CUc TrRI DAL S()

A. Mot sb vin dé vé bét déing thirc dai sb:
Bat dang thirc 1a mot trong nhirng van dé |i tha nhat trong giai téan phd thong. Trong muc
ndy ching ta s3 on lai mot sb bat dang thirc ¢d dién va tiép can mot sb phuong phap

chizng minh bat ding thic. Do khdi lwong kién thic 1a tuong dbi 16n nén mot sb khéi
niém,tinh chit co ban déu dugc bo qua. Céc ban c6 thé tim thay nhitng tinh chit nay nay
Sach Giao Khoa cua Bo Gido Duc vabao Tao.
Du6i day la cac noi dung trong chuyén dé nay.
a)Bit dang thirc Cauchy

i)Bit dang thuc Cauchy co I 1a d& quen thudc véi nhiéu ban . Ngay tir nam op

8,c&c ban da bt gap céc bit dang thirc nhur:

X+y,
R
X+y+23M

3

X+y+z+t, i‘/_
- s @ Xth

4
Trong d6 x,y,zt lacéc sd thuc khéng am
Nhirng bat ding thirc c6 dang ndy duoc goi la bat dang thirc Cauchy. Bit dang
thirc Cauchy tong quét c6 dang nhu sau:
Cho X, X,,...,X, lacéc sd thuc khdng am. Khi d6 ta cd bt dang thic sau:

+ X, +ot
al Zn % s XX X

Dau bang xay rakhi vachi khi x, =x, =...=x,

. +X, +...+ - . . s &
DPai lugng X% % duoc goi latrung binh cong ciacac O X, %, ..., X,
n

Pai lugng 9/ X,...x, duoc goi latrung binh nhan cia cac O X, X,,..., X..
q Do d6 bat dang thirc Cauchy con c6 tén goi khéac 1a bat dang thiee TBC-TBN (bat

dang thuc gitra dai luong trung binh cong ya dai luong trung binh nhéan). q

Bat dang thirc Cauchy c6 nh& nhiéu cach chirng minh. Tuy nhién do khuén kho
quyén sach nén ¢ déay,téc gia chi néu ra céch ching minh dién hinh nhit. Phrong phap
chirng minh nay cing da gan lién voi mot tén goi: “Quy nap Cauchy”. Céc ban c6 thé
tham khao thém vé phurong phép nay trong phan phueong phap Quy Nap.

Tass chirng minh bt dang thirc cin chirng minh dang khi n = 2"

Trudc hét ta chirng minh cho truong hop co o, k =1.

Tacan chirng minh x+y3 2\/xy 0 (Vx- \[y)?=0.

Bat dang thirc tuong duong la ding do d6 bét dang thirc ban dau ciing dting.
Giai sir bat dang thirc da ding cho k =m, tac la



XX+ X,
22m 3 XXy X

Tas3 chirng minh bit dang thirc ciing ddng cho k = m+1.

XXt X, . VX F XXy Fot [ X X -
: o

2m+1 X’lXZ " 'X2m+1
(O trén ta da sr dung bat ding thac Cauchy cho tung cip SO
Xorsr F Xoin 3 20 Xos1Xosn " K=1,2"- 1 sau d6 sir dung bat ding thirc Cauchy

Cho 2™ S5 /XXy 13/ XsXy 1) Xyt Xoma

Nhu vy bét dang thic Cauchy d& dting cho vo s sb hang. Béy gio ta s ching
minh néu n=m+1 dung thi bat dang thirc cing ding cho n=m Thuc vay,ap
dung bét dang thirc Cauchy cho m+1 S5 X, %, ..., X, Y X, X,..X,, taco:

X X o X F XXX 3 (M) ™R X X X XX
U X 4%+t X, %% X, 3 (MHDYX XX
U X +X% +ot X, 3 MYX%..X,

U X1+X2;'"+Xm 3 XX, X

Nhu vay theo nguyén Iy Quy nap Cauchy ta cé diéu can chirng minh.

Nhan xét rang bt dang thirc co sd chi xay ra diu bang khi va chi khi x=y do d6

trong bat dang thirc tong qué cua ta sAu bing ciing chi xay ra khi va chi khi

X =X, S S X .

Ta c6 nhiéu cach nhin nhan vé bit dang thirc Cauchy, vi du nhu cho céc sb thuc
dwong c6 téng khdng thay dbi thi gia tri lén nhat caatich cac sd nay 1a gi, hoic nguoc
lai ,térc latim gidtri nho nhét caa cac sb thue duong cé tich khong doi.

Ciing can leu v véi c&c ban rang trong bat ding thirc Cauchy,diéu kién cac sb
thuc khéng am 1a quan trong, vi du véi n=2k +1, taco thé chi ra vi du véi céc sb thuc
gom 2k sb -1 vamot sb 2k thi bat dang thuc khdng con ddng nita

Tacod

ii)Bét ding thirc Cauchy mé rong

Trong phin ndy ta hdly xem xét bét ding thirc Cauchy c6 trong sb.Ta hdy khai dau
bing bat dang thic cho hai sd thuc dwong truée.

Cho céc sb nguyén duong a,b,c,d va hai sb thuc duong x,y. Khi dé:

a ¢
b d ~ 3 ag+befyad, be

Xy

a,c
b d

Bat dang thirc trén con duoc goi la bat dang thirc Young. Ching minh bt dang
thirc dugc de cap dudi day:



a
—X

c
Ty
b” d :adx+bcy33d+b/—xadbc
a,c ad +bc y
b d

O trén, tadd &p dung bit ding thirc Cauchy cho ad +bc s hang, bao gdm ad sd
x,bc s6 y.Nhu vay bat ding thirc da dugc chirng minh.

Bing mot y tuong tuong tuta oo thé phét biéu bt dang thuc Cauchy trong sb
trong truong hop tong quét nhur sau

Cho 2n s nguyén duong a,,a,,...,a ,b,b,,...0b van sb thuc duong x,%,,..., X, .
Khi d6 ta cé bit ding thuc sau:

I L
b b, b, 3albz___bn+...+anblb2...bn,\1/xla1bz---bn“_Xnanblbz---bn,l
8.8, &
b b b,

Dau bang xay rakhi vachi khi x, =x, =...= x..

Y tuong ching minh hdan toan tuong tu trong trudng hop hai sb, do dé xin
nhuong lai cho ban doc J.

Béy gio tahdy xét mot s vi du img dung bét dang thirc Cauchy.

Bai téan : Tim giétri lon nhat va nho nhat cua:

Z=xy(4- x-y)

L1 Xy30.

Trong do |
1X+y £6.

(Dé thi véo 16p 10 Chuyén Téan PHTH HaNoi nam 1993)

Trudc hét tanhian xét ring cac sb X, y,4- x- y c6 mot mdi quan hé ndo do, that
vay téng cia ching bang 4.Pay ching phai 1a diu hiéu nhan biét ¢é s dung bét ding
thirc Cauchy hay sao.

