi du:

1. Cho day s6 (a,) dudc xic dinh bdi ag = 1 vaa, = sina,_; v6i moi n > 1. Xét diy sb
(bn) duge xdc dinh bdi b, = na?. Tim limb,.

2. Cho day sb thuc (a,) dude xdc dinh bdia; = 1 vaa,y, = Ja, + a» + --- + a, v6i moi
n nguyén duong. Tim lim 2.

3. Cho day sb thuc (x,) théa man lim x, (x? + x2 + -+ + x2) = 1. Ching minh ring

lim </ 3nx, = 1.
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Bai 3 (5.0 dié7m). Cho tam giac ABC c¢6 B, C cb dinh, A thay ddi sao cho tam gidc ABC
nhon. Goi D 1a trung diém ctia BC va E, F tuong ting 13 hinh chiéu vudng géc ctia D trén
cdc duong thang AB, AC.

a) Goi O la tam ctia dudng tron ngoai tiép tam gidc ABC. Pudng thang EF cit cic
duong thang AO va BC 1an lugt tai M va N. Chiing minh riang dudng tron ngoai tiép
tam gidc AM N di qua mot diém ¢ dinh.

b) Céc tiép tuyén ctia dudng tron ngoai tiép tam gidc AEF tai E, F cat nhau tai 7. Ching
minh rang 7' thudc mot dudng thang cb dinh.
Lai giai. a) Gia st AB < AC, trudng hop con lai ta lam tuong tu. Khi d6 N thudc tia dbi tia
BC. Tt d6 chii y tf gidc AEDF ndi tiép va ZOAC = 90° — LABC.Tacé
LAMN = /MAE + /MEA =90° — ZABC + ZADF = /BDF + ZADF = /NDA,

suy ra ti gidc AM DN noi tiép. Vay dudng tron ngoai tiép tam giac AM N di qua D c¢b dinh.

| A\, AV
=

0

b) Xin gidi thiéu hai cach chiing minh sau day:

Céch 1. Goi (K) 1a duong tron ngoai tiép tam giac AEF thi AD 1a dudng kinh ctia (K). Liy L
thudc (K) sao cho DL | BC thi AL L DL nén AL || BC. D lai la trung di€ém BC nén chum
A(BC, DL) diéu hoa. Chiéu chum nay 1én dudng tron (K) ta suy ra hang (EF, DL) diéu hoa
hay i gidac L EDF diéu hoa, diéu ny c6 nghia la DL di qua T 1a giao céc tiép tuyén tai E, F
ctia K. Dé thay DL 1a trung truc BC nén T thudc trung truc BC cb dinh.

Cach 2. Goi DF, DE lan ludt cat CA, AB tai P, Q. Tathiy D la truc tim tam gidgc AP Q. Dé
thiy cic tiép tuyén tai E, F clia dudng tron ngoai tiép tam gidac AEF di qua trung diém PQ
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nén T 1a trung di€ém P Q va ciing 1 tAm ngoai tiép ti giac PEFQ. Vi D 1a trung diém PQ, ap
dung bai todn con buém dao cho tif gidc PEFQ v6i tim T ngoai tiép ta suy ra TD L BC, vay
T thudc trung truc BC cb dinh. [

Binh luan. Bai toan nay khong méi va hai cau a), b) hau nhu khong lién quan t6i nhau. Cau
a) néu khong st dung géc dinh huéng thi can xét ba trudng hop AB < AC, AB = AC va
AB > AC. Tuy nhién trén thuc t& dé bai ciing chua that chit ché khi khong c6 cau “Gia st EF
cat BC”. Cau a) ciing c6 nhitng phat trién va phat biéu cach khac thd vi hon.

Cau b) 12 mot bai todn cii da xuat hién trong cudc thi Kolmogorov ctia Nga xem [1]. Cau b) ciing
c6 nhiéu phat trién khac thd vi hon céc ban c6 thé thiy trong [2]. Cach giai thi nhit & trén st
dung tinh chét co ban ctia hang diém diéu hoa va khi chiéu 1én dudng tron ta c6 td giac diéu hoa.
bay la mot 16i giai kha déc trung cho bai toan, cach thi hai st dung bai toan con buém dao lam
bd dé, do ciing 1a cach tiép can ngan gon va dé hiéu, phit hdp véi cac 16p THCS. Mot sb 16i giai
thuan tdy hinh hoc khac cdc ban c6 thé thiy trong [1].

Ciéc ban c6 thé 1am mot s6 bai toan khac sau d€ luyén tap vé hai cAu hinh cda bai nay.

Bai 1. Cho tam gidc ABC va P batky. E, F 1a hinh chiéu cta P 1én CA, AB. AP cit BC
tai D. EF cit BC tai N.Puong tron ngoai tiép tam gidc ADN cat EF tai M khac N. Ching
minh rang M ludn thuéc mot dudng thang ¢ dinh khi P thay doi.

Mot cach gidi khdc nita cho cu b) 1a diung phép dong dang, cac ban c6 thé thiy diéu d6 thé hién
qua 13i gidi bai todn tdng quat sau, tham khdo [2].

