1

tich, S6 hoc, ...

CHUNG MINH

CAC BAT EDANG THUC DA THUC
BAC BON BA BIEN THUC

TREN MAY TINH

Nguyén Quéc Anh
bién lyc Tan Chau

4-5-2016

Tém tit noi dung

Bai toan mad dau

Ta sé bat dau vdi bai toan sau day.

Bai toan 1. Hay tim hdng so k tot nhat sao cho bat ding thic sau luon ding:

falz,y, 2) = o* +y* + 22 + k(2y + P2 + 230) —

véi .y, z la cde so thuc.

PHAN TicH. Khi ding truée nhitng bai toan kiéu nay thi rac réi dau tien ma ta thudng
gap phéi la: Tim k& nhu thé nao? hay k nim trong khoang gia tri nao?

Hay gid st rang ta c6 mot "cong cu" cho phép ta kiém tra tinh ding sai ctia bat dang
thitc trén véi titng gia tri clia k, ta c6 thé st dung phuong phap chia doi khoang nghiem

dé tim ra gia tri gan dang cta k.

k=1
k=2
k=15
k=125
k=1.125

125000001
125000000

Su biing nd ciia cong nghé thong tin da d&nh hudéng dén rat nhiéu nhitng nganh
khoa hoc khéac nhau, trong d6 c6 toan hoc. Nhitng van dé toan hoc nhu Dai s6, Giai
déu c6 thé gidi quyét bing cac chuong trinh may tinh rat nhiéu
nhung giai cac bai toan bat dang thiic bing phan mém may tinh thi chua phd bién.
Trong bai viét nay ta sé tim hiéu nhanh vé viéc diing may tinh dé chiing minh cac
bat dang thiic, cu thé la cac bat déng thic da thic bac bén ba bién thong qua
chuong trinh degree chay trén phan mém Maple, dé c6 nhitng cai nhin dau tien vé
viéc stt dung may tinh trong ching minh bat ding thic.

f(z,y,2) >0 true

f(z,y,2) >0 false
f(x,y,z) >0 false
f(z,y,2) >0 false
f(z,y,2) >0 false

(k+ 1) (2y® + yz* + z2°) >
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D& nhan thay gia tri clia k ngay cang giam dan vé 1 va sau khi kiém tra v6i hon 29 gia
tri khac nhau ctia k ta biét duge réng:

125000001 -
125000000 -

Ta chon k& = 2 v6i do chinh xac lén dén 10 chit s6 thap phan. Bay nhiéu 1a du cho bai
toan ciia chiing ta. Tat ca tinh toan trén dugc thyc hién béi chuong trinh degrees, ta mat
khoang 2 phit trén mot may tinh sit dung bo xtt Iy Intel(R) Core(TM) i3 2.53 Ghz. Quay
lai bai toan bay gic ta sé chiing minh:

filw,y,z) =2 +yt + 2+ 2Py + P2 + P — 2y + 2+ 22%) > 0

véi su trg gitp cua may tinh ta c6 1oi giai nhu sau:

1 2
T,Y,2) = — (32* + 32y —3zx —3y*) >0
fu(z,y,2) Z 18 ( Yy Y ) =2
Tuy nhién trong muc nay ta sé khong ban nhiéu vé cdch may tinh tim ra 10i gidi nhu thé
nao va phuong phap chia doi khodng nghiém ctia chi c6 hieu qua khi biét duge gia tri tot
nhat ciia & ndm trong khoang nao ma thoi, va ta sé khao siat vé van dé nay & cac phan
sau.

2 Hai bé dé clia gido su Vasile Cirtoaje

Dé hiéu dugc cach thic hoat dong clia chuong trinh degree4, trong phan nay ciia bai bao
ta sé noi vé hai bo dé danh cho bat dang thiic da thiic bac bén clia gido su Vasile Cirtoaje
trén tap chi JAPM !

