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Loi noi dau

B sach Chuyén dé luyén thi vae Dai hoc dugc bién soan nhim muc
dich giup cac em hoc sinh 16p 12 ¢6 thém tai liéu tham khao, nim vimng
phuong phép gidi cac dang bai toan co ban, thuong gip trong cac ki thi
tuyén sinh vao cdc trudmg Dai hoc va Cao ding hang nam.

Noi dung bd siach bam séat theo chuong trinh by mén Toan THPT
ning cao hién hanh va Hudng din 6n tap thi tuyén sinh vao cdc truong Pai
hoc va Cao ding mén Toan cua B, Gido duc va Pao tao. B6 sich gém 7
tap, tuong img véi 7 chuyén dé

1. Dai sb
2. Lugng giac
3. Hinh hoc khdng gian
4. Hinh hoc giai tich
5. Giai tich - Dai s6 t5 hop
6. Khao sat ham sé
7. Bét ding thic
‘ Téap sich "Chuyén d& luyén thi vao Dai hoc : Luwgng gidc" nay,
g6m 2 phéan :

Phin I : Kién thirc co bin — Vi dy ap dyng : c6 6 chrong thudc phén
Luong gidc. Mdi chuong gdm nhiéu don vi kién thirc (§), duoc bién soan
théng nhat gdbm cic muc : '

A. Kién thirc co ban : Tém tit, hé thdng kién thirc rong tam.

B. Vi du 4p dung : gdm nhiéu vi du, c6 hiréng din giai. M3i vi dy 13
mot dang bai tip co ban, thudng gap trong cac ki thi tuyén sinh vao cac
truong Dai hoc va Cao dang. _

Trong mdi (§) c6 phan Luyén tap : gdm nhiéu bai tap, giap hoc sinh
tyr ren Juyén ki ndng giai toan.



Phén II : Heéng din gidi — Cau héi tric nghi¢m on tap : Phin nay
gbm huémg dan giai bai tap hoac cho dap sé cia phan luyén tip & mdi (§) va
cau hoi tric nghiém 6n 1dp, c6 tra 101 ; gitip hoc sinh tu kiém tra, danh gia két
qua giai bai tp cia minh.

Cubi sach c6 phan phy luc : Trich giéi thiéu mjt sé dé thi tuyén sinh
Dai hoc (2005 — 2008). Pay 1a phin trich gidi thidu mot sé dé thi tuyén
sinh Pai hoc di ra tr 2005 dén 2008 — mon Todn, ¢6 lién quan dén phin
Lugng giac, c6 huéng din giai ; giup hoc sinh lam quen véi cac dang chu
hoi cua dé thi tuyén sinh Pai hoc. '

Tap thé tac gia tran trong gidi thiéu véi cac em hoc sinh 12, bd sach
Chuyén dé luyén thi vao Dai hoc. Ching t5i tin tuong bd sach nay, s& gop
phan giup cac em hoc sinh 12, ning cao chét lugng hoc tap va dat dugc két
qua mi man trong ki thi tuyén sinh vao Pai hoc, Cao déng.

Chu bién
PGS, TS. TRAN VAN HAO



CAU TRUC BE THI TUYEN SINH DAI HOC
CAO DANG 2000, MON TOAN
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il. PHAN CHUNG CHO TAT CA THI SINH (7 DIEM)
Caun 1 (3 diém) :
— Khao sat, v& dd thi ctia ham sb.

-~ Cac bai toan lién quan dén dng dung cla dao ham va dd thi cha ham 50
ch|eu bién thién cia ham sd. Cyc tri. Gia tri 1on nhat va nho nhat cda ham sb. Tlep
tuyén, tiém can (dimg va ngang) ciia do thj ham s3. Tim trén dd thi nhung diém cé

tinh chét cho trudc, tuong giao giita hai d6 thi (mét trong hai db thi la duong
thang) ;...

Cau 11 (2 diém) :

— Phuong trinh, bét phuong trinh ; hé phuong trinh dai sb;

- Cong thirc lugng giac, phuong trinh lugng giac.
Céu IIT (1 diém) :

— Tim gidi han

— Tim nguyén ham, tinh tich phan

- U'ng dung cua tich phan: tinh dién tich hinh phfmg, thé tich khdi tron xoay.
CiulV (1 diém) :

Hinh hoc khdng gian (tong hgp) : Quan hé song song, quan hé vudng goc cua
duong thang, mat phang Tinh di¢n tich xung quanh cta hinh nén tron xoay, hinh
tru tron xoay ; tinh thé tich kh0| Iang try, Khoi chop, khdi nén tron xoay, khoi try
tron xoay ; tinh dién tich mat cau va thé tich khdi cau.

Cau V (1 diém) :
Bai toan tdng hop.
Il. PHAN RIENG (3 DIEM) :
Thi sinh chi dirge 1am mét trong 2 phan (phén | hoac 2)
1. Theo chwong trinh chuén :
Céu VLa (2 diém) :
Noi dung kién thirc : Phuong phap toa do trong mét phiang va trong khéng gian



— Xac dinh toa 6 cua diém, vecto.

— Pudng tron, elip, mat cau.

~ Viét phuong trinh mat phing, duong thing.

— Tinh géc ; tinh khoang cach tir diém dén mit phing. Vi tri twong déi cua
dudng thing, mat phing va mat ciu.
Ciu VIL a (1 diém) :

Noi dung kién thirc :

— S6 phirc

- T hop, xac suat, thén g ké.

— Bit dang thire. Cyc trj caa biéu thic dai sb.

2. Theo chuwong trinh nang cao :
Ciau VLb (2 diém) :

Noi dung kién thirc :

Phuong phap toa do trong mat phing v trong khdng gian :

— Xéc dinh toa d6 cia diém, vecto.

— Puong tron, ba duong cénic, mat cau.

— Viét phuong trinh mat ph?mg, dudng thang,

— Tinh goc ; tinh.khoéng cach tir d'iém dén dudng thing, mat phang; khofmg
cach gita hai dudng thing, Vi tri twong doi cha dudng thang, mit phang va mit cau.
Cau VILb (1 diém) :

Nbi dung kién thic

— S6 phire
ax’ +bx +¢

pPX +q

— D4 thi ham phan thic hinu ti dang y = va mot sb yéu t6

{ién quan.
— Sy tiép xiic cia hai duomg cong.
— H¢ phuong trinh mi va 16garit.
— T hop, X4C sudt, thong ke.

- Bat déng thirc. Cye tri coa biéu thirc dai sb.



Phén .
KIEN THUC CO BAN — Vi DY AP DUNG
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Chwong 1. ,
BIEN DOI LUONG GIAC

A. KIEN THUC CO BAN

Hoc sinh can ndm vitng dinh nghia cac gia trj luong giac sina, cosa,
tana, cota VA cac tinh chat co ban cua chiing nhu :

I. Dau cia cac gia trj lugng giac

2. Gia tri lugng giac cua cac cung dac bi¢t

3. Cac hé thac lugng gidc co ban

4. Tinh chét tuan hoan va chu ki ciia cAc ham sb lugng giac

5. Sy bién thién cua cac ham sd lugng gidc

CAC CONG THUC LUQNG GIAC

H¢ thirc gifra cdc gid tri lugng gidc cha cac cung cé lién quan ddc bigt
* Cung dbi nhau

cos{-x) = cosx sin{-x) = -sinx

tan(—x) = —tanx cot{-x)=—cotx

* Cung bit nhau

sin(r—x)=sinx cos(n—x)z—cosx'
tan(n—x)=—tanx cot(n-x)=—cotx
* Cung hon kém nhau =

sin{x + 1) = —sinx cos(x + 1) = —cosx
tan{x + ) = tan x cot(x+m)=cotx

* Cung phu nhau

i [n ] [n ] X
sin| = - x| =cosx cos| ——x |=sinx
2 2



b1 T
tan[——xj:cotx cot[——x]ztanx
2 2

, n
* Cung hon kém nhau 3

. T T .
sm[x+5]=cosx, . cos[x+5j=—smx

T b
tan[x-ﬁ-—iJ:—cotx, cot x+—2-j=—tanx

Cong thic cfng
cos{a+b) =cosacosb+sinasinb, cos(a+b)=cosacosb—-sinasinb
sin(a+b)=sinacosb+cosasinb, sin(a —b) =sinacosb—cosasinb

tana +tanb " tana—tanb
tan(a—-b) =

tan(a+b)= ——-— _—
I-tanatanb l+tanatanb

Céng thirc nhan doi

sin2a = 2sinacosa
o2 - 2 _ .2
cos2a=cos"a—-sin“a=2cos"a-1=1-2sin“a

2tana
tan2a=———

1-tan’a
Hé qua : Cong thirc ha bac

2

cos a=%(1+cos2a), sin®

a =l(1 —cos2a)
2

Cong thirc tinh sina, cosa, tana theo t = tan%

5

. 2t t
siha=——,cosa=——,fana= 3
T+1° 1+t -t

Cang thirc bién ddi tich thanh tdng

2cosacosb =cos(a~b)+cos(a+b)
2sinasinb = cos(a ~b) - cos(a + b)
2sinacosb=sin(a —b)+sin(a+b)
Cong thirc bién 3i tong thanh tich

: o+ o-
cosa+cosfi= 2(:05%&)5——Li
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L, atp . a-
cosa ~cosf =-2sin l3sm B
2 2
: : S a+ -
sina +sin =2sin Bcos B
2 2
. . a+B ., a-
smot*sml?;z2(:05—Bsm—2—E
sin{a + sin{a —
tana+tanB=—(—£), tana—tanﬁ:ﬁ
cosacosf cosocosf

Cong thirc rit gon asinx + bcosx, acosx + bsinx
s b . T ,
*Giasta> 0. D3t tanp=— vdi e —5;5 .Tacod:
a

asinx +bcosx = Va® + b’ sin(x + )
acosx +bsinx = Va® +b” cos(x — )

* Pic biét :

sinx+cosx=\Esin[x+%)=\/§cos[x—§]

. . i . .4
sinx —-cosx = +/2sin x—; , .coSX-—-sinx =+2cos x+z

B. Vi DU AP DUNG

§ 1. CHU’'NG MINH PANG THU'C LUQNG GIAC

PHUONG PHAP

Muén chimg minh mét ding thirc lugng giac, ta dung cong thire luong giac
dé bién doi biéu thic lugng gidc & mdt vé thanh biéu thirc luong giac & vé

kia.

Dé y rang mot biéu thirc lugng gidc cé thé duge bién ddi thanh nhidu dang
khac nhau. Chang hantacé:

* sin” 2x = 1—cos® 2x (H& thirc lugng gi4c co ban)

={1 -cos2x)(l +cos2x)
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* gin?2x = 12(1 - cosdx) (cong thic ha bac)

* sin” 2x = 4sin’ x cos’ x (Céng thirc nhan déi)

Tuy theo mdi bai toan, ta chon cong thirc thich hgp dé bién doi.
Vi DU AP DUNG

Vi du 1 : Chilng minh cac cong thuc sau (¢ong thirc nhdn ba) :
1) cos3a=4cos’a-3cosa ; 2) sin3a =3sina —4sin’a;

_ tan a(3 —tan® a)

3) tan3a -
{—3tan"a

Huong din gidi
1) cos3a =cos(2a +a) =cos2acosa —sin2asina
= (2cos2 a —l)cosa - 2cosa(l —cos® a) =4cos*a—3cosa.
2) Chimg minh tuong tu.

t
3) tan3a =tan(2a +a) = an2a+tana

]—-tan2atana

2tana
_]Tt;?_a_“ana_3lana—tan3a_tana(3—tah2a)
B |__2_tﬂzi ~ 1-3tan’a |-3tan’a
I-tan’a

Vi du 2 : Chimg minh :

1) cotx +tanx = 2) cotx —tanx =2cot2x ;

sin2x

3) cotx—cot2x = — .
sin2x
Huong dan giii
. 2 2
COSX SiINX ¢€os X+sin“x | 2
1) cotx+tanx =——+ = - == =
sinX COSX Sin X COS X sinxcosx sin2x
2) Chirng minh tuong tu.

R
COSX COS2x 2c¢0S X —cos2X
3) cotx —costan2x = - =

sinx  sin2x sin2x
_l+cos2x—cos2x |
Sin2X sin 2x
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Vidy 3 : Chimg minh :

. 3
1) sin® x + cos* x =—l-cos4x+§— ; 2) sin® x +cos® x =~cos4x+—5- :
4 4 8 8
3) sin® x + cos® x =L cosBx + —-cosdx +2.
64 16
Hucomg din gidgi
' 2
1) sin? x +cos? x =(sin? x + cos? x) —2sin® x cos® x
=1 —lsin2 2x =1- l(l - cos4x) =lcos4x +3
2 4 4 4
3
2) sin® x +cos® x =(sin” x + cos? x)” — 3sin’ xcos® x (sin® x + cos? x)
=1-3sin® xcos’ x =l—%sin2 2x:1—%(|-cos4x):-2—cos4x +é

2
. . 4 . 4
3) sin® x + cos® x = (sin® x + cos® x) - 2sin* xcos® x
( .2 2 )2 . 4 4
={1-2sin? xcos’x)” — 2sin® xcos* x

N 4 4
=1—4sin’ xcos’ x + 2sin® xcos® x

=l—sin22x+lsin“2x:l—I_COS4x+l[1‘C°54X
8 2 g\ 2
=l+lcos4x+—l—[l—2cos4x+—l+cossx]

2 2 32
=Lc058x+lcos4x+£

64 16 64

Vi du 4 : Chitng minh :
1) sin(a +b)sin(a -b) =cos’b-cos’a ;

2) cosa +b)cos{a—b)=cos’a+cos’b-1.
Huedng din gidi

1) sin(a +b)sin(a-b) = %(cos 2b-cos2a)

1 2 2 3 2
= 5(2cos‘ b-1-2cos a+ I) =cos"b-cos”a

;

11
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2) cos{a +b)cos(a—b) = %(cos 2a+cos2b)

=%(Zcos2 a—1+2cos’b-1) =cos’a+cos’b—1
Vidy 5 : Chung minh :

. . 3.
1) cos3xsin’ x +sin3xcos® x = Zsm 4x ;

2) cos3xcos’ X +sin3xsin® x = cos’ 2x.
Hudng din gidi
1) Tacéd: 4cos’ x =cos3x +3cosx,
4sin® x = 3sin x - sin3x.
Do dé, ta tinh 4 1dn vé trai (VT)
4VT)=cos3x (3sinx —sin3x) +sin3x(cos3x + 3cos x)

=3(cos3xsinx +sin3xcos x) =3sin4x
Suy ra cong thirc phai chimg minh.

2) 4(VT) =cos3x(cos3x +3cosx) +sin3x (3sin x - sin 3x)

k) . 2 : :
=c0s” 3x —sin’ 3x + 3(cos3xcos x + sin 3xsin x)

=cos6x +3cos2x

= 4¢0s’ 2x (Do cos6x = 4cos® 2x -3cos 2x)
Suy ra cdng thirc phai ching minh.
Vi du 6 : Chimg minh :

; L . (n |
1) smxsm[—-x]sm(—+ x]-—--sm3x ;
3 3 4
2) cosxcos[-7E - x)cos(£+ x]:lcos3x ;
3 3 4
3) tanxtan[g—x]tan[g—+x]:tan3x.
Huréng diin gidi
. . (n [ n | 2n
1) smxsm[——x]sm[—~+x]:—sm x[coszx—cos—]
A3 3 2 3

l . \ 1, . ) A .
:55m xc052x+%smx =Z(sm3x—sm x)+]—smx =lsm3x
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R s | 2n
2) cosxcos| —-x [cos] —+ X [=—=cosx| cos2x + cos—
3 3 2 3

] |
= lcosxcos2x —~—cosx =—(cos3x +cosx)— lcos X = lcos3)~1.
2 4 4 4 A

3) Tir két qua bai 1 va bai 2, suy ra két qua bai 3.
Sau diy la cach giai truc tiép bai 3.

[n ] [n ] 3-tanx 3 +tanx
tanxtan| ——x |tan| —+ X |=tanx- -
3 3 l+\/§tanx l—x/§tanx

_tan );(3—tan2 x) _

|~ 3tan? tan3x
-3tan° x

Vi du 7 : Chirng minh :

1) sin5x - 2sinx{cos4x +cos2x) =sinx ;

S5x 3x . Tx . x
2) cos—cps— + Sin—Sin— = co§ X c0s 2X.
2 2 2 2

Huéng din gidi
1) VT =sin5x - 2sinxcos4x - 2sin xcos 2x

=sinSx — (sin 5x —sin3x) - (sin3x —sinx) =sinx

2) cos—’fcos—31+ sinl)isini :l(cos4x +cos x)+—1-(cos3x —cos4x)
2 2 2 2 2 2

]
= 5(cos3x +c0SX) =Cc0S2XCOS X.

Vi du 8 : Chimg minh rﬁng:

1) sina+sinb+sinc—sin{a+b+c)= 4Sina+bsinb;csinc;a :
a+b b+c¢ c+a

2) cosa+cosb +cosc+cos{a+b+c)= 4cos cos cos

2 2 2
Hurdng din gigi
Cac bai toan nay thugc dang bién dbi tong sb thanh tich sb.

1)sina +sinb +sinc —sin(a+ b+c)=(sina +sinb) +[sinc -sin(a + b+¢)]
"~ a-b a+b+2c . a+b
—2cos sin

2 2

b
cos

. a+
=2sin

13
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. a+b( a-b a+b+2c}
= 2sin €oS - —cos
2 2
. a+b ., a+c . -b-¢ . a+b . b+c ., c+a
= —4sin sin sin = 4sin sin sin
2 2 2 2 2 2

2) cosa+cosb+cosc+cos(a+b+c)

a+b a-b a+b+2c a+b
=2cos cos +2cos cos
2 2
a+b a-b a+b+2c a+b b+c Cc+a
=2cos cos +Cos =4¢0s cos cos
2 2 2 2 2

Vidu 19 : Cho a # k21, k € Z. Chimg minh ring :
. na_, (n+a
sin—sin —

1) sina+sin2a+sin3a+...+sinna = a ;

sinE

2) cosa+cos2a+cos3a+...+cosna=
. a

sin —

2

Hudng din gidi

Pit: S=sina+sin2a+sin3a+...+sinna. Tacéd:

[ZsingJS = 25in%sina + ZSingsin 2a + .‘..+ 2sin%sin na=

[ a 3a] [ 3a Sa] [ 5a
=| cos—-cos— |+| cOs— —cOs— |+| COS— ~ COS —
2 2 2 ¢ 2 2 2

feo{n-Da-ea[ns 1]

a [ l] . na . (n+1)a
=c0oS——Ccos| n+— [a =2sin—sin
2 2 2

.na (n+Da
sin —cos —

Suyra: S=
sin

1), ®

73]
+...
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2)Pbat: t=cosa+cos2a+cos3a+...+cosna. Taco:

[2sin i]T = 2sin£cosa + 2sin300523 +...+ 2sin£cosna =
2 2 2 2

[. Ja aj [ 5a Ba} [ 7a . Sa]
=|sin=— —sin= |+| sin=— —sin— |+| sin— — sin— |+...
2 2 2 2 2 2

cfsn{aneLasna-L)]

(n+1)a . na
Sin—
2

) ( l) . a
=sin| n+— |a —sin— = 2cos
2 2

na (n+Da

5in ~-COS -
Suyra: T= 2
sin >
2
LUYEN TAP
Ching minh :

1) cos(x £nn)=(~1)"cosx (ne N);

2) sin(x xnm)=(-1)"sinx (ne N),
Ching minh :
1) cos’(a—b)—cos’(a+b)=sin2sin 2b ;
2) cos’(a—-b) —sin?(a + b) =cos2acos2b.
Chimg minh :
1) sin® x(1+ cot x) + cos® x (1 + tan x) = sin X + cosx ;
2) sin3x — 2sin’ 3x + cos2xsin x =cos5xsin4x ;
3) sin® x + cos* [x +£] 3. —stin[2x +£].
a) 4 2 4
Chitng minh :

1) cos4a =8cos*a-8cos’a+1;

2) cos’ x cos3x —sin® xsin 3x =3cos 4x +%.

Chitng minh : tanx + tan[x +§]+ tan [x —%] =3tan 3x.

15
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sin(a+b+c)

Chimg minh ; tana +tanb+tanc =tanatanbtanc + .
cosacosbcosc

Chirng minh :

2 2
1-cos’a—cos’b-cos’c+2cosacosbeosc

. a+b+c¢c . a+b-¢ . b+c—-a ., ¢c+a-b
=4sin sin sin sin

2 2 2 2
Cho a# k2n, k e Z. Chimg minh

1) 1+cosa+cos2a+...+cosna=

. a
sin =
2
2) sinx +sin(x +a)+sin{x +2a)+... +sin(x + na)
. [ naJ . (n+Da
sy X+ --- |sin - - ——
2 2

. a-
sin -
2

»

5

3) cosx +cos(x +a)+cos{x +2a)+...+cos(x +na)

[ na) ~(n+Da
cos| X + sin —-——-
2 2

. a
sin -
2

§ 2. RUT GON, TiNH GIA TRI CUA MOT BIEU THUC

16

LUONG GIAC

PHUONG PHAP

* Mudn rit gon mét biéu thire luomg giac, ta ding cac cong thic luong giac
dé bién dbi biéu thic da cho.

* Mudn tinh gia tri cua mot biéu thirc lugng giac, néi chung ta tim cach rit
gon biéu thirc nay. Ngoai viéc sir dung cic cong thirc lugng gidc, nén xét

xem biéu thuc da cho ¢é dang gi dac biét, tu d6 co thé chon cach giai
thich hgp.
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Vi DU AP DUNG

Vi du I : Rut gon cac biéu thirc sau :

1) A :sin(2x +E]cos[x+3]—cos[ﬁ-x]cos[b& +Ej ;
3 3 3 3

)
2) B=cosx + cos[x+23£j+cos(x —l;-t-]

Hudng din gidi
1) Nhin xét :

T e )
X=~= |+ —=-X|[===cos| —~-x |=sin| X -—
6 3 2 3 6

Do d6: )

A:sin[2x+E]cos(x—£J—cos(2x+E]sin(x—£)

3 6 3 6
ol (2005 )-(x- 3 )]s+ 3]

=sin||2x+—|-| x—— || =sin| x +— |=cosx.
[ERI R

2) B=cosx+|:cos[x+%E]+cos[x~2—;]]

:cosx+2cosxcos%71 =cosx —cosx =0 (Do cos%z—%).

Ghi chi @ Goi M, N, P lan luot la diém ngon cua ciac cung ¢o sd do
X, X + %’E X —232 trén duang tron lwong giac. Thé thi MNP la mét tam giac
dédu,dodé: OM+ON +OP =0.

Chiéu dang thirc vecto nay trén tryc cosin va truc sin, ta dwoc :

[ 27:] ( Zn]

cosx +cos| x+— |+cos| x-— =0
3 3

] A 2n . 2n

sin X +sin x+7 +sin X_T =0

Vidu 2 : Rat gon biéu thirc :

A =sin2x+sin2{x—-§j—sinxsin£x—§]

LUGNG GIAC - 2 17
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Hueong din gidi
Cdch 1 :

s ) [ n][ [ nJ X ]
A=sIn" x +sin| x—— || sin| x—— |—sinx
3 3
.03 . T my. n
:sm‘x+25m[x——]cos[x——}sm(——j
3 6 6
i x-sinf x- Jeos -
=sin”~ X —sin| x —— |cos| x ——
3 6 .
.2 ]|: ( ﬂj . [ ﬂ]]
=sin"x ——|sin{ 2Xx —— |+sin| ——
2 2 6

. 2 N i N I 3
=sin” x+lcos2x +l =S8In" X +l(l —2sin? x)+— =—.
2 4 4

Cach 2 :

Azl-[l—c052x+l—cos(2x—2—n]+c;s[2x—£]—cos£]
2 : 3 3 3
= 3 l[cosbn + cos[2x - 2—“] - cos[2x —EH *)

4 2 3 3
:z—l[cos2x—2sin(2x——)si [—E]

4 2 2 6

=3*l|:<2052>!£—Sin(h—ﬁﬂ:é—l(cosb(—cosb():g
4 2 2 4 2 4

]

Ghi chi (*) !

Taco: cos(2x - %} = —cos[2x + %]

Suyra: Azz—l[coﬂx+cos[2x—éj+cos[2x+.3—nj :3
4 2 3 3 4

Vidy 3 : Tinh gia tri cta cac biéu thirc sau :

— —4sin70° ; Bl __ V3

1) A=— .
sinl0 , sin10° cos10°
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Hudng din gidi

1A= —4sin70° =
sin1Q° sinl0°

—4c0s20°

_1-4sin10°cos10° _1-2(sin30° -sin10°) _ 2sin10° _,

sinl0° sin10° sin10°
Y P A V3 cos10° - \/3sinl0°
5in10°  cos10° sin10°cos10°
Nhan xét ;

Ta'cod : cosl0° —J3sinl0° = 2¢0s(10° +60°) = 2¢co0s 70°

(] H [s]
Suy ra : B:4(:0570 =4sm20 4

sin 20° sin20°

Vi du 4 : Chimg minh cac dang thirc :

: 1.
1) smxcosxcos2xcos4x=§sm8x ;

2) sinxcosxcos2xcos4xcos8x = ]—|6—sin 16x.
Ap dung : Tinh gid tri cac biéu thirc sau :

1) A= cos%cos 27ncos477t ; 2) B =sin6°sin42°sin 66° sin 78°.

Hudng din gidi

Ap dung cong thirc sinacosa = %sin 2a, ta dugc diéu phai ching minh.

Ap dung :

2 4
1) A= cosgcos—ncos—E

. X . X b4 2n 4t 1 . 8n I . &
Suyra: sm;.A =sin 7cos—cos—cos— =~-sin— =——§in—

7 8 7 8 7

i
Viy.: A=——.
ay 3

2) B=5sin6°sin42°sin66° sin 78° = sin 6° cos12° cos 24° cos 48°

16
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Suy ra; cos6°.B =5sin6° cos6° cos12° c0s24° cos48° = Lsin 96° = —l—cos 6°

|
Viy: B=—.
ay 16
Vidu 5 : Tinh gia tri cac biéu thirc sau :
1) A =5in20°sin40°sin 80° ; 2) B=5sin10°sin 50°sin 70°.

Hicong diin gidi

1) A =sin20°sin 40° sin80° = %sin 20° (cos 40° ~ cos120°)

= lsin 20° cos40° + lsin 20° = —l-(sin 60° —sin20°) + lsin 20°
2 4 4 4

W3
2 8

Ghi chi : Cach tinh gia tri cua biéu thirc A trén day giéng nhu cach chimg
minh déng thirc trong vi du 6 ctia Vén dé 1.

. [n ] . [n ] 1.
sinxsin{ ——Xx [sin| —+ x [=-sin3x
3 3 4
2) B =sin10°sin 50° sin 70°
Cach 1 : Tuong ty céu |, ta tinh duge B= %sin 30° =]§
Cach 2 : Taco B =sin10°cos20° cos 40°
Suy ra : cos10°B =5in10° cos10° cos20° cos 40° = lsin 80° = —l—cos t0°

i
Viy: B=-
ay 3

Vi du 6 : Tinh gia trj cac biéu thuc sau :
6n

1) A=cos£+cos—n+cos7—n; 2) B=cos£+cos4—n+cos——;
9 9 9 7

3 C =cos£—cosz—n+cos§£
7 7 7



www.VNMATH.com

Hudng dén gidi
1) A= coszt— + (coss—n_+ cosZE) = cosE + 20052‘:-4:05E
9 9 9 9 9 9

= cosz—cos£=0
9’ 9

2) B= c:ousLcosﬂE+cos6—Tt
7 7 7

L. 2
Nhin xét: B c6 dang cosa +cos2a +cos3a véi.a =-7—n.
Ta tinh 2sin§-.B {(xem vidyu 6 Vén dé 1).Tacd:
2sin£.B-—-2sinIt—coszz+ZsinEcos£'£+2sin£cosﬁt
7 7 7 7 7 7
.3r . m .5 . 3m . . Sm
= sin — —5in — + Sin— — §in— + sin T —sin —
7 7 7 7
.o, .
= —sin—+ SN =—sin —
7 7

I
Suyra: B=—-—
y 2

4
3HC= cosE— cosz—n+ c:os:s—rr = —cosé—ﬂ—cosE —c.:os~£ =-B= 1
7 7 7 7 7 2
Vi du 7 : Chimg minh céc biéu thirc sau day khong phy thude x :
1) A=cos’ x—2cosacosxcos(x+a)+cos’(x+a);
2) B=cos® X - 2sinacosxsin{x +a) +sin?(x +a).
Huong din giai
1) A =cos® x +cos? (x +a) - cosa[2cos xcos(x +a)]
1

=1 +5[cos 2x + cos(2x +2a)] - cosafcos(2x + a) + cosa]

=t+cos(2x +a)cosa —cosacos{2x +a)—cos’a =1 —-cos’a =sin’a
2) B=cos® x +sin” (x +a) —sina[2sin(x + a)cos x}

=1+ —lz-[cosix —cos(2x +2a)] - sina[sin (2x +a) +sina]

=1-sin(2x +a)sin(-a) -sinasin(2x +a)-sin’a =1—sin’a =cos’a.

21



118

2.1

2.2

23

24

25

22

www.VNMATH.com

Vi du 8 : Vi giatri nao cia o thi biéu thirc
E =cos’ x +cos” (x +a) —cosxcos(x + )
khong phu thuéc x ?
Huwong din gidi
2E =2¢0s” x + 2cos” (x + &)~ 2cos(x + o) cos x
=1+cos2x + | +cos(2x + 20) —cos(2x + o) - cosa
=2 —cosa +[cos 2x + cos(2x + 2a) ~ cos (2x + )]

=2-cosq +[2cos(2x +a)coso —cos(2x + a)]
=2-cosa+2cos(2x +0L)[cosa —%]
Biéu thic E khong phu thudc x khi va chi khi

cosaz%@a:i§+k2n,keZ

Khido: E =cos’ x+cosz[xi§]~cosxcos(xi—}]=%.

LUYEN TAP

Rt gon khéng con dau can thie

A=y2+V2+2cosa (0<a<2m).

Rt gon cac biéu thirc sau :

. . n T
1) A =sin® x+cos‘x+sm4[x+z]+cos4(x+—j;

2) B=sin xcos[Zx + E]cos[b& —Ej + sin3xsin[x +E]sin[x —EJ.
6 6 6 6

Tinh gia trj cac biéu thirc sau :
8n 0 Sn Tn

1) A= coslcosz—ncos‘t—ncos— ; 2) B=cos—cos—cos—;
15 15 15 15 9 9 9

3) C=cot10” tan 20° tan 40°.

tan X —sin x

Cho tan % =m. Tinh theo m gia tri cua biéu thic A = . Tham sb

tan x +sin x
m phai thoa mén diéu kién gi ?

Chirng minh biéu thirc sau day khong phuy thude x

L ( n] ) [ ZRJ ) [ 37t) . [ 4n]
E=sinx-sin[ X+— |+sin| X+— |- sin| x +— |+sin| x+— |
5 5 5 )
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§ 3. HE THU’C GILPA CAC CUNG, CAC GIA TR]
LUONG GIAC THOA MAN PIEU KIEN CHO TRUOC

PHUONG PHAP

* Noi chung, ta ding cdng thire lugng giac dé bién ddi cac dicu kién cho
trude thanh hé thace phai chig minh.

* Cin phai xét diéu kién x4c dinh, néu c6, clia hé thirc phai chimg minh,
Vi DY AP DUNG
Vidyl:Chox+y+z=nn,n e N.Ching minh rang :

cos’ X +cos’ y+cos’z—1=(-1)" 2cosxcosycosz ()
Huéng ddn giii

Goi biéu thirc & vé trai cha (1) 12 A. Tacd'’:

A = cos’ x+%(l +cos2y +1+cos2z) -1

2

=cos’ x +%(c052y +c0s2z) =cos’ x + cos(y + z)cos(y — z)

Tir gia thiét x +y + z=nmn, suyra:
cosx =cos(nn-y-z)=cos(y+z-nn)=(-1)" cos(y+z)
cos(y +z) =cos{nn~x)=cos(x —nn) =(-1)" cos x
Dodd: A :cosx[(—l)n cos(y + z)]+(—|)" coxcos(y —z)

=(-1)" cosx| cos(y +z) +cos(y —z) | =(~1)" 2cos x cosy cos z.
Ghichu:Véine N waco:
{sin(atnn)=(~l)" sina
cos(a+nm) =(-1)"cosa
Vi dy 2 : Cho hai géc nhon a va b thoa man diéu kién :
3sin2a-2sin2b=0 (1)
{3sin2a+25ip2b=l (2)

Chimg minh : a+2b =

1]
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Hudng din gidi
Tacéd: (1) < sin2b= %sin 2a, (2) ©cos2b= 3sin’a
Do d6 : cos(a +2b)=cosacos2b—sinasin2b
= cosa(3sin’ a)—sina[%sin 2a]
=3sin’acosa ~3sinasinacosa =0
Suyra:a+2b=§+kn 3)

C x . 3r
Viavablahai géoc nhonnéntacdé: 0<a+2b<—

Do d6, tir 3) suy rak =0 :a+2b=g.

Vi du 3 : Chirng minh ring néu-«

sinx =2sin(x+y) )

x+y¢§+.k7t,kez (2)

thi: tan(x +y)=—3 (3)
cosy—2

(Trich dé thi Dai hoc Thuwong mai, ndm 1998)
Hudng din giii
* Do gia thiét x + y# g +kn, keZ vado cosy—2 =0, nén (3) duoc xic dinh.

*Taco: sinx =sin(x +y —y) =sin(x +y)cosy —cos{x + y)siny

Do dé, tir (1) = (cosy — 2)sin{x +y) = cos(x + y)siny

:>tan(x+y):ﬁ

Ghi chii : Néu hai goc x va y thoa man gia thidt (1) thi x +y = g +kn. Thai

vy néu x+y=§+kn thi sin(x+y)=1l, suy ra sinx=%2 (V3 li). Do

viy, c6 thé bd bot gia thiét (2).
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Trong trudng hop dé bai chi cho gia thiét (1) hoc sinh phai biét suy ra diéu

kién x+y¢%+kn,ke Z.

