Mot so bai toan hinh hoc hay trong cac dé
chon tuyén thi VMO 2 nam gan day
Nguyén Duy Khuong-chuyén Toan khoa 1518-THPT chuyén Ha Noi Amsterdam

Tém tit noi dung: O bai viét nay toi sé dua ra 10i giai cho mot sé bai hinh hoc
phéng hay trong mot s6 dé chon doi tuyén thi VMO cac tinh thanh phé. Qua do
mong rang cac ban cé thé tu dinh huéng cho minh mot sé6 dang bai hinh hoc phang
trong céc ki thi chon doi tuyen.

Bai toan 1(Chon tuyén VMO Ha Nai 2015-2016): Cho duong tron duong kinh
AB. Lay diém C trén nita dudng tron nay sao cho 90° < ZAOC < 180°. Lay K la
1 diém thay doi tren doan OC. Vé cac tiép tuyén AD, AE dén dusng tron (K; KC).
Chitng minh ring DE, AC, BK dong quy tai 1 diém.

Loi giai 1(Nguyén Duy Khuong): Goi BK cat lai (O) tai diém tht hai J. Goi
JA cit DE tai diem N. Do /ZKJA = ZKDA = 90° do d6 tt giac JADE noi tiép.
Do (O) tiép xtic (K) nén ap dung tinh chat truc dang phuong thi tiép tuyén chung
tai C cta (0), (K),DE va JA dong quy tai 1 diém N. Goi DE cat BK tai diém M.
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Ké tiép tuyén thi hai NS t6i (K) thé thi do NC da la tiép tuyén t6i (K') néen ta co:
DSCE la 1 tt giac diéu hoa do d6 hién nhién 1a ta c6: A, S, C thang hang. Goi M
1a giao diém ctia BK va DE. Goi I la trung diém DE.

Do M la tryc tam tam gidc ANK nén: MN.MI = MJMK = MD.ME(do
A, J, K, D, E dong vién). Vay ta thu dugce: (NM, DE) = —1(theo he thitc Maclaurin)
suy ra: C(NM,DE) = —1 ma 6 trén ta da chi ra duge: C(NS,DE) = —1. Do do:
S,C, M thang hang. Vay AC, BK, DE dong quy tai diém M (dpcm).

L&i giai 2(Ngdo Thé Anh Khoa-12T1-THPT chuyén Ha N6i Amsterdam):
Goi AC cat duong tron (K) tai diem T,giao BK tai diem L. Do C la tam vi tu
AT  OK

trong cia (O) va (K) nén ta co: TC = KO do d6 ta c6: TK||AB. Ap dung dinh
1i Menelaus cho tam giac LAB véi cat tuyén OKC ta co:

CL OA KB CL TL

——.——=1. DoTK||AB né 6 —— = — 6: (AL, TC) = —1. M3
CA OB KL 0 [ nén ta co oA TAdodo (AL, TC) at

khac néu goi DE cat AC tai diém L' thé thi (AL'TC) = —1 do d6 L = L' do do ta
c6: DE, BK, AC dong quy(dpem).



L&i giai 3(Nguyén Tran Trung Hiéu-12T1-THPT chuyén Ha Noi Amster-
dam): Goi T 1a giao diém ciia AC' va (K). Goi L 1a giao diém ED va TC. Tit gia
thiét ta c6 duge: EDTC 1a mot tit gide dieu hoa. Do d6 ta c6: ED tiép tuyén tai T',C
dong quy tai 1 diém goi la diem P. Vay ta c6: PK L AC. Lai c6: AK 1 ED nén L
la trire tam tam gidac PKA. Goi BK cat AP tai diém Q vay ta thu duge: KQ L PA
vay ta c¢6: PQ.PA = PR.PK = PC?, hay la Q thuoc (O). Do d6 c6: ZBQA = 90°
ma /KQA = 90° nén thu duge: BLK hay 1a DE, BK, AC dong quy(dpcm).

Nhan zét: O i giai thit nhat, thit ba khai thac triét dé van dé tiép tuyén cit nhau
dan t6i cac hang diéu hoa va tinh chat phu ti d6 thu duge dpem, rieng vé 10i gidi
thit hai thi diém dic biét chinh 1a viéc stt dung phép vi tu ¢ day rat hay va tu nhien
tan dung dugc gia thiét tiép xtc. C6 thé noéi bai toan nay rat dac sic dit khong qua
khé vi gitip hoc sinh khi lam bai van dung dude cac kién thiic rat da dang.

