DIENDANTOANHOC.NET HAM Sé LUYEN THI DAI HOC

CUC TRI HAM SO
Dinh nghia: Ham s6 f(z) xac dinh tréen D C R
Diém x, € D dugdc goi la diém cuyc dai ctia ham s6 f (z) néu ton tai mot khoang (a;b) C D sao
cho x, € (a;b) va f (z,) > f (z),Vx € (a,b) \ {z,}
Diém z; € D dugc goi la diém cyc tiéu clia ham s6 f (r) néu ton tai mot khoang (a;b) C D sao cho

x1 € (a;0) va f(z1) < f(z),Vx € (a,b) \ {z,}

Cach xac dinh diem cuc tri ctia ham so:
Dé xac dinh dude cac diem cuc dai, cuc tieu ctia ham sé cac em can nam chic ba dinh 1i sau:

Dinh 1y 1: (Diéu kién can dé ham sb c6 cuc tri)

Néu ham s6 f (r) dat cyc tri tai diém x, va ham s6 c6 dao ham tai x,, thi f’ (z,) =0
(Tuy nhién ham s6 c6 the dat cuc tri tai mot diém ma tai d6 ham s6 khong c6 dao ham, chang han
v6i ham y = |z|, dai cuc tri tai z, = 0 nhung khong c6 dao ham tai do)

Dinh Ii 2: (Diéu kign di dé ham sb c6 cyc tri)

- Néu f'(z) < 0,Vx € (a,x,) va f' (z) > 0,V € (z,;b) thi f(z) dat cuc tiéu tai z, (Dao ham do6i
dau tir am sang duong khi qua x,)

T |a T b
y | - 0 +
Yy ¢ a

Yer

Ta no6i, do thi ham s6 c6 diém cue ticu 1a M (z,, yor)
- Néu f' (z) > 0,Vz € (a,2,) va f' (z) < 0,Vx € (z,;b) thi f (z) dat cyc dai tai z,
(Dao ham ddi dau tit duong sang am khi qua z,)

a T b
Y + 0 —
Ycbp
Y f ¢

Ta n6i do thi ham s6 c6 diem cyc dai 1a M (2,; yop)
Chu y: Khong can xét ham s f (x) c¢6 hay khong dao ham tai =z,
Vi du: Ham s6 :

=" Néu z € (—o0;0) ,  [—1<0 Néuz e (—0;0)
YTl 2 Néuz e (0;+00) | 1>0 Néuze€l0;400)

Neén ham s6 dat cuc tidu tai z, = 0.
Dinh i 3:

- Néu f'(z,) = 0 va f"(x,) > 0 thi f (z) dat cuc tiéu tai z,
- Néu f' (z,) = 0 va [ (z,) <0 thi f(x) dat cuc dai tai z,
Tu dé cac em c¢6 cach xac dinh cue tri nhu sau:
Bude 1: Tinh dao ham ¢/, tim nhitng diém ma tai d6 ¢’ = 0 hoic 3’ khong xac dinh

Page 1



O

DIENDANTOANHOC.NET HAM S LUYEN THI DAI HOC

Buée 2:
Cach 1: Xét dau y’ dya vao dinh 1f 2 dé két luan diém cuc dai, cyc tiéu (Thudng dimg cach nay)
Cach 2: Xét dau y” (z,) (z, 1 nghiem ctia y’) dya vao dinh 1i 3 dé két luan
Cha §: Ham s6 phan thiic bac nhat trén bac nhat
ar +b , ad—bc

cx+d Y (cx + d)?

DAu ctia dao ham khong phu thudc vao x, hay doc lap véi x nén ham s6 luon dong bién hodc luon
nghich bién trén cac khodng xac dinh ctia n6. Do d6 ham s6 luon khong c6 cuc tri.