Bai 1. Cho tam gidc ABC, truc tAm H va M la trung diém BC. P 1a mot diém thudc dudng
thang HM . Pudng tron (K) duong kinh AP cat CA, AB lan ludt tai E, F khac A. Chiing
minh ring tiép tuyén tai £, F ctia (K) cit nhau trén trung truc BC.

T

Loi gidi. Goi BY, CZ 1a duong cao cta tam gidc ABC dé thdy dudng tron ngoai tiép tam
gidgc AYZ di qua H. Goi dudng tron ngoai tiép tam gidc AY Z cit (K) tai G khac A. Ta dé
thdy HG L GA 1L PG tit d6 P, H, G thang hang. Ta ciing dé thdy AGYE ~ AGZF suyra
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AGYZ ~ AGEF.Dé thiy M 1a giao hai tiép tuyén tai Y, Z ctia dudng tron ngoai tiép tam
gidc AY Z. Goi hai tiép tuyén tai E, F clia dudng tron ngoai tiép tam gidgc AEF cit nhau tai T
Tt AGYZ ~ AGEF,suyra AGFT ~ AGZM hay AGZF ~ AGMT, suy ra

/GMT = /GZF = 180° — /GZA = 180° — /GHA = ZAHP.
Dodé TM | AH L BC. Ta c6 diéu phéi chiing minh. O

Bai 3. Cho tam gidc ABC va P 1a diém bat ky trén trung truc BC. Pudng tron (K) duong kinh
AP cit CA, AB tai E, F khac A. Tiép tuyén tai E, F ctia (K) cat nhau tai 7. Chiing minh
rang TB = TC khi va chi khi P 1a trung diém BC.

Mot bai todn rat dep va nhiéu ting dung lién quan téi ciu hinh nay chinh 12 bai toan thi vo
dich Nga nam 2015:

Bai 4. Cho tam giac ABC duong cao AH va trung tuyén AD. Cic diém E, F thuoc CA, AB
sao cho DE | AB va DF 1 AC.Pudng tron ngoai tiép tam gidc DEF cit BC tai K khic D.
Chiing minh rang D 1a trung diém HK.

Nguon trich dan cta cac bai toan d3 néu trong phan binh luin
[1] http://www.artofproblemsolving.com/community/c6hl16779
[2] http://analgeomatica.blogspot.com/2014/06/ve-mot—-bai-toan-
hay-tren—-thtt.html
Bai 4 (5.0 diém). Ngudi ta trdng hai loai cy khic nhau trén mot miéng dét hinh chit nhat kich
thudc m x n 6 vudng (mdi 6 trong mot cly). Mot cach trong cy dude goi 1a dn tiong néu nhu:
i) S6 lugng cay dudc trong ciia hai loai cdy bang nhau;
ii) S6 lugng chénh léch clia hai loai ciy trén mbi cot khong nhd hon mdt nita sé & clia cot do.
a) Hay chi ra mot cach trong cay in tugng khim = n = 2016.
b) Chiing minh néu c6 mot céch trong cdy 4n tugng thi ca m va n déu 1a boi clia 4.

Loi giai. DE thuan tién trong 1ap luan, ta quy udc goi hai loai ciy 1a: cAy xanh va cay do. Ngoai
ra, ky hiéu miéng dit (bdng) a x b 1a mot hinh chit nhit c6 @ hang va b cot.

a) Cau nay ciing 12 phan “khi” clia cau héi trong ciu b (diéu kién di). Xét cach trong ciy cho
miéng dit 4 x 4 nhu sau:

Al A|A | B
Al A| B | A
A|B|B|B
B|A|B|B

Dé thiy céch trong nay 1a 4n tudng. Tiép theo, ta ghép cic miéng dit 4 x 4 nay lai tao thanh miéng
@4t 16n hon c6 kich thuée dang 4a x 4 b. Chang han trong hinh bén dudi 1a kich thudc 8 x 8:


http://www.artofproblemsolving.com/community/c6h16779
http://analgeomatica.blogspot.com/2014/06/ve-mot-bai-toan-hay-tren-thtt.html
http://analgeomatica.blogspot.com/2014/06/ve-mot-bai-toan-hay-tren-thtt.html
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R& rang, ta thiy rang:

e Vi tdng s cdy trong cac miéng dit nhd 4 x 4 12 bang nhau nén téng sb ciy hai loai trén
miéng dit ghép dudc van bing nhau.

e Chénh léch giita hai loai cdy & tit ca cac hang va cot vin ding bang nita kich thudc hang,
cOt tuong ung.

Tir d6 suy ra muén c6 mot cach trong 4n tuong cho miéng dat 2016 x 2016, ta chi can ghép
5022 miéng dit 4n tugng 4 x 4 & trén lai 1a dugc.

b) Xét miéng dét c6 kich thudc m x n va gid st c6 cach trong cdy 4n tugng trén d6. Ta sé chiing
minh ring m va n déu chia hét cho 4.