Vid 4 : Cho cos(a+b)=mcos{a~-b) ()
m=-1,cos(a-b)#0 (2)
Chitng minh : tanatanb = Izm 3)
l1+m
Hudng din gidgi

Tacd: 2cosacosb=cos(a+b)+cos(a~b)

| =(m+1)co-s(a—-b)¢0 (do gia thiét (2))
Viay tana vatanb déu duoc xéc dinh.
(1) = cosacosb - sin‘asinb =m(cosacosb +sinasinb) ‘

= (]l +m)sinasinb=(1—m)cosacosb

l1-m
= tanatanb =

14+ m
Vidu5:Choa+b+c :g {1). Chirng minh :
sin’a+sin’b+sinc=1-2sinasinbsinc 2)
Pao lai, tim mbi lién h¢ gitraa, b, ¢ biét rfmg ching thoa min hé thic (2).
Hurdmg din gidi

a+b+c=—= .
cosa =sin(b+c¢)

T {sina:cos(b+c)
Piat E=sin*a+sin’b+sin’c—1. Tacd:
o,
E:sinza+%(l—c052b+l—cosZc)—l =sm“a—5(cos2b+cos2c)

=sin’a~cos(b+c)cos{b-c) =sin’a-sinacos(b-c)
=sinalcos(b +c)-cos(b—c)] =-2sinasinbsinc (dpecm).
Do lai, gia sir a, b, ¢ thoa méan diéu kién (2),taco:
(2) = 1-sin*a-sin?b-sin’c - 2sinasinbsinc =0
& (1-sin?a)(1-sin’b) —(sin”asin b+sin’ ¢ + 2sinasinbsinc) =0

25
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2 . . . s
< (cosacosb) —(sinasinb+sinc) =0
& (cosacosb +sinasinb +sinc){cosacosb —sinasinb—sinc) =0

< [cos{a—b)+sinc]|[cos(a+b)-sinc]=0

1) cos(a - b)=-sinc =cos[c +—;—]

a—b:c+£4k2n
& 2 ,keZ
a—b=~c.—£+k2n

2) cos(a+b)=sinc= cos[% - c]

a+b=£~c+k2n
- Yt 2 ,keZ
a+b:c—§+k2n

Tom lai, giira a, b, ¢ ta ¢ mot trong 4 hé thurc sau :

a+b+c=§+k2n;a—b—c=g—+k2n;

b—c—a:g+k2n;c—a—b=§+k2n,(kel)
LUYEN TAP
Cho (1+tana)(l +tanb) =2. Chirng minh : a+b=§+kn (keZ)
Cho cota+cotb +cotc=cotacotbeotc
Chirng minh : a+b+c=§+kn(keZ)

Cho J35inD=sin (2a+b)
sinb#0

Ching minh : tan(a+b) =2tana.

sinx +siny = 2sin(x +
Cho ! y ( y),kez
X+y#kn
Chimg minh tanitanzzl
2 2 3
.4 4 . g 8
Cho sin.x cos'x _ . Chirng minh : sin x+cos X )

a b a+b a’ b (a+b)
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Chwong 2.
PHUONG TRINH LUONG GIAC

A. KIEN THUC CO BAN

PHUGONG TRINH LUQNG GIAC CO BAN

. . x=a+k2n
SinX =sin < (keZ) -
x=m—oa+k2n '
CcosX =cose <> x=+o + k2% k € Z)
tanx =tana < x =a +kn (ke Z)
cotx=cotar & X =a +kn (ke Z)

PHUONG TRINH LUQNG GIAC DUA VE DANG CO BAN
Phwong trinh bic nhat d6i voi sinx va cosx
Phuong trinh bac nhat ddi véi sinx va cosx 1a phuong trinh ¢6 dang ;
asinx+bcos'x=c‘ (1)
hodc : acosx+bsinx =c 2)
Cdch I : Ding goc phu
n

Déth-tan vc’yi(pe[—ﬁ'—j
At ® 275 )

Néua> 0 thitacé:
asinx +bcosx =c <> va’ +b’sin(x +¢9)=c
acosx +bsinx =c¢ < Va’ + b’ cos(x-9)=c
Cdch 2 : Ding 4n phu
Xét phuong trinh khi x=n+k2n, ke Z

Véi x#2n+k2n, keZ, dat t=tan -;- ta duge phuong trinh bac hai theo t

(c+b)t’ ~2at+c—b=0
hoac (c+a)t® -2bt+c~a=0

Ghi chi : Diéu kién d¢ phuong trinh (1) hoac (2) ¢6 nghiém 1a: a* + b? > ¢’

27
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2. Phuong trinh chi chira mét ham s6 hroug gidc
Phuong trinh chi chira mét ham s6 lugng giac 1a phuong trinh ¢6 dang :
flux)]=0
voi ulx) =sinx holc u(x)=cosx hoic v(x)=tanx.
Pit t = u(x), ta dugc phuong trinh f(t) =0.
3." Phuong trinh c6 dang f(sinx + cosx, sinxcosx = 0)
Pit: t=sinx £ cosx :b [tl < 2. Ta dugc phuong trinh dai sé theo t.
4.  Phuong trinh ding cap theo sinx va cosx
* Phuong trinh ding cdp bic hai :
Phuong trinh ding cép bic hai co dang

« 3 -
asin® X + bsinxcosx +ccos’x =d

Cdch 1 : Thay sin® x = Ji(l ~€0s2x), cos’ X = %(l +¢0s2x),

. 1.
sinxcosx = Esm 2X,
ta dugc phuong trinh bac nhat d6i véi sin2x va cos?2x.

Cach 2 : Xét phuomg trinh khi x = g +kr, ke Z.

/- n . P SN R . oae
Vai x = 5 +kn, k € Z, chia hai vé cia phuong trinh cho cos? x = 0 rbi dit
t=tanx.

* Phuong trinh ddng cap bgc cao :

Ding an phy t =tanx sau khi da xét phuong trinh khi x = g +kn, ke Z

1III. GHICHU

1. Nét chung, viéc giai phuorng trmh lugmg gidc cling dugc tién hanh nhu khi
giai phuong trinh dai s6 mot in, gdm cac budc sau ;

a) Dat diéu kién ban dau (néu cd);
b) Rit gon phuong trinh d4 cho ;
c) Giai phuong trinh cudi cing ;

d) So vdi diéu kién ban dau dé chon nghiém.

28
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Phuong phap diung an phy : Khi sir dung phuong phap dung an phu, cac
budc thyc hién nhu sau :

Giai phuong trinh flutx)]=0 H
a) bat t = u(x)
b)(1) >f(1)=0 (2)
)2 oteT

(1) oulx)eT.

Ta con gip mdt s6 phurong trinh lwgng giac ma ta khong the bién déi vé dang
co ban. Cac phurong trinh nay sé dugc xét trong Van dé 5. dudi day.

Ching han, vdi phuong trinh sinax + cosbx = 2, ta cé cach giai nhu sau :

. sinax =1
sinax +cosbx =2
cosbx =1

B. Vi DU AP DUNG

§ 4. PHUONG TRINH LUONG GIAC
DUA VE DANG CO BAN

PHUONG PHAP

* Dung cong thirc luong giac, bién ddi phuong trinh da cho vé dang co ban.
Trong qua trinh blen dm neu phat h1¢r1 thita 56 chung thi dua phuong trinh

aya e

* Dung dn phu néu phuong trinh c6 dang quen thude.

Vi DU AP DUNG
Vi da 1 : Cho phuong trinh ’
sin” 4x - cos” 6x =sin (10,57 +10x) ()

Tim céac nghi¢m thudc khoang [0 ; g]
(Trich dé thi Pai hoc Dwge Ha N§i, nim 1999)
Huéng ddin gidi

Nhin xét : xe[O;g]::»cosx>0 *

29
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Taco: sin(lO,Sﬂ:+10x)=sin[10n+§+10x]
=sin[10x +§)=cos]0x
Do d6 : (1) <:>l2(l —cosSx)—%(l +cos12x) = cos10x

A .
o 5(00512){ +cos8x)+costOx =0

& coslOxcos2x +coslOx =0

&> cos10x(cos2x +1) = 0 <> cos10xcos® x = 0
- & cosl0x =0 (cosx >0, Vxe[o ; g])

o 10x == +kn szf—+k—n tkeZ)
2 20 1

* Cac gia tri nay phai thoa man diéu kién 0 <x <§, nghia ia
0<£6(1+2k)<%<:>0sl+2k<10:>05ks4.

Do d6 k chi nhan cac giatri: 0, 1, 2, 3, 4.

Vay téplnghiém cua phuong trinh (1) trén khoang [0 : g] la:

n 3n St Tn Ox

20720720 20" 20
Vi du 2 : Giai phuong trinh :

sin® x-+cos“x=lcol[x+£]coj(z—x] @)
8 3 6

(Trich dé thi Pai hoc Giao thong vin tdi, nam 1999)

Huéng din giii
* Piéu kién ban dau :
T T
x+-3-¢mz X#-——+nn r
2=y oxz—+l- (lel)

n !4 6 2
——X#*mn X#——mn

6 6
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* Nlin xét :

O R R e )
X+—|+|—~Xx|=—=cot| Xx+— |=tan| ——x
3 6 2 3 6
n n
::»cot[x+—}:ot[—-—x]=]
3 6

*Tacd: sin®x +cos’ x =1-2sin” xcos” x
1 3
=1-—sin?2x =1 —l(l—cos4x)=-l-cos4x+—
2 4
Do dé : (1) <:>lcosztx+2=1<:vcos4x:l=cosE
' 4 4 8 2 3

S Ax=1Z+k2n o x :il+k—n (keZ)
3 2 2

Céc gia tri nay déu thoa man diéu kién ban diu, nén dugc chap nhan.
Vi du 3 : Giai phuong trinh : 8cos3[x+§]=cos3x H

(Trich dé thi Pai hoc Qubc gia Ha Nji, Khdi A, nam 1999)

Huéng din gidi
B T s

Pat t= x+§:> X :t——3—:>cos3x:cos(3t—n)=—cos3t

Phuong trinh (1) trd thanh ;
8cos® t + cos3t =0 o 8cos> t +{4cos’ t —3cost) =0
\ (cong thirc nhan ba)
< cost{dcos?t-1)=0

o cost(2cost—1){(2cost+1) =0

a)cost=0=t=x+

WA

E+kn<:>x=£+kn, kel
2 6

x=k2n

1 T T
b)cost==—=t=x+—=x—+k2n & kel
) 2 3773 =g K€D
3

1 2 x-£+k2ﬂ

c)costz——<:>t=x+£=i—n+k2n<:> 3 kel
2 3 3
x =m+k2n

31
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Tém lai, nghi¢m cia phuong trinh (1) 1a:
x=kn;x=£+kn;x=£+kn (ke Z)
6 3
Vi du 4 : Giai phuong trinh
cos? 2x +2(sinx +cosx)’ —3sin2x - 3=0 ' (1)
(Trich &2 thi Dai hoc Quéc gia Tp. HCM, Khdi A, nim 1999)

Hicong din gidi
Cdch 1.

Nhiin xét :

{cos2x =cos® x —sin? x = (cos x - sin x){(cos x + sinx)

sin2x + 1 =(sinx +cos x)’
Do d6 : (1) & (sinx+cosx)’ (cosx —sinx)’ +2(sinx+cosx)3_
“3(sinx +cosx)’ =0

& (sinx +cosx)* [(cosx—sinx)2 +2(sinx+cosx)—3]=0
a) sinx+cosx=0®tanx=—l<:>x=—%+k1t, (keZ)
b) (cosx —sinx)’ +2(sinx +cosx)-3=0

&1 -2sinxcosx + 2(sinx +cosx)-3=0

&> 1+sinxcosx —sinx —cosx =0 < (1-sinx)(1~cosx) =0

n
x=—+k2mn
= 2 (keZ)
x=k2n '
Cach 2.
Pa t=sinx+cosx=>[t|<v2. Ta c6 : t*=1+sin2x suy ra

2 ) 2 2
sin2x =12 —1; cos’2x =1-sin’2x =1-(t> 1) =2¢> -¢*
Dodé: (1) <22 —t* +2¢% =3(t¥ =1)-3=0

ot -2 +12=02(2—2t+1)=0 = 2(t-1)" =0
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a) l=0<:>sinx+cosx:0<:>x:-14[-+kn kelZ)

by t=1=sinx+cosx=1 @ﬁcos[x—%]:l

X ~E+k2n
<:>cos(x—£]:cosE =) (k € Z).
4
x =k2=#

Toém lai, nghigm cha phuong trinh (1) 1a :
X=-Ztknix="+k2n;x=k2n (k € Z)
4 2
Vi du 5 : Giai phuong trinh

3sinx+2cosx =3(l +tanx) -

(1)

COS X
(Trich dé thi Cao ding Suw pham Ha N§i, nam 1999)
Hurong dan gigi
* Diéu kién : cosx 20 < x¢§+kn kel

* (1) © cosx(3sinx+2cosx) =3sinx +3cosx —1
& cosx(3sinx +2cosx —1)=3sinx +2cosx — 1
<> {cosx ~1)(3sinx +2cosx —1) =0
a)cosx=1ox=k2n (k€ Z)
b) 3sinx+2cosx-1=0 )

Nhin xét :

x=m+k2n (k € Z) khong phai la nghiém cua phuong trinh (2).

bat t= tgg, Tu (2)suyra:
3-8

3
t:3+2\/§
3

W -6t-1=0

LUONG GIAC - 3 . 33



34

www.VNMATH.com

Goi o va f3 1a hai goc thude (—g ; g] sao cho

tana =

3-23 3+23
3

,tanf =
b 3

Xx=2a+k2m

Taco:(2) &
x=2B+k2n

X
tan— =tana
{ € )

X
tanE:tanB
Tom lai, nghiém cua phuong trinh (1) 1a:
x=k2m;x=2a+k2n; x=2B+k2x (k € Z)
Vi du 6 : Giai phuong trinh
4(sin3x — cos2x) = 5(sinx —1) (1)
(Trich dé thi Pai hpc Lugt Ha Ni, niam 1999)
Huéng din gidi
() & 4(3sin x —4sin’ x)— 4(] — 2sin? x)— 5(sinx—1)=0
Pat t=sinx => -t <t <. Tir(l)suyra:
12016t —4+8t° —5t+5=0 16" -81° - Tt —1=0
& (-D06 +8t+1)=0
S (t-DEt+D)" =0

a) t=sinx =1 x =~ +k2x (ke )

x=a+k2n

b).t=sinx=—-%<:>[ (ke Z)

x=nm—o+k2m

[ bl n] .. |
(e -—:—|vasina=--).
2 2 4

Vi du 7 : Giai phvong trinh

sin® x(tanx + 1) =3sinx(cosx —sinx) +3 (1)

(Trich dé thi Pai hpc Nong nghigp I, Khéi B, nam 1999)
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Hudng din gidi
* Pidu kién : cosx # 0 & x ¢%+kn keZ)

* Chia hai vé cua phuong trinh cho cos® x, ta dugec :

tan” x (tan x +1) = 3tan x (1 - tan x) + 3(1 + tan? x)
Diat t=tanx, ta duge phuong trinh :

P +t?=3t-30 43430 o+t -3t-3=0
t=-1
St+)2-3)=0o|t=3
-

x=—2+k2n
4

tanx =1

oltanx=v3 o x=§+k7t (ke )

lanx = —\/3

X = I kn
L 3
Vi du 8 : Giai phuong trinh
S+cos2x =2(2-cosx)(sinx —cosx) (1)
(Trich d@é thi Pai hoc Hang hdi Tp. HCM, nim 1999)
Hudng din gidi
(1) ©5+2cos’ x-1 =2(2sinx — 2cos x —sin xcos X + cos’ x)
> 4=4(sinx —cosx) - 2sin xcos X
&> 2sinxcosx —4{sinx —cosx)+4=0 2)
Dat t=sinx —cosx = [t| < V2 va t* =1-2sinxcosx
Tir(2)suyra:
t=1 (nhan)

-7 —4t+4=0 +4t-5=0 :
t=-5 (loai)

Vait= 1, taduge :

sinx —cosX =1 Qﬁsin[x—g):l

X"£+k27t
<:>sin(x—£j=sinE |02 (ke
4
x=n+k2n
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Vi du 9 : Giai phuong trinh
sinx —4sin’ x +cosx =0 (1)
(Trich dé thi Pgi hoc Y Ha Néi, nam 1999)
‘Huong diin gidi
Cé thé xem (1) 1a phuomg trinh déng cp bac ba.
Nhin xét : cosx =0 khong thoa man phuong trinh (1),
Chia hai vé cha phuong trinh (1) cho cos’ x, ta duge :
tanx (tan®x +1) - 4tan’ x + tan? x+l.:0
biat t =tan x, ta duoc phuong trinh :
C+t-4C+1=03t" -t -t-1=0
& (-D032 +2t+1) =0

ot=1(vi 32 +2t+1>0, V1)

Stanx =1 <:>x=%+kn ke Z)
Vi du 10 : Giai phuong trinh
2sin’ X — cos2x +cosx =0 (1)
(Trich dé thi Dai hoc Nong nghigp 1, Khoi A, nim 1999)
Hurdmg din gidgi
OE= 2sin’ x — (1 - 2sin? x) + cosx = 0
> 2sin® x (1 +sinx)—(1-cosx) =0
< 2(1-cosx) (1 +cosx)(1 +sinx) - (1 -cosx) =0
o (1-cosx)[20 + cosx){1 +sinx)=1] =0
a)cosx=1x=k2n (k e Z)
b) 2(1+cosx)(1+sinx)-1=0 & 2l +sinx + cosx +sinxcosx)—1=0
& 1+ 2sinxcosx + 2(sinx + cosx) = 0 *)
o (sinx +cosx)’ +2(sinx +cosx) =0

<> (sinx +cosx)(sinx+cosx+2)=0
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< sinx+cosx =0 (do Isin x + cosx| < /2)
b1
o tanx = -1 c>x=—z+kn: (keZ)
Tém lai, phuong trinh (1) cé nghiém la :
x=k2n va x=—§+kn (ke
Ghicha (%) :
CéH thé giai béng cach dat : t=sinxcosx, |t| < \/5
Ta dugce phuong trinh : t{t+2)=0t=0.
LUYEN TAP
Giai phuong trinh : sin® x + cos® x = 2(sin® x + cos® x)
" (Trich dé thi Pai hpc Quéc gia Ha Ni, ndm 1999)

. . 7
Giai phuong trinh : sin® x +cos® x = —

(Trich dé thi Dai hoc Hué, nam 1999)
Giai phuong trinh : sin® xcos3x + cos® xsin 3x =sin’ 4x
(Trich dé thi Dgi hoc Ngoai thuong, Khdi A, nim 1999)

2 3
cos” X —cos” X —1

Cho phuong trinh : cos2x —tan® x = -
cos” X

a) Giai phuong trinh trén.

b) Tinh tdng tat ca cac nghiém cua phuong trinh trén thoa man 0 < x < 99,
(Trich dé thi Dgi hoc Thai Nguyén, Khoi A & B, niim 1999)

Giai phuong trinh : cos2x - V3sin2x —3sinx —cosx+4=0

(Trich aé thi Hoc vign Ki thuit quin sw, nim 1998)

Giai phuong trinh ; 2 +cosx = Ztan§

(Trich @ thi Hoc vién Ngén hang, nim 1998)
o 3/ T
Giai phuong trinh : tan Lx —, )T 1anx ~1
(Trich d@é thi Hoc vign Cong nghé BCVT Tp. HCM, nim 1999)
37
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4.8  Giai phuong trinh : cos’ x +cos’ X +2sinx —2=0
(Trich dé thi Hoc vién Ngin hang, nim 1999)

2
€CosS™ X

4.9 Giai phuong trinh : 3tan’ x —tanx + Lsmx) ~8cos’ [% - g—] =0
. (Trich dé thi Pai hoc Kién tric Ha Ni, nam 1999)
4.10 Giai phuong trinh : cos® x +sinx —3cosxsin’ x =0

(Trich dé thi Pai hoc Hué, Khdi A & B, nim 1998)

.~ §5. PHWONG TRiNH LWONG GIAC
CHUA AN & MAU

1. PHUONG PHAP

1. Cach giai phuong trinh chira 4n & miu gém ba bude :
a) Dat diéu kién xac dinh ;
b) Rut gon phurong trinh di cho rdi giai phuong trinh cudi cung ;
¢) Dbi chiéu didu kién xac dinh dé chon nghiém.

2. Dbi vai phrong trinh lugng giac, vige chon nghiém (nhén nghiém nao, loai
nghi¢m nao) do6i khi rat phirc tap. Tuy theo tung bai toan, ta ding phuong
phap dai s6 hoac phuong phap hinh hoc.

Gia sir rang :
Y i n , . N m2n , N | o £
* Dicu kién xac dinh 1a : x=#x,+——, trong d6 m € Z va p la mét so
P
nguyén duong da biét.
. N A as k2n . L
* Phuong trinh ¢c6 mét ho nghiém la: x=a+—— trongdok € Zvan la

n
mot sb nguyén duong xac dinh, '

— Phuong phdp dai $0 :
* Nghiém x, bi loai khi va chi khi :
dmeZ, oc+kﬂ=xU + m2rn
n n

* Nghiém x, dugc nhéan khi va chi khi :

2 2
VmeZ,a+k—n¢x0+M
n
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— Plurong phdp hinh hoc :

3 a m2m T s \ Ty
* Dieu kién x #x, + c6 nghia la trén dudng tron lugng giac cé p dieém

Gy, G,, Gs, ..., G, khdng thé 1a ngon cua bét cir cung nghiém ndo cua
phuong trinh.

Pit L={G,,G,,G,, ..., G,} (tap cac diém bj loai)

R s k2 i eE gk " A
* Hé nghiém x, —g 4t dugc biéu dién bing n ngon cung nghiém trén
n
dudng tron lugng giac.

Ngon cung nao thude L thi bi loai, trai lai thi duge nhan.
Vi DU AP DUNG

Vi du I : Giai phuong trinh 1+ cot 2x = 052X (1)
sin” 2x
(Trich dé thi Pai hoc S pham Vinh, nim 1998)
Huomg din gidi
* Piéu kién xac dinh :

sin2x 20 2x2mn (me Z)

mn
DX FE— (*)

Tap cac diém bj loai gdm 4 diém (Hinh )
* Khi d6, ta co .

.3 . .
(1) ©sin” 2x +cos2x.sin2x =1-cos2x Hinh 1

S 08> 2X — €08 2X.8in2X ~ cos 2x = 0 <> cos2x (cos 2x —sin2x — D=0

a) cos2x:0<:>2x=-72£+k1r ke Z)c>x=%+]%I (nhan).

b) cos2x —sin2x =1 \/Ecos[Zx +§]=I
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x=kn (loav)

o keZ
X =—%+kn (nhan) ( )

* Tdng hgp cac két qua trén, 1a dugc nghiém caa phuong trinh |a :
x=1+ kn ke
4 2

Vi du 2 : Gidi phuong trinh S0SX_2SINXC0SX _ 3

3 D
2¢os" x+sinx—1 (
(Trich dé thi Pai hoc Nong nghiép I, Khii B, ndm 1998)
Huéng din gidi
*Taco:

] . .
2cos x+sinXx—-1=0=cos2x +sinx =0

, 71
&> cos2X = —sinx =cos[x +5]

2x=x+£+m2n 1 sin
o (me Z) 7N
Tt I’ \\
2X =—-X - -2~ +m2n . /, B \\ cosin\
T[ /, O \\ g
=Z+m2 A R . -3
X 5 +MeT x 21t A
o S X=—-—+MmM—
_ m m2x 6 3
_x "% + 3 Hinh 2
Do d6 diéu kién xac dinh la :
% o . m2w *)
3
Tap cac diém bj loai g&n 3 diém (Hinh 2)

* Khido, tacod:

H ¢:>cosx—si|12x:ﬁcos2x+\/§§inx

&S J3cos2x +sin2x =cosX —+/3sinx @cos[2x~%]:cos[x+zj

2x-Lox+Zik2n (loai)
. 6 3 k € Z)

2x-£:—x—l+k2n
6 3
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n k2rn
oOx=——+— (nhan) (ke Z
573 (nhan) )
* Tom lai, phuong trinh c6 nghiém la :
n  k2n
_7_‘,_
18 3

Vi du 3 : Giai phuong trinh :

(ke?)

COUXZTANTY _y6(1 +cosdx) ()
COsZX

(Trich dé thi Dai hoc Giao thong Viin tai, nam 1998)
Huong din gidi

. X £ mn
sinx #0

3 ca , . T nm
* biéu kién xac dinh : <cosx 20 o [xz—+m7 c:)xatT(neZ)

cos2x =0

3 L) 4 it
. , 3 ) COSs"X SIN"X ¢€os X —Sin" X
Tacod: cotg'x—-1g°x=—3—~— =

. E) .2 3
SIN™X COoS™ X SIN” Xcos™ X

b -2
B 4(cos® x -sin*x) _ 4cos2x

. ) . )
SN 2x sin” 2x

Vdi dicu kién xac dinh, ta cé :

(1) & — 4 =16(1+cos4x) <> 4sin? 2x (1 + cos4x) = t
sin” 2x

< 2(1-cosdx)(1 +cosdx) =t <> 2-2cos’ d4x =1
®2c0324x—1=0écosSx:0®8x=—g+kn (ke Z)

c>>;:1+k—n:(2l»;+1)i
6 8 16

* Cac gia try nay déu thoa min diéu kién xac dinh vi ;
(2k+l)%¢ n§<:>2k+l #4n (dlng véi moik, n € Z)

Vay phuong trinh cé nghi¢m la: x = {% + % (ke?Z)
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sin x cot 5x -1

Vi du 4 : Giai phuong trinh (1)

cos9x

(Trich dé thi Bai hoc Hué, Khdi A, ndim 19%9)
Hudng din giii

* Picu kién xac dinh :

,me
JLSiHSXiO X*
=

meZ
cos9x =0 ( )

x 2 (2m +1)—
18
* Khidétacod:
(1) & sinxcos5x =sinSxcos9x & sinbx —sindx =sinl4x —sin4x

&> sinldx =sinbx
kn
a) l4x =6x+k2rn > 8x=k2n (ke Z)< xzj;:xn

Nghiém x, bi loai trong cic truong hop sau :

* E:%@Sk:élmﬁk:‘ln (ne?)

* %=(2m+l)%c:>9k=2(2m+l)

ok=22n+1) (neZ)>k=4n+2
Nhu vay nghiétn x, dugc nhin khi va chi khi k ¢6 dang k =4n +! hoac
k=4n+3, nghiala k=2/+1(/ € Z).
Tém lai, phuong trinh c<;> mét ho nghiém Ia :

x=—(21:1)n=§+[—§ (leZ)
b) l4x=n-6x+k2n < 20x=n+k2n

<:>x=—n—+E=(2k+l)-n— (k e 7Z)
20 10 20

Taco:

* (2k+])%¢%<:>2k+1¢4m (ding Ym, k€ Z)
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. (2k+l)~2n—0¢(2m+I)-l%¢:>9(2k+l)¢10(2m+l)

< 18k # 20m + [ (dung Vm, k € Z)

* Tom lai, phuong trinh c6 nghiém la :

n In
=—+— leZ
X 4 2 (tez)
x:£+l‘E (keZ)
20 10

Ghi chi : Co thé chimg minh dugc r?mg tap cac nghiém k = (2k+l)%

chira tdp cac nghiém x=(2/ + l)%. Do dé, nghiém clia phuong trinh 13 :

x=1+H (ke ?2)
20 10

Vidu 5 : Giai phuong trinh :

2tanx+cotx=\/§+ .2 )

sin 2x

(Trich dé thi Pai hoc Ngogi thuwong, nim 1997)
Hudng din gidi
ld oy ea g . mn
* Dieu kién xac dinh : sin2x 20 < x #7 (me?Z)

T sinXx C€osX 2
Faco: tanx+cotx = + =

CoSX sinx Sin2x

Do dé : (1) c>tanx=_\/§<:>x=§+kn (k € Z) (nhan).

LUYEN TAP
Giai phuong trinh : 2tanx + cotx = 2sin 2x + —
sin 2x
(Trich dé thi Dai hoc Quic gia Ha Npi, Khéi A, nim 1998)
Giai phuong trinh : ! = V2 (cosx —sinx)
tan x +cot 2x cotx —1

(Trich dé thi Bgi hoc Bich khoa Ha Npi, nam 1998)
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Giai phwong trinh : — S X=2 _ _ 2 X
2 2 X 2
sin” X —4¢os i

(Trich dé thi Pai hoc Cong doan, nim 1998)

sin' 2x +cos® 2x

tan -=X |tan| -+ X
4 4

(Trich dé thi Dai hoc Xdy dung, nim 1997)

Giai phuong trinh : =cos' 4x

In «
2 _ 6tana
sinx 1+tan’ a

Cho phuong trinh :

1. Giai phuong trinh véi a = ‘%’

2. Xac dinh o dé phuong trinh ¢6 nghiém.
(Trich dé thi Pai hoc Kién tric Ha Nji, nim 1998)

§ 6. PHUONG TRINH LUONG GIAC CHUA GIA TR|

TUYET Ol HOAC CAN THUC

PHUONG PHAP

Iucng, ty nhu 0 phuanE, trmh dai s mét 4n, ta tim cach khir dau tri tuyét doi

Muén khir dau tri tuyét doi hoac dau can thirc, ta thudng ding quy tac binh
phuong. Can nh¢ :

Néua>0vab>0thi:a=b < a’=b’

Muén giai phuong trmh chira gia ri tuyét doi, ta con ding phwrong phadp
khoang. Hoc sinh can nam vimg céac khal niém vé ddu cua cdc gia tri hegng
gidic va chicu bién thién cua cdc ham s6 heong gidc.

VI DU AP DUNG
Vi du 1 : Giai phuong trinh
lcos x + sin x| +Isin x — cos x| = 2 (1)

(Dai hoc Quéc gia Ha Ngi, Khoi D, nam 1999)
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Huwing dan gidi

ﬁsin[x—%j

sin(x—%}:\fi S>1+2

=2

(1) o2

a{x-{]
x5 (s -3

sin[2x—§]‘ =l cos2xi=1 @ cos2x =+l = 2x =kn (k € Z)

L +

<~

O X= ’_‘23 ke Z)
Vi du 2 : Giai phuong trinh ; 2cosx —[sinx|=1 (N
(Trich dé thi Dai hoc Din lip Lac Hong, nam 1998)

Hiring din gidi

|
) cosx = —
(1) & 2cosx -1 =|sinx| <

.
(2cosx —1)" =sin? x

1
COSX 2 — 4
2 &cosx=—=cosa > x=tra+k2n (ke Z)

5¢08>x —4cosx =0

Vi du 3 : Giai phuong trinh : |cotx| = tan x +

sinx
Huong dan gidi

sinx #0

* Diéu kién xac dinh : { oOx —n%;—t (melZ)

cosx 20
* Khi d6 cotx # 0. Xét hai truong hop :
a) cotx>0:

| cos’ x —sin” X 1
(I) ©ocotx—tanx = Y= =

sin X Sint X COS X sin x
b
& 2cos’x~1=cosx <> 2cos’ x —cosx—1=0

cosx =1 (loai, do diéu kién xac dinh)

A 1 2r
COSX = Y =CO0s—

45



46

www.VNMATH.com

X =2'§£+ k2n  (loai,do cotx >0)

PN ox=-Fikm ke
2R 3
X=—~T+k27t

b) cotx <0:

- 1
(1) © —(cotx +tanx) = _I & L

sin X sinxcosx sinx

&> cosx = —1 (logi, do diéu kién xac dinh)

Tom lai, phuong trinh cé nghiém la :
x=—%+k2n keZ)=0

Vi du 4 : Giai phuong trinh :

. 3
sin® 2x +cos? 2x —1

Jsin xcos x
(Trich dé thi Pgi hoc Nong nghiép I, Khoi A, nim 1998)
Hurong din gigi
* Diéu kién xac dinh : sinxcosx >0 < sin2x >0
(1) < sin”2x +cos” 2x — I =0 <> cos* 2x —cos’ 2x = 0

&5 cos® 2x(cos2 2x —l) =0 <> cos>2x.5in* 2x =0

2x=Z + K2
<> c0s2x =0 (vi sin2x>0) &

2x = —§+ k27 (loai, do sin2x > 0)

@xz%ﬂm (kéZ)

Vi du 5 : Giai phuong trinh :

Jeos2x + V1 +sin2x = 2/sin x + cos x nH
(Trich dé thikD(n‘ hoc Dan Iip Phuong Pong, Khoi A, nam 1999)
Huong din giai

Phuong trinh (1) tuong duong vai :

Jlcosx +sinx)(cos x —sinx) +{cos x +sin x) Jeos x + gin x
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G cosx +sinx >0
* Piéu kién xac dinh: )
cosx—sinx =90
* Nhin xét : Phuong trinh (1) dugce thoa min khi :
cosx+sinx=0<:x=—§+km ke?)

- n o ea R cosx+sinx >0
Voi x 2 ——+kn (k € Z), diéu kién xac dinh trd.thanh : )
4 cosx—-sinx >0
Khiddtacéd:

(1) & Jeosx —sinx +Jcosx +sinx =2

€5 COSX —SInX + COSX +SinX + 2Vcos® x —sin’ x =4
cosX =1 cosx =1 .

& COSX +VCOS2X =2 & =3 o x=Kk2n (ke Z)
cos2x =1 sinx =0

Tém fai, phuong trinh ¢co nghiém la :

x=—%+kn va x=k2n (ke Z)

LUYEN TAP

Giai phuong trinh : 1+ sin 2x =|cosx - sin x|

(Trich dé thi Pai hoc Hong Dirc, nim 1998)
Giai phuong trinh : | - 4sin 2x =|sin x ~ cos x|
Giai phuong trinh véi x [—E ; —TZE]

tan2 X tan x ~

+|tan x|

tanx—l|

tan x —1| - .
(Phéng theo dé thi Pai hoc Thuy sin, nim 1998)

4x 2
COS~- ~C0§S™ X
Giai phuong trinh: — 3 =0

\ll—tanlx

(Trich @ thi Pai hoc Y — Duge Ha Nji, nim 1998)
Tim cac sb x € (0; 2m) (tirc ta 0 < x <2m) thoa man :

sin3x —sinx .
———————— =C0S2X —5in 2x
J1—cos2x

(Trich dé thi Pai hoc Kinh té - Kién tric Tp. HCM, nim 1996)
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§ 7. PHUONG TRINH LUONG GIAC CHU’A THAM SO

PHUONG PHAP

Noi chung, mudn gidi va bién luan phuong trinh luong giac chira tham 36, ta
dimg an phu.

* Bién dbi phuong trinh da cho vé dang :
flo(x),m]=0 (1)
trong d6 ¢(x) 1a mét ham sb luong gidc ciax, xe @
bat t = @(x).
Goi E 1a mién gia trj cua ham s8 ¢(x), xe Z Thé thit e E. Tir (1), suy ra
phuong trinh :
f(t, m)=0 (2)
* Bai toan "Giai va bién luan phuong trinh (1)" trdthe‘mh giai va bién luan hé :
{f(t, m)=0  (2)
teE
Vi DU AP DUNG
Vidu I : Tim moi gia trj cia m dé phuong trinh sau c6 nghiém :
mcos2x —2(2m + 3)cos’ x +2m +2 =0
(Trich d2 thi Pai hoc Pa Lat, Khéi A & B, ndm 1998)
Huéng din giGi
* Phuong trinh d3 cho tuong duong vai :
mcos2x ~(2m +3)(cos2x +1)+2m +2=0
< (m+3)cos2x+1=0 )
*Datt=cos2x > te[-1;1]
Tu(l)suyra:
(m+3)t+1=0 (2)

* Ta tim m sao cho phuong trinh (2) c6 nghiém t e [—l ; l]
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* m=-3= (2) vo nghiém.
*Voim#-3,tachd:
-1

Yeot=——
2) m+3

-1
<1
4
m+3 o m s
-1 ] m2-2
m+3

-1
m+3

e[-1;1]o

Vi dy 2 : Cho phuong trinh : sin® x +cos2x + mcos® x = 0
1) Giai phuong trinh khim =2

2) Tim céc gia tri cua m dé phuong trinh c6 nghiém trén khoang [0 ; %]
(Trich dé thi Pgi hoc Thuy sin, nam 1999)
Huong din gigi |
Phuong trinh da cho tuong duwong véi :
(1-cos? x) +2cosx —1+meos® x = 0
< cos’ x +mcos®x =0 < cos' x(mcos’x +1)=0 (D

Hm=2:(1) o cos’ x(2cos’x +1) =0
< cosx=0 & x=§+kn kel
2) cos’ x(meos?x +1) =0 . (H

Tim m sao cho (1) co nghigm x 6{0 : %J

) . |
* Pat l=coszx,xe(0;£]:te(—;l]
4 2

Tue(VDsuyra: (m+1)=0 ()
t=0
&
mt+1=0 U]
* Nghiém ¢ = @ khong thudc khoang [% ; IJ. Do d6 ta tim m sao cho

pbhuong trinh (3) c6 nghiém te [% ; ]]

LUGNG GIAC — 4 ’ 49
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*m =0 = (3) vo nghiém.