Tuy nhién d& bai lai 1a x?y(4- x- y) chir khdng phai 1a xy(4- x- y) L.Ching I&
chiu thua? O day ta s sir dung ki thuat tao thanh céc sb ¢ tong khong déi nhu sau:

X*y(4- x- ) =4§§y(4- X- y) .Ching phai lGc nay g;g;y;4- X- y cotong la
4 hay sao. Tuy nhién ta con can 4- x- y nhan giatri khdng am,do dé ta xét truong hop

O£ x+y£ 4. Tu dotathu duoc loi giai sau:
Xé& O£ x+y£ 4. taco:



4

+ +y+4 X - y_

Z=xy(4- x- y)= 4——y(4 X - y)£4(’:2 = =4
22 ; 4 i
e i}
(B4t ding thuc Cauchy)

DAu bing xay ra chang han nhu x=2,y=1.

Xét 4£ x+y,tacd: ZE£0<A4.

Nhu vay trong moi truong hop tadéu cé Z £ 4.

Vay Z__ =4.bang thic xay rachang han nhu x=2;y =1.

Déi~v<’yi truong hop gia tri nho nht, céc ban c6 thé nhan xét rang diéu kién
X+ Yy £ 6 van chuadugc sir dung. Vaday lalic @é tasir dung diéu kién nay.

Néu céc ban thay x+y =6 vao Z ,c&c ban co thé thiy Z <0. Do d6 gia tri nho
nhat cua Z ciing phal nhan gia tri am. Tur nhan xét ndy ,dé thuan tién trong viéc nghlen
ctru, rd rang ta chi cin xé 4£ x+y£6. Trong trudng hop ndy, 4- x- y£-2 ,( ding
thirc xay ra khi x+y=6) nén ta can tim gia tri I6n nhat caa x?y dé Z thu duoc gia tri
nho nhit. ’ ‘

LuUc nay ¢ & moi chuyén da tré nén twong doi quen thuoc véi cac ban roi cha.
Do tong x+y 146 néntacan bién ddi x?y thanh tich cac sb hang co tong 1a x+y .

Va ta thu duoc két qua mong mudn:
aex+X+2yo ae?(X+y)o
3
2 2 2 2

Tur day tadi toi loi giai:
Xét 4£ x+YyE6.
Taco:x+y-4£6- 4£ 2.

ae?(X+y)o
3
X2y £2X%2Y ¢ & A
2 2 2
p -x’y3-32

Nhan céc bt dang thuc trén vé theo vé tathu duoc:
X2y(4- x- y)3 - x°y.23 -32.2=-64 (Nhan hai vé cho s khéng duong, bit dang thic
aéi chidu) q
Dau bang xay rachang hannhue x=4,y =2.
Xé OEx+y£4tacd: Z3 0>-64.
Vay trong moi truong hop tadéu cod Z3 -64b Z_. =-64.
bing thirc xay ranhu x=4,y=2.
Sau day 1a mot sb bai tap 4p dung:

Bai 1:
Cho x,y théa: x> +y*> =4+ xy.



Tim giatri 16n nhit vanho nhit caa t = X + y2.
(Dé thi HSG 16p 9 TP.HCM nam 1995)
Bai 2:
Cho a,b>1. Tim giatri nhé nhit cua:
a®> b’
= +
b-1 a-1
(Dé kiémtralsp 9 Chuyén Toéan TP.HCM nam 1994)
Bai 3:
Tim gi&tri nho nhét caa:

X,y>0

s=3 108 i?, biét | ¥~

X & 2 ixty=1
(Dé thi véo 16p 10 PTTH chuyén L& Hong Phong TP.HCM niam 1994)
Bai 4:
Cho a,b,c3 0.Chirng minh rang:
a*+b*+c*3 abc(a+b+c)
(Dé thi hoc sinh gioi 16p 9,bang B,tdan qubc nam 1994)
Bai 5:
Cho a,b,c lacéc sb thue khéng am. Chirng minh rang:

5|2 2 92+Saeb 92+Sae c 923 R2
&b+cy \Ga+tcy \&a+tbpy 2

(Tap chi Toan hoc va Tudi Tré).

b)Bit dang thirc Bouniakovski |

i)Bat dang thirc Bouniakovski ciing 1a mot trong nhitng bét ¢o dien noi tiéng nhat.
Bat dang thac con gan Vi nhiéu tén goi khac,nhu Cauchy,Schwarz. Ciing xin cha y véi
ban doc rang, nhirng bt dang thirc ¢6 dién thuong dugc hinh thanh trong cac van dé cudc
sdng,trong c&c van dé& vé thién vanvat ly. Chang da xuat hien tir rat lau va
Bouniakovski ,Cauchy,Schwarz 1a nhitng ngudi gan b tén tudi véi cac bit dang thic
nay nhét,khéng hin vi ho 1 nhitng nguoi dau tién phéat minh ra bt dang thirc ndy, nhung
c6 1& ho da gbp codng sic rat lon trong viéc hé thdng chiing mot céch chit ché nhat.

Bay giod ta hdy xem “hinh thu” bat dang thic Bouniakovski nay:

CHENES

y yreny My

Cho hai day sb thuc Khi d6 ta cé bit dang thirc sau:

V(@' +a +.+af)b’ b7+ +b) 2 ah +ab, . +ah,

DA4u bing xay rakhi va chi khi a-% =.= =3 0

b, b,
Bat dang thirc Bouniakovski ciing ¢ kha nh[éu céch chirng minh. Tuy nhién &
day tac gia s& de cap toi cach chirng minh sir dung bat dang thirc ching ta vira méi xem
xét qua, bat dang thirc Cauchy.



Bat dang thirc can chirng minh twong duong voi:
ab +ab, +..+ab, c1

J@Z+a2+..+a?) (b2 +bZ+..+h?)

Taco thé gia sir cac s a,b,i =1,n déu lacéc sb thuc dwong. Bai 18 khi d6 ching
ta chi cin sir dung bét ding thirc tri tuyét doi:

ap +..+ab, £a b |+.+a, b, | ,

Va lai 8 dung bat dang thac Bouniakovski cho cac s0 thuc duong
|a |,|b |,i =1n vatass cd diéu phai ching minh.

Quay lai van dé chinh. Ap dung bét ding thirc Cauchy cho hai s thuc duong ta
duoc:

a1b a12 b2

£
J@Z+a +..+a?)[’ +b2+..+h?) 2@’ +a’+..+a?) FreTymToN

Cong céc bit dang thirc trén vé theo vé tathu dugc:
ab +ab +..+ab, g A’ ta’+.+a’ | b'+b’+..4b’
\/(al +a’+...+a’)(b*+b’+..+b?) 2(a’+a’+..+a?) 2(bl +b?+.+b )

Vanhu vay bit dang thirc dé duoc chirng minh xong.
a _ \/ a’+aj’+..+a’ _

=1n
2

DA4u bing xay rakhi va chi khi h \/bl th'+..+h,

0&=2%- =%,
b b b,

Tuong tu nhu bt ding thirc Cauchy, bit ding thirc Bouniakovski ciing c6 nhiéu
cach nhin nhan. N6i chung cac ban nén can trong khi thiy céc dai lugng co tong binh
phu:ong la mot hang b, hodc cung c6 khi 1atdng céc cian bac hai cua céac dai luong nam &
vé bé hon trong bt dang thirc can ching minh. Pay 1a nhitng dau hiéu dé sir dung bat
dang thirc Bouniakovski.