Gia st ngudc lai, c6 mot trong hai s6 m, n khong chia hét cho 4, chang han m = 4k + r véi
re{l, 2, 3} vak € N. Taquy udc goi:

e Mot cot 1a xanh néu trén cot d6 s6 cdy xanh nhiéu hon s6 cay do.

e Mot ¢t la do trong truong hgp ngudc lai.
Goi x, y l1an lugt 1a sb cdy xanh, d6 trong cot xanh, ta thiy ring:

x+y=4k+r | Nx+y=4k+r | y
néur = 3 va néu r = 1 hoac 2.
xX—y>2k+2 x—y>2k
Tu d6 dé dang suy ra x > 3k + r va y < k. Tuong tu, hang xanh chia tdi thi€u %’ cay xanh,
hang do chita tdi da 4 ciy xanh.

Khong mét tinh tdng quat, gia s ¢d it nhit 2 cot xanh (trudng hop c6 it nht 2 cot do gidi quyét
tuong ty) va xét miéng dat méi chi gom ding % cot xanh ldy tit miéng dat ci. Miéng dit méi c6
_ ~ N 7 n A
m = 4k + r hang va ding 7 cot.
Khi d6, trén miéng dit nay, c6 it nhat1a (3k + r) % céy xanh. Gid st trén miéng dit méi, c6 p
hang @6 v6i 0 < p < 4k + r,khi do:
e Trén p hang d6, mo6i hang c6 khong qua § cay xanh.

o Trén 4k + r — p hang xanh, m6i hang sé c6 khong qué % cdy xanh (d6 dai t6i da clia
mbi hang lic by gio).
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Suy ra sb cay X.::lnhot(;)i da ctia miéng dit mi, tinh theo cdc hang nay la p - 2 + (4k +r — p) - 2
Tu day, ta c6 bat dang thic

(3k +r)n

n
o 4k _ o
p- +( +r—p)- 2 5

1 &S p+2(4k+r—p)>203k+r).

Suy ra p < 2k, tiic 1a trong miéng dit méi, sd cac hang d6 khong qua 2k va s6 hang xanh
it nhat1a 2k + r.

Quay lai miéng dAt ban dau, khi xét 2k + r hang xanh nay, ta thiy ching chita it nhit (2k +r)- 32
cdy xanh. Do d6, néu bo di nhitng céy xanh thudc 2 cot xanh, miéng dét con lai con chita thém it

nhét W cay xanh nifa. Suy ra, tdng s6 ciy xanh trong miéng dit ban dau sé& khong it hon

n(2k+r) n(8k+3r)

2
2k +7)- 4 4 T

mau thuin. Vay miéng dét in tuong phai c6 hai kich thudc déu chia hét cho 4. Ta ¢6 dpecm. [

Binh luan. Cau a) ctia bai toan 1a mot budc dém dé€ thn cong vao cau b) nhung ky thuc lai dugc
gdi y tif cAu b) véi cau hoi “néu c6 cach trong an tuong thi m va n déu 12 boi clia 4. Diéu nay
nghia 12 miéng dit 4n tuong nhé nhét sé c6 kich thudc 4 x 4 va ta nén xay dung cho né trudc,
roi biét dau c6 thé dung né 1am co sé dé xay dung cho miéng dat 2016 x 2016.

Cau b) ciia bai todn nay 1a mot bai t6 hop kho, ¢ thé néi 1a khé nhét clia ca ky thi. Nhiéu thi
sinh sé dé sa lay vao cdc bién ddi, ddnh gia lién quan dén sb hoc khi thiy yéu td chia hét cho 4 va
gan nhu khong thé dit diém dudc.

Néu dé y ring néu tong sd cay trén mot hang/cot chia 4 du 1, chiang han 1a 5 thi céc loai cay
phéila (1, 4), con tdng sb cdy trén mot hang/cot chia 4 du 2, chang han 13 6 thi cac loai cay
phaila (1, 5), tdng sb cay trén mot hang/cot chia 4 du 3, chang han 12 7 thi cic loai cdy phi la
(1, 6), chénh léch khd xa nhau. Trong khi d6, néu n6 chia vita hét cho 4, chang han 12 8 thi cic
loai cdy c6 thé 1a (2, 6), chénh léch vira ding % tong s6 cdy. Piéu nay din ta dén y tudng ching
minh: cdch trong 4n tugng chi xay ra khi bt dang thitc “chénh léch khong nhé hon mét nita sd 6
clia hang/cot” trong diéu kién di cho trd thanh ding thiic, tic 12 kich thudc chia hét cho 4.

Mot bai todn tuong tu trong dé thi VN TST 2012:

Trén mot canh dong hinh chit nhat kich thuéc m x n 6 vudng gdm m hang va n cot, ngudi ta dit
mot s6 may bom nudc vao cac 6 vudng. Biét raing mbi may bom nuée c6 thé tudi nudec khong
nhiing cho 6 vudng chiia né va cc 6 vudng ¢6 chung canh véi 6 d6 ma con c6 thé tudi cho cac 6
vudng cuing cot v6i né va cach né diing mot 6 vudng. Tim s6 nhd nhit cdc may bom nudc can
dit d€ cdc mdy bom d6 c6 thé tudi hét ca canh dong trong hai trudng hop m = 4 vam = 3.

