Cac chuyén de hinh hoc danh cho cac ban
THCS(S6 3)

Nguyén Duy Khuong-khoa 1518 chuyén Toan-THPT chuyén Ha Noi Amsterdam

D6i diéu vé chuyén muc: o) chuyén muc méi md nay t6i sé trinh bay cac chuyén
deé lien quan t6i hinh hoc phing qua cac ki thi vao 16p 10, thi chon HSG TP 16p 9.
M&éi thang toi sé viét mot chuyén dé nhu vay. Mong cac ban ting ho, dac biét 1a cac
ban 16p 9 sip chuan bi budc vao ki thi chuyén cam go. Do gidi han kién thiic cho
hoc sinh 16p 9 rat kho tranh viéc cac 10i gidi c6 lac sé kha 1a dai(do phai xét nhieu
truong hgp hinh vé khac nhau) mong cac ban, thay co thong cam.

Chuyén dé sé 3:

Hé thiic luong trong dudng tron va hang diem diéu
hoa duéi géc nhin kién thic THCS

I) Mot sé hé thic luwong trong duong tron.

O 16p 9 trong chuong t1f gific noi tiép c6 xuat hien mot sb6 bai tap lien quan tdi t giac
noi tiép va cac heé thiic trong luong trong duong tron. Sau day toi sé néu lai ching va
b6 sung thém mot s6 heé thic khac vé hang diém diéu hoa can thiét va quan trong.

1) Cho tit gidc ABO'D noi tiép (O). Goi giao diém ctia AD, BC' 1a diém M. Thé thi
MA.MD = MB.MX = OM? — R?. Gid M nam ngoai (O) néu ta ké cac tiép tuyén
MS, MT dén (O)(S,T lan huot a cdc tiép diém) th MS2 = MT? = MAMD =
MB.MC.

2) Cho ti giac ABC'D noi tiép (0O). Goi ACN BD = N. Thé thi NAND =
NB.NC = R? — ON?(day la truong hop N nam trong tit gidc ABCD).

3) Tt 1 diem E ngoai duong tron ké cat tuyén EFK dén (O). Ké cac tiép tuyén
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EX,EY dén (O). Goi XY N EF = I. Ching minh cac he thic sau:

IF_FE

IK FEK

+) Goi M la trung diém IE. Khi d6: ME? = MI? = MF.MK (Hé thiic Newton).

+)

+) Goi N la trung diém FK. Ching minh ring: EI.EN = EF.EK(Hé thic
Maclaurin). Ciing can chi y hé thitc sau ciing goi 1a hé thic Maclaurin: IE.IN =
IFIK.

Chaing minh: Céc he thiic 6 1) 2) déu kha co ban do d6 ¢ day toi sé néu chitng minh
cac hé thic 6 3).

Luu ¥ 1a néu c6 1 trong ba hé thiic 6 3)(khong nhat thiét 1a c6 cac gia thiét veé ti gidc
noi tiép) thi ta sé ¢6 hai he thitc con lai. Ta di chiing minh céc hé thic trén 1a tuong
duong nhau. Gia sit ta c6 heé thitc Maclaurin, thé thi: ME? = MF.MK < ME? =
(EF — ME)(EK — ME) <& ME? = EF.EK + ME® — ME(EF + EK) & EF.EK =
EI EI .

—(EF + EK) = QEN'T = EN.FI(dang). Do d6 néu c6 hé thic Maclaurin thi
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ta c6 hé thitc Newton. Ta quay lai hé thitc thit nhat, gid st néu ta cting c6 sin hé
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L IF FE
thic Maclaurin the thi: " -8k IK.EFF = EK.IF & (EK — EI)EF =

(IK + EI)IF & EI.EN — EIE]L;Ii EIIF +IK.IF & EI(EN — EF — IF) =
IKIF < IE.IN = IF.IK(dang theo hé thic Maclaurin). Nhu vay la cd ba hé
thiic trén tuong duong nhau mién 14 minh c6 sin mot hé thic ding. Heé bén diem
tho& méan he thitc thi nhat ngusi ta thuong goi 1a hang diém diéu hoa. Do van dé
ve do dai dai s6 chua duge trinh bay tuong minh 6 cap THCS do d6 toi chi néu cach
chiing minh trén phu thudc hinh vé, mong ban doc thong cam.

Bay gio ta quay lai bai toan chitng minh & hé thitc s6 3, ta c6 dude ca ba diéu béi:
Goi S la trung diém XY. Hién nhién do N la trung diéem FK thé thi ti giac NISO
noi tiép ap dung he thic 1) thi ta c6: EI.EN = ES.EO = EX? = EF.EK tiic la ¢6
duge hé thic Maclaurin luon ding do dé hién nhién nhu da ching minh & trén néu
c¢6 1 trong 3 hé thiic ding thi duong nhién hé thic con lai cling dung.

