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Chuong 1
Cac bai toan dé nghi

1.1 Mobn: Dai s6, Trudng: Hoc vién Phong khéng -
Khoéng quan
Cau I. (2,5 diém) Ma tran A € M, (K) dugc goi la luj linh bac p néu p 1a mot
s6 nguyén duong sao cho AP~! = [O] va AP = [O] (ma tran khong).
a) Chimg minh ring néu A 14 ma tran luy linh bac p thi E — A 1a ma tran
kha nghich. Hay tim ma tran nghich dao (E — A)~!.

b) Ap dung két qua trén, hay tim ma tran nghich dio ctia ma tran:

1
B=1\a
c

S = O
_ o O

Cau II. (3 diém)
a) Cho cac s6 thuc A1, Ag, . . ., A, khac nhau va khac cac gia tri 0, —1, —2,..., —n+
1. Hay ching minh rang

1 1 1
A A A
1 s T
AL+ 1 Ao+ 1 A+1 [#0
1 1 1
AM+n—1 X+n-1 An+n—1

b) Cho da thitc P(z) = x* — 523 + 1122 — 122 + 6. Biét ring phuong trinh
P(z) = 0 ¢6 mot nghiém 1a 1 — ¢. Hay chiing minh ring néu A 1a ma tran vuong
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1.2. MON: GIAI TICH, TRUONG: HOC VIEN PHONG KHONG - KHONG QUAN3

cap n thod man P(A) = [O] (ma tran khong), thi A khong c6 gia tri rieng 1a s6
thue.

Cau III. (2,5 diém) Cho bat phuong trinh

1
2009
x—1+x—2+x—3+$—4>

Gia sit bat phuong trinh cé cac nghiém 1a mot s6 khoang. Tinh tong do dai cac
nghiém trén truc so.

Cau IV. (2 diém) Cho cic da thiic v6i hé s6 phiic:

P(zx) =2" + a1z Va2t ap1 4 an;

Q(z) = 2™+ b1a™ L4 box™ 2+ - b2 + by,
Biét rang P(x) chia hét cho Q(x) va ton tai k(k = 1,2,...,m) sao cho |bg| >
C¥ 2010%. Chitng minh riing ton tai it nhat a;(i = 1,2, ..., n) sao cho |a;| > 2009.
1.2 Mon: Giai tich, Truong: Hoc vién Phong khong -

Khoéng quan

Cau I. (2 diém) Tinh gi6i han

S G
lim -
z—07t fO 2t2dt

Cau II. (1,5 diém) Day s6 {z,} dugc xac dinh béi 1 = 3;3(xpi1 — 2,) =

16+ 22 + /16 + 22, Vn > 1. Hay tim s0 hang tong quét cta day so.

Cau III. (1,5 diém) Cho ham s6 f(x) lien tuc, don diéu tang va thod man dicu
kien f(z) > 0 Vz € [a,b]. Goi g(x) 1a ham ngugc ctia f(x). Chiing minh ring

b f(®)
/ f(z)dz + / g(x)dx = bf(b) — af(a).
a f(a)

Cau IV. (2,5 diém) Cho ay,as,...,a, la cic s6 thuc khong am va khong dong
thoi bang 0.
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4 CHUONG 1. CAC BAI TOAN DE NGHI

a) Chitng minh rang phuong trinh

1

2" — " —aga = —ap_x—a, =0 (1)

c6 ding 14 mot nghiém duong duy nhat.
b) Gia st R la nghiém duong ctia phuong trinh (1) va

n n
A:Zaj; B:Zjaj.
j=1 J=1

Chitng minh rang:
A < RB.

Cau V. (2,5 diém)
a) Tim tat cd cac ham s6 f: J — J va thod méan cac diéu kién:

flet+y) < fl@)+fly)—4 v,y €J

b) Céac ham s6 f(x),g(z) 1a cac ham lien tuc va thod mén diéu kien:
flg(z) = g(f(x)) Yz eJ

Chitng minh rang néu phuong trinh f(z) = g(z) khong c6 nghiem thyc, thi
phuong trinh f(f(z)) = g(g(x)) cing khong c6 nghiém thuyec.

{ f(z) < 442009

1.3 Mbén: Dai s6, Trudng: Pai hoc Thuy lgi
Cau I. Cho ma tran thuc A = (a;;)nxn thod man cac diéu kien sau:
i) n1as6 1é,
ii) Qg5 — )\,
111) Aij; = —0jg Vi 75 j
Tim diéu kién ctia A dé hé phuong trinh

ai1x1 + appxe + -+ + apxy, =b;, 1 =1,...,n,

c6 nghiém duy nhat.

Cau II. Goi €1,...,6, 1a tat cd cac cin bac n(n > 1) cia don vi. Ky hieu
A = (aij)mxn 1& ma tran cé
14+¢ khii=j
Qjj = .. .
€ khi @ # j.
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1.4. MON: DAI SO, TRUONG: HOC VIEN QUAN Y 5
Tim ma tran nghich dao cia A.

Cau III. Tim tat ca cac so thue a, b sao cho
4
a —b\ V3 -1
b a “\1 Vv3/)°
Cau IV. Cho A la ma tran thic c6 hang bang r. Chiing minh ring cdc ma tran
AT A v AAT ciing c6 hang bang r.
1.4 Mbn: Dai s6, Trudng: Hoc vién Quéan y

Cau I. Cho hai da thitc P(z) = (z—a)?"+(x—3a)*" va Q(z) = (v —a)?.(x—3a)?
v6in € N*,a € R*. Xéac dinh da thic du trong phép chia P(z) cho Q(z).