2.1 Bodé1l

Bo dé 1.
Dat fi(a,b,c) la mot da thiic thuan nhat doi ming bac 4.
Bat dang thitc fi(a,b,c) > 0 vdi moi s6 thuc a,b,c chi ding khi va chi khi

f4(a, 1, 1)
V“{ f1(a,0,0)

AVAINY

0
0 U

Mot vai iing dung
Bai toan 2. Cho a,b,c la cdc s6 thiuc, chiing minh rang:

10(a* 4 b* + ¢*) + 64(a®b* + b*c* + c*a®) > 33 Z ab(a® + b%) A
LOr1 GIAL

Dua trén Bo dé 1 da néu ¢ muc trén, ta chi can ching minh bai todn trong hai trudng
hoplab=c=1vab=c=0.

Yhttp://www.ijpam.eu/
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e Truong hop b = ¢ = 1 bai toan trd thanh:

10a* — 664 + 128a° — 66a + 18 >0
& 250> —3a+1)(a—3)> >0

. 3\* 11
Hién nhién ding vi: 5a2—3a+1—5(a——) +—=>0

e Truong hgp con lai b = ¢ = 0 bai toan trd thanh: 10a* > 0 hién nhién ding.
Déng thitc xay ra khi va chi khi g = b = ¢ va cac hoan vi tuong ting. [ |
Bai toan 3. Cho a,b,c la cic s6 thuc, ching minh riang:
81(a* +b* +c") +11(a+b+c)* > 42(a+ b+ c)*(a® +b* + 2) A
LO1 GIAL

Stt dung Bo dé 1 ta chi can chitng minh bai toan trong hai truong hgp la b = ¢ = 1 va
b=c=0.

e Truong hop b = ¢ = 1 bai toan tré thanh:
50a* —80a® 4+ 124>+ 16a+2 >0
& 2(5a+1)2*(a—1)2 >0
Hién nhién ding.
e Truong hop con lai b = ¢ = 0 bai toan tré thanh: 50a* > 0 hién nhién dung.
—t 5t

Déngthﬁ’cxéyrakhia:b:cvaa:?,bZC—3 [ |

Bai toan 4. Cho cdc so thuc a,b, c ching minh rang:

(a2+b2+62)2EZab(az—ab—i—bQ—cQ) AN

LO1 GIAL
Stt dung Bo dé 1 ta chi can chitng minh bai toan trong hai truong hgp la b = ¢ = 1 va
b=c=0.

e Truong hop b = ¢ = 1 bai toan tré thanh: a(a — 2)? > 0
e Con b= c = 0 bat dang thitc trd thanh: a* > 0
Dang thitc xay ra khi: a® + b? + ¢ = 2(ab + bc + ca). |

Bai toan 5. Cho cdc s6 thuc a,b, ¢ ching minh rang bat dang thic sau day luon ding:

(a+b)'+(b+c)+ (c+a) > =(a* + 0" + ") A

=~
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LO1 GIAlL
Viét lai bat dang thic can ching minh thanh:

fa(a,b,¢c) = (a+b)4+(b+c)4+(c—|—a)4—;(a4+b4+c4) >0

Ta ¢6 fy(a,1,1) = ; (5a* 4 28a® + 42a* + 28a + 59)

Ta xét hai truong hop a > 0 va a < 0.
e Truong hop 1: a > 0 ta c¢6 ngay diéu phai chitng minh.
e Truong hop 2: a < 0 ta co:

23\* 2
5a4—|—28a3—|—42a2+28a+59:(5a2—2a)(a+3)2+9(a+§) +5>0

Diang thitc xay ra khia = b =c = 0. |

Bai toan 6. Cho cdc so thuc p,q,r théa man 1 +p+q = 2r.
Chatng minh bat dang thitc sau luon ding:

Za4+p2a2b2+qab02a > rZab(a2+b2)

vdi moi so thuc a,b,c néu 1+ p > r2. A
LoOr1 GIAL
Dat fi(a,b,c) =3 a* +p> a*V* + qabed a — 1> ab(a® + b?).
Stt dung Bo dé 1 ta chi can xét bai toan trong hai truong hop.
e Truong hop 1: fy(a,1,1) = (a —1)? [(1 +p— r)2 +14+p-— 7“2] > 0. bung theo gia
thiét.
e Truong hop 2: f4(a,0,0) =a* >0

a ~
=b=cva

Bat ding thitc duge chiing minh xong, ding thitc x4y ra khi va chi khi

r —
a = 0,b = c cung cac hoan vi. [ |
V6i su trg gitp ctia Bo dé 1, ta da giai quyét duge rat nhiéu nhitng bai toan khé, tham
chi rat khé chi bang mot vai tinh toan don gian. Bo dé trén ciing "hé mé" cho ta vé cach
thiic chuong trinh degree4 hoat dong nhu thé nio, vé c¢o ban ma noéi bo dé tren da cung
cap cho ta mot cong cu kiém tra tinh ding sai cho cac bat dang thitc da thiic bac bén ba
bién déi xing thuan nhéat. Tuy nhién bo dé nay vAn chua di dé gitp ching ta kiém tra
toan bo cac bat dang thiic da thic bac bén ba bién, diéu nay can dén su trg gitp ctia Bo
dé 2 ma ta sap lam quen sau day.

2.2 B dé 2
Bs dé 2.

Cho cdc s6 thuc a,b,c va bo so6 thuc p,q,r, s théa man:
prq—r—1<s<2(r+1)+p+q—p*—pg—¢°
Thi bit ding thic sau luon ding:

Za4+r2a262+3ab02aZpZa%—i—anbB O
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Mot vai bai toan minh hoa

Bai toan 7. Cho cdc s6 thuc a,b,c chiing minh rdang:

at + '+ + 2abc(a+ b+ c) > a’b+ bc + Pa A
LOr1 GIAL
Dua theo B6 dé 2 ta chi can chon ra cac hé s p, ¢, 7, s roi tién hanh so sanh la dugc, cong
viéc nay tuong d6i don gidn xin danh lai cho ban doc. |

NHAN XET. Thu vi la v6i sy trg gitup ciia may tinh ta ¢6 phan tich sau:

fala,b,c) = a* +b* +c* 4 2abc(a + b+ c) — (a®b+ bPc + c*a)
= Z(2a2 —b* — ¢® —ab+ bc)* + 4(ab + be + ca)?

V6i sy trg gitp tit Bo dé 2 gio ta da c6 di cong cu dé co thé kiém tra tinh ding sai ctia
tat ca cac bat dang thic da thic bac bén ba bién thuan nhat. Va xét theo khia canh nao
d6 Bo6 dé 2 con manh v "nhanh" hon so véi viec sit dung Bo dé 1.

3 Chuong trinh degreed4

3.1 Giéi thiéu vé chuong trinh degree/

Chuong trinh degree/ dugc viét chlt yéu béi tac gia bang ngon ngit Lap trinh Maple? va
mot phan do ban Tang HAi Tuan viét.

Phién ban dau tién degree/ 1.0 ctia chuong trinh duge viét vao nam 2013 khi tac gid van
con dang 1a sinh vién nam nhat, nhung phién ban dau tién van con rat nhiéu 16i va khiém
khuyét cong thém viéc hoc nén tac gid danh gac lai viec hoan thién chuong trinh dén
phién ban 2.0 va sy trg gitp ti ban Tang Hai Tuan, chuong trinh da van hanh "tron tru"
hon nhung van khong tranh nhiing sai sé6t khong dang c6. Dén phién ban 3.0 ra doi vao
khodng cudi nam 2015 véi sy gép ¥ "nhiét tinh" clia anh Lé Phtc Lit thi chuong trinh da
hoan thién va ra mit ban doc.