Ngoai cach lam truc tiép nhu trén, bang cic danh gia theo bat dang thic tuong tu, ta c6 thé
chiing minh bd dé sau:

B& dé. Véi mot miéng dAt c6 hai kich thudc déu chia hét cho 4 va mot cach trong cy 4n tuong
trén d6 thi hiéu s6 clia hai loai cdy trén mdi hang hodc cot bang diing mot nita sd lugng ciy trén
hang hodc cot tuong tng do.

Tt d6, ta c6 thé gidi quyét bai toan theo cach kha thd vi: Xét mot miéng dit c6 kich thudc m x n
va ton tai cach trong 4n tugng. Ghép 16 miéng dét nhu thé lai v6i nhau, tao thanh miéng dit mdi
c6 kich thuc 4m x 4n thi rd raing miéng dat méi van 4n tuong.
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Theo b dé thi hiéu sb cdy gitta hai loai cdy trén mdi hang phai la 2% = 2. Tuy nhién, do cdc
miéng dat déu gidbng nhau nén hiéu s6 cdy 6 mdi hang ctia miéng dat ban dau 1a %T” = 7.Suyra
n chin. Nhung tong sb ciy trén hang bang n 1a chin nén hiéu ctia chiing ciing chin (vi cung tinh
chin 18) nén suy ra 5 chdn, tiic 12 n chia hét cho 4. Tuong tu, ta ciing c6 m chia hét cho 4.

Y tudng nay la ciia ban Hoang D6 Kién, HCB IMO 2013.

Bai 5 (6.0 diém). Tim tit ci cic sb thuc a dé ton tai ham sb f : R — R théa man:
i) (1) =2016;

i) f(x+y+ f(y)=f(x)+ayvéimoix, y€R.

Loi gidi. V6ia = 0, c¢6 thé tim duge mot ham théa min yéu ciu bai todn 1a f(x) = 2016.
Do d6, ta chi can xét trudng hop a # 0 1a di. Thay x = — () vao diéu kién ii), ta dudc

fO)=f(=f)) +ay

v6imoi y € R. Tir d6 ta thly f 1a mot don anh. Tiép tuc, thay y = 0 vao diéu kién ii), ta dugc
f(x+ £(0)) = f(x)

vdimoi x € R. Suyra f(0) = 0. Thay y = —Z& vao diéu kién ii) va két hgp véi tinh don

anh ctia f (& day chi y riang 0 la s6 duy nhit d€ f(x) = 0), ta dudc
X x
A )+f(—f( )):—x

a a

v6i moi x € R. Thay y bdi —<L9 vao ii) va sit dung két qué trén, ta dugc

Jfx=y)=f(x)=f()

v6i moi sb thuc x, y. Tur diy dé dang suy ra f cong tinh. V&i cc tinh chit da biét ctia ham
cong tinh, ta tinh dudc f(2016) = 2016 (1) = 20162.

Mit khic, do f cong tinh nén diéu kién ii) cling c6 thé viét lai thanh

f)+ f(f(y) =ay

véimoi y € R.Cho y = 1, tatinh dudc a = 2016 - 2017. Thi lai, ta thiy véi sb a nhu trén
thi haim s6 f(x) = 2016x théa man cic diéu kién dudgc cho.

Vay c6 hai gid tri thda min yéu caudébailaa = O vaa = 2016 -2017. O
Binh luan. Day la kiéu bai todn quen thudc da xuat hién trong nhiéu ky thi. Diém miu chot dé
gii bai todn 12 nhan thiy f don 4nh trong trudng hop a # 0, dé ti d6 tinh dudc f(0) = 0 va
chitng minh f codng tinh. Ngoai cach tiép cin nhu trén, ta ciing c6 thé di theo 16i khac dé chiing
minh f cOng tinh la nhan xét f ciing toan anh nén suy ra f song anh.

Tir d6, sau khi chiing minh duge f(0) = 0, bang cach thay x = 0 vao diéu kién ii), ta thay

f(y+ f(y) =ay
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v6imoi y € R. Suyray + f(y) c6 thé nhan moi gid tri trén R. That vay, gidstcé b € R
may + f(y) # bvéimoi y € R. Pit £ (b) = c thi biang cach thay y bdi < vao dang thiic
trén, ta co f (% + f (%)) =c= f(b).Suyra; + f (%) = b, vo ly.
Pén day, bang cach viét lai diéu kién ii) dudi dang

flx+y+ /M) =)+ 1+ 1),
ta cling c6 f cong tinh va dé dang di dén 10i gidi hoan chinh cho bai toan.
Khi trao ddi véi cac ban thi sinh tham gia ky thi, chiing t6i nhan thiy phan dong céc ban déu tiép
cén bai toan theo mot trong hai 16i néu trén. Cé mot s ban da sit dung tinh chit ca ham tuan
hoan dé€ gidi, tuy nhién 15i giai tuong dbi dai dong nén xin khong gidi thiéu & day.
Duéi day xin dugc néu thém maot sd bai todn c6 cling ciu tric da ting xuit hién trong cac ky thi
va cac sach bao tham khao.