*Vc’yim¢0,tacé:(3)t:—i
m

- LI mil o [m<—l
*——e(—;lj@ m sy m << im>0 oS> -2<me—].
m \2 __l_)l m-{—2<0 remen |
m 2 2m
Vi du 3 : Cho phuong trinh :
(cosx +1)(cos2x — mcosx) = msin® x (1)

1) Giai phurong trinh khi m = 2.
2) Timm dé phirong trinh cé dung hai nghiém thudc doan [0 ; %’E}
(Trich dé thi Pai hpc Quic gia Tp. HCM, Khéi D, nim 1999)
Huong din gigi

(1) o (cosx + 1 (cos2x —mcosx) =m{l + cos x){I — cosx)

o (cosx +1N{cos2x -m) =0 < (cosx +1)(2cos’ x =m -1} =0 (2)
Dm=-2:(2)e (cosx +1)(2cos>x +1) =0

ocosx=~l o x=n+k2n (k € Z)
2) (cosx + D{2cos*x -m-1)=0 (2)
2n

Tim m sao cho (2) ¢ dang hai nghiém x e [O R T]

bit t =cosx, xe[O;zE:l:Me[_i;l:l
3 2

Tu(2)suyra: C (+D2-m-1)=0 3)
t=—1
=1 t2=m+] 4)
2

¥ Nghiém t = —1 khéng- thugc doan [——% : I]. Do d6 ta tim m sao cho

phuong trinh (4) c6 hai nghiém phan biét te[-%;l] (mdi nghiém

Le [—% : 1] cho ding mét nghiém x [0 ; 23—“])
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* m < —1 khong thoa man yéu cau bai toan.

*Véim>-1,tacé: (4) = t=2 m—zﬂ

* Piéu kién 1a

o

s N !
Tém lai, giatricaamecantimla: -1 <m< -3

Vi du 4 : Giai va bién luan theo tham s& m phuong trinh

] y 2
coS™X—SIn" x
mCOtg2x =ﬁ
COS X +Sm X

(Trich dé thi Dai hoc Xay dung, nam 1998)
Hudng déin gidgi
Y ‘a , . R mrm
* Piéw kién xac dinh: sin2x 20 x = —2— (meZ)

* Phuong trinh di cho tuong duong véi .

mcos2x cos2x

sin2x  cos® x +sin® x

@cos2x[m(cosbx+sin° x) — sin 2x]:0 (N
a) cos2x = 0<:>2x:-5+kn <:>x—§+k?7C (k € Z) (nhan).
b) m(cos® x +sin® x) —sin2x = 0 ' (2)
Taco: coséx+sin‘)x=]—3sinzxcoszx=l—%sin2 2x

Do ds:(2) & m[l—%sin12x)~sin2x =0

< 3msin® 2x +4sin2x —4m =0 (3)

bat t=sin2x:le[—];]]\{0}.
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Tu(3)suyra: 3mt> +4t—-4m =0 : )
Ta giai va bién ludn (4) véi te[-1;1] va t=0.

*m=0=t=0(oai).

*Voim#0,taco:

A'=4+12m? >0 => (4) cb hai nghi¢m trai dau 14 :

_—2—\/Z ¢ _—2+\/Z
= ,t

ll
Im 3m

(Lovy:m>0 =1, <0<t, ;m<0=1,<0<t))

f(D=-—m+4;f(-)=-m-4.

* Nhiin xét 1 ;
P=t.t, =—§:>\t1.t2|>]. ‘
Do dé phuong trinh (4) khong thé cé hai nghiém t; va t, sao cho :
—1<t, <t <1.
Nhu viy phuong trinh (4) ¢6 nhiéu nhit mot nghiém
te[-1;1]\{0}
Phuong trinh (4) ¢6 ding mot nghiém thoa man yéu cau khi
f(-1).A1)<0 (-m+4)-m-4) <0 -4<m<4.

* Nhin xét 2 :

m=t4=t=*l=>sin2x=*1=cos2x =0
. . . . . ® kn e L2
Viéy khi m = +4, phuong trinh (4) ¢é nghiém x :Z +7 dd noi g phan a).

Véi diéu kiégn -4 <m <m, tacéd:

f(-D=-m-4<0
f()=-m+4>0
Do d6 : O<m<d4=t, <-I<t, <l (nhin t,)

—4<m<0=1t,<-1<t, <] (nhin t|)
* Kot lugn :
km

Vaimoim e R: (1) co nghiém x = % +-2—
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0<m<4:(l) cothém nghiém x twong Ung vai t=1,.

~4<m< 0: (1) cénghi¢m x tuong trng voi t=t,.

Vi du 5 : Cho phuong trinh : sinx + mcosx =1 ()

1) Giai phuong trinh (1) khi m=-3 ; .

2) Tim céc gid trj ciam dé moi nghiém ciia phuong trinh (1) déu 1a nghiém

cua phuong frinh : msinx+cosx =m’ )
(Trich @ thi Dai hpc Mo — Pia chdt, nim 1998)
HMng dan gidi

1) sinx—ﬁcoij=l<:>23in[x—§]=l

2) Nhdn xét :

Phuong trinh (1) luén ¢6 nghiém x =-12£ +k2n véimoi me R.

R . =0
Diéu kién cén : x =L thoa man (2) =
2 m=1
Dao lai :
e sinx =1
*m=0: M m_x
(2)> cosx =0
Yéu cau bai toan duoc thoa man.
*m=1:(1)va(2): sinx +cosx =1 (thoa man yéu ciu)

Viy gia tri cia m can tim 13 : m=0vam=1.
NL LUYEN TAP
7.1 Cho f(x).=3cos®2x +sin* 2x + cos4x —m.
1) Giai phuong trinh f(x)=0 khim=0;
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2) Cho g{x)=2cos”2xV3cos? 2x +1.

Tim m sao cho phuong trinh f{x)=g(x) c6 nghiém.

(Trich d@ thi Dai hoc Can Tho, Khoi A & B, nim 1999)
Cho phuong trinh : cos3x +2sin2x + mcosx =0

1) Giai phuong trinh khim = -2 ;
2) Xac dinh m dé phuong trinh ¢é nghiém x thudc khoang [0 ; g}

(Trich dé thi Pai hoc Mé Bén cong, Tp. HCM — Khéi Dy, niim 1999)
Cho pﬁuong trinh sin3x = msinx + (4 - 2m)sin” x.
1) Giai phuong trinh khim =3 ;
2) Timm dé phuong trinh d2 cho ¢6 va chi ¢6 5 nghi¢ém thudc doan [0 R ch].
(Trich 4 thi Vign Dai hpc Mo Hi Ngi, khoi A, B, nam 1999)

msinx—-2 mcosx -2

Cho phuong trinh : H

m-2cosx m—2sinx
1) Giai phuong trinh (1) khim =1

2) Khi m=0 va m=+J2, phuong trinh (1) ¢6 bao nhiéu nghiém nim
trong doan’[20m ; 30x).

(Trich dé thi Pai hoc Can Tho, khdi A, ndm 1998)
Xac dinh a d¢é hai phuong trinh sau trong duong :

2sinxcos2x =1+ cos2x + cos3x
4cos’ x —cos3x =acosx +(4—2a)(] +cos2x)

(Trich dé thi Pgi hoc Y — Duge Tp. HCM, ndm 1998)

§ 8. CAC PHU'ONG TRINH LUPONG GIAC KHAC

PHUONG PHAP

C6 nhirng phuong trinh lugng giac khong thé dua vé dang co ban bang cach
bién ddi luong giac. Mudn giai nhirmg phuong trinh nay, ta dung cac phuong
phap giai phurong trinh dai s6 dac biét.
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Phwong phap ding bat dang thirc
Xét phuong trinh f(x)=g(x), xe &
Néu Vxe Ztaco f(x)>h va g{x)<h thi:

f(x)=h

f(x)=1p( .
(x) b(‘)o{g(x)éh

Chang han ta ¢6 :

sinax =1

cosbx =1

sinax =1
cosbx =1
{sinax=—]

casbx =-1

* sinax + cosbx =2<:»{

* sinaxcosbx =1

Phuong phap khao sat ham sb
Xét phuong trinh £(x)=0. Lap bang bién thién cha ham s§ y =f(x). Tir
bang bién thién, c6 thé suy ra nghiém cta phirong trinh f{x) =0.
Vi DY AP DUNG
Vi du 1: Giai phuong trinh
sin4x—cosdx:]+4\/§sin(x—§J (1).
(Trich dé thi Pai hoc Sw pham Vinh, Khbi A, nim 1999)
Huwéng dan gidi
(1) &> sindx —(1+cos4x) =4(sin x — cosx)
&> sin2x cos 2x —cos” 2X = 2(sin X — cos x)
&> cos2x(sin2x ~cos 2x) = 2(sin x ~ cos x)
o (cosx —sinx)(cosx +sin x){sin 2x ~cos2x) = 2(sinx - cos x)

& (cosx —sinx ) (cosx +sinx }sin 2x - cos 2x) +2] =0

- a) cosx—sinx =0 tex =1 cbx:§+ kn (ke 7)
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b) (cosx +sinx){(cos2x —sin2x) =2
c>2cos[x—§)cos[2x+§]=2 ¢:>cos3x+cos[x+§)=2

[cos3x =1 x:%

o n o ) (V6 nghiém).
cos| x+— =1 n
[ 3 ] X = -3 +k2n

Vi du 2 : Giai phuong trinh :
ZCOSZ(gcoszxj=]+cos(nsin2x) (N
(Trich dé thi Pgi hoc Thii Nguyén, ndm 1998)
Hudng din giai
OR=2E: cos{mcos® x) =1+ cos(msin2x) & cos(mcos® x) = cos(nsin 2x)

& meos”’ x = trsin2x + k27 (k € Z) < cos® X tsin2x = 2k )
Nhin xét :

) ] k=0
—1<cos" xxsin2x<2 e

a)k=90

(2) < cos” x £sin2x =0 <> cosx{cosx £ 2sinx) =0

T
* cosx:0<:x=5+kn

X |
* cosxi2smx=Oﬁtanx:izzttana o x=rat+lleZ

byk=1:

. 2.
(2) & cos’ x tsin2x =2 cT)s x=1
: sin2x = +1

Hé vo nghiém vi cos’x =1 =>sinx =0 => sin2x = 0.

Tom lai, phuong trinh cé nghiém 1a :

n . A 1
x:E+1n va x=ta+kr vdil e Zva tanazg
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Vi du 3 : Giai phuong trinh @ sin® x + cos’ x = 2 -sin* x 1)
Hywéng din giii

Cdch 1 - Vé phai: 2 —sin® x 2 1. Ding thirc xay rakhi sin® x =1 &> sinx = +1.

Xét vé trai sin’ x +cos’ x.

Néu sinx <0 hozc cosx <0 thi sin® x +cos® x <1 = (1) vd nghiém.

Vo 0<sinx <1 va 0<cosx <, tacd:

. . el
sin® x <sin® x .3 3
=sin” x +¢cos” x <1

3 2 .
COS X <Ccos™ X

. L Csinx =1 sinx =0
Dang thirc xay ra khi oac

cosx =0 cosx =1

sin’ x +cos’ x =1 sinx =1
&

2-sin'x=1 cosx =0

Taco: (1) @1

n

c:>x_2+k2n ke2)
Cach 2 :
(1) < sin’ x +cos’ x =(sin?x +cos> x) +1~sin' x
& sin x(1-sinx) + cos> x(1 —cosx)+ (1 -sin* x) = 0

< sin? x(1-sinx) =cos? x(1—cosx)=1-sin" x =0

<:>sinx:l<:>x=§+k2n (k e 2)

Vi du 4 : Véin 1a 56 ty nhién bat ki 16n hon 2, tim x thude khoang [0 ; gj

thoa man phuong trinh =

2-n
sin” x +cos"x =22 (N
(Trich &é thi Dai hoc Bach khoa Ha Nji, nim 1999)
Hudng din gidi

Xét ham sé £(x) =sin" x +cos” x, x € [0 : %J n>3.
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Tacéd: £(x)=nsin""' xcosx — ncos"™' xsin x

N . -3 D
=nsinxcos x{sin"? x —cos" > x)

n-2

f(x)=0sin"?x=cos" > x

. n n
< sinx =cosx (Do 0<x<;) O X =—

Bang bién thién :

x 0 i 2
\ff’:x;Z//Zl - 0 +IZ%
.
NY
o e(3)-20 ) 2
Tirdésuyra: (1) & flx)=f,, & x=2
Vi dy 5 : Giai phuong trinh ;
l—x—;:cosx e

(Trich dé thi Pai hoc Su pham Ha Néi 2, Khoi A, nam 1999)

Huéng din giii

-

Xét ham sb f(x)zl—%—cosm

Tacd: f'(x)=—-x+sinx, f'(0)=0

f"(x)=-1+cosx <0=> f'(x) nghich'bién trén R
Do d6: f'(x)}>0 khix <0, f'(x) <0 khix>0.
Bang bién thién :

X |- 0 +00

f'(x) + 0 -

) |_ o _— \_m
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Tir d6 suy ra phuong trinh (1) cé nghiém duy nhét x = 0.

LUYEN TAP

Giai phuong trinh :

Giai phuong trinh

Giai phuong trinh :

Giai phuong trinh :

Giai phuong trinh

tan x + cot x = /2 (sin x + cos x)

(Trich dé thi Pai hoc Dan lgp Phuong Péng, nim 1997)

D COt2x +cot3x + — =0

sinxsin2xsin3x
sin5x |
Ssinx ’

(Trich @ thi Pai hoe Tay Nguyén, nim 1999)

1999

- 1699
sin'®® x + cos x =1

¢ Jsinx (1 =sinx) + ycos2x (1 — cos 2x) =1.

(Trich dé thi Trung tim DT & BD Cin bj Y 16, nim 1999)

59



60

www.VNMATH.com

Chwong 3.
HE PHUONG TRINH LUONG GIAC HAI AN

A. KIEN THUC CO BAN

Cich giai hé phuong trinh lugng giac hai in x va y ciing gidng nhu cach giai
phuong trinh dai so hai an.

Thong thudng, ta tim cach tinhx +yvax —y, thdosuyrax vay.
B. Vi DU AP DUNG

‘ 2x =3y I
Vi dy 1 : Giai hé phuong trinh (1)

sin2x cos3y :73—

(Trich dé thi Pai hoc Duy Téan, nam 1999)

Hudéng din gidi
L
(e T o fo=3
sin(2x+3y)+sin(2x-3y):73 sin{2x +3y)=0
n x= T km
- 2x—3y=5 . 127t 4](7t (keZ)
2x+3y=kn  (keZ7) y=_§+?

) sinX +siny = 3
Vi du 2 : Giai hé phuong trinh : (1) 2 .
sin? x+siny=2
LY y 4
(Trich dé thi Pai hoc Sw pham Vinh, Khoi B & E, ndm 1999)

Huéng din giii

. . 3
sinx +siny ==
Do 2

(sinx +sin y)2 - 2sinxsiny = %
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sinx =1
inx+sl 3 sin ‘
sinx+siny = ==
Y73 Y73
o | & |
sinxsinyzi sim(:E
siny =1
( n
x=—+k2n x=—+k2n
o hoac
y=—+m2n |y =—+m2n
x=£+m21t- x=5—n+m2n
hoac hoéc 6 (m, keZ)
n 7
=—+k2n =—+k2m
Y73 Y75

Vi du 3 : Cho h¢ phuong trinh :

sinx +cos’y=m +l
) 2
n
X+y=—
1) Giai hé phuong trinh véim =0 ;
2) Vi nhitng gia tri nao cia m thi h¢ c6 nghiém ?
(Trich dé thi Pai hoc Quéc gia Tp. HCM, Khéi D, nim 1999)

Hudng din gidi

Taco: sin® x +cos’ y =%(l —cos2x)+%(l +co0s2y)

=1 +E(cos2y —cos2x) =1-sin(y +x)sin(y - x)

=1+sin(x +y)sin(x-y)

+y=1 X+y=o
’ X y—4 y 4
Dodo: (Do o
. . L V2
sm(x+y)sm(x—y)=m—5 sm(x-y)=\/5m-7
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[) V&i m = 0 ta co hé phuong trinh :

xty="2
=y
sin(x — )——\—r%:sm(—EJ
Y= 4
T
X+y=— X+y=—
= hoac‘ g
n n
_y=—Z4Kk2n X-y="—-+k2n
YT Y=
X=mn X="—+mn
= I hoac
y=——kn y:—Eukn
2

2) Hé ¢6 nghiém khi va chi khi :

—ls\/fm—ﬁsl@[z-—lsﬁmsiﬂ

2 2 2

1-V2 1+V2
&

<m<
2 2

Vi du 4 : Giai hé phuong trinh :

sin Xcosy =

1
(1) 4
3Jtanx =tany
Hudng dén gidi

* Picu kién xac dinh : cosx #0, cosy %0

3sinx  siny . .
= <> cosxsiny =3sinxcosy

* Jtanx =tany &-
COSX  COSYy

. 1 sinxcosy=l
Dodé: (1) e 2 Y 7Y & 4
cosxsiny =3sinxcosy cosxsiny=%
sin{y +x) =1 X+y=E+k2n y+x-—+k21t
9 1 < 2 hoac
sm(y—x):z y-X=2+m2n :—+m2n
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2
y:£+(k+m)n y:—n+(k+m)n
< hoac (k,m e 7)
x=Z+(k-m)r x=—%+(k—m)n
Jsin2 X =COSXCOSY

Vi du 5 : Giai hé phuong trinh : (1) l o
cos” x =sinxsiny

Huong dan giai

.2 .o
sin® X =cosXcosy sin” X =COSX COS Y
N o

cos(y—-x)=1 y=x+k2n

Jty:x+k2n {y=x+k27r
=N ="

sin x =cos” x tan’x =1
y=Xx+k2n y=x+k2n
= T hoac T
X=—+mn X =~— 4+ mn
4 4
s b
X =~ +mn x=~z+mn
o 4 " hodc (m,k € 2)
]y:§+nm+k2n y:—§+mn+k21t

SINX +siny -2

Vi du 6 : Giai hé phuong trinh : (1)
cosx +cosy = V2

Huréng din giii
Tir hé (1), suy ra phuong trinh h¢ qua sau :
(sin x +cosx)+(siny + cosy) =22

<:>\/_cos{x~~—-]+ 2cos[y__J:

o v 2ol 7

cos[x—g]z x=21k2n

= 4 (k, me 7)
[ _E]:| y=£+m2n

cos| y A 2

Cac gia tri nay déu thoa min hé (1) nén la nghiém cua hé.
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Chuwong 4.
BAT DANG THUC LUONG GIAC

A. KIEN THUC CO BAN

Dé chimg minh mdt bat déng thirc luong giac, trudc hét ta co thé ding céc
phuong phap quen thude cia dai 50, giai tich khi chimg minh bat dang thirc,
chang han :

~ Dung phép bién dbi tuong duong ;
— Dung cac bat ding thirc co ban di ¢6 san nhu :

e Bit dang thirc Co-si :

lia. Zn’ﬁal
n 1=1 =1
(a,20Vie{l,2,...,n})

o Bit dang thirc Bu-nhi-a-cop-ski :

(Beo) o248

e Bat dang thirc Jen-sen ;
f liai Z—I-if(al)
no ns
f(x)<0 Vxe(a;b)
-la,e(a;b) Vie{l,2,...,n}
— Dung tam thirc bac hai ;
- Dung khao sat ham sd.

Tuy nhién, ta ciing can chii y dén cac tinh chét dac trung cia cac dai lwong
lugng giac nhur :

— Cac phép bién doi lurong giac ;
— Tinh bi chan cua sinx va cosx:

—t<sinx<l:-1<cosx <]
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— Déu cia cac ham s6 lugng giac trong cac cung phan tu :

x thude cung phan tu thir

Diu clia ham luong giac
] 1l 11 IV
sinx + + — -
cos X + - - +
tan x + - —
cotx + - -

— Tinh chat cla cac cung lién két : Cung d6i, cung by, cung phy, cung sai

khac = :
cos(~x) = cosx sin{m—x) =sinx
"(3) R
sin| ——x |=cosx cos| ——x |=sinx
2 2
T T
tan[g—xchotx cot[i—x]=tanx

tan{n+x) =tanx
— Trong tam giac ABC luuy:
‘ A+B+C=n
Tb-cl<a<b+c

3. Piac biét cé nhimg ding thirc va béat ding thic co ban rat hay gip trong
hrong giac, ta nén ching minh ki ludng, va nhd két qua, tir do su dung
ching dé chimg minh cac bét ding thirc khac (ma nhiéu khi chi 1a mét dang
tuong dugng cua chang ma thoi).

Vi du : Trong tam gidc ABC, tacé:
tanA +tanB+tanC=tan Atan BtanC

A B B C C A
tan — tan — + tan — tan — + tan —tan— =1
2 2 2 2 2 2
sinA +sinB+sinC= Aicos%cos%cosE
cosA +cosB+cosC= 4sinﬁsinEsin—C—
sinA+sinB+sinCs%, cosA+cosB+cosCs%

sinAsinBsinC s%, cosAcosBcosC < l—

8
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B. Vi DU AP DUNG

§ 9. DUNG PHEP BIEN DOI TWUONG DUONG
CHUNG MINH CAC BAT PANG THU'C CO BAN
TRONG TAM GIAC

PHUONG PHAP

— Trong mét tam giac ABC, ta c6 rat nhiéu bat déng thirc, 3¢ tranh hoang
mang, ta cin chon ra cac bt ding thirc co ban nhat, chirmg minh ki luéng
bang cach don gian nhat va tim cach van dung chiing.

— MOt bat ding thirc duqc goi 12 co ban, nhat néu chung thudng xuyén xut
hlcn va ta thudmg c6 thé diing ching lam cau ndi dé chimg minh cic bat
ding thac khac.

— Cach don gian nhét dé ching minh mdt bat dang thirc lugng gic 12 diing

cac phép bién dbi twrong duong.

Vi DU AP DUNG

Vi du 1 : Chimg minh ring trong moi tam gidc ABC, ta ludn c6 bét ding
thirc sau :

cosA+cosB+cosCS% (1)
Huwong din giai
(1)<:>2cosA-'-Bcos’A_B+l—25in2£$3
2 2 2
<:>4sin2§—4sin‘£cos — +120
2
<:>[2sin£—cosA_B] +sin2A_BZO )
2 2 2

(2) bung = (1) Ding.

Vi du 2 : Chimg minh ring trong moi tam giac ABC, ta luén cé bat ding
thire sau :

cosAcosBcosCS% (1) .‘
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Hudng din gidi

Taco :
(1) @%[COS(A+B)+cos(A - B)]cosCS%

< 4[—cosC +cos(A - B)YcosC <1

&> 4cos’ C—4cosCeos(A-B)+120

<:>[2<:osC.—¢:os(A~B)]2 +sin’(A-B)>0 2)
(2) Bung = (1) Ding.

Vi dg 3 : Chimg minh ring trong le tam gidc ABC, ta ludn c¢é bat ding
thire sau :

sinilisirlgsin-qsl (N
2 2 2 8

Huong din gidi

Taco:

] A-B A+B}|. C
{1) < —| cos ~cos sin— <
2 2 2

A-B . C|. C
< 4] cos —sin— |sin— <1
2 2 2

: 2
<:>|:2sing—cosA—B} +sin2A_B20 )
2 2 2

(2) bung = (1) bDuang.
Vi du 4 : Ching minh réng trong moi tam giac ABC, ta juén c6 bat ding
thirc sau :

sin2A+sinzB+sin2C5% 1)

Hudmg din gidgi
l—cos2A 1-cos2B )

RS + +sin‘Cs2
»® -2 2 4

<> 5+ 2(cos2A +cos2B)—4sinC >0
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& 5+4cos{A +B)cos(A - BY—4(1—cos’C) 20

¢ 4008’ C ~4cosCeos(A-B) +120

& [2cosC-cos(A - B)Y +sin2(A-B)>0 @)
(2) bing = (1) Ping.

LUYEN TAP

Cho tam giac ABC ¢6 3 goc nhon. ChL'rhg minh réng
sin? A +sin’B+sin’C > 2.

Trong moi tam gidc ABC, chimg minh rang ta ludn co cac bat dang thire sau :

1) sinA+sinB+sinCs%; 2) siné+sinE+sing<%;
3) cosﬁ+cos§+cos—<i 4) tané+tan2+tan£2\/§.
2 2 2 2 2 2

Trong moi tam gidc ABC, chimg minh ring ta ludn co cac bat dang thirc sau :

1) cosA +cosB+cosC>1; 2) siné+sing+sing>l;

3) sin2€—+sin25+sin2%<l.

Chimg minh rdng trong moi tam giac, ta c6 cac bat dang thirc sau :

1) sinA +sinB+sinC >sin2A +5sin 2B +sin 2C ;

2) sin2—";+sinz%+sin2§-+sin%singsingzz.

Cho tam giac ABC ¢é 3 canh a, b, c. Cac géé A, B, C tinh b?mg radian.
Chitng minh ring :

n _aA+bB+cC =
< <=

37 a+b+c 2
Cho tam giac ABC c¢6 goc C nhon. Chimg minh ring :

asinA +bsmB>c¢sinC.
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§ 10. DUNG PAI SO BE CHU'NG MINH
BAT BDANG THU'C LUONG GIAC

PHUGONG PHAP

— Ngoai cac phép bién 'df)'! tuong duong nhu ¢ Vén dé 1, ta cing co thé dung
cac phuong phap dai so6 dé chirg minh mét bat dang thic lugng giac.

— Théng thuong ta thyc hién cac budce sau :

o Dt an s6 phu dé dai s6 hoa bai toan lugng giac

e Dung cac bét' déng thirc dai sé'nhu Co-si, Bu-nhi-a-cdp-ski, tam thic ‘
bac hai, v.v... dé ching minh bat dang thic dai so trong duong la ddng.

o Két luan vé tinh ding dan cia bat ding thirc lugng giac.

Vi DU AP DUNG
Vi dy I : Cho tam giac ABC. Chirng minh rang

|
1 + + ] >12

w3 05

(Trich @é thi Bai hoc Kinh té Tp. HCM, nam 1998)

Huwong din gidi

= A . B . C
Datxzsm?,y:sm—,z:sm—

X,¥,2>0
Theo Vidu3 — Van dé | ta dd o : 1
Xyz < —
8
Theo bat dang thic Co-sita co :
-y L_,+—,,Z33 ! 233 82 12
X"y z XyzZ
Viy : ! + ! + l 212

N ELHEGH

Vi du 2 : Cho tam gidc ABC ¢6 d9 dai cac canh la a, b, ¢ va p 1a nira chu vi.
Chirng minh rang

\/B<\/p—a +\/p—b+\/p—c sﬁﬁ

(Trich dé thi Pai hoc ¥ — Dwygc Tp. HCM, ndm 1998)
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Hurdng din gidi

e Ta chung minh :

JE(Jp-a+\/p—b+\/p—c . )

Tacd:

e p<p—a+p—b+p—c+2(,/p-a.,/p—b +
-f:\/p—b.\ﬁ—c +\/p-c.\/p—a)

oSp<p+M(M>0) (2)

(2) Bing = (1) Ding.

o Ta chirmg minh :

\/p—a+\,Lp—b+\/p—CS\/$ 3)

Theo bt ding thirc Bu-nhi-a-cop-ski ta ¢6 :

Jp—a+p-b+p-c 5J3(p—a+p-b+p—c) <f3p

(3) Dung.

Tir (1) va (3) ta suy ra diéu phai chimg minh.
Vl" du 3 : Cho tam giéc‘ ABC c6 dién tich la S, ban kinh dudng tron ngoai
tiep {a R. Chirng minh rang :

38 < 2R2 (sin® A + sin’ B +sin® C) "
Khi nao diu bang xay ra ?

(Trich dé thi Pai hoc Y — Dugc Tp. HCM, nam 1999)

Hudng din gidi

Goi a, b, ¢ 1a 3 canh cia tam /giéc ABCtacd: -

2 3 3 3
(|)@3ab°32R (a +3b +C)~::>achz)3+b3+c3 (2)
4R 8R
Theo bt dang thirc Co-si ta c6
a’+b+c? 23¥a’be o ad+ b+’ >3abe
(2) Ping = (1) Déng.

Déu bang xay ra <> a=b = ¢ <> Tam giac ABC déu.
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LUYEN TAP

a la géc nhon. Chimg minh réng :

[|+ .l }+[I+ l ])5
stha, cosa

Chimg minh ring trong moi tam giac ABC ta déu ¢6 :

[H siliAj[l ¥ si;B][H sirllC]z[H?%]3

Cho ABC la mét tam giac nhon. Ching minh ring :

(1+sin2A)(1+sin?B)(i +sin? C) > 4

ABC 12 mét tam giac bét ki, chirng minh ring véi moi X ta ¢ :

1+%x2 >cosA +(cosB+cosC)x

Cho 0<x <%, chimg minh rang :

cos X
8

N bl » >
sin® x (cosx —sinx)

Chimng minh ring véi moi gia tri X, y ta déu c6

\/40052 xcos®y +sin?(x - y) + \/4sin2 xsin’y +sin’(x ~y)>2
Chimg minh ring v&i moi a va voi moi x ta ¢d :

\c053x+asin3x+l‘ < 1+v1+3a°
| 2+ cos3x |~ 3

Cho tam giac nhon ABC. Chirng minh rang :
tan A + tan B+tanC23«/§'

Cho tam giac ABC. Ching minh ring :

1) Jsin A + \/sin B+ \/sinC < \/cos% + \/cos% + \/cos%

1 1 1 1 | 1

+ + > + + .
sinA  sinB  sin’C B »C

2
) AT )
cCOS — CcOS COoS™ —

2 2 2

7
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§ 11. DUNG HiNH HOC PE CHU'NG MINH
BAT DANG THU’C LUPONG GIAC

1. PHUONG PHAP

~ Cac gla trj cua céc ti sb lugng giac c6 thé duoc dinh nghia bang hinh hoc,
vi vay vén dung tinh chat hinh hoc ta ¢6 thé ching minh mét s6 bat ding
thirc lugng giac.

— Dac biét 1a trong mét tam giac, gia trj cac ham lugng giac cua cac goc ¢o
lién quan dén cac dai qung hinh hoc khac nhur : canh, chu vi, dién tich, ban
kinh vong tron ngoai tiép, ndi tiép v.v..

— Céc hé thirc thudng dung trong tam giéc la:
e Dinh 1 ham sb sin -
a b ¢
sin A - sinB B sinC -

o Pinh i ham sb c6-sin :
a’ =b” +¢? ~2bccos A
e Pjnh li ham sb tang :

tan A = abe

~

(b~ +c’—a’)R
¢ Dién tich :

S—Labsinc, 5= 20¢
2 aR’

S=pr,S=p(p-a)(p-b)(p-c)

II. ViDU AP DUNG
Cho tam giac ABC, ching minh ring
2sinAsinBsinC_ _ |
(sinA +sinB+sinC)*  3V3
(Trich dé thi Pai hoc Nong nghigp, nim 1995)

(1

Huwéng din giai
Ap dung dinh li ham sb sin ta ¢6 :
2absinC
<

1
1)
( <:>(a+b+c) 33

S
—zs

)

s\~

72
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Theo bat ding thire Co-si ta ¢

(p—a)(p-b)(p- C)< @p(p ~a)(p-b)(p- c)<p—

K]
2
- <

o S=

27
oS S
p>

YA

& |

[ l'u
~J

Viy (2) dong suy ra (1) dung.

. LUYEN TAP

11.1 Cho tam giac ABC thoa A > B 2 C. Chimg minh ring :
' : sinA >sinB 2sinC.
11.2 Cho tam giac ABC. Chirmng minh ring :
1+ cos AcosBcosC > /3 sin AsinBsinC
11.3 Cho tam giac ABC va 3 sé duong X, y, z. Chimg minh ring :
lcosA+lcosB+lcosCS)(_—Jr>:Z—~
X y z 2xyz

11.4 Ching minh ring trong moi tam gidc ABC ta cé :

A
sm— <

2J“

11.5 Goi a, b, ¢ 1a 36 dai 3 canh cua mot tam giac ; x, Y.z la d6 dai cac duomg
phan giac trong ctia tam giac y. Chimg minh :
| R R I S B
—F—F—>—+—+-
X y z a b ¢

§ 12. DUNG DAO HAM DE CHU'NG MINH
BAT DANG THU'C LUONG GIAC

L. PHUQONG PHAP

1.  Dung dao ham két hop véi khao sat ham sé ta ¢6 thé chimg minh mét s6 bét
dang thirc lugng giac, dac biét 1a cac bat dang thic chi chia mdt bién so
nhan gia tri trén mdt khoang hay-mét doan.

2. Dé chimg minh mét bit ding thiic A > B (1) bing cach dung dao ham, ta
thudng thuc hién cac buéc sau :

73



74

www.VNMATH.com

- Dt f(x)=A-B voi xefa; b]

~ Tinh f'(x), xét déu f'(x)

— Khao sat f(x) trén [a; b]

— Ching minh f(x) >0 Vx e[a; b]

~Suyra A>B. .