Ngoai ra bt dang thirc Bouniakovski ciing thuong hay duoc sir dung trong cac bat
dang thuc ¢ dang phan thirc.Do d6 cac ban nén cha y khi gap nhitng dang nay.

ii) Bat dang thirc Bouniakovski mo rong.

Cho m ddy sb thuc khong am (a);(a,);...(a,). Mdi ddy gom n so hang

a,a_,.....a .Khido taco bat dang thirc sau:

qf(ailm +a "+.+a ")..(a,"+a,"+..+a, ") aaq, . .a, +..ta a .a,

b8 2%
b

Chirng minh bat dang thirc Bouniakovski ma rong c6 thé 1am bing y tuong tuong
tu trong truong hop m=2,do dé phan nay xin danh cho ban doc.

DA4u bing xay rakhi va chi khi

::Ln



Chi y thém vai cac ban rang trong truong hop m 12.s ty nhién chin thi tacé cho
céc day so thuc la bat ki, khong can khdng am,tuy nhién khi ay dau bang xay rathi cac ti
s0 van phai bang nhau vabang mot dai leong khong &m.

Dudi day tase xét qua mét vi du irng dung bat dang thirc Bouniakovski.

Bai toan:

a) Cho x,y thoa: x\/l- Vv +yWi- X2 =1 (1)

Chirng minh: x*+y* =1

b) Tir (2) ¢ thé suy raduoc (1) hay khong.

(Dé thi véo 16p 10 PT Ning Khiéu TP.HCM nam 1999)

~ Bai t6an dugc phét biéu dudi dang dang thic, tuy nhién bicu thic trong (1) lai
khién cho ta cd cam giac quen thugc. RG rang trong biéu thac ay,ta co:

y*+(1- y)’ =1
x> +(v1- x*)? =1

Pay la nhitng dau hiéu rd rang nhat cho sy hién dién cua bat dang thuc
Bouniakovski. Tir day taduaraloi giai:

a)Ap dung bét ding thirc Bouniakovski cho hai ddy: (x,1- x?) va (v1- y2,Y)
tathu duoc:
xy1- Y% +/1- x2y£\/(x2 +1- xz)(l- Y’ +y?)

U x\/l- y2+yW1- X2 £1
DAu bing xay rakhi va chi khi

X :«/1- yz30

V1- X y
XX _1-y
P 1- Xz_ yz
x> 1-x* _1-X*+xX
P 1- 27\ 2 _1_ 242
y y y +ty
p x*=1-y*
P xX*+y*=1

b) Tur viéc xét dau bing, ching ta thdy ngay néu x,y3 0thi (1) U (2).Tuy nhién
& day do d& bai khdng cho x,y la céc sb thuc duong nén ta dé dang chi ra trueong hop
(2) P~ (1) ,chang hannhu x=0,y=- 1.

Bai toan: ,

Cho a,b,c lacéc 6 thuc duong.

Chirng minh rang:

a_ . b . C
at2b b+2c c+2a

31




Bai téan duoc néu ra dudi dang phan thuc, ddy 1a dau hiéu khién ta canh giéc véi
bt ding thirc Bouniakovski. Théng thudng, tasir dung bat dang thirc ndy dé triét tiéu mau
thirc.O déy ta s3 &p dung bét ding thirc ndy biang céch nhu sau:

Taco:

b cC u

+ +
+2b b+2c c+2af]

[a(a+2b)+b(b+20)+c(c+2a)]8 -3 (a+b+c)?

,ee a b

(a+b+o) & € 93 (a+b+c)

+2b b+2c c+2ag

A a b c
+ +

a+2b b+2c c+2a )

Nhu vay bai téan da dugc giai quyét xong.

([a)

31

Sau day 1a c&c bai tap dé céc ban 4p dung:

Bai 1.
Cho a,b,c,d >0 va ab+bc +cd+da=1.
Chirng minh rang:

a® b* c? N d .1

+ + :
btc+d c+d+a d+a+b a+b+c 3
(Bé thi chon HSG khoi PTCT-DHSP Ha Noi nam 1995)
Bai 2:
Cho a,b,c>0 va a’ +b* +c¢* =1.
Tim giatri nho nhét coa:
_ a’ .\ b? .\ c?
_a+2b+3c b+2c+3a c+2a+3b
(B¢ thi dé nghi Olympic 30-4 lan 6,nam 2000)

Bai 3:

Cho a,b,c, p,g>0.

Chirng minh rang:

1+1+1 Ptq ., P*Qq | p+q.
a b ¢ pa+gb pb+gc pc+ga
c)Bét ding thirc Chebysev

i)Cho hai dly sb cuing tinh don diéu
fa £..£ 3a,3..3

ara, a“hay a°a a,

bhEb £..£b ° b3b3..3

Khi d6 ta cé bit ding thuc sau:

ab+ab +..+ab ,a+ta+.+a h+b+..+h
n n n




Trong truong hop mot day tang mot day giam
afa f£..£a,

bEb £..£Db,

Tacd bit dang thirc nguoc lai nhu sau:

ab +ab, +..+ab, c a+a,+..+a b+b+.+h
n n n

Bat ding trén ciing co nhidu cach chirng minh, nhung céch ching minh sau 1a
ngan gon nhat matac gia biét duoc.

Taco:
ab +ab, +..+ab, S atat.ta, b +b, +..+b,
n n n
_n@b+ab +..+ab)- (a+a+..+3,)0 +b+..+b)
n2

é (a1h - aibj - ajq +ajbj)
_ 1fi<j£n
= -

a (a-h)a-b)
:1£i<j£n

n2

Trong truong hop hai dady cung tinh don diéu ta c6 cac dai luong
(a - a;)(b - b;) lakhong am, do d6 tathu duoc bt dang thirc nhu d&noi.

Trong truong hop hai ddy khac tinh don diéu ta c6 céac dai luong
(a - a;)(b - b;) lakhong am, do d6 tathu dugc bt diang thirc nguoc chiéu.

DA4u bing caa bat ding thuc 1a teong dbi phic tap,ta chi ¢6 thé néi diu bing cay
rakhivachikhi » 7 0T A& T,
b, =..=b, b, =..=b,,.;..;b =

Ta 0o thé hiéu mot cach ndm na 1a ddy (a) chia thanh tirng doan bang nhau.Con
nhitng doan con lai tuong tng 1 c&c doan bing nhau caa day (b) .

ii) Bat dang thic v6i ddy héanvi. o o

Trong phan i) cia muc nay, ta da de cap toi bat dang thuc Chebysev.Tur bat dang
thirc nay ta co thé suy ra duoc doi voi hai day:

trongdoi * j.." (,]).

jn—b

383 .°%4,
b*h3.3h
Thi

(a+a,+..+a)(b+b +..+b)
n

ab +ab, +..+aDb,? Papb,+ab,,+..+ab.