Cau II. Cho da thitc P(r) = 2° — 2 + 2 € Clx] ¢6 cac nghiem 1a z; (i = 1,5).
Tinh gia tri biéu thic sau:

5

8x; — 10
A= !
2 ) 2P

Cau III. Tim tat ci cac ma tran A vuodng cap n sao cho véi moi ma tran B
vuong cap n ta déu c6 det(A + 2009.B) = det(A) + 2009.det(B).

Cau IV. Cho a € R*, chitng t6 ring ma tran A kha nghich va tim A~

0 a a® a3

1 2

é 0 a a
A=

) 1 0 a

Tt

ad a? a

Cau V. Cho ma tran nguyén A vuong cap n. Ching minh ring néu véi moi
b € Z" he phuong trinh Az = b déu c6 nghiém nguyen thi det(A) = +1.

Cau VI. Cho A = (ay,as,...,a,). Tim cic gia tri rieng clia ma tran AT A.
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6 CHUONG 1. CAC BAI TOAN DE NGHI

1.5 Mobn: Pai s6 , Truong: PH Su pham Tp Ho6 Chi

Minh
Cau 1. Giai hé phuong trinh
a11%1 + 1222 + - - - + A1pTp = QTéOgﬂUl;
2121 + Q2222 + - - - + A2nTp, = 227})09562;
................................. 1
An1T1 + Ap2x2 + - + AppTp = Wxn;

biét ring a;; € Q va 229%8q;; € Z 1 <i#j<n,2<neN.

Bai II. Cho ma tran A vuong cap n kha nghich (0 < n € N). Gid st
{P(x), Py(x),...,Py(2)} 1& he n da thitc mot bién x thod man ding thic ma
tran

x Pi(x)
x? Pr(x
PR R I
" P,(z)
Chitng minh réng luon tim duge n s6 thuc ag,as,...,a, € [2008,2009] sao cho

det(fﬁ(aj))n/;é 0.

1.6 Mbn: Giai tich , Truong: Hoc vién Ky thuat quan
sy

Cau I. (4 diém) Gia sit ap 1a mot s6 duong cho trude va {a,} 1a mot day sb
thye dude xac dinh bang cong thitc truy hoi sau:
1 1
ap = 7<an_1—|——>; n=12...
2 anp—1
Chitng minh {a, } 14 day s6 hoi tu va tim lim a,.

n—oo

hting minh

Cau II. (4 diém) Cho ham f(z) lién tuc tréen [0, 2] va f(0) = f(2). C
= f(z1).

rang ton tai x1, o trong doan [0, 2] sao cho w9 —x1 =1 va f(x2)

Cau III. (4 diém) Cho ham f : [a,b] — R, b—a > 4, 1a ham kha vi trén khoang
md (a,b). Chiing minh rang ton tai x¢ € (a,b) sao cho

f(z0) < 14 f2(x0).
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1.7. MON: DAI SO , TRUONG: CDSP BA RIA - VONG TAU 7

Cau IV. (4 diém) Tinh tich phan

1
I:/ ln(l—l—x)dx
0 1+l'2

Bai V. (4 diém) Cho f(x) la ham kh4 vi lién tuc trén [a,b], f(a) = f(b) =0
v f: f?(x)dr = 1. Chitng minh ring:

a) fab:rf(x)f’(:v)dx = —%.
b) i < f[f’(x)]2da:.f;:c2f2(x)dx.
1.7 Mbén: Dai s6 , Trusng: CDSP Ba Ria - Viing tau

Cau I. (5 diém) Tinh dinh thtc

1 1 .. 1 1
ctoco...oc ocly,
D = C:% CZ e Cr2z+1 CT2L+2
cpt 02;11 e O

trong d6 C¥ 1a t6 hop chap k ctia n phan ti.

Cau II. (5 diém) Cho

4 -5 2
A=|5 -7 3
6 -9 4

Tinh f(A) biét f(z) = 20092209 — 20082209 4 ... + x.

Cau IIIL. (5 diém) Cho n € O0* va A, B 1a hai ma tran cip n thod man AB —
BA = B. Chiing minh ring AB?%% = B2999(A 4 2009F) trong d6 E la ma tran
don vi cap n.

Cau IV. (5 diém) Giai he phuong trinh

XYX =1
YXY =1
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8 CHUONG 1. CAC BAI TOAN DE NGH]
trong d6 X,Y 1a cidc ma tran vuong cap 2 va I 1a ma tran don vi cap 2.

Cau V. (5 diém) Cho A v B la cdc ma tran vuong cip n thod man £ — AB
kha nghich. Ching minh £ — BA kha nghich.

Cau VI. (5 diém) Cho P(z) la mot da thitc bac n > 1 véi hé s6 thuce va c6 n
nghiém thye. Chitng minh rang: (n — 1)[P'(z)]? > nP(z)P"(x) Vx € 0.

1.8 Moén: Giai tich , Trusng: CDSP Ha Noi

Cau I. Tim gi6i han

I 1 1 1
1m n . “ e
nooe \[14+ ()2 14+ (2)2 1+ (3)?

n

Cau II. Tim ham f xac dinh v6i x # 1 sao cho thod méan phuong trinh

f(a; i 1) =2009f(z) + arctg%.