Nhan zét: Cac heé thiic trén déu cé chiéu ngudc lai tiic 1a cling dong thoi 1a cac cach
chitng minh céc diém dong vien, cach ching minh tiép tuyén duong tron,...

Bay gio dé cac ban hiéu 6 hon ¥ nghia ctia cac hé thiic lugng trong dudng tron toi sé
gidi thieu mot s6 bai toan luyén tap. Viéc c6 duge nén tang cac he thic lugng trong
duong tron rat quan trong khong chi déi véi cac hoc sinh cap 2 ma con cd véi cac
hoc sinh cap 3 khi bat dau tiép xtc véi cac khai niem mdéi. Chinh vi 16 d6 ma cang
ngay thi cac hé thitc lugng trong dudng tron cang duge cac truong lay lam noi dung
thi vao chuyeén, cling nhu xuat hién nhiéu trong cac ki thi HSG 16p 9.

IT) Cac bai toan ing dung:

Bai toan 1(Tuyén sinh vao chuyén Toan cac THPT chuyén TPHCM): Cho
diém M nam ngoai duong tron (O). Ké cac tiép tuyén M A, M B dén (O) véi céc tiép
diém A, B. Goi H la giao ctia AB va OM, I 1 trung diém M H. AIN(0) = K, A.

a) Ching minh rang: HK 1 Al
b) Chiing minh ring: /M KB = 90°.



Loi giai: a) Goi MO N (O) = D, E(nhu trén hinh v&). Ap dung heé thic Newton
thi: ITH?> = IM? = ID.IE = I K.IA hién nhién la ZITHA = 90°, do dé theo hé thrc
lugng trong tam gidc vuong déo thi: HK L Al(dpcem).

b) Tu a) suy ra: ZKHI = /ZKAB = ZMBK (do MB tiép xuc (0O)). Vay la ti gidc
MK HB nai tiép do d6 ZMK B = 90°(dpcm).

Nhan zét: Co thé thay viec sit dung cac hé thitc trong 3) da gitp lam ngin gon di 13i
gidi rat nhiéu xong toi rat luu ¥ cac ban 1a can phai chiing minh lai cidc hé thic nay
lic bude vao phong thi.

Bai toan 2(Thi vao 18p chuyén Toan chuyén DHSP 2016-2017): Cho tam
giac ABC nhon c6 AB < AC. Ké duong cao AH. Duong tron duong kinh AH cat
AB, AC tuong tng tai diem D, E. Duong thang DE cit BC tai diém S.

a) Ching minh rang: BDEC noi tiép.
b) Chiing minh ring: SB.SC = SH?.

¢) Dudng thing SO cit AB, AC tai M, N tuong ting, dudng thing DE cit HM, HN
lan lugt tai cac diem P, Q tuong ting. Chitng minh ring: BP,CQ, AH dong quy.



Lai giai: a) Goi (I) 1a duong tron ngoai tiép tam giac ABC. Ta thay rang theo
he thitc lugng cho cac tam giac vuong AHB va AHC thé thi: AD.AB = AE.AC(=
AH?). Do d6 thu dugc: B, D, E,C dong vien.

b) Ta dé § thay: /SHD — /HED(do SH tiép xic (0)) vay SH? — SE.SD —
SB.SC vay ta c6: SH? = SB.SC.

BM BS BS
MA SK SH’

c¢) Goi K la diém déi xiing H qua S. Ta c6: SO||AK do dé lai

B BH
c6: SB.SC = SH? nen SB.HC = SH(SH — SB) = SH.BH do d6 g_H = Tc do
BM HB N ~ £
do = do d6 M H||AC. Dieu dé6 dan t6i BDH P noi tiép hay la BP L M H

°MA _HC
suy ra BP | AC. Hoan toan tuong tu CQ L AB. Vay ta c6: BP,C(Q, AH lan luogt
la cac dudng cao ctia tam gidc ABC nén ching dong quy tai 1 diém(dpem).

Bai toan 3: Cho tam gidc ABC va cac diém D, E, F 1an luot thuoc BC, CA, AB sao

. . . DB SB
cho AD, BE,CF dong quy. Gia st EF N BC' = S. Chitng minh rang: — = —.
DC  SC
Lai giai(Ban doc tu vé hinh): Ap dung dinh li Ceva cho AD, BE, CF dong quy
thi: 2B EAFB {1 dung dinh If Menelaus cho cit tuyén S, B, F ciia ¢
i: DCEC%%—EAFE ung dinh 1i Menelaus cho céat tuyén S, E, F clia tam
gidc ABC' thi: SBECTFA- 1. Chia vé cho vé di nhién ta dugc dpcm.



Nhan zét: Bai toan trén cyc ki quan trong va 1a mot gach ndi 16n dé ta c6 dude cach
lam cac bai toan khac.