Chii y : Néu chua xét diu duge £'(x) ta c6 thé tinh tiép £"(x), F"(x),v.v...
Vi DU AP DUNG

Vi du 1 : Chirng minh ring véi 0 <x <§ tacd:

Ix

i bty |
2_smx+2tanx>23 (l)
(Trich dé thi Dgi hoc Y — Dueoc, ndm 1995)

Hudng diin gidi

L [ L !
Tacd: 22$|n~( +213nx >2 22smxﬂmx >3 2

Ta chi cin chimg minh 2Smx¢+1>§i+l 2)

(2) ©2sinx+tanx—-3x>0

Piat: f(x)=2sinx +tanx - 3x vdi X 6[0 ,g]

Tacd: F'(x)=2cosx + s——3=cosx +cosx + -3
cos® x cos® x
23{/cosx.cos X. -320
cos’ x

Suy ra f(x) tang trén [0 : g]

x20=f(x)>f(0)

x>0=>f(x)>f(0)=0
(2) Ping = (1) Dung.
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Vi du 2: Chimg minh ring néu 0 < x gg thi

2smx +2laﬂx > 2x+l
(Trich dé thi Pai hoc Tii chinh ké todn, nim 1993 — 1994)
Huong dan gidi
Lam tuong ty nhu Vi du | nhung phai khao sat ham s6 :

f(x)=sinx+tanx —2x vdi xe[O : -723)

, 1
Tacd: f'(x)=cosx+——5—=2
cos’ X

. o,
Vi 0<x<5 nén 0 <cosx=<1, suyra:

1 2
COSX>C052X:>COSX+ s— >CO8" X+
cos™ X Cos™ X

Theo bat ding thirc Cé-si ta ¢6 :

COS2 X+

>2=f'(x)>cos” x + —
COS X COS™ X

-220

= f(x) ting trén [0;§jz>f(x)>f(0)=0

S SINX +1an X — 2x > 0 = 250 420X 5 9l

III. LUYENTAP

12.1 Vai moi x thude doan [0 ; g:i Ching minh rang :
X 2sinx.

122 Cho 0<x< g— Chizng minh rang :

tan x > x.
12.3 Cho x 2 0. Chimng minh ring :

. X3 X5
smMX<X-—+—

120

75
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124 Cho O0<a<p <§. Chimg minh rang :

asino - Bsinf > 2(cosp-cosa)

125 Cho 0<a<P< g Chimg minh ring :

76

tana  tan
< —B .

a p

§ 13. BAT DANG THU'C JEN-SEN

PHUONG PHAP
Mot trong cac bat dang thirc ¢d hiéu qua trong viée chimg minh bét ding
thirc lugng giac chinh 1a bat dang thic Jen-sen.
Bit dang thirc Jen-sen c6 thé phat biéu nhu sau :
f"(x)<0Vxela;b]
e Cho

X|y Xay ooy Xy €23 b]

Tach f[xl, Xy, oo xn]z f(x|)+...+f(x“)
n n

Jlf”(x)>0‘v’xe[a;b]
e Cho

Xpy Xou ooy X,y e[a ; b]

Ta Cé: f[xl, XZ’ iy ans f(x1)+...+f(xn)
n n

Ta thuong ding bit ding thic Jen-sen dé chimg minh mot bat ding thirc
luong giac theo cac buée sau ;

— Ditham s6 f(x) thich hop véi dé bai véi x e[a ; b]
—Tinh f'(x), f"(x)
— Chimng minh f"(x) khéng déi dau trén [a ; b]

— Ap dung bét ding thirc Jen-sen dé suy ra diéu cin chirng minh,
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Vi DU AP DUNG

Vi du 1 : Chimg minh rang v&i moi tam giac ABC, ta déu ¢6:

22 22 27
(tan A] +[|an §] +[tan E] >3
2 2 2

(Trich & thi Pai hoc Ngogi thirong Tp. HCM, nim 1996)
Huwdng din gidi

Dit : f(x)z(tanx)lﬁ, XE(O ; g)

Tacod: f'(x) =22 (tan x)zﬁ_|(l +tan® x)
£'(x) =2v2 (tan x)z‘ﬁ_1 +A2\/E(tan x)
£7(x)=2¢2(2v2 - 1)(tan )™ (1 + tan? x) +
+22(2v2 +1)(tan x)Zﬁ (1+ tan?x)
Ta thdy : f"(x)> 0, Vxe[O : g]
Ap dung bét ding thirc Jen-sen, ta ¢6 :

(3) 35, 1533)

3 3

(2] " fon] (] o]
= | tan— +| tan — +| tan— >3| tan—
2 2 2 6

o o) oo
= | tan— | +| tan— +| tan— =237
2 2 2/

Vi dy 2 : Cho tam gidc ABC. Chimg minh ring ta luén c6 bat ding thirc :

.A ., B.C
smzsm—sm—s—

2
Huong din giai
Pt f(x):sir_l x,x€(0;n). Tacd: f'(x)=cosx, f"(x)=-sinx

Tathiy : f*(x) <0,V e(0; )
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Ap dyng bét ding thic Jen-sen ta c6 :

(530 15) (3735

3 3

.A . B . C . .A B . C 3
:>sm~2—+sm5+sm3s3smg = SiIN— +5in— +sin— < —,

LUYEN TAP
Cho tam gisc ABC. Chimg minh ring :
A B C
tan — + tan — + tan — 2 /3
2 2 2 ¥

Cho tam giac ABC. Ching minh ring :

A B 33
COS— +COS— + cos— <—
2 2 2
Cho tam giac ABC. Ching minh ring :
3V3

sinA+sinB+sinCsT

Cho tam giac c6 3 géc nhon ABC. Chirng minh ring :

tan? A + tan’ B > 2tan> A+B.
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Chwong 5.

GIA TRI NHO NHAT VA GIA TRI LON NHAT
CUA HAM SO LUQNG GIAC

A. KIEN THUC CO BAN

Dé tim gid tri 1én nhat (GTLN) va gia tri nhod nhit (GTNN) coa mot ham sé
lugng giac ta thudmg phai van dung cac kién thirc rit tdng hop va da dang
cia cac phin mén toan nhu : lugng giac, dai sb, giai tich...

. Thong thuong ta thyc hién theo cic budc sau :
— Tim mién xac dinh coa ham sé

— Chon lya phuong phap :

* Lugng giac

* Dai sb

* Giai tich

- Tién hanh tim GTLN, GTNN ciia ham sd.
— Kiém tra lai cac két qua nhwr :

* Dau ding thirc c6 xay ra khong ?

* Xay ra tai gia trj nao cua bién sé ?

— Két luan vé GTLN va GTNN cia ham sé.

Luu y ring c6 nhirng ham sé khong ¢ GTLN hogc GTNN, chéng han :
f(x)=tanx.
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B. Vi DU AP DUNG

§ 14. DUNG PHU'ONG PHAP LUQNG GIAC BE TiM
GTLN VA GTNN CUA HAM SO LUONG GIAC

PHUONG PHAP
Ta thung dung cac bién ddi luong giac sau dé tim GTLN va GTNN cua cac
ham lugng giic : )

* Cong thic ha bac :

3 l+cos2x , , l-cos2x . 1 .
cos x=T,sm x=—2—,smxcosx:55m2x

* Tong hop hai dao déng diéu hoa
Asinx+Bcosx =VA® +B*sin(x +¢)

Coé thé dung diéu kién co nghiém cua phuong trinh lugng gisc :
Asinx +Bcosx =C (1)

(1) c6 nghiém < A2 +B*2C?
Vi DY AP DUNG
Vidu I:Tim GTNN cta ham s6 : f(x) =Isin x| +lcos x|
(Trich dé thi Pai hoc Y Thii Binh, niam 1997)
Huong din giai
Mién xac dinh cua f(x):D=R
Tacé: £2(x)=sin?x +cos® x + 2lsin x cos x| = 1 +Isin 2x|
Suyra: f2(x)>1=>f(x)>1

f(x)=11lsin2x|=0 < sin2x=0
<:>2x:knc>x:k7n,kez

Viay GTNN ciia f(x) 1a 1.
Vidy 2 : Tim GTLN va GTNN cua ham sb :

_ cosx +2sinx-3

 2cosX -sinx + 4
(Trich dé thi Pai hoc Kinh ¢ Ha Npi, ndm 1995)
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Huong din giii
Taco: 2cosx—-sinx+4>0,VxeR=>1AD=R
Tacéd:

cosx +2sinx—3

= . <= {2y -1)cosx —(y +2)sinx =-3 -4y (2)
2cosx —sinx +4 .
y thuéc mién gia trj cua f(x) < {(2) c6 nghiém x
o (2y-1)" +{y+2)’ 2 (3+4y)

C>]]y2+24y+4s0<$—25y5—l—21—

Viy GTLN ctay la —% -GTNN cia y 1a 2.

Vidu 3 : Cho ham s : y, =2kcosX k]

cosX +sinx +2
1) Tim GTNN va GTLN cua ham sé y, img véik=1;
2) Xéc dinh tham s6 k sao cho GTLN cia ham sb y, 1a nho nhat.
(Trich dé thi Pai hoc Quic gia Tp. HCM, nim 1997)
Hudéng diin gidi
Tacd: cosx+sinx+2z20,VxeR> D=.R-
Tacé:

_ 2kcosx +k+1

Yi < (y, —2k)cosx +y,sinx=k+1-2y, ()

T cosx +sinx+2
y, thudc mién gia trj cua ham s y, = f{x) khi va chi khi
(1) cé nghiém x & (v, —2k)’ +y 2[(k+ D=2y, T
2yl —4y, -3k +2k +1<0

2-6k? -4k +2 2+6k: — 4k +2
= <y, <

2 —k 2
2—
Vay : GTLN cia y, 1a 27 VOK —4k+2 “6“2‘"‘*2
. e
GTNN cia y, 14 2 “6“2 k+2

LUONG GIAC - 6 81
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I)Khik=1tacé: GTLNcua y, 1a2, GTNNcua y, la 0.

2+V6k* -4k +2

2

2)Tacé: GTLNcua y, la

,
1

Nhén xét rang : 6k’ —4k+2:6(k—§J +§>.‘1

3

Viy GTLN cia y, dat GTNN khi k :%.

LUYEN TAP

Tim gi4 tri 16n nhat va gia trj nho nhét cua ham sb :
y =sin’ X +sin2x

Tim gia tri lon nﬁét va gia tri nho nhat cua ham sé :
y =cos’ x +sin® x

Tim gia trj 1on nhat va gia trj nho nhat coa ham s

y = cos” xsin x —sin® x cos x
Tim gia trj 1on nhat va gia trj nhd nhat cua ham sé
y = 4sin? x + 2cos? x
Tim gi4 tri 1dm nhét va gia tri nhé nhét cia ham 6 :

2 +cosx

sinXx +cosx +2
Tim gi4 tri 1n nhat va gia trj nho nhat cia ham s
S 3 ) 1

y=—"7>
cos” X

Tim gia trj lon nhat va gia trj nho nhat cia ham s
y =sin X + COs X
Tim gi4 tri I6n nhat va gia tri nho nhét cia ham s6 :

y =SinX —CcosX



www.VNMATH.com

§ 15. DUNG PHUONG PHAP PAI SO PE TiM GTLN
VA GTNN CUA HAM SO LUWONG GIAC

I. PHUONG PHAP

L. Détim GTLN va GTNN cia mét ham sé luong giac, ta c6 thé dung cac bt
dang thuc cua dai so.
2. Hai bét ding thirc thuong ding nhat 1a :
* Rit dang thirc Co-si :
a,,a,,...,a,20
+a, ...+
a'__~__ai2 n)aI ..a,
n
Déu bang chixay rakhi a, =a, =...=a,

* Bt dang thic Bu-nhi-a-cop-ski :

ab, +a,b, +...+a,b, s\/(af +...+aﬁ)(bf +..‘+bi)

Déu bang chi xay rakhi: a, =tb,, a, =tb,,...,a, =tb

3. Khi ding bét dang thirc phai ltu y kiém tra xem dau bang c6 xay ra hay khéng,

II. ViDUy AP DUNG

Vi du I : Gia st A, B, C la ba goc trong mdt tam giac. Tim GTNN cia biéu
thirc :

1 1 1
= + +
2+c0s2A 2+cos2B  2-cos2C
(Trich dé thi Pai hoc Mé — Dia chat, nim 1999)

Huong din gidi
Ap dung bit ding thirc Co-si ta dugc :
3
3(2+ cos 2A)(2 + cos 2B)(2 - cos 2C)
Tiép tuc ap dung bét ding thirc Co-si ta dugc :
> 5
6+ cos2A +cos2B—cas2C
N 9
~ 7+2cos(A +B)cos(A —B) - (1+cos2C)

M2
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9
- 7-2cosCcos{A—B)-2cos’C
9

7+ %cosz(A - B)—2[cosC+—;-cos(A —B)z}

9 9

7+lcosz(A—B) 7+l
2 2

]
5

Tacé: Mz% Déu bang xay ra khi A:B:%,C:%"

Vay GTNN cuoa M 1a %

Vi du 2 : Tim gi4 tri nhd nhat cia biéu thire
P=cot’a+cot*b+2tan’atan’ b+2
(Trich dé thi Pgi hoc Giao thong vin tdi, nim 1999)
Huwdng dén gidi
Ap dung lién tiép bat ding thirc Co-si ta duge
P=cot'a+cot*b+2tan’atan’b+2

P>2cot’acot’b+2tan’atan’b+2
22.2cotacotbtanatanb+2=6
Dau bang xay ra khi
{cot"azcot"b {cotzazcotzb
Ly

cotacotb =tanatanb cot*acot’b=1

cot’a=1
Q 2
cot"b=1
Vay GTNN cia P I3 6.
II. LUYEN TAP

15.1 Cho 0<x< % Tim gia tri Ion nhét cha ham sé :

3 3sin? x(l ~ 4sin? x)

COS4 X
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15.2 Chd 0 < x <m Tim gia tri nho nhat cia ham sé :
y =cotx (cosx +sinx) +sin” x +1.
15.3 Tim gia tri nho nht va gia tri 16n nhat ciia ham s :
y =~/cosx + Jsinx
15.4 Tim gia tri nho nhét va gia tri 16n nhat cua ham sd :

_Jcosx +sinxl
Veos® x +1

15.5 Tim gia trj 16m nhét cia ham s

y = c0s3x + 2 —cos” 3x

15.6 Tim gi4 tri 16n nht ctia ham s6 :

y =sinx +v2—sin’ x +sinxy2 -sin’ x

15.7 Tim gi trj 1on nhat cia ham s :

y=va+cosx +va+sinx (a>1)

15.8 Tim gi4 tri nho nhat cia ham s6

2 2
2 : 1
yz(coszx+ — | +|sin’ x+—
cos® x sin’ x

§ 16. DUNG PHU'ONG PHAP GIAI TiCH PE TiM GTLN
VA GTNN CUA HAM SO LUQNG GIAC

I.  PHUONG PHAP

1. Dung dao ham dé khao sat mot ham sd luong giac trén mot dogn, ta ciing c6
thé tim durge GTLN va GTNN cia ham s trén doan d6.

2. Dé viéc khao sat ham sb duoc don gian ta nén luu y viéc ddi bién s, nhung
phai biét gioi han 4n s6 méi dé tranh sai lam.

3. bac bi¢t khi phuong phip dai s6 va lugng giac khéng ding duogc do gid tri
ca bién s6 lam cho ddu bang xdy ra khong thuge doan dang khao sat thi ta
nén dung phuong phap giai tich.
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1. ViDU AP DUNG

Vi da I : Tim gia tri I6n nhat va gia tri nho nhat cia ham sb :
y ={l + cosx)sinx,

(Trich dé thi Pai hoc Sur pham Tp. HCM, nim 1983)
Huwong din gidi
bt : f(x)=0+cosx)sinx -
f(x) 12 ham s tudn hoan cé chu ki 12 2n nén ta chi can khao sét trén doan
[wim)
Tacé: f(x)=sinx +]55in2x

f'(x)=cosx +cos2x =2¢0s° X + cosX — |

cosx =—1 x=n+k2n
f'(x)=0 o _ keZ
c:osx=l x:iﬁ+k27t( )
2 3
Ta c6 bang bién thién cia f(x) trén doan [~ ; n]
_K It
X -7 3 3 T
f? 0 - 0 + 0 -0
f 1o 3V3
2
\_3_\5 /’ \
4

W3 3\/_

Vay GTLN cuay la —4- GTNNciay la ———

"Vidu2:Cho xe [0 ; %) Tim GTNN cua ham 6 :

f(x):]+s¥n2x_( +l)]+tanx+a
1-sin2x I —tanx

(Trich dé thi Pai hoc Giao thong vin tdi, ndm 1992)
Hudng din gidi

1+t
Pit t=tanx va z=—

1-t
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. l+sin2x  (cosx +sinx)’ [IHT
lfaco: : = - =
I-sin2x  (cosx —sinx)” \l-t
f(x)=g()=2"-(a+)z+a
g'(z)=2z—(a+l);g'(z)=0c§z:%]-
Taco’:z(t)=ﬂ;z'(t)= 2 >0
—t+1 (-1
xe[O;Ejzpte[O;l)
4
Ta c6 bang bién thién ciia z theo t
t 0 1
z +

+00
//
1

. a+l
1) Néu d—;—slaasl
Ta c6 bang bién thién cua g(z) theo z

z | +00

)

14 +

. +00
g //
0

Viy GTNN cua g(z) 12 0. Pat dugec khi z=1t=0 <> x =0.

2) Néu aT“>1<:>"a>]

Ta co bang bién thién coa g(z) theo z

a+ 1
Z ] 3 +00
g - 0 +
¢ 0 +00
\-(a-l) /7
4
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(a—l)2

Vay GTNN cua g(z) 1a — . Dat dugc khi

a+l I+t a+l a-1
= = [ {
2 1—t 2 a+3 a+3

Két luén :

Véi a<1 GTNNcua f(x) 1a f(0)=0
(ﬂ—l)2 a-1

, trong do lg(xo)z—g.
a+

Véia> | GTNN cia £(x) 1a f(x,)=-

Vi du 3 : Tim gié tri 16n nhat va gid tri nho nhét cda ham s6
f(x) =1+ 2cos3x|+]1 + 2sin3x|
(Trich @é thi Pai hoc Tdy Nguyén, ndm 1996)
Huding din gidi
pat: z=f2(x). Taco:
z=(1+2c0s3x)” +(1+2sin3x)” + 2|(1 + 2cos3x){1 + 2sin 3x)|

=6+ 4(cos3x +sin3x) + 2|1 + 2(sin 3x + cos 3x) + 4sin3x cos 3x|)

-1

Pat: t=sin3x +cos3x, tacd te[-\/i 5 \E], sin3xcos3x =

Suyra: z=6+4t+2/2t7 +21-1
Tam thuc 2t* + 2t —1 ¢6 2 nghiém la :

2 2

Ta xét hai trudémg hep :

Trieomg hop I .~te[-\/5;—*/§+l]u[‘/§'l ;Ji}

2 2

Khi d6 : 2t +2t-120

z=412 +8t+4=4(1+1)

GTLN coaz1a 2(v2) = 4(v2 +1), GTNN ca z la z[— ‘/32”]:(\/5 1)
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Truong hop 2 : te {— ;

Khidé: 2° +2t—1<0

z=—4t" +8

GTLN cuazla z(0) =8 GTNN ctiaz Ia z[——\/}; ! ] =(\V3- 1)2

Taco: a(V2+1) >8
Viy, voi te [—\/5 ; \/5], taco:

GTLN ciiazla 4(v2+1)°, GTNN ciaz 12 (V3 1)’
Két lugn

GTLN ciia £1a 2(J2 +1), GTNN cia f1a (v3 -1).

LUYEN TAP
Tim GTLN va GTNN cta ham s6 ¢

f(x)=Vsinx +cosx vai xe{%;g}

Tim GTLN va GTNN cba ham s6 :
—— +3tan’ x|
f(x)=S0_x
tfan X + coft x
Tim GTLN va GTNN ctia ham s6 :

2 cos? 1
f(X)Z oS X+|COSX|+

lcos x|+ 1

Tim GTLN va GTNN ciia ham sb :
1 |
f(x)=1+cosx +Ecoszx +§c053x

Tim GTLN va GTNN ciia ham s :

- f(x)=\/cos2 X —2cOSX +5 +vcos? X +4cosx + 8.
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Chwong 6.
LUONG GIAC TRONG HINH HOC

A. KIEN THUC CO BAN

Lugng giac phat xuat tir hinh hoc, ta phai luén ghi nhé dinh nghia ti sb lugmg
giac cua mdt géc nhon :

C
a b
B
C A
sinB=E cosBzS
4 a
tanBzE <:otB=£
c b

Trong mot tam giac thuong, hé thirc gitra canh va goc duoc thé hién qua 3
dinh i :
* Dinh i ham s6 sin :

a b ¢
sinA sinB sinC

* Dinh li ham s6 cdsin :

2R

B 5 B
a-=b” +c¢” -2bccosA
] i 9
b =c¢” +a” -2accosB

¢? =a’ +b% - 2abcosC

* Dinh i ham s tang :

A+B
fan
a+b= 2
a-b tanA:_-»»l»E—}
2
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B. Vi DU AP DUNG

§ 17. HE TH(’C GID’A CANH
VA GOC CUA TAM GIAG

I.  PHUONG PHAP
1. Gilra cic goc trong tam giac ta thudmg ding cac hé thire

A+B =n C

A+B+C=n, A+B=n-C,
2 2 2

Tirdé suy ra:

sin(A +B) =sinC, cos(A +B) = —cosC

[A+B] . C (A+B] C
cas =sin—, tan =¢cot—
2 2 2

2
2. Pé d6i canh ra goc ta thuang dung dinh li ham s6 sin hoac dinh |i ham sé
cosin : .
. . a b’ ¥c2 -a’
a=2RsinA,sinA=—,cosA=———
R 2bc

II. ViDUAPDUNG
Vi du 1 : Cho tam giac ABC c6 & dai 3 canh 1 a, b, ¢ va ban kinh duong
tron ngoai tiép la R. Chirng minh ring :
cotA+cotB+cotC=a-+bJ.R
abc

(Trich dé thi Dai hoc Phdp Ii, nim 1994)

Huwéng din gidi

Trong tam giac ABC, theo dinh li ham s cosin ta co ;

2, .2 2

cosA oD te a2

2bc.
Theo dinh li ham sdsintaco:
- b’ +c’ -2’
SinA =— :>cotA=°f’SA: 2be :(b'+c ~a’)R
2R sin A a abe
2R

9]
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N B 22 2
(a +¢ b)R,cotC:(a +b c)R

Twong tu : cot B=
abc abc

2 2 2
Do do : cotA+cotB+cotC=-a—-i%—c—.R
abc

. , C s 4 A B C
Vi du 2 : Cho tam giac ABC. Chirng minh rang néu cot;, cot—, cot—
lap thanh mot cdp s6 cong thi -

cot—ﬁicotg =3
2 2

(Trich @é thi Pai hpc Ludgr Ha Ngi, ndm 1999)
~ Huong din gigi

Trong tam gidc ABC tacé:

2 2 2 2
B B
tan - +tan — cot-— +cot
2 _ C
:——————-:cot——:T——colE
1—tan— tan - cot—-cot——1
2 2
A B C A B C
= cot— +cot— + cot — = cot —cot —cot— (1)
2 2 2 2

B C - . N X L A - v
Do cot?, cot 2 cotz lap thanh mét cap s6 cong nén ta co :

coté+ cot~C— = 2¢:otE (2)
. 2 2 2
Thay (2) vao (1) taco :
3(:0tE =cot—écot§cot£:>cotécot£=3
2 2 2 2 2

Vidu 3 : Cho tam gidc ABC vdi BC = a, CA =b, AB = c. Ching minh ring
2b = a + ¢ kht va chi khi :

A C
cot?cot—:3

(Trich dé thi Pai hpc Can Tho, nim 1998)
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Hurdng din giii
Ap dung dinh 1i ham sb sinta cé :
2b=a+c < 2sinB=sinA+sinC

<:>2sin(A+C)=2sinAJrc A-C

cos

. A+C A+C . A+C A-C
<> 2sin cos =sin cos
2 2 2 2

A+C C A C A C
< 2c08 =CO0S , & 2¢c08) —+— |=cos| ———
2 2 2 2
[ A C . A c] A C . A.C
o 2] cos—cos— —sin—sin— | = cos—cos— + sin—8in —
2 2 2 2
A C . A C A C
Qcos;cos;:?osm;sul—, &> cot—cot— =3

III. LUYEN TAP
17.1 Cho tam gidc ABC. Chirng minh ring :

tanA +tanB+1anC = tan Atan BtanC
17.2 Cho tam giac ABC. Chimng minh ring :

A B B C C A
tan—tan — + tan—tan— + tan—tan— = |
2 2
17.3 Cho tam giac ABC. Chimg minh rang :
sinA +sinB+sinC = 4c:os—%cos§cosg

17.4 Cho tai giac ABC. Chirng minh rang :

cosA +cosB+cosC=1 +4sin%sinEsin~2—

17.5 Cho tam giac ABC. Ching minh rang :

-

sin(A-B) _ a’ -b’
sinC ¢?

17.6 Cho tam gidc can cé canh day 14 a, canh bén 1a b, goc & dinh 20°. Chimg

minh rang : a’ + b’ = 3ab’
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§ 18. TRUNG TUYEN, PHAN GIAC, BAN KiNH
VA DIEN TiCH TAM GIAC -

1.  PHUONG PHAP
1. Vé trung tuyén trong mét tam gidc ta c6 cac hé thirc sau :
a’+b’ :%cz +2m?, b? +¢? =%a2 +2m’

.1_2b2+2C2—82

¢t +a’ =lb2 +2m;, m,
2 4

2c’+2a>-b> 5, 2a’+2b’ -¢’

m;
® 4 e 4
2. Vé phan giac trong mat tam giac ta c6 cac hé thuc sau :
2be A 2ac B 2ab C
I, = cos—, Iy =——cos—, [, =——cos—
b+c 2 a+c 2 a+b 2

3. Vé dién tich tam giac ta c6 cac hé thirc sau :

s=Lah =Loh, =Lch
2 2 2

S= lbcsinA =lacsinB—labsinC
2 2 2

S:%%C, S=pur, Sz\/p(p—a)(p~b)(p—c)

S=(p-a)r, =(p-b)ry = (P )1

4. Vé ban kinh duomg tron ngoai tiép, ndi tiép va bang tiép mot tam giac, ta co
cac hé thic sau :

S

'a b c §

= = = L I=
2sinA  2sinB  2sinC p

r =(p—a)tan% =(p—b)tan% =(p—c)tan%
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Vi DU AP DUNG
Vi du ! : Chimg minh rang v&i moi tam gidc ABC ta ¢6 :

A B C p
cot—+cot—+cot—=—
2 2 2

r
p 12 nra chu vi, r 12 ban kinh duong tron ndi tiép tam giac.

(Trich @é thi Pai hoc Buwu chinh Vién thong, nim 1998)

Hicong dén gidi

Taco: r=(p—a)tan§:.'t:olé:p_a (1)
2 2 r
Tuong tir : colE:p_b (2)
r
C p-c
cot—=-"—o 3
> p Q)

Cong (1), (2), (3) vé theo vé :

cot%+cotg+costan%= p-a+p—b¥p-c = 3p—(a+b+c) = P

r r r o
Vi du 2 : Chitng minh ring trong moi tam giac ABCtaco:
1+%:cosA +cosB +cosC
(Trich dé thi Pai hoc Y — Dugc Tp. HCM, nam 1999)

Huwéng din gidi

Taco: r=(p—a)tan%

(p-a)tan = "
r ) b+c-a A
Suyra:l+;{=l+ =1+

. . . .B.C
=l+(smB+smC—smA)tan%=]+4sm—sm-—cos—-

. . B .
=1 +4smésm—smE

95
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Mait khac, ta lai ¢o :

cosA +cosB+cosC =4sin%singsing+l

Viy : l+é=cosA+cosB+cosC

Vidu 3 : Goir, R la ban kinh cac dudmg tron ni tiép va ngoai tiép tam giac
ABC. Chirng minh ring :

r=4R siné-sin EsinE
27 22
(Trich dé thi CDSP Qudng Ninh, nim 1999) .

Huwdong din giai

Lam twong tu nhu vidu2 taco:
L o cosA+ cosB+cosC-1= 4sinésin§sin£.
R 2
LUYEN TAP
Cho /,, ly, I 1a dd dai 3 phan giac trong tam gidac ABC. Chirng minh rang :

A
cos— COs cos
2 2

I Iy l. a b ¢

Cho tam giac ABC c6 cic trung tuyén cb d6 dai la m,, my, m. va dién
tich 1a S. Ching minh :

Szg\/m\/(m—m,\)(m-mn)(m—mc)

1
voi m=—2-(m,\ +my +mg).

Cho tam giac ABC ¢6 | 1a tam vong tron ndi tiép. Chirng minh ring :

a) 1A.IBIC = 4Rr? ;

b) alA” + bIB’ +cIC® = 4RS,

Cho tam giac ABC c6 AM la trung tuyén. Géc AMP bang a. Chimg minh :

sin(B-C)
cotgg = ———~
2s5inBsinC
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Cho tam giac ABC vudng tai A, BC = a, biét tich sé hai phan giac trong
ciia goc Bva C 12 1 ; 1 la tam vong tron ndi tiép.

12 2

a) Chirng minh : sin—l}sinE = b) Chumg minh : IB.IC = %

43"’

Cho tir giac ABCD ¢c6 AB=2a,BC=b,CD=c, DA =d néi nep mot duong
tron. Chirng minh :

s=J(p-a)(p-b)(p—c)(p-d)

Cho tam giac ABC c¢6 canh b, ¢ va my, m_ la cac trung tuyén ké tir B va

C thoa — =B £}, Chimg minh :
b m,

2cot A =cotB+cotC.

Ba canh a, b, ¢ cia mdt tam giic |ap thanh mét cép sb cong theo thi tur dé.
Chiing minh cong sai cip sb ay bang

3 [ C A]
—r| tan —-tan—
2 2 2

Cho tir giac ABCD néi tiép duong tron, Véi AB=a, BC=b,CD=c, DA =4d.
Chang minh :
anA_ [(p=a)(p-d)
2 \(p-b)(p-¢)

trong dé p:%(a+b+c +d).

§ 19. NHAN DANG TAM GIAC

PHUONG PHAP

Bai toan nhan dang tam giac thuomg dugc phat biéu tdng quét nhir sau :

Cho tam giac ABC cé cac canh va cac goc thoa mét hé thic
F(A,B,C,a,b,c)=0 (1

Chimg minh ring ABC la tam giac : can, vudng, déu, v.v... (2)

Giai bai toan nhan dang 1am giac la di tir gia thiét (1) dén két luan (2) bang

cach van dung cac hé thirc lugng trong tam giac, cac cong thic bién doi

lugng piac.

LUONG GIAG - 7 97
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Phai luu y tinh i ximg cia bai toan dé dinh hudng cac phép bién déi.
Ching han, cén tai C thi tap trung vao chimg minh A = B.
Théng thuong ta hay déi canh va goc dé c6 thé sir dung tinh phong phi cia
cac cdng thire lugng giac. Hai cong thirc hay duge ding nhidu nhat 1a :
b? +¢? —a’

2bc
Dic biét, dé chimg minh mjt tam gic la déu ta hay dung bat dang thirc
Vidu : Ta chimg minh F(A, B, C,a,b,¢)20

sin A :—a—, COSA =
2R

Dau bing chi xdy rakhia=b=c¢
Viy: F(A,B,C,a,b,c)=0>a=b=c
& Tam giac ABC déu.

Vi DU AP DUNG
Vi du 1 : Gia sir cac géc ABC ciia tam giac ABC thoa man déng thirc

cosA +cosB+cosC=2(cos AcosB+cosBcosC +cosCcos A)
Chimg minh ring tam gidc ABC la tam giac déu.

(Trich dé thi Pai hoc Quéc gia Ha Nji, nam 1998)
Huong din gidi

Ap dung bat ding thic Bu-nhi-a-cop-ski ta c6 :

cos AcosB + cos BeosC +cosCeos A <cos” A +cos” B +cos® C.
Suyra:

cosAcosB+cosBcosC+cosCcosA < %(cosA +cosB +cosC)’
Theo gia thié, ta co :

cos AcosB+cosBcosC +cosCcos A = %(cosA +cosB +cosC)

Suyra:

1
E(COS A +cosB+cosC) < %(cosA +¢osB +¢osC)’

=>%$cosA+cosB+cosC 3%51 +4sinésin§sing



. B
(Vi cosA+cosB+cosC=l+4sinism—sm£>0)

= Oszi.sinésingsing—l =0< Z[COSA_
2 2 2

:>Os2[eosA— —sin%]sin%—%, ‘—‘>4Sin29—4sin~(—:cosA_

:[ZSing—cosAﬂB} +sin? A-B <0
2 2 2

50 A=B
= —
. C___A-B_|C=60°

2sin—=cos
2 2

=> ABC la tam giéc déu.

Vi du 2 : Chimg minh ring tam gidc ABC 1a tam giac cin néu cac goc thoa
min diéu kién :

smA+smB+smC A C
col—cot— ()
sinA +sinB—sinC 2 2

(Trich dé thi Hoc vién Quan hé quéic 18, nim 1998)
Hudng din giai

Tacd: sinA +sinB+sinC = 4cosﬁcos§—cos—c—

sinA +sinB—sinC= 4sinésin Ecosg

Viy: (1) col%éot% =cotécot—c—

(=4

B C
&> cot— =cot—
2 2

v

% [0<%, %<§] = B=C
Viy tam giac ABC cin.
Vi du 3 : Cho tam giac ABC thoa :
sin2A +sin2B=4sin AsinB
Chirng minh ring ABC la tam giac vuéng.

(Trich @é thi Pai hoc Y — Dugc Tp. HCM, nam 1993)
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Huomg dan gidi
Taco:
sin2A +sin2B=4sin AsinB ()
< 2sin(A +B)cos(A - B) = 2[cos(A - B¥—cos (A + B)]
<> sinCcos{A ~B) =cos(A -B) +cosC
< cos(A -B)[1-sinCl+cosC=0

< cos(A - B)[cosg—sing} -rcoszg—sin2 -C— =0
2 2 2 2

o [cosg —sin E)[cos(A - B)(cosE —sin E] + cosE +sin E =0
2 2 2 2 2 2
Tacd: cos% >0, sin%— >0. Suyra:
M =cos(A - B)[cosE —sin S} + cosg +sin ¢
2 2 2 2

= cos%[l +cos(A - B)]+sin%{l -~cos{A-B)]>0

Vay : (1) <:>cos£=sin£ <:>lan£:1<:>C=E
2 2 2 2

Vidu 4 : Goi A, B, C 1a ba géc cia tam giac ABC. Chimg minh ring diéu
kién cin va di dé tam giac ABC déu la c6 hé thirc :
1 1
+ +
sinA sinB sinC

(Trich dé thi Dai hoc Bach khoa Ha Npi, nam 1999)

—(cot A +cotB+cotC)=+/3 )

Huwong déin gidi
Tacd:
1 1 1
(1) & — —cotA [+| ——-cotB |+| ——-cotC =3
sin A sinB sinC

1-cosA 1-cosB 1-cosC
<> — +— +— =\/§
SinA sinB sinC

A B C
& tan—+ tan— + tan — = /3 2
5 S S NE] )
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N A B C .
bat: x=tan—,y=tan—, z=tan—. Tacd: xy+yz+zx =1
2 2 2
2 2 2 2

(M ox+y+z=V3 o(x+y+z) =3 x> +y>+22+2=3
<:>x2+y2+zz—l:0®2x2+2y2+222—2xy—2yz.—2zx=0
s(x-y)Y +(y-2)+z-x) =0 x=y=z
otanéztang=tan9— > A=B=C

2 2 2

< Tam gidc ABC déu.
Vidu 5 : Cho tam giac ABC thoa man hé thirc :
2cosAsinBsinC+\[§(sinA+cosB+cosC):% )

Hoi tam giac ABC la tam giac gi ? Chirng minh.
(Trich dé thi Pai hoc Thuy lgi, ndm 1999)

Huong din gidi
Tacé:
4)) <:>%:cosA[cos(B-C)—cos(B+C)]+ J3(sin A +cos B +cosC)
17 2 .
o T =-cos(B+C)cos(B-C)+cos” A + x/i(sm A +cosB+cosC)

1 3 .
o 77 = —%[c052B+c052C]+cos‘ A+ \/i(smA +cosB +cosC)

2 . . 9
<:>cos'B—\/gcosBivc052C—\/§cosC+sm'A— \/ismA+Z=0

o) [cosB—?]z +[cosC—%T +[sinA ¥%]2 =0

cosBzg .
B=30°
V3 o
<:>‘cosC=7 & sC=30
A =60°
sihAz?