Cau III. Chitng minh

82009 92008

2009290 > 2008290

Cau IV. Cho ham f kha vi trén [0,1], f/(0) = 1, f/(1) = 0. Chitng minh ring
ton tai it nhat mot diém ¢ € (0,1), sao cho f'(c) = c.

Cau V. Tim tat ci cac ham f lién tuc tréen R thod man diéu kién

f(z) = f(sina).

1.9 Mbén: Dai s6, Trusng: DPH Ba ria - Viing tau

Cau I. (6 diém) Cho

a —b —c —d 1 000
b a —-d ¢ 01 00
a,b,e,del, A= e d 0 —b , E= 00 1 0
d —c b a 0 0 01
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1.10. MON: GIAI TICH , TRUONG: DH BA RIA - VUNG TAU 9

Tinh |A — \E|

Cau II. (6 diém) Tim tat ci cdc ma tran A = <Z Z) sao cho A" = (Ccln Z”) Vn €
0.

Cau III. (6 diém) Cho n € [0* va A la ma tran phan déi xing cip n. Ching
minh rang I + A kha nghich trong dé6 I 14 ma tran don vi cap n.

Cau IV. (6 diém) Cho n € 0%, A 13 ma tran thuc cdp n. Chiing minh ring ta
c6 thé phan tich A thanh téng ciia 2 ma tran thod man ma tran nao ciing c6 n
gia tri rieng khac nhau.

Cau V. (6 diém) Cho a; # bj v6i i,j = 1,n va b; # b; Vi # j. Gidi he phuong
trinh

;I o xrs3 Tn
=0
al—b1+a1—b2+a1—bg+ +a1—bn
xr1 €9 xrs3 T
=0
ag—b1+a2—b2+a2—bg+ +a2—bn
I T2 L3 In
=0
an—b1+an—b2+an—b3+ +an—bn

1.10 Mon: Giai tich , Truong: DH Ba ria - Ving tau
Cau I. (5 diém) Tim
LIP3
i=1 j=

Cau II. (5 diém) Tim lim I,, biét
n—oo

1
I, :/ z"e"dx; ne*
0

Cau III. (5 diém) Cho f(z) la mot ham lien tuc trén [0, 1] thod méan diéu kien
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10 CHUONG 1. CAC BAI TOAN DE NGHI

N 1
f(0) = f(1). Chitng minh rang phuong trinh f(x) = f(:n + ﬁ) ¢6 nghiém thudc
doan [0, 1].

Cau IV. (5 diém) Cho f(z) kha vi lien tuc 2 lan trén [a,b] vA trén doan nay
phuong trinh f(z) = 0 ¢6 nhiéu hon 2 nghiém khéc nhau. Chting minh rang ton
tai h € [a,b] sao cho f(h) + f"(h) = 2f'(h).

Cau V. (5 diém) Liéu c6 ton tai ham f(z) x4c dinh trén [0,2] thod man cac
diéu kien sau day: f(z) kha vi va lien tuc tren [0,2], f(0) = f(2) = 1,|f'(z)] <

1, ‘ fOQf(;v)dx‘ <1.
Cau VI. (5 diém) Tim tit c cac ham s6 f : OF — O thod man diéu kien

aflaf(y)] = fIf(y)] Va,y € OF (1)

1.11 Mboén: Giai tich , Truong: Dai hoc Hang hai
Cau I. (2,5 diém) Cho day s6 {z,} xac dinh bing quy nap
1 n
21 = 2009, 29 = 2008, Zpi0 = (1 . g)xnﬂ + % (Vn € N*¥)

Tim lim z,.
n—oo

Cau II. (2,5 diém) Cho f(z) la ham lién tuc trén [0, 1], kha vi trén khoang mé
(0,1) thod man:

D) f(0)=0va f(1) =1.
ii) Ton tai s6 k € (0,1) sao cho ’f(%) - % > 12_ k.

Chitng minh rang tim dugc 2 s6 1, x9 phan biet thuoc khoang (0,1) sao cho:

f(@1) f(x2) = k.

Cau III. (2,5 diém) Tinh
/ dx
A
Cau IV. (2,5 diém) Ton tai hay khong mot ham f(z) lién tuc trén R thod man

J(f@@) = 2> =2 (Vz € R).
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1.12. MON: GIAI TICH , TRUONG: DAl HOC NHA TRANG 11

1.12 Mbon: Giai tich , Truong: Dai hoc Nha trang

Cau I. Cho day s6 {z,} thod man

1 a
Tp = m(2009$n71+m>; n=2a>01x>0.

n—1

Chitng minh day s6 {x,} hoi tu va tinh giéi han lim z,.
n—oo

Cau II. Cho f(z), g(x) duong va lien tuc trén [a, b]. Chiing minh ton tai ¢ € (a, b)

sao cho
fo el
J; f(z)da fcbg(:n)dx

Cau III. Cho f(z) kha vi lien tuc trén [0,1]. Chiing minh réng

n—oo

oy o135 [ ogar] = 100

Stt dung két qua trén, tinh gidi han

[12009 + 92009 IS n2009 1 ]

i _
e 12010 2010

n—oo

Cau IV. Cho p, q la cac s6 thyc duong va p + ¢ = 1, hay tim tat cd cdc ham s6
f: R — R thoad man:

f(x) = fy)

P = f'pr+qy); z,yc R x#y.