Bai toan 2(Trich dé chon d6i tuyén Ha Tinh 2015-2016): Cho tam giac ABC
nhon noi tiép duong tron (O) c6 AH la dudng cao va I la tam dudng tron noi tiép
tam giac. Goi M la diém chinh gitta cung nhé BC. D déi xting A qua O. M D cat
BC, AH lan lugt tai cac diem P, Q.



a) Chitng minh rang tam giac [ PQ vuong.

b) DI cit (O) tai diém tht hai la E. AE, BC cat nhau tai F. Ching minh ring néu
AB + AC = 2BC(C thi I 1a trong tam tam giac APF.

Lai gidi(Nguyén Duy Khuong): a) Ta thiy rang: ZAHC = ZAMP = 90° do
d6 LZHAM = ZHPM. Chu y rang ta dé chitng minh duge AH, AO déng giac trong
tam giac ABC do d6 Al la phan giac goc QAD hay LMAD = Z/ZMCD = ZMPC
do d6 AMCD ~ AMPC(g.g) = MC? = MD.MP = MB?* = MI*(do M la trung
diém cung nho BC). Do A, I, M 1 QD nén tam gidc QAD can hay la MQ = M D
do d6 MI? = MQ.MD hay theo hé thitc lugng trong tam gidc vuong thi tam gidc
IPQ vuong tai I(dpem).

b) Trudc tién ta dé y rang: ZIAE = ZIDM = ZIQD = ZIHP hay la tit giac ATHF
noi tiép. Goi K la trung diem AF. Ta c6: LKIA = /KAl = /IHL = ZIQP =

N 2 R : B . LI LC LB
ZMIP hay la P, I, K thang hang. Goi AM N BC = L, ta c6: TA-CA- 4B~

BC 1 )
—CAE'FA?L:—[?A Ap dung di;l)l;li Menelaus cho tam giac ALF' v6i cat tuyen PIK
thi PLIAKE - 1 suy ra PL = 2 do do L la trung diem PF'. Vay hién nhién thu

duge I la trong tam tam gidc APF(dpem).

Nhan zét: Bai toan nay kha hay béi stt dung duge kha nhiéu kién thitc tinh té, xong
lai rat biét khai thac diém mdi véi cau hinh tam giac AB + AC = 2BC. Theo to6i thi
bai toan ra nhu thé nay rat hay va cé ¥ nghia.



Bai toan 3(Trich dé chon doi tuyén Nam Dinh 2015-2016,ngay 1): Cho tam
gidc ABC c6 AB < AC va cac dusng cao AD, BE,CF dong quy tai diem H. EF
cit BC tai diém G. K 1a hinh chiéu ctia H len AG. AH cit EF tai diém L. Trung
trgc LD cat HG tai diém P. Goi N la trung diém EF. Chiing minh ring: (KGN)
tiép xic (DPL).

Loi gidi: Ta dé thay K, H, M thang hang(M 13 trung diém BC) dong thai G H vudng
goc AM tai diem I. Goi S la trung diém doan LD. Chi y theo hang diém diéu hoa
co ban thi (GD, BC) = —1 do d6 xét phép chiéu xuyen tam F thi (AH,LD) = —1
do d6: HL.HD = SH.H A(theo hé thiic Maclaurin)= HP.HI(do ti gidc APSI noi
tiép duong tron duong kinh AP) vay L thuoc (PID). Do N la trung diém EF nén
ta thay ZMNG = ZGIM = 90° = ZGKM nén ta thay 5 diem G, K, N, I, M dong
vien. Dén day bai toan don gian di nhi¢u. Goi J la trung diem AH.

Ta thay rang: JI? = JA? = JL.JD(hé thiic Newton cho hang (AH, LD) = —1) nén
IJ tiép xic (DPL). Hién nhién rang I.J tiép xic v6i (KGM) hay (KGN). Vay I.J
1 tiép tuyén chung ctia 2 dudng tron nay hay ta c6 dpem.

Bai toan 4(Trich dé chon do6i tuyén Nam Dinh 2015-2016,ngay 2): Cho tam
gidc ABC noi tiép (O) c6 cac duong cao AD, BE,CF. Duong tron (A; AD) cat (O)
tai 2 diem M, N.

a) Chitng minh rang M N di qua trung diém DE, DF.

b) Goi EF cit BC tai diém G. DP la duong kinh ctia (A4; AD). PG céat (A; AD) tai
diém @ khac P. Chiing minh ring trung diem D@ nam trén (O).