101



102

Vidué: Tam giac nhon ABC c6 cac goc thoa man hé thire :

) 1 1 1 1 1

+ + = + +
cosA cosB cosC sin-{;- sin-? sin%

Chirng minh-ting ABC la tam giic déu.
(Trich dé thi Pai hoc An Ninh, ndm 1999)
Huéng din gidi

Ap dung bit ding thirc Bu-nhi-a-cop-ski, ta c6 :

[ ! + l ](cosA+cosB)24
cosA cosB

= A woeB A resE = ATB —ATE
cosA cosB cosA+cosB | A+B A-D
= ! + l > 2 C (1)
cosA cosB . L
2
Tuong ty ta cé :
| N 1 > 2A )
cosB cosC . A
2
! + ! > 2 B 3)
cosC cosA sin 2

Cong (1), (2), (3) vé theo vé, ta c6 :
I IO B 1 1
cosA cosB cosC sinA—‘ . B . C
2 2 2
Dau bang xay ra khi va chi khi (1), (2), (3) dong thai trd thanh dang thic,
tac lata co:

cosA =cosB =cosC
A-B_ B-C C-A  <A=B=C

cos =CO0S =1
2 2 2

< Tam gidc ABC la tam giac déu.

cos



" Vfdu 7 : Chimg minh ring néu tam giac ABC c6 céc géc A, B, C thoa min
diéu kién :

. A 3B . B ;A
Sin-—¢0s” — =sin—cos™ —
2 2 2 2

thi tam giac d6 cén.
(Trich dé thi Pai hpc Thuong mai, nim 1999)

Hudng dén giai

. A B
Tacd: sm—cos3—=smEcos3—
2 2 2 2

= tanﬁ[l +tan2i\-]=tan§[l+tan25]
2 2 2 2

c:[tani—tané\\[l+tan2ﬁ+tan25+tanétan5]=0
2 2, 2 2 2 2
<:>tani\—=tanE @ézg < A=B

2 2 2

<> Tam giac ABC cén.
Vi du 8 : Cho tam giac ABC thoa :

b s_C a
cosB cosC sinBsinC

Ching minh ring tam giac ABC vuéng.
(Trich dé thi Pai hoc Pa Ning, nam 1997)

Huéng din gidgi

Tacod: b c =— a‘ (1)
cosB cosC sinBsinC

+

sinB sinC sin A sin(B +C) sin A

+ - 2
cosB cosC sinBsinC cosBcosC sinBsinC )
Vi sin{B+C)=sinA =20 néntaco:
(2) @ cosBcosC=sinBsinC <> tanB=cotC < B+C:§ & A=§



Vi du 9 : Cho tam giac ABC thoa :
sin A +sinB >2sinC )
{cosA+cosBZ2cosC (2)
Chirng minh rang tam giac ABC la tam giac déu.
(Trich dé thi Pai hoc Tong hgp Tp. HCM, niam 1992)
" Hudng din gidi
Taco:sinA+sinB22sinC=a+b22c=>C<90° = cosC20
Binh phuong 2 vé cia(l1)va(2) rbi cong lai ta dugc :
2+2(cosAcosB+sinAsinB) >4
=cos(A-B)>1=>cos(A-B)=1>A =B

sin A >sinC A>C
= = =A=C
A<C

cosA 2cosC
Vay tam giac ABC déu.
Vi du 10 : Cho tam giac ABC thoa man diéu kién :
£y =T+Tg + 0o

Chirng minh tam giac ABC vuong.
Hudng dan giii
s § S S

Taco:r, =r+iy+r. & =—+ +
p-a p p-b p-c

- 1 | | a _p-b+p-c

p-a p p-b p-c _ p(p-a) (p-b)(p—c)

= p(pa—a) ) (P-b)a(P-C) = p(p-2)=(p-b)(p—c)

<> p —pa=p’-pc-pb+bc & plb+c-a)=bc
e (a+brc)b+c-a)=2be < (b+c) —a? =2be

< a’ =b* +¢? o Tam gidc ABC vubng,
II1. BAITAP
19.1 Chimng minh ring, tam giac ABC cén néu thoa man diéu kién Isziu :
tan A +tan B = ZCOt%
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19.2

19.3

19.4

19.5

19.6

19.7

19.8

19.9

19.10 Chirng minh ring tam giac ABC vudng hoac can néu thoa man hé thirc :

19.11 Chimg minh rang tam giac ABC vudng hodc can néu thoa mian hé thirc

Chimg minh ring tam giac ABC can néu thoa man diéu kién sau :

tanA +2tan B = tan A tan° B

Ching minh ring tam gidc ABC can néu thoa min dicu kién sau :

a[cot%—tan A] = b[tan B—cot%]

Chirng minh rang tam giac ABC can néu thoa man diéu kién sau :

0 J
cos" A+cos B |
—?~§7—C..’— = —(COtz A+ Cotz B)
sin“A+sin B

Chimg minh ring tam gidc ABC can néu thoa man diéu kién sau :

’ l+cosB _ 2a+c¢
sinB \/433_02

Chirng minh rang tam gidc ABC can néu thoa man didu kién sau :

+
1an’ A +tan’ B = 2tan’ A+B

Chirng minh rang tam giac ABC vudng néu thoa man hé thic
sinA+sinB+sinC=1-cosA +cosB+cosC
Chirng minh ving tam giac ABC vudng néu thoa man h¢ thire :
3(cosB +2sinC)+4(sinB + 2cosC) =15

Chiéng minh rang tam giac ABC vudng néu thoa man hé thirc :

S:%(a+b—c)(a+c~b)

acosB-bcosA=asinA—bsinB

+B

atanB+blanA=(a+b)tanA

19.12 Ching minh ring tam giac ABC la tam giac déu néu thoa man diéu kién sau :

2(acosA +bcosB+ccosCl=a+b+c

19.13 Chimg minh ring tam gidc ABC la tam giac déu néu thoa man diéu ki¢n sau :

V3

s=Y’(a+b+c)
36
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19.14 Ching minh ring tam giac ABC la tam giac déu néu thoa man diéu kién sau :
9R
m, +my, +m, =——

19.15 Chimg minh rang tam giac ABC Ia tam giac déu néu thoa man diéu kién sau :

\/tanA +\/tanB +JtanC = \/cot-/;— +Jcotg +\/cot%

19.16 Chimg minh ring tam giac ABC la tam giac déu néu thoa man diéu kién sau :

a b ¢
—_—t———=
b a ab

cosAcosB= 1
4
19.17 Chimng minh rdng tam giac ABC la tam giac déu néu thoa mian diéu kién sau :
38 =2R?(sin’ A +sin’ B+sin’C)
~ 19.18 Chimg minh rang tam giac ABC 14 tam giac déu néu thoa man diéu kién sau :

b+c=%+\/§ha

19.19 Chimg minh ring tam giac ABC 12 tam gi4c déu néu thoa man diéu kién sau :

acosA +bcecosB +ccosC _2_p
asinB+bsinC+csinA  9R

19.20 Chimg minh rang tam gisc ABC la tam giac déu néu thoa man diéu kién sau :

A B C
cotA+cotB+cotC=tanE+tan—+tan—~
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Phéan Il
HUGUNG DAN GIAI — CAU HOI TRAC NGHIEM ON TAP

Chwong 1.
BIEN DI LUONG GIAC

1.1 Ap dung cong thirc cong, va két qua cosnm=(-1)".

1.2 1) cos’(a-b)cos’*(a+b) = %[cos(la —2b) —cos(2a + 2b)] = sin 2asin 2b.

2) cos’(a—b)—sin’(a+b) = %[005(28 —2b) + cos(2a + 2b)] = cos 2a cos 2b.

1.3 1) VT =sin? x(cosx +sinx) +cos? x (sin x + cosx) =sinx + cos x.

2) VT =sin 3x{(1-2sin? 3x) + cos 2x sin x

. ) i, . ) . .
=sin3xcos6x + cos2xsin x =E(sm9x —sin 3x)+-;—(sm3x—sm X)
1, . . .
=E(sm9x—sm X) = cos Sxsin4x.

3)Tacod: sin2x=%(!—c052x),
B bid 1 LY 1 .
cos’| x+= |=—|1+cos| 2x+—=}||=~(1 -sin2x)
4 2 2 2
Do d6; sin4x+cos“[x+%]:%(I-cost)z+’%(1—sin2x)2
| . .
:z(l--2cos2x+cos2 2x +1—-2sin2x +sin° 2x)
) 1, .
=%(3—25m2x—2c052x)=%—E’(S|n2x+0052x)

:i;—\/—isin{Zx+£]
4 2 \ 4

107



14

1.8

1.6

108

1) Chimg minh : cos4a =8cos’a —8cos’a+1
Cdach ] :

cos4a =2cos’ 2a -1 :2(2cosza—l)z —1=8cos*a-8cos’a+1.
Cach 2 :
8cos'a—8cos’a+1=1+8cos’alcos’a-1)
=1-8sin’acos’a =1—2sin’ 2a =cos4a.
2) 4(VT) = 4cos’ x cos3x ~ 4sin’ xsin3x
=(cos3x + 3cosx)cos3x — (3sin x —sin3x)sin3x

=co0s” 3x +sin> 3x + 3(cos xcos 3x —sin xsin3x) =1 + 3cos 4x.

Suy ra diéu phai chimg minh.

1:]_ tanx+v3 tanx—3

T
Tacéd: lan[x+—j+tan(x—— = +
3 I-J3tanx 1++3tanx

3
_ (tanx+\/3)(l+\/Stanx)+(tanx—«/§)(1—\/§tanx)

1-3tan®x

_ tanx+\/§tan1x+\/§+3tanx+tanx—\/§tan2x—ﬁ+3tanx

1-3tan? x
_ 8tanx
1-3tan’x
3
Suyra: VT =tanx + 8“’“’(7 :9tanx 3tjm X
1—3tan” x 1-3tan” x

B 3tanx(3—lan2 x)

, =31an3x.
1-3tan” X

Tacé: sin(a+b+c)=sin(a+b)cosc+cos(a+Db)sinc

=(sinacosb+cosasinb)cosc +(cosacosb-sinasinb)sinc

=sinacosbcosc+sinbcosccosa + sinccosacosb—sinasinbsinc.

sinfa+b+c) _sina N sinb ' sinc  sinasinbsinc
cosacosbcosc cosa cosb cosc cosacosbcosc

Suy ra

=tana +tanb + tan.c —tanatan btanc.

Suy ra diéu phai chimg minh.



1.7

1.8

21

2.2

V21 +cosa) =,’4cos2% =2

1—cos’a—cos?b—cos’c+2cosacosbcosc

= (1-cos? a){(1—cos? b) - cos> acos® b—cos’ ¢ + 2cosacosbeosc
= (I —cos? a)(l —cos? b) ~(cos? acos® b+ cos? ¢ — 2cosacos bcosc)
=sin’ asin’ b - (cosacosb ~ cosc)’

=(sinasinb + cosacosb—cosc) x(sinasinb—cosacosb + cosc)

=[cos(a —b) - cosc)[cosc ~ cos(a + b)]

. a-b+¢c , a-b-c . ¢c-a-b . c+a+b
=45in sin sin sin

2 2 2 2
., a+b+c . a+b-¢c . b+c—a . c+a-b
=4sin sin sin sin .
2 2 2 2

Cach giai tuong ty Vidu 9.

a .
2cos; nfu 0<a<nm

COS—

. »
—2sm5 néu n<a<2n

a -~
2cos— néu O0<a<n
DPipso: A=
. a :
2sm~4— néfu mT<a<2n

1) A =sin*x +cos* x+sin4[x+§j+cos"(x-+§]

N\
Tacd : sin’ [x+£}= l[I —cos[2x+E [l=l(1 +5in2x)
4 2 4, 2

cosz[x +E] =l[l +cos[2x +£] =l(1 —sin2x)
4) 2 2/ 2

Do dd: A=%[(l—c052x)2 +(14cos2x) +{1 +sin2x)’ +(1—sin2x)2]

3

3
Ghi chi : Thiét lap cong thirc



23

24

110

. 1 3 ..,
sina+cos‘a= ZCOS 4a + 3 roi ap dung, ta dugc :

A =lcos4x+ 3 +— l cos(4x + 1)+
4 44

Alu
le

2)Taco:

B =sin xcos[2x +£]cos[2x —£]+ sin 3xsin[x + EJsin[x —5]
6 6 6 6

Suyra: 2B=sin x(costlx + cosgj +sin 3x(cos§ - cos2x).

4B =2sinxcos4x +sin X +sin3x - 2sin3xcos2x
=sin5x —sin3X +sinX +sin3x -sin5x —sinx = 0.

4
JTacé: A= cos—cosgcos—ffcosg—ﬂ

1S 15 15 15

Suy ra: [smle——L in 167 —isinizA:—L
15 16 15 16, 15 16

2) B=cos— I coss—ncos7—n
9 9 9

n[ 4n)[ ZNJ x  2n  4x
=cos—| —cos— || —cos=— | = cos—cos—cos—
9 9 9 9 9

3) C=cotl10° tan 20° tan 40° = tan 20° tan 40° tan 80°
= tan 20° tan (60° - 20° ) tan {60° + 20°)

J3-tan20° 3 +tan20°

=tan 20°. .
1+31an20° 1-3tan20° -

(4} 0
tan20 (3-tan?20 ) an60° = 3.
1-3tan’20°

X nx-—stnx
Cho tan—=m. Tinh A =ta—_
2 tan X + Sin x

Biéu thirc A duoc xac dinh khi :

20
Cf)SX <:>x:atE<:>1:atEE (ke 2
snxz0 2 2 4



3.1

3.2

Dodé, m=0 va m= 1.

) tanx (1 —cosx) 1-cosx X
Tacd: A= )= =tan’ >
tanx(l+cosx) 1+cosx 2

Suyra: A=m’ (m=0vam=+l).

g Jesinlx e 5 s
=sinx+25in[x+§5~]cos—~251 [ 2n
. 1
=Sinx + 2cos§[sm{x + —J sm[
714 n . n .
*SIHX+4COS—COS(X+ ]sm—— =sinx [4sm—~cos ]smx
5 2 10 10 5
Tinh ; F= 4sin£cos£.

Tacod: (cosl]F = 4sinlcoslcos£
10 10 10 5
T

. T T . 2n . 4n
= 28In—Cos8— =SIin— = §in—— =CO§—
5 5 5 10 10

Suyra:F=1.Suyra: E=0.

Cho (I +tana)(1+1anb) =2 (N
Theo gia thiét (1), tan a va tan b déu xéic dinh.

Tacd: (1) & tana+tanb=1—tanatanb

Néu tanatanb=1 thi tanb=—tana=> tanatanb=—tan’a=1 (vd li). Vay
tanatanb=1.

Do dé6:
t b
(1):>m*|:>tan(a+b)*l:>a+b X ikn
l-tanatanb 4
Cho cota+cotb+cotc=cotacotbceotc - (D

Z , . pis N
* Neu cota=0, tac la a=—2-+m1r, thi :

(1) >cotb+cotc=0=>b+c=nxn qa+b+c=§+km
Vay bai toan da dugc giai néu mot trong ba sb cot a, cot b, cotc bang 0.
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Gia su cotacotbeotc = 0. Khi d6 tana, tanb, tanc déu dugc xac dinh
va khac 0.

Tacod: (1) = cota+cotb=cotc(cotacotb-1)

cota+cothb
———————=cotc
cotacotb-1

(vicotacotb = I, 1ap ludn nhu Bai 3.1)

=tan(a+b) = tan(g—c] = tan(a+b):tan[§—c]

:>a+b+c:§+kn.

3sinb=sin(2a +b) (1

33 Cho
sinb=0 (2)

Ching minh tan(a +b) =2tana.
Nhin xét : Néu cosa =0 thi a=§+knm2a=n+k2n

Suy ra : sin(2a+b) =sin(n+b)=—sinb
T (l)suyra:

3sinb=—sinb = sinb= 0 (trai gia thiét (2))
Vay cosa = 0.

Tuong tu cos(a+b) =0.

Tom lai, trong diéu kién cua gia thiét, tan(a+b) va tanb déu duoc xac
dinh.

Tacé: .
3sinb=sin(2a +b) = 3sinfa+b—-a)=2sin(a+b+a)
— 3[sin(a +b)cosa—cos(a + b)sina] =sin{a + b)cosa + cos(a + b)sina

=.2sin{a + b)cosa =4cos(a+b)sina = tan(a+b)=2tana.

34 Cho sinx +siny =2sin{x+y) )
x+y=kn (2)
) t
. . X y 1
Chimg minh : tan—tan==— 3
g min an2 an2 3 3)
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A X X =
Nhin xét : cosE=0:>—:—+mn:>x=n+m2n

(1) @siny=-2siny=siny=0>y=/n

= x+y=kn (trai gia thiét)
n X y
Viy COSE # 0, Tuong tir cos==0

Y KT

(N <:>25ini—2-~cos 1Y s XY

. X
= 4sin———co0s
2

& cos Y =2cos 2y (do sinu#O)
2 2 2

& cosicoslﬁrsinisinzz 2{cosicosz~sin£sin1]
2 2 2 2 2

c>35inisin-)i=t:os-’5cosZ @lanitanz=l.
2 2 2 2 3

sinx  cos'x 1
+ _

3.5 = 1
a b a+b 1
Tur gia thiét (1), suyra az0,b#0,a+b=0.
(Hoe bsin® x +acos! x = ab < bsin? x+a(1 —sin’ x)2 = ab
a+b a+b
o (a+b)sin’ x-2asin® X+ ——— =0 <>sin>x =
a+b a+b
Tuong ty, ta dugc cos” x =
a+b
sin®x  cos®x a b a
Suyra: 5 = i i 3
a b (a+b)" (a+b) (a+b)
Chwong 2.
PHUONG TRINH LUONG GIAC
4.1 sin6x+pos°x=2(sin3x+cossx) ¢

(1) & sin® x (1 —2sin® x) + cos® x(1-2cos’ x) = 0

LUONG GIAC - 8 113



4.2

4.3

44

114

- . 6 6
c>5|n°x0052x—c056xcos2x:0c>cos2x(sm X — coS x)=0

a) cos2x=0<:>2x:-12£+kn<:>xzz+£7£

2

b) sin® x ~cos® x =0 <> 5in®x = cos® x < sinx = cosx

7
& tanx = 1 szizﬂm
Tom lai : (1) ox=2ekX
4 2

. 7
cos® x +sin®x =—
16

3
. - 6 : 2 . 2 P02 2
Taco : cos® x +sin x=(sm2x+cos x) ~3sin? x cos x(sm X +¢0S x)

=1-3sin’> xcos” X =1—%sin2 2x =zcos4x+§

Do do6: (1) <:><:05‘4)<=—%=c05337E

<:>4x=t%+k2n¢:>x=i—g+ﬁ

2

3

. 3 . .
sin® x cos3x + cos® xsin3x = sin’ 4x

M) = %cos3x(3sin X —sin 3x)+%sin 3x (cos3x +sin x) =sin® 4x

&> 3(sin xcos3x + cos xsin3x) = 4sin> 4x <> 3sin4x - 4sin’ 4x =0

< sinl2x =0 lex:knc.»x:%.

+ D
3 cos’ x —cos® x —1
cos2x—tan“ x =

cos’ x
a) Giai (1) :

(9
* cosx¢0©x¢5+kﬂ:

(1) o cos2x—tan’x=l-cosx —(l + tan’ x)
&> cos2X = —cosX < cos2x =cos(n - x)

2x=n—-x+k2n x=-T£+m k2n
=3 o
2x =x-m+k2r
Xx=-n+k2x

3 3 C))(:E'FT(I(GZ)

()

(1



4.5

4.6

b) Téng s6 nghiém thudc doan [0 ; 99]:

Tacd: 0<x <99 0s§(2k+1)s99

s0<2k 1< o lsksi[ﬂ—l]
T 2 2

Dok e Z,suyra:0<k<46
Nhu vay, phuong trinh (1) c¢6 47 nghiém thudc doan [0;99]. Téng cac
nghiém nay la :

g i[n k2n] 47n 2nzk

:ﬂ+211[46x47} T 1yen e 2209
3 3 3
cost—ﬁsian—ﬁsinx—cosx+4:0 (H

<:>(cos2x—\/§sm2x) ( 3smx+cosx)+4 0
c>2cos[2x+£]—25in[x+£]+4:0

3 6
c>cos[2x+§)—sin{x+—:—)+2=0 (2)

bit : t=sin[x+16[-j:>cos(2x+ 3]—]—21 (-t<t<1)

Tu(2),suyra:
-2t -t+2=02t" +1-3=0

Tt=1 (nhan)

= 3 = sin[x +£J=l
t:—g (loai) 6

ox+ Ptk ox=2ixmn
6 2 3
X
2+cosx =2tan— nH
) . X . X .
Diéu kién : cos;:O. bat t=tanE. T (l)suyra:
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4.7

4.8

116

-t

2+ —— =2t 2(t-D(+1?)+1?~1=0
1+1
s-D2+22 +t+1)=0 = ¢-D(21* +1+3)=0
Oot=1 tan£=1<:>5=£+kn©x=3+k2n
2 2 4 2
tan{x-ﬁ]:tanx—l )
4 ’
cosx #0 x¢£+k1t
* Piéu kién : n o
cos| x—— |#0 3n
4 x*—+kn
4
*Taco: tan[x—E]:la“x‘l Patt=tan x. T (1) suyra:
4 ] +tan x

3
(:—::] ~t-1e(t-D+1’ -(t-1)*]=0

s-DE +20+51)=0 o t(t- 1> +2t+5)=0
t=0 tanx =0 x =k (nhan)

o o = T
t=1 tanx =1 x::{+k1t (nhan)

cos’ x +cos? x +2sinx -2=0

&> cosx(cosx +1) +2(sinx-1)=0

& (1=sinx)(1 +sinx)(1 +cosx) - 2(1-sinx)=0

o (1=sin x)[(1 +sinx)(1 +cosx)—2]=0
. X
a) smx=1<:>x=5+k2n

b) 1 +sinx)(Q+cosx)-2=0

S sinx +cosx +sinxcosx —1=0 2)
bat : t=sinx +cosx = 1| < V2. Tir (2)suyra:

2+t -1-2=0t>+2t-3=0



4.9

4.10

x=k2n

t=1
o o>sinx+cosx=1 & T .
t=-3 (loai) X =5+k2n

. Tém lai, nghiém cia phuong trinh (1) la:

x=k2n va x=§+k2n

2

3(1 +si 5
3tan3x—tanx+ﬂ—8c05“[£—£]=0 nH
cos” X 4 2

* Diéu kién : x;t—n2—+k1t
*Taco: 2cosz(£—£]=l+cos[£—x]:l+sinx
4 2 2

(1) & 3tan’ x —tanx +3(+sinx)(tan> x +1) - 4(1 +sinx) = 0 ,
<> 3tan’ x ~tanx + (1 +sinx)(3tan? x 1) = 0

o (3tan? x—1)(tanx +1+sinx) =0

a)tanx—+—<:>x +— +k1t (nhin)

5

b) tanx +1+sinx =0 &> sinx+cosx +sinxcosx =0 , 2)
Pbat : t=sinx+cosx = th< /2. Tir(2)suyra:
+2t-1=0t=2-1

V2-1

Ta duge : sinx +cosx = f—l@cos(x——)- =¢os
4) 2 ?

<:>x=§j:(p+k2n voi (pe[o;g]

cos’ x +sinx —3cosxsin’x =0 ' (N
* cosx =0 khdng thoa man (1).
Chia hai vé cﬁ_a (1) cho cos? x, ta duge :
tan’ x - 3tan’x +tanx +1=0
bit : t=tanx, ta duoc :
t=1

t=1+V2

-3 +t+1=0@-D(2-2t-1)=0
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n
r x=—+km
tanx = | 4

o tanx=l+\/§=tan:%t o x=—38£+kn

) tan)(Zl—\/E:[an[_E] X:_E‘Fkﬂ
L 8 8

Cdch khdc :

7

3 : .2
cos X +sinx —3cosxsin" x=0
X i ( 2x) =
& cos x+sinx —3cosxll-cos“x)=0

3 N -
< 4cos” X —-3cosx+sinx =0 & cos3x+sinx=0

s
& cos3x = cos(x + EJ

3x=x+£+k2n x=£+kn

o 2 1Y 4 L
Ix=-x-Z+K2n x=—~4 X8

2 8§ 2

()

S.1 2tanx+cotx =28in2x+—
sin 2x

* Diéu kién ; sin2x¢0<:x¢% (m e Z)

* (1) ©cos2x(2cos2x—1)=0

cos2x=0 x:£+E
< = 4 2 (nhan hét)
cos2x=— .
x=t—+kn
6
2 o
52 l =\/7(cosx sinx) M

tan x + cot2x cotx—1

Nhan xét :

. « D
smx+cos2x_25m‘x+c052x 1
COSX Sin2x sin2x sin 2x

tanx + cot2x =

Do do, khi xac dinh thi tan x +cot2x = 0
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53

54

* Diéu kién

, mn
sin2x#0 |*7 Ty
= (me Z)
cotx #1 n
x¢2+mn

"‘(l)<:>sin2x:\/-2_sinx <:>2sinxcosx=\/§sinx
< 2cosx =2 (vi sinx 2 0)
x=Z 4kn (loai)

< COSX = coslr- o )
4 n .
x=—z+ ke (nhan)

. nl
sin“x-—2 )
. K X
sm”x—4cos” -
2
* Nhin xét :

sin® x —4cos’ X 4cos’ i[sinli— l] = —-4cos45
2 2 2 2

Y ‘s X
* Diéu kién : cos—;¢0<:> Xzn+m2n (meZ)

* (1) & sin” x—2:—4c052§:—sin2 X
o sin?x =1
Tl' .
o X :5+kn-(nhan).

sin® 2x +cos® 2x
o el 5]
tan|  —x ltan| - + x
4 4
Nhan xét :
n n n n nt
[——xj+[—+x]=—:>tan(——xjtan[—+x]:l
\4 4 2 4 4

Do d6, khi'xac dinh thi mau s6 bang 1.

=cos® 4x

(hH
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* Diéu kién :
(:os[E — x] =0
4
<:os['E + x] 20
4

2
* (1) ©sin* 2x +cos’ 2x = (1-sin? 4x)

< X¢E+M (meZ)
4 2

| .
=9\ —Ssin2 4x =1—2sin? 4x +sin*4x < sin® 4):{—%sin2 4x =0

&> sin’ 4)1[sin2 4x—%]=0 o sindx =0 x:%t (ke Z).
* D6i chiéu diéu kién, phuong trinh ¢6 nghiém la :

nn
X=—(mel
2( )

5+4sin[§~7E —x}
2 _ 6tana

55 «x= - = > )
sinx 1+tan“a
* Dicu kién : sinx 20 & x =mn (m € Z)
' (1) o 240X 5 in2a
sinx
< 4cosx +(3sin2a)sinx =5 (2)

* Nhan xét : x =kt khong 1a nghiém cia (2). Do d6 néu (2) c6 nghiém thi
nghiém nay thoa man diéu kién xac dinh.

1) u=—§:(2)©4cosx—3sinx=5.

bat tan(pz—z—, O<(p<§. Tacéd:

Q) cos(x+9)=1>x=-0+k2n
2) Diéu kién phuong trinh (2) c6 nghigm la :
16 +9sin’ 2a. 2 25 <> 9sin* 26 > 9
o sin?2a21 < sin’2a =1 cos2a =0

<:>2a=£+kn <:>a=£+EA
2 4 2
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6.1

6.2

6.3

1+sin2x =Jcosx —sin x|

Taco: 1+sin2x20,VxeR. Do dd:
(1) < 14+2sin2x +sin” 2x =1 -sin 2x
< sin’ 2x +3sin2x =0 c:s»ian:0<:>x-—-%11 (ke Z)
1 - 4sin2x =[sinx —cos x|
Pat t=|sinx—cosx|:0£tsx/§. Tacod:
U =1-sin2x =>sin2x =1-1%,
Tir(1)suyra: 4 —t—-3=0t=1

) <:>|sinm—cosx|=|<:>sin2x=0<:>x=k—z7t ke Z)

\

tan’x | tanx |
= +|tan x|
ltan x - 1] |tanx—l|
vas N . bid n
Giai phuong trinh (1) voi x € [-E ; 5]

S rea o n
¢ Dieu kién xdc dinh : tanx 2|l & x = —

*Patt=tanx =>t=1. Tu(l)suyra:

el

le—3l e
a) =0 tanx =0 x =0.
It] > 1

by ltl—t=lt—1 1. ,
22+ 1=t —2t+1

It >1 n T
o St>lotmx>1leo —<x<—
It =1t 4 2

b

(Do ham s6 y =1anx ddng bién trén khoang (-g ; gJ)

Tom lai, phuong trinh c6 nghiém la :

x=0,£<x<E
4 2

+ll e ? -l -ldlt—1l=0 < W(d-1-jt-1)=0

)

(1)

(1)
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6.4

6.5

122

4x >
coS 3 —C0S™ X

V1-tan®x

* Piéu ki¢n xac dinh :

=0

- D
sin“ X cos2x

o~ , 2
Taco: I-tan" x=1—-—— ~
: €Os”" X COS™ X

Dodé: 1~tan’x >0 < cos2x >0

* Khido:

() <:>cos47x:cos2 x<:>2cos4Tx=\+c052x
bat tz%. T (2)suyra:

2c0s2t =1+cos3t <> 2(2cos’ t—1) =1+ 4cos’ t - 3cost
> 4cos’ t—4cos’t —3cost+3=0
< 4cos” t(cost —1) —3(cost—-1)=0
& (cost—1)(4cos’t -3)=0
Tacd: cos2x =cos3t=4cos’ t~3cost=cost(4cos’ t —3)
Do d6 diéu kién x4c dinh (cos2x > 0) trd thanh

cost{4cos?t-3)>0

cost =]
Tacé6(3) & , )

4cos”t —3 =0 [loai do diéu kién (**)]

ocost=1 o 1=k2n (k € Z)
Vay :
2x

(N @T=k2n<:>x=k37t.
sin3x —sin x
J1-cos2x
Taco: V1-cos2x =+/2[sinxl. Do dé :

* Diév kién xac dinh : sinx# 0o x 2™

Tim xe(0; 2n): = 082X + sin 2x

(H

(3)

(**)

(1)



7.1

* (1) < sin3x —sin2x = v/2lsin x|(cos 2x + sin 2x)
&> cos2xsinX =|sin xlcos[Zx—%t) (2)

Xét hai truamg hop :

a) 0<x<mt=sinx >0=sinxl=sinx. Dodd:

(2) ©>cos2x = cos[2x —g]

k
@2x=£—2x+k2n(kel)<:>x:1+—75
4 1 2
. Tt . 9=n
Trén khoang (0 ; ). ta duogc xzﬁ va xﬁ

b) T <x <2m=>sinx <0 = lsinx| = -sinx. Do d6 :

(2) © cos2x = —cos[Zx —E] :cos[ﬁTTt - 2x]

¢:>2x:—5£—2x+k2n (ke 2 c>x=§£+ﬂ
4 16 2
Trén khoang (n;2n), ta dugc x:% va X:%

Toém lai, tp nghiém coa phuong trinh 14 :

_fm 9 2In 29=n

1616" t6 ' 16
f(x)=3cos®2x + {1 —cos>2x) +2cos?2x —1-m

=cos? 2x(30052’2x\+ 1) -m.

1) cos? 2x(3cosz2x+l)=0<:>cos2x=0 <:>x'=§+1(2£

2) f(x)=g{(x) & cos’ 2x(3cos? 2x +1) - 2cos’ 2x3cos?2x +1 -m =0
Dit t=cos’ 2xv3cos’ 2x +1 > t[0; 2]

Ta tim m sao cho phuong trinh t* -2t ~m =0 ¢6 nghiém te[0; 2]‘

Dung phuong phap tam thirc hodc db thi, duoc :

-1<m<(.
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7.2  cos3x+2sin2x+mcosx =0

&> 4¢os’ X —3¢cosX + 4sinxcosx + mcosx =0

o cosx(4cos?x =3 +4sinx+m)=0
o (:05)((4sin1 X —4sinx —m - I)z 0

1) m=-2:(1) o cosx(2sinx—1)* =0

x=§+kn
cosx=0
= 1 & x=2+k2n
smx=5 6
x=§E+k2n

2) Nghiém cita cosx =0 khéng thudc khoang [o ; g]

Ta'tim m dé phuong trinh sau c6 nghiém

4sin’* X —4sinx —m

bat : =sinx;xe[0;§]:te(0;1)

Ta tim m dé phuong trinh : 41> —4t —m -1=0 c6 nghiém te(0;1)

Papsd: 2<m<-1.

7,3 sin3x =msinx +(4-2m)sin’ x

xe[O;EJ
2

~-1=0

< 4sin’ x +(4—2m)sin® x +(m-3)sinx =0

<> sinx[4sin?x - 2(m - 2)sinx +m—3]=0

Dm=3:(1) < sinx(4sin?x - 2sinx)=0

<sin’x(2sinx-1)=0 o

124

x=kn
x=£+k21t

6
x=5—ﬂ+k2n
| 6

(1

(D

(1)



2) sin x[4sin? x —=2(m—2)sinx +m—3]=0
Tim m dé (1) ¢6 va chi ¢6 5 nghiém thudc [0 ; 2rt]
Phuong trinh sinx =0 d3 co6 3 nghi¢m thude [0 ; 21t] a0, n, 2m.
Xét phuong trinh @ 4sin” x - 2(m - 2)sinx +m-3=0 2)
Taco: )
(2) e (asin? x -1)-2(m - 2)sinx+m~2=0
o (2sinx -1D(2sinx +1)-(m -2)(2sinx -1} =0
< (2sinx —1)(2sinx-m+3)=0

sinx =

1
o 2
. m-—3
sinx=——
2

Phuong trinh sinx =% c6 hai nghiém thuc [0 2n] 12 —765 va %

Dén day, di c6 di 5 nghiém thudce [0; 2n].