Cau V. Cho f(z) kha vi lién tuc trén [0,1] va f/(0) # 0. Gia stt (x) thod man
/ ft)dt = f(6(x)).z, v6iz € (0,1].
0

0
Tinh giéi han lim b(=)
rz—0t X
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12 CHUONG 1. CAC BAI TOAN DE NGHI

1.13 Mbén: Pai s6 , Truong: Hoc vién Tai chinh
Cau I. Cho da thic

P,(z) =2" —x—2009 (n€ N, n>1).
Chting minh rang:

1. Da thic P,(z) c6 mot nghiem duy nhét trong khoang (1,2009), ky hi¢u
nghiém do 1a x,.

2. Day s6 {z,} 1a day s6 gidm.

Cau II. Giai hé phuong trinh

2009 2010

T2
T+ S+

2! 20001 T 20101 _ “2010
Ty T2 L2009 _
o1 + 3l + + 010! + X2010 = T2009
T 2009 2010
20100 T 72T T 50081 T 20001 — 7

1.14 Mbon: Giai tich , Truong: CDSP Nam Dinh

Cau I. (4 diém) Tinh

lim /124224 ... +n2

n—-+00

Cau II. (4 diém) Cho day (a,) thod man
a1 =1, apy1 :2an—|—n2+n+2.

Tinh a9ggge.

Cau III. (4 diém) Cho ham f(z) kha vi trén khodng (—o0, 0] va thod man diéu
kién
lim_ (2f(x) — f'(x)) = 4

T——00

a) Tinh lim f(z).

r——00
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1.15. MON: DAI SO , TRUONG: DH DONG THAP 13

b) Gia st f(0) = —1. Ching minh rang phuong trinh f(z) = 0 ludn c6 it
nhit mot nghiéem am.

Cau IV. (4 diém) Cho ham f(z) € C?[0,2] va f(0) = 2008, f(1) = 2009, f(2) =
2010. Chtng minh réng 3z € (0,2) sao cho f”(zo) = 0.

Cau V. (4 diém) Gia st f(x), g(x) € C[a, b] thoa man f(z), g(z) > 0 Yz € [a,b].
Chiing minh rang 360 € (a, b) sao cho

f(9) 9(0)

- =1
fae f(x)dx febg(x)da:

1.15 Mobn: Pai s6 , Truong: DH Dong Thap

Cau I. (3 diém) Cho ma tran A = (aij)n voin € N* a;; € R, trong d6 a;; = o
V6ii=1,2,...,nvhay; =B Vv6ii#j, i,j=12...n

Tim diéu kien dé ma tran A kha nghich. Khi d6, hay tim ma tran nghich dao
cla ma tran A.

Cau II. (3 diém) Giai hé phuong trinh

(1
?61 =a1121 + a12T2 + - -+ + A1p Ty
§$2 = a2121 + a2 + - -+ + ATy

gxn = Ap1x1 + @n2T2 + - + Gpply

trong do a;; € Z v6i moi 4,5 =1,2,...,n.

Cau III. (3 diém) Gia st A, B 1a cac ma tran thuc cdp n bat ky va E 1a ma
tran don vi cing cap. Chiing minh rang néu F — AB 13 mot ma tran kha nghich
thi ¥ — BA cling 14 mot ma tran khé nghich.

Cau IV. (3 diém) Ma tran A = (a;j), thuc vuong cap n duge goi 1a ma tran
phan déi xing khi a;; = aj; véi moi 4,5 = 1,2,...,n. Hay tinh téng cac gia tri
rieng clia ma tran phan doéi xing A.

Cau V. (3 diém) Goi M, (R) la tap hgp tat cd cidc ma tran vuong cap n. Cho
A € M,(R), chitng minh rang v6i moi B € M,(R), AB = BA khi va chi khi
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14 CHUONG 1. CAC BAI TOAN DE NGHI
A = aF v6i F 1a ma tran don vi cap n.

Cau VI. (3 diém) Cho ma tran

2009 2008 2007
A=|-2007 2009 O
2008 0 2009

Hay tinh A2010,

Cau VIIL (3 diém) Tim tat ci cac da thitc f(x) c6 bac bing 5, biét ring da
thitc f(z) + 1 chia hét cho (z — 1)® v& da thitc f(x) — 1 chia hét cho (z + 1)3.

1.16 Mboén: Pai s6 , Truong: Dai hoc Quy Nhon

Cau I. Cho M la ma tran cap 3 x 2 va N 1a ma tran cap 2 x 3 thod man

8§ 2 =2
MN=|2 5 4
-2 4 5

Tim ma tran NM?

Cau II. Ton tai hay khong mot ma tran thiyc A vuong cap 2 thod man

-1 0
2010 _
4 _[0 —1—€:|’

trong d6 e 1a mot hing s6 duong.

Cau III. Xac dinh tat ci cdc ma tran vuong cap 3 giao hoan véi ma tran

0 -1 -1
A=1|-1 0 -1
1 1 2

Cau IV. Cho p(x) va ¢(x) 1a hai da thitc véi he s6 thue, nguyén té cing nhau,
c6 bac duong lan lugt 1a m va n. Gia st r(x) 13 mot da thic véi he sé thyc co
bac nhé thua m + n. Chitng minh ring luon ton tai hai da thic véi hé sé thuc f
va g sao cho deg(f) < n va deg(g) < m va pf +qg = r.
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1.17. MON: GIAI TICH, TRUONG: DAI HOC QUY NHON 15

1.17 Mbon: Giai tich, Truong: DPai hoc Quy Nhon
Cau I. Cho ham s6 kha vi tréen [0, 1] thod man f(0) = 0 va
16]f'(x)] < 4] f (@), vz € [0,1].