Bai toan 4(Tuyén sinh vao chuyén Toan chuyén Vinh Phic 2013-2014):
Cho tam giac ABC nhon(AB < AC). Goi D, E, F lan lugt 1a chan dudng cao ha ti
A,B,C. Goi P= BCnN EF. Dudng thang qua D||EF cit AB, AC,CF lan lugt tai
Q, R, S. Chiing minh rang:

a) Tt giac BQC'R nai tiép.
b) D la trung diém QS.
¢) (PQR) chia doi BC.

Loi giai: a) Ta c6: ZCFB = /ZBEC = 90° do dé6 tit gidc BFEC noi tiép. Vay la
ZQBC = LFEC = ZQRC do d6 BQCR nai tiép.
DQ DB _SD DC
PF~ BP " PF_ CP
ding theo bai toan 3).

b) Theo dinh 1i T'hales thi:
PB_ DB
PC — DC

do d6 dpcm tuong duong véi:



¢) Goi M la trung diem BC. Do ti giac BQCR noi tiép nen DB.DC = DQ.DR.
Ap dung he thic Maclaurin cho hang diém diéu hoa DPBC (da ching minh 6 bai
toan 3) thi hién nhién 18 DP.DM = DB.DC = DQ.DR do d6 ta thu dugc dpem.
Nhan xét: C3 hai ¥ b) c) clia bai toan nay déu c6 thé md rong len cho ba dudong
dong quy chit khong nhat thiét cit phai 14 duong cao.

Bai toan 5(China TST 2012): Cho ti gidc bang tiép ABC'D dudng tron (O) va
noi tiép dusng tron (J). CD tiép xtc duong tron (O) tai diém T. Hai duong chéo
gap nhau ¢ P. Dyng 1 dudng tron qua A, B va tiép xtc (O) tai diem S.

Chitng minh rang: ZPST = 90°.

Loi gigi: Goi X,Y,Z, T lan lugt 1a céc tiép diem cia ABC'D va (O) nhu hinh vé.
Ta goi tiép tuyén tit S ctia (O) cat AB tai diém I, YZ cit AB tai diém M. Do
tit giac ABC'D bang tiép nén c6 hang diém diéu hoa ABM X (ban doc thit chiing
minh nhu mot bai tap) ma ta lai c6: 15% = IX? = IB.I A nén theo he thiic Newton
thi I 1a trung diém ctia M X. Do d6 thu duge MPSX noi tiép duong tron tam 1.
Dén day ta thuc hién bién déi géc binh thuong ,cé6: /PST = /PSX — /TSX =
LAMP — ZPXM = 90°(dpcm).



Nhan zét: O day ta thuong khong biét cach dung 2 gia thiét tiép xic dac biet d6 1a
tit gidc bang tiép dong thoi noi tiép. Sau day 1a cach dung:

+) Ta biét tinh chat vé viéc cac dudsng noi tiép diém tuong ting clia tit gidc bang tiép
va noi tiép vuong goc v6i nhau do dé ta sé dung duong tron tiép xic trude(bang tiép
tit giac). Dung 1 duong tron (/) va 2 day cung XY, ZT vudng géc phan biét.

+) Sau d6 vé cac tiép tuyén tai XY, Z, T ctia (I) giao nhau tai 4 diém thod man
tinh chat.

Cudi cting dé cac ban luyén tap xin dé nghi mot s6 bai tap:

Bai toan 6(Dé du bi chuyén Tran Phi-Hai Phong 2016-2017) Cho tam gidc
ABC noi tiép duong tron (O). AA;, BBy la cac dudng cao cia tam gidc ABC. Goi
M 1a trung diém AB. CM cat (CA;By),(O) lan lugt tai P,Q. Ching minh rang:
MP = MQ.

Bai toan 7(trich VMO 2016-ngay 1): Cho tam giac ABC noi tiép (O) va M la
trung diém ctia BC. (AM = 2R) cit AB va AC lan lugt tai E va F khac A. Tiép
tuyén tai F va F ctia (AEF) cit nhau tai T. Chiing minh réng: TB = TC.

Bai toan 8(Tran Quang Hung-T12/466-THTT): Cho tam giac ABC nhon
khong can noi tiép duong tron (O). Lay P la 1 diém thuoc tam giac ABC sao
cho AP vuong goc BC. Ké PE, PF lan lugt vuong goc AB, AC( E, F thuoc AB
va AC). Duong tron ngoai tiép tam giac AEF cét lai (O) tai G. Chiing minh rang
GP,BE,CF dong quy tai 1 diém.

Minh Iuu § 1a ¢6 rat nhiéu cac hé thiic lugng trong dudng tron quan trong khac(dic
biet 1a dinh 1i Ptolemey). Xong dé ro rang va chi tiét minh sé dé cap t6i chiing trong
cac chuyéen deé sau.