3.2 degree4 hoat dong nhu thé nao?

So do khoi sau day sé cho ban mot cai nhin ngan gon vé cach thic ma degree4 hoat dong:

2Mot phan mém tinh toan hinh thitc, ctia hang Maplesoft (Symbolic Computation, Maplesoft)
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Khéi dong degreed.

/ Nhap bat dang thiic can ching minh. /

Xit 1y bat dang thiic.

. duang
Doi xtng? >—— Ham xtt 1y 1.

|

Ham x 1y 2. Bdt dang?

sal

sal

ding

Tim 11 giai.

/ Bdt nay diang+Lai giai. / / Bdt nay sai. /

‘ Ngting degree4. |

3.3 Hudng dan st dung chuong trinh degree/

Tuy degree4 duge viét nén bdi nhiéu chuong trinh con nhung ta chi quan tam dén mot
vai ham chinh quan trong nhu sgm, pro va prove.

Khéi dong chuong trinh degree4 sau khi khéi dong Maple:

> read "dudng din/degree4d";

Nhap bat dang thrc:

> f:=bAt ding thic cin ching minh;

Kiém tra bat ding thic va tim 1oi giai:

> proved(f);
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3.4 Mot vai vi du
Vidu 1. Cho a,b,c la cic s6 thiuc, ching minh rang:

(a* +b* + ) > 3(a®b + b’c + c*a) A
LOr1 GIAL

Thao tac may tinh:
> f:=(a? + b + )2 > 3(a’b + b3c + a);

fi=(a®>+0*+c*)? > 3(a’b + bc + Pa);
> proved (f);
"This is a cyclic symmetric polynomial!"
"This inequality is true! Try to solving:"
"Can’t give a solution."

"Can’t give a solution."
"Can’t give a solution."

1 1
15 (8a® =3ab—3ac—30" +6bc)" + o (-Bab+Gact 3K —3be—3)°
1 2
+ 1—8(—3a2+6ab—3ac—3bc—|—302)
[
Vi du 2. Cho cdc sb thic a,b,c, ching minh rang:
8la*+ 810" +81c" +11 (a+b+¢)' > 42 (a+b+c)* (a® + b + &) A

LGOI GIAL
Thao tac may tinh:

> f:=81at +81b* +81¢* +11 (a+b+¢)* > 42 (a + b+ ¢)? (a? +b? + ¢?);
fi=81a*+810* +81c* +11 (a+b+¢)' > 42 (a+b+¢)* (a® + 1?4+ 2);
> proved(f);
"This is a symmetric polynomial!"
"This inequality is true! Try to solving: "
"Can’t give a solution."

"Can’t give a solution."
"Can’t give a solution."

1 1
500 (1504 — 120 ac — 150 5% + 120 be)”*  + 900 (=120 ab + 120 ac + 150 5* — 150 2)

1
+ gog (1804”4 120ab — 120 be + 150 2)?
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Vidu 3. Cho a,b,c la cic s6 thic, chiing minh rang:

(a2+b2+62)2 23ab(a2—bz+02) +Bbc(a2+b2—02) +30a(—a2+b2+02) AN

LOJO1 GIAIL
Thao tac may tinh:

> f:=(a2—|—b2+02)2 > 3ab(a2 —b2+02) —|—3bc(a2+l)2 —02) + 3ca (—a2—|—bz—|—c2);
Fi=(a2+ 02+ A% >3ab(a® — b2 + ) + 3bc (a2 + b — ) + 3ca(—a? + b2 + ¢2);
> prove4 (f);

"This is a cyclic symmetric polynomial!"
"This inequality is true! Try to solving: "
"Can’t give a solution."

"Can’t give a solution."

"Can’t give a solution."