1. (IMO, 1992) Tim tit cd cic ham s6 f : R — R thda man
f(x2+ () =y + [2(x)
véimoi x, y € R. (O day f2(x) = (f(x))z.)

(Y kién chii quan ching tdi cho riang bai todn nay 1a bai toan gbc, gdi y tudng cho viée
sang tao ra cac bai toan bén dudi.)

2. (Tc“;ng quat IMO 1992) Cho s nguyén duong 7 . Tim tit cd cdc ham s6 f : R — R thoa
man

X"+ ) =y + (%)
véimoi x, y € R. (O day f"(x) = (f(x))n.)

3. (Bulgaria, 2003) Tim tit ca cic ham s6 f : R — R thda man
(2 +y+ f() =2y + f2(x)
v6i moi ciip sb thuc x, y.

4. (Vietnam TST, 2003) Tim tit c4 cic sb thuc a sao cho ton tai duy nhat mot ham s
f : R — R thoéa man phuong trinh

f(x2+y+ f() = f2(x) +ay
v6i moi cip sb thuc x, y.
5. (PTNK, 2013) Tim tit ca cac ham s6 f : R — R thdéa man
f(xP+y+ ) =2y +x2f(x)
v6i moi cip sb thuc x, y.
6. Tim tit ca cac ham s6 f : R»9 — R, thda man
F(x+ F(x) +2y) =23+ £(2£ ()

véimoi x, y > 0. (e} day R latap cac s6 thuc khong am.)
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Bai 6 (7.0 d‘ié?n). Cho tam giac A B C noi tiép dudng tron (O) (véi thm O) c6 cic goc
& dinh B va C déu nhon. LAy diém M trén cung B C khong chiia A sao cho A M khong
vuong géc véi BC. AM cit trung tryc ctia B C tai T. Dudng tron ngoai tiép tam gidc
AOT cat (O)tai N (N # A).

a) Ching minhring /BAM = ZCAN.

b) Goi / 1a tim dudng tron ndi tiép va G 1a chan dudng phan giac trong géc A cla tam
giadc ABC. AI, MI, NI cat (O) lanluottai D, E, F. Goi P va Q tuong ting
la giao diém cta DF v6i AM va DE véi AN. Puong tron di qua P va tiép xiic véi
AD tai I cat DF tai H (H # D), dudng tron di qua Q va tiép xiic véi A D tai [
cat DE tai K (K # D). Chiing minh ring dudng tron ngoai tiép tam gidc G H K
tiép xtic v6i BC.

Ldi giai. a) Ta st dung bd dé sau

B& dé. Cho tam gidc A B C cin tai A. Gia sii ¢6 diém P sao cho
(PA, PB) =(PC, PA) (mod m).

Khido,taco PB = PC.

B C

Chitng minh. Dung tam gidc A Q C bing va cling huéng véi tam gidc A P B thi
(PA, PB) =(QA, OC) (mod m).
Taclingc6 AP = AQ vay (PA, PQ) = (PQ, QA) (mod w). Tudo

(PC, PQ) = (PC, PA)+ (PA, PQ) = (PA, PB) + (PQ, QA)
=(QA, QC) + (PO, QA) =(QP, QC) (mod 7).

Vay tam gidc CP Q cantai C. Tasuyra PB = CQ = P C. Tacé diéu phai ching minh. [

Trd lai bai todn, theo dé bai bén diém A, O, T, N thudc mot dudng tron va tam gidc OA N
can. Ta c6 bién d6i goc

(TO, TM) = (TO, TA) = (NO, NA) = (AN, AO) = (TN, TO) (mod r).
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Tt d6 chi y tam gidc OM N cantai O néntheobddé TM = TN.Tud6 MN L OT L BC
nén MN || BC,tasuyra ZBAM = ZCAN.

b) Ta chi y D la trung diém cung B C khong chiia A va cling la trung diém cung M N khong
chita A. Ta c6 bién déi géc
(EQ, EI)=(ED, EM)=(EN, ED) = (AN, AD) =(AQ, AI) (mod m),
suy ra bén diém A, E, Q, I thudc mot dudng tron. Tuong tu bdn diém A, F, P, I thudc
mot dudng tron. Tu do
(IQ,IP)={UQ,1A)+ (IA,IP)=(EQ, EA)+ (FP, FA)
=(ED, EA)+ (FA, FD) =0 (mod r),
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viy P, I, O thing hang. Theo tinh chét tiép xtic dé bai thi DK - DQ = DI2 = DP - DH,
suy ra bén diém P, Q, K, H thudoc mot dudng tron.

Ciingchiy DP - DH = DI? = DB? = DG - DA, lai tii bon diém A, F, P I thudc
mot duong tronnén DP - DF = DI - DA. Chia hai déng thic trén, ta dugc DL hay
GH || IF,tiong tu GK || IE.Ti dé tacé cac bién d6i goc

S

~

’

>l
|

DG

(HK, HG) = (HK, HP) + (HP, HG) = (QK, QP) + (FP, FI)
= (QE, QI)+ (FD, FN) = (AE, AI) + (AI, AQ)
= (AE, AQ) = (IE, 1Q0) = (GK, GB) (mod 7).