Thé con doi véi tong aly +ab +...+afy trongdé (b b, ,...b ) lamot hoan vi
ciacéc s (b,b,,...,b) (nghialacéc sd hang by,b,,...,b. thay doi vi tri) thi sao nhi ? Day
lamot cau hoi khé ty nhién, va cudn hit ching ta vao viéc giai quyét ching. Day chinh la

cai vong xoday vo tan cua Toan hoc. o o
Chung ta co thé di téi dugc bat dang thirc sau,dugc goi la bat dang thirc hoan vi:

aibl+a2b2+m+a”bn ° alb'l +a2q2 +"'+anqn 3 albn +a2bn—l+"'+anb1

Y tuong trong ching minh bt dang thirc ndy 12 quy nap.

Vi n= 2 tachi can chirtng minh bat dang thirc:

ab +ab,® ab, +ah

0 (a-a)b-b)*0.

Bat déng,thﬁ:c twong duong cuo6i cung ladang, do dé ta co diéu phai chirng minh.

Gia sir bat dang thirc da dang cho n=Kk ,tuc la

ab +ab, +..+ah * ab +ah +..+ah *ab +ah +..+ab.

Ta cin chirng minh bt dang thirc ciing dting cho n=k+1. ‘

Dboi vai bat dang thirc dau tién, sir dung bat dang thirc quy nap vata chi can chirng
minh:

ak+lbk+l + a1bj 3 aihﬁl + ak+lbj

U (ak+l_ ai)(bkﬂ_ bJ) 30

Déi voi bat dang thire thir hai, sir dung bat ding thirc quy nap vata chi can ching
minh:

ak+lb1 + a1bj £ ak+lbj + a1b1

U (a..- a)b-b)£O.

‘ Hai bat ding thirc teong duong cudi cung 1a dang, do dé céc bat diang thirc ban

dau cling vay. ‘

Tom lai theo nguyén |y quy nap, taco dieu phai chang minh.

d)Bat dang thirc Bernoulli.

Cho al N,xT R,x3 - 1.Khi d6 tacé bt ding thirc sau:

@+x)*3 1+ax

Piang thuc xay rakhi vachi khi x=0hay a=0 hay x=-1a=1.

Chting ta ciing c6 khé nhiéu cach dé chirng minh bat dang thic nay.Tuy nhién &
day tac gidi xin trinh bay cach chirng minh bing bt dang thirc Cauchy, cach chirng minh
nay tuy khong phal la ngan gon nhét trong truang hop da néu, tuy nhién nd s con giup
ich c&c ban rat nhidu vé mat y tuang trong quétrinh hoc cip ba cua minh.

Néu 1+ax £ 0 thi bit dang thirc hién nhién dang do (1+x)* 2 0.

Xét 1+ax3 0.

Bat dang thirc d& cho twong dwong Véi:

1+x3 {1+ax



Ap dung bét ding thirc Cauchy cho a s hang,gdm mot sb 1+ax vaa-1 sb 1tathu
duoc:
1+ax+(al) 3 m
a
U 1+x3 Y1+ax.
Nhu vay taco diéu phai ching minh.
Cé&c ban c6 theé dé dang kiem tra dugc dau bang.

e)Mot sb ¥ tuong tir bét déng thire x*> 0

Trong céc phan ¢ trén, ching ta da biét cach ung dung céc bit ding thirc ¢6 dién
vao viéc chirng minh céc bat dang thac. Tuy nhién trong thuc té, khéng phai bao gio
chiing ta ciing c6 thé &p dung bit ding thirc mot cach dé dang nhu vay, nhitng lic ay
chang ta phai lam gi.

Néu ching ta cht y ki cang, bit ding thirc Cauchy dudng nhu 1a géc géc caa hau
hét cac bat dang thirc ¢ dién khéc. Nhu vay,diéu gi 1a khai ngudn cia bat dang thic. Cau
tra 1oi khdng phai 1a bt ding thirc Cauchy,bai 1é ching ta da sir dung mot két qua khéac
dé chirng minh bét ding thic ndy, d6 la két qua x*3 0,hay cu thé hon |a ta d& dua vé
(a- b)?3 0.Vay phai chang moi bt diang thuc hai bién avab,diu bang xay ra khi ching
biang nhau ludn dwa vé duoc dang (a- b) ,nhu vay ta chi can dua ching vé dang nay thi
ching phai 1a bai tdan da duoc giai quyet roi u?

Cau tra loi l1a dang,va trong phan ndy chiing ta s3 str dung bt dang thirc nguyén
thity ndy dé thu hoach dugc nhirng két qua doc déo.

Truéc hét ta hdy |am quen véi viéc dua cac bat ding thuc hai bién vé dang
(a- b)?g(a,b). Khi d& dua dugc vé dang ndy thi ta chi can ching minh g(a,b) 3 0 nira
|a xong. Bat ding thac g(a,b)? 0, théng thuong la khdng c6 dau bang,tic 1a khdng
“chat” hoan toan, hoic la khong may phic tap.Do d6 viéc giai quyét ching |a tuong ddi
dé dang.

Tahéy bt dau bang mot sb hing ding thirc sau:

a’+b*- 2ab=(a- b)?

(a+b)?- 4ab=(a- b)?

2(a% +b?%) - (a+h)? = (a- b)?

a®+b°- ab(a+h) = (a+b)(a- b)?

a’+b*- ab(a® +b’) =(a* +ab+b*)(a- b)®
Trong truong hop gap phan thic hay can thuc, céc ban cd thé quy dong mau sd
hay nhan véi luong lien hop dé dua vé dang quen thudc da biét. Taxé mot sb vi du:

> 2(a®+b%) - (a+b)* _ (a- b)?
\2 b?) b) =
@+b9)-(@+h)= J2(aZ +b?) +a+b \/2(a +b2)+a+b()
1 1 4 _(a+h)’-4ab _ (a- b)?
4+ = =
a b a+b ab(a+b) ab(a+b)



Y tudng caa phuong phép that don gian phai khoéng céc ban. Tuy nhién tac()qthé
lam gi véi pheong phap nay.Chang ta hdy thir xét mot vi du xem,chang han doi vai dang
thire (1), néu sir dung bit dang thic 4/2(a? +b?) +a+b?3 2(a+b).Ta thu duoc bat ding
thac:

2 2 (a- b)®
J2(@2 +1?) - (a+b)£2( ~7b)

- o, (a- b)? 2(az+b2)
U {2(a®+b +2( +b) 27b
0 a+b+— @D ¢ Horip

2\/2(a’ +b?)
Nhr vay 14 ta d& thu dugc céc bat dang thuc manh hon bt ding thic
Bouniakovski rat ly thi sau :

(a- b)® 2 (a- b)*
atb+———__f£.,/2(a®+b*) £a+b+
2,/2(a% +b?) 2(a+b)

Céc ban c6 18 da thiy duoc phan ndo sy |y thd va sitc manh caa phuong phép nay
roi chir. J

Chiing ta hdly xé thém mot vi du nita ma chiing ta bi ép vao thé tim loi giai chi
khong phai la sGng tao toan hoc xem nao.