1 1
1g (80® —6ab+3ac—30° +3bc)" + T (3ab+3ac+3D —6be—3c%)
1
+ g (=3a® +3ab—6ac+3be+3c%)
|
Vidu 4. Cho a,b,c la cic s6 thuc chiing minh rang:
at + '+t +abe(a + b+ c) > 2(a?b? + b2 + *a?) A

LOr1 GIAL

Thao tac may tinh: Néu khong thich 4n bat ding thic vao ham f ta c6 thé nhap truc
tiép va dung % dé goi bat dang thiic vita nhap.

Ta nhap bat ding thitc can chitng minh tryc tiép vao Maple:

> fr=a? + b + * + abe(a + b+ ¢) > 2(a?b? + b2c? + c*a?);

fi=a'+ b+t +abe(a+ b+ c) > 2(a®V? + b2 + ?a?);
> prove(f);

"This is a symmetric polynomial!"
"This inequality is false!" |

1z 1
NHAN XET. Mot phéan chiing dé thay 1a (a, b, c) = <1, 3 —1>
Vi du 5. Cho cdc s6 thuc a,b,c ching minh rang:
51 9
3(a* + v + ) + T (a®V? + b2 * + *a?) + B (a®be + ab*c + abc?) A
> 9 (a®b+ bPc+ Pa+ ab® + bc® + ca®)
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LO1 GIAL
Thao tac may tinh: sau khi nhap va chay lénh prove4 ta thu duge:

"This is a symmetric polynomiall!"
"This inequality is true! Try to solving: "
"Can’t give a solution."

"Can’t give a solution."

"Can’t give a solution."

3 3 3 2
2 2 2 92, 9O 9
3 <a +b°+c 2ab 2ca 2bc)

3.5 Co sé toan hoc

Qua cac vi du & trén han céc ban khong khéi ngac nhién rang cai gi dang chay dé dua ra
nhitng 161 gidi nhu vay? Tat nhién day 13 todn hoc va mot chtt phép mau dén tit Maple.

Lgi thé dén tir may tinh

Mot trong nhing wu diém vugt troi ctia may tinh so véi con ngudi, dé 1a kha nang tinh
toan nhanh hon han. Tan dung wu diém nay ta c6 thé quy viec viét cac bat ding thic
nay thanh dang téng cac binh phuong bang cach giai he. Tat nhién néu ta giai tay thi sé
rat lau, nhung véi sy trg gitp clia méy tinh ta chi mat vai giay.

Vi du nhu viéc phan tich:

fa(a,b,c) = 2(a* +b* + ) +6(a®b* + b*c? + 2a®) — 4(a*b+ b c+ c*a) — 4(ab® + bc® + ca®)

Ta gid st f4(a, b, c) c6 the phan tich thanh dang > (ka + b+ oc)* > 0 trong d6 k, 1,0 la
bo s6 thuc can tim.

Viéc phan tich trén c6 thé thic hien duge chi v6i vai dong lénh ciia Maple.

> £:=2% (@t -0 - ct) +6(a?x 02+ 0252+ cPxa?) —4x (a3 xb+bPxct P ra) —4x (axbP+bxcd +cxa?) ;
>gi=(kxa+lsbt+oxc) +(axo+bsk+cxD) +(axl+bxo+cxk);

> Mm:=solve(subs(a=1,b=1,c=1,0p(collect(f-g, [a,b,c],distributed))) k,1,0);

> subs(Mm[3],g);

(a—b*+(b—c)*+(c—a)

3.6 Mot vai cau hoi

Trong nhitng dong hoi dap tit phia méy tinh ngoai hai dong dau tuong doéi dé hicu thi
nhitng dong hién thi "Can’t give a solution." mang y nghia gi?

Trong quéa trinh viét nén chuong trinh téc gid da viét thuat toan cho bén kiéu phan tich
binh phuong khac nhau. Mdi dong "Can’t give a solution." mang ¥ nghia rang bat
déng thitc can chiing minh khong thé phan tich vé dang binh phuong kiéu dé.