Chitng minh rang f(z) =0 tren [0, 1].

Cau II. Cho ham s6 f(z) kha vi lien tuc hai 1an trén R va thod méan f(0) =
0, f/(0) = =2, f(1) = 1. Chting minh réng ton tai ¢ € (0,1) sao cho

f@)f'(e)+ f(c) =0.

Cau III. Chiing minh rang véi méi da thic P(z) bac 1999 ta luon ¢6

1 f 0
[ lt@lar= 50

Cau IV. Ton tai hay khong mot ham s6 f(x) kha vi lien tuc tren [0, 2] va thoa
man f(0) = f(2) =1, |f(x)] <1 v6i moi z € [0,2] va f02 f(x)d:v‘ <1

Cau V. Xéc dinh tat cd cac da thic P(x) véi he s6 thyc thod man phuong trinh

P(z*> 4+ z) = P(z)P(z +1).

1.18 Mbén: Dai s6 , Trudng: Dai hoc An Giang

Cau I. (5 diém) Cho ma tran

4 3 4
A=|—-4 -4 -8
2 3 6

Tinh A2008

Cau II. (5 diém) Cho A la ma tran vuong cap 2009 c6 a;; = max{s,j}. Tinh
detA.

Cau III. (5 diém) Cho A, B € M, (R) thod man
AB —-2A-2B=0.
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16 CHUONG 1. CAC BAI TOAN DE NGHI

a) Ching minh ring AB = BA.
b) Véi A+ B = —E. Chiing minh ring rank(A — E) 4+ rank(B — E) = n.

Cau IV. (5 diém) Cho m la mot s6 nguyen khac 0 va £1, con a;; 1a cic s6
nguyén cho trudc. Hay giai hé phuong trinh sau:

1
—x1 = a1121 + a12x2 + - -+ a1pTy

El“z = 2121 + a22x2 + - - + A2 Ty

L %l‘n = Gp1T1 + Ap2x2 + -+ Applnp

Cau V. (5 diém) Biét ring da thitc P(x) c6 it nhat 2 nghiem thyc, da thuc
P(P(x)) khong c6 nghiém thuyec.
Chitng minh rang tat cd cdc nghiem thyc ctia P(z) déu khac 0 va cuing dau.

1 0
a) Chitng minh riing ton tai ma tran kha nghich P € M, (R) sao cho P~1AP
l& mot ma tran chéo.

b) Gia st P~1AP = (

Cau VI. (5 diém) Cho ma tran A = <a 5) € M, (R) véi 8 duong.

A0 G hé phuong trinh cho béi
0 o

{un+1 = auy + Bo,

Un4+1 = Un

Héy Xac dinh U2009-

1.19 Mbon: Giai tich , Truong: Dai hoc An Giang

Cau I. (5 diém) Cho ham sb f lién tuc trén R va thod man

F@)+ f(ma) = [

Tinh tich phan ffggggﬂ f(x)dz.

Cau II. (5 diém) Cho ham s6 f lién tuc trén [0, +00) v& thod méan

0<3zf(x) <1, Vx € (0,+00).
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3
Chiing minh ring ham s6 g(z) = [ ¢ f(t)dt — 3(me tf(t)dt> 1a ham s6 dong
bién trén (0, +00).

Cau III. (5 diém) Tim tat cd ham f : [0, +-00) — [0, 4+00) thod man
Vo >0, f(f(z)) + f(z) = 2009.2010z.

Cau IV. (5 diém) Cho ham s6 f va f’(r) 1a ham dong bién trong [a, b], ngoai
ra

fla) = 5(a—b); f(b) = 3(b—a).

Chitng minh rang ton tai a, 8, phan bigt trong (a,b) sao cho
f(e).f(B)-f'(v) = 1.

2009 .
Cau V. (5 diém) Chitng minh ring néu l;) m = 0 thi phuong trinh
2009
> a;z’ =0 ludn c¢6 nghiém trong (0,1).
i=0

Cau VL. (5 diém) Cho f la ham lién tuc, duong, giam. Dit
Sp=fn)+fn+1)+ -+ f(n+kn) (kneN).

Chiing minh rang

n+kn

f(n+kn) +/ flz)dz < S, < f(n) +/ f(z)dz.

n n

n+kn

1.20 Mo6n: Toan , Truong: Hoc vién An ninh

Cau I. Cho f(z) 1a ham kha vi lién tuc trén doan [0, 2] va f(1) = 0. Ching minh
rang
2 2
3 2
[ r@pds= 5[ [ s
0 0

Cau II. Cho A, B 1a cac ma tran thyc, vuong cap n thod man A+ B = I (ma
tran don vi). Biét rang rank(A) + rank(B) = n. Ching minh ring

A? = A,B*=B,AB = BA= 0O (ma tran khong)
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1.21 Mon: Toan , Truong: Hoc vién ngan hang

Cau I. Cho P(x) = 2% — 1. Héi phuong trinh
P(P(P...P(x)))=0
———
2009

¢6 bao nhiéu nghiém thyc phan biét?

