Dung don di¢u dé giai phuong trinh vo ty
Nguyén Anh Huy — 10 CT THPT L& Hong Phong TP HCM

Trong nhitng bai toan giai phuong trinh vo ty thi ding don diéu caa ham sé 1a mot phuong phép
manh va thuong cho ta loi giai dep. Bai viét nay sé& gidi thieu mot sb g dung caa phuong phap
trén. Khi trinh bay mdi bai toan, chiing t6i déu viét theo trinh ty Y tuong - Loi giai — Kinh
nghiém, véi mong muédn cho ban doc c6 mét cai nhin sau hon vé cach tu duy va kinh nghiém
giai toan.

o Dinh ly 1: Néu ham sé y=f(x) luon dong bién (hozc nghich bién) va lién
tuc trén D thi s6 nghiém trén D ciia phuong trinh £ (x) = k khéng nhiéu hon
motvavx,yeD: f(x) =f(y) @x=1y.

o Dinh ly 2: Néu ham sé f(x) va g(x) don diéu nguoc chiéu va lién tuc trén D
thi s nghiém trén D caa phuong trinh f(x)=g(x) khéng nhiéu hon mot.

o Dinh ly 3: Néu ham sé f(x) ludn dong bién (hoic lubn nghich bién) trén D
thi f(x) > f(y) & x > y (hoac x < y).

Bai 1: Giai phuong trinh V3x + 1 + Vx + V7x + 2 = 4 (1.1)

** ¥ neong: VT toan dau cong nén ta hi vong day 1a 1 ham dong bién theo x. Khi
do6 theo @inh Iy 1, (1.1) c6 nghiém duy nhat (dé thiy do 1a x=1).

** Loi giai:

o N , A 3 7 1
PAtVT (L1) A (). Tacd f'(x) = ==+ (1+ 2«7x+2)'sz+ —>0Vx

Vady fx) =4=f(1) ex=1
Thir lai ta thay x = 1 thoa (1.1). Vay (1.1) c6 tap nghiem S = {1}m



** Kinh nghiém: Véi nhitng phuong trinh phuc tap viéc du doan va chirng minh
nghiém duy nhat 12 rat quan trong. Bang don diéu ta da cd 1oi giai dep cho (1.1).
Nhung day chi la 1 bai co ban.

Bai 2: Giai phuong trinh x3 — b = ai/ax + b (2.1) véi a > 0 (x la 4n)

** Y twong:

VT c¢6 bac 3 va bac 0, VP c6 bac % lam ta nghi tGi viéc dua 2 vé vé ham sé ¢ dang
f(t) = mt3 + nt. D& y mot cht, ta thay hang tar x3 ctia VT c6 bac cao nhat nén
tuong ung vai mt3 trong f(x), vay m = 1. Tuong tu, hang tr al/ax + b & VP ¢
bac thap nhat nén tuong tng vaéi nt trong f(x), vay n = a. Tir d6 ¢6

f(t) = t3 + at. Vay ta can dua (2.1) vé dang
x—uwi+alx—w=ax+b+aVax+b (2.2

Tiép tuc phan tich, ta thiy VT khéng xuat hién x2 nén c6 ngay u = 0, vi néu
u # 0 ta khong thé khir hang tir 3ux?.

Nghia I (2.2) © x3 + ax = ax + b + a/ax + b. D& thay chi can cong ax + b
vao 2 vé cua (2.1) la ta c6 (2.2). Cong viéc dén day tro nén don gian.

** | oi gidi: (11) @ x> —b+ax+b=ax+b+aVax+b

& f(x) = f(Max + b) (*) v6i f(t) = t3 + at.

Céa> 0= f(t) ddngbiéntréenR, nén (*) @ x =Vax+b o x3 =ax+b
Day chinh la phuong trinh bac 3 dang co ban. m

** Kinh nghiém: Bai toan trén cho ta mot cach nhin so lwoc vé don diéu ham s,
trong d6 phan quan trong nhat 1a xay dung ham va dung nhiing danh gia thich hop
dé tim ra hé s6. Chiing ta ciing c6 thé mo rong hon mot chit:

Bai 2*) Giai phuong trinh x™ — b = aVax + b véin € N,nlé vaa > 0.