Pang thiic nay thé hién B C tiép xiic dudng tron ngoai tiép tam gidc GH K tai G. O

Binh luan. Thuc chit toan bo muc dich cau a)1adé M N || B C do d6 ching t6i tach hinh vé
cu b) riéng. Loi gidi cau a) néu khong dung géc dinh hudng sé phai xét nhiéu trudng hop. Mt
khdc theo chiing t6i viéc st dung bd dé trong cu a) 13 can thiét, trong mot sd 18i giai khdc trén
mang sau khichira ZOTM = ZOTN voikétluan M, N dbi xing qua O T, diéu nay 1a
ngd nhan. Mit khac mot s6 16i gidi dung dang thic goc ZM ON = 2/ M AN, dang thiic nay
ciing chua that sy ding vi chii y véi cac gia thiét trong dé bai thi goc £ BAC c6 thé 1a géc ti.

Trong ciu b) viéc st dung do dai dai sd va goc dinh hudng ciing 12 rat can thiét vi khong sé& phai
xét nhiéu trudng hop. Loi gidi trong cau b) thuan tiy bién ddi géc, cau b) c6 thé cé duge phat
bi€u lai hay hon va c¢6 nhiéu khai théc trén cAu hinh d6. C4c ban hiy 1am céc bai tip & dué6i day
dé luyén tap thém.

1. Cho tam gidc A B C ndi tiép dudng tron (O). P thudc (O) va T thudc OP. Puong
tron ngoai tiép tam giac AO T céat (O) tai N khac A. Ching minh ring A P 12 phan
giac cia goc TAN .

2. Cho tam gidc A B C noi tiép dudng tron (0) c6 tam ndi tiép 1. I B, 1 C cat (0) tai
E, F khic B, C.Pudng thang qua I songsong BC cat CA, AB tai P, Q. PE cit
dudng tron qua I, P tiép xiic A/ tai H khac P. Q F cat dudng tron qua /, Q tiép xiic
Al tai K khac Q. Chiing minh ring dudng tron ngoai tiép tam gidc I H K tiép xic (O).

3. Cho tam gidc A B C noi tiép dudng tron (O) c6 tam ndi tiép 1. M, N thudc (O) sao
cho MN | BC.IM, IN ciat (O) tai E, F khiac M, N.Puong thing qua / song
song BC cat AN, AM tai P, Q. PE cat dudng tron qua I, P tiép xic Al tai H
khiac P. Q F cat dudng tron qua I, Q tiép xic A7 tai K khiac Q. Chiing minh ring
dudng tron ngoai tiép tam giac 1 H K tiép xic (0).

4. Cho tam gidgc A B C ndi tiép dudng tron (0) c6 tim ndi tiép 1. M, N thudc (O) sao
cho MN | BC.IM, IN cat (O) tai E, F khiac M, N.Puong thang qua / song
song BC cat AN, AM tai P, Q. PE cat dudng tron qua [, P tiép xic A tai H
khiac P. Q F cit duong tron qua I, Q tiép xtic A/ tai K khic Q. Ching minh ring
dudng thang H K ludn di qua di€ém cb dinh khi M, N thay ddi.
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5. Cho tam gidc A B C ndi tiép dudng tron (0) c6 tim ndi tiép 1. M, N thudc (O) sao
cho MN || BC.IM, IN cat (O) tai E, F khiac M, N.Puong thang qua / song
song BC cat AN, AM tai P, Q. PE cat dudng tron qua I, P tiép xic A tai H
khac P. Q F cat duong tron qua I, Q tiép xiic A tai K khac Q. I A cat dudng tron
ngoai tiép tam gidc / EF tai S khéc 1.

a) Ching minh ring dudng thang qua H song song véi S E va dudng thang qua K
song song S F cat tai tai 7 thuéc A D
b) Ching minh ring dudng tron ngoai tiép tam gidc T H K tiép xtic BC.

TAt ca c4c bai trén déu 13 hé qua ctia bai tdng quat dudi day.

6. Cho tam giac A B C ndi tiép dudng tron (0) c6 I, J la hai diém dang giac trén phan
gidc goc A. M, N thudc (O) saocho MN | BC.IM, I N cat (O) tai E, F khic
M, N.DPuong thang qua I song song BC cat AN, AM tai P, Q. PE cat dudng
tron ngoai tiép tam giac PI1J tai H khiac P. Q F cat dudng tron ngoai tiép tam gidc
Q1J tai K khac Q.

a) Ching minh ring dudng tron ngoai tiép tam gidc J H K tiép xiic (0).

b) Giasit I, J cb dinhvda M, N thay ddi. Chiing minh ring H K ludn di qua mot
diém c6 dinh.

c) Goi I A cit dudng tron ngoai tiép tam gidc I E F tai R khac /. Pudng thang qua
H song song v6i S E va dudng thang qua K song song S F cat nhau tai L. Chiing
minh ring dudng tron ngoai tiép tam gidc L H K tiép xiic BC .