B — Giai toan
I - Bai toan cuc tri véi ham da thitc bac ba:
Kién thtc bo sung:

y=ar’+br*+cr+d (O)=y =3ax®+2bx+c(a#0)

S6 lugng diém cuyc tri:

- Néu y’ = 0 ¢6 hai nghiém phan biét (A > 0) thi ham s6 ¢6 hai cic tri (mot cyc dai va mot cuyc
ticu)
- Néu y’ = 0 c6 nghiém kép hodc vo nghiem (A < 0) thi ham s6 khong c6 cyc tri.
Nhu vay khi dé bai héi cac cau héi nhu: Tim m dé ham sb ¢6 cuc tri hodc ¢ hai diém cuc tri hoac
c6 mot diem cye dai va mot diém cyc tiéu. .. thi diéu kién tuong duong déu 1a y’ = 0 c¢6 hai nghiem
phan biét.

Duong théng qua hai diém cyc tri

Trong trudng hop ham sé ¢6 hai diém cue tri, ta viét duge duong thang di qua hai diém cye tri
nhu sau:
Budc 1: Thyc hién phép chia da thic: y = ax® + bx® + cx + d cho 3y = 3ax® + 2bx + ¢ duge thuong
14 ¢ (z) va phan du la 7 (z) = mx + n, ta dugc:

y=y.q(x)+r(z)

Bu6e 2: Chiing minh dudng thing (d) : y = r () = ma + n 1 dudng thing di qua hai diém cyc tri.
Gia stt hai diém cyc tri 1a M (z1;y1), N (22,92) (Cht ¥: 21, 75 13 nghiem ctia ¥/ nén ¢/ (z,) = ¢/ (x2) =
0)
Khi d6 M, N thuoc (C'), do do:

y1 =y (x1).q(x1) +7r(z1) =r(z1) = y1 =mz;1+n= M € (d)

yo =y (22).q (x2) + 7 (23) =7 (22) = yp =maz+n= N € (d)

Tiic 1a (d) 1a duong thang di qua hai cue tri.
Cht y: Trong mot s6 truong hop dic biet y' = 0 ¢6 "nghiém dep" titc 1a c¢6 thé tim cu thé toa do
cac diém cite tri thi khong nén may moc viét phuong trinh céc diém cyce tri nhu trén ma néu can thi
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ta sit dung cach viét phuong trinh dusng thang qua hai diém A (z1,v1), B (v2, 12)

Tr— T _ Yy—1u
To — X1 Y2 — U1

Vi du 1.1: (DH An Ninh - 2000)
Cho ham sb: y = 23 — 322 + 2. ( Q).
Tim a dé diém cuc dai cuc tiéu ctia do thi ham s6 ndm vé hai phia ctia dudng tron:

() : 2® +y* — 2ax — day + 50> — 1 =0

Phan tich:

D@ giai quyét duge mot bai toan bat ki cac em can hiéu duge hét cac thong tin trong bai toan. Ching
han véi bai toan trén dé toan c6 nhac dén cuyc tri, dudng tron va vi tri tuong déi clia cuce tri va dudng
tron (nidm vé hai phia) thi cdc em can biét cyc tri 1a gi, x4c dinh cyc tri nhu thé ndo? Cho phuong
trinh dudng tron thi xac dinh duge nhitng yéu t6 gi? Xét vi tri tuong d6i nhu thé nao? (c6 nhiéu em
khong hiéu nam vé hai phia ctia dudng tron 1a nhu thé nao!! D6 1a phia trong va phia ngoai nhé)
(Nhitng thao tac trén rat hitu ich khi cac em gip nhiing bai todn c6 cach hai la)

- Ham s6 ( C) khong chita tham s6, titc 1a ta c6 thé tim dugc cu thé toa do diém cyc tri. Nhu vay
yéu cau bai toan chi con 1a bai toan 16p 10 :"xét vi tri tuong déi ctia diém cho truée véi duong tron"
- Da biét phuong trinh duong tron (), do d6 ta tim duge tam I va ban kinh R ctia né (nhic lai:
diém M nam trong dudng tron khi /M < R, diém M nam ngoai khi IM > R)

- Gia stt hai diém cyc tri 13 M, M, ndm vé hai phia ctia (o) phai chang ta phai xét hai truong hop:
TH1: M; ndm trong (IM; < R < IM,*> < R*> & IM,*> — R*> < 0) , My nam ngoai (IMy > R <
IMy* > R? & IM,* — R? > 0) TH2: M, ndm ngoai (IM, > R < IM,* — R?> > 0), M, nam trong
(IMy* < R? < IMy* — R?* < 0)?