Bai 3) Giai phuong trinh 8x3 — 36x2 4+ 53x — 25 = ¥/3x — 5 (3.1)



** ¥ eong: Cling nhu bai 1, do VT ¢6 bac 3 con VP ¢6 bac § nén ta can dua 2 vé

vé biéu thuc dang £ () = mt3 + nt. D& y ring hang tr 3/3x — 5 & VP c6 bac thap
nhat nén twong ng vai nt trong f(t), vy n = 1. Luu y rang 8x3 = 8(x3) = (2x)3
nén ¢ day ta phai xét 2 treong hop, m = 8 hoac m = 1.

e Néum =1:= f(t) = t3 + t. Do d6 can dua (3.1) vé dang
Qx—uw)d+Q@x—-u)=3x-5+V3x—5
& 8x3 +x2(—12w) +x(6u: —1) —ud —u+5=3V3x -5
Pong nhat hé sé véi VT cua (3.1) ta duoc
—12u = -36

6u?—-1=53 ©u=3
—u3—u+5=-25

Viy truong hop m=1 da cho két qua, do d6 khéng can xét m=8.
** Loi gidi:
(3.1) © 8x3 —36x% +54x —27+2x—3=3x—-54+Y3x—5
o (2x-33+2x—3=3x—-5+V3x—-5
o fx—-3)=f(3x=5)QR2 Vi f(t) =t3 +t

Ta c6 f(t) ddong bién trén R do d6 (3.2) @ 2x —3 =33x—5

5J_m/§} =

(:(2x—3)3=3x—5(:)8x3—36x2+51x—22=0(:>xe{2; -

** Kinh nghiém: Déi khi ta can tinh y trong viéc xay dung ham, nhu trong bai trén
hé s bac cao nhat cé thé 1a 8 hoac 1. Mot vi du khac:

Bai 3*) Giai phuong trinh 4x3 + 18x% 4+ 27x + 14 = Y4x + 5
Luu y rang 4x3 = 4(x3) = %(Zx)3 do d6 ta ciing can xét 2 truong hop.

Bai toan trén ciing c6 thé giai bang cach dit /4x + 5 = 2y + 3 dé dua vé hé ddi
xuang loai 2.



Nhitng budc phan tich trén nhin tuy dai nhung khi da quen rdi thi ta c6 thé tinh rat
nhanh.Tuy nhién, trong mot sb bai toan, ham f(t) cia ta khong dong bién trén R
nhung ta ¢ thé chi can xét don diéu trén mién xac dinh D.

Bai 4) Giai phuong trinh 9x? — 28x + 21 = Vx — 1 (4.1)

** ¥ eong: Ta xdy dung ham £ (t) = mt? + nt. Bé y rang hang tir vVx — 1 & VP
c6 bac thip nhat nén tuong tng véi nt trong f(t), do d6 n = 1. Nhu bai 2, ta ciing
phai xét 2 treong hop m = 9 hoac m = 1.

e Néum =9:= f(t) = 9t? + t. Can dua (3.1) vé dang
Ix —u)’4+x—u=9(x—-1)+vx—1
e 9x?+x(-18u—-8)+u*—u+9=Vx—-1.

DPong nhét hé sé ta dugc:

. .
wout+9=21 T lyeqzy

18u — 8 = —28 u==
el
e Néum =1:= f(t) = t?> + t. Can dua (3.1) vé dang
Bx—w?+3x—u=x—-1+vVx—-1
& 9x% + x(—6u + 2) + u? —u+ 1 = Vx — 1. Bong nhat hé sb ta dugc

(fut2=-28 ., _g

uwr—u+1=21

Pén day co 18 bai toan da duogc giai quyét, nhung that ra “chong gai” con & phia
truéc: (4.1) © 9x? —30x +25+3x—5=x—-1++vVx—1

o f(Bx —5) = f(Vx —1) (4.2) voi f(t) =t + t.
() Luu y rang £ (t) = t? + t chi dong bién trén (— %; +00) va nghich bién trén

(—oo;—%), honnitavx —1>0 > —%.

Nhu vay tachico (42) & 3x —5=Vx— 1khi3x—52 —- o x >

N | W
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Conl1<x< 3 thi sao? Lai d€ y rang ham so bac 2 cling c6 cai hay ctua nd, do 1a
(—t)? = t2. O trén, dya vao hé sb bac cao nhat 13 9, ta chi mégi xét

t =3x —unénbaygiotasé xétt = u — 3x:
Candua (4.1) védang (u —3x)’+u—-3x=x—14++Vx -1
S +x(—6u—4)+ut+u+1 =\/x—1.£)6ng nhit hé sd:

{—6u—4:—28 — 4

u2+u+1=21@u
Kiémtralai:Céx<%@4—3x>—%dod()ch(_)nu=4.

Pén day bai toan méi thuc su duoc giai quyét.