Nhu viy, yéu cau bai toan sé dwoc thoa man néu phuong trinh sinx = m—3
— hoic vb nghi¢m.
— hoic dbng nhét vdi sinx =0 hay sinx = %
Dicu kién la:
[m-3
<l
2
m-3 o1
2 ; o g
m-3_, m=
2 m=
m-3 1
| 2 2
74 msinx -2 mcosx —2 )

m-—2cosX wm-—2sinx

Trong diéu kién xac dinh, ta ¢6 :
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Py
(1) © m’sinx - 2msin’ x —2m + 4sin x
=m’ cosX —2mcos” X — 2m + 4¢os X
& 2m(cos® x —sin? x)(m?> + 4)(sinx —cosx) =0
@(cosx—sinx)[Zm(cosx+sin x)—(m2+4)]=0 )

Ym=1.

1
COSX % —
* Piéu kién xac dinh
SiNX # —
2

*(2) (cosx—sinx)[cosx+sinx—%]=0

S cosx —sinx =0 (vi cosx+sinx—%<O,VxeR)
ks .

<:>tanx=l®x:2+k1t (nhén)

m
COSX ¥+ —
-

P4

2) biéu kién xac dinh :

. m
SInX #—
2
Nhan xét vé phuong trinh :
2m{cosx+sinx)—(m? +4)=0 3)
(3) < 2mcosx +2msinx =m’ +4

3 b b i hi i b 2
Taco: a’ +b>-c? =4m? +4m> —(m?> +4) =—-m* ~16<0, vmeR

Vay phuong trinh (3) vd nghiém véi moi m (ké ca m = 0).

Do d6: (2) <:>cosx—sinx=0<:>x:%+kn keZ)

Nghiém nay thoa man diéu kién xac dinh khi va chi khi: m = +2

Tom lai, véi _diéu kién m = +/2 thi phuong trinh d& cho ¢6 nghi¢m |4 :
x=-§+kn (keZ)
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Nghiém nay thudc doan [20’11: ; 30n] khi va chi khi :
1 1 ]
20<k+—-<30220~-—<k<30——
4 4 4
Dok eZnéntaco:20<k<29

Viy k nhan 10 gia tri nguyén ti 20 dén 29.

Két luan : Véi m=+2, phuong trinh di cho c6 10 nghiém thude
[207 ; 307).

7.5  Tim a dé hai phuong trinh sau twong duong :

{2cosxcos2x=I+cos2x+cos3x 4

dcos’ x —cos3x =acosx +(4-a)(l+cos2x) (2)
* (1) < cos3x +cos x = 2¢0s” X +cos 3x <> cosx(2cosx —1)=0
*(2) > 4cos’ x —4cos’ x +3cosx =acosx +2(4—a)cos” x
& dcos®x ~2{a-2)cos” x +(a-3)cosx =0
< cosx[4cos® x ~2(a—2)cosx +a-3]=0
@cosx[(40052x—l)—(a—Z)(2cosx—]):’=0

&> cosx(2cosx —1){2cosx—a+3)=0

cosx =0
| 2cosx-1=0
a-3
COSX = ——
2

A A A sl Y . a-3
Nhu vay, yéu cau bai toan dugc thoa man néu phuong trinh cosx = 5
- hodc v6 nghiém
< A T 1
— hodc dong nhat vdi cosx =0 hay cosx = 3

a<l
., ja>>5
Dap s6 . .
a=3

a=4
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8.1

3.2

8.3

8.4

8.5

128

Y . mn
* Diéu Kién : x¢7

) <

. =2cos[x—£]<:>sin2xcos[xv2]=l
sin 2x 4 4

sin[3x——}]=
<:>sin(3x—%]+sin[x+§]=2<:> C>X=E+k21t

. 19
sm[x + —j =1
4
sin5x ]

() @ — - +— - =0 <> sinSxsinx =-1 )
sin2xsin3x sinsin2xsin3x

Do sin2x #0=> cosx # 0 =>sinx # 1 nén (2) vd nghi¢m.

«X “ A . . -
* Dicu kién : sinxsin2xsin3x#0

* Pieu kién : sinx # 0.
* sinSx=5sinx © sinSx —sinx =4sinx < cos3xsin2x = 2sinx

& cosdxcosxsinx =sinx < cos3xcosx =1 (do sinx # 0)

cosdx =1 .
& cosdx +cos2x =2 & & x=kx (loat)
cos2x =1
Vay phuong trinh vo nghiém.
Giai trong by vidy 3.
Dap sé: x =k2r, x=g+k2n
Jsinx{(1-sinx) + Veos 2x (1 - cos 2x) =1 ‘ (1)

* Piéu kién : sinx >0, cos2x > 0

* Nhian xét: Taco:
sinx (1 —sin 2x)s%. Déng thic xay ra khi sinx:%.

1 . 1
cos2x (1 —cos 2x) < e Diéng thifc xay ra khi cos 2x = 2

Do 46 : \/sin x(1-sinx) + \/cos2x(l ~-c0s2x) S%+%=l

. ; 1 , 1
Jsinx(t -sinx) =— sinx =— i
Suyra: (1) 2 l<:> 2 S x=—+Kk2m
Jcost(l—cost)=—2~ COS2X = —




Chwong 4.
BAT DPANG THUC LUONG GIAC

9.1 sin’ A+sin®B+sin®C>2 (1)
Tacé: (1) & l—c;s2A +I_C3528 +1-cos’C-2>0

=) —-;—(cos 2A +¢0s2B)-cos’C >0

& —cos(A +B)cos{A —B)—cos’C >0
<> cosCcos(A ~B)-cos’C>0
<> cosClcos(A - B)+cos(A +B)}>0

< 2¢cosCcosAcosB>0 < cosAcosBcosC >0 (2)

Do ABC la tam giac cé 3 goc nhon nén cosA >0, cosB >0, cosC>0 nén
(2) diing = (1) ding.

33

92 1) sinA+sinB+sinCs—2—

. . . S
Tacod: sinA +5|nB+smC+sm5

. A+B A-B . [C n] [C n]
=2sin cos +2sin| —+— |cos| ——-—
2 2 6 2 6

A+B+C+n AtB_C_q

S25inA+B+2 [—+—]s4sin < 2 6 cos 2 22 6
A+B+C+ ¥ n - -
S4sin—4—3:4sin§:>sin/\+sinB+sinC+sih‘554sin§

33

:>sinA+sinB+sinCs3sin§ :>sinA+sinB+sinCs—2~—

. A . B . C_ 3
2) sin—+sin—+sin—< =
i o] 2 2

- -
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. .A .B .C =
Tacod : sin— +sin—+sin—+sin—
2 B A

. A+B A-B .[C = C n
=2sin y cos +2sin —4—+— cos| —— —

2

Suyra: sinQA—+sinE+sin£+sin£s4§inE
2 2 2 6 6

~

.A . B . C . X .A ., B . 3
= sin— +sin— + sih — < 3sin— = sin— +sin—+sin— < —,
2 2 2 6 2 2 2 2
3) Tuong tur ta cling chimg minh dugc :

A B C T n
€OS— + COS— + COS— + cos— < 4¢cos—
2 2 2 6 6

A B C x A B 33
ﬁCOS—+COS—+COS—<3COS— = COS—+COS—+COS- <—
2 2 2 6 2 2 2

A B C
4 tan—+tan—~+tan—2\/§'
) 2 2 2

bat : a:tan%, B=tan%,y=tan£

2
Tacé:mnizcot{B+C]:tané=+
2 2 [B c]
tan| -~ + —
2 2
B
~ 1—tan —tan— I - By
:mn—z—z——ﬁa=—=>a|3+ﬂy+ya=l
tan-i-+tan5

=(a+B+y)’ 23(aP+Py+ya)=3 > a+B+723
:tané+tan-§+tan9—2\/5
2 2 2
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9.3

9.4

1) cosA+cosB+cosC>1 nH
Tacé: cosA+cosB+cosC=‘l+4sin%sin%sinE

Do trong moi tam gidac ABC taco:

A BC { 1:] . A . B . C
—,—,—¢€|0;—=|=sin—, sin—,sin—>0
2 22 2 2 2 2
:>l+4sinf‘—sinEsinE>1
2 2 2
Viy (1) ding

2)'sini\— +sinE+sinE > 1
2 2 2

A+B C
=Ccos—

., .A B ,A B . B A .
Tacod: sin—+sin— > sin—cos— + sin —cos— = sin
2 2 2 2 2 2 2
.A . B ., C .C C . [C
Suy ra : sin— +sin— +sin— >sin—#cos— > v2sin| —
2 2 2 2 2
Vay : sinésin—B—sin-C—ﬂ
2 2 2

3) sin2%+sin2 %+ sin? = 2

AW

C
2

, .32A 3B . ,C 1-¢cosA J-cosB 1-cosC
Tacd: sin—+sin“—+sin° — = + +
2 2 2 2 2

=3+l(cosA+cosB+cosC) <§——1-=l.
2 2 2 2

1) sinA +sinB +sinC2sin2A +sin2B +sin2C 4))
Tacd: sinA +sin B +sinC= étcosécosgcosE
sin2A +sin2B +sin2C = 4sin Asin BsinC

Vay: (1) & 4(:05%005%(:0&(25 >4sin Asin BsinC
B C .A A . B B.,C C
&> CO0S—COoS—Cos— 2 8sIn—C0s—Ssin—Cco0s—Ssin—cos—
2 2 2 2 2 2 2 2

1 .A.B.C
& — 2 sIn—SIin —Ssin — -
g- NNy - &)
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Theo két qua Vi dy 3 (trang 85), (2) ding = (1) ding.

2) sin2A+sin2-§+sinz9+sinisingsin£21 n
2 2 2 2 2 8
] l-cosA 1-cosB 1-cosC . A. B, C_ 7
Tacé: (1) & + + + sin—sin—sin— 2> —
2 2 2 2 2 8
@3—(cosA+cosB+cosC)+2sir1ﬁsinEsingzZ
2 2 2 4
. A, B, C A, B, C_7
< 3-1-4sin—sin—sin— + 2sin —sin —sin — > —
2 2 2 2 2 2
olsanBsnBans ?)
8 2 2 2

Theo két qua Vi du 3 (trang 85), (2) ding = (1) ding.

95 N 2A+TbB+cC x )
3 a+b+c 2
A+B+C<aA+bB+cC
’(])<:> 3 a+b+c
aA+bB+cC<A+B+C
a+b+c 2

o 2(aA +bB+cC)<(a+b+c)(A+B+C)<3(aA +bB +cC)
< aA+bB+cC<a(B+C)+b(C+A)+c(A +B) <2(aA +bB+cC)
c>{A(a—b—c)+B(b—c—a)+C(c~a—b)SO (2)
(a-b)(A-B)+(b-c)(B-C)+(c-a)(C-A)20 (3)
Do trong moi tam gidc ABC ta ludn cé :
a-b-c20;(a-b)(A-B)>0
nén (2) va-(3) dang => (1) dung.

96 Taco: 0<C<§=>cosC>0 —al+b?>c?

= a2Rsin A +b2RsinB > ¢2RsinC
= asinA +bsinB>csinC.
Chuy:
1. Bjnh li ham s6 cosin :
a’+b?-¢’
2ab

c?=a’?+b? -2abcosC = cosC =
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10.1

10.2

10.3

2. Binh li ham 56 sin :

a=2RsinA
'aA: _bB= ,°C=2R:> b=2RsinB
sin sin sin c=2RsinC

[l+ ‘] ][1+ l j>5
SN cosa

. I i 1 1 1
Taco: | 1+— [+ =1+ —+ +—
SIng cosQ sSine  CoSt SINXCOSQ
Theo bat ding thirc Co-si :

1 i 1 22 >2~/§=2ﬁ

- + =2]— == 2
smno cosQ SINaCosa \/sma 1

|
Mat khac : — = _2 >2
stnoecosa  sin2a

Suyra:[1+ .I ][]+ I ]21+2+2\5$5.
sIa cosa,

[l i sir:A:[l+sir]\B][l+ silc_]z{l+%]3

1 1 |
——=a, ——=b,
sin A sinB sinC

bat :

=c. Taco:
(1+a)A+b)(0+c)=1+a+b+c+ab+bc+ca+abc
3 3
> 1+ 3¥abe + 33(abe)® +abe 2 (1 + Yabe)

Mat khac : sinAsin BsinC < %—3— (Ban doc ty chirmg minh)
Véy:[l+ .] ][l+ ,I ][1+ .I ]
sin A snB sinC
3 3
(B —
sin AsinBsinC NE)

(1+5sin? A)( +sin? B)(1 +sin2C) > 4 (1)

Do ABC la tam gidc nhon nén tacd :

sin A +5inB+sin’C>2 2)

133



That vay, ta co :

(2) ©2+2cosAcosBcosC>2 << cosAcosBeosC> 0 3)
Tam giac ABC nhon nén (3) ding = (2) ding.

Pbat a = sin’ A, b= sin’ B,C= sin>C. Taco:

(1-a)(1-b)(1-c)+2abc>0 >0 +a)O+b)(l+c)>2(a+b+c)>4

= (1+sin® A)(1 +sin? B)(1 +sin’ C) > 4.

10.4 1+12xzzcosA+(cosB+cosC)x, vxeR (1)

Taco: (1) & x2-2(cosB+cosC)x +2(1-cosA) 20, VxeR

& A'<0 & (cosB+cosC) —2(1-cosA) <0

< 4¢os> B+Ccos2 B;C —4sin2%so

& 4sin? %cos2 —C —4sin2%30

o 4sinzi'\—[cos2 B-C -1]s0
2 2

(2)
(2) ding suy ra (1) dung.
105 %X >8
sin” x (cos x - sinx)
, n sinx >0
Taco: 0<x<—> .
. cosx -sinx >0
Ap dung bét ding thirc Cé-si ta co :
. R sinx +cosx —sinx ¥ _ 1 B
sin x (cosx —sinx) < <—cos” X
2 4
SuyTa: — . (cosx . > c¢l)sx > 4 _ -8 o8
sin” x (cos x —sin x) sinx-z-coszx sinXcosx sin2x
10.6 \/4cosz xcos’y +sin’(x —y) + \/4sin: xsin®y +sin’{x —y)>2 (1)
Trude hét ta chimg minh bt ding thirc :
Ja? +b2 +4c +d 2(a+c) +(b+d) Q)
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10.7

10.8

That vay, ta co :

Q) @a’+b* +ct +d? 2@ +b2)e? +d%) 2 (a+¢) (b+d)’

<:>\/(a2+b2)(cz+d2)23c+bd 3)
Theo bt ding thirc Bu-nhi-a-cop-ski (3) ding = (2) ding
Ap dung (2)tacod:

\/4c052 xcos’y +sin®(x—y) + \/thinZ xsin?y +sin® (x - y)

> \/(Zc:os xcosy + 2sin xsiny)’ +[sin(x —y)+sin(x—yﬂ2

> 2\/cos2 (x—y)+sin*(x-y)=2

Viy (1) dang.
Va,XER:\cos3x+asm3x+l|s[1+\/l+3a‘] )
| 2 +cos3x | 3
Dt - t=c053x+asm3x+] )
2+cos3x
Tacd: (2) = asin3x + (1 - t)cos3x =2t -1
= AsinX+BcosX=C (3)

(3) c6 nghiém néntacé: A® + B 2C?
Suyra: a’+(1-1)" 2(2t-1)" =3t ~2t-a’ <0

:l—\/l+3a2 1+143a>  —1-yi+3a’ I+ 1+ 3a2

<t< = <t<
3 3 3 3
1+ y1+3a’
=>ltfls—————=
) 3
Vay (1) dung.
tanA+tanB+lanC23\/§ ’
Trong tam giac ABCtacé: tan(A + B)=—tanC. Suyra:
Mz—tanC:>tanA+tanB=—tanC+tanAtanBtanC
l1-tan AtanB

> tan A +tanB +tanC =tan Atan BtanC
Do tam giac ABC nhonnéntacd: tanA, tanB, tanC >0

Theo bat dang thirc Cé-si ta ¢6 :
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10.9

136

S=tan A +tan B + tanC > 3¥/tan A tan Btan C =33/§
Suyra: $>3YS =8 >27S=55 2278233
Viy : tanA+tanB+tanC23\/§
, ; B
1) Jsin A +\/smB +\/smC < J:os%+\/coszf\/cos%

Theo bét dang thirc Bu-nhi-a-cop-ski ta ¢o :

A-B
2

CcOos

JsinA +sinB </2(sin A +sinB) < \/4sin A+B

2
< 2Jcosgcos A-B < 2\/0,05g
2 2 2

Viy: VsinA +/sinB <2, ,pos%

Tuong tu : VsinB + sinC <2, ’cos%
JsinC +Vsin A < 2, ’cos—'zé

Cong (1), (2), (3) vé theo vé suy ra diéu cén ching minh.

L N 1 + 1 S | . | + |
. 2 3 P
sin’A sin"B sin°C coszg cosz-lz?—’

2
) . C
cos” —
2
Theo bt ding thirc Co-si ta c6
1 1 2 2
) —5 == ; 2
sin“A sin"B sinAsinB

%[cos(A ~-B)-cos(A +B)]
2 2 2
> >

> 2 >
l[1 —cos(A +B)] l(1'+ cosC) cos? ¢
2 2 2

1 1 2
Vay : — Tt o2
sin“A  sin"B coszg
2
1 2
Tuongty: ——+—5—-2
sin"B sin°C 1A

2

(h

(2)

3)

(N

(2)



113

1 1 2
+ >
sinC  sin’A

™

= 3)
Cos -
2

Cong (1), (2), (3) vé theo vé suy ra diéu can chdmg,
A=2zB2C=sinA2sinB2sinC
Trong tam gidc ABC, taco:
A2B2C=a>b>c¢c = 2RsinA =2 2RsinB2>2RsinC
=stnA2sinB2sinC
1+ cos Acos BeosC > +/3sin Asin BsinC (1)
Trong tam giac ABC, tacd:
sin A +sin’ B+sin’ C=2 + 2cos A cos BcosC

Viy : (1) < sin’ A +sin’ B +sin’ C > 24/3sinAsinBsinC

3
& 4R? (sinz A +sin’ B +sin’ C) > 2\/5 %sin AsinBsinC

<:>a3+b2+c224\/§%:—c<:>az+b2+c2 >4SJ3

Trong tam giac ABC tacé :

s2:p(p—a)(p—b)(p—c)sp["'“";"*"*]

4

p

3 2, 2
Suyra: §’ <——: (a+b+c) -3(a b +c’)

3J‘ f 1243

:345~/§$az+b2+c2

(2) diang = (1) ding.

1 1 - | x>+y +2°
—coSA+—cosB+-—cosC<——————
X y z 2xyz

Trong mat phing ta dung 3 vecto .
OA, OB, OC ¢6 d¢ dai la x, y, 2z va hop
v6i nhau céc goc :

(OB, 0¢)=n-A ; (OC, OA) =

(OA, 6§)=n—C
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11.4

11.5

138

b

—— —_

— OA’ +0OB +0C  +20A.0B + 20B.OC + 20C0A >0

=x +y>+2° —2xycosC—2yzcos A —2zxcosB >0

= 2yzcosA + 2zxcos B+ 2xycosC < x> +y2 +z°

] 1 i x> +y’ +2°
= —CO0SA +—cosB+~cosC£y—.
X y z 2xyz

siné< a
2" 2Jbe

.2 A -
Tacc’»:(l)c:sm'—sa @l cosA @
2 4bc 2 4bc
a’ a’> b +c’-a’
1< fecosAsl€—my ———
2bc 2bc 2bc

& 2be<b’ +¢> = 0<(b-c)’
(2) ding vay (1) dung.

I 11 11
et > = —+—
X y z a b ¢

Ta c6 d¢ dai phan giac trong goc A

2bc A
I, = cos—
b+c .2
Theo dé bai :
2bc A 2bc 1 b+ 1 1
X= COS— > X < =S > > —
b+c 2 b+¢ X 2bc x 2b
Tuongtg:l>—]—+-l—
y 2a 2
1 1 ]
z 2a 2b

Cong (1), (2), (3) vé theo vé, ta dugc :

11 1 1
—+—+—>—+

1.1
X y z a b ¢

(1

(2)

o= (1)

()

3)



12.1 x2=sinx

bat f(x)=x—sinx,'xe[0;ﬂ

Tacé: f'(x)=1-cosx ;Vxe[O;%}f’(x)ZO

Ta c6 bang bién thién caa f(x):

(S1p=]

X 0

£7(x) +

f(x) /
0

Suyra: f(x)>0, Vxe\:();%]:x—sinxzo=>x25inx, Vxe[O;g}

12.2 tanx > x, xe[o;g—]

Pit: f{x)=tanx - x vai xe[O;g]
Tacod: f'(x)=1+tan’x—-1=tan’x >0

= f(x) Ia ham s6 tang trén (0; g)

:f(x)Zf(O),Vxe[O;%] = f(x)>f(0), Vxe(o;g]

=tanx —x>0, Vxe[O;%]Dtanx>x,Vxe[b;§j

3 5
123 sinx<X-—+2_(x>0)
6 120

3us
Pat : fx)=x-"+2__sinx
6 120

2 4 3
Tacé: f'(x)=l—x—+x—4—cosx, f'(x)=—x+%+sinx

f"(x)=—1+§2;+cosx, f9(x)=x -sinx, f®(x)=1-cosx
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12.4

12.5

140

Tacéd: F¥(x)20, vx20= £ (x) 1a ham sb tang
x20= M (x) 2 f(0) =0

= (x) > 0= f™(x) 1a ham s6 ting

Tuong ty: £'(x)20= f(x) 12 ham s tang

3 b
x20=f(x)>f(0)=0 =>sinx € X~ — +——.
6 120
0<a<[3<§. Chirng minh : a.sina - Bsinp > 2(cosp - cosa) N
Tacéd: (1) & asina +2cosa > BsinB+2cosP )

Dat : f(x) =xsinx +2cosx voi xe[O;g]

Tacod: £'(x)=sinXx+Xcosx —2sinX = XCOs X —Sin x

f"(x)=cosx -~ Xsinx —cosx = —xsin X
n 'y n =
VXG[O;E] £ (x)< 0= £'(x) giam trén [O;E)
x>0=>f'(x)<f'(0)=0

f'(x) < 0= f(x) giam trén [O ; g]

Tacéo: 0<a<B<§:>f(a)>f(B):> (2) ding = (1) duing.

tana  tan
fana tanf

B

O<a<fB< g Chimg minh réng :

Pat: f(x)=1"%
X

X
--——- —tanx

Tacé:f'(x):cosx2 =—
X X" cos” x

X —Sin X cos X

Pt : g{x)=x —sinxcosx = x*%sin 2x

Tacé: g'(x)=1-cos2x >0



x>0=>g(x)>g(0)=0=>f"(x)>0
= f(x) dong bién trén [0 ; g]

tana tan
 fanB

B

0<a<[3<§:f(a)<f([3):>
13.1 tani+tang+tan92\/§
2 2 2

At f(x)=tanx,xe(0;%)

() =1+tan’x, f(x)=2tanx{l+1an’x) >0
Ap dung bit dang thirc Jen-sen ta co6 :

f[—A—]H‘[g]H'C- ABLC
2)72)" 2 422"

3 3

:tan%+tan%+tan—§—23tang :>tané+tanE+tan—§—2«/§

33

13.2 cos%+cos£+cos—<——2—

Pat: f(x) = cosx, xe[o;—gj

Tacéd: f'(x)=—sinx, f"(x)=-cosx, f"(x)<0, Vxe[Ogg]

Ap dung bat dang thirc Jen-sen ta co :

AEGECREES

3 3

<

B C 7t A B C
= CcO0s— +COS— + COS— < 3C0Ss— => COS— +COS— + COS—
2 2 2 6 2 2

13.3 sinA+sinB+sinCs3—2\'/E

bat: f(x)=sinx,xe(0;n)

Tacd: f'(x)=cosx, f"(x)=-sinx<0,Vxe(0;n)

o[z,
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Ap dung bit diing thirc Jen-sen ta co :

f(A)+f(B)+f(C)<f[A+B+C]
: 3 <

33

:>sinA+sinB+sinC$35in(§) :>sinA+sinB+sinCsT.

o] 2 ‘»A
13.4 tan"A+tan" B2 2tan” +B

Pat : f(x)ztanzx,xe[o;g—]

Taco: £'(x)=2tanx(1+tan’ x)=2tanx +2tan® x
f°(x) =20 +1an? x) + 6tan” x(1 + tan? x)

Tacd: f"(x)>0,‘v‘xe[0;g]

Ap dung bét dang thirc Jen-sen ta suy ra diéu cin chig minh.

Chuong 5
GIA TRI NHO NHAT VA GIA TRI LON NHAT
CUA CAC HAM SO LUONG GIAC

14.1 y=sin’ x +sin2x =%(l - cos2x) +sin2x

= % +sin2x—%c052x =l+§[isin2x—Lc052x]

2 Js Js

1 + —Ssin (2x -a),
2 2

iy 2 1
vdi cosa =—, sina=—

Vs N3
v5

z 1
Ta thay : <—+—,
athay : |y| 2+ 5

Két ludn:
GTLN cuay la 12 + —\/25, dat dugc tai x‘= %(a + g) +kx
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14.2

14.3

14.4

14.5

14.6

14.7

GTNN caa y la %—?, dat duoc tai x=%(a—§)+kn.

. 4 2
y=cos‘x+sm x =1-2sin’x +cos’ x

=I—-‘-sin22x:l—‘—(l—cos4x):§+lcos4x‘
2 4 4 4

03] S 11

GTLNcuayla: —+—=1;GTNNcuayla: = ——=—

4 4 4 4 2

b

. . . b3 .
Y= COS} Xsmx —sm3 XCOSX =COoSXSsin X(COS' X —=8in X)

w

= lsin 2Xcos2X =lsin 4x.
2 4
GTLN ciay la % . GTNN cay la —%.

y =4sin’x + 2cos’ x =2sin’x + 2(sin? x + cos? x)
=1—cos2x+2 =3—cos2x
GTLNcuayla4;GTNNcoay la2.
2 +cosx

y=————————c>ysinx+(y—-1)cosx +2y~2=0
SINX +CosX+2

y thudc mién gia tri clia ham b khi va chi khi :

(1) ¢6 nghiém x © y? +(y—-1)2 2(2)/—2)2

o2y -6y+3<0

2

3443 3-43
2

Vay : GTLN cua y fa , GTNNcuay la 5

I 2
y=—-—=l+tan" x
cos” x

Tacd: y>1
y=lotanx =0 x =kn
Viay : GTNN cuay la |
Iir;1_y=+ao nén y khong ¢4 GTLN. *

X——
. 4
Yy =SINX+COsX = ZCOS[X—Z)

Viy: GTLN ciiay la ¥2 ; GTNN cia y 1a —J2.

3-3 3443
; “YE

(1
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14.8 y=sinx —cosx =\/§sin[x—%j.

Vay : GTLN chay la Nl ;GTNN coay la V2.

_ 3sin’ x(l — 4sin’ x)

15.1
cos® x

) n ; 1 .
Taco: 0<x<E:>0<smx<—=>l—4sm2x>0.

Ap dung bt ding thirc Cé-si, ta c6 :

3sin® x +1—4sin? x] <[l—sin2 I _ cos® x
B 2 4

3sin’ x(1—4sin2x)s[ -
Cos X

1
Viy: y<—.
ay:y 4

Taco: y=l<:>35in2z:(=l—45in2x<:>sin2x=l o sinx=—
4 7 J7

|
ViyGTLNcuay la S

15.2 y=cotx{cosx+cotx)sin’x +1

2 2
S COosS™ X

, co b) <2 ]
Tacé: y=— +cot’x+sIn" X +1 = —s—+38In" X+

sin x sin” x sinx
Ap dyng bt ding thic Co-si, ta c6 :

T . 1 .
— +sin® x>2, — 5 -sin’ x =2 (N
sin” x sin” x

2
0<x<n=2 %59 Q)
) sin X
Tu()va(2)suyra: y>2
cos’x =0
Taco:y=2¢ 1 5 ox==
—— =sin" X 2
sSin- x
Viy: GTNN coay la 2.
18.3 y=+cosx ++/sinx
", O0<cosx<l1
Pé ham sb xac dinh ta phai cé:{ .
0<sinx <1

144



1

Khidé:l=coszx+sin2xs(coszx) (sm x) Jeosx + Vsinx

Mt khac theo bt ding thirc Bu-nhi-a-cép-ski, ta ¢6 :

y = Jeosx + Jsinx < (1% + 12)(cos x + sinx)
\/w/—sm(x+ ] \/_ i

Viy ta duoc : lSysi‘/§

x=k2n

=l
Y x=§+k2n

y=</§c>x=;—+k2n

Viy :GTLN cua 48 ; GTNN ciayla L.

3 lcos x + sin x|
\Jcos2 X +1

Taco: y=0

154

y=0& cosx =—sinx & X=—§+kn
Theo bét dang thirc Bu-nhi-a-cp-ski, ta c6 :

2¢cosx+1.sinx

lcos x +sin x| }\f_

.3
\/2COS x+sm X \/2COS X+SIn” x

J[12+ l](2c‘.os2 X +sin’ x) :ﬁ'

2 .2
\/2cos' X+sin” X 2

_ﬁ \/ECOSX smx
T2 1 1

V2

y <

otanx =2

Véy : GTNNcoayla0; GTLN cuay la

J6
2

LUONG GIAC -

145



15.5 y=cos3x+ V2 —cos® 3x
Ap dung bét ding thire Bu-nhi-a-cop-ski, ta ¢6 :
y =cos3x + V2 —cos’ 3x s\/(P +1?)cos’ 3x +2 —cos?3x) <2
y =2 ¢ cos3x =2 -cos’ 3x (cos3x >0)

2 i) 2
< cos 3IX=2-c0s"3x ©cos 3x=1

k2
ScosIx=1 o3x=k2n <:>x:—3—7E

Vay : GTLN cuay 1322

15.6 y=sinx+v2-sin’x +sinxv2—sin’x

Theo bat dang thirc Bu-nhi-a-c()p—s‘ki, taco:

sinx + V2 —sin’ x s\f(l2 +1% )(sin® x+2—sin3x) <422=2

Theo bat ding thirc C6-si, ta co :
sinx2—sin’ x <|sinx{v2 ~sin’ x = \/sin2 x(2~sin’x)

s%(sin2 X+2-sinx) =1

Viy : y<3.

sinx =2 -sin®x
Tacd: y=3< {sinx =lsinx| osinx=1ox=21k2n
sin®x =2 -sin’x ?
Vay : GTLN coay la 3.
157 y=+va+cosx +va+sinx (a>1)

Ap dung bét ding thirc Bu-nhi-a-cop-ski, ta duge :

ys\/2(2a+cosx+sin x) =\[2[2a+\/55in[x +-§]] < 2(2a+\/5)

y =\/2(2a+\/5) o x=%+k2n
Viy : GTLN cia y Ia y2(2a +2).
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2 R

15.8 y:[coszx+ ], ]+(sin_gx+ ‘]2 )
cos” X sin” X

Theo bat dang thic Bu-nhi-a-cop-ski, ta ¢6 :

b 2
y:l(lz+lz)|:[coszx+ ‘j } +[sin3x+ .]1 ] ]
2 €os” X sin” x

.
p ] . 3 1
COS™ X +——— +sin” X +—
cOs” X sin” x

>

ISR

zl[u 4 ]zl(1+4)2
2 2

stn” 2x
25
Vay: y>—
YLy 2
25 sin®2x =1 n
y=—o ) ] o ] ©x=—+km
2 COS™ X + ——=— =sin" X+ — 4
cos” X sin” x

Vay : GTNN cua y la %

16.1 f(x)=+/sinx +Jcosx, xe[—;E : g}

- 3 3
Tace: £ (x)= cosx sinx _(\Eosx) —(\/sinx)
‘ 2sinx  24Jcosx 24/sinx.cos X

Vxe[%;%}:0£cosx<sinx:¢f‘(x)<0

Ta ¢6 bang bién thién cua f(x):

x n
3

ST

f*(x) -
GTLN

f(x)
! T GTNN

3/-3-+l

Vay : GTLN caa f(x) 1a f(g):

oy
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GTNN cua £(x) Ia f[%jﬂ.

-——-3; —+3tan’x -1

162 f(x)=Sin"x
tan x + cot x

, 3(tan? x +cot’x)+2 . 1

Taco: f(x)= ( ) (vi cot’ x =——-1)
tan x + cot x sin‘x

Pat: t=tanx+cotx

Tacé : |t} =Itan x + cot x| = |tan x| + 22

|tan x|
> =tan’ x +cot’x + 2>t -2 =tan* x + cot® x

00 =gln =322

"Ta khao sat ham s :

3¢ -4
g(t)= ¢

véi te(-o;-2]uf2; + )

3¢ +4
g'()= 3 >0

Ta c6 bang bién thién cia g(t):

t -0 -2 2 +a0

g'(t) s 77 -

g(®) _w/—4%4_/

Viy f{x) khong ¢c6 GTLN va GTNN

+00

163 v < 2cos? x +|cos x| +1

lcos x| +1

, 2lcos x!” +lcos x| +1
Tacdé: y=

lcos x|+ 1

Pat : t=|cosxl, te[0;1]



Trt+] t* + 4t
y:g(t)zzt_“"'_ (=2t AN
(t+1)

Bang bién thién coa g(t):

t o
g'(v +

2
e, / |

Viy :GTLN cioayla2 ;GTNNcuaylal.

' ] 1
164 y=Il+cosx +;c052x +—co0s3x

Taco: y:l+cosx+%(2coslx—l)+%(4cos3x—3cosx)

9 2 1
=—3—pos X +COS" X +—

bat : t:cosx,te[~l;1]. Taco: y=f(t)=—:—t3+t2+I

t=0
f(t)y=4a+2t: f'(D=0

Ta c6 bang bién thién caa (1) :

t “1 -
(1) +

N

Vay : GTLN cuay la % ; GTNNcuay la ]g

—

f(t)

Slulo (vl=-
[}
+

7
6

il
2

165 y= \/c:os2 X—2cosx+5 -o-\/cos2 X+4cosx+8

Taco:y =\/47+(l~<:osx)2 +\/4+(2+cosx)2
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bt : t:I—cosx,te[O;Z]

y=f0)=d4+tz+JZ:z;j5?

)= —t 123 =1\/4+(3—t)1+(t—3)m
Vare Va+(-1) NI IS
F()=0et=2 : -
2

Bang bién thién cia f(1):

t 0
f -

2+\13 2\2 +\5
f \5/

2

o [N}

Viy : GTLN ciay 1a 2+ /13
GTNN ciay laS.