Loi gidi: a) Trude tien ta thdy truc dang phuong ctia (O) va (A; AD) la MN
do d6 MN L OA. Ta c6:EF L OA(quen thuoc). Do d6 MN|EF. Goi X,Y
lan luot la trung diem DE va DF. Ké DL, DK vuong goc v6i AB, AC tai L, K.
Ta c6: X la trung diém DFE la canh huyén clia tam giac vuong ELD thé thi ta
c6: L,X,Y thing hang. Tuong tu ta thu duge: K,L,X,Y théng hang. Lai cé:
AD(?) = (AN?) = AK.AC = AL.AB do d6 t1t gidc LKCB noi tiép nen:ZAKN =
ZANC = 180° — /B = /LKC. Do d6 L, K, N thang hang tuong tu thi K, L, M
thing hang do d6 M, L, K, X,Y, N thing hang hay dpcm.

1 ,
b) Xét phép vi tu tam D ti s 3" Q — S(trung diem QD) ; P — A; (A;AD) —
(AD =2R). Do dé vi Q € (A; AD) nén S € (AD = 2R). Cang phép vi tu tam D ti

1 . P
sO 5 G — I(trung diem GD). Do d6 ta thay: 1SA L SD vay theo hé thic lugng thi

tam giac vuong IS.JA = ID? Theo hang diém diéu hoa co ban thi (GDBC) = —1
nén theo hé thitc Newton thi ID? = IG* = IB.IC. Do d6 IS.JA = IB.IC hay la
S € (0). Vay ta thu duge S 1a trung diem QD nam trén (O)(dpem).

Nhan zét: Cau a) va cau b) khong lién quan t6i nhau 1am nén kha khoé cho nhitng ngudi
6 tu tudng lien he. Bai toan kha 1é thudc vao viéc ¢6 hang diém (GDBC) = —1. Ta
c6 the tong quat thanh bai toan sau: "Cho tam gidc ABC noi tiép dudng tron (O) c6
dudng cao AD. Lay 1 diém S tren doan AD. Goi BSNAC = F,CSNAB = E. Goi
(A; AD) cit AD tai diém thit hai 1a P. Gid st EF N BC = G. GP cat lai (A; AD)
tai diém Q. Chitng minh ring trung diém QD nam trén (O)". Cac ban c6 thé giai
bai nay tuong tir bai toan goc.



Bai toan 5(Trich dé chon déi tuyén PTNK 2015-2016,ngay 2): Cho tam gic
ABC nai tiép dudng tron (O). Duong tron (I) qua B,C cit BA,CA tai cac diem
E,F.

a) Gia st BF,CE nhau § D va T 1a tam ctia (AE'F). Ching minh rang: OT||ID.

b) Tréen BF,CE lay cac diem G, H sao cho AG | CE va AH | BF. Céac duong tron
(ABF), (ACE) cat BC tai cac diem M, N(# B,C) va cit EF tai P,Q(# E, F). Goi
K = MP N NQ. Ching minh rang: DK 1 GH.

Lai giai: a) Cau nay kha don gian(néu khong doi hdi chitng minh lai dinh 1f Borcard).
Tagoi EFNBC = S. Goi SAN(O) = J(# A). Dinhien SJ.SA = SB.SC = SE.SF
do d6 J € (AEF). Do d6 OT L SA(quan h¢ truc dang phuong). St dung dinh li
Borcard cho tt gidc BEFC noi tiép thi di nhien ID 1 SA. Do d6 OT||ID(dpem).

b) Tu gia thiét kha lodng ngodang thi ta dé thidy D la tryc tam tam gidc AHG.
Do d6 AD 1 GH. Vay thuc ra chi can chimg minh A, D, K thdng hang. Ta co:
ZPMN = 180° — ZPMB = 180° — ZPFB = 180° — ZNCFE = 180° — ZPQN do
d6 PMNQ nai tiép do d6 K nam trén truc dang phuong ctia (ABF), (ACE). Hién
nhién AD chinh I3 truc dang phuong ctia (ABF), (ACE) do d6 A, D, K thang hang.
Vay ta thu dugc DK 1 GH(dpcm).

Bai toan 6(Trich dé chon ddi tuyén Quang Ninh 2015-2016,ngay 2): Cho
tam giac ABC noi tiép duong tron (O). AA;, BBy la cac dudng cao cia tam gidc
ABC. Goi M la trung diem AB. CM cit (CA;B;),(0) lan lugt tai P,Q. Ching
minh rang: MP = MQ.



