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NTP Loi néi dau

A/L&i néi dau

Trong viéc chirng minh cac bat dang thuc (bdt),tim gi tri 16n nhit (GTLN),gi4 tri nho nhat
(GTNN) thi viéc ddi b1en 12 mot phuong phap gitip 1am gon bai toan hodc dem dén mot bdt
gan giii véi ta,qua bai viét nay minh chia s& vdi cac ban nhiing bai toan hay tir viéc d6i bién
cling nhu chia sé& kinh nghiém tai sao va i do lam nhu thé

Trong bai viét nay c6 nhiéu bai toan minh thay trong qué trinh hoc,trén cac dién dan va
trong cac sach:”sir dung AM-GM dé ching minh bdt” va “str dung phuwong phép cauchy-
schwarz dé chirng minh bdt” va vai sach khac.
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NTP Doi bién tir gia thiét va tao ra

B/Cac bai toin
I/Doi bien tir gia thiétabc =1va tao raabc =1
A Tu cai gid thiétabc =1thi c6 kha nhi€u cach dat nhu

(a,b,c) > f,l,iJ

Yy z X

2 2 2
(a)b)c)% x_’y_JZ_J
Yz zx Xy

(a9b9 c) %

(@,b,c) - 1,1,1]

Va tuy bai toan ma ta c6 nhiing cach dat cho phu hop
Thuong thi nhitng bdt mang tinh doi xting ta dat
2 2 2

(a,b,c) —>(x—,y—,z—j va (a,b,c) —{E Z—fx—fj
VZ zxX Xy Xy oz

Va nhiing bdt hoan vi ta dat (a,b,c) > (i Z —J dé dem dén 1 bdt dbi xtrng(do nhirng bdt
Yy z X

dbi xtmg thi don gian hon so véi nhirng bdt hoan vi)

2 2 2
ca s X \1eR ‘A -2 N1
A Viéc dat (a,b,c) > —,y—,— nhu 13 hién nhién nhung nhiéu nguoi s€ hoi tai sao sau
vz zZX Xy
x2 ) y2
khi dat a =— lai c6 thé dat b =— ?7? Véi céc bién x, y,z chua biét tr dau va di€u nay
vz zx

duoc giai thich nhu sau

7>
o bat x = \/_y \/BZ—\/_:>—: — =

vz bc abc

=a va tuong tu voi b,c

Choa,b,c >0thdéaabc =1 .
1 1

Tim GTLN cua + +
a+b+1 b+c+1 c+a+l

Day la mot bai toan kha quen thudc

Cach 1:
X y z
o Tir gia thiét nhu 1 quan tinh ta ddt a=—,b==,c==
v z X
Do do ta co
Za+b+1 Zy +yz+zx



NTP Doi bien tir gia thiét va tao ra

Viéc tir thirc ¢6 chira 1an luot yz, zx, xy va mau thitc mdi cai ¢6 yz + zx, xy + yz, zx + xy nén
ta nghi t6i bdt cauchy-schwarz dé tao xy + yz + zx va dua d&én cach giai nhu sau
z Z yz(x* + yz + zx) < z yz(x* + yz + zx) _
¥’ +yz+zx OV +yz+zx)(xX* +yz+2x) (xy + yz + zx)’
Céch 2: . i .
o Thuong thi cac bai toan Ia ta hay lam cho n6 dong bac ma dé cho dong béc thi ta cé

1 1
Za+b+1 _za+b+\3/abc
Pit cho dé nhin thitadit a =x*,b=y’,c =2’

Do d6 ta tim GTLN cua Z;l (*)
X +y +

Ta co x3+y3 >xy(x+y):>x +y +1>xy(x+y+z)

a0 seeseidd =2

X+ +1 xy(x+y+z) x+y+z

Dau bang xay rakhi a=b=c=1

> Nhan xét:¢ cach 1 thi ¢6 1 su tu nhién nao d6 do ta c6 diéu kién con & cach 2 1a 1 cach
lam kh4 quen thudc va d& thay cho nhing ai da 1am quen véi bdt nhung 1a mot sy mat tyr
nhién d6i véi mot nguoi méi hoc vé bdt

Bai toan (*) gidng vé6i a,b,c¢>0.

CMR ! + 1 + ! <1 (Usa 1997)

a+b+abc b+ +abe ¢ +a’+abe abe
sau khi cho abc =1 ta dugc (*) va dudi day 1a 1 bai toan voi cach lam tuong ty cach 2
Choa,b,c >0thoaabc =1 .

Tim GTLN ciia — 2+ b¢ = €@ (1MO Shortlist 1996)

@ +b+ab b+ +bc +a’ +ca

Cho a,b,c>0 va abc=1.
CMR (a—l+%)(b—1+l)(c—l+l)£1 (IMO 2000)
c a

o Déi voi bdt hoan vi nhu thé nay thi ta nghi dén viéc dat a ==, b = Z,c =z
z

X
» x
Do d6 ta can ching minh (x+y—z)(z+x—y)(y +2z—x) < Xyz (*)
(*) 1a mot bdt quen thudc
[((c+y=-2)+@+x=yI _ .

4

Tuong tu thi nhén lai ta duge x*y°z° 2[(x+ y—z)(x+z—y)(y+x—2)

:>xyz2|(x+y—z)(z+x—y)(y+x—z)|2(x+y—z)(z+x—y)(y+x—z)
Déu bang xay rakhi a=b=c=1

Tacd (x+y—z)(z+x—y)<

Cho a,b,c>0vaabc =1



NTP Do6i bién tir gia thict va tao ra

a’b® bc? c*a? S

1
(b+2)2b+1) i (c+2)2c+1) " (a+2)2a+1) “3

o Nhin vao thi thdy viéc hoan vi nhu thé nay sé& gdy kho khin cho ta nhung tir cai gia thiét
ta bién déi n6 tré thanh mot bdt déi xtng cho don gian hon nén dit a=>,h=2,c== la
y z X
phu hop
2

X > 1
(y+2z)(z+2y) 3
Té6i day thi ta ctr viée lién tuong dén st dung cauchy-schwarz
z x’ S (x> +y +2°)

(y+22)(z+2y) D X (y+2z)(z+2y)

Ta chiing minh

2 2 25\2
Z (;C itz Zl<:>2(?C4er4+24)+3(xzyz+yzzz+22x2)25xyz(x+y+z)
> X (y+2z)(z+2y) 3

Diéu nay luén ding do x* + y* +z* > x?y* + y?2% + 2°x* 2 xpz(x + y + 2)
Do d6 bdt dugc chung minh
Dau bang xdy rakhi a=b=c=1

Do d6 bdt chimg minh twong dwong

Cho a,b,c>0vaabc =1
a b c
+ +
(1+a)d+b) (A+b)(1+c) (A+a)1+c)

> % (Czech-Slovak 2005)

o Nhu & bai trude thi viée abe =1 va bdt hoan vi nhu thé nay thi ta dat

a :ijb :Z’Czi
v z X

3 . 3

Do d6 ta can chirng minh ZL >

(x+y)z+y) 4
Va cling nhu bai trude thi ta nhan thém mdt lugng ¢ tir dé dung cauchy-schwarz

Z Xz S (xy + yz + zx)’ B (xy + yz + zx)’ S (xy+yz+zx)’ 3
(x+3)(z+y) 3wz(x+y+2)+>.30 O x) +xpz(x+y+z) O xy) +(z;€y)2 4

dau bang xayrakhi a=b=c=1

> Nhan xét:¢ nhitng bai thé nay co o mau nhitng lwong dugc lap laila a+1,b+1,c +1thi ta
¢6 mot cach nita 1a quy dong

0 Quy ddng ta duoc bdt cAn chimg minh <> ab + bc +ca+a+b+c¢> 6 (va diéu nay luén
dang do abc =1)

Chox,y,z>0vaxyz=1.



NTP Do6i bién tir gia thict va tao ra

CMR — ! +— ! +— ! >1 (Vasile Cirtoaje)
X +x+1 y +y+1 zo+z+1
: a’ b’ c’
Bdt do1 xing nhu vay thitadat x=—,y=—,z=—
bc ca ab

b*c?
a* +a’bc+b*c*
Nhung danh gia cai nay kha 1a oai am khi & mau c6 dai luong a*,b*,c* thi khong nho hon

b, ca’,a’h?

Ta ching minh z

bc ca b a’
oDodotadat x=—,y=—,z ,ta chirng minh >1
) a2 I b2 S za Yy atbe + bt
(a> +b*> +c*)’
Ta co
Z“a +azbc+b2 2 Za +ach:a+Z:b2 2
(a* +b*>+c*)

Ta chiing minh 21l a’b’ +b’c’ +c*a’ > abc(a+b+c)
b

z a+ abcz a+ z
Piéu nay luén ding nén bdt dugc chimg minh
Dau bang xdy rakhi x=y=z=1

Cho x,y,z>0 thoa xyz =1

x>+’ y+z +zz+x2
x'+z° y+x 2+’

CMR x’y*+y°z* +2°x* > (VMF)

o Hinh thirc nhur vy thi ¢6 x*, y°,z* n6 thém ram rdi vay thi dau tién la ctr dat
a=x*,b=y*c=z* Do db tacan chimg minh twong duong
a+b b+c c+a
+ +
a+c b+a c+b
a b c¢c_a+c b+a c+b

PN + n (India 2002) (*)
b ¢ a b+c c+a a+b

Bdt (*) 1a mot bdt kha quen thudc véi nhidu cach giai,minh dua ra hai cach nhu sau
Céch 1:

o (*e

ab® +bc* +ca’ >

ab+c®  bc+a’  ca+b’
c(c+a) " a(a+Db) i b(b+c) =
(ab +c*)(bc+a’)(ca +b*)
abc(a + b)(b+c)(c+a)
Do d6 ta can chtng minh (ab + ¢*)(bc + a*)(ca + b*) > abc(a + b)(b +c)(c+a) (1)
Matacéd (ab+c*)ab+a*) > (ab+ac) =a*(b+c) = (ab+c*)a+b)>a(b+c)
Tuong tu ta c6 (bc +a’)(b+c)>b(a+c)
(ca+b*)(c+a)>c(a+b)

Taco VTZ3i/



NTP Do6i bién tir gia thict va tao ra

Nhan ba cai lai thi ta ching minh dugc (*)

Céch 2:
ab
o VT —-VP= —-3
(a+b)(b+c)(c+a) %:‘ Cyzcb zc2 )
Matacoz 2_32 > (Z —)? >Z—
cyc cyc cyc
Dodéo VT —-VP>0=VT >VP
Dau bang xayrakhi x=y=z=1
Cho a,b,c >0vaabc=1.
MR 4424 €53 bty (THTT)
b ¢ a 2
X y z
o Nhu cac bai trude v6i hinh dang hoan vi nhu thé nay ta dit a ==,b==,c==
y z X

vz yx_3x y z
S+ (—+=+—-1)

Do d6 ta can chiing minh 2= +
yox 22 2y z x

S22V +y’ 2 + 2700+ 3x2y222 >3(xX’yz° + yzx’ + 2°x°)

Theo bdt shur thita c6 D x*y* +3x°y°z* 2 X’ yz(xy + x2)
ore

Matacé x°y’ + y’xz* > 2x°y’z

V' + 2’ =22y 2%

22X +x°zy 222Xy
Do do ta c6 dpcm o
> Nhan xét:bdt schur 1a mot bdt kha quen thudc voi nhitng ai da tim hiéu vé bdt
Viée st dung bdt schur & day 1a @’ +b” + ¢’ +3abc > Y ab(a+b) (v6i a,b,c20)
Str dung bdt schur qua viéc d6i bién s& duoc néi & phan VII

Cho a,b,c>0.
1 1 1 3
R + + >
a(a+b) bb+c) c(c+a) 23q2p**

o Viéc ve trai ¢ mot cai can xau nhu vay nén ta lam dé mat né bang cach chuan hoa
ta chuan hoa abc =1

T&i day thi day 1a mot bdt hoan vi nén pht hop nhat 13 dit a = X b= 1, c=2
y z X
v .3
Do d6 ta can ching minh z >
x> +yz 2

Thuong nhitng bai dang nay thi ta ctr nghi ngay to1 viéc st dung cauchy-schwarz



NTP Do6i bién tir gia thict va tao ra

2 2 2 2N\2
Taco E Y > (W +y +27)
2 - 2.2 2.2 2.2 3 3 3
X +yz XY AHyzZ4zx+xy+yz+zx

(x2 -i-y2 +22)2
2.2

Ta ching minh S5 3 ;
Xy +yz+zx +xy+yz+z'x

>3
2
Matacd (x* +y° +2°) 23(x*y* +y° 2> + z°x7%)
Nén gid ta chimmg minh (x* + y*> +2z°)’ >3(xX’y + y’z + 2°x) (*)
(*) 12 mot bdt kha quen thudc ctia Vasile va c6 hai cach chiing minh thuong gap nhu sau
Céch 1:

1
o (xX*+y" +2°) =-3(xX’y+y’z+2°x) =—Z:(x2 — 22 =2xy+yz+2x)" 20
cyc
Céch 2:
o Béat y = x+m,z=x+nnén ta c6 bdt can chirng minh twrong duong
(m* —mn+n*)x> —(m’=5m’n+4mn’ +n’)x+m* =3m’n+2m*n* +n* >0
Tacd A, =(m’ =5m’n+4mn’ +n’)—4(m* —mn+n’>)(m* =3m’n+2m’n’ + n*)
=3m’ —m’n-2mn* +n’)* <0
Do do6 (*) dugc chung minh
Dau bang xay rakhi a=b=c
> Nhan xét:dau bang ¢ bdt (*) xay ra khi x = y =z hoac

.24 L2 L, I
(x,y,z) = (sin’ 7,51112 7,sm2 7) va cac hoan vi

Mot bai toan 4 bién va cach giai trong ty 14 :
Cho céc s0 thyc duong a,b,c,d théa abcd =1 .
R 1 N 1 N 1 N 1

ala+b) bb+c) c(c+d) d(d+a)

>2 (Vasile Cirtoaje)

Cho a,b,c >0vaabc=1.

CMR 1+a+ab+ 1+b+bc N l+c+ca >2 (VMF)

b+ac+2 c+ba+2 a+chb+2 4

o Nhin vao hoan vi cua bai toan thi cr dat a = i,b = Z,c _Z
y z X
2 . +yz+ 9
Do doé bdt can ching minh tuong duong Z% > 2
y+z

1 N 1 N 1 S 9
(x+y) (y+z)* (z+x)  4(xy+yz+zx)
Bai toan (*) 1a bai toan ndi tiéng va quen thudc,sau diy minh dua ra hai cach lam va mot
cach 1am khac s& dugc noi ¢ bai 57 phan VII
Céch 1:
o Khong mét tinh tong quat gia st z> y > x

(Iran 1996)  (*)



NTP Doi bién tir gia thiét va tao ra

yv+z=2a x=b+c—-a
bat{z+x=2b < <{y=c+a—-b= a,b,cla dj dai ba canh cua tam giac
x+y=2c z=a+b-c
Vizzy>2x=az2b>c
1 9

Dodc')bdtcénchl'mgminh<:>i2+iz+—22 —
a- b” ¢ 2ab+bc+ca)—-a —b"—c

2 1
<~ — a—b220
Z(ab cz)( )
2 1 2 1 2 1

DétS =_——,S =___’SC=___
T be @ ca B ab ¢

Viazbzcnén §,20 va a<b+c<2b=S,20
Theo tiéu chuan 4 ctiia phuong phap SOS thi ta chimg minh
b’S. +c*S, >0 b’ +¢’ > abe

Tacod abc < (b+c)bc<b’ +¢’

Do d6 bdt dugc chung minh

Céch 2:

o Khong mat tinh tong quat gid st x>y >z

Ta chimg minh ~+ : ~+ ! > 2 2 + 1 6]
(x+y) (+z) (z+x) ((x+2)(y+z) 4xy
1 1 2 1 1

(12 x+2) (x+2)y+2) = 4y (x+ )

(=9 (-
(x+ 2)2(y + Z)2 B 4xy(x + y)2

biéu nay <

Matacd (x—y) 20,(x+ )" > (x+2)*,4xy >4y* > (y+z)* do d6 (1) duoc chimg minh

do d6 ta can ching minh (xy + yz + zx) 2 + 1 > ?
(x+z2)(y+z) 4xy| 4

2
Ma 2(xy+yz+zx):2_ 2z Vi xy+yz+zx:l+z(x+y)
(x+2)(y+2) (x+z)(y+2) 4xy 4 4xy

z(x+y) S 27°

dxy  (x+2)(y+2)
Di’éu nay ludn dang theo cauchy nén bdt dugc ching minh

Dau bang xay rakhi a=b=c=1

> Nhan xét:tiéu chuan 4 cua phuong phap st dung SOS 1a

Néu a>b>c(hoica<h<c),S,>0,S,>0va b’S +cS, >0 thitaco

S=S(b-c)+S,(c—a) +5.(a—b)’> >0

Do d6 bdt can chirng minh < S (x+y)(x+z)(y+z)=8xyz



NTP Do6i bién tir gia thict va tao ra

2
a—=c¢

bj +5.128.(b-c)’ +(a—b)2[Sb(%j +5.]