Bai toan: ‘ ’ o

Chirng minh rang véi moi s6 thuc duong a,b ta cd bat dang thirc sau:

a+b, Jab+ (a- b)*(a+3b)(b+3a)

2 16(a+ b)® '
(Tap chi Toan Hoc va Tubi Treé)

(a- b)2(a+3b)(b+3a)
8(a+h)®

O day dau bing xay rakhi a=b, tuy nhién biéu thic da

co chira (a- b)? rdi, do d6 tachi cAn phai dua%b- Jab vé dang (a- b)%f (a,b).
% atb b _ Jab = (f I) (a- b)?

Ta 5 =iy . Nhu vay ta can chang minh:
(a- b) 5 (@- b)?(a+3b)(b+3a)
2(va++/b)? 16(a+b)’

U 8a+b)** (Va++b)’(a+30)(b+3a)
Mt khéc,&p dung bat dang thic Cauchy va Bouniakovski ,tathu dugc:
1+/a+1+/b)? £ 2(a+h)

2
(a+3b;b+3a) = 4(a+b)?

(a+3b)(b+3a) £

Nhan vé theo vé tathu duoc diéu phai chiig minh.
Dudi day la mot so bai tap ap dung :



Bai 1:
Cho céc sb thuc duong a,b.Chirng minh rang:

2 2
%+%+7(a+b)3 8/2(a +b?)
Bai 2: ‘
Cho a+b+c=1. Chirng minh rang:
2 2
a3+b3+C3_ 3abc3 M

Xéc dinh trudong hop ding thirc xay ra. ‘ i
Goi y: Str dung hang dang thirc

a’+b*+c- mc:wg(a- b)® +(b- c)*+(c- &)’y

f)Sirc manh caa phép bién dbi twong duong.

Théng thuong khi gap cac bai téan vé& bat dang thic dang phan thirc, nguoi ta
lubn nghi dén céc bat dang thuc c6 dién nhu Cauchy, Bouniakovski.Tuy nhién viéc &p
dung chiing ddi khi rat ric réi vakhdng phai llc ndo ciing thic hién duoc.

Toan hoc ngay nay da c6 nhiéu bat ding thic tét hon, thuan tién hon trong viéc
danh gia cac biéu thirc dang dathie. Do d6 khi gap céc bai téan dang phan thire,hay dang
tlch céc da thirc mot phuong phép kha thé luc nhung hleu qua la quy dong mau sb, khai
trién dua vé dang da thuc va sau do 1a st dung mot sb bat dang thuc da biét vao viéc
chirng minh.

Dudi day téc gia xin liét ké mot sb bit ding thirc dang da thirc ba bién thuong

gap: ) o

Cho a,b,c lacéc s6 thuc duong.Khi @6 ta co cac bat dang thirc sau:

a’+b*3 2ab

a®+b’3 ab(a+b)

a*+b*3 ab(a®+b?)3 2a’b’

a*+b* +2a’b* 3 2ab(a® +b?)

a’+b’+c”*3 ab+ac+bc

2(a’+b*+c’) 3 ab(a+b) +bc(b+c)+ac(a+c)3 6abc

3a*+b* +c*) 3 ab(a® +b*) +bc(b® +¢?) + ac(a® +¢*) 3 3(a’b® +b’c’ +c”a’) 3 3abc(a+b+c)

Céc bat dang thirc trén hiu hét déu cd the chimng minh bing bat dang thirc Cauchy

Ngoai ra chiing ta con hay sir dung bat dang thirc sau:

a’®+b®+c®+3abc3 ab(a+b)+bc(b+c)+ac(a+c).

bang thiic xay rakhi ba s bing nhau, hoc hai s bing nhau, mot s6 bang 0.

Bat dang thuc trén cb tén goi la bat dang thirc Schur. Chirng minh cua bat dang
thirc dugc dé cap @réi day: o 7 o

Do tinh d6i xing caa bat dang thirc mata cd thé gia sir a® b3 c¢. Bat dang thac
tuwong duong Véi:



a(a- b)(a- ¢)+b(b- a)(b- ¢)+c(c- a)(c- b)2 0
U (a- b)[a(a- c)- b(b- c)]+c(c- a)(c- b)3 0.

U (a- b)*(a+b- c)+c(a- c)(a- b)3 0.

Bat dang thirc twong dwong cudi cuing 1a dang, do dé bét dang thirc ban dau ciing
dang.

Dudi day tase xem xét vi du:

Bai toan:
Chirng minh rang véi moi b sb thuc dwong (a, b, c) ;ta cd bat ding thirc sau:
9(a+b)(a+c)(b+c)3 8la+b+c)(ab+ac+hbc)
Bat ding thirc trén that sy khéng ¢ dang thudn tién cho ta ing dung céc bt dang
thirc c6 dién d&a hoc. Vi vay mot y tuong lakhai trién, ching ta hdy tha xem:
9(a+b)(a+c)(b+c) =9[ab(a+b) +bc(b+c) +ca(c +a) + 2abc]
8(a+b+c)(ab+ac+bc) =8[ab(a+b) +bc(b +c) +ca(c +a) +3abc]
Do d6 bat dang thirc d& cho la tuong dwong véi:
9[ab(a+b)+bc(b +c) +ca(c+a) +2abc]  8[ab(a+b) +bc(b+c) +ca(c +a) +3abc]
U ab(a+b)+bc(b+c) +ca(c+a) 2 6abc.
Bat dang thuc thu dugc cudi cling trong phép bién dbi twong duong 1a ding, do d6 bét
dang thirc ban dau ciing vay.
Y tuong cua phuong phap nay tuy don gian nhung ciing khdng kém phan hiéu qua .N6 cd
thé s& gidp ich ban nhiéu khi ban bi gidi han th0| gian dé lam mot van dé gi do. T|m mot
loi giai dep bang cac bit dang thic ¢ dién 1arat tét, nhung diéu ndy déi khi & ngbn cua
ban rit nhidu thoi gian. Nhitng 1dc ay tai sao ban khéng thir tng dung phwong phép nay
xem, tuy khd cuc ban dau nhung thanh cong dén véi ban 1a rat sém. Chic ban dat duoc
nhirng két qua tot. J
Dud¢i day 1a mot s bai tap &p dung:
Bai 1:
Chl’rng minh rang:

ae(o +a—:yo 33 yf- 4" x,y1t 0.
gYﬂ X @ gy Xg ’
(Dé thi HSG bang A 16p 9,tdan qudc nam 1995)
Bai 2.

i abc30
Cho hé |

ja+tb+c=1.
Tim k 16n nhit sao cho:
& +1°+ ¢ +kabe? S+

9 27 o

g)Mét phueong phap tiép can dau bang.

Trong chuong trinh toéan trung hoc, ¢o & cac ban cing da tirng bat gap rat nhiéu
bai toan bt dang thirc. Hau hét trong chiing, c&c ban déu co thé déan ngay duoc cac dlem
cho ta diu ding thuc. Lam duoc nhu vay, hiu nhu ban da di dugc 20% chan duong roi.

Viéc cudi cling 1a1am sao dé tiép can dugc dau bing dy nita ma théi.