Cau II. Cho hai day s6 {z,}22; va {y,}°°; thod man

Yn
1=y =V3, py1 =Tn+ V1422, ypy1 = ———— Vn>1
Chitng minh rang 2 < z,y, < 3, Vn > 2.
Ngoai ra chitng t6 rang lim x, = co va lim y, = 0.
n—oo n—oo
1.22 Mbén: Pai s6 , Truong: Dai hoc Hué
-2 —4 1
Cau I. (2,5 diém) Choma tran A= | 2 4 —1|. Chiing minh ring
2 2 1

1. A3 =342 - 24’
2. A" = (2"_1 — 1)A2 +(2- 2”_1)A véi moi n nguyén duong.

Cau II. (2,5 diém) Cho A, B la cac ma tran vuong cap n hé sb thuc sao cho
rank(A) = rank(B).
Chitng minh réng ton tai caAc ma tran vuong kha nghich C, D sao cho AD = CB.

Cau III. (2,5 diém) Cho Ay, ..., A, 1a cdc ma tran vuong cap n vah Aj Ay ... Ay, =
0. Chiing minh rang

rank(Ay) + -+ + rank(Ap) < n(m —1).

Cau IV. (2,5 diém) Chitng minh riing ton tai duy nhét da thiic p(z) heé s6 thic
sao cho

pla) —7/(x) = g =™ + 2008, a>0.

Hay tim da thitc p(x) néi trén (chi y ky hiéu p/(x) dé chi dao ham ctia da thiic

p(x))-
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1.23 Mbén: Giai tich , Trudng: Dai hoc Hué
Cau I. (2 diém) Chiing minh ring ton tai day sb6 thuc duong (z,,), sao cho
xparctanxz, =1, n=1,2,...

Chitng minh rang (x,,), hoi tu va tim gi6i han cta day (z,),.

Cau II. (2 diém) Cho f: R — R 1a mot ham kha vi sao cho hm f(z) = 2009

T—+00

va ton tai ln}rl xf'(x). Tinh hrf zf'(z).

Cau III. (2 diém) Ton tai hay khong ham kha vi lien tuc f : R — R sao cho
v6i moi z € R ta co f(x) > 0 va f'(z) = f(f(x))?

Cau IV. (2 diém) Cho ham f kha vi lién tuc trén [a,b] sao cho f(a) = 0 va
f(x), f'(x) € [0,1] v6i moi = € [0,1]. Chiing minh réng

/b(f(:c))%ogdaz < (b— a)2.

a

Cau V. (2 diém) Cho f la mot ham kha vi dén cap 2 trén [0,1] sao cho
f"(x) > 0. Chiitng minh rang

1 1
2
2/0 (l—t)f(t)dtg/o F(E2)dt

1.24 Mobn: Pai s6 , Truong: CDSP KonTum

Cau L. (2 diém) Cho 3 ma tran vuong cap hai:

d h 1] 6
Q:[ ] :[1 1]’%‘0 [4 2009}
£

qg b
trong dé d, h, q, b 14 bon s6 thuyc thod man (h — ¢)? # (b — d)>.

Diit A = [(QB _ BQ)zoogr_c_ [(QB - BQ)*4} 00 _ [Z; Z;ﬂ Tinh téng

S = Z ;-
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2 00 2 10
Cau II. (2 diém) Chohaimatran A= 1 1 0| vaB={0 1 0
00 2 0 0 2
bat P = A" + B™, n € N\{0}. Tinh det(P).
Cau III. (2 diém) Giai hé phuong trinh
ar1 — bxg — crs + dry = 20092
bx1 4+ axs + dzxs + cxy = 200925
cx1 + dro + axs — bxy = 200923
—dr1 — ¢xo + bxs + axry = 200924
trong dé6 a,b,c,d € R va a > 2009.
Cau IV. (2 diém) Cho hai ma tran
2 2 2
Zd Zs Z
© 3% 57 7P
c d s p ;d u %m %k‘
K= d u m k va T = ,
s m t o 5 5 5
D k o n =S gm t ?0
7 7 7
LA A
of 3% 5% "

véi ¢,d, s,p, k,0,n,t,u,m 1a 10 s6 thuyc tuy y.
Chitng minh ring K va T 1a hai ma tran dong dang.

Cau V. (2 diém) Cho da thic f(x) = 2° — 32* — 1923 + ax? + bz + ¢ thuoc
Z[z].

a) Trong truong hop chia f(z) cho da thic g(z) = 2® — 222 — 52 + 6 duge du
la 1, hay xac dinh a, b, c.

b) Gia sit ring phuong trinh f(z) — 1 = 0 ¢6 4 nghiém nguyén phan biet, hay
chiing t6 phuong trinh f(x) + 1 = 0 khong ¢6 nghiém nguyén nao.
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1.25 Mon: Giai tich , Truong: CDSP KonTum

Cau I. (2 diém) Cho day sb thuc bi chiin (2,,)pen thod man:

Z2009n )=
2009

lim (z, +
n—oo

Tim lim x,.
n—oo

Cau II. (2 diém) Cho f la ham lién tuc trén [0,2009], biét ring ton tai ng €
N, 0 < ng < 2009 sao cho
no
| e -

Chitng minh rang ton tai a € [0,2009] sao cho:

/f dx—/ 1f(:c)dx.