S=5 (b-c) +(a— b)z[Sb[

2
=S.(b—c) +[b>S. +c25b][a7_bj >0

T8> 2 Veias<h<cthi —2>Z dods ()P =)
a-b b b—a b a-b b

Mot bai toan mo rong cua (*) va cting st dung ti€u chuan 4 nhu trén la

(voi a > b >c thi

. 1
Cho x,y,z > 0thdéa min{x,y,z} > Zmax{x,y,z}

2
CMR (xy+ yz+ zx)[ ! =+ ! ~+ ! 2]_2+i X-y
x+y)y (y+z)° (z+Xx) 4 16 x+y

Cho x,y,z,t >0 théa xyzt =1
1 1 1 1 4

CMR -+ -+ -+ > 2
I+x+xy)° (A+y+yz)" (A+z+zt)" (A+t+tx)° 9

Hinh thtrc nhu vy ta cha ¢6 huéng gi thi cir datan x=—,y =

a
b b ,
Do dé ta can ching minh
b’c’ cd’ a’*d’ a’b’ 4
2 + 2 + 2 + 2 2
(bc+ab+ac)” (cd+bd+cb)” (ad+ac+cd) (ab+bd+ad)” 9
Luc nay thi & mau thi cic dai luong tao ra thém nhiéu bién do d6 ta dt

2

5 a
do d6 ta can chirng minh Z—
oe (a+b+ )’

o Bai toan (*) v6i cach chimg minh dudi day 1a duoc lay tir cudn “sir dung cauchy-
schwarz dé chirng minh bdt”

> g (Pham Kim Hung) ()

444 ey
Taco VT[D a(a+b+c)l 2((13 +b3 +¢3 +d3j

4 4 4 4

3
Do d6 ta can chtng minh 9(a3 +b3+c3 + d3J > 4[Za(a +b+0o)]

4 4 4 4

S Yad+b+cd +d3) 2 4[(a+c)’ +(b+d) +(a+o)b+d)

4 4
4 4 = 4 4 =
Mataco a’ +b° zz(“?T va b? +d> zz(b;dj3

-10 -



NTP Do6i bién tir gia thict va tao ra

3

Do d6 ta cAn chimg minh 18 (“;Cj +(b+dj3 S[a+e) +(b+d) +(a+c)b+d)]

Pt m:(a+cj
2

Pat 1 ="+ "L >2 thi ta cAn chimg minh 9(z2 - 2)* > 8(¢* — 3¢ + 1)

nom
S (=2t +48 +6£° =8t —20)>0
Diéu nay ludn ding do d6 bdt duoc ching minh
> Nhan xét:bdt holder 1a mdt bdt hay trong viéc chirng minh céc bdt c6 can hay nhiing
dang kha “40” va ciing cAn mdt su trau bo trong khi str dung bdt nay nén khi str dung bdt
holder moi ngudi nhé 1am ki ting budce vi néu lam sai & dau d6 thi s& rat nan khi lam tiép

[FSREN
IS

W | —

= (b ; dT thi ta can chimg minh 9(m* + n*)’ > 8(m°+ n® + m’n’)?

A qua trén 1a nhimng bai toan d6i bién tir abc =1 va sau day 1a vai bai ta di bién dé tao ra
abc =1 va lam don gian bai todn hon

Cho a,b,c 143 sb duong

3 3 3
a b c
CMR 3 T+ T+ 321
a +abc+b> b +abc+c ¢ +abc+a

Hinh thtrc nhu thé nay thi ta nghi dén thém ca tir voi miu a 1di sir dung cauchy-schwarz
nhung lam nhu thé lai khong ra duogc gi ca
o Vay ta nghi dén hudng tiép theo chinh la d6i bién nhung doi nhu thé nao van chua bict

; 1 1 1
thi cr lam mat twr da V7T = — +— o
bc ¢ ca a’  ab
—+t—5+l S+ +1 S+ +1
a  a b b c c

b
Hinh thire nhu vay thi dit x ==, y :f,z =Sz =1
a c b
Do d6 ta can chirng minh Z >2le z
a4+ 541 e
y
2
z vz S (yz+zx+xp) 1

SXP+yz+ox Z:yz(x2 + yz + 2x)
cyc

Do do6 bdt dugc chirng minh

>l ) ————21

X +x’z+1 Lycx +yz+zx

A N ) . . a b . , .
Dau bang xay ra khi a =b =c hoac Z—>+oc,——>+oc va cac hoén vi
c

Cho a,b,c 1a 3 s6 duong

2 2 2
CMR\/2 4 2+\/2 b 2+\/2 ¢ 221
a +7ab+b b"+7bc+c ¢ +7ca+a

-11 -



NTP Do6i bién tir gia thict va tao ra

Hinh thtrc kha gidng bai trén bai ¢6 su lap lai ¢® ¢ mau
b c a

oPbat x=—,y=—z=—=>xz=1
a b c

1

Z:\/x2+7x+1

Céch 1: (theo cudn “Nhitng vién kim cuong trong bdt Toan hoc™)

Do d6 ta can chtrng minh >1 dén day ta co hai cach lam nhu sau

n2p2 p2m2 m2n2
obat x=——-,y="——,z=—7—(v6i m,n,p>0)
m n
\ m4
Do d6 ta can chimg minh z >1
8 4 2 2 4 _ 4
\/m +7Tm'n"p +n'p
2
4
Ta co Z e - - [Z:m(mg+7m4nzpz+n4p4)}2(m3+n3+p3)3

\/m8 +Tm'*n’p* +n'p
Nén ta can ching minh (m* +n° + p*)’ > Z:m(m8 +7m*n’*p* +n'p*)
& Z:(Smén3 +2m’n’p’ = Tm’n’ p*) + Z(m6n3 ~m*n*p)>0
cyc cyc
Diéu nay ludn dung theo cauchy nén bdt dugc chirng minh
Céch 2: (theo cuon “Veé dep bdt trong céac ki thi Olimpic Toan hoc”)

1 1
>
i +7x+1 x+dx+1

1

1
Do do >
Z:\/x2+7x+1 Z:)€+ x+1

1
Ta di ching minh » ————
8 Z"x+ x+1

o Taco (chtrng minh bang bién d6i twong duwong)

>1 ma diéu nay luén ding theo bai 5 nén bdt duoc chimg
minh

Dau bang xay ra khi a =b = ¢ hoic % >+ oc,é — + oc va céac hoan vi

c
> Nhan xét:viée st dung holder & cach 1 kha tu nhién do vi¢c chira can nhung can su “triu
b0”,con & cach 2 thi do thay sy ddc 14p & mbi phan thirc cia cac bién va diéu kién xyz =1
nén ta “di hét duoc ching dudng” bang cach st dung bdt Vasile .Sau day 14 hai bai toan
déu c6 thé st dung ca 2 cach(nhung ¢ cach 2 can thém ki thuét chon hé sé) va mot bai toan
téng quat cta bai toan trén
Cho a,b,c 143 sb thuc duong

2 2 2
l,CMR\/z a 2+\/2 b 2+\/2 ¢ _>1
a”+6ab+2b b +6bc+2c ¢ +6ca+2a

2 2 2
2,CMR\/ — 2+\/ _ b 2+\/ — <1
4a° +ab+4b 4b° + bc+4c d¢” +ca+4da
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NTP Doi bien tir gia thiét va tao ra

a’ \/ b* \/ c’ ) 3 )
3,CMR + + > mins 1, vol k> -2
\,/az+kab+b2 b> +kbc+c? ¢t +kea+a’ Nk+2

Cho x,y,z e [%;3}

Tim GTNN cia P=— +—¥ 4
X+y y+z z+x

z

Dang hoan vi nhu thé nay thi tu tudng 1a ctr dat an

z
o Nhu hai cautrenlammattu’vatadat a—y b=—,c :—:abc—l

X y z
1 1 1
+

Do do P= +
l+a 1+b 1+c

1

1
l+a " 1+b 1+\/_
a>-1,b>—-1,ab>1 (bdt bién d6i trong duong 1a dugc xin danh cho ban doc)
Dé sir dung bdt trén ta gia st ¢ =min{a,b,c} = ab>1,c¢<1
_ ! 1 2 2e
I+a 1+b 1+J_ Je+1

V6i gia thiét va hinh thirc nhu trén ta lién tuong dén bdt Vi

>

Tacod c=

N
W |w | —

1
9

Do d6 tatim GTNN caa P = \/— LVmce{; 1}

\/_+1 1+c¢

) 7
Téi1 day xét ham 1a dugc f(c) > f(g) = 3
Nhung 1 hoc sinh 16p 10 thi chua biét dao ham va co6 biét thi ciing khong duoc dung trong
cac ki thi hoc sinh gioi ¢ 16p 10 nén ta c6 danh gia sau
Thuong thi cac bdt dang c6 di¢u kién thi dau bang xdy ra ¢ bién

Ta thay f(— )—%<§:f(l) nén ta chung minh

e 1 BVe -De-2e+2)

_>_

\/_+1 c+1 5 5(\/;4‘1)(0"‘1)

Diéu nay ludn ding voi ¢ e {é,l} dodo P> g

S } 1 .
Dau bang xay ra khi x = E,y =1,z =3 va cac hoan vi
> Nhan xét:viée chia va dit 4n tao sy d6i xtng 1a mot phuong phép hay dung va sau dy 1a
mot bai todn kha giong bai trén 1a
Cho a,b,c 1a 3 s6 thuc duong
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NTP Do6i bién tir gia thict va tao ra

a Y p Y c Y 3
CMR( j +( j +[ j Zg (TST Vietnam 2005)

a+b b+c c+a
Cho x,y,z>0
343 3 4.3 3.4 3
TimGTINcia 7T=——>>% Y2 * .,  2YV
(" +y)xy+z7) (+z)z+xT) (2 X)X+ )
(VMO 2014)
o Hinh thirc hoan vi nhu thé nay thi ta dat azi,bzz,c:izabc=l
y z X
1
Dodo T =
Z“(1+a4)(b+c)3

Va sau day minh xin dua ra hai cach gidi nhu sau
Céch 1(Gido su Nguyen Tién Diing)

1
o Taco 1+a42§(l+a)4

Matacé (1+a)(b+c)> (b +acy = +bb)2 S 2(1# b)

Tuongtutacod (1+a)b+c)2 2(+¢)

C
Ma b+c22Jbc = (1+a B +c) = (1+a) 1 +b)1+c)
Do d6 ta can chirng minh z ! <3

(I+a)’(1+b)1+c) 16
<163+2) a+Y ab)<3(2+) a+ Y ab)’
Taco 163+2) a+ Y ab)<32(D a+ Y ab)
Do d6 ta can chtng minh 32(2(1 + Zab) <32+ Za + Z:ab)2
biat ¢t = Za + Zab > 6 thi ta can chirng minh 32¢ <3(2 +¢)°
<& @Bt-2)(t-6)=>0
Bdt luén ding nén c6 dugc dpcm
Céch 2:cach nay la minh hoc dugc & VMF
8 16

o Taco (b+c) =8bc/be = > = 16T<Y —
aNa a +a a +1

2
a +a

a2+a< 3(a+1)
at+1 2a’ +a+1)

3 a+1
=16T<— ———
2za2+a+1

Ma ta c6 (cai nay bién déi twong duong 1a duoc)
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NTP Dbi bién

Loy ——r

Ta ching minh Z

a+a+1 a+a+l

Va day chinh la bdt dugc chung minh ¢ bai 5
Do dé ta co6 dugce dpecm
Dau bang xay rakhi x=y =z

Xy z

11/ Péi bién (a,b,¢) —>(l ! lj

Cho a,b,c >0 thoa man abc =1

CMR — 4! L 53 (1Mo 1995)

a’(b+c) b3(c+a) c(a+b) 2

0 Ta thidy & miu co 1 dai lugng 1a mii 3 va diéu d6 lam ta kho chiu nén ta tim cach dé dai
1 1 1

luong d6 & tir bang cach dit a=—,b=—,c=—= xyz =1
X y z

x> 3

>

Do d6 ta cAn chirng minh
8 Z y+z 2

x’ (x+y+z) x+y+z>§
y+z 2(x+y+z) 2 2
Dau bang xéy rakhi a=b=c=1 o q
> Nhan xét:nhiing bai todn tong quat cho bai nay la rat nhiéu va minh dua ra hai dang tong
quat nhu sau
Cho a,b,c >0 théa man abc =1 va n nguyén duong
1 1

n+l

+
(y+Z) YVi(z+x) 2 (x+y)
1 N 1 N 1
x\/’?(yﬁ + zﬁ) y“/"—g(zﬁJr xﬁ) z\/”—}(xﬁ +yﬁ)

Diéu nay luén ding do z

1,Tim GTNN cua

n+1 n+l

2, Tim GTNN

Cho x,y,z duong théa abc =1

CMR —% 42 € < (Baltic Way 2005)

a+2 b+2 F+2

o Hinh thirc thé nay ta nghi dén cauchy ¢ miu giita @’ voi 1 nhung néu vay thi chang lam

duoc gi sau nay do do dé su dung @’ véi 1 nén ta dit a :l,b:l,c:l:xyz =1
X y z
\ X
Do d6 ta can chimg minh <1
8 Z:2)c2+l
X X 1
Ma < =
Z:2xz+l Z:x2+2x Z)c+2
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NTP Dbi bién

Nén ta can ching minh z <lexy+yz+zx23
X

Piéu nay lu6n ding theo cauchy do d6 bdt dugc chimg minh
Dau bang xdyrakhi a=b=c=1

Cho a,b,c > 0thoa a’b*> +b*c* +c’a’ > a’b*c’
a’b’ b*c? c’a’
Tim GTNN cua A= ————-+—5—5—-+—5—5 - (Boxmath)
c(a+b’) ab +c) b(c+a)

<9 <A A N v . \ r 1 1
0 Dang gia thi€t nhu thé nay thi cu chia va ta c6 — + e +—21
a c
3

1 1 1
bat x=— ,y—b :—:>x +y*+z°>1dodd A= Z

y + Z
Va mét cach rat tu nhlen nhin thay biéu thirc nhu véy thi ta nhan x vao va st dung cauchy-

2 2 2N\2
X +y 4z
schwarz :>A>u

B Zx(y +2z%)
Mataco x(y* +2°) = \/_\/2)6 OV +z2)+27) < \/_(x +Y 42X+ Y+ 2

=42 7 (Y4 ) =§«/x2+y2+222?
3.293(x2 +Y 42N+ Y+ 2

Déu bang xay ra khi a=b=c=+3

Cho a,b,c 143 sb thuc duong
1 1 1 3 \
CMR + + > (B¢ nghi Olimpic 30-4 2011)
aa+b bJb+c cJe+a ~2abe 8 P

May dang dé ma c6 an c4 hai vé thi ta thuong dua cac an vé hét mot bén

Jbe Jea Jab 3

Bdt can chimg minh < + + >

\/a2+ab \/b2+bc \/cz+ca _ﬁ

o Pén diy nhu mot kinh nghiém kho giai thich thi minh dit a =

b=

1 1 1
—_ _,c:_
X y z

Bdt can chting minh < Z

S N BPEN) . S *)
S xztyz 2 SN2z x+y 2

2(x+y+z)
VT. =2
© Z:erer2z Zx +3ny
(x+y+z)