Lai giai: Goi H la truc tam tam gidc ABC. Khi d6 ta thay cac diém C, By, Ay, H
dong vien. Goi (CH) cat lai (O) tai diém thi hai N khac C. Goi CN cat AB
tai K. Ta dé& c6 ON, A, B1, AB dong quy(theo tinh chat truc déang phuong). Goi
CH cit AB tai C;. Ap dung dinh 1li Borcard cho ti gidc ABByA; ndi tiép ta co
KH 1 CM ma tit gt ta c6: HP L CM nén ta c6 ngay rang K, H, P thang hang vay
ta c6 ngay rang ti giac CPCK noi tiép hay 1a CM.CP = MC,.MK. Theo hang
diém diéu hoa co ban ta dé& thiy (KC,AB) = —1 hay 1a MC,.MK = MA? hay la
MC.MP = MA?* = MQ.MC. Do d6 ta c6 ngay rang: MP = MQ (dpcm).

Bai toan 7(Trich dd Ha Noi TST 2016-2017): Cho tam gidsc ABC(AB < AC)
nhon ndi tiép duong tron (0). Goi M la trung diém BC. AM cat (O) tai cac diem
A,D. Giasit BDNAC = F,CDN AB = E. (ABF) N (ACE) = A, P. Goi () la
duong tron qua C tiép xic AB tai A. Goi (S;) 1a duong tron tiép xic AC tai A va
di B. A,Q = (S1) N (S2). Ching minh rang tam gidac OPQ vuong.



Loi gidi(Nguyén Duy Khuong): Ta thay ngay dugc rang: P la diém Miquel
clia t1t gidc toan phan ACFDBE do d6 di nhién P, E, F thang hang. Theo dinh Ii
Borcard thita c6: O,M,P L EF dodé EF||BC vayla: /BCD = /ZDEP = /DBP
do d6 PB tiép xtc (O). Tuong tu PC tiép xtc (O). Ké cac duong kinh AX, AY lan
lugt cta (S3), (S1). Lai ¢6: ZAQB = 180° — LAX B = 180° — LAS,0. Tuong tu thi:
LAQC = 180°— LAS,0 do d6 LAQB+ ZAQC = 360° —2/AS5,0 = 2(180° — LA) =
360° —2/A do dé hién nhien /BQC = 2/A do d6 P, B,Q, O, C nam trén mot dusng
tron vay nén OQ L P(@) do do6 ta thu dugc ngay dpcm.

Nhan zét: Néu bai toan héi la chiing minh A, P, Q thang hang thi c¢6 vé sé hay hon.
Di¢u nay ciing khong khé dé chitng minh. Cha ¥ viéc tit gide AS5S,0 la hinh binh
hanh nén 515, chia doi AO do dé theo tinh chat vi tu di nhien X, Y, O thang hang.
Ta c6: ZAQX + ZAQY = 90° + 90° = 180° nén X, Y, @, O thang hang. Di nhiéen la
AQ 1 OQ do d6 A, Q, P thang hang.

Bai toan 8 (Trich dé Lang Son TST 2016-2017): Cho tam gidc ABC nhon noi
tiép duong tron (O) ¢6 I 1a tam noi tiép tam gidc. (O) qua C' tiép xic Al tai I cit
AC(0O) lan lugt tai cac diem E, H.

a)Chiing minh ring: HFE chia doi Al.



b)(03) qua B tiép xiic Al tai I cit AB,(O) lan lugt tai cic diém F,G. Chiing minh
rang: (EIF) tiép xuc (GIH).

Loi giai(Nguyén Duy Khuong):a) Ta c6: /EHI = /ECI = ZAIE. Lai c6:
ZAEH = 180° — ZHEC = LZACH + /IAC = ZIAH do d6 néu goi S la giao diém
cia HE va Al thi dé thay AAES ~ AHAS(g.g) va ASITE ~ ASHI(g.g9) do d6 thu
duge: SI? = SA? = SE.SH hay la S 1 trung diém AI(dpcm).

b) Hoan toan tuong tu phan a) ching ta chiing minh duge: GF di qua trung diém
AI. Vay la dé thay rang: SF.SG = SE.SH(= AS?). Do d6 FGHE nai tiép, goi Ix
1a tiép tuyén (IGH). Ta thay rang: ZxIE = /2IH + /HIE = ZACH + ZHGI =

LIGF+/FGA—/AGH+/ACH = M—TAB Laico: ZEFI = /ZGHE+ZSIG =
ATB + /ZGBA + 42—14 — LAHG = MTAB Do d6 ZxIE = ZEIF hay la Iz cling

tiép xic (EIF). Vay (EIF) tiép xic (GIH)(dpem).