Chwong 6.
LUONG GIAC TRONG HINH HOC

A B
171 A+B=r2-C=tan(A+B)=—tanC :M——tanc

l—,tanAtanB_
= tan A + tan B=—tan C(1 - tan A tan B)
:>tanA+tanB+tanC:tanAtanBtanC.
A+B n C [A BJ C *
=—-Ztan| —+— |=cot=
2 2 2 2 2 2

B
tan % + tan —

17.2

B B C C A
—t = = tan—tan—+tan—tan—+tan—tan—=1.
- A B 2 2
l|—-tan tan— tan--
2 2 2
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17.3

17.4

17.5

17.6

18.1

sinA +sinB+sinC =2sin At BcosA -B +2sin£2:-cos§—
C[ A-B A+B] A B
=2cos—| cos +cos =4¢05—COS—COS—
2 2 2
cosA +cosB+cosC =2cosA;BcosA;B +1- Zsinl-;—:

.. C A-B A+B
=1+2sm; cos 5 -€os

<

Theo dinh li ham sé sin, ta co :

Ca’ bt sin” A—sin’ B _ (sin A -sin B)(sin A + sin B)

2 - 2 i
c? sin’ C sin” C

A+B. A-B ,. A+B_A-B
2cos - sin - -251n-~--2--—cos-——

sin* C
.. A+B_A+B _ . A-B A-B
2sin—-_ cos-— - -2sin- —-cos —-
2 2 2 2

sin®C
_sin(A+B)sin(A-B) _sinCsin(A - B)
sin” C sin® C
_ sin(A - B)
sinC

Tacod; a=2bsinl0®>

2 + b’ =8b"sin®10° + b* = 2b* (45in10° +5in30°)
=2b’[4sin*10° + 3sin10° - 4sin*10°]

=26 (35in10") = 3b>(2bsin10°)

= 3ab’

Vay: a® +b’ =3ab’.

Tacd: S up + Sacp =Sance

] A A
Suyra: —ct, sin—+—b.l, sin—=—besin A
A R I S 2

2

. A, . B.C
=1+ 4sin—sin—sin—.
2 2

= llA sini(b +c) =lbc:.2sinicosA
2 2 2 2 2




b+C N 2bc 2b 2
B
COSE 1 t (ZOS2 1 i
Tuong ty, tacd ; = —, —= = —
Iy 2a 2c | 2a 2b
A B C
COS - €OS_ COST- |y
Do d6: + 2, = —4—
la lg Ic a b ¢

18.2 Chon diém D sao cho C'D=AA". Ta ching minh duge BB'CD Ia hinh binh
hanh, suy ra: CD=BB". .

Tam giac CC'D c6 3 canh ¢6 d¢ dai la m,, m,, m. néntaco:

S, =Scep = Jm(m —m, )(m-my)(m-mc)
Mat khac, ta lai cé :

8 4
S=S,uc = gsc'uc = ESCC‘D

Suyra: § =2 (m—m, )(m-m,)(m-m)

183 a)Tacé:rzlAsin% A

Suyra: A= !
yrasin=Tg
sin - -
2

Tuong tu: IB= r  1IC = r

g IB="g - =""¢

sin - sin -

2 2

Do d6 : IAIBIC =

. . . C
sin - sin - sin—
22 2

M3t khéc, ta fai co : r=o = 206 abe
_ p 4Rp 2R{a+b+c)

2Rsin AsinB.sinC .A . B, C
=— - —— = 4Rsin—sin—sin—
sin A +sinB+sinC
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18.4

18.5

Suy ra: JAIBJIC =4R.r?

b)

"b)Taco: alA> =a—— =2 IRsinA _ o rrcott
.2 A .1 A 2

sSin- - Sin M

2 2

Suy ra: alA” + bIB? +¢IC? =4Rr2[cot%+cotg+cot§)

“

Talaico: a=BM+CM= r(cot%—+cot%)

[ A B C] a+b+c
Suyra: r|col—+cot—+cot— |= =p
2 2 2 2
Suy ra: alA’ +bIB? +cIC? = 4RS.
Ta co thé gia sir B> C. A
. MH 1 (HC-HB)
Tacd: cota= =—
AH 2 AH
:%[colCz—cot B] B H M C
_sin(B-C)
2sinBsinC’
a)Taco: BB'=LB :
cos
,_ b
CC'= C
cos -
2
Suy ra /' —BB'CC' = be _asin BasinC

C
€OS -COS €OS - COS -
2 2 2 2

2

b] » .. B . - . B.C
[ =4a  sin—sin— o 5 =sin—sin—
2. 4a 2

b) Tacod : BiC=180°—(%+%]=I30°

Ap dung dinh Ii ham sd sin vio tam giac IBC. Ta ¢6 :
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1B IC BC a

= = _ - :aﬁ
B . C - S
sin sin ~ SinBIC sint35
2 2
B
IB =« mn— . .
JBdZSm B c o
Suy ra: C:>IB.IC=2a Sl“‘SmE:Za . ZE
(IC=a\/§sinE a

18.6 Ap dung dinh li ham sé cosin vao hai tam giac ABC va ADC ta co :
AC” =a’ +b* - 2abcosB B

AC? =¢” +d* —2cdcosD /\
Tir giac ABCD ndi tiép nén ta ¢o : Al C

B+D=n \
Suy ra: cosB=—cosD

) ] D
sinB=sinD

a’+b’ —¢* —g°
2(ab+cd)
Mit khic, ta lai ¢é :

Dodd: cosB=

S =S acp = Sanc + Sanc S =%absin B+ %cdsin D
1 .
S= E(ab +cd)sinB

Taco: SinlB:]*‘COSZB:I_(a_+b_—C -d*)

4(ab+cd)’
_ [2(ab+cd) — (a2 + b2 —¢? —dj)][Z(a\bJrcd)f-(a2 +b? —c2 —d?)]
4(ab+cd)’
_ [(c+d)? —(a—b)z][(a +0) —(c-d?)]
4(ab +cd)’
_ (c+d+a-bdc+d-a+b)a+b+c—d)a+b+d -¢)
4(ab+cd)2
_4(p—a)(p-b)(p-c)(p-d)

(ab+cd)’
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2J(p-2)(p-b)(p—c)(p-d)

ab +cd

Suyra: S=%(ab+cd)-

= J(p-2)(p-b)(p—c)(p-d).

! (222 + 22 - b?)
4

my ¢
c

tos=—tos
me b m¢ b

18.7 Tacé;

ola

;(2212 +2b? —¢?)
< 2a’c? +2b%c? —¢* =2a%b% + 2b%c* - b*
ol -b' =22 (¢ -b?) =0
o -l + 6 -22’]=0(bzc)

I D ) ] k]
&2  =b +c¢” &> 2a =a” +2bccosA

a’ sin? A
S cosA=— < cosA=—————
2bc 2smB.sinC
<:>2col A:i{\_ Py 2c0tA :M
sin B.sinC sin B.sinC

sin BcosC +sinCcos B
sin B.sinC
<> 2cot A=cotB+cotC.

< 2cot A =

18.8 Goi d la cong sai can tim, ta ¢6 :

d=b-a=c-b.
Mat khac, ta lai ¢6 ¢
C r
tan— =
2 p-¢
A r
ltan— =
2 p-a
S=pr
[S*=p(p~a)(p-b)(p-c)

3[ C A) 3S( r r
Suyra: =rftan——tan— | = — _
2 2 2/ 2plp-c¢ p-a

38 r(c-a) S rd

" 2p(p-c)(p-a) p(p-c)(p—a)
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=32 = -
p S pr
p(p-b)
=3d(p—b)=3d(a+c—b)=3d_b_=d_
p a+b+c 3b

18.9 Ap dung dinh li ham s cosin vao céc tam giac ABD va CBD ta c6 :
BD® =a’ +d° - 2adcos A
BD’ =b’ + ¢’ -2bccosC
Do ABCD la tir gidc ndi tiép nén ta ¢6 :
A+C=x=>cosA=~cosC

=al+d? —2adcosA =b? +¢? + 2bccos A

al +d? -b’ -¢’

= COSA =
2(ad +bc)

a’+d*-b*-c?

=>1-cosA=1-

2(ad + be)
_ (b+c) -(a-d)* _ 2(p-a)(p-d)
2(ad + bc) ad + be
jsi,ﬁé:_(ﬂ':f_)(p;d) (N
2 ad + be
Tuong ty, ta dugc : cos’ A =w 2)
2 ad + be

Tu (1) va(2)suyra: tan2%=w

(p-b)(p-c).

Do : 0<A<E:> tanﬁ>0 nén :
2 2 2

(p-a)(p-d)
(p-b){(p-c)

A
tan— =
2

19.1 ta"A+ta"B=2°°f%C>lanA+tanB=2tan[A;B]
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A
S tan A —tan

. A-B . A—-B
sin —2— sin~ —--
L ow =
cos A cos i\—;B cos é; B cosB

A-B

' , 0
(cosA-cosB)=0 & 2 <« A=B
cosA =cosB

< sin

19.2 tanA +2tanB =tan A tan’ B <> tan A + tan B=—tan B(1 - tan A tan B)

A
o tanA+tanB _ tan(-B) < tan(A + B) = tan(-B)
l1-tanAtan B . :

SA+B=-B+neon-C=n-B<B=C.

19.3 a[cot%—tanA]=b[tanB—cot%] (1)

(I)Qa[tanA+B

—tanA]zb(tanB—tanA+ B]

2Rsin A sin[-B—;——[} ] 2R sin Bsin [ ?;—A]

< =
cos A-; I-3‘:osA cos Bcos ﬂ_‘tE
o tanAsin(B_A}= tanBsin[B;A)

Qsin[B;A}(lanA—tanB):O

. - :0

& 5'"[ 2 ] & A=B(Do0<A,B,C<n).
tanA =tanB

cos” A +cos’B L

194 — " " —_(cot’A+cot’B 1)
sin~A+sin" B 2( )

' 2 ’B 1 2
He +w:—(l +cot’A +1+cot’B)
sin"A+sin"B 2
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2 1[ I ] j
= IS B e S
sin-A+sin“B 2.{sin"A sin"B

4 _sin” A +sin’B

. .2 - ) .1
sinA+sin°B  sin"Asin®B

(g

<> (sin> A +sin> B)” = 4sin” Asin’ B

h)
& (sin? A —sin?B) =0 < sinA =sinB«> A =B.

1+cosB 2a+c
£9.5 sinB :m th
o Q +0075 B)’ _ (I2a1+ c),2 o Q +<:os’B)2 _2a+c
sin" B 4a” —¢* l-cosB 2a-c
:izzzg = ;Z::ﬁ:t::é &> (1 + cos B)(2sin A - sinC)
=(1-cosB)(2sin A +sinC)
< 2sin A ~sinC+ 2¢osBsin A —sinCcos B
=2sinA +sinC—-2cosBsinA -sinCcosB
< sinC =2sin Acos B < sin(A + B) = 2sinA cosB
& sinAcosB +sinBcosA =2sinAcosB
<> sinAcosB-sinBcosA =0
< sin(A-B)=0 (0<A,B<n)o A=B.
19.6 1an2A+tan3B=2tan2A;'B ' ()

bat: f(x)=tan’x, xe(0; n)
Tacod: f'(x)=2tan .\'(l +tan’ x) =2tanx +2tan’ x

£ (x) =201+ tan* x) + 6 tan* x (1 + tan” x)

VX e (0 ; g] (f"(x) > 0= f(x) 1a ham sb 1om.

.[A+B] f(A)+£(B)
) | <
2

Dau bang chi xay ra khi A = B.
Vay: (1) & A=B.

'7A 3 -
= 2tan” ;B <tan- A +tan" B

s



19.7 sinA +sinB+sinC=1-cosA +cosB+cosC ¢))

B-C B+C B-C

. A A . B+
(1) &> 2sin—cos— + 2sin cos

s A
cos =2sin" 5+ 2¢os

P4
*

A[. A B—C) . A(. A B—C]
& COS—| SIn— 4+ ¢cos =SIn—| SIN— 4+ CO0S
272 2. 2 2 2

-

A A A
O Cos— =sin— <> tan— =]
2 2 2
2 4
3.8 3(cosB+2sinC)+4(sinB+2cosC)=15 (1)
()= (3cosB + 4s5inB) + (6sinC +8cosC) =15

o —=— C}A:IE.
2

Ap dung bat ding thirc Bu-nhi-a-cép-ski, (a ¢6 :

3cosB+4sinB< \R‘)+l6)(cos2 B+sin®B) =5

6sinC+8cosCsﬁ36+64)(sin2C+co§2C)=I0
sinB _i
3cosB+4sinB=5 o cosB 3
6sinC+8cosC=10 sinC =—-4_
cosC 3

Vay : (1) @{

= tanB=cotC :>B+C:72t :>A=§.

19.9 S*](a+b—c)(a+c—b) (N

—Z .

(1) = Jp(p-2a)(p-b)(p-c) =%-2(p—0)2(p-b)

= p(p-a)(p-b)(p—c)=(p-c) (p-b) -
= p(p-a)=(p-c)(p-b) < p’ —pa=p’ —pb-pc +be
o pb+c-a)=bc @(a+b+c)b+c-a)=2bc
e {(b+c) -a’=2bc ©b2+03:a2<:>A=§.
19.10 acosB—bcqu=asinA—bsinB n

(1) < 2RsinAcosB-2RsinBcosA =2Rsin> A - 2Rsin’ B
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Qsi-n(A_B):[l—C(;SZA]~[1—C(2)S2B]

< sin{A —-B)=sin(A + B)sin(A - B)

sin(A-B)=0 A=B
. n

< sin(A-B)[sin(A+B)-1]=0 ol
sin(fA+B)=1 A+B=E

<> Tam gidc ABC hoidc vudng hodc can.

B

19.11 atanB+btanA=(a+b)tanA *

@) @a[tanB-tanA;B]=b(tanA+B

(1)

—tan A]

2RsinAsin[P~72-éJ stinBsinE;ﬁ

cosBcosi;—B Cos Aj‘E cosA

L g

o 2sinAcosAsin[B_A] =2sin BcosBsin

ot sin2Asin[ B_A] =sin2Bsin

-A
— { =0
@sin[BzA](sin2A~sinZB)=0<:> sm[ )
sin2A =sin2B
»
A=B A=B
<||2A=2B o n
A+B=—
2A=n-2B 2
&> Tam giac ABC hogc vuéng hodc can.
19.32 2(acosA +bcosB+ccosC)=a+b+c H
(1) <> 4R (sin Acos A +sinBcos B +sinCcosC) = 2R (sinA + sin B +sin C)
< sin2A +5in2B +sin2C =sin A +sinB+sinC

< 2sin(A + B)cos(A = B) +2sinCcosC

- . [A+B A-B . C C
=2sin cos +2sin—cos—
. 2 2 2
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— +CO0S

& sinClcos(A -~ B) - cos(A + B)] =cos%('A_B A+B]

o sinAsinBsinC = cosécosEcos— ¢ 8sin—sin—sin— =1
2 2 2 2 2

-B . CJ. C
—sin— |sin—= =]
2 2

A-B A+B). C A
&> 4] cos > —Cos 51n3:1<=>4 cos

+1=0

o 4sin’ E - 4sin—cos
2 2

[ . C
< 2sm;~cos

A-B_, A=B

Sin

(!
0w
|
5
N0
il

2sin— =¢os

< Tam giac ABC déu.

a >
1l
YR

(D

19.13 S= £(a+ b+c)
36
1

(< Jp(p-a)(p—b)(p-c) zg(%f = p(p-a)(p-b)(p-c)=—;

= (p-a)(p-b)(p-c)=2 o

Theo bat dang thirc Co-si, ta cé :
’ 3
(p-2)(p-b)(p-c) 5| 2P BrPC]

& (p-2)(p-b)(p-c) 2

Vay: Q)< p-a=p-b=p-ceoa=b=c.
9R

WJ4ma+mb¥mc=2

Ap dung bat ding thirc Bu-nhi-a-cop-ski, ta co :
161
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Suyra:

, .
81R =(m, +m, +mc)2 S3(mf +mi+mz)

8IR? [2b1+2c2—.a2 2a2+2c¢7 —b° 222 +2b> -¢?
<3 + +
4 4 4
= IR s%(a2 +bi+c’) >9R*<a’+ bl +¢?

—9R? <4R*(sin> A +sin> B +sin2C)

1-cos2A N l-cos2B
2 2

:>9s4[ +l—cosZC]

=1<-2(cos2A +cos2B) -4cos>C
=1<-4cos(A + B)cos(A -B)—4cos’C
= 4¢0s>C~4cosC.cos{A-B)+1<0

=[2cosC-cos(A - B)]»2 +sin’(A-B)<0

sinfA-B)=0 A=B
= =
cosC =%cos(A ~B) C:%:-

= Tam giac ABC la tam giac déu.

19.15 Jtan A + \ﬁan-B ++ytanC = \/cot% + Jcot-g'— + Jcot-g-

162

(3) ®tanAtanB >

“Tir (1) suy ra cac géc A, B, C déu nhon.
Ap dung bit ding thirc Cé-si, ta c6 :

\/tanA + \/tanB 223/tauAtanB

Déu bing chi xay ra khi A =B,

Ta chimg minh : ¥tan AtanB > 1’cot%

. C
cos” — . .
2 sinAsinB >l+cosC

.2 C -
sin = cosAcosB 1-cosC

|

& sinAsinB-sinAsinBcosC 2cosAcosB +cos AcosBeosC

()

(2)

3)



& cos(A +B)< —cosCcos(A ~B) < -cosC <-cosCcos(A -B)
< 12cos(A-B) - (4)
(4) ding = (3) dung.

Vay : VtanA +JtanB > Jcm%

B
Tuong ty, tacé: tanB + JtanC 2,,cot%, VianC + yJtan A > Jcotz

Suyra: VtanA ++/tanB + \JtanC > ’°°;C+\(00;A+ fco;B

Déu bing chi xay ra khi A=B=C.
Viy : (1) © Tam giac ABC 1a tam giac déu.

a b ¢ Jal+b’-ct 1
19.16 b a ab l o 2ab 21.
cosAcosB=z 2cosAcosB=5

<:osC=l
o 2

cos(A + B)+cos(A - B) :%

_r
=Y o
cos(A —B) =1 A=B

c=1
3

<> Tam giac ABC la tam gidc déu

19.17 38 =2R2(sin® A 4 sin® B+sin*C) (1)
k 3 3
1) o 3abc —7R? (a®+b 3+c )
4R 8R
e 3abe=a’+b*+ ¢ )

Ap dung bat ding thirc C&si, taco:
a’ +b’ +¢’ 2 33a’b’c’ = 3abe
DAu biing chi xay ra khia=b =c.
Viy : (1) <> a=b =c. < Tam giac ABC a tam giac déu.
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19.18 b+c=%+h,ﬁ

(1)<:>b+c=%+b\/§sinC
& 2R sin B+ 2R sinC = Rsin A + 2R3 sin BsinC

PN sinB+sinC=12sinA ++/3sinBsinC
) A 1. . .
asmB+smC=Esm(B+C)+\/§sm BsinC

& sinB+sinC= iz(sin BcosC + sin Ccos B) + /3 sin BsinC

<> sin B[l —%cosC—?sinC}- sinC[] —%cosB—%sin B] =0

mmB[l-cos[c_g)]mnc{]-cos(a*g)}o

[sinB>0

sinC>0
Tacod: l—cos[C—g]ZO

I—cos[B~£]20

L 3

1~cos[C-§—]=0 cos(C~~]=l
Dodé: )9 o

1—cos[B—E)=0 cosEB——):l

L 3

C—_—=0 -

T 3 &S B=C=-—
B-—=0
3

< Tam gidc ABC la tam>giéc déu.
acosA + bcosB+ccosC *3_;1
asinB+bsinC+c¢sinA  9R

19.19
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2R (sinAcosA +sinBcosB+sinCcosC)  a+b+c

e - , - =
asinB +bsinC +csinA 9R
R(sin2A +sin2B+sin2C) _a+b+c
asinB+bsinC+csinA 9R

4R (sinA +sinB+sinC) a+b+c
asinB + bsinC +csin A 9R

abc
4R§ﬁ-3 _at+b+c abc a+b+c
L’ =
‘ab +be + ca 9R ab + be +ca 9
2R
&> (a+b+c)ab+ be +ca) = 9abe (2)

Ap dung bét ding thic Co-si, ta ¢d :
a+b+c23abc>0

ab+bc +ca >33Y(abe)’ >0

Suy ra: (a+b+c)ab +bc+ca)>9abe
Dau bang chi xay rakhia=b=c.
Viy (2) & a=b = c <> Tam giac ABC 14 tam giac déu.

19.20 c:otA+c:otB+cotC=tan%—+tanE+t2mE m
Tacé:cotA+cotB:M
sinAsinB
tsinC cos
2sinC 2sinc M5 c08T C
- > = =2tan—
cos{A -B)—cos(A +B) 1+cosC » €

2cos”
- C
Vay:colA+cotB22tan5
. A "B
Tuong tur, tacod : cotB+cotC22tan3,cotC+cotAZZlanE

Suyra: cotA+cotB+cotCZtemf;—+tan%+tanE

Déu bang chixay rakhi A=B=C.
Viy : (1) & A = B =C < Tam giac ABC la tam gisc déu.
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CAU HOI TRAC NGHIEM ON TAP

A. CAU HOI

Trong cac ham s sau ddy, ham s6 nao la ham s tuan hoan ?

a) y =sinx b) y=x+1
x—1

c) y=x’ d)y=
x+2

Trong cac ham sb sau diy, ham s nao la ham s tudn hoan ?
a) y—-sinx —x b) y =cosx

2

X +1

¢) y=xsinx dyy=

’ N £ Py < A . < \ X X 1
Trong cac ham so sau day, ham so nao la ham so tuan hoan ?

a) y =XCcosXx b) y=xtanx
1

¢) y=tanx d)y=—
X

¢) Khéng co.
Trong cac ham sd sau diy, ham s nao la ham s tuan hoan ?

a)y:s‘:x b) y=x+tanx

c)y=x"+3 d) y=cotx

Trong cac ham so sau day, ham s6 nao la ham so6 tuan hoan ?

a)y= 'x b) y =xsinx
sin x
c) y=x+sinx d) y =sin2x

. . A ” \ £ \ \ - X 1 1
Trong cac ham s6 sau day, ham s6 nao la ham so tuan hoan ?

a) y = xcos2x b) y=x+2cos2x

) y=x2+3 d) y=cos2x



10.

11.

12.

13.

14.

Trong cac ham so sau day, ham s6 nao 14 ham so tuan hoan ?

a) y=2x+3sinx

) y=sin’x

4 \ A a . A \ . ~ 4 A .
Trong cac ham so sau ddy, ham s6 nao:la ham s6 tuan hoan ?

3
a) y=Xxcos" x
¢) y=x2 -cos? x

Tim chu ki ciia ham s6 y = sinx.
a) T=k2n, keZ

c)T=n
Tim chu ki ctia ham s6 y =cosx.

o
3

¢)T=nmn

aT

Tim chu ki cia ham s6 y = tanx.

a)T=2n

n
b) T=—
) 2

Tim chu ki cua ham s y = cot x.

s n
a T:_
) 2
c)T=2n

Tim chu ki ciia ham sé y = sin2x,

aT=n

B
) T=—=
) 2

b) y=sinx+cosx +x'

d) y = xsin’ x

b) y =cos® x
d) y=x2
n
b) T==
) 2
d)T=2n

b) T=k2m, ke Z

HT=2n
b) T=kn, keZ
dHT=n
b) T=kn, ke Z
dT=n

b) T=k2m ke Z

s
HT==
) 4

Tim chu ki ctia ham s6 y =sin{ax +b).

a)T=—
) 2n

by T=22
a
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c)T=2n d)T=n

15. Tim chu ki cia ham sé y = cos3x.

a)T=2n b)T=n
2T T
0 T=3 ) T=3

16. Tim chu ki cua ham sé y =sin %
a)T=mn - b)T=2n
c) T=§ d)T=4n

17.  Tim chu ki ctia ham s y = cos(ax + b)

2
a) T=— b) T=-Z
2 a
¢)T=a2nr d) Mt dap so khac.
18.  Tim chu ki cia ham sb y =cos§.
a)T=6n b) T=3n
c)T=2n d) T=k2n, keZ
19.  Tim chu ki ctia ham s y =sinx +cosx
a) T=k2n,keZ b)T=2n
)T=n d) Mgt dap s6 khac
20. Tim chu kicoahamsd y = sin% +CcosX
a)T=6n byT=2n
c)T=4n d) Céc dép s trén déu sai.

21.  Tim chu ki ctia ham s6 y = sin 2x + cos3x

a)T=n b) T =3n
c)T:% d)T=2n
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22.

23.

24.

28.

26.

27.

28.

29.

Tim chu ki .cﬁa ham sb y =sin’x
a)T=2n

¢) T=4an’

Tim chu ki cba ham s6 y = cos” x

n
a) T=—
) 2
c)T=0
Tim chu ki cia ham s6 y = tan 2x.
a)T=n
n
c) T=—
) 2
Tim mién xac dinh cia ham sb y=

ayD=R
D=[-1;1]

Tim mién xac dinh coa ham so y =

a)D=R
D=[-1;1]

Tim mién xdc dinh cua ham s6 y =

ayD=[-1;1]
c)D=(C1;1)

Tim mién xac dinh cia ham s6 y =

aaD=09
D=[-1;1]

b) T=n’

dHT=n

b) T=1n"

d)T=n

T
b) T=—
) 3

d)T=2n

Ji=sinx
byD=0&

d) Mét dap s6 khac
JItsinx
b)D=&

d) Cac dap s6 trén déu sai
JI-cosx
b)D=R
D=0
JI+cosx
byD=R
d)D=R\(-1;1)

Tim mién xac djnh cia ham sé y = tanx

a)x¢k2n’;\k eZ

b) x¢(21+1)%;lez
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b)x¢g+kn,kez d)x¢¢12‘—+k2n,kez
30. Tim mién xac dinh ciia ham s6 y = tan 2x.

a)x¢§+kn,kel b)x¢§+kn,kel

cJxeR d)x¢E+k.E,keZ
4 2

31.  Tim mién xac dinh cia ham s6 y =cot x

a) x¢§+kn,kel b)x¢¢§+k2n,kel.
c)xeR dyxzkn, ke Z
32. Tim mién xdc dinh ciia ham s y =tanx +cot x,
a)x#k.g,kez b)x¢§+kn,kel
cxzkmkeZ d) Cac dap sb trén déu sai.
33.  Tim mién gia trj cia ham s6 sau : y = sinx + cosx
a)T=[-1;1] bYT ={-2;2]

) T=R d)y T=[—v2 ;2]

34. Tim mién gia tri cia ham s6 sau: y =tanx +cot x

a)T=R b)T=[-2;2]
c)T=kn ke Z d) T=(-;-2)U[2; + )
35.  Tim mién gid tri cia ham sb sau : y =sin® x +cos* x.
a)T=|:%;]:| - b)T=[0;2]
)T=[0;1] d)T=(0;\E]
36. Tim mién gia tri cia ham s6 sau : y =sin® x +cos® x.
a)T=[0; 1] b)TleI;I:I
bYT=[0:2] d)hB;l]
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37.

38.

39.

40‘

41.

42,

Cho sinxz% voi 0<x<§. Tinh cosx.
22 22
a) cosx=—§—- b) cosx =—-——
‘ 2
c) cosx =1 d) cosx =—

Cho sinx=73 voi 125<X<7t. Tinh cosx.

| . 1
a) cosx =— b) cosx =——
)' 2 ) 2

¢) cosx = —73 d) Cac dap s trén déu sai.

Cho sinxz% vai 0<x<-12£. Tinh tanx.

a) tanxzé b) tanx=£
2 5
c)tanx =2 d) tanx=¥
. I .= ,
Cho sinx == véi 5< X < 7. Tinh tan x.
a) tanx = V3 b) tanx = —3
¢) tanx = ——3[2 d) Mt dap sb khic.

Cho tanx=\[§ voi 0<x<§. Tinhsin X.

3 . ]
a) sinx = — b) sinx =—
) sinx 5 ) sinx >
c) sinxz—% . d) sinx=—£

Cho tfmx=73 voi 1:<x<-:g£. Tinh sin x.
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43.

44.

45.

46.

47.

172

a) sinx=_—\2/—3 b) sinle -
c) s;in)c:—3 d) sinx:—l
2 2

Chotanx = | véi 0< x <§. Tinh cosx.

a) cosx=l b) «:osxz——2
2 2
2
¢) cosx =0 d) cosxz%
. 3n ..,
Cho tan x = 1 véi 1r<x<7A Tinh cosx.
a) cosx:l b) cosx=—~2—
2 2
2
¢) cosx =1 d) cosxz—T
Cho cotx =3 vai 0<x<g. Tinh sinx.
a) sinx=—@ b) sinx=ﬂ
10 10
c) sinx=% d) Mot dap sb khac.
,. 3n , .
Cho cot x = -2 vdi 7 <X <2n Tinh sinx.
a) sinx:—5 b) sinxz__S_
5 5
¢) sinx:—g d) Mot dap sb khac.
' 1. In . .
Cho cosx=—5 VeIl T<X <7. Tinh sin x.
a) sinx=—3 b) sinx=——3
2 2
c) sinxzﬁ d) sinx=%



48.

49,

50.

51,

52.

53.

os n , LA 1 , :
Cho tanx =3 véi 0<x<-2~. Tinh tri s0 cia bi€u thirc y =sin x + cosX.

3
a)y=§ b) y=V2

V2 +1 S+

= dy=
c)y 5 )y=—3
Cho tanx =? véi n<x<7n. Tinh trj s6 cua biéu thirc y = sin x + cosx.
2) _\/§+I b) __\/§+l
Y Y=m

) y=2 d) Mét dap sé khac.

Cho cot x =-3 v&i g <x < Tinh trj s6 coa biéubthl'rc y = Sin X + COS X.
a) y=+2 b) y=-v2

c)y=——— ~d) Céc aép ) trén‘ déu sai.

Giai phuong trinh : sinx =0

a) x=kn,keZ b)x;—g+kn,kez

) x= g +k2m, keZ d) Ca a), b), ¢) déu ding.

Giai phuong trinh : sinx =1

a) x=—~+k2n - b) x = = +kn
2 2.

¢) x=kn | d)x=g+k2n,keZ
Giai phuong trinh : sinx = -1

a)x:—E+kn b) x=24kn
2 2

c)x=——72£+k21|: d)x:-’25+k2n,kez.
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5s.

56.

57.

59.

174

Giai phurong trinh : sinx =%
a) x= Iy kn
2

c) x=-2+kn
2 .

Giai phuong trinh : sinx = —23

a) x=(-|)".§+nn, neZ

¢) x= L P
. 3
Giai phuong trinh : cosx =0

a) x=g+kn,kel

) x=(2k+l)§,kel

Giai phuong trinh : cosx =1

a) x=kn
c) mx=£+kn
2

Giai phuong trinh : cosx =-1

a)x =kn

¢) x=Qk+Dn
. 1
Giai phuong trinh : cosx =E
a) X=i£+k2n
6

c) x =£g—+k2n

b) x=(-D" Z ik
6

d)x-—r§+k2n,keZ

b) x=£+n2n
6

L

d) x=%+n2u,nel

b) x=£§+k2n,kel

d) Ca a), b), ¢) d¢u ding.

b) x=k2n

d) x=§+k2n,kez
b) x=k2n

d) x=—%+kn,kel

b) x=:t§+k2n:

d) x=t§+k2n,kel



60.

61.

62,

63.

64.

65.

Giat phuong trinh : cosx = 73

a)x=i£+k2n ) b)x=£+k1r
3 2

c)x=37n+k2n d)x=i%+k2n,kez.

Giai phuong trinh sau : sinx =——

ca) x=(- Pt I -g+mz neZ b)x=§+nn

c)x=(—l)"%+nn d) x =-—
. . 3
Giai phuong trinh sau : sinx = Y

a)x=£+n1t } b) x = (- "I ax
6 3

¢) x=(-1" —+n7t d) x=(-1)" —+mt neZ.

Giai phuong trinh sau : sinx =72

n+l T

a) x=(-1)"" .= +nr b) x =2 +kn
4 8
¢) x=(-N" -+mt neZ d)x:?
Giai phuong trinh sav : sinx = —Q
a)x=(~1)“‘£+mt b)xén-f
4 4
<) Xx=—Z+nn d) x=(-N"". n+m1: neZ
2 4

Giai phuong trinh sau : cosx = —%
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66.

67.

68.

69.

70.

176

a)x=i-§+k7t b)x=i£+k2n
c)x=i_§+k1|: d)x=i2—;+k2n,kez.

Giai phuong trinh sau @ cosx = _73

a)x:—%+kn b)x:—£+k2n

c)x=:|:—5(—:t—+kn d) x:i%+k2n,kez

Giai phuong trinh sau : cosx = %

E ]

a)x=i§+kn b) x=x—+kn

N

N | &

c)x=i%+k2n,kez dy x =
Giai phuong trinh sau : cosx = —ﬁ

n 3n
a) x:iz+kn b) x=+— +k2x

c)x=i%+k2n d)x=¢%"3+kn,kez

Giai phuong trinh sau : cosx = ——32

a) x=:t§+kn b) x=1arccosi3§~+k2n
c)x=i-;£+k1t , d)x=i~:—+k2n,keZ
Giai phuong trinh : sin3x =sinx

a)x=knvx=%+k~g b) x=k2n

c) mx=§+kn d)x=%+k2n.k€2



71

72.

73.

4.

75.

76.

Giai phuong trinh : sin3x = cosx

a)x=£+k-£vx=£+kn b)x=—15+k1t
8 2 4 8

c)x=£+k2n d)x=£+k2nvx=£+kn
4 -4 8

Giai phuong trinh : cos3x =cosx

a) x=k2n b)x=1‘2-+ku

c)x=krrvx=l<~12E d)x=§+k2n,kel

Tim nghiém ciia phuong trinh : sin® x —sinx = 0 thoa diéu kién 0 <x <.

n
a) X =— byx=0
) > )

19 a , )1 2
c)x=——2- d) M§t dap so khac.,
Tim nghiém cua phuong trinh : sinx+sinx=0 thoa diéu kién

r n
—_—— <X < —,
2 2

T
a)y x=-— b)x=0
) 5 )

T 7.4
C) X=— d) x=—

) 2 ) 3

Tim nghiém ciia phuong trinh : cos’ x —cosx =0 thoa diéu kién 0 <x <m

a)x=0 bx==n
:4 n / £ .

¢) x= 3 d) M@t dap so khac.

Tim nghiém cia phuong trinh cos® x + cosx =0 thoa diéu kién T ex< 37—[
= 3n

a) x=— b) x=—

) 2. ) 2
cyx=90 dx=n
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77.  Tim nghiém coa phuong trinh : 2sin® x—3sinx+1=0 thoa diéu kién

05X<£.