Ta chiing minh c>x +y 42> xy+yz+ox

Zx +3ny 2
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NTP Dbi bién

Piéu nay ludn ding nén ta co dpcm
Dau bang xdy rakhi a=b=c
. 1 1 1 ) :
> Nhan xét:viéc dat a =—,b =—,c =— khong phai 1a y tuong cao siéu gi,ma chi la dat
x y z
mot hdi khong biét dat gi nén minh dat nhu vay, 1 bai todn voi cach giai tuong ty nhu sau
Cho a,b,c 1a 3 s6 thuc duong
1 1 1 3

CMR + + >
a\/3a +2b b\/3b +2c c\/3c +2a \/Sabc

Cho x,y,z1a3 s6 thue duong

2
MR | (yz =, xyj +[ 02(x+y+z) } >2 (D& nghi Olimpic 30/4 2012)

3\ x? y2 z x’y: + 9’2" + 27X

O bai nhu thé nay thi ta thuong danh gia miy cai tong phan thirc trude nén ta tim cach danh
yz xy

gid — + >+ =5
¥y z

nén ta nghi dén viéc do6i bién deé tao ra cac dai lugng bac 2 ¢ tu

1 1 1 2 2 2 2
I:IDOd(’)tadatx:_,y:_,Z:_nénbdt®l a_+b_+c_ +(alz+bf+c§lj >9
a b c 3\ bc ca ab a +b +c

2 2 2

Do do6 gio ta danh gia e +—+ Py va nhu cac bai trude thi dang thé nay ta st dung
c ca a

Viéc & mau co dai luong x*,y*,z°16n hon céi dai luong & tir 1a yz, zx, xy

cauchy-schwarz

l(a_erb_erc j (a* +b*> + %) (a2+b2+czj2

3\bc ca ab) 3dabc(a+b+c) \ab+bc+ca
2 2 2\2 5
Do d6 ta can chtng minh a+b +c +(alz+bf+czzj -
ab+bc+ca a +b +c

Va diéu nay ludn dung theo cauchy do d6 bdt dugc chimg minh
Dau bang xay rakhi x=y =z

Cho a,b,c,d >0théa /5 min{a,b,c,d} > max{a,b,c,d}
1 1 1 L 64

CMR —; +— +— +— > 5
Sa—bcd 5b°—cda 5c¢’—dab 5d° —abc (a+b+c+d)

Nhin hinh thirc thé nay thi nghi ngay dén st dung cauchy-schwarz nhung dé thé nay s&

1 2

L)

5a° —bcd abcd'i (1)3
bed

khong lam an duoc, ta thdy thi ¢6 thé sir dung cauchy-

a
schwarz
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NTP Dbi bién

1 1 1 1
O DO d(,) dét a=—,b:—,c=_,d i
X y z t
2 2.2 2.2
N . 4
Nén ta can chung minh z X -2 64x"y z°t :
Syzt —=x° (xyz + yzt + zix + txy)

Vi 5yzt —x> > 0,5ztx — y° > 0,5txy —z° > 0,5xyz — £ >0 nén
x’ (x+y+z+1) (x+y+z+1)
IR 2
Syzt —x 52 yzt — Zx 4(xyz+ yzt+ ztx+ txy)
Do d6 ta can ching minh (x + y + z +1)*(xyz + yzt + zix + txy)* > 256x°y* 2%

Piéu nay ludn ding theo cauchy nén bdt dugc chimg minh
Dau bang xay rakhi a=b=c=d

Cho céc s duong a,b,c,d .CMR
abc abd acd bed

(a+d)b+d)c+d) i (a+c)b+c)b+d) " (a+b)(c+b)d+Db) " (b+a)c+a)d+a)

o Bai nay hinh thirc rit dep nhung ciing rit “choang” boi c6 t6i 4 bién va dai luong 6 tir
) x 1 1 1 1
duong nhu nho hon céc dai lugng 6 mau do d6 dat a=—,b=—,c=—,d =;
X v z
5 X 1
Nén ta can chung minh Z >—
(x+y)(x+2)(x+1t) 2
Va hinh thirc nhu thé nay thi ¢ ding cauchy-schwarz nén ta can ching minh
2+ y 22+ 15 2 ) x(x+ y)(x +z)(x +1) va tir ddy cln sy “trau bo”
& 2(Z:x2)2 > Zx4 + Z(x3y +Y’z4+2x)+ Zx.nyz

cye

1 .
Matacod X’y +y’z+z2x< g(x2 +y>+2%)’ (duoc chung minh & bai 8)
Do d¢ ta can chimg minh 2()_x%)* > > x* +§Z(x2 +y 428+ xD
4
& EZ:(xzy2 + 2% + 2°x%) = (X+ y+ 2+ t)(Xyz+ yzt+ ZXt+ tXy) (*)

1
Taco V1., 2 nyz(x +y+2) +§Z(x2y2 +y 2+ 2°xY) 2 2xyz(x +y+z)+4xyzt

=(x+y+z+1t)xyz+ yzt + zxt + txy) = VP
Do do6 bdt dugc chirng minh
Dau bang xayrakhi a=b=c=d

Cho x,y,z,t 1a4 s6 thuc duong
CMR (x+y)(x+z2)(x+t)(y+2)(y+t)z+t)=>dxyzt(x+y+z+ t)2

Bai nay nhin “chodng” khong khéc gi bai trén
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NTP Dbi bién

o Viée & VT ¢o hai dai luong xyzt va (x+ y + z +£)* nén ta nghi toi viéc 1am cach bién

. N . ) 1 1 1 1
doi dé n6 dong nhat cung vao 1 cai ngodc do do ta dat x=—,y=Z,z =—,t=3 do do ta
a c

can chimg minh

(a+b)a+c)a+d)b+c)b+d)(c+d)>4(abe+ abd+ acd+ bed)®

Céch giai day “do di¢u” tur cac dang thuc sau la cua thay Vo Qudc Ba Can

Ta c6 (abc + abd + acd + bed)? = (\/E.b@ +bd .axJbd +ad c\ad + \/E.d\/ﬁ)
<(ac+bd + ad + bc)(ab’c + a’bd + ac*d + bed?)
=(a+b)(c+d) ab*c+ab’d +ac’d + bcd?)

Tuong tu (abc + abd + acd + bed)’ < (bc + ad + ac + bd)(a’be + ab’d + acd’ + bc*d)

=(a+b)c+d)a’bc+ab’d + acd® + bc*d)
Do d6 2(abc + abd + acd + bed)* < (a+b)*(c +d)*(ab + cd)
Tuong tu ta c6 2(abc + abd + acd +bed)* < (a+c)*(b+d)*(ac +bd)

2(abc + abd + acd + bed)* < (a+d)* (b +c)*(ad + bc)
Do do
8(abc + abd + acd + bcd)° < (a+b)*(a+c)’(a+d)’(b+c)’ (b+d)(c+d) (ab + cd)(ac +bd)(ad + bc)
Nén ta can chimg minh
(a+b)(a+c)a+d)(b+c)b+d)(c+d)>8(ab+ cd)(ac+ bd)(ad+ be) (*)
Ma ta cé 4(ab +cd)(ac+bd) < (ab+cd + ac+bd) =(a+d)*(b+c)’
Tuong tu ta c6 4(ac +bd)(ad +bc) < (a+b)*(c+d)’

4(ab +cd)(ad +bc) < (a+c)(b+d)’
= 4 (ab + cd)*(ac + bd)*(ad +bc)* < (a+b) (a+c)(a+d) ' (b+c) ' (b+d)(c+d)
Do dc')‘(*) duogc chirng minh
Dau bang xdyrakhi x=y=z=¢

Cho x,y,z>0 CMR
x3(y2 + 22)2 + y3(z2 + xz)2 + 23(x2 + yz)2 > xyz[xy(x+ y)2 +yz(y + Z)2 +zx(z + x)z]
(Zarathustra Brady,USA 2009)

0 Bdt nay thi khé khin dau tién ciia né chinh 1a bac cao nén ta giam bac bang cach dat
T : .

X=—y=_.z== nén ta can chimg minh ) a(b* +¢*)* 2> a’(b+c)’ %)
a c

(*) c6 hai cach chirng minh sau

Céch 1:

o Taco D a(b®+c*) =D a’(b+c)’ =) a(b—c)’(b+c—a)’ 20
Do do6 bdt dugc chirng minh

Céch 2:

o Taco Z:a(b2 +c?)’ —Z:cz3(l7+c)2 =Z[a4(b+c)+a2bc(b+c)—a3(b+c)2]
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NTP Dbi bién

=Y. a’ (b+c)a-b)a—c)
cyc

Khong mat tinh tong quat gia sir a >b > ¢
a*(b+c)a—-b)a-c)+b*(c+a)b—c)b-a)+c’(a+b)c—a)c—b)
>b*(c+a)a—-b)a—c)+b*(c+a)b—-c)b-a)
=b*(c+a)a-b)[(a—c)—(b—c)]=b*(c+a)a—-b)*>0
Do d6 bdt dugc ching minh
Dau bang xdy rakhi x=y =z
> Nhan xét:¢ cach lam 1 thi viéc phan tich ra thanh nhan tr nhu vay 1a kho thiy nhung néu
tinh y thi s€ nhan ra,con ¢ cach lam 2 thi sy “trau bo khi nhan ra va nhom lai voi nhan tu
b+ ¢ dém dén thanh cong khi sau khi ghép dugc dang hoan vi va ta lién tudng dén chung
minh schur va thanh cong trong viéc ching minh

Cho 3 sb thuc duong a,b,c

MR __4Fb  b+c c+a (1+1+1j
a b+b\/g b\/z+c\/g c a—i—a«/_ c

(D¢ thi chon hoc sinh gi6i truong chuyén Lé Quy Pon-Binh Dinh 2014-2015)

1
C

O T iR A da A . 5 1 1
o Viéc & veé trai _+Z+_ ta thay dé vay thém “phién” nén ta dit x=—, y =Z’
a c a

Do d6 ta can chtrng minh z >3(x+y+2)
\/§+\/_

Chuan hda x + y+z =3 nén ta can chimg minh > *
y gminh Y~ [ [ (*)
2 cach giai ching minh (*) sau dy 1a tir cudn”sir dung phuong phap cauchy-chwarz dé
ching minh bdt”
Céch 1:

(\/x+y+\/y+z+x/z+x)2
“= 2(\/;+\/;+\/2)
Ta can chimg minh (\/x+y+\/y+z+\/z+x)226(\/;+\/;+\/2)
(\/x+y+\/y+z+\/z+x)2=2(x+y+z)+22m
>2(x+y+2)+2) (x+4/yz)
=3(x+y+2)+(Wx+y +V2) =9+ (x +y +Vz)?

Do d6 ta chi can chimg minh 9+(\/;+\/;+ z) >6(\/;+\/;+\/_)
Va diéu nay ludn dang theo cauchy nén bdt dugc chimg minh

Céch 2:

o Khong mét tinh tong quat gia st x> y >z
xty _Nrey  Gr-y)

N EFN R T T PN

o Taco VT,

Ta cé
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NTP IMO 2008,China 2004 va cac bai toan lién quan

Nén bdt can ch&ngminh@&+\/;+&+z;/_j;_—%z3
L A (At ) R O R E R QL ReE) W C LS O

2Wx+4[y) 4(x +y +z) Vx+Jy ++/z
Ma (fy —V0)y -V2)<0

= (R 2 (=B~ - 2 DGy )

9—(Wx +4/y +z)
+z+ 2(\/;+\/;+\/;) >3

M

Do d6 ta can chiing minh Jx o+ \/;

Vx+4Jy +4z 9
& 5 +2(\/;+\/;+\/;)23

Diéu nay ludn ding theo cauchy nén bdt dugc chimg minh

Déu bang xayrakhi a=b=c

> Nhan xét:mot 1an nita viée ddi bién cho ta duoc bai toan quen thudc hay nhiing bai toan
ma ta dd doc hay 1am va minh két thac phan II & day

III/IMO 2008,China 2004 va cac bai toan lién quan ,
A Bdt IMO 2008 1a mét bai toan nhiéu cach giai va c6 nhi€u bai toan kha giong dang cua
bai toan nay va thuong giai nhiing bai toan kiu nay bang cach dat nguyén cai trong binh
phuong doé 1a an
2 2 2

al -+ J -+ z ~21
(x=-D" (v=1" (z=-D
i1)CMR dang thue dat duoc tai vo s6 bd (x, y,z) trong do ca ba so déu 1a so hiru ti

1)Cho x,y,z#1va xyz=1.CMR

(IMO 2008)
Nhu nhitng y tuéng & phan I ta dua dén hai cach giai sau cho phan i
Céch 1:
2 2 2
1)o bat )C:E,yzé,z:E thi ta can ching minh a ~+ b =+ ¢ -1
b c a (a=b)y (b—c) (c—a)

Ta co {z (afb)z}[z(a —b)z(a—c)2] z[Za(a—c)]z :(zaz _Zab)z
Ma Y (a=b)(a—c)* =) (a=b)(a—c)* +2) (a—b)a—c).(b—c)(b-a)
= [Z(a —b)(a —c)]2 = (Z:a2 —Z:ab)2

Do do6 bdt dugc chirng minh
a b c

a-b _ b—c _ c—a

(a—b)a—c) (b-c)b—a) (c—a)c—b)

i1)o Dau bang xay ra <
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NTP IMO 2008,China 2004 va cac bai toan lién quan

a b c
<:> = =
(a—b)z(a—c) (b—c)z(b—a) (c—a)Z(c—b)
<:>2+£+£=3<:>l+l+1:3
a b c X y z

n n+1
2 ﬁ_n(n + 1)7 - 2
(n+1) n
Do d6 ta tim duoc ddu bﬁng xdy ra voi vo 6 bod (x,y,z) trong d6 ca ba s6 déu 1a sd hiru ti
Céach 2:

Do d6 ta chon (x,y,z) = ( j v6i n 13 s6 hitu ti tay y

a’ b’ c’
o Patx=—,y=—,z2=—
bc ca ab
4 4 4
Bdt can minh twong duong > =+ 2b = +— ¢ =2
(a—=bc)y” (b°—ca)” (c” —ab)
2 2 2N\2
Ta cb Z (a +b"+c¢7)

bc) Z(a —bc)’
Ta can chu’ng minh (a* +b° +¢*)* 2> (a® —bc)* < (ab+bc+ca)’ 20
Diéu nay ludn ding nén bdt Ch;qc chirng minh ‘ q
Tu xyz =1 thi ta li€n tudng dén nhitng cach suy nghi nhu phan I va sau day la cach dat an
hay va xung quanh né 14 nhiéu bai toan lién quan voi hinh thirc kha gidng va cac bai toan
mod rong
Céch 3:
o bat a= al ,b= J ,C= Z x=_2¢ V= b ,Z = z

x—1 y—1 z—1 a-1 b—-1 z—1

Taco xyz=1=abc=(a-1)b-1)c-1)<=>a+b+c—ab—-bc—ca=1
Ta can chimg minh
a+b+ct2lea +b+c>22a+b+c—ab—bc—ca)-1< (a+b+c—1)°>0
Diéu nay ludn ding nén bdt dugc ching minh ’
> Nhan xét:mot péi todn tuy nhin kha khac nhung cach giai hoan toan giong cach 3 ¢ trén
Cho a,b,cla 3 s6 thuc thoa abc =1

at3 b+3 c+3 ﬂ (Nguyén Dinh Thi)

+ +
(a=1)* (-1 (c-17* 16

Véi a,b,c,k1a cac so thuc

2 2 2 E ‘ ,
CMR( a j +( b j +( ¢ ] s 20=K)abe o1 (Trin Quée Anh)
a—kb) \b-ke) \c—ka) (a-kb)(b-ke)c—ka)

- a b c
o bat x= , V= ,Z =
a—kb b—ke c—ka

Taco (1-x)(1-y)1-z2)=—k’xyz & (1 -k xyz=1-x—y—z+xy+ yz + 2x

Tacd x>+ Y’ + 22 +2(1-k)xyz=(x+y+z—-1)> +1>1
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NTP IMO 2008,China 2004 va cac bai toan lién quan

Do d6 ¢6 diéu phai chirng minh
> Nhan xét:v6i k =1 thi chinh la ¢ cach 1 cua bai IMO 2008 va voéi cach dat hét trong binh
phuong da dem dén thanh cong