Trong phan ndy ching téi s& trinh bay cho c&c ban mot phuong phép tiép can du
bang st dung trong mot 16p bat dang thirc trong d6 céac bién caa ta bi chin trong tung
khoang. Tas3 phét biéu dang tong quét cia bat dang thic:

Cho X, %,,.... %1 [a,b]. Ching minhrang f (x,%,,...%,)3 (E)C.

Gap nhirng tinh hu0ng nhu thé ndy, ddu biang cua bit ding thirc thuong xay ra tai
céc gia tri bién, nghia la bang a hay b. Trong truong hop nhu Vay ta s3 ¢b gang ching
minh,chang han nhu f (X, %,,....%,)3 (€) f (&,%,,...,X,) . Valai tiép tuc nhu vay

f(a%,..x,) 3 (E)f (ab,...,x,). Vacudi cing tathu duoc gidtri nhé nhét ciia f ,ching
han nhu f (a,b,b,b,a,...,a) .Lic ndy tachi cin tinh giatri cu thé caa f vaso sénh véi C.
Tahay xé mot sd vi du cu thé sau
Bai toan:

Cho a,b,cl [0,1]. Tim giatri I6n nhét cia:

f(a,b,c)=a+b+c- ab- ac- bc
(Chuyén @ Toéan hoc sb 7- PTNK Tp.HCM) ‘

Bai téan trén rd rang nam trong phuong phap ma ta da dé cap, ta hay thir ap dung
phuong phdp nay xem:

Ta st chirng minh:

f (a,b,c) £ mex{ f (a,b,0), f (a,b,1)} . Thuc vay
Néu 1-a- b3 0 thi
f(a,b,c)=a+b- ab+c(l- a- b)£a+b- ab+(1- a- b)=f(a,b,2)

Néu 1- a- b£0 thi f(a,b,c)=a+b- ab+c(l- a- b)£a+b- ab=f(a,b,0)

Nhu vay f(a,b,c) £ max{f(ab,1),f(a,b0)}

O day ta co thé ly luan mot céch tuong tu nhu trén dé suy rarang:

f(a,b,c) £ max{f(0,0,0);f(0,0,l);f(O,l,l);f(l,l,l)} va tinh tdan truc tiép céc gia
tri trén dé suy ra f (a,b,c) £1. Dau bang xay raching hannhe a=b=0,c=1.

Hoac lata st danh gia f (a,b,1); f(a,b,0).

f(abl)=1- ab£ 1.
f(a,b,0)=a+b- ab=(a- )(1- b)+1£1.

DAu bing xay rachang han nhu a=b=0,c=1.

Vay f(a,b,c),., =1. Daubang xay raching han nhu a=b=0,c=1.
Bai toan:

Cho a,b,cl [1,2]. Chitng minh rang:

al 1 196
b — —_£1O
(a+ +C)8a+ +

(Téan hoc va Tudi tre)
Taciing ¢ sir dung phuong phép tuong tu nhue dandi ¢ trén. Dat:

f(a,b,c) = (a+b+c)§e—1+1+5°

Do tinh d6i xtrng cua bét ding thirc mata co thé gia sir: a3 b3 c.
Ta st chirng minh:



f(a,b,c) £ f(a,b,1) . Thuc vay ta co:

f(a,b,c)- f(a,b,l) =(a+b+c)§%+%+%g- (a+b+1)§%+%+1g

ada .0 al 16
=(a+h)g=- li+a=+==2(c-1
(a )Sc 5 &a bb(c )

al 1 a bo
=(c-D~—+—- —- — <
( )8a b ¢ cg

Do d6 (c- 1)§%+%- % %ggop f(ab,0) £ f(ab,1)

Talai tiép tuc chirng minh: f (a,b,1) £ f(2,b,1) . Thuc vay:

f(a,b.1)- f(2,b,1):(a+b+1)§+%+1g- (2+b+1)§%+%+1§

o ad 16

to—-—z(b+1

5 &a 2fa( )
== b 16
—(a- )& +1- 2. 20
( )8b 2a 2ag

=(a- 2)§%+1

Taco:
a2£0
il 1
:|:6>2_ 1
0 “@p Z41- . — >0
i..b b

1>
T 2a

Do do: f(a,b,2) £ f(2,b,2).
Béy gio taxét f(2,b,1).
a3 10_ 11+3+§

f(2,b,1):(3+b)85+65_E ot

:E‘+3&’I‘_+99:E‘+3%—b_ 1)(b- 2)+§9 E‘+g:

2 &b 25 2 & 25 2 2
Vay tomlai f(a,b,c) £ f(a,b,1) £ f(2,b,1) £10.

Céc ban hay thir & dung phurong phép ndy vao mot sb bai téan sau nhé J

10.



Bai 1:
Cho a,b,cl [1,2]. Timgiatri I6n nhét cia
_a*+b*+c?

3abc i
Tap chi Toan Hoc va Tuoi Treé.
Bai 2:
Cho a,b,c,d,el [0,1] . Timgiatri Ién nhét cua
B=a(l- b)+b(l- c)+c(@- d)+d(1- a).
Bai 3:
Cho x,y,zl [12]. Tim giatri lén nhét caabiéu thic sau:
C= Xy + X + yz

XZ+yz Xy+yz Xy+Xz
Bai 4:
Cho a,b,cl [0,1] .Ching minh rang:
2(a®+b’+c*)- (a’b+b’c+c?a) £ 3.
Tap chi Toan Hoc va Tudi Tré. o

h)Sir dung tam thirc bac hai trong chirng minh bat dang thac.
Tam thie bac hai €6 rat nhiéu irng dung trong chirng minh bat dang thic. Cac kic

thuat sir dung tam thirc bac hai la kha nhiéu, tuy nhién do khudn kho cudn sach co han
nén tac gia chi néu ra cac phuong phdp thuong hay duoc sir dung.

A

i)Phuong phap tam thirc hda
Pé chung minh f 3 g. Tacd thé chuyén f - g=h(x)=ax®>+bx+c3 0," x. Khi
. Ly el , . ,.1a>0
do viéc bat dang thirc dUng tuong duong vai véi : D£O
1 .

q Cac ban nén chl y cac bai ,téan ma bac cia mot bién ndo d6 1a bac hai, ching ta
c0 thé xét tam thirc bac hai theo bien nay. q

Tahady xem xét mot so vi du cu thé

Bai téan: ‘

Cho a,b,c labacanhtam gi&dc. Chirng minh rang:

pa’+qb® > pac®,” p,q: p+q=1.

Bat dang thirc co vé khong quen thugc lam vsi cac phuong phép da hiét cia
taTuy nhién dieu kién cd vé la don gian,ta co thé loai bo lubn dicu kién nay bang céach
th¢ q=1- p,taduoc:

pa’+(1- p)b®2 p(l- p)c’," p.

U c?p*+(a®- b?>- c®)p+b*>0," p.

q Nhu vy 12 ta d& thu duoc mot bt dang thirc c6 céc bién déu bac 2,tuy nhién pét
dang thirc can chirng minh dang véi moi p nén ta chon xét tam thuc f (p) lahop ly nhat.

Xét f(p)=c?p’+(a’- b*- c?)p+b?

f(p)>0,"pU D=(a®- b*- c¢?)?- 4b’c’ £0
U D=-(a+b+c)(a+b- c)(a- b+c)(-a+b+c) £0.