2

T
a) x=— b)x=0.
) 2 )

e n
¢c) X=— d) x=—.
) 2 ) 6

78. Tim nghiém cua phuong trinh :
cos’ x»(\ﬁ+l)cosx+\/§=0

thoa diéu kién —g <xX<2m

T
a) x =— b)yx=mn
) 5 )
In N , )1 .
c) x:T d) Mot dap s6 khac.
79. Giai phuong trinh : sinx +cosx =0
a) x=£+k1r ) b) x:£+k2n
: 4 4
c) x="4k2n d) x=—£+kn,kez.
6 4
80. Giai phuong trinh : sinx +cosx =1
a) x=£+k2n b) x=—£+k2n
4 4
c)x=%+knyx:—§+k2n d) x=k2nvx =" +k2n

81. Giai phuong trinh : sinx + cosx = -1
a)x = kn b) x=—g+kn
¢) x=(2k+l)nvx=—g+k2n d)x=Km ke Z

82. Giai phuong trinh : sinx +cosx = 2

a)x:£+kn b)x:£+’k2n
' 4 4
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c) x = '% +K2n d) Céc dap sb trén déu sai.
83. Giai phuong trinh : sinx +cosx = 2. .

a)'x:%’hkzn b)x=3}+k2n

c)x=£+k2n d)x=-3£+k1t,keZ
4 4
84.  Giai phuong trinh sau ; cosx -sinx =0

a)x:E+kn b)x=—-7-t-+kn
4 4

c)x=—%+k2n d)":ig‘”‘zn’kez

85. Giai phuong trinh sau : cosx —sinx =1

n

a)x =kn ) b)x:k2nvx——5+k2n
c) x = % +k2n d) Mét dap sb khac.
86. Giai phuong trinh sau : cosx —sinx = |
a)x=kn by x=k2n
7t n
c)x=(2k+t)nvx=5+k2n d)x=—5+k27t
87. Giai phuong trinh sau : cosx —sinx = J2
a) x =2+ kn ‘ by x =~ +k2n
4 4
¢) x=-L+kn C d x=-S+k2n(keZ)
4 4
88. Giai phuong trinh sau : cosx —sinx = 2.
a)x:E+k7t b)x:£+k2n
4 4 .
c)x=—~§+k2n d)x:3—:-+k2n,(keZ).
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89.

9.

92,

93.

94.

180

Giai phuong trinh : tanx +cotx =2

a)x=£+kn b)x=-£+kn
A 4 4

c)x= -% +k2n d) Cac dap sb trén déu sai.
Giai phuong trinh : tanx +cot x = -2

a)x=—%+kn(kez) b)x=§+k7t

&) x=l+k2n d) x=>F ¢ k2m ke Z
4 4
Giai phuong trinh :

ﬁ(ZSinx-l)=4(sinx—I)—cos[2x+%j—sin[2x+%]
a)x:£+k2n b)x=£+kn
2 2

c)x=f§+kn d)x=—§+k2n(kez)
Giai phuong trinh :

sin[2x+57n]~3cos[x—77n]=l+ 2sinx voi xe(0;27).

n n S5m
=3 by x={—;—;
a) x 3 ) X {6 p }
¢y x=12 d)xzif;ﬂ;s—"}
2 4’ 4° 4

- Giai phuong trinh ; (2sinx ~1)(2sin2x +1) =3 - 4cos’ x

a)x=—£+k2n b)x=—£+k1t
6 6

c) x=4—;+k2n

d) x=(—l)k-%+kn; x=§+k-27nvx=k2n(kel)

Giai phuong trinh : 4cosx ~2cos2x ~cosdx =1

a)x=%+knvx=k2n b)x=—§+kn



9s.

96.

97.

98.

c) x=-—=+k2n
2

d) x=kn, keZ

Giai phuong trinh : 3sinx +2cosx =2 +3tanx

a)x =knx

b) x:£+kn
2

¢) x=k2nvx=-a+knr, tanaz%

d)x=§+kn,keZ

Giai phuong trinh : cos® x.cos3x + sin® x.sin3x = —42-

a) x =12 +km
4

¢) x=k2n

b) x="1kn

d) x=:t18t-+kn,kel

3

Giai phuong trinh : cos® 4x = cos3x.cos® x + sin 3x.sin’ x.

n
=k-=
a) x y

c) x=14+k2x
2

b) x=:t£+k1t
4

d) x=k.§(kez).

Giai phuong trinh : cos2x —4cosx + % =0

a) x == +kn
3

.4
¢) x=—+kn
) 6

Cho phuong trinh : cos2x —(2m +1)cosx + m +1=0.Tim moi gia tri thyc

ciia m dé phuong trinh c6 nghiém x e [g ; —311

a)-1<mc<o

c)-2<m<-1

b) x=—£+kn
3

d)x=i§+k2n,keZ.

2
bym>0
d)I<mx<?2
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Yoo 7
100. Giai phuong trinh : sin’ 2x - cos” 8x =sin[l0x + Léz]

a) x=2k+DZux=k+DT
20 6

b) x =kn
c) x=(2k + DX , dy x=" 1k
2 4
101. Giai phuong trinh : sin’ x +cos’ X = sinx —cosx
a) x:E+k21t b)x:—ﬁ+k21t
4 4
c) x=§+kn d) x=Qk+n, keZ

102. Giai phuong trinh : 2cos’ 3% +1= 3(:051)E
a)x=£+kn b)x=E+k1t
3 2

c) x:£+k2n
4

1-V21
T

d) x=5knvx=i%a+5kn‘kez, cosa =

103. Giai phuong trinh : 2cos’ X + cos2x +sinx =0

a) x=£+k2nvx:3—n+kn b) x=-2 k2
2 4 2
¢) x=Z+k2n d) x=2+km keZ
4 3
104. Giai phuong trinh: cos” x —cos2x +2sin®x =0
a) x=%+kn b) x = kn
) x=§+k2n d x=(2k+1)§

105. Giai phuong trinh : sin® x +cos® x = :—70052 2x.
¥
a)x:z+kn b)x =k2n
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106.

107,

108.

109,

110.

111,

<:)x:z+kE d)x=k-£.keZ
8 4 =]

Giai phuong trinh : cos' X —cos2x + 25in® x =0,

a) x="+kn b) x=2 4k
4 2
¢) x=(2k+1)§ d) x=km, keZ
Giai phwong trinh : cos'™® x +sin®™ x =1
a) x=£+k2n b) x=—£+k27t
4 4
¢) x:(2k+1)§ d) Mat dap sb khac.
e N L3 N T 1
Giai phuong trinh ; sin” x + cos [X+Z]=Z.
a)x:%Jrknvx:kn b)x:E+k2n
¢) x =2+ kn dx=2+kmkeZ
6 2

Giai phuong trinh :

tan(120° + 3x) - tan (140° — x) = 2sin (80" + 2x).
a) x =20" + k.180" b) x =-40° + k.60°, ke 7
¢) x=k.60° d) Mt dap s khac.
Giai phuong trinh : cosx + Vsinx =-1

ayx=k.2n ) b)x=gfkn

c) x=(2k+1)nvx=~§+k2n d) x=(2k+l)§

Giai phurong trinh : cos3x — S3sin3x =1

a) x = kn b) x=(2k+l)§
c)x=§-+krc d)x=k~27nvx=_4—n+k2—x(kel)
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112.

113.

114,

115.

116.

117.

118.

184

Giai phuong trinh : 3sin3x — J3cos9x = 1+ 4sin® 3x.

a)x=£+kn b)x:£+k1r
3 6

c) x:£+k1tvx=£+kn
4 3

Dx=lik-ZTox=T" k2 kez
18 9 5 9

Giai phuong trinh : sinx — Ieosx =1.

a) x=Fik2nux=""ek2n  b) x=-F+k2n
2 6 2

c)x=§+k21t dy x=2k +1n

Cho phuong trinh : sinx + mcosx =1. Dinh m dé phuong trinh vo nghiém.
a)0<m<] bym>90

c)ym<3 dme @.

Cho phuong trinh : sinx + mcosx =1 (1). Dinh m dé moi nghiém cia (1)
cling la nghiém ciia phuong trinh msinx +cosx =m? (2)

aym=1lvm=0 b)m=-1

c)m=2 d) m=-2.

Giai phuong trinh : sinx +cosx = V2.

a) X=-=4+k2n b) x=24+k2n
4 4
n
c) x=5+kn » dy x=k2n, keZ
Cho phuong trinh : sinx +cosx = m. Dinh m dé phuong trinh c6 nghiém.
a) V2<m<\2 b) 2<m-+2
) V2<m<2 dme d

Cho phuong trinh : (m +2)sinx —2mcosx =2(m +1). Dinh m dé phuong
trinh ¢6 nghi¢m,

a)0<m<2 by2<m<4

Smed dym<0vm>4



119.

120.

121.

122.

123.

124,

125.

Giai phuong trinh : Ssinx —6cosx =8.

a)x=-7£+kn b)x:i£+k21t .
2 2
c) x =(2k +|)§, keZ d) Phuong trinh v4 nghiém. ’
Giai phuong trinh : 6sinx —8cosx =10.
a)x=u+k21t(keZ).lana:% b)x=-’21+k1t
¢) x="4k2n dyx=4
3 3
Giai phuong trinh : cos®2x + 2(sin x +cosx) —3sin2x—-3=0 vai0 <x <
.':l)x=3—",x=E b)x:f
4 2 4
<) x=2 dyx=n
3
Cho biéu thirc :
f(x)=cos’ 2x+2(sinx+cosx)3—3sin2x+m,0<x£n.
Dinh m dé [f (OF <36, vx eR.
a)3<m<7 b)0<m<]
c)-4<m<-3 d) 42 -3<m<3
Cho phuong trinh :
sin? x + (2m - 2)sinxcosx —(m + Dcos* x =m (N
Tim tat ca cac gia trj ctia m dé (1) c6 nghiém.
a)-3<m<-2 bym>1
c)med d)-2<m<1.
Giai phuong trinh : sin’ x —6sin xcosx +cos> x = -2
a)x:1[-+k2rc b)x=£+k1t
2 3
¢) x :§+ km,keZ d) Ca a), b), c) déu dimg.
Cho phuong trinh :

(4—6m)sin® x +3(2m - sin x +2{m - 2)sin’ xcos x — (4m —3)cos x = 0
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126.

127.

128.

129.

130.

186

Tim tat ca cac gia tri ciia m dé phuong trinh ¢6 ding mét nghiém thude doan
n

{0 : '—}.
4

l
a) m<3vm2] b) O0<m<—
4 3

“~

¢)m= d) me,

4
Giai phuong trinh : =8sin’ x +9sinx - Scosx = 0

a)x=£+kn b)x=£+kn
-3 |

¢) x=k-= d) x=-Z+k2m keZ
2 4
Giai phuong trinh ; 2cosx.cos2x.cos3x —~ 7 = 7cos 2x.

a) x=2 +kn b) x=(-D* T+ kn
2 6

c)x=£+k-l d) x=krn(keZ)
4 2

Cho phuong trinh : 2cosx.cos2x.cos3x + m = 7cos2x. Xac dinh cic gia tr

cua m dé phuong trinh ¢ nhiéu hon mét nghiém x e [—3?7[, - %}

aym=0 bym=1
c)0<m<x1 d) Khong ton tai m.
Xac djnh tham sé m dé phuong trinh :

c0s3x — cos 2X + mcosX -1= 0
c6 dung 7 nghiém khac nhau thude khoang [—g ; 27tj.

a)l <m<3 b)m=0vm=3
¢)m< -1 dym = 4.
Giai phuong trinh :

(2sinx - 1)(2cos2x +2sinx +1) =3 - 4cos> x



a) x=—+k2n b) x = (=" P aknvx=Z+k.
3 : 6 4

(SRR

c)x=—-;£+k2rr d)x:gnm,kez

131. Cho phuong trinh :

a

(2sinx —=1)(2cos2x + 2sinx + m) =3 —4cos” x

Tim m dé phuong trinh ¢6 ding 2 nghiém thoa dieu kign 0 <x < 7.
a)ln:()\/m<—ll]'l>3 b)"]:l\/m:_%

¢)-1<m<0 d)2<m<3,
132, Timm dé pﬁucng, trinh sindx = mtanx cd nghiém x zkn. k € Z.

aym=4 bym=-1
c) —% <m<4 d) Mgt dap so khac.

133. Giai phuong trinh : sin® x + cos® x =2 —sin* x.

a)x:——E+k2n b)x=£+k27r
2 4
¢)x=k2n d)x:§-+k2mke7_

134. Giai phuong trinh : 6sinx — 2cos’ x = 5sin2x.cos x

a)x=£+kn b)x=~£+k1t
4 4
n -

c)x=5+kn d)yx =km.

135. Giai phuong trinh : 6sinx — 2cos’ x = S5 AX.COSX

2¢082x
a)x=£+kn b)x=£+k21c
2 4
e)x=k2n d) Phuong trinh v6 nghiém.

136. Giai phuong trinh : sin 2(x -~ n) —sin(3x - 1) = sin x.
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a) x=Cm+DE b) x=(-D"Z 4+ mn
2 6

c)x=m7rvx=£+m-E d)x=£+m2n
3 3 4

137. Tim tat ca cac gia tri cha a dé phuong trinh :
sin2{x - 1) -sin(3x ~ ) =asinx .
6 it nhat mot nghiém x = kn, k € Z.

a)6<a<9 b) —%Sa<5

c)a=>5 dya<-2

138. Giai phuong trinh : sinx +3cosx =
cosX

n
a) X=—+mn
4

n 1
b) x=—+mn;x=a+mn,[tana=——]
4 2

c) x=£+m2n
2

dyx=ma,me Z

139. Cho phuong trinh : msinx +(m +cosx = . Tim tat ca cac gia tri cia

. COS X
k de phuong trinh ¢6 nghi¢m.
a)k=0 b)-1<k<0
c)k<-4vk>0 d)-4<k<-2
140. Giai phuong trinh : - 6.054" _ _sindx
2sin2x  l+cosdx
a)'x=§+k2n b) x=02k+1n
c) x :(—1)k§+kn d) Phuong trinh v& nghiém.

. 10 .
sin'®+cos'’x _ sin® x +cos® x

141. Giai phuong trinh ; =
P & 4 4cos’ x +sin? x

a)x:§+n‘m b)x=(~])m%+m7t
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142.

143.

144.

145.

146.

c)x:m-—;E dx=ma,me’Z

Giaf phuong trinh : sin® x + cos® x :I%%, VoI X € [0 R g]

a\)xzivxzéﬁ b) x =2
12 12 6
C)"=I d)x:Ov)'(zE
3 2
. . 1 10
Giai phuong trinh : cosx + +sinx+——=—
cos X sinx 3
a)x:—£+kn b)x:£+kn
4 4
c)x=k2n
d) x=—£+(—l)k+'a+kn, keZ, [sina:ﬁ]
4 W2
Giai phuong trinh : cot x — tan x = sin x + cos x.
.n . ' n
a) x=—+kn b) x=—+k2
. 2 ) > T
4
c)x=arcsinﬁ+l+k21t

V2

d) x=—%knv‘x=—%ia+k2n,keZ,[cosa=ﬁ-l].

V2

1

Dinh a d¢ phuong trinh ¢6 nghiém —— =2001a
cos3x sin3x

a)a=0 bya<|1

c)0<ax<| d)atuyy,ae R

Tim 1At ca cac gia trj cia a dé phuong trinh :

(a—l)[ LI N ! ]:2

sinX c¢€osSX Sinxcosx

cé nghiém.

a)a=2 bya=3
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c)—2<ax?2 d)~«/5$as 2,a=#+tl.

A 1 .
147. Giai phuong trinh : 8sinx = — 3 +—— véi 0<x<X .
COsSX  sinXx

T T
a) X =— b) x=—
) 1 ) 3
T n

) x=— d) x=—.
) 12 ) 6

cosx(2sin x +32) - 2cos> x -1 _

148. Giai phuong trinh : 1.

1+sin2x
a)x=£+k2n b)x:£+k2n
4 2
n
c)xzk-; d) x=kn, keZ

1+ 2sin’ X —3v/2sinx +sin 2x N

149. Giai phuong trinh -
2sinxcosx —1

1.

a) x=Z+k2=x b) x =% + k2 (k € Z)
4 4
.3 S
¢) x=—+kn ’ d) x=kn, keZ
3 ]
. ] | 2
150. Giai phuong trinh : +— =— .
CosX sin2x sin4dx
a) x=2 +nn b)x=£+nn
3 2
Iln
c) x=(~1) g+nn dyx=nm,neZ

I51. Giai phuong trinh @ tan 2x —tan 3x —tan 5x = tan 2x.tan 3x.tan 5x.

T b9
a) x=k.— by x=k -—
) 3 ) 5

c)x=%+k2n d)x=g+kn,kel.

152, Gidi phuong trinh : SSOSZX¥COL2X) () o)

cot 2X ~cos2x

n+l T n
__+n._

X = by x =(~I
a)Xx =nn )x()I2 >
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153.

135,

156.

157.

158,

c)x:n-E d)x=£+mt
3 2
. 1
Giai phuong trinh : cot 2x +cot3x +— - - ={
. sin xsin 2xsin 3x
T
a)x =kn b)x:5+k7t

) x=(-1* % +kn d) Phuong trinh v6 nghiém.

L4 X 14X
St Feos 3 5 1+sinx
Giai phuong trinh : = = —tan- xsinx = +1an
] —sinx
a)x=£+k-£,kez b) x =kn
4 2
c)x=§+kn d)x:(—n“%uﬁ.

Giai phuong trinh : tan” 2x.tan” 3x.1an 5x = tan” 2x — tan> 3x + tan 5x.

a)x =kn b)x:k-%

(:)r(*—-k-E d)x=£+kn.
5 2

Giai phuong trinh @ tan x + tan® x + tan® X + cot x + cot’x + cot’x = 6
P g

a)x =kn b)x=—72£+k7t
) x=k-Z d)x=Z1kn keZ
2 ) 4
Dinh m dé phuong trinh sau ¢6 nghiém :
_3, +3tan” x + m(tanx +cot x)—1=0
SIn” X
a) Im} >4 b)0<m<?2
c)0€m<-2 d)-4<m<4

X

Tim 14t cd cAc gia tri cua a dé phuong trinh sau c6 nghiém

1 1
- + =4a.
sin3x cos3x
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159.

160.

161.

162.

163.

164,

192

a)0<a<l1
clatuyye R
Giai phuong trinh

a) x=£+kn
2

c)x=k2n

a) X = +kn
3

~x.Z
¢) x 3

Giai phuong trinh :

a) x=§+k2n

n
¢) x=k-—
) 3

Giai phuong trinh :

a)x=kn

T
c) x=k-—
) .3

Giai phuong trinh :

a) X =24+ k2x
4

c) x=24kn
2

Giai phuong trinh :

ayx=1

2
c) x==-
) 5

. COSX +

b)a=3
dya<0

cos2x =2.

b) x =~ + kn
3

d) x=(—l)k%+kn,keZ

sinx +v2-sin® x =2.

Giai phuong trinh :

b) x=-"1k2n
2

d) x=§+k2n,kez
7cos® x +37sin™ x =37

b) x =kn

d) x=§+kn, keZ
2000sin'”” x +1999cos”*® x = 3999

b) x I +kn

2
Q) Ca a), b), ¢) déu sai.

sinx +cosx = 2 {2 —sin?®' 2x)

b) x =—Z +k2x
4

dyx=kn, keZ

7sinmx — x* =13,25-5x

5
b) x==
) 2
d)x=0



165. Giai phuong trinh ; 2sinmx —11= x> - 6x
ayx=0 b)yx =1

c)x=6 d) Cic dap sb trén déu sai.

166. Giai phuong trinh : (5 + 2\/3)‘3"‘ + (5 - 2\/6)“’"\' =10

a)x=£+k.lt. b)X:E-!—l(T[
42 3
c)x =k d)X=(—l)‘§+kn,kez
A tx—coty=X-—
167. Tim cic sé x, y thue khoang (03 mythoahg : 40~ 0 ")
5x+8y=2n
T T P
a) Xx=—,y=—_ b X = = —
Y=Yy yx=y=3
27 n
OxX=¥=13 d) x="".y=0.

sinx—7cosy=0
168. Giai hé phuong trinh: { y ]
S5siny —cosx+6=0

n T T
a) x=-.y=0 b) x=—,y=~—
) 5y ) PR Ay
T n .
c).\':kn,y:—5+m2n d)x=k2n‘y=—5+m2n(k.mel.)
169. Giai bat phuomg trinh : sinx >0
a) k2r<x <2k +Dn b) kn<x<{(k+Dn
T 3n T R :
c) 3 +knr<x< > +kn, keZ d) Cac dap so trén déu sai.
170. Giai bit phuong trinh : sinx >0
a) kn<x<(k+1x b) k2r<x <2k +)n

c)%+kn$xs37n+kn,kel d)Céa),b),c)déudﬁng.
171, Giai bat phuong trinh : sinx <0

a)kn<>f<(k+])1t b)g+kn<x<~3-21£+kn

c) (Zk-Dr<x<k2n dy kK2n<x<(2k+)m, ke Z
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172,

173.

174,

175.

176.

177.

194

Giai bét phuong trinh : sinx <0
a) E+anXS§£+kn
2 2

) Qk-Dn<xsk2nm ke?Z

b) k2r<x<(2k + D=

d) Ca a), b), ¢) déu sai.

Giai bat phuong trinh sinx > % voi0<x <.

b
a) —<x<
6

Sn

Sw
¢) —<X=<m
6

b)—<x<—.
6 4

d)x=0vx=nm.

Tim nghiém clia bét phuong trinh sinx < \—[} rén khoang (0 ; x).

b)£5x<E
6 3

d) 0<xsEv27n5x<n

b) —<x<

oA

I
6

_x

d) x

Tim nghiém cia bat phuong trinh sinx > -—@ trén doan [0 ; 27]

a)0<x<2n

) Osts—n

Giai bat phuong trinh trén doan [0 ; n]:cosx >

a) 0<x<

n

W

“~

b) §E<x%3—n
4 2

d)0<x Ss—nv7—n5x£2n.
4 4

!
2

b)lt—<x<E
3 2



178.

179.

180.

181.

182.

183.

¢) %stft | d) Ca b) va c) déu ding.
Giai bat phuong trinh trén doan [0 ; Tt] 1cosx < g
a)()s>¢<E b)ESXSR

6 6

) 0< xsg d) Ca a), b) va c) déu dung.

. 1
Giai bat phuong trinh trén doan [0 ; n] 1cosx < 3

a)OstE b)ESxSE

3 3 2

C)ESX<2£ d)zzr-sxsw
2 3 3

J2

Giai bat phuong trinh trén doan [0 n]: cosx 2 -

a)3—n<x<ﬁE b)4—n<x5n
4 5 5
3n \ . X .
) OSXST d) Ca a), b) va c) déu sai.

Tinh gia tri cua cdc biéu thic sau ;

A =tan110" + cot 20°.
a)A=1 b)A=-1
)A=0 , dA=2

Tinh gia tri ctia cac biéu thirc sau (khong dung bang) :

D= A] = —2sin70°
2sin10
a)D=0 " byD=-1
¢)D=137 d)D =1

Rt gon bicu thire sau :

Q= 2(sin®a +cos®a) - 3(sin'a + cos a)
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a)Q=1 b)Q=0

c) Q:'E d) Ca a), b), va c) déu sai.
184. Rt gon biéu thirc sau :
R=SIT\33_COS33’ ik-E,keZ
sina cosa 2
ayR=1 b)R=-2
|
R=2 d) R=-
c) ) 5

185. Rit gon biéu thirc sau :

P | 4
sin"a+cos a—|

S= azk-— keZ
sin®a + cos® a-1

2
S:I b S:—
a) ) 5

¢)S=

N W

d)S=-1.

186. Tim tinh chat cia AABC biét :
a=2bcosC vaia=BC; b=CA.

a) AABC cintai A b) AABC cin tai C

¢) AABC vudng tai A d) AABC vuédng tai C
187. Tim tinh chét ciia AABC biét rang :

sin A =2sin BcosC.
a) AABC cén tai B hoiic C b) AABC can tai A
c) AABC vudng tai A d) AABC vudng cén tai A.

188. Tam giac ABC la tam giac ginéutacod:S = p(p b) vai S fa dién tich, p la
nira chu vi cha AABC.

a) AABC vuéng cén tai B b) AABC déu
¢) AABC vudng tai B d) Ca a), b) va c) déu sai.
189. Tim tinh chét cia AABC biét ring :
sinB+sinC
cosB+cosC =sinA
a) AABC can tai A b) AABC déu

¢) AABC vudng tai B hoiac C d) Céc dap sb trén déu sai.
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190.

191.

192,

193.

Tim tinh chat coa AABC biét rang :
1
cosAcosBcosC = 3

a) AABC déu

b) AABC can

c) AABC vudng cén

d) AABC c6 mét géc 180°.

Tam giac ABC la tam giac gi néu taco

. A . B.C 1

sin—Ssin—sin—=—
2 2 2 8

a) AABC can

b) AABC déu

- ¢) AABC vudng can

d) AABC c¢6 mot goc 36°

Tam giac ABC la tam giac gi néutacé : tgA +tgB + tgC = 3

a) AABC cin

b) AABC ¢6 mdt goc 36"
¢) AABC déu

d) AABC c6 mot géc 108°,

Tinh cac géc ciha tam giac ABC biét rang :

cosBcosC =l
4

, 2t -b’ =]

a—-b-c

197



194. Cho tam gidc ABC c6 ba goc nhon thoa :

| ] ] 1 1 |

4+ + = A-l- B+
cosA cosB cosC sin—2— sinz- sin

Tinh cac goc A, B, C.

a) A=120°, B=C=30° b) A=B=C=60"
c) A=108", B=C =36 d) A=80°, B=C =50

195. Tim cac goc cua tam giac ABC biét rang :

sinA_sinB _sinC

1 3 2
a) A =90°, B=60°, C =30° b) A =120°, B=C =30
c) A =30°, B=60°,C=90° d) A =60, B=30°, C=90"

196. Tim tinh chat cua tam gisc ABC néutacé:

atanA+btanBz(a+b)temAJrB
a) AABC can tai A hoac B b) AABC vuong tai A hoac B
¢) AABC vuéng tai C d) AABC cén tai C.
197. Tim tinh chét cha AABC biét rang :
atanB+btan A =(a+b)tanAJr B
a) AABC cantai A hoic B b) AABC vuéng tai C
¢) AABC c¢an tai C - d) Cac) va b) déu dang.
198. Tim tinh chat ciia tam giac ABC biét ring : '
w = —]-(cotzA +cot’B)
sin~ A +sin" B
a) AABC can tai C b) AABC céin tai A hoac B

¢) AABC vudng tai A hoic B d) AABC vubng tai C,
199. Tim tinh chit cua tam giac ABC néu tacé :

tanA +2tanB=tan Atan’ B
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a) AABC vudng cin tai A

¢) AABC c6 mét goc 108°

b) AABC can tai A

d) AABC vudng can tai B.

200. Tim tinh chat ciia tam gizc ABC néu ta cé cot~B~ = a_;c
a) AABC cantai B b) AABC déu
¢) AABC vuong d) AABC nhon.
B. TRALOI

la | 2b | 3 | 4d | 5d | 6 | 7 | 8 | 9 | 104
11d 12d 13a 14b 15¢ 16d 17b 18a 19b | 20c
21d | 22d | 23d 24c¢ 25a | 26a | 27b | 28b | 29¢ | 30d
31d 32a 33d 34d 35a | 36b | 37a | 38b | 39d | 40c
4la | 42d | 43d | 44d | 45b | 46b | 47b | 48d | 49b | 50d
Sla 52d 53¢ 54b | S5a | 56d | S7b | S58c 59b | 60d
6la | 62b | 63c 64d | 65d | 66d | 67c | 68b | 69b | 70a
71a 72c 73a | 74b | 75c 76d | 77d | 78d | 79d 80d
8lc 82b | 83a 84a | 8Sb 86c | 87d | 88d 89a | 90a
9la | 92b | 93d 94a | 95¢ | 96d | 97d | 98d | 99a | 100a
101c | 102d | 103a | 104b | 105c | 106d | 107d | 108a | 109b | 110c
I11d | 112d | 113a | 114d | 115a | 116b | 117a | 118d | 119d | 120a
121a | 122d | 123d | 124c | 125a | 126b | 1272 | 1284 | 129a | 130b
131a | 132¢ | 133d | 134a | 135d | [36¢ | 137b | 138b | 139¢c | I40d
t41c | 142a | 143d | 144d | 145d | 146d | 147d | 148a | 149b | 150c
I51a | 152b [ 153d | 154a | 155¢ | 156d | 157a | 158¢c | 159¢ | l60d
161d | 162d | 163a | 164b | 165d | 166a | 167¢ | 168d | 169a | 170b
17lc | 172¢ | 173a | 174d | 175¢ | 176d | 177a | 178b | 179d | 180c
181c | 182d | 183d | 184c | 185b | 186a | 187b | 188b | 189d | 190a
191b | 192c | 193d | 194b | 195¢ [ 196d | 197d | 198a | 199b | 200c
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Phy lyc

TRiCH G101 THIEU MOT SO DE THI TUYEN SINH BAI HOC
(2005 — 2008)

NAM 2005
DE THI KHOI A

Cau I1. 2. Giai phuong trinh :
cos® 3xcos2x —cos? x = 0. n
Hudng din giii
(1) © (1 +cos6x)cos2x —(1+cos2x)=0
<> cosbxcos2x —1=0 <> cos8x +cos4x-2=0

cosdx =1

< 2c0s’ 4x +cosdx ~3=0 < 3
cosdx = —5 (loai)

@cos4x=l@x.—-k—;—,kez.

TRICH PE THI KHOI B
Cdu I1. 2. Giai phuong trinh :
] +sinx +cosx+sin2x +cas2x =0. )
Hudng din gigi
(1)  sinx +cosx + 2sin XcoSX +2cos’x =0

& sinx +cosx +2cosx(sinx +cosx) =0

<« (sinx +cosx){(2cosx +1)=0.
Truong hop 1.

sinx +cosx =0« tan x = — 1| ®x=—%+kn,kez.
Truwong hop 2.

2
2cosx+l=0¢>cosx=—]5@xz:l:%-&-kZ‘n,keZ.
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Vay nghiém cua phuong trinh la

o)
x--—%—l—k'n;x::t%—kk}ﬂ,kez.

TRICH DE THI KHOI D

Cdu 11. 2. Giai phuong trinh :

cos® x +sin* x + cos[x —E]sin[h —1]—i =0.
4). 4) 2
Hudng din giii
] 3 1 . s . 3
(1) & 1—2sm xcos‘x+—‘sm[4x——]+sm2x —==0
2 2 2
&2 -sin’2x —cosdx +sin2x—3=0
& —sin® x —(1—2sin? 2x) + sin2x —1=0
s . sin2x =1 .
Ssin2x +sin2x—2=0 &1 | < sin2x =1
sin2x = —2 (loai)
®2x=§+k2ﬁ ¢>X=%+k’ﬂ,k€Z.
NAM 2006
TRICH BE THI KHOI A
6 [ o , .
Cau I1. 1. Giai phuong trinh : 2Acos" x +sin” x) SINXCOSX _ .

\E*2Sinx

5 g ea . 2
Diéu kién : sinx = —

Phuong trinh da cho tuong dwong voi :

2(sin® X + cos® x) — sinxcosx = 0 & 2[] —%sin2 2x]—-;-sin 2x =0

<:>35in12x+sin2x~f}=0@sin2x=l¢>x=£+kr (k € Z).

Do diéu -kién (1)nén: x=%£+2m1r {(megZ).

(b

(1)
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TRICH PE THI KHOI B

Cau 1L 1. Giai phuong trinh : cotx + sin x[l + tan x tan x} =4,

Huéng din gigi
Y . . X
Dieu kién : sinx =0, cosx =0, cos—~=0

Phuong trinh di cho tuong duong voi :

X . . X
COS X . cosxcosE+smxsm-
— +sinx m =4
sinx COSXCOS—
cosXx  sinx i . ]
—+ =4 ———— =4S sin2x=—
sinX Ccosx SiN X COS X 2
T
X:_]—5+’k“
& (k € Z), thoa man (1).
ﬂ .
x=—+k=
12

TRiCH DE THI KHOI D

Cadu I1. 1. Giai phuong trinh : cos3x +cos2x —cosx —1=90.
Huémg din gidi
Phuong trinh da cho tuong duong véi :
—2sin2x.sinx — 2sin’ x = 0 & sin x(sin 2x + sin x; =0
< sin’ x(2cosx + 1) =0.

ssinx=0sx=kn(keZ)

» cosx=—%éxi%+k2ﬂ (keZ).
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NAM 2007
TRICH DE THI KHOI A
Ciiu 11, 1. Giai phuong trinh : (1 4sin” x)cos x + (1 + cos” x)sin x =1+ sin 2x.
Huréng din gigi

Phuong trinh d3 cho < (sin x + cos x)(1 +sin x cos x) = (sin x 4 cos x)

& (sinx +cosx )1 —sinx 1 —cosx)=0.

@x=—%+kﬂ,x=§+k2ﬁ,x=k2n (ke Z).

TRiCH PE THI KHOI B

Cau II. 1. Giai phuong trinh : 2sin? 2x +sin7x —1 =sinx.
Hudng din gigi
Phuong trinh da cho tuong duong voi :

sin7x —sin x + 2sin’ 2x — 1 = 0 <> cos 4x(2sin3x — 1) = 0.

e cosdx=0& x=%+k% (ke Z).

] sin3-x=l4ibx=—‘£+k2—1t hodc x=5—ﬂ+k-21(k€Z).
2 18 3 18 3

TRICH PE THI KHOI D
Cau 1L 1. Giai phuong trinh : |sin % + cos%] + \/gcos‘x =2.

Hudng dan gidi
Phuong trinh da cho tuong duong véi
1+sinx+\/§cosx=2®cos[x—g]:%
= x:%—{—kZm x=—%+ k2w (k € Z).
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NAM 2008

TRICH BE THI KHOI A

I
Cau I1. 1. Giai phuong trinh : —— 41— 4sinl7_" |
SX - Sin|x - 3“] 4

Huong din giai

A Al s N 3
Diéu kién sinx =0 va sin x— 22| =0.

Phuong trinh da cho tuong duong Véi : L + L —2J2(sin x + cos x)
sinx  cosx

@(sinx+cosx)[,—l——+2\5 =0.
- SN X COS X

) N
® sinx +COSX:0<=>X=—*Z+kTL

) 2

] _;*‘2\/5:0*‘;}5"12)(:——-\/:@)(:—1-{—](1\' hodc

sin xcos x 2 8
x=5—“+k1r.

8

Béi chiéu voi didu kién ta duge nghiém clia phuong trinh la :

x:—£+kﬂ;x:—z-i—kﬁ;x:s—“—i—k'tt(keZ).
4 8 8

TRiICH PE THI KHOI B

Céu I1. 1. Giai phuong trinh sin’ x — J3cos’ x = sinxcos? x — V3 sin® xcos x.
Hudng din giii
Phuong trinh da cho tuong duong vai

sinx(cos” x —sin’ x)+ J3cos x(cos® x —sin x)=0

< cos2x(sinx + 3 cos x)=0.



L] cos2x:0¢>x=3+ﬁ.
4 2

® sinx + 3cosx:0¢>x=—§+kw.

Nghiém cua phuong trinh 1a : x = % + %3, X= —g +kn(k€2).

TRiICH DE THI KHOI D

Cau I1. 1. Giai phuong trinh 2sin x(1 4 cos2x) +sin2x =1+ 2cosx.

Hyudng din gidi
Phuong trinh d3 cho tuong duong véi

4sinxcos? x +sin2x =1 + 2¢osx < (2cosx + N)(sin2x = 1)=0.

) COSX=—1<=>X=:E:—2‘E+R2‘K.
2 3

® sin2x:l®x=%+kﬂ.

5
Nghiém cua phurong trinh da cho ta x = :i:"—:— +k2n, x = ; +kx (k € Z).
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