Cau III. (2 diém) Cho f v& g la cac ham xac dinh trén R thod méan

fl@+y)+ flz—y) =2f(2)9(y), Yo,y € R.
Chitng minh rang néu f(z) # 0 va f(x) bi chdn thi |g(y)] < 1, Vy € R.

Cau IV. (2 diém) Cho ham f(z) lién tuc trén [a,b] (a > 0), kha vi trén (a,b).
Chting minh rang ton tai x1, z2, 3 € (a,b) sao cho

fian) = o+ 22

41’2

_’_(a2_’_ab+b2)f%($3)

2
T3

Cau V. (2 diém) Cho f la ham kha vi lién tuc dén cip hai trén [0, +-00) sao
cho f >0, f <0 va f” bi chan trén [0, 4+00). Chfl’ng minh rang

lim /() =

T——+00
1.26 Mboén: Dai s6 , Trudng:
. CL2009 _ b2010 b
Cau I. Cho hai ma tran thuc vuong cap hai A = ( . 42009 _ 02010)

CL2009 _ 02010 c 2010

Cau II. Cho 2009 da thic fj(z) = ao; + a1;& + -+ + ago7,;z2°7 véi j €
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{1,2,...,2009} v& ma tran vuong cap 2009

) AR - f1(2009)
a— | RO @) e f2(2009)
f2000(1)  f2000(2) -+ f2000(2009)

Hay tinh det(A).
Cau I1II. Giai hé phuong trinh sau day

To+x1 + T2+ -+ 29009 =0
200920 + 201021 + (2008 + 22)z9 + - - - + (2008 + 22009) 29009 = 0
2009z + 2011z + (2008 + 32)$2 +---+ (2008 4+ 32009)$2009 =0

2009x¢ + 401821 + (2008 + 2010%)z5 + - - - + (2008 + 2010%209) 29999 = 0

2 3 5
CaulV.Chomatran A= | 3 10 15 |. Goi n la s6 tu nhién 16n hon 1 sao
-2 -6 -9

cho A™ c6 3 gia tri rieng phan biét k1, ko, k3. Hay tim tong S = (k1 + ko + k3)20%.

Cau V. Tim tat ca cac da thitc P(r) thod méan
Plz + P(y)] + 2 = [P(y) + 2]> + P(—x)

véi moi x,y € R.

1.27 Mon: Toan , Truong:
Cau I. Cho A € M, (R thoa man: A + AT = 0. Chitng minh ring

det(I + aA?) > 0Va € R.

Cau II. Cho A € My(R) thod man A% = I;. Tinh det(A + I).

Cau III. Cho A, B € M,,(R) thod man AB + A + B = 0. Chting minh ring

RankA = RankB
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Cau IV. Cho A, B € M, (R) thoa mén trace(AAT + BBT) = trace(AB+ AT BT).
Chitng minh ring A = BT,

Cau V. Giai phuong trinh

X3 3x2 = <:§ :;) , X € Ma(R)

Cau VI. Cho P(x) la da thitc bac n véi he s6 thyc c6 n nghiém thyc phan bigt
khac 0. Chiing minh ring cac nghieém ctia da thitc: Q(z) = 22P"(z) + 3z P'(z) +
P(z) la thyc va phan biét.

1.28 Mon: Giai tich , Trudng:

Cau I. Cho day s6 (2 )nen xac dinh béi cong thiic

on= (14 )1+ ) (14 )

Tinh gi6éi han lim z,,.

n—oo
Cau II. Cho day s6 (z5,)nen bi chan va thod man
T2 < §$n+1 + gxn, v6i moi n > 0.

Chitng minh rang day (2, )nen hoi tu.

Cau III. Cho ham s6 f : (0, +00) — R c¢6 dao ham cap hai lién tuc va thod man
diéu kien

| () + 22 f(z) + (1 + 22) f(2)] <2008, véi moi x € (0, +00).

Chiing minh rang
lim f(z)=0.

T—-+00

Cau IV. Tim tat cd cadc ham s6 f : [0,1] — R lién tuc va thod méan diéu kien

sau:
1 1 rz+1 x + 2007

f(x):m[f(m)+f(2008)+'“+f( 2008

)],
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vl moi z € [0, 1].

Cau V. Ching minh rang

Vor
/ sin z2dx > 0.
0

Cau VI. Tinh tich phan sau

1.29 Mobn: Pai s6 , Truong: CDSP Bic Ninh

Cau 1. Cho day s6 (a;) (i =1,2,3,...) dugc xac dinh bdi cong thiic

a] — 1, as = -1
Ap = —Qp_1 — 202 n=3,4,...

Tim gia tri biéu thitc A = 2a3y55 + a2008-a2009 + @3000-

Cau II. Cho ham s6 f : R — R xac dinh béi y = f(x) = 1999% + 19992~%. Véi
gid tri nao clia a thi ham y = f(z + a) 1a ham s6 chén.
Cau III. Cho day s6 () xac dinh nhu sau:

1 2 n

Tim lim (Inz,).
n—oo

Cau IV. Tim tat cd cac ham s6 f : R — R lién tuc thod méan cac diéu kien
f@®) + f(x) =2* +x, Vr€R.
6(3a + 2b)

5(n+2)
phuong trinh sau: 3asin™ x + 2bcos™ x + ccosx + ¢ = 0 ¢6 nghiém thudce (0, g)

Cau V. Cho a,b,c € R, n € N* sao cho ¢ = — . Chitng minh rang
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1.30 Mbén: Giai tich , Trudng: CDSP Bac Ninh

Cau I. a) Cho 2 ma tran
1 2 4 1
=3 ()
Tinh AB — BA.

b) C6 hay khong 2 ma tran A, B vuong cap n thod man AB — BA la ma tran
don vi.