** Lol gidi: PKXD: x > 1

. Néux2%:=>3x—52—%
Tac6(31) e B3x—52+Bx—-5)=@x—-1)+vVx—1
& fBx—5)=f(Wx—1)voif(t) =t> +t

& 3x — 5 = Vx — 1 (do f(t) ddng bién trén (—3; +0))

v

3x—-5>0 X

5
(Bx—5?%=x-1°7 13
X =X X € {2,?}

& x = 2 (thoa BPKXD)
X 3 1
° Neu1§x<5:=>4—3x> _E(*)
(4.1)@(4—3x)2+4—3x=x_1+m
©f4—-3x)=f(Nx—1D)Voif(t) =t> +t

& 4 — 3x =+/x — 1 (do f(t) dong bién trén (—%; +00) va (*))



N

@J b-3>0 @J <3 25T
(4—-3x)2%=x-1 25+v13 ° " 18
\ X E€i—7g

Vay (3.1) c6 tap nghiém S = {2; 25;@} n

** Kinh nghiém: Can linh hoat trong viéc xay dung ham sd, nhat 1a déi véi ham
bac chan.

Ta ciing c6 thé giai bai toan trén bang cach dat vVx — 1 = 3y — 5 dé dua vé hé doi
xang loai 2.

Bai 4) 3x3 — 6x% — 3x — 17 = 33/9(—3x2 + 21x + 5) (4.1)

** ¥ ieong: Nhu nhitng bai trude, dau tién ta thir dua 2 vé vé biéu thire dang
f(t) = 3t3 + 3t. (4.1) tré thanh:

3(x —u)® + 3(x —u) = 9(—3x% + 21x + 5) + 3/9(—3x2 + 21x + 5)

& 3x3 + x2(—9u + 27) + x(9u? — 186) + (—3u3 — 3u —45) =
31/9(—3x2 + 21x + 5)

‘ ’ ’ —9u + 27 = —6
Pong nhit hé sé véi VT(4.1) ta dugc 9u? — 186 = —3
—3u3 —3u—45=-17

D& thiy hé nay vo nghiém. Vay ta khdng thé xay dung ham nhu binh thudong. Bé y
rang nguyén nhan dan dén viéc nay la vi hé s6 cua 9(—3x? + 21x + 5) qua Ién,
can tré viéc ddng nhat hé sb. Vay ta hdy thir xay dung ham theo mot huéng khac:

Nhan 9 cho 2 vé cua (4.1) ta dugc

(4.1) © 27x3 — 54x% — 27x — 153 = 273/9(—3x2 + 21x + 5) (4.2)

Bay gio ta s& dua 2 vé vé biéu thuc dang f(t) = t3 + 27t (do biéu thic chira cin
c6 hé s6 1a 27, hang tir bac cao nhat 1a 27x3 = (3x)3). (4.2) tro thanh:

(Bx —u)® +27Bx —u) = 9(=3x% + 21x + 5) + 273/9(—3x2 + 21x + 5)



& 27x3 + x%(—=27u + 27) + x(9u? — 108) — 27u — u3 — 45
= 273/9(=3x2 + 21x + 5)

‘ , , —27u + 27 = —54
DPong nhat hé so ta duoc 9u? -108=-27 <©u
—27u —u® — 45 = —153

3

Bai toan duoc giai quyét.

** |_oi gigi: Nhan 9 vao 2 vé ta cd phuong trinh:

& (3x —3)3+27(3x —3) = 9(—3x% + 21x + 5) + 273/9(—3x2 + 21x + 5)

& f(3x —3) = f(Y9(=3x2 4+ 21x + 5) ) vai f(t) = t3 + 27t

& 3x —3=39(-3x2 + 21x + 5) & (3x — 3)° = 9(—3x2 + 21x + 5)
©3(x-1)3=9(-3x*+21x+5) o 3x3 - 6x2-11x -8 =0
Dbay chinh la phuong trinh bac 3 dang co ban. m

** Kinh nghiém: C6 thé ban s& thiac mac tai sao lai nhan 9 ma khéng phai 1a sé
khac. That ra diéu nay da duoc dé cap dén roi. Khi xay dung ham

f(t) = mt3 + 3t, ta thuong nghi ti 3x3 = 3(x3) nén cho m=3 ma quén rang con
c6 3x3 = %(3x)3 (truong hop nay that ra hiém gap). Nhu vay f(t) ciing c6 thé 1a

3 ~ I
% + 3t. Viéc nhan 9 chi don gian la khir mau so.

Chung ta da lam quen véi nhitng bai phuong trinh téng, hay thir xem xét mot sb
bai phuong trinh tich.

Bai 5) Giai phuong trinh x3 + 3x2 +4x + 2 = (3x + 2)V3x + 1 (5.1)

** Y tugng: thoat nhin thi VT c6 bac 3, VP ¢6 bac % nén kho co thé ding don diéu.

Nhung néu & VP ta coi y = +/3x + 1 la an thi VP ciing la bac 3 theo y. Cu thé, can
phan tich 3x + 2 = m(3x + 1) + n (*), khi 46 VP c6 dang my3 + ny. D& thay tur
(*)congaym =n = 1.