Bat ddng thirc cudi cung 1& ddng,nhu vay bai todn da dugc giai quyét.
ii)Phuong phép tao tam thuec.

Dé chang minh f 3 g. Tacdthé chuyén f - g=b*- 4ac=b?- ac3 OKhi d6ta
S8 tao ratam thirc bac hai f(x) = ax? +bx+cva chitng minh f(x) ludn ¢ nghiém bang
cach ching minhtontai a sao cho af (@) £0 hay tontai a,b saocho f(a)f(b)£0.

Taxét vi du sau:

Bai toan:

Cho a?2 a2 +a; +...+a,°. Chang minh rang:

(a°-a%-..-a%)(b’- bl- .- b?)£(ab - ab,- .- ah,)’
Bat dang thirc trén c6 tén goi |a bat dang thirc Aczela.
Bat dang thirc d&nam ¢ mot dang rat dep mat among mudn: ac£b? a3 0.
Trudc hét ta xét truong hop a2 =a,2 +a +...+an? khi d6 bt ding thic 1a hién
nhién vi vé phai ludn khong am.
Truong hop a° >a,” +a; +...+a,” taxét tam thac bac hai:
FO)=(a’-a°- .- a°)x*- 2ab - ab,- .- ab)x+({0- b’- .- b?)
=(ax- b)?- (a,x- b,)*- (ax- b)*- .- (a,x- b))
.. A .2 L2

Taco: f?igz- g?’?;bl b2 +.. et - b, GEO

edg g2 2 ed 2 H
Do d6 phuong trinh f (x) =0 lubén cé nghi¢m, do do:
D=(ab-ab-..-ab)-(a-a-.-a)b-b-..-b)EO.

P (a’-a’-..-a’)b’-b’-..-b>)E(@b-ab-..-ap)?

Sau dau s3 1a phin bai tap danh cho céc ban:

Bai 1. ‘

Chirng minh rang:

a’+b*+c*+d*+e°3 a(b+c+d+e)," a,b,c,d,e
Bai 2. ‘

Chirng minh rang:

(l+a+a,+.+8,)°3 4a’+a,°+..+a7%)," a1 [0,]]
Bai 3. ‘

Chirng minh rang:

(a®+b?+c?)?3 3(a’b+b’c+c’a).

Bai téan s 3 1a mot bai tdan ung dung tam thic bac hai cuc kho, ban nao Iarp
dugc bai téan nay xin hdy gui thu cho chung t6i, “nhdm chuyén dé 12 Toan truong Pho
théng Nang Khiéu-Bai hoc Quoc Gia Thanh pho H6 Chi Minh”. Nam ban gui loi giai



sdm nhit 3 duoc giri taing mot mon qua caa ching t6i,cac ban nhé ghi dia chi ré rang
trong thu giri dén dé thuan tién trong viéc giri qua cho cac ban J.

i)Bit dang thirc chra ddu gid tri tuyét doi.

Céc biéu thirc chia diu gid tri tuyét dbi lubn gay kho khan cho ching ta trong
viéc tinh téan, do d6 bat dang thic véi diu gia tri tuyét dbi khdng phai 1 mot van dé don
gian. Trugc hét chiing ta hdly diém qua mot sb bat ding thirc tri tuyét ddi co ban:

X320
X2 x
X+ Y £[x/+]y]
X- y]2 - |y

Céc bat dang thic trén tuy co ban va don gian nhung ching ng dung vao viéc
giai quyet c&c bai téan ve dau giatri tuyét doi rat tot,ching ta hdy xét quamot so vi du

Bai téan:

Choa £a,£..£a,

Tim giatri nho nhat caa biéu thic:

A=|x- a|+|x- a,|+..+|x- &

(Dé thi vao 16p 10 chuyén Toén truong PTNK Tp.HCM)

Giai:

Taxét 2truong hop, n chanvan [é.

Vi n chandat n=2k. Taco:

A=|x- a|+|X- &) +..+[X- | +|au, - X +|ag, - X +..+|a, - X

8 X-a +Xx-a,+..+X-a +a,- X+a, - X+..+a, - X

=8 m Qym m A TRy Ty T T Ay

Déu bang c6 thé xay ra, chin han nhu x=a, .

Vé6i n lé, dat n=2k+1. Taco:

A=|x- ay+[X- a,[+..+|X- a|+[X- | +[a, - X+ as - X+ Fayu - X

SX-atX- @t tX- 8, +0+8,,- X+ - Xt tay,, - X

S &t F{ R T T T Ay

Dau bang c6 thé xay ra, chan han nhu x=a,,, .

~ Loi giai cua bai toan trén co I& la kha ky thuat, tuy nhién moi thir déu c6 nguon

goc cua nd. Téc gia da phdi lam voi cac truong hop n nho roi méi ¢o the giai mot cach
tong qué. Péy ciing la mot kinh nghiém trong hoc va lam Téan, ching ta nén bat dau tir
nhirng cai nho vakhai quét Ién cho cai [on.

Ngoai viéc dp dung bat dang thirc x| 3 x, tacon cd thé sir dung bét dang thic:

|| [ %]+ o #[X,| 3 |% + %, +...+ x| d& gidi quyét bai tan trén.

Mot phuong phédp ciing hay sir dung déi véi dau gid tri tuyét dbi néi dhung 1a xét
ting khoang dé bo dau giatri tuyét doi.

Péi khi,chiing ta ciing thuong xuyén dir dung céc bat ding thirc ¢ dién trong viéc
chang minh céc bat ding thac chua dau gid tri tuyét dbi, nhat 1a bit ding thic



Bouniakovski. Boi 1¢ & dung bit ding thic ndy, cac gia tri tuyst dbi s3
phuong 1am mat du gia tri tuyét di.
Tatht xé& mot vi du
Bai toan:
Cho a,blacéc sb thyc théaman a® +b?® =1. Chirng minh rang:
(la+1+[b+1)+(la- 1+[b- 1) £ 2/6
Loi giai duatrén bat dang thirc Bouniakovski. Talam nhu sau:
lla+l+1|a- 1 £\/2§(a- 1)’ +(a-)*g=2va’+1

Lb+1+1]b- 1 £ 28b- 1) +(b+D?y=2vb* +1

2./a2 +1+2:/b% +1£ \/8(a% +b? +2) = 2/6.
Cong cac bit dang thuc trén vé theo vé,ta co didu phai chirng minh.

Sau day la céc bai tap dp dung danh cho ban doc:
Bai 1.