Bai toan 9(Trich dé chon d6i tuyén chuyén Vinh Phiic,ngay 1): Cho tam
gidc ABC nhon (AB < AC) noi tiép (O). Goi D, E lan lugt 1a trung diéem AB, AC.
Goi giao diém thit hai clia (ABE), (ACD) la didém K. AKN(0) = A, L. LB, LC lan
lugt cat (ABE), (ACD) tai cac diem M, N khac B, C.

a) Chitng minh rang: K, M, N thang hang va OK L MN.
b) Chiing minh ring K la trung diém MN.
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Lai gidi(Nguyén Duy Khuong): a) Ta c6: ZAKM = ZABM = 180° — ZABL
ma ZAKN = 180° — ZACL nén ZAKM + Z/AKN = 180° hay la M, K, N thang
hang. Ta c6: LM.LB = LK.LA = LN.LC nén ti gidc MBNC ndi tiép suy ra
/ZLNK = 180° — ZMNC = 180° — ZMBC = ZLBC = ZLAC'. Lai ¢6:Z0LC =
180° — ZLOC
5 =90° — ZLAC do d6 ZOLC + ZLNK = 90° suy ra OL 1. M N.

b)Ta dé thay dugec AK la dudng doi trung ctia tam gidc ABC. Dén day ta lai thay
rang:ZAMN = ZABC,ZANM = ZACB do d6 AABC ~ AAMN. Goi S 1a trung
diém BC, khi d6 ap dung tinh chat dong dang trung tuyén c6 duge ngay K ciing la
trung diem M N (dpcm).

Trén day 1a 9 bai toan kha hay ma toi da tuy minh giai va go coc coc lai dé danh tang
cho céc ban. Qua cac bai toan trén chiing ta cé thé thay rang kién thic trong cac bai
toan nay kha da dang va cot 161 1 kiém tra cac ki nang xtt i, bién déi ctia ngusi lam.
Xin chan thanh cdm on thay Nguyén Trung Tuan da tuyén tap lai cac dé chon doi
tuyén cac nam 2015 — 2016,2016 — 2017 nhd d6 to6i c6 ngudn tu lieu dé hoan thien
bai viét nay. Cudi cling, bai viét nay ra doi va hoan thién vao sat ngay 20 — 10, xin
dugc gdi tang cac ban nit nhu mot mon qua sém(vé tinh than). Dé cling ¢ them xin
dé nghi mot s6 bai tap.

Bai toan 10(Trich dé chon dé6i tuyén Pha Tho 2015-2016): Cho dudng tron
(O) va 1 diém A ndm ngoai duong tron. Tt diem A ké cac tiép tuyén AB, AC dén
(0)(C, B la céc tiép diém). Goi F, F lan lugt la trung diém cta AB,AC. D la 1
diém trén canh EF. Tit D ké cac tiép tuyén DP, DQ dén (O). Goi PQ N EF = M.
Chitng minh rang: ZDAM = 90°.

Bai toan 11(Chon doi tuyén KHTN Ha Noi,ngay 1,vong 2,2015-2016): Cho
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tam giac ABC ¢6 E, F lan lugt thuoe C'A, AB sao cho EF||BC. Tiép tuyén tai E, F’
ctia (AEF) cat BC tai cac diém M, N. BE,CF lan luuwot cit FN, EM tai K, L>

a) Chiing minh rang: /KAB = ZLAC.

b) Goi BENCF = X,EN N FM =Y. Chitng minh ring XY di qua diém c6 dinh
khi E, F di dong

Bai toan 12(Trich dé chon d6i tuyén TPHCM 2016-2017,ngay 2): Cho tam
giac ABC ngoai tiép duong tron (I).(I) tiép xtic BC,C A, AB lan lugt tai D, E, F.
Goi BENCF =T. Duong tron O; qua T tiép xtic AB, AC tai Ay, B;. Duong tron
(O3) qua T tiép xtc AB, BC tai Ay, By. Duong tron (O3) qua T va tiép xiac CA, BC
tai cac diém As, Bs. Chting minh rang 6 diém A;, By, As, By, A, Bs dong vién.
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