V61 a,b,c d61 mot khac nhau

2 2 2
CMR( a j+( b j+( ¢ jZZ(DéoHéiLong)
b-c c—a a-b

- a b c
o bat x= , V= ,Z =
b-c c—a a-b

Taco (x+D)(y+Dz+D)=(x-D(y-Dz-) < xy+yz+zx=-1

Taco (x+y+2) 20X+’ +2° > 2(xy+ yz+2x) =2

Do d6 bdt dugc chirng minh

> Nhan xét:1_bai toan tong quat va 1 bai toan chdt hon cia bai todn trén nhu sau
Cho cac so thuc a,b,c d6i mot khac nhau

o a+kY (b+kY (c+kY N
1,Véi k 1a s6 thuc bat ki. CMR + + > 2 (Tran Qudc Anh)

b-c c—a a-—
2
a 3 (a+b+c) Y S
2, >—. —1 (V0 Quédc Ba Can
Z(b—c} 4 a* +b*+c*—ab—bc—ca (V6 Q )

Cho a,b,c d61 mot khac nhau

+6Y (b+cY +aY
CMR(G j{ j +(0 j 22

a-b b—c c—a
a+b b+c c+a

9y= aZ:
a-b b—-c c—a
Taco (x+D)(y+Dz+)=(x-D(y-Dz-) < xy+yz+zx=-1
Taco (x+y+2) 20X+ +2° > 2(xy+ yz+2x) =2
Do do6 bdt dugc chirng minh

Dau bang xay ra khi
a+b b+c b+c c+a+c+a a+b

o bat x=

=-1< (a+D)(b+c)c+a)=8abc

a-bb-c b-cc—a c—a a-b o
> Nhan xét:tir cac ’béi toan trén sau khi bién doi ta c6 dugc cac bdt sau
Cho a,b,c 1a ba so0 thyuc phan biét khac nhau

ab -+ be ~+ @ > 2_—1 (Pao Hai Long)
(a=-b)y (b—c) (c—a) 4

1 1 1 9

2 + 2 + 2 2 2 2 2

(a=b)" (b—c) (c—a)” 2a +b +c")
a-bv -7 S-a >9

+ + >
(a—=b)Y (b-c) (c—a) 4

1)CMR

2)CMR (Pao Hai Long)

3)CMR
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NTP IMO 2008,China 2004 va cac bai toan lién quan

2 2
HV6i k=0.CMR L Rbe b Fhea perhkab 8=k pat Ouée Anh)
(b—c¢) (c—a) (a by} 4

A Bdt China 2004 12 mot bai toan kha hay bai nhiéu cach giai,mé rong va cé nhidu bai toan
sau khi bién doi s€ dugc bai todn nay

Cho a,b,c 143 sb thuc duong

CMR 1<—% b ¢ (Chma 2004)

\/c12+b2 \/b2+c \/c +a’

a
T =1
o Taco ;Ja 24 p? Z:a+b Z:a+b+c

cye
Chtrng minh vé dau kha don gian va chimg minh vé sau minh dua ra 3 cach giai nhu sau
Céch 1:

o O vé sau thi sy hoan vi lam nghi dén viéc dat nhung dat sao cho phu hgp thi ta lam mat

tir d4 ta can chimg minh ! + ! + ! < 3
b 2 . 2 4 2 \/5
1+(j 1+(j 1+(j
a b c
e AR Tt o oy e A 4 b c a
T()’ldaythlconglnuadatthm,datx=—,y=z,z=—:>xyz=l
a c
1 N N 1
\/ler2 \/ler2 \/1+Z \/—

Khong mat tinh tong quat gia sir z = max{x, y,z} = z>1Lxy <1

Do d6 ta cdn ching minh

2
, 1 1 1 1 2 2 2 4
Taco + = ~+ —+ < + _
\/1+x2 \/1+y2 I+x° 1+y /(1+x2)(1+y2) I+xy l+xy l+xp
S B S 2z X 2ZS 2
J1+ 22 \/1+y2 \/1+xy Jl+z I+z° 1+z
, , . 2z 5
Do d6 ta chimg minh 2 ) 2z =Nz +1
+z

Diéu nay ludn ding nén bdt dugc chirng minh
Ngoai cach lam v6i y tudng nhu phan [ & trén ta di dén 2 cach lam tryc ti€p sau
Pé cho dé nhin ta dit x =4,y =b*,z = ¢*nén ta can ching minh

X y \/ z 3
+ + <=
X+y y+z z+x 2

Céch 2:
’ X _A(x+y+z)(xy + yz+zx)
[; x+yJ S[Z“(ijZ)]{Z“()Hry)()wrz)}_ (x+y)(y+2)(z+x)
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NTP IMO 2008,China 2004 va cac bai toan lién quan

Do d6 ta can chting minh (x + y)(y + z)(z + x) > g(x +y+z2)(xy + yz + zx)
Diéu nay luén ding do
x+Y)y+2)z+x)=(x+y+z)(xy+ yz+2zx)— x)2 Zg(x+y+z)(xy+yz+zx)

Do d6 bdt dugc ching minh
Céch 3:
o Tacod

2x 3x(y+2) 4(xy+yz+zx)<l 3x(y+2z2) +4(xy—i-yz—i-zx)
x+y_ 2(xy+yz+zx)'3(x+y)(y+z)_2 2xy+yz+zx) 3(x+y)y+2z)

) / 2 .
Tuong tu voi Y va z cong lai ta dugc
y+z zZ+x

z 1 +8(x+y+z)(xy+yz+zx)
" x+y (x+ )y +2)(z +x) _2

Do do6 bdt duo’c chtrng minh

Dau bang xay rakhi a=b=c¢ .

> Nhan xét:bai todn mo rong cua bai todn trén 1a khé nhiéu,minh dua ra hai dang sau
1LVéi a,,a,,a,1a 3 s6 thuc duong

3

a a
R - + ~ <
n n n ”
’{/al +(12 (/az +(l3 \/613 +(ll

2Véia 2a,2a,>...2a,,, >0

n+l

a a
R L + 2 +
n n n n
’(/al +(12 Z/al +612

Cho x,y,z>0thoa xyz =1

n+l1

x+y+Z<§

CMR —; > —— <
x+3 y'+3 z+3 4

Hinh thirc thé nay ta lién tuéng dén 1 bai kha twong ty ¢ phén 11 1 bai 16 nhung cach giai
do6 khong dén thanh cong nén ta hay nghT dén cach doi bién nhu phan I

a’ b* ¢* bc ca ab

o Dbi xtmg thé nay thi dit (x,y,z) > (— — _b)’(_z’?’_z) nhung khi thay vao sé
ab” a c

2 . r \ \ A . oA < a b c
chang c6 huong lam nao rong mé nén ta dat x:E,yz—,z:—
c a

) . bc ca 3

Do d6 ta can chimg minh — ~+— -+ - <—

a +3b° b +3¢ ¢ +3a" 4

Ta c6 ab < ab 1 a’
a’+3b° 2\/(a2 Lh2p 22 \ a* + 5’
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NTP D6i bién sau khi sap xép thir tu

Nén ta can ching minh z va diéu nay ludn ding theo bai toan China 2004

e Va +b2 _\/_

nén ta cé bdt dugc chirng minh
Dau bang xayrakhi x=y=z=1
Cho x, y,z1a cac s6 duong thoa man xyz =1

! ! ! <— (Tran Qudc Anh)
(x+1) (y+z) (y+z) (Z+x) (z+x) (x+y) 8

Hinh thtrc dep mat nhung kha rdi nén ta s& 1am mét dan cac bién & mdi phan thirc lai

o Taco (x+1)° :x2 +142x 2 2\2x(x> +1),y+ 2> 2[yz
1 1
Do d6 < =
2 2 42xyz(x> +1)  42( +1)
1 1 1 3
+ + <—
\/)c2 +1 \/y2 +1 \/z2 +1
Va bdt nay dugc chimg minh ¢ cach 1 cta bai China 2004
Dau bang xdy rakhi x=y=z=1
> Nhan xét:mot lan nita ta lai thdy viéc bién dbi va rat gon da khién nhimng bai toan duong
nhu rac roi nhung lai dem dén thanh cong va sau day la 3 bai sau khi bién d6i s& duoc bai
toan bdt & China 2004 va cling la két thuc phan III
Cho a,b,c 1a 3 so thyc duong

2 2 2
1.CMR 8ab . 8bhc . 8ca <3
(a+Db) (b+c) (c+a)
2 CMR 8ab* 5 8hc? 8ca? <3
’ (a+b) (b+c) (c+a)
9 9
2\ 2 E
3,CMR —fab |+ fbc R
a +b b+ c+a

IV/ Poi bién sau khi sip xép thir tw

A Viéc doi bién sau khi sap xép thy ty 1 mot dang hay va la boi dau bang va phuong phép
giai,sau day 12 nhimg bai toan tir cudn “str dung AM-GM dé chimg minh bdt” va cac bai
toan khac minh c6 duoc,d phén nay chu yéu 1a biét duoc & hai cach dat

(x+1) (y+z)

Do d6 ta cAn ching minh

x=a-b . c C i . . n 2 e . s
b va x=a +E,y = b+5 tr d6 giup ta li€n tudéng dén cac bai toan tuong tu
y=b-c

Cho a,b,c 1a 3 sb thyc d6i mot phan biét nhau
1 1 1 27
+ + 2
(a=b) (b-c) (c—a)

CMR (a*> +b* + ¢ —ab—bc—ca){
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NTP Doi bién sau khi sap xép thu tu

Hinh thtre d6i xtng thé nay nhung sau khi bién ddi ta thiy bai toan nay khong thé ding
truc tiep bdt nao dugc do do ta nghi dén viéc giam bién
o Khong mat tinh tong quat gid st ¢ = min{a,b,c},dat a=c+x,b=c+y=x,y>0;x# y

yio(x=y)Y) 4

3

p ) 1 1 1 27
Do d6 ta can chirng minh (x2 —xy+ yz)(—2 4 J >
X

Pat r=>+2 _1>1 thi ta cAn chimg minh 227 (2t —3)(t+3)>0
y X -
Do do6 bdt dugc chirng minh

Cho a,b,c 1a 3 s6 thyc d6i mot phan biét nhau
R
(a=b) (b-c) (c—a)

CMR (a*> +b* + cz)[ } > % (Pao Hai Long)
Bai toan nay di dugc nhic dén ¢ phan III nhung ta hiy cing xem xét 10 giai thu vi sau
(a=by +(b-c) +(c—a)

3

o Taco a’> +b*+c*>

Do d6 ta can chtrng minh
1 1 1 27
[(a—b)2+(b—c)2+(c—a)2] >+ >+ = |2
(a-b)y (b—c)y (c—a) 2
Dén déy thi dugc bai trén va sau day 1a 1 cach giai khac
Khong mat tinh tong quat gid soc a > b > ¢
bat x=a-b,y=b—c dodd c—a=—-(x+y)voi x,y>0

2

3 1 1 1 2
Do d6 ta can ching minh (x2+xy+y2){—2+—+ }2—7
X

o) ] 4
3 1 1 8
Taco x> +xy+ 1’ >=(x+ )Y, —+—>
y+y 2 )5 ks
11 1 2
=@+ )| S+t > Zé(x+y)2. 2 22—7
x (x+y) ] 4 (x+y) 4

Do d6 bdt dugc chung minh

Cho a,b,c 14 3 s6 thuc d6i mot phan biét nhau
1 1 1 99
4 + 4 + 4 2 2 2 2\2 2
(a=b)* (b=0)' (c-a)' §[(a’+b +c*) +2ab+bc+ca) ]

(Tran Qubc Anh)

Hinh thtrc “40 diéu” va mot phan niao d6 twong tu cac bai trén nén ta di dén hudng lam
tuong tu bai trén
0 3[(a’+b* +C7) +2(ab+bc+ca) |=(a+b+c)' + Y (a=b)' =Y (a—b)!



NTP Doi bién sau khi sap xép thu tu

2 2
Do d6 ta can chung minh [ (a-b) ]{ s } > 27

Khong mat tinh tong quét gia sir a > b > ¢
bit x=a-b,y=b—-c dodd c—a=—(x+y)véi x,y>0

N I 1 1 2
Do d6 ta can chimg minh [x4+y4+(x+y)4} —+—+ o7
oyt e+ y)! 8
4
Tacéx4+y42M,i4+i42 32 -
8 x Yy (x+y)
1 1 1 9 ‘33 297
:>[x4+y4+(x+y)4} —+—+ e (+y) o=
x Yy (x+y) 8 (x+y) 8
Do do6 bdt dugc chirng minh

Cho x,y,z >0 d6i mot phan biét khac nhau
1 N 1 N 1
(x-y? (-2 (z-x)

CMR (xy + yz + zx){ } >4 (Tran Nam Diing, VMO 2008)

o Khong mat tinh tong quat gia st x> y > z
bit x—-y=a,y-z=b=>z—-x=—(a+b) (V61 x,y,2>0)
Tacod xy+ yz+zx > xy =(z+a+b)(z+b) > (a+ b)b

Do d6 ta can ching minh b(a + b) L+i2 ! ~ |24
a- b~ (a+b)
b(ajb)+£+ b >3
a b a+b

t—1°2>0

pit 1 =2
b

Diéu nay ludn ding do d6 bdt duoc chimg minh

Cho a,b,c>0 thbaman a+b+c=2
CMR (@’ +b*)(b* +*)(c* +a*) <2

Céch giai sau day ddy tinh a0 diéu va khong tu nhién nhung tir né ta lai hoc thém duogc vai
diéu tir phu:orng phap dit va khién ta lién tuong dén cach niy & cac bai toan khac
o Khong mat tinh tong quét gia stt ¢ = min{a,b,c}

2 2 2 2
Dodo B2+ <| b+ i+ <|la+S| . d2+p*<|a+S] +|p+E
2 2 2 2

T&i day thi dat an phu qua 16 rang,dat x:a+§,y:b+§:>x+y:2

Do d6 ta cdn ching minh x*y*(x* + y*) <2
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NTP Doi bién sau khi sap xép thu tu

2 2 2N\2
Ta co xzyz(x2+y2):%xy_2xy(x2 +y2)S%.(x-;y) .(2?0/"‘); +Y)

Do do6 bdt dugc chirng minh
Dau bang xay rakhi a =b=1,c =0 va cac hoan vi

Cho a,b,c >0thoa ab+ bc+ca >0

CMR1+1+1>10

b*+c* +a> at+b* (a+b+c)

Viéc xuét hién b* + ¢*,¢* +a*,a* + b*,a + b+ ¢ va ddu bang xay ra khi hai cai bang nhau
va mot cai bang 0 1am ta lién twong dén bai trén

o Gia st ¢ = min{a,b,c} ,dat x=a+§,y=b+%

Taco a’+c* <x* b +c* <y, a° +b* +c* <x* +y°
. A , . 1 1 1 10
Do d6 ta can ching minh —+—+——-52 >
Xy x+y (x+y)
3(x* +y? 24y’ 1 10
JREE: y)+(x v,

>

4x’y* 4x’y* X +y' ) (x+y)

2 2 2 2 1 1 4
Ma SV 6, 6y, 1T -

4x7y 4xy  (x+y) 4x7y X +y xy (x+y)
Do do6 bdt dugc chirng minh
Dau bang xay ra khi a = b,c =0 va céc hoan vi

Cho a,b,c > 0thoa ab+ bc+ca >0
CMR —— 41 1 1 >_ 32 — (V3 Qudc B4 Cén)

b*+c* +a’ at+b A +b+c* (a+b+o)

o Gid st ¢ = min{a,b,c} ,dat x:a+%,y:b+%

Taco a’+c*<x* b+ <y ,a° +b* <a’ +b* +c* <x* +y?
5 . I 1 1 11 32
Do do ta can ching minh —+—+————5+—F-52 >
yooxT+y x4y (x+y)

x*+y° 4 8 32
< 2.2 + 2 2 + 2 2 Z 2 (*)
X7y X +y X +y (x+y)
1 2 4.2.4 2
Taco VT(*)24 —+— =2 > == 3 >
xy x +y 2xy+(x"+y7) (x+y)
Do d6 bdt duoc chung minh

Dau bang xay ra khi a = b,c = 0va cac hoan vi

-29.