Cau II. Giai hé phuong trinh tuyén tinh sau

rT1+rot--txy, =1
a1z1 + asxo + -+ + apnTy, = b
a3z + a3z + -+ 2z, = b2

-1 —2 _ _
al xi 4 ay “ro+ -+ ap e, =01
voia; (i=1,2,...,n), bla cic tham s6, cac he s6 a; doi mot khac nhau.

Cau III. Cho A 1a ma tran vuong, ky hiéu I 1a ma tran don vi cing cap. Chiing
minh ring

a) Néu A2 =0 thi I + A va I — A la hai ma tran kha nghich ctia nhau.

b) Néu c6 s6 nguyén duong n dé A® = 0 thi I + A vd [ — A 1a cidc ma tran
kha nghich.

¢) Néu P, @ la hai ma tran vuong cung cap thod man PQ = QP va ton tai
hai s6 nguyén duong r, s thod man P" = Q° = 0 thi ma tran I + P + Q 1a kha
nghich.

Cau IV. Cho ma tran A va ki, ko 1a 2 gia tri riéeng phan biét. Gia st ai,as la 2
véc to rieng lan luot tuong tng véi ki, ke. HOi oy + i ¢6 1 véc to rieng clia A
duge khong?

T, + X2 1 1
Cau V. Cho ma tran A = 1 To + T3 1 , trong d6 x1, 29,73 1a
1 1 r3 + T

3 nghiém ctia da thitc f(z) = 23 + az + 2009.
a) Tinh detA.
b) Tim a dé ma tran A c6 mot gia tri rieng 1a 2009.
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1.31 Mbén: Dai s6 , Truong: Dai hoc Ngan hang Th-
pHCM

Cau 1. Cho ma tran

1
A=|1
0

= o O
o O O

Tinh A?°%. Cau 2. Cho hé phuong trinh phy thudc tham sé a # 0

azxo + a’x3 + - + a?8xo009 = 1
LU+ agwg + -+ - + a?%m9009 = 1
a§01()7 + a§0206 + -+ aw09 = 1

11 Z2 .. %2000 —
o2008 + gzoor + + = 1

Cau 3. Tinh dinh thic cap n sau

0 = = r oz
Dy (z,y) = det 0 @ v
Y Y Yy ooy 0

Cau 4. Cho A 1a ma tran vuong cap 2 c6 cac gid tri rieng A\j, Ao € (—1,1).
Chitng minh rang
(I—A) " P=T+A+A%2 4. 4 A" +...

Cau 5.Cho ma tran A = (a). Chiing minh rang néu A khong kha nghich thi c6
thé thay a;; bdi 0 hoic 1 dé dugc ma tran méi kha nghich. Cau 6. Cho da thiic

f(z) > 0Vz € R va deg f = n. Chitng minh rang

n

> f®(z) >0, vr eR.
k=1
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1.32 Mbon: Giai tich, Truong: CDSP Ha Tay

Cau 1. Cho ham s6
/A | :
x*sin = khi x #0
flz) = .x
0 khi z=0.

Cau 2. Tinh tich phan

[ME]

B (cos )20y
1=/

cos x)2009 4 (sin x)2009

Cau 3. Cho n s6 duong x1, z2,. .., z,. Chitng minh ring
T1+Ta+ -+ 2 n
nznxlxg...;rnz 1 1 I
" i N

Cau 4. Chiing minh rang

1
V2ne

Cau 5. Cho hai ham s6 f:[0,1] — [0,1], g : [0,1] — [0, 1].

1
/x"\/l —xdr <
0

1, Chitng minh ring g c6 diém bat dong.
2. Biét rang f 1a ham don di¢u va f(g(z)) = g(f(z)) Vz € [0,1].
Chiing minh réng ton tai x¢ € [0,1] sao cho f(zg) = g(zp). Cau 6. Tinh

1l T 27 . (n—=1)m
lim —(sm—#—sm——k-”—i—smi).
n n n

n—oo n

1.33 Mboén: Dai s6, Truong: DHSP Ha Noi 2

Cau 1. Chiing minh rang ma tran

12009 1
A=1{2009 1 2009
12009 1
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c6 mot gia tri rieng duong va mot gia tri rieng am. Cau 2. Chiing minh rang ton

tai ma tran thuc cAp n x n thoéa man
A% 4 2A +5I =0.

Cau 3. Cho A, B 13 2 ma tran thyc cap 2 x 2 théa man

A2=B?>=] AB+ BA=0.

Chttng minh ring ton tai ma tran khong suy bién T sao cho

4 (10 (01
rar-t— (1 0). oz (0 1)

Cau 4. Cho M la ma tran thuc cap 3 x 2, N la ma tran thyc cap 2 x 3, thoa

manewcommand
8 2 -2
MN=1|2 5 4
-2 4 5
Tinh NM.

Cau 5. Cho da thitc P;(x) = 22 — 1. Dinh nghia
Pyi1(x) = P (Py(x)), Yn > 1.

Xac dinh s6 nghiem thuc ctia da thic Paggg().
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