Cong viéc con lai 1a dua VT vé dang (x — u)? + x — u 14 ta c6 thé dung don diéu.
Ddng nhit hé s ta duoc u = —1.

** Lo gial: DKXD: x 2 —3

Bl e @+ +x+1=0Cx+1+ D3+ D =(3x+1) +V3x+1
S fx+1D)=f3x+Dwift)=t3+t

©x+1=+v3x+1 e x € {0;1} (thoa bKXD)

Vay (4.1) cé tap nghiém S = {0; 1} m

** Kinh nghiém: Véi nhitng bai phuong trinh tich can linh hoat trong viéc doi bién
va xay dung ham dé co thé dua vé phuong trinh dang chinh tac. Mét sb bai nhin
vao rat “khung” doi hoi ta phai binh tinh phan tich. Hay nhé ta luén cé gang phan
tich biéu thiic bdc I6n theo biéu thizc bdc nhé.

Bai 6) 3x(2 +V9xZ +3) + (4x + 2)(V1+x +xZ + 1) = 0 (6.1)

** Y tudng: Nhin qua su sap xép cua bai toan, ta thay VT 1 tong 2 biéu thic dang
f(t) = (mt + n)(p + Vat? + bt + ¢ ). 1 cach ty nhién, ta hi vong biéu thtc trén
c6 thé cho ta ngay dang chinh tac dé ding don diéu.

Pau tién dua mdi biéu thac vé 1 vé;
Gl e @rx+2)(VI+x+x2+1)=-3x(2+V9xZ+3) (6.2

Ta khong thé c6 3x = m(9x? + 3) + nx + p vi biéu thuc trong cian c6 bac 16n
hon biéu thirc & ngoai. Nhu kinh nghiém ¢ bai 5, ta s& lam nguoc lai, nghia la phan
tich biéu thizc bdc I6n theo biéu thizc bdc nhé.

Taco VP (6.2)= —3x (2 +/(=3x)2 + 3 )

Ta hi vong VT (6.2) ciing c6 thé dua vé dang f(t) = t(2 + VtZ + 3)

Mot cach ty nhién, dé xuat hién sb 2 trong f(t) ta bién doi:

VT (6.2) = 2x + 1)(V4x2 + 4x + 4 + 2)



D& thiy 4x? + 4x + 4 = (2x + 1)? + 3. Vay ta di xay dung ham thanh cong.

Tuy nhién ham sé f(t) c¢6 f (t) = 2 + =—= nén c6 thé d6i chiéu don diéu, do do

\/7
ta phai c6 thém 1 nhan xét: (5.1) chi c6 nghiém trong [— 5; 0]. Bén day bai toan

thuc su duoc giai quyét.

** Loi giai: Néux > 0 hoge x < —3 thi (6.1) vo nghigm. Vay ta xét x € [— ;0]
Taco (6.1) & (6.2)

e 2x+1) (2 +J/x + 1) + 3) = (=3x)(2 +/(=3x)% + 3)

& fQx+1) = f(=3x) Vi f(t) = t(2 +VtZ +3) (6.3)

26343t 1 A
Dof(t)—2+w>0\7’te(—5,1)nen

63) o 2x+1=-3x & x = —% (chon)
A 2 oA . 1
Vay (6.1) co tap nghiém S = {_E} |

** Kinh nghiém: Pay 1a mot bai toan hay va khd, doi hoi phai ¢d ki nang bién doi
linh hoat. Ta ciing c6 cach giai gan gii hon, khéng can ding dao ham nhu sau:

(61) & (2x +1) (2 +/@x + D2 +3) = (-30)2 +/ (=307 +3) (¥)

e Néuxe (—%;—g) 3x < —2x—1<0= (3x)2 > (2x + 1)2

=52+/(Bx)2+3>2+/Q2x+1)2+3=VT(*)<VP (¥

4 1 1. > - , ~ ~ Cn
e Néuxe€e [_E; _E) lam tuong tu ta cting co PT trén vo nghiém.

e Néu= —% : Ta thay thoa (5.1). Vay (5.1) c6 S = {— %}I



1) 263 —x2+V2x3 —3x+1=3x+1+Vx+2
2) Va3 —1+3V2x—1=4—x

3) 8x2+2)x+(x—6)V5—x=0

4) 2871 — 2%° 7% = (x — 1)?

5) Y6x +1=8x3—4x—1

2 _ el
6) 8x-+6x+1= x2x]

7) —2x3 +10x% — 17x + 8 = 2x%3/5x — 13