NTP Doi bién sau khi sap xép thu tu
Cho a,b,c>0 thoa ab+bc+ca>0vaa+b+c=2

472 2 4.2 2 ?
MR \/b +6bc+c +\/c +6ca+a +\/a +6ab+b 22+L (Tran Qudc Anh)
b+c c+a a+b 2

C

o Tacod (a° +6ab+b*)a®> +b*) =(a+b)*(a’ +b*) + 4ab(a’ +b*)
2
> (a+b)(a® +bY)+ 4ab.@ — (a +b)’
\Ja* +6ab + b’ 1
= >
R

Dén day thi ta thiy duoc su lién quan rdi

£ : e . g c c
Khong mat tinh tong quat gid st ¢ = min{a,b,c} ,dat x=a + E,y =b+—

2
Taco Ib* +¢? S\/;,\4/a2+cz <\/7 Q/az+b2 <{‘/xz+y2
Do d6 ta can chtirng minh — Vol x+y=2
% f 1/* "
f f Ji J_ W
|4 + ! +(2—Lj1
(‘/2xy ‘\‘/x2+y2 42 )4fxy
S S
Y2xp(x* + %) 2 3 xy
1 1 1
>22—=+2-——==2+—
27 2 A2

Do do6 bdt dugc chirng minh
Dau bang xay ra khi a =b =1,c = 0 hodc cac hoan vi

Taco

Cho a,b,c,d 1a 4 s6 khong am
1 1 1 1 N 12

CMR + + + >
a+b*+c¢* b +ct+dd C+dP+add dP+ad+b (a+b+c+d)

Bai toan nay nhin c¢6 vé “choang” bai c6 bon bién nhung ta nhan thay né tuong tu véi cac
bai trén nhung chi 1a thém bién ma thdi nén cach lam tuong tu s€ di dén thanh cong
o Khong mat tinh tong quat gid st a >2b>c>d >0

2 2
Ya+b)+e+d|(c+d
Ta c6 (“C;dj +(b+c;dj —(a2+b2+cz):[ (@t )“; Jetd) oy
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NTP bit an 6 mau va dat an qua ba canh tam giac

2 2 22 2 2
a +b +c c+d c+d
a+ 5 +| b+ 5

1
>
d*+a’* +b’ c+dY c+dY
a+ 5 +| b+ 5

2 2
”dj —(c2+d2+a2):a(c+d)—c2—d2+%zo

Tuong tu ta co

Ma [a+
= ! >
c2+d2+a2_( c+dj
a+

Tuong tu ta co ! > !
2 g d2+a2+b2_( dez
12

b+
2 2

c+d c+d

bat x=a+ 5 ,y=b+ 2

N T |
thi ta can ching minh— +—+ >

Yy X +y (x+y)

1 1 2 2 2 1 1 1
Tacod —2+—+ 22—-{- =2( + j+_

¥y xX+y xy x4+ ¥ +y: 2xy ) xy
8 4 12
> + -
(x+y) (x+y)? (x+y)

Do do6 bdt dugc chirng minh
Déu bang xay rakhi a =b>0,c =d =0 va cac hoan vi
> Nhén xét:bai todn tong quat cua bai toan trén 1a
Cho a,b,c,d >0théa a+b+c+d=2 véi n=>2
1 1 1 1

TimGTNN n n I‘l+l‘l n l’l+l‘l n I‘l+l‘l n n
a'+b"+c¢" b"+c"+d" "+d"+a" d"+a"+b

V/Pat an & mau va dat an qua ba canh cia tam giac
A Dit an & mau 1a mdt hinh thure dét khi thay hinh thure bai todn ram ro61 nham gitap gidm an
¢ mau vi c¢6 nhiéu an ¢ mau thuong lam ta c6 cam giac “ngan”

Cho a,b,cla ba canh cia mot tam giac

Tim GTNN p—_ 44, %  16c

b+c-a a+c-b a+b-c
(bé thi vao Pai hoc Khoa hoc ty nhién Ha Noi 2002-2003)

Nhin céc sé 4,9,161am cho ta hoi ngan ma cac miu lai gidéng nhau nén ta dat an & mau dé
lam giam su kho khan di

b+c—a=x 2x=y+z
o Pat{a+c-b=y{2y=x+z

c+b-a=z 2z=x+y

-31 -



NTP bit an 6@ mau va dat an qua ba canh tam giac

Do d6

P:l 4(JMLZ)+9(x+z)+16(x+y) :l 4_y+9_x +(£+ﬂj+ 9_z+16_y >26
2 X Y z 21\ x X z y z

DAu béng xdy ra khi a=%,b=%

> Nhan xét:mdt cach 1am khéac c¢6 phan nhanh hon 14 sir dung cauchy-schwarz bang cach
thém bt nhu sau

] 2P:(8—a+4j+(&+9j+(i+l6j—29 (phﬁn con lai ban doc tu
b+c—a a+tc—>b at+tb-c
lam)

Cho a,b,cla 3 s6 thuc duong

CMR a+3c+c+3a+ 4p 56

a+b b+c c+a

Hinh thirc & mau ddi ximg ma tir cha ra sao thé nay thi ta dat & mau 1a li tuong nhat

goXtz-y
a+b=x 2
obatidb+c=y< bz%
cta=z P
c=2TE7X
2
Do d6 ta can chirng minh y+2z+x+2z+2(x+y) >10 (*)
X ¥ z
2z 2 2z 2
Ta co VT(*)=(X+fj+(—z+—xj+(—z+—yj21o
x oy X oz y oz
Do d6 bdt dugc chung minh

N ) b
Dau bang xay ra khi a = 3 =c
> Nhan xét:mot cach lam khéc co6 str dung ki thuat thém bt duge [am nhu sau

] VT:(a+3c+2j+(c+3a+2j+( 4b +6j—10 (phﬁncc‘)nlaibandoctuchtrng

a+b b+c c+a
minh) cach lam trén c6 v& khong nhanh bang cach nay nhung cach nay can st dung chut ki
thuat va cach lam trén co6 thé noi 1a “lam khong can suy nghi”

Cho a,b,cla 3 s thuc duong
a+3c N 4p &c

a+2b+c a+b+2c _‘a+b+3c
(B¢ thi hoc sinh gioi tinh Kién Giang 2014-2015)

Tim GTNN cua P =
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NTP Pat an & mau va dat an qua ba canh tam giac
2 : ‘| : g

Mot hinh thich choang khi nhin vao bai toan c6 thé khién ta “hoang” va hudng dau tién 1a
str dung cauchy dé doan diém roi nhung hudng nay c6 thé noi la vo vong khi khong biét
nhan thé nao khi c6 ddu — ¢ kia do d6 ta nghi dén cach tiép theo chinh 1a dat 4n & mau boi
& déy ciing chi 1 bac nhat nén thay vao ciing “khong co gi ghé gom”

x=a+2b+c a=5y—-x-3z
oPbat<y=a+b+2c=>b=z+x-2y
z=a+b+3c c=z—-Yy
Do dé P:(5y—x—3z)+3(z—y)+4(z+x—2y)_8(z—y)
X y z
2x y 2y =z
2| o2 |44 22 2 —17 2124217
y X z Yy

DAu bing xay ra khi b= (1++/2)a,c=(4+32)a

Cho x,y,z1a3 s6 thuc duong
2 2 2
X Yy z 1 ( 2 2 2 2 2 2)
CMR + + > X +y + +z +\/z +Xx
y+z z+x x+y 242 \/ 4 \/y

xX+y+z . ... , \ e
Y va vo61 hinh thire VP nhin ¢6 vé roi nhu

2
Py 12 bi todn chit hon cia Y —— >
y+z
vay thi ta cir dit tmg cai & VP 13 4n dé nhin bét cong kénh
2o a’+ct-b’
a:‘/x2+y2 a2:x2+y2 B 2

2 2 2
a +b"—c
b= y2+zz<:> bZ:y2+22<:> yz:—

0 bat 2 2 2 2
_/2 2 cT=z"+x
c=NZ +X 22_b2+62_a2
2

Ma y+z<42(y° +2%) =b\/§,z+x£c\/§,x+y£a\/§

2 2 g2
Dodétacﬁnchfmgminh ! ZC ta b > ! (a+b+c)
202

242 b
2 2 2 2 2 2
<:>—+b—+c—+a—+b—+c—22(a+b+c)
c a ¢ a b
2

Ma % +b>2a may cai khac tuong tur cong lai thi bdt dugc chimg minh

Dau bang xay rakhi x=y =z

Cho a,b,cla dg dai 3 canh cia mot tam giac
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NTP bit an 6@ mau va dat an qua ba canh tam giac

1 1 1 3 \ ,
CMR + + > / (Tran Qudc Anh)
a+2b b+2c c+2a ab+bc+ca

Day 1a mot bdt “khé xoi” khi ta st dung cauchy hay cauchy-schwarz mot cach truc tiép
khong dugc gi ca,nhéan thay & VT cac dai lugng hoan vi nén ta s&€ lam cho né doi xing
bang cach dat an

3a+b-c
X=——"o
a+2b=x 3 2
o bit{b+2c=y < yz% (x,y,2>0)
ctla=z 3c+a-b
Z=—-—
2
, P , . 1 1 9
Do do6 bdt can ching minh < + >

Xty y+z Z+X—\/x2+y2+22+11(xy+yz+zx)
Té6i day cai can 1am ta “gai” va cha biét st 1i thé nao nén ta danh binh phuong 1én nén bdt
z 1 N 4(x+y+2z2) > 81
(x+9)? (x+y)y+2)z+x) x>+ +22+11(xy+ yz + 2x)
Theo bdt Iran 96(dugc ching minh & bai 9) thi ta chi can ching minh
9 N 4x+y+2z) 81

>
Axy+yz+zx) (xX+y)y+z)(z+x) x°+y +z2° +11(xp+ yz + zx)
Hinh thirc ¢6 vé nhidu vay nén ta chuan hoa dé lam giam mat cac bién
bat x+y+z=p,xy+yz+zx=¢q,xyz=rvachuan hoa p =1

Do d6 ta cdn ching minh i+ 4 > 81
4 q-r 1+9q

4q -1

Ma theo schur thi p’ +9r>4pg < r>

Do d6 ta cdn ching minh = + 36 > 81
4 5Sqg+1 1+9q

Diéu nay ludn ding nén bdt duoc chirng minh

Déu bang xayrakhi a=b=c

> Nhan xét:cach lam trén 1a duoc két hop tu nhiéu kinh nghiém la dat én,biét vé Iran 96,sur

dung pgr (s& dugc ndi & phan VII)

& Bg-1720

A O céc bai toan khi diéu kién 1a 3 canh cta tam giac thi ta hoan toan c6 thé dat
a=y+z p-a=x
b=z+x & {p—-b=y (voi planua chu vi tam giac)
c=x+y p-c=z
Cho a,b,c 1a do dai ba canh ciia mét tam gidc va S'1a dién tich cia nd
CMR &> +b* +¢* > 435 (IMO 1961)
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NTP bit an 6@ mau va dat an qua ba canh tam giac

Viéc ¢6 a,b,c va S thi lam ta lién tuong dén Herong va 1am ta thdy lién quan dén 2 cach
dat trén

Céch 1:

obita=x+y,b=y+z,c=z+x (V61 x,y,z>0)

Taco (@* +b°+¢) =[(v+2) +(z+ 27 +(x+ 1) | 21600z + 20+ )’

>16.3xyz(x + y +z) = 48S”
Do d6 bdt dugc chung minh
Céch 2:
obat p-a=x,p-b=y,p—c=z=>x+y+z=p

Taco a’ +b* +c* > ab+bc+ca=(y+z)(z+x)+(z+x)(x+ )+ (x+y)(y+2)
> \/3(x+y)(y+z)(z+x)[(x+y)+(y+z)+(Z+ X)]

> \/3.8xyz(x +Y)(y+2)(z+x) = 438
Dau bang xay rakhi a=b=c
> Nhan xét:bai toan nay 1a mot bai toan hay boi ¢ nhiéu cach giai (thuong 1a xung quanh
str dung herong,luong giac,v& hinh) va c¢6 nhiéu mé rong minh dua ra hai mé rong nhu sau
Cho a,b,c 1a dd dai ba canh cua mot tam gidc va S 1a dién tich cua no
1,V6i moi n nguyén

CMR a” +b* +c* > 3[£j +[(@=b)" +(b=c)" +(c—a)" |

NG

2,V6imoi x,y,z 1a3 s6 thuc duong

CMR —— 2+ p 12 252f38
y+z Z+x x+y

Cho a,b,c 1a do dai ba canh ciia mot tam giac
CMR a’b(a —b)+b*c(b—c)+c*a(c—a)>0 (IMO 1983)

Mot bdt thi cho ta lién tudong dén str dung bdt hoan vi nhung bdt nay thi cAn phai ching
minh lai va minh cling khong thich dung cai bdt nay lam ,ta di dén cach khéc 1a tir ba canh
tam giac ,cai di€u kién nay c6 y nghia gi vay ta dat nhu trén
oPata=x+y,b=y+z,c=z+x (V61 x,y,z>0)
Do d6 can chimg minh xy° + yz°* + zx° > xyz(x + y + z)
2 2 2
<:>—+y—+—2x+y+z
y z X
x’ .
Mata c6 — + y > 2x may cai kia tuong ty cong lai thi bdt dugc chiing minh
y
Dau bang xay rakhi a=b=c
> Nhan xét:nhu da néi ¢ trén thi bdt nay c6 thé s dung bdt hoan vi va st dung nhu sau
o Bdt can chimg minh < @b +b’c+c’a > a’b’ + b’c* + *a’
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NTP bit an 6@ mau va dat an qua ba canh tam giac

bec<ac<ab

Gid sit a > b > cthi ta ching minh dugc 5 5
a +bc>2b"+ca=c” +ab

Do d6 theo bdt hoan vi thi ta co

be(a® +be) + ca(b® + ca) + ab(c® + ab) < be(b* + ca) + ca(c® + ab) + ab(a’® + bc)
S a’h’ +b +cfa’ <a’b+bc+ca

Do do6 bdt dugc chirng minh

Cho a,b,c laba canh va p la ntra chu vi cia mt tam giac

CMR a\/ (P=b)p=©) +b\/ (p=c)p=a) +c\/ (P=a)P=D) 5, (Moldova 2006)
bc ca ab

Ba canh tam gidc va p —a, p — b, p — ¢ 1am ta lién tuong dén cach dit mot cach rd rang
obat p-a=x,p-b=y,p—c=z=>x+y+z=p

N , . vz
Ta can chung minh Z(y+z) /m 2x+y+z
/ 1+ D2+ ) +2) | 0+ 2Dz +42)
Z(y+ ?) (x+ y)(x+z) Z (x+y)(x+2) = z (x+y)(x+2)
_ zyz(y+z)+x(y+z)\/; S Zyz(y+ Z) + 2Xyz

(x+y)(x+2) (x+y)(x+2)
xX+y z+x

Do do6 bdt dugc chirng minh
Dau bang xay rakhi a=b=c

Cho a,b,cla dd dai ba canh cua mot tam giac

CMR a— b+b c+c a|

— (Iberoamerlca 1989)
a+b b+c c+ a|

,a—b +b—c N c-a_ (a=b)(b—-c)c—a)

a+b b+c c+a (a+b)(b+c)c+a)
Do d6 ta can chimg minh (a +b)(b+ c)(c +a) >16|(a —b)(b—c)(c —a)|
T6i day thi viée dat n duoc 1am 18 hon boi a —b,b —¢,c — a s& 1am mat bét bién
bata=y+z,b=z+x,c=x+y
Do d6 ta cin chimg minh (2x+ y +2)(2y + z + X)(2z + x + ¥) > 16|(x = y)(y — 2)(z — x)|
T6i dy thi cach thuong 1am 1a ta s& 1am méat mot bién va dé lai hai bién
Khong mat tinh tong quat gid st x> y > z
Tacd Qx+y+2)2y+z+x)2z+x+y)>2x+y)2y+x)(x+y)

|(x =)y = 2)(z—x)| = (x = Y)(y — 2)(x = 2) < xP(x = »)
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NTP Tir mot dang thirc

Do d6 ta can ching minh (2x + »)(2y + 2)(x + ) > 16xp(x — )
Taco (2x+y)2y+2z)=2(x—y)* +9xy > 64/2xy(x — y)

= 2x+ )2y +x)(x+y)=62xp(x—y)(x+y)= 12\/§xy(x -y)>16(x—y)
Do d6 bdt dugc chirng minh 7

> Nhan xét:mau chot cia bai nay la ¢ dang thuc

a-b Jrb—c Le-a_ (a=b)(b-c)c—a)
a+b b+c c+a (a+b)(b+c)c+a)
bai todn ma ta da gdp qua qua trinh hoc,viéc st dung déng thirc trén con c6 thé st dung &
bai sau