Tim giatri 16n nhat vanhé nhét cia céc biéu thic sau biét xT [-2,3]
a) A=[2x+1+3.
b) B =|x+1+|2x- 1
C) C:|x2- 2x|

Bai 2:
Chirng minh rang:
3(ab+1 +|ab- 1) + 4(a+b|+|a- bj) £10\/(a* +1)(b* +1)
Bai 3:
Cho cac s thuc x,y,zl [1.2]
Tim giétri 16n nhat caa biéu thic:
i [2- i [2- %
z(x+y) X(y+2z) Yy(x+2)

B. Mot 56 van dé vé‘Cu’c tri phan thirc.
a)Mot so kien thirc can nhé:

2
Tam thac bac hai f(x) =ax”+bx+c= a?+99 b - 4ac

ag 4a
2— -
) Néu a>0,f. =- 2 =4 iy oD
4a 2a
2— -
iNéu a<0, f_ =- 229 i =P
4a 2a

2 duoc binh

Dinh ly: Néutamthircbdchai  f(x) c6 hai nghiém thi phan tich duoc thanh nhan tu.

b)Mat sb dang toan:




i) Dang f(x)=ax”+bx+c
Phuong phap giai va cac két qua vé dang bt dang thirc ndy da duoc néu trong phan mot
sd kién thirc can nho.
Dudi day 1a mot sb bai tap 4p dung.
Bai 1: Tim cuc tri cac dathuc sau:
a Tim min A=4x?- 4x+6. b.Tim max B=-x+3Vx - 7
c. Timminvamax cia f(x) =x*- 4x+6 khi x1 [- 3,4]
Bai 2: Timgiatri nho nhat f (x) = (VX - DX +2)(v/x +3)(+/x +6)
m
ax®+bx+c
Phuong phdp chii dao trong viéc tim giatri nho nhit,Ién nhit cua g(x) = ax? +bx+c, sau

i) Dang f(x) =

7 , PN .z c 1 4 N 1 7 A N A = A A
d6 tuong trng thanh gié tri [6n nhat cia —— ,sau d0 nhan vao m d¢ dat duoc dicu can

g(x)
m
timvoi ——
g
Dudi day la mot so bai tap ap dung.
Bai 1: Tim giatri nho nhit cua f () :%.
6Xx- 5- 9x
Bai 2: Timgi&tri I6n nhit cua f (x) - 6
X- 3WX+7
mMx+n
if)Dang f(X)=———
JDang T(x) ax® +bx+c

Phuong phap tong quét dé ha bé nhitng phan thirc dang nay la

Budc 1: (D6i bién)

bit mx+n=y.

Budc 2: (Chuyén bién)

Chuyén f(x) thanh f(y) bing cach chuyén ax®>+bx+x=ay?+by+c (thay
_y-n

X=2_—
m

y
Khido: f(x)=f(y)=——5———
=10 =

Théng thuong a’c .Khi d6 &p dung bét ding thirc Cauchy:
lay*+c|? 2/acy dé danh gia Tuy nhién nhé cin than céc
truong hop y <O.

Bai tap &p dung:
Bai 1: Timgiatrilén nhat vanho nhit cia A= Eh f)l(
X
4x+3

Bai 2: Timgiatri nho nhat ciaphanthic B=———
X"+ x+1



mx? + nx + d

iv) Dang f(X)=————,am?® 0.

DY F00=" e |
Phuong phap giai laduave dang iii), cu thé nhu sau:

, M ax +bx+c)+ Mmoo, & mcd
mx+nx+d_a 8 ag 8 ag
ax®+bx+c ax® +bx+c

. MO, 2y Moo
_m, & apg & ap
a ax* +bx+c
Taxét quamot o bai tap sau:
2
. - 8x+
Bai 1 Tim giatri nho nhit A= %~ 5X*6
X - 2x+1
2
/ +
Ba 2: Timgiatrilonnhat B = 3X2 14
X" +4

C.Tir mt ding thirc dai sb. o q
Bai viét nay s¢ cung cap cho cac ban mot so bat dang thic duoc hinh thanh tir cac dang
thirc dai s o ’
Trudc hét tancéu lai mot o dang thirc hay ciadai so:

ab + bc + ca -1 Q)
(b- c)(c-a) (c-a)(a-b) (a-b)(b-c)
x*+y)(y+2) (y+2)(z+x)  (2+X)(x+y) _ 4 @
(x-y)y-2) (y-2(z- % (z- x)(x-y) ‘
Trong do6 (a,b,c) va (x,y,2) lacac bd so khac nhau phan biét.
Luu y v6i c&c ban rang hai dang thirc ndy |1a twong duong nhau, chin han trong (2), dat
Xx+y=a,y+z=b,z+x=c tass thu dugc ding thic (1)
Tir céc dang thuc trén tardt ramot sd hé qua truc tiép sau day:

aeao aebo+aeco 3 9

Sh-cp &c-ap Sa-bp
ae<+yo a@/+zo aez+xo s
232

8X Yo gy Zg 82 X g

Dé thi vao 16p 10 PTTH Chuyén Lé Hong Phong TP.HCM niam 1999.

X2+y2 N y2+22 N ZZ+X2 . §

(x-y)?* (y-2° (z-%* 2
LA R 2 S 1

(x-y)* (y-2° (z-%* 4

Tahay xét mot s bai téan lien quan dén céc bt ding thirc tha vi nay.

Bai téan dudi day la bai téan ve bat dang thirc Nesbit ¢ dang hiéu:

Bai toan: ’ ‘

Cho a,b,c lacéc so thuc phan biét. Chirng minh rang:




+ +

| a b c |3 2

|b- c| |c-al |a- b|

RO rang cc ban ciing thiy dugc mdi lien hé voi cc bat dang thirc ta dang xét roi
chir, & moi quan hé thém rd rang ta binh phuong hai vé cua bat dang thirc, va ta thu
duoc:

bc |
(c- a)(a- b)|

& a o Laeb o @c o+2¢ ab |
&h- c g 80 ag 8a by e|(b c)(c- a)|
Mac khac tadaco:

ca |6,
(a- b)(b- )|y

& a o aeb o L&c o
&b- c g 80 a5 Sa-bp
5 |+ bc |+| ca 0
9 (b- c)(c- a)| |(c- a)(a- b)| |(a- b)(b- c)|y

N bc N ca _
(b-c)(c-a) (c-a)a-b) (a-b)b-c)

Cong céc bét dang thirc trén vé theo vé vatathu dugc diéu can chirng minh.
Sau day la mot S0 bai tap danh cho cac ban doc: , 7
Bai 1. Cho céc S0 thuc X, Y, z khac nhau d6i mot. Tim giatri nhé nhat cua biéu thirc:
y3 2 B3
(X y) (y z)° (Z x)°*
Bai 2: Timgi&tri nhé nhat cia biéu thirc sau:
1,1 .1 u
§x- Y (y-2° (z- %
Trong d6 x, Y, z lacéc sd thuc phan biét.
Bai 3: (Danh cho cac ban hoc sinh 16p 10 hoac cao hon)

g thi ta co bat déng thirc sau:

B= (x +y +z)e

Ching minhrang néu x+y+z=

| cosx |,| cosy || cosz

lsin(y- 2)| |sin(z- X)| |sin(x- Y)

Tai liégu tham khao

Bat Pang Thuc Tran Phuong.
Gidi thiéu tém tat cuoc doi va GSNguyénCang
s nghiép cac nha Tdéan Hoc-Téap 1,2 PGS.Nguyen bang Phat.

Tap chi Toan Hoc vaTubi Tré
Céac bai téan cuc tri cilaham so6-Tap 1 Phan Huy Khai.