Cac ban c6 thé tham khao ¢ phan ma nguon chuong trinh 6 céc quy trinh solve01, solve02,
solve03 va solvel).
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Tai sao chi viét ma cho bén loai phan tich binh phuong? That ra c6 nhiéu hon bén cach
phan tich mot bat dang thic da thiic bac bén vé mot dang tong binh phuong, tuy nhién
viéc viét qua nhiéu ma sé khién chuong trinh trd nén i ach va nang né. Song, cac ban c6
thé gtii them ¥ tudng vé cac dang phan tich binh phuong cho tac gid theo dia chi email.
Phan tich d6 1a duy nhat? Tat nhién 1a khong, hay xét lai Vi du 1, ta da c6 mot phan
tich kha tha vi la:

fala,b,c) = a* +b*+c* +2abc(a+b+c) — (a®b + bc + a)
= Z(2a2 —b* — ¢ — ab+ bc)? + 4(ab + be + ca)?

Nhung thid vi hon, day vAn chua phéi 1a phan tich duy nhat. May tinh vAn con c6 thé
dua ra mot phan tich khac du cong kénh:

fala,b,c) = a* +b* +c* 4+ 2abc(a+ b+ c) — (a®b + bPc + a)
1 1

2 2 2 2 2 2 2 2

1 1 1 1 1 1 1

2 2 2 2 2 2\ 2 2 2 2

1/1 ., 1 1, 1 11, 1 1, 1
+ §<§a +§ab §b +§ca+bc> —|—§< 30 +§ab §b éca—i-c
Doan ma c6t 16i ctia toan bo chuong trinh 14 doan nao? Vé phuong dién nguoi viét ra
chuong trinh thi doan ma quy trinh prove/ 13 quan trong nhat, day 1a doan ma cot 16i
tao nén ca chuong trinh. Nhu ta da biét ci chuong trinh duge xay dung xung quanh hai
b6 dé ciia gido su Vasile Cirtoaje tuy nhieén dé c6 thé phan loai bat dang thiic theo ding
loai va stt dung ding bd dé thi quan trong hon.

4 Khép lai va md ra

Chuong trinh degree4 da minh hoa phan nao cho cac ban hiéu thé nao 1a Ching minh
mot bat dang thitc trén mdy vi tinh, di chuong trinh van con kha nhiéu khiém khuyét.
Don gian ma néi ta can mot cong cu "kiém tra" cho phép ta biét bat dang thic d6 ding
hay sai, sau d6 ta can mot cong cu "loi gidi". C4 hai quy trinh nay déu ciyc ki phiic tap vé
mat 1y thuyét, tuy nhien lai vo cting dé dé chuyén tit "1y thuyét" sang thanh mot chuong
trinh may tinh. Mot 1oi giai kiéu "may tinh" thudng thay nhat la sit dung bat dang thiic
co ban nhat 2% > 0.

Tai liéu

[1] Yang Lu, Recent advances in automated theorem proving on inequalities, Journal of
Computer Science and Technology, September 1999, Volume 14, Issue 5, pp 434-446.

[2] Vasile Cirtoaje, Yuanzhe zhou, Necessary and sufficient conditions for cyclic
homogeneous polynomial inequalities of degree four in real variables, The Australian
Journal of Mathematical Analysis and Applications, Volume 9, Issue 1, Article 15,
pp. 1-17, 2012.
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2 2
1 1 1
+ —<——a2—|—62+—ca——bc——02) —|——(—ab—|——62+ca—|——bc——02>

1 1 1.\ 1/ 1 1 1 1.\?
= —<a2——ab——bg+§bc—§c2) +—(——a2+ab+—ca—|——bc—l——02)

g
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[3] Video hudng dan si dung
[4] Mathlinks

[5] Dién dan toan hoc
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https://www.youtube.com/watch?v=3PpUPYeqru0&feature=youtu.be
http://mathlinks.ro.
http://diendantoanhoc.net
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