Cho a,b,c 1a 3 s6 thuc duong

a-b b-c c3—a3|<(a—b)2+(b—c)2+(c—a)2

va phan con lai d€n mot cach ty nhién qua céac

CMR < Moldova 2004
a+b b+’ c3+a3| 4 ( )
Cho a,b,c 1a d6 dai ba canh cua mdt tam giac

CMR ——= b ¢ > L

+ + >
J5a> +13bc 56> +13ca 5 +13ab N2
Viéc ¢6 can nhu thé nay 1am ta lién tuong dén sir dung bdt holder

o Ta c6 > a(5a* +13bc) |2 (a+b+c)

2

T

5a* +13bc
Do d6 ta can chtrng minh
2a+b+c) > Z:a(Sa2 +13bc) < 2Zab(a +b)>a’ +b’ + ¢ +9abc
Pén day thi ta st dung diéu kién a,b,c 1a d6 dai ba canh ctia mot tam giac thoi
Pita=y+z,b=z+x,c=x+y
Do d6 bdt can chimg minh < x° + y* +2° +3xyz > xp(x + y) + yz(y + z) + zx(z + x)
Day la bdt schur nén bdt dugc chimg minh
Dau bang xayrakhi a=b=c

VI/ Tir mét ding thirc
A O day la ta n6i dén dang thirc

ab N bc N ca N 2abc
(a+c)b+c) (b+a)c+a) (c+b)c+a) (a+b)b+c)c+a)
Ta c6 cac phép bién ddi sau

l,ab+bc+ca+2abc=1<a= al ,b= Y ,C= z
y+z Z+X X+y
2 2 2

2,ab+bc+ca+abc=4<a= al ,b= J ,C= z
y+z Z4+Xx xX+y
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NTP T mot dang thic

I S R N £
J<x+z)<y+z)’ Jo+0)E+x)  Jz+y)(x+y)
2y 2z

\/<x+y><x+z J<y+z)(y+x> T etz

Jx+2)y+z) J@+0E+x) Jz+ )+ )

3,8 +b°+c +abc=4 <=

4.0 +b*+c* +2abc=1<
X 3 y B z

= ,b = ,C =

L JeEnEt) o JEzEnE+y)
(voi x,y,z20 va (x+y)(y+z)(z+x)#0)

Viéc chimg t6 cac phép bién ddi trén 1a dung thi ta giai thich nhu sau

1,

1 1 1
+ + =2 2 b <

o ab+bc+ca+2abc=1< =2 + + =
a+l b+1 c+1 a+l b+1 c+1

- a b c I 1-x _y+tz 1 z+x 1 _ Xty
bat x = Y= Z= =>x+y+z=1 =>—= — ,—

a+l b+1 c+1 a x x b y c z
< a= X ,b: y ,C: z

y+z Z4+Xx X+y

2,
1 1 1

O ab+bc+ca+abc=4< + + =
a+2 b+2 c+2

A y+z 1 zZ+x 1 X+y
Tuong tu nhu trén duogc = , = , =
a+2 2x+y+z) b+2 2(x+y+z) c+2 2(x+y+z)
2
o g 2X b= 2y o= 2z
y+z Z+x X+y
3,
o bat m= Z—an %p—zza— 2 b= 2 c= 2
bc ca’” ab Jnp o Jpm’ Jmn
1 1 1
Tl‘Iaz+b2+cz+abc:4:>m+n+p+2=mnp:> + + =1
m+1 n+l p+1
Do dé m=—> = z P = z
y+z Z4+X x+y

2z, 2/zx 2xy
Clarern J(y+z)(y+x> “Jaro+2)

/ /zx /
bat x'= —z— =>x=y'z\y=z'xz=x"y'

2z'
J<x+y><y+z> J(y+z)(y+x) Tz )
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NTP Tir mot dang thirc

b c 1 1 1

a
DDétm=—,n:—,p:—:>a ,C =
bc ca \Jnp 1/ mn
1

1 1
Tl‘Ia2+b2+cz+2abc:1:>m+n+p+2:mnp:> + + =
m+1l n+l p+1
Do dé m=—> = z P = z
yv+z zZ+Xx X+y

Jyz Jzx Jxy
Ju+yXx+z J@+sz+m ~Jzr ozt

f /zx /
bat x'= >x=y'z y=z'x,z=x"y'

z'

Ju+ywx+f> J@+zxy+x) Tz )

A Néu nhin thay céc bién doi trén 1a diéu kién cua bai toan thi ta bién doi vé cac dang nhu
trén dé don gian bai toan hon tir cai gia thiét “rdi” d6

Cho a,b,c >0 thoa ab+ bc+ca+2abc=1
CMR 2(a+b+c)+1>32abc (Mediteranean 2004)

ok e ae X z ..
o Gia thiét nhu vay thi dat a = b= J ,C = (V61 x,y,z>0)
y+z Z+x xX+y

32xyz
y+z S (x+ )y +2)(z+X)
S22+ +2)+ 3[xy(x +y)+yz(y+2)+zx(z + x)] > 24xyz

Do d6 ta can chtrng minh ZZ

Diéu nay ludn ding theo cauchy nén bdt dugc chimg minh

Z 3 . 1
Dau bang x4y ra khi a=b:c=5

Cho a,b,c >0 thoa ab + bc+ca+2abc =1

CMR ! + ! + ! >2
2bc+b+c¢ 2ca+c+a 2ab+a+b
o bat a= al ,b= J ,C= z (V61 x,y,z>0)
y+z Z+x X+y

To1 day thay vao hoi choang nhung dé y vi¢c nhan sau s€ lam giam bién

1 a
z2bc+b+c_zl—bc
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NTP T mot dang thic

X
Tacht’mgminhz a Z2<:>Z yrz >2
1-bc _ Yz
(x+y)(x+2)

o EFNHD) A+ EHIEHD) o

y+z Z+x xX+y
Ma (x+ p)(x+2) + o +2)y+x) > 2(x + y) tuong tu cong lai 1a bdt dugc chiing minh

y+z Z+x

’ N . 1
Dau bang xay ra khi a=b=c=5

Cho a,b,c >0thoa ab+ bc+ca + abc =4

CMR ~ab ++be ++ca <3

2 2 2 .
o bat a= al b= J ,C= z (V61 x,y,z>0)
y+z Z+Xx X+y

Y

Do d6 ta cAn chiing minh 22
y+z z4+x

<3

Taco 2D Z( =3

y+z z4+x y+z z+xj

Do d6 bdt dugc chimg minh
Dau bang xdyrakhi a=b=c=1

Cho a,b,c >0 thoa ab+ bc+ ca+abc=4
CMR a+b+c>ab+bc+ca (VMO 1996)

o Pat a= 2x ,b= 2y ,C= 2z voi x,y,z20 va (x+y)(y+z)(z+x)=0)

y+z Z+Xx X+y

y+z (x+y)(x+z)

SxX+yY + 2 +3xz > xp(x + y) + yz(y + 2) + zx(z + x)

bay 151‘ bdt schur nén bdt dugc chirng minh

Dau bang xay rakhi a=b=c=1 hoac a=b=2,c=0 va cac hoan vi
> Nhéan xét:mot bai toan sir dung két qua bai toan trén nhu sau

Cho a,b,c >0 thoa a+b+c+1=4abc

CMR a+1+b+1+ c+1 <3

a+b b+c c+a

Do d6 ta cdn ching minh z

Cho a,b,c>0 théa a* +b* +c* +abc =4
CMR 0<ab+bc+ca—abc<?2 (USA MO 2000)
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NTP T mot dang thic

o Khong mat tinh tong quét gia st ¢ = min{a,b,c} = 4>3c* +c* = ¢ <1
Tacd ab+ bc+ca—abc=ab(l1-c)+bc+ca>0

Déu bang xay ra khi a = 2.b = ¢ = 0va cac hoan vi

o Truong hop 1:¢6 hai s6 bang khong giasirla b=c=0=a=2

Tacod ab+bc+ca—abc=0

Truong hop 2:¢c6 mot sé bang khong gia st la c=0=a’> +b* =4

a’ +b’

Tacod ab+bc+ca—abc=ab< =2

Truong hop 3:a,b,c duong
2 2
bat a= \/E ,b= Yz ,C= 2\/; (V61 x,y,z>0)
VE+2)(y+2)  JO+x)(z+x)  JEz+y)(x+y)

2\xyz Jx B 2yxyz <1

Ja+ N+ +0 [ Ty+z J@r )y +aE+
Jx N \/; N Jz < xy(x+y)+yz(y+z)+ zx(z + x) + 6xyz

\/y—i-z Jz+x \/x+y_ 2\/xyz(x+y)(y+z)(z+x)
& Z 2x\/yz(x +V)X+2) Lxp(x+ )+ yz(y +2) + zx(z + x) + 6xyz
Tacod Zx\/yz(x +y)(x+2z)= 2x\/(xy +yz)(xz+ yz) < x(xy+xz+2yz)
Tuong tu cong lai thi bdt dugc chiing minh

Ta can chung minh

f—

Déubéngxéyrakhi a=b=c=1 hoic azb:x/i,c=0 va cac hoan vi

Cho a,b,c>0thoa a* +b*> +c* +abc =4
CMR o’ +b* +c* 2a’b* +b°c* +c*a’
o Truong hop 1:trong ba sb ton tai it nhat mot s bang 0,gia s 1a a =0
Tacod b” +c* =4 ta can chimg minh »°c* <4
3 . 1

Diéu nay ludn ding boi b°c’ < Z(b2 +c’)Y’ =4
Truong hop 2:a,b,c duong

Ww e am
Jat(+2) " JornE+n) Yzt

2

Xy > z 4xy°z
(x+2)(y+2) (x+ )y +2)(z+x)°
x+y+y+z+z+x> 4x 4y 4z

> + +
z X y y+z z4+x x+y

Taes 34 sz(iﬂj:z"”
y z

bat a = (V61 x,y,z>0)

Ta can chimg minh z

y+z z
Diéu nay ludn ding nén bdt dugc ching minh
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NTP Phuong phap d6i bién qua

Déubéngxéyrakhi a=b=c=1 hoac a=0,b=c=\/§ va cac hoan vi
> Nhan xét:mét bai todn tuong tu voi bai toan trén la

Cho a,b,c >0 théa a* +b*> +c* +2abc =1

CMR a* +b° +c* > 4(a’h* + b’c* + c*a’)

Cho x,y,z>0 théa xyz=x+y+z+2
a)CMR xy+yz+zx22(x+ y+2z)

b)CMR Jx + b +z S%\/xyz

Gia thiét nhin c6 vé 1a khong lién quan dén cac dang thirc & dau bai nhung ta thay s6 2 lam
ta lién tuong dén hai dang thirc 13 @ + b +¢* + 2abc =1, ab + be + ca + 2abe =1 vy thi ta
chia di dé xem liéu c6 “diéu gi dic biét”
1 1 1 2 an A n A
Xyz=x+y+z+2<& —+—+—+—=1 tdi day thi thay su lién quan roi
Xy yz X Xyz

1 a 1 b 1 c b+c c+a a+b
o bat —= T T T S X = s V= s Z =
X b+cy c+az a+b a b c
a)Ta can ching minh z(a+c)§)b+c)22(b+c+c-|l;a+a+bj
a a c

& Za(a +b)a+c)= 2Zab(a +b)y<= a(a—b)a—c)+bb—a)b—c)+c(c—a)c—b)=0
bay la bdt schur nén bdt dugc chirng minh

b)&+ﬁ+ﬁ£%@@\/l_z+\/12_x+\/i_yﬁ
3
2

bc
—F— <
(a+b)a+c)

bc 1 ( b c j 3
P
(a+b)a+c) 2 a+b a+c) 2
Do d6 bdt dugc chimg minh
Dau bang xdy rakhi x=y=z=2

Do d6 ta can chtirng minh z

VII/Phwong phap doi bién qua p,q,r

A Sur dung phuong phap la mot cach lam méi dau 1am ta s& khong thdy hay boi khi méi
lam thiy no “trAu bo” nhung khi 1am nhiéu roi thi ta méi thiy cai hay cta no ciing nhu khi
méi hoc bdt vay.Cac bai toan dudi kha don thuan 13 thay vao va st dung vai ki thuat chir
chua phai 1a st dung cac mé rong ctia schur.Str dung phuong phép nay kha ty nhién boi néd
d& dang nhan ra thuong 1a khi bdt c6 Y a, ab,abc,> a’b’,] [(a+b),... hay n6 xay ra

khi c6 mot sb bang khong

ADautiénthi p,q,rlacaigidi: p=a+b+c,q=ab+bc+ca,abc=r
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Céacbdt tir p,q,r cbd dugc la tir bdt schur

a(a-b)a-c)+b' (b-c)b—a)+c (c—a)c—b)=0 (V61 a,b,c>0 va Vr>0)

Céc bdt thuong dugc str dung sau khi str dung schur va cauchy nhu sau

p>=3q pq+3pr>4qg° p +9r>4pg

q>>3pr pq>+3qr=4p’r 2p’ +9r>7pq

P =227r p*+3q¢>=4p’q p'+4q° +6pr>5pq

Va bén canh do la cac dang thuc thuong dugce st dung

a’+b’+c’=p°—2q

@ +b+c=p —3pg+3r

a'+b*+ct=p'—4p’q+2q° +4pr

a’b’ +b’c’ +c’a’ =q° -2pr

@b’ +b’c +ca’ = ¢’ —3pgr+3r’

(a+b)b+c)c+a)=pg—r

(a+b)(b+c)+(b+c)(ct+a)+(cta)a+b)=p’+g

ab(a + b) + be(b+ ¢) + ca(c+a) = pq—3r

ab(a’+b*) +be(b® + ) +ca(c* +a*) = p*q—-2q° — pr

Vi¢e str dung chinh ¢ phuong phap nay 1a thé sau do 1a phan tich thanh nhan tir hay xét

p(4g=p*)  (44=pH(P’ —q)
5 2

khoang va ta thuong st dung viéc thé bang cac bdt r > s
p

Nhung céc dai lugng nay chua chic khong 4m nén ta thuong ding

—p? 2N 2
rz maX{O,%p)},r > max{o, (49 P6)(p Q)}
p

Cho x,y,z >0 sao cho khong c6 hai s§ nao trong chiing dong thoi bang 0
1 1
2 + 2 + 2
(x+y) (+2° (z+x)

CMR (xy+yz+ zx){ } > % (Iran 1996)

2 2
o Bdt can chimg minh twong duong ¢ (P +q) —4p (zp q=r) > 2
(pq—r) 4
< 4ptq-17p°q* +4q° +34pgr—9r* >0

< 3pg(p’ —4pg+9r)+q(p* =5p°q+4q> +6pr)+r(pg—9r) =0
Diéu nay ludn ding nén bdt duoc chirng minh
Dau bang xay ra khi x =y =2z hodc x=0,y =z va cac hoan vi

Cho a,b,c >0 thoa abc =1
CMR 2(a’ +b* +c*)+12>3(a+b+c)+3(ab + bc + ca) (Balkan Contest)
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o Bdt can chimg minh < 2(p* —2¢)+12>3p+3¢ < 2p* -3p-Tqg+122>0
Thay p bac cao nhat va ¢ chi c6 mot minh nén ta thay ¢ bang p
P +9r p’+9
4p 4p
3p_7(p3+9)
4p

Tacod p’+9r>4pg < q<

Do d6 ta can chtng minh 2p° — +1220< (p-3)(p*-9p+21)>0

Diéu nay ludn ding do p >3 nén bdt duoc chimg minh

Déu bang xayrakhi a=b=c=1

Cho a,b,c>0thoa ab+bc+ca=3
CMR @’ + b’ + ¢’ +7abc >10 (Vasile Cirtoaje)

o Bdt can chimg minh < p*—~9p+10r>10
4q - p’ 12-p?
Taco r> max{O,p(qu)} - max{o,%}

Truong hop 1:véi p22\/§
Taco p’-9p+10r—-10>p* -9p-10>12p-9p-10=3p-10>0
Truong hop 2:v6i 3< p <243 <4
1 1
p3—9p+10r—102p3—9p+30p(12—p2)—10=5(p—3)|:(16—p2)+3(4—p)+2]20