Bai 7 (7.0 dié7m). S6 nguyén duong n dugc goi 1a s6 hoan chinh néu n bing téng cic udc
s6 duong ctia n6 (khong ké chinh no).
a) Ching minh ring néu n 1a s6 hoan chinh 1€ thi n6 c6 dang
n=p’m=,

trong d6 p 1a s6 nguyén t6 c6 dang 4k + 1, s 12 s6 nguyén duong c6 dang 4h + 1
va m 1a s6 nguyén duong khong chia hét cho p.

b) Tim tit c4 cdc s6 nguyén duong n > 1 saochon — 1 va % déu 1a céac sd hoan
chinh.

Loi giai. Ky hiéu ham tong tit ca cac u6e sd duong ctia mot sd nguyén duong x 13 o (x).

a) Xét dang phan tich tiéu chuin cta sb n 18 1a

n = p‘lxlp‘zn...p;:k’
trong d6 pi, pa, ..., pk lacac sé nguyén td 18 phan biét va a1, a,, ..., ok lacac s mi
nguyén duong tuong tng. Theo cong thic tinh o (1), ta c6

pitl-f—l_l .pgz-i-l_l p](:k-i-l_l

p1—1 p2—1 Pk — 1

o(n) =
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Suy ra
2n _ p?1+1_1 'ng‘f‘l_l...ka‘f‘l_l
p1—1 p2—1 Pk — 1

N o+l ) N A s 12
Chﬁyréngp’pT =14+ pi+p}+---+p/" =1+ «; (mod 2) nén thita s6 nay 1é
khi va chi khi s6 ma «; chan.

Vi n 18 nén & vé& phai chin va khong chia hét cho 4, tidc 1a trong vé phai, chi c6 ding mot thira
a;+1
2 1 s N - aA 12 ~ X, .z 2 . co a1 2 p;t -1 . <
s0 la chan, con lai déu lé. Khong mat tinh tong quat, giad su thua so %, 1 <i <k chan.
Khi d6, ciac sd mi o, ao, ..., ®j—1, Qit1, ..., Ak déu chin, din dén tich cta cic udc
nguyén t6 v6i mil tuong ing nay sé tao thinh mot sd chinh phuong, dit 12 m?2 véi m € N*. Do
dé6n = pl"m? véi p, 1a sd nguyén t0 da néu § trén.

Ta chi can ching minh p;, «; déu la cic sb chia 4 du 1. That vy, néu s6 nguyén td p; c6 dang
pi = 4k + 3v6i k € N thi

i i 30ti+1 -1

Zip,.f =) (4k+3) = lef =~ (mod 4).
Jj=0 0

Jj=0 j=

Ta biét rang ldy thita ctia 3 chia 4 du 1 hoic du 3 nén biéu thiic trén dong du véi 0 hoic 1 theo
modulo 4, khong thoda (vi ta cin dong du véi 2 theo modulo 4).

Do d6 p; codang 4k + 1 v6i k € N. Tu do, suy ra

o o

bl =) (4k+ 1)) =a;+1 (mod4).

j=0 j=0
Do «; + 1 phai chia 4 du 2 nén «; chia 4 du 1, tic la ciing c6 dang 44 + 1. Ta c6 dpcm.

b) Trudc tién ta chiing minh 7 1a s6 18. That vay, gia st n chan, khi d6 n — 1 1a s6 hoan chinh
18. Dua theo phan a), ta c6 tt ca cc s6 hoan chinh 1& déu c6 dang 4k + 1, suy ra n c6 dang
4k + 2. Do do, w 12 s6 hoan chinh 18. Két hogp véi phan a), ta suy ra

nn+1)
> = pimi

v6i p 1a s6 nguyén t6 chia 4 du 1, s; nguyén duong chia 4 du 1, va m; nguyén duong 1é
khong chia hét cho p; .

Bay gid, vi (%, n 4+ 1) = 1 nén tir déng thic trén, n + 1 ¢6 dang pj'a? hodc a? trong d6 a
18 khong chia hét cho p. Tuy nhién, vi

pita* =a*=1 (mod 4),

nén ta c6 n chia hét cho 4, vo 1y vi n chia 4 du 2. Vay n phai 1é.
Tiép theo ta st dung bS dé sau, chiing minh bé dé sé& c6 & bén duéi.

B& dé. Moi sé hoan chinh chin ¢6 dang 25 (257! — 1), trong d6 25! — 1 1a s6 nguyén t.
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Bing cach dp dung bd dé, ta thiy rang ton tai s € N sao cho 2°F! — 1 nguyén t6 va
n=252t1"~-1)+1.Suyra

n(n+1)

3 [2 (2S+1 1) + 1][2s—1(2s+1 _ 1) + 1]

12 mot s6 hoan chinh 18, hay la

nn+1)
> = Pama,

[2S(2S+1 _ 1) + 1][2s—1(2s+1 _ 1) + 1]:

vGi p, 12 s6 nguyén t6 chia 4 du 1, s, nguyén duong chia 4 du 1, va m, nguyén duong 18 khong
chia hét cho p,. Vi (25(25F1 — 1) + 1, 2571(25*! — 1) 4+ 1) = 1 nén mot trong hai sb
25(25T1 — 1) 41, 2571(25+1 — 1) 4 1 phai 1a s6 chinh phuong.