Do d6 bdt dugc chimg minh
Dau bang xdyrakhi a=b=c=1

2
> Nhan xét: Viée chia truong hop & trén 1a dé % > 0 ,day 1a mdt cach hay lam khi

sir dung phwong phap p,q,r
Cho a,b,c 143 sb khong am

CMR a*(b+c)+b*(c+a)+c*(a+b)< %(a +b+c)’ (Vasile Cirtoaje)

Nhin bac cao thé nay thi lam hoi mét nén ta chuan hoéa dé giam bac ciing nhu lam bét an
o Chuanhoéa a+b+c=1

Ta cod 2a4(b +c)= Za3(ab+ ac) = Za3.2ab —(Zaz)abc =(1-3¢g)qg +(5q—-Dr

; ) 1
Ta can chung minh (1-3¢9)g+(5¢ —1)r < o

. 1
Truong hop 1:vo1 g < 3

1—3q+3qj2 1
2 12

Taco (1-3q)g+(5g—-1)r<(1-3q)g < %[
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Truong hop 2:véi 1 <g< 1
5 3

, qg 1 ) 1 1
Tacod (1-39)g +(5q —Dr<(1-3q)g+ (59 — 1)L =—(-88¢> +32¢g —3) + — < —
(1-3¢9)g +(5g —1)r <(1-3q)q +(5q )9 36( q q-3) TR

Do do6 bdt dugc chirng minh

Dau bang xay rakhi x=0,y =2+ \/g)z va cac hodn vi

> Nhén xét:chuan hoa ciing 1a mot trong cac ki thuat cia p, g, nham giam bdt bac ciling
nhu bién

Cho x,y,z1a3 s6 thuc khong am
x

CMR LY z +4(X+{)(y:r2)(3Z+X)25
y+z z+x x+y X +y +z

o Khong mat tinh tong quat gia st x+ y+z =1
1—2q+3r+ 4(g—r) >5<:>1—3q+4r+ 4(qg—r) >4

Bdt can chting minh < > >
q-r 1-3q+3r q-r 1-3q+3r

Ta ¢6 1—3q+4r+ 4(q-r) 21—3q+3r+ 4(q-r) >4
q-r 1-3¢g+3r q-r 1-3q+3r
Do d6 bdt dugc chung minh

3+\/§
2

Dau bang xay ra khi x =

v,z =0 hoac cac hoan vi tuong ing

> Nhan xét:bai toan tong quat ctia bai trén véi cach giai trong tu 1a
Cho a,b,c 1a cac so thuc khong am va Vk >1

CMR - %+ b L +k(a+b)(b+c)(c+a)

zzﬁ +1 (Pham Sinh Téan
b+c c+a a+b a+b+c (Phe )

Cho a,b,c>0thoa a+b+c=3

2 2 2
CMR —%2_, P¢ €4 1 (Pham Kim Hing)
4—bc 4-—ca 4-ab

Nhin hinh thirc kha “4o0 diéu” ma luong a’h,b’c,c’a & chd co phan thic thiy khong 1am in
duogc gi nén ta 1am mat n6 & phan thirc

272
ab’c

4—pc

o Bdt can chimg minh < 4 — (azb +bc+ cza) > z

cyc

Ta c6 bdt phu sau 4 —(azb +bc+ cza) :%(a +b+c) —(azb +bc+ cza) > abc

272
Do d6 ta can chirng minh abczza be @122 ab
7 4—bc o 4—bc

< 64— 32Zab + SZ a’bc + 421512[)2 > abc(azb +b*c+cta+ abc)
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St dyng bdt phu nén ta can chimg minh 64—-32)" ab+8) a’bc+4) a’h’ > 4abc
&16-8g+q>—r=0

2
Tacd ¢° >9rnén ta can ching minh 16 — 8¢ + ¢ —%ZO@ (g—3)g—-6)=0

Diéu nay luén ding do ¢ <3 nén bdt duoc ching minh
Dau bang xay rakhi a=b=c=1
> Nhan xét:bdt phu dugc s dung ¢ trén la

2 )
(a+b+c) > %(azb +b’c+c’a+abc) véi a,b,c>0
o Khong mat tinh tong quét gia stt b ndm gittaava ¢ = c(b—a)(b—c)<0

piate atc ’
a+c a+c<4 2 2 _4(a+b+c)3

& a’b+b’c+cla+abe <b(a+c) =4b.
2 2 27 27

Bdt nay ciing c6 nhiéu ung dung khé hay,sau ddy 1a bai toan vdi cach xir 1i kha tuong tu bai
trén
Cho a,b,c>0thoa a+b+c=3

1 1 1 1
>

CMR > +— +— >
ab”+8 bc"+8 ca +8 3

Cho a,b,c >0thoa a+b+c=3
CMR %+%+%2ab+bc+ca

Viéc ¢ céi can bac ba nhu vay lam ta “gai” nén ta tim cach “giai quyét” nd
, a 3a
o Taco fa = >

Ya@  2a+1

Do d6 ta can chirng minh 32

a
2a+1
4" -59-9+r(8¢g—36)<0

— 2 —
Tacod r= max{O,%p)} = max {0,%}

>ab+bc+ca

Truong hop 1:véi qS%
Thi 4¢° —5¢ -9+ r(8q—36)<4q°~5¢—-9<9g—-5¢-9=49g-9<0
Truong hop 2:voi %< qg<3

4q -9

Thi 4¢° —5¢ -9+ r(8¢—36)<4qg’ —5¢ -9+ 3

(8q—36) =%(4q =9(¢-3)<0

Do d6 bdt dugc chimg minh
Dau bang xdyrakhi a=b=c=1
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> Nhan xét:bai trén con c6 mot cach lam khéc 1a st dung holder nhung cach 1am cé vé
khong hay,voi cach 1am trén ta c6 hai bai toan tuong tu sau
Cho a,b,c>0thoa a+b+c=3

1,CMR 5(&+ b+\/2)24(ab+bc+ca)+3
2,CMR 11(%+4b+%)z12(ab+bc+ca)—3

VIII/Lwgng giac hoa

A Viéc st dung luong giac & cac bai toan kha rd rang ¢ cac bai toan dang nhu khong ddi
ximg hoan toan,diéu kién dau bai lién quan dén cic cong thirc luong giac nhu

sina +cos’ a =1

A B B C C B
tan—tan— + tan—tan— + tan—tan— =1
2 2 2 2 2 2

tanA+ tanB

tanA .tanB—1
tanA+ tanB+ tanC = tanA .tanB.tanC

tanC =

Cho x,y,z € [0,1]
Tim GTLN P = \/xyz +/(1-x)(1- y)(1- z)

Cai du cin va 1—x 1am ta lién tuong dén sin’® &, cos’

3 : . . .. r
o Pit x =sin’ 4,y =sin’ B,z =sin’C (v6i 4,B,C [0,5})
Do d6

P =+/sin? A.sin® B.sin? C +/cos® A.cos® B.cos> C = sin A.sin B.sinC+ cosA..cosB.cosC
<sin A.sin B + cos A.cos B =cos(4A— B) <1

Dau bang xay rakhi x=y=z=1 hodc x=y=2z=0

Cho x,y,ze(O,l) thoa xy+ yz+zx =1

TimGTNNP:IX 4 47

A e a X A B B C C. B
xy+ yz+zx =1 thi ta lién tudng dén tanztanzvttanEtan—+tan—tan—:1
A B .
o bat x=tan—,y=tan—,z=tan£ (v61 4,B,C € O,Z )
2 2 2 2

Tu tanétanEJr tangtang + tangtanE =12 A+B+C=nrx
2 2 2 2 2 2
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Tacod P= lz 2x = s = 2 = l(tanA+ tanB+ tanC)

2
I=x® 27 24

Vi A4,B,C laba goc cia mot tam giac nén
tanA+ tanB+ tanC
3

3
tan 4 + tan B + tan C = tanA .tanB.tanC < ( j = tanA+ tanB+ tanC > 3\/5

Do do6 Pzﬁ
2
Déubéngxéyrakhi x:y:z:?

Cho x,y,z>0thda x+ y+z=xyz
+ ! + ! < 2
\/1 +y° \/1 +z7 4
(D¢ thi chon hoc sinh gi6i tinh Thai Nguyén 2014-2015)

2
CMR
\/1 +x?

X+ y+z=xyz thita lién tuong dén tan 4 + tan B + tan C = tanA .tanB.tanC
o Pat x =tanA,y =tanB,z = tanC
Tu tan A+ tan B + tan C = tanA.tanB.tanC = A+ B+ C=7x

) ) 9
Do do ta can chung minh 2cosA+ cosB+ cosC < 2

2cosA+ cosB+cosC =2 1—2sin2£ +2cosB_CcosB+C
2 2 2
:—2(2sin2£—cos —_ sin£j+2
2 2
2
=— ﬁsiné—LcosB_C +lcoszB_C+2S2
2 242 2 4 2 4

Vay bdt dugc chung minh

Dau bang xay ra khi ng,y:z:\/ﬁ

Cho x,y,z>0 théa xy+ yz+zx =1

S BN 33

<1+ Dé nghi Olimpic 30-4 2013
1+x° 1+y* 1+7° 4 (D€ nghi P )

CMR

A B .
o bat x:tan—,y:tan—,z:tan% voi A+B+C=rx
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¥ o b

33

Ta can chirg minh cos 4 +cos B +sinC < —

cosA+ cosB =2cos A+ 5 cos A-8 < 2cosﬂ = 2sing
2 2 2 2
Do d6 ta can chtrng minh ZSing +sinC < ﬁ — sing(l + cosgj < %

2

C C
x/gsin—+cos—+1 2
Ta co \/gsing 1+cos£ < 2 2 =| sin £+£ +l Sg
2 2 2 2 6 2 4

Do do6 bdt dugc chirng minh
Dau bang xay ra khi x=y=2—\/§,z=\/§

Cho a,b,c >0 thoa ab+bc+ca =1
CMR —2 b . 3¢ <o

+
l+a® 1+b°  J1+¢2

o bat a :tang,b :tang,c :tan% voi A+B+C=rx

Ta can chimg minh sin 4 +sin B + 6sin% <2410

sinA+sinB+6sin££2 cos£+3sin£ <2 (1+32) 0052£+sin2£ :2\/5
2 2 2 2 2
Déubéngxéyrakhia:b:x/ﬁ—3,c=3

Cho a,b,c >0 thoa abc+a+c=b

2 2 3 10

CMR > = =+ > <— (TST Vietnam 2003)
l+a” 1+b° l+c 3

Nhin bai toan c6 vé “choang” nay tir gia thiét cho dén phan cin chirng minh nhung ta dé y

at+c .., IS , tan o + tan .
lién quan dén cong thuc tan(a + f) = tana +tanf vata

thay tir gia thiét cob =
l—-ac l-tana.tan S

duoc 101 giai
o Pat a =tanA,b=tanB,c=tanC v614+B+C=nrx

3 . 1
Ta can chimg minh 2cos® 4 —2cos’ B+3cos’C < ?0

2cos’ 4—2cos* B+3cos’C =cos2A4—cos2B+3-3sin’C
=-3sin’ C —2sinCsin(4 — B) + 3
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2
= —3[sinC—lsin(A —B)} —lcosz(A - B) +& SE
3 3 3 3

Vay bdt dugc chung minh

Dau bang xay ra khi a = Q,b =2,c= .
2 202
> Nhan xét:mot bai todn kha tuwong tu voi bai toan trén 1a
Cho x,y,z>0 thoa xyz+x+z=y
2 2 4z 3z

- — +
Al YL Y2l (PN ]

Cho x,y,z>0 théa x+y+z=1

Tim GTLN P =

Tim GTLN P=—> 4+ ¥ VY% p& 1ohi 30-4 2006)
X+yz y4+zx z+xy

/ A / B /
bat K=tan—, Z—xztan—, ﬂztang
Taco‘/ /zx /zx‘{xy ‘,xy‘/yz_l doddb A+B+C=rx

Khi d6 P = cos? +cos —+—smC
2 2 2

1+%(cosA+cosB+smC+s1ngj—£
1+L £C05A+£COSB +—(\/§sinA.cosB+x/§sinB.cosA)
3l 2 2 23

<1 +L(§+ cos® A+ cos’ Bj +L(3sin2 A +3sin® B + cos’ 4 + cos’ B)
2312

1
3
4@
3.3 33

—1+—+ (sin2A+coszA)+ ) (sm B +cos’ B)—1+—

Vay bdt dugc chung mmh
DAu bing xay rakhi x=y=23-3,z=7-43

Cho x,y,z>0thoa xy =1+z(x+y)
2xy(xy +1) z
+
1+x)(1+y*) 1+2°

Tim GTLN P = (THTT)

Lai mot bai toan cé hinh thirc “a0” thi ta nghi dén cach d& sir dung nhét 1a luong giac hoa

\ 4R s a1k 1z oz A .
va deé y tur gia thiét ta c6 — +—+— =1 nén ta c6 duogc 101 giai
Xy ox oy
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A1 B )
o Dbat —=tan—,—=tan—,z=tang voi A+B+C=rx
X 2y 2 2
1 1
2x°y +xP + )7 z 1+?+1+7Z z
Taco P< y2 { + — = A ~=c0s’ —+cos’—+—sinC
A+x)1+y") 1+z 1 1 l+z
I+— || 1+—
X y

1 .
=1+5(cosA+cosB+smC)

33 33

Tuong tu bai 67 ta c6 cos 4+ cos B +sinC ST: PS1+T
Déu bang xay ra khi x:y:2+\/§,z:\/§

IX/Céc bai toan doi bién khac o

A Cac bai toan trong phan nay s€ co6 nhitng phép doi bién hay va la

Cho x,y,z>0thoda xyz =1
X v z 4
+ + -
(x+1)* (+1D)* (z+1)* (x+D(y+D(z+1)

Tim GTLN P =

0 Pata= X p=17Y o
I+x I+y 1+z

l-a 1-b l-c

_l—z

=a,b,ce (—1,1)

=>x= Y= ,Z = tr xyz=1=a+b+c+abc=0
l+a 1+b l+c
X 1 1-a* 1
Taco P= -4 = ——Jla+a
Z(x+1)2 1_[x+1 z 4 2H( )

=%[3—(a2+b2+cz)—2(1+a)(1+b)(1+0)}=%[l—(a+b+c)2]£%

l-x 1-y 1-z
+ +
I+x 1+y 1+z

> Nhan xét:mot bai todn voi cach gidi tuong tu bai trén 1a
Cho x,y,z>0thoa xyz=1
1 1 1 1
2 + 2 + 2 +
(x+D" (v+D)° (z+1)° (x+D(y+D(z+1])

Dau bang xay ra khi x, y,z thoa man

=0 va xz=1

Tim GTNN P =

Cho a,b,c 143 sb thuc khong am
CMR 2(a’ +1)(b> +1)(c* +1) > (a + 1)(b+1)(c+ 1)(abc+1)

Détazl_x,b—l_y c_l—z

- b = INE) _171
I+x I+y 1+z:>xyze( ]
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>abc+1

2
Bdt can ching minh twong duong ZH a +1
a+

<:>21—[x2+12 2(xy+yz+zx+1) C:’ZXZJ’ZJFZ’CZZZXJ’

x+1  (x+D(y+D(z+])
Taco X +y> +2° 2 xp+ yz+2zx,x°y> + y°z° + 2°x> 2 0 do d6 bdt duoc chimg minh

Dau bang xay rakhi a=b=c=1

Cho a,b,c 14 3 sb thuc thoa a® +b* +¢* = 2(ab + be + ca)
|a b| |b—c| N |c—a|

CMR
\/Zab+c \/2bc+a2 \/2ca+b2

>2 (Tran Quéc Anh)

cho ta sy “choang”

2 2
Nhung ta dé ¥ |a _ b| S 2ab+b cac dai luong trong cin thirc nay déu xuét hién
\/2ab+02 2ab +¢?
& cai gia thiét “ao diéu” nén ta s& tim cach bién dbi nhung bién di cai nao,tr hay mau?
O tir c6 cai gi d6 “gai” nén ta s& thir bién ddi cai miu va ta c6 2ab + ¢ = (b—c)* + (¢ —a)’
Va dén day ta da thay duoc su rd rang trong viéc dat an
o Pit x=(a-b),y=(b-c)’,z=(c-a)’

Tacﬁnchﬁ’ngminh\/ al +\/ 4 +\/ Z >2
y+z zZ+x X+y
2x

Z y+z Z,/x(y-i-z Z"x+y+z

Do d6 bdt dugc ching minh
Dau bang xay ra khi a =4b =4choac a =b,c =0 va cac hodn vi

=2

Choa,b,c 13 3 s6 thuc v6i ¢ > 0va thoa a® + ab + b* = 3¢>
CMR &’ + b + 4abc < 6¢°

o a b Lo e 4 /
o Pit x=—,y =—do d6 tir gia thit ta cod x> +xy+ y° =3
c c

Ta can ching minh x* + y° + 4xy <6

Tir gia thiét ta c6 xy = (x + y)* =3

X4y +dxy = (x+ )X+ YT —xy) +dxy = (x + y){(x +y) - 2[(x +y) —3]} + 4[(x+ y)’ —3]
Bt can chimg minh twong duong [2-(x+ y)][2(x +y) - 9] <0

3
Tacod 3:x2+xy+y221(x+y)2:>x+ys2

Nén 2—(x+y)>0,2(x+y)* —=9<2.2> -9 <0 do d6 bdt dugc chirng minh
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Déu bang xay rakhi a=b=c=1

> Nhan xét:viéc chia ¢ trén 1a mot viée lam thuong lam khi c6 mét dai lugng riéng 1é nao
d6 & mot vé,nhing bai toan kiéu nay thudng hay xuat hién trong ki thi hoc sinh gioi,tuyén
sinh dai hoc va ciing 1a mdt cach hay sur dung cta cac bai h¢

Cho a,b,c>0thoa a+b+c=1

a’b? bc? c’a? S 3

CMR —+ + >
@ —ab+b*) a(=bc+c®) b(c*—ca+a’) ab+bc+ca
1 1 1
obita=—b=—c=—=xy+yz+zx=xyz
X y z

Do d6 ta can chtrng minh Z 3xyz

—xy+y X+y+z
z X S (x> +y* +2°)° B (x> +y*+2°)
y2 —yz+22 h Z)c(y2 —yz+22) (x+y+z)(xy+yz+2zx)—6x)z

Ma theo bdt schur thi (x> + > +2°)> + 6xyz(x + y + 2) > (x + y + 2)*(xy + yz + zx)

2 2 25\2
(x"+y +2z7) Z)H_y_'_zz3(xy+yz+zx): 3xyz
(x+y+z)(xy+ yz+zx)—6xyz2 X+y+z X+y+z
Do d6 bdt dugc chung minh

7 3 1
Dau bang xay ra khi a:b:c:g

111
> Nhén xét:Viée d6i bién (a,b,c) - (— — —j c6 vé nhu khong hop 1i khi lam cho gia

Xy z
thiét mat dep nhung chinh diéu nay da lam mat dai lugng ¢’ & mau va bién né 1én tir dé dé
bién d6i

Cho a,b,c>1thdéa a’*+b>* +c* =4

CMR 1 + 1 + 1 < 4 (Mathscope)

2(\/a2—1+\/b2—1+\/02—1)

Cai cin nay lam ta khong thich 1am bai c6 —1 nhung ta thiy & gia thiét cling c6 a” nhur &
can nén ta nghi toi dat dé 1am tranh rudom ra

o bat x:\/az—l,y:\/b2—1,2=\/cz—l:>x2+y2+22:1

Do d6 ta can chig minh (x + y + z)( 1 + ! + ! } <

\/x2+1 \/y2+1 \/zz+1

2 2 2
X . 3x < 3 X X =§
Zm— Z“2x2—i-y2+zz_ 42 x2+yz+x2—i-z2 2

o | o
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2 2 2
Z y+Z \/z 3Z(y—'_ZZ) 2 S\/?)Z( 2y 2+ ZZ 2J=3
Jx? +1 2X"+y 4z X +y x4z

Do d6 bdt dugc chung minh

23

DAu bang xay rakhi a=bh=c="—

3
Cho tam gidc ABC
24, B B ,C ,C L, A4
cos’—cos’ = cos’—cos’— cos’—cos’ —
TimGINN §=——2 2, 2 v 2, 2 = 2 (TST Vietnam 2007)
cos’ — cos’ = cos’ —
2 2

3 \ A A 3 ~ 3A \ A - A B C \ A
Nhin vao dé thé nay thi ta nghi dén ngay la viéc dit cos—,cos—,cos— lam an

Nhung ta thdy cac bdt ma lién quan dén cos nhu

1 A A .
ZCOSA < %,HcosA < g,z SE < %,Hco 5 < % thi chi toan la dau bé hon thi
khé ma c6 thé st dung nén ta nghi dén viéc dat mot dai lugng khac ma c6 duoc biéu thirc

A B
chtr khong phai 1a c6 dugc bdt do chinh 1a dai luong ‘[an—,tanz,tan£

. A B c . \
o bat x=tan5,y=tan5,z=tan3 vol x,y,z>0 va xy+ yz+zx =1

2
Dodétaco 5= — 1 =Z( DI )Z !

(O +D(* +1) % +ny)(z + xy (x+y)
Theo bdt Iran 1996 thi ' 1 > ’ 52
(x+y) 4(xy+yz+zx) 4

Dau bang xay ra khi tam giac ABC déu

Cho tam gidc ABC nhon

2 2 2
Tim GTNN p=-S08 A4 | €08 B | coSC  ying 2005)

cosdA+1 cosB+1 cosC+1

Nhu bai trén thi ta nghi dén viéc dat va tao ra cai diéu kién nhung ¢ day la cos 4 chu
. A4 N SR S A1
khong phai COSE nén ta nghi dén viéc dat cot lam an boi Zcot AcotB =1

o Pat x=cotA4,y=cotB,z=cotC v6i x,y,z>0 va xy+ yz+zx =1
2
X 2 [
cos? A > 52 x ( X +1—x)

Ta cod —_x+l _

cosd+1 14 % \/x2+1(\/x2+1+x) \/x2+1

x*+1
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Joo+ y)(x +2) =X 2(x+y) 2(x+2)

3

, 2 X 1 1
DodoPZZx _2(x+y) 2(x+z)} Z ——Z(x —xy+y) EZX)/:E

Dau bang xay ra khi tam giac ABC déu
> Nhan xét:mdt cach khéc ty nhién hon 1a ta st dung dinh 1i cosin dé thay cos bang céac
canh cua tam giac

Cho a,b,c 143 sb thuc duong
Qa+b+c) N (2b+c+a) N 2c+a+b)’

CMR —; > > 5 > <8 (USA MO 2003)
20 +(b+c)* 2b°+(c+a) 2" +(a+b)
5 b+c c+a a+b
o bat x= , V= ,Z =
a b c
(2+x)’°

Do d6 ta can chirng minh Z

<8 Vol xyz=x+y+z+2 va xpz=>8

(x —1)
x*+2 2

2+x

Bdt can chimg minh tvong duong » -

Z(x2 1)? (x+y+zz3)

nén ta chimg minh 2(x+ y+z-3)*>x"+ 1> +2° +6
X+2 X +y +z +6

S(x+y+z) —12(x+y+2)+2(xp+ yz+2x)+12>0

(x) 12X x 423 w122 (D) ~ 12X x+36=(3x-6) 20

Do d6 bdt dugc chimg minh
Dau bang xdyrakhi a=b=c

Cho x,y,z>20 théa x+y+z=1

2
CMR = +1 i +l z +1£Z

y2+1 I

o bat a:x2+1,b:y2+1,c=22+1:>a,b,ce[1,2]
Ta can chimg minh g+é+£SZ
c a 2

Khong mat tinh tong quat gia su b nam gittaa va ¢

:(b—a)(b—c)so:%+ég3+1

c c
. a ¢ _5
V1a,b,c6[1,2]:(2a—c)(2c—a)20:>—+—£—
c a
a b ¢ a b c _a c 5 7
S>—+—F—=|—+—|[+—<—+]+—<—+1=—
b ¢ a b ¢ a c a 2 2
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Do d6 bdt dugc chung minh

Dau bang xay rakhi x =1,y = z =0va cc hoan vi

> Nhan xét:viéc dat & trén 1am cho céi 4n ¢ biéu thirc don gian hon va phan con lai 14 dang
bai toan bién d6i hoan vi va sau day 1a mot bai toan véi cach giai twong tu

Cho x,y,z>20 théa x+y+z=1

CMR (x* +y* +2° +3) 21 + 21 - 21 <10
x +1 y 41 z7+1

Cho a,b,c 13 3 sb thuc thoa (a +b+c)(l+%+l) =10
a C

CMR (a’ +b* + cz)(% + bLz + cl j > 2—27 (D¢ thi thir Pai hoc Tong hop 2007)

o Tir gia thiét ta c6 abie bieii g
c b a b c
b ¢ b a b c

a2 2 6’2 bz cz az

Tacéx2=?+c—2+?+2y,y2:?+?+c_z+2x
2
(S )= St Bt 20we 0432 C20 ey y43-2
cye cyc

Do d6 bdt dugc chung minh

Dau bang xay ra khi @ = 2b =2¢ hodc 2a = b = ¢ va cac hoan vi

1 1 1
Cho x,y,z>0 thoa x+y+z=—+—+—
X y z

CMR (xy +yz+ zx)(\/g + \/; + \/;)2 >27 (Tran Qubc Anh)

o bat xz,/ﬁ,yz‘/ﬂ,Z:‘/a—b (v6i a,b,c>0)
a b c

Tur gia thiét tacoé a+b+c =ab+bc +ca

Ta cin chimg minh (a+b+c)(\/5+\/E+JZ)2 >27

33 3\/§(ab+bc+ca)
Varbo+e> e \/a+ +c o3 at+tb+c a+b+c (a+b+c)

Day 1a mot bdt thuan nhit va dbi xtmg nén bo qua diéu kién dé bai ta chuan hoa
a+b+c=3
Do d6 ta ching minh va ++b ++/c = ab +bc + ca (Russia 2002) (*)

Bdt (*) minh dua ra hai cach chiing minh sau
Céch 1:
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o Bdt can ching minh twong duong o’ + b +¢* + 2(\/;+ JZ+JE) >9

Tacod a’ + «/; + «/; > 3a tuong tu cong lai bdt dugc chung minh
Céch 2:

o Taco («/5+«/5+\/Z)2(a2+b2+c2)2(a+b+c)3:27

Do d6 ta can chtng minh (a® +b* + ¢*)(ab + bc + ca)* <27

2 2 2 3
Ta cod (a2+b2+cz)(ab+bc+ca)23[a thite +2(ab+bc+ca)} =27

3

Do do6 bdt dugc chirng minh
Dau bang xayrakhi x=y=z=1

Cho x,y,z > 0thoaxyz =27

2
CMR (x> +3)(y* +3)(z° +3) > %(xy +yz+zx+ %)

2
o Bdt can chimg minh <:>(%+3j(%+3j(%+3}24(34_24_24_1}
X Yy z X y z

bat azé,bzi,c=§:xyz:l
X y z

Ta can ching minh (a* +3)(b*> +3)(c* +3) > 4(a+b+c +1)’
& SZ:a2 +3Z:azb2 +a’b’c* +23> 8(2(1 + Zab)
Taco bdt phu @’ +b*> +c* +a’b’c® +2>a* +b*> +c* +2abc +1>2(ab + bc + ca)
Do d6 ta can chimg minh 4)"a* +3) a’h” +21>8> a+6)_ ab
<3) (ab-1+4> (a-1)>20
Diéu nay luon ding do d6 bdt dugc chimg minh
Dau bang xdy rakhi x=y=2z=3
> Nhan xét:bdt phu dugc sir dung ¢ trén 1a
a>+b* +c’ +2abc+1>2(ab + bc + ca) v6i a,b,c >0
9abc
a+b+c

o Ta cd 2abe +12> 33 a’b*c? >

Do db ta can chimg minh &’ +5” +¢* +—22¢_ > 2(ab+ be + ca)
a+b+c

& a’+b° + ¢ +3abe > ab(a+b)+be(b +c) + ca(c + a)

Diéu nay ludn ding do d6 bdt duoc chimg minh

Bdt nay co6 kha nhiéu tmg dung,sau day 1a 2 bai toan tmg dung ctia bdt trén

Cho a,b,c 1a 3 sb thuc duong

1,CMR1+E+Q+£22,/1+2+2+£
b ¢ a c a b
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2,CMR 4(a +1](b+%j(c+lj >29a+b+c)
C

a
Cho a,b,c,d 1a 4 sb thuc khong am

1 1 1 1 1 1 243

CMR + + + + + >
a+b a+c d+d P+ bP+d c+d 2a+b+c+d)

o Khong mat tinh tong quét gia strd = min{a,b,c,d} .Ta c6

3 3 3 3 3 3
a3+b3s(a+ij +(b+ij ,a3+c3£(a+i] +(c+ij ,b3+c3£(b+i] +(c+i]
3 3 3 3 3 3

3 3 3
a3+d3£(a+§j ,b3+d3§(b+§] ,c3+d3£(0+%j

bat x:a+%,y:b+§,z:c+§ do d6 ta can chimg minh

+
+

1 N 1 1 1 1 243
©+y Y+ Z2+x Xy 2 2x+y+z2)

2 1 1 243
@Z[ +—3+—3J2—3

X+y Xy (x+y+2)
Ta co
1 1 2 2 24
PR 323i/ T3 ; 23 | i - 3
oy (x+y) YOy )@y By (27 - ay+ ) (x+y)
(x+y)
4
2 I 1 1 84 243

dodd D | ———+—+—[224)] -2 > -

X+y x y x+y)y (+y)(y+z)(z+x) (x+y+2)
Do do6 bdt dugc chirng minh

Déu bang xay rakhi a =b =c,d =0 va cac hoan vi
> Nhén xét:bai todn ndy c6 hinh thire va ¥ tuong 1am khé gidng voi cac bai & phan IV

Cho a,b,c >0thoa a+b+c=3
2 2 2
a b ¢ 3 (V5 Quéc Ba Cén)

CMR + + <
a+2 b+2 c+2 ab+bc+ca

o Pit a> +b° +¢* =3+6t7v6i 0<t<1 thitacd ab+bc+ca=3(1-1t%)
1 1
<
a+2 1-t

Bdt can chimg minh tuong duong 42 +3

2

1 a+2t-1

Ta cé = —
a+2 3-2t (3-2)(a+2)
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Do d6 ta cdn chiing minh 4 za+2t—12 12 -3- 12
3-2t a+2 3-2 1-¢
2
sat2ol, [D@+2e-D] 3607 6t
a+2  Dl(a+2)a+2t-1) Da@+Q+DDa+6(2t-1) t+3
Ta can chimg minh 241 > 2 _ 3— ! 5
(B-20)(t+3) 3-2¢ 1t

< 61° =31 +1>0 diéu ndy ludn dang nén bdt dugc chimg minh
Dau bang xdyrakhi a=b=c=1

Cho a,b,c > 0thoaabc =1
1 1 1

+ + <1
V5a+4 5b+4 J5c+4

CMR

1 1 1 1

o Vi , , <—
Via+4 \5b+4 5c+4 2
1-x 1 -y 1 -z

]
sa+4 2 Jsb+4 2 se+d 2

Néntacod 5a=

Do d6 ta dat voi x,y,z € (0,1)

s - >

2 T N2 = 2_4
(I-x) (1= (I1-2)

Viabc=1:{ 12_1}{ ! 2_1}{ 12_1}125
(1-x) 1-») (1-2) 64

Ta can ching minh x+ y+z>1

2 2
Gidsit x+ y+z <1 thita cd — 2:(1+Lj <|1+—=
1-x) I-x y+z

125 .

1 } (x+y+zj2 xz[ [x(x+2y+22) %55 (x+y+2)
NRIP y ([ ESS AR B +29) 2
(1-x) y+z [T+ [T+

=27(x+ )’ (y+2)°(z+x)’ <64xyz(x + y + z)’

|

125 125xpz(x + y +z)°
= < 2 2 2
64 27(x+y)(y+z)(z+x)

2
2 4
Diéu nay vo li do 27H (x+y) > 27(22)@2)@/] > %(Zx)z .3xysz = 64xyz(2x)3
Do do6 bdt dugc chirng minh
Dau bang xayrakhi a=b=c=1 9
> Nhan xét:mot bai todn voi y tudng dat an tuong tu nhu trén la

1 1 1
Cho a,b,c 20 théa — +— +— S
a +47 b +47 c +47 24

CMR a+b+chO‘/%
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