Ta sé chiing minh rang ca hai s6 nay déu khong thé chinh phuong néu s > 2. That vay, néu

s > 2, thi ca hai s6 nay déu 18. Gia st 25 (251 — 1) + 1 = b2, v6ib > 118 Tacé
2525t 1)y = (b= 1)(b + 1),

va 25+t — 1 nguyéntd,nén2(2°+!' —1)laudcciab — 1 hoich +1.Vi2(b—1) > b + 1,

nén (b —1)(b+1) >225T —1H)2> 2525~ 1) = (b —1)(b + 1), voly.

Trudng hop 2571 (25! — 1) chiing minh tuong tu.

Vay ta phdi c6 s = 1, khidé n = 7. Thi lai thiy théa man. Day 1a gia tri duy nhit cin tim.

Cudi cung ta sé chitng minh b dé. Ta c6 hai nhan xét cd ban sau.

Nhan xét 1. Néu x, y la cac s6 nguyén t6 ciing nhau thi o (xy) = o (x)o (y).

Nhan xét 2. Mot sb 1 hoan chinh khi va chi khi hai 1an s6 d6 bang ham o ctia chinh no.

Xét s6 hoan chinh chin c6 dang 2° - ¢ véi ¢ 18. Theo hai nhan xét trén, ta thiy
25t =02 1) =0(2%)0(t) = (2°T = 1)o (1),

suyra2’tl — 1 | ¢. Patu = 2s+1 € N thi u 1a mot ude duong cia ¢, va ta c6 bt dang thiic

4
s+1 _ ns+1 _ _ s+1 _ As+1
2 cu =2 —2s+1_1_0(1)zt+u—(2 Du+4+u=2"""u
Déu bang trong bét dang thiic trén phai xay ra, tic 1a ¢ va u 12 hai uéc duong duy nhét ctia ¢ ,suy
rat nguyéntd vau = 1, hay 2°*! — 1 = ¢ nguyén t6. BS dé dudc chiing minh. O

Binh ludn. Y tht nhit ctia bai toan nay qua that kha cd ban, 1a mot két qua quen thudc khi nhic
dén s6 hoan chinh. Tuy nhién, ta ciing chi can dya trén dinh nghia ctia né, két hop véi cong thiic
tinh tdng cic uSc cia mot sd nguyén duong (dﬁy 12 mot trong cdc ham s6 hoc nhan tinh quan
trong) 1a 6 thé xu ly dudc. Di€ém quan trong nhét 12 nhan xét dudc trong tich cua cong thic tinh
téng cac udc, ¢ ding mot thira s6 1a chian va khong chia hét cho 4. Ngoai ra, néu nam viing vé
v, (n) cling nhu dinh ly LTE, bai toan c6 thé dugc gidi quyét nhanh gon hon.

O y thi hai, ciing 12 ¥ khé nhit ctia ngay thi 2, diém méu chét 1a bd dé bén trén. Trén thuc té, né
12 mot chiéu khang dinh ctia dinh ly rét ndi tiéng dudi ddy vé sb6 hoan chinh (perfect number), c6
tén la dinh ly Euclid-Euler:
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Sé n chdn la hoan chinh néu va chi néu né cé dang 2° (25t — 1), trong do s nguyén duong va
25+ — 1 la s6 nguyén t6.

Chiing minh dinh 1y ¢6 trong cdc sach tham khio vé s6 hoc nhu cic cudn S6 hoc clia thay Ha
Huy Khodi, hay Cac bai gidng S6 hoc ctia thay Ping Hung Thing. Diéu nay, mot miit, tao ra
nhiéu thuén 16i cho cic thi sinh “biét diing chd”, nhung miit khéc, c6 thé d& dang ha guc nhiing
ban con lai chua biét dén hoic khong nhé dén két qua ctia dinh ly. Mot bai todn khac lién quan
chiit ché dén chiting minh ctia dinh ly nay 12 bai B6 trong ky thi Putnam 1976:

Chiing minh néu o (N) = 2N + 1 thi N 1a binh phuong ctia mot s6 nguyén 18.

S6 nguyén td c6 dang 2° — 1 con dudc goi 1a s6 nguyén t6 Mersenne, va 1a mot trudng hop riéng
ctia s6 Mersenne M, = 2" — 1 véi n nguyén duong. Cho dén nay ngudi ta chua biét c6 ton tai
v6 han cac s6 nguyén t6 Mersenne hay khong. Do d6, cAu héi vé su ton tai vo han cic sd hoan
chinh chin vin con md. Ngoai ra, chua c6 s6 hoan chinh 1€ nao dugc tim ra, va ngudi ta da dit ra
cau hdi phai ching khong ton tai s& hoan chinh 18, song chua c6 10i gidi dap.

Céc tai liéu va ménh dé xung quanh s6 nguyén tb Mersenne va sb hoan chinh ban doc ¢6 thé truy
cap trang web: https://primes.utm.edu/mersenne/.

Loi giai va binh luin bai 7b & trén 1a ctia ban Nguyén Huy Tung, HCD IMO 2014.
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