Chu ¥ rang hai truong hop trén tuong duong véi diéu kien IM;% — R? va IM,* — R? trai du tic 1
Diéu kién théa man yeéu cau chi can: (IM;* — R?) (IM,* — R?) < 0.

Loi giai
TXD: D =R
Béng bién thién:
x| —o0 0 2 —+00
2 +00
Yy a ¢ /
—00 —2

Do thi ham 6 c¢6 diém cuce dai 1a My (0;2)va diém cye ticu 1a My (2; —2)

Duong tron (a) : 2% + y* — 2ax — 4ay + 50> — 1 =0

& (x—a) 4 (x —2a)* =1 ¢6 tam I (a,2a) va ban kinh R = 1

IMy = (—a;2 —2a) = IM> = a® + (2 — 2a)* = 5a® — 8a + 4

IMy=(2—a;—2—2a) = IMy® = (2 — a)® + (~2 — 2a)” = 5a® + da + 8

Ta c6: Mot diém M bat ki niim phia trong dudng tron («) thi IM < R < IM? < R? < IM?—R? < 0
Tuong tu: diem M nim phia ngoai (o) thi IM > R < IM? > R* < IM? — R*> > (

Do d6, dé diém cuc dai va diém cuc tiéu ctia do thi ham s6 nim vé hai phia ctia dudng tron thi
(IMy* — R?) (IMs* — R?) <0

& (ba’—8a+4—1)(5a’+4a+8—1) < 0& (5a® —8a +3) (5ha? +4a +T7) < 0 (*)
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2
Ta thay: 5a% +4a +7 = (a\/g—l—\%) —i—% >0

Nen (¥)& 50 —8a+3<0& 2 <a<1

Vay v6i 2 < a <1 thi thoa man yeu cau dé bai.

Nhan xét:

- Néu bai toan nay la bai toan phu ctia bai khéo sat ham s6 thi budc tim cac diém cuc tri 1 khong
can thiét

- Bat phuong trinh (*) 1a bat phuong trinh tich c6 thé gidi d& dang bang cach lap bang xét dau ngay
ca trong truong hgp khong khang dinh duge mot nhan tit da duong hay am nhu bai toan trén.
(Thuc té cho thay nhiéu em c6 kién thitc khong chic khi nhin thay (*) c6 vé "khing khiép" qua ma
bé cuoc!!!)

- Trong 15i gii trén néu tinh § phat hien ra IMs? = 5a% + 4a + 8 > R (= 1) thi 1vi giai sé ngdn gon
hon:

Vi IM;? =50 +da+ 8= (a5 + &)+ £ > R

Nén diém M, luon ndm ngoai dudng tron. Do dé dé théa man yéu cau dé bai thi diém M; phai nim
trong duong tron, tic la:

IM <R&5a*>-8u+3<0&2<a<l.

Vi du 1.2: Cho ham s6 : y = 22® — ma? —2(3m? — 1)z + £ ©, m la tham s6 thuc.

Tim m dé ham sb © ¢6 hai diém cuc tri z1; x5 sao cho z129 + 2 (x14+x2) =1

Phan tich:

Bai toan c6 hai yéu cau:

1) Cé cuc tri tai 1, z9

2) Théa man : xqxg + 2 (21 + x2) = 1

Yéu cau thit nhat xuat hién trong hau hét cac cau hoi vé cie tri, néu chua c6 cau tra 10i cic em hay
xem lai 1 chit li thuyét S6 luong diém cuec tri!

V6i yéu cau thit hai can hiéu ring ham sé dat cuc tri tai z1; 2o thi z1; 25 con la nghiém cia y’ = 0
(12 mot phuong trinh bac hai), hiéu duge diéu do thi yéu cau nay chi con 1d mot bai toan 16p 9 “Tim
m dé phuong trinh y’ = 0 c¢6 hai nghiém phan biét ;75 théa man x129 + 2 (1 + 22) = 17 Sy xuat
hién téng va tich hai nghiém ctia phuong trinh bac hai 1a goi ¥ thich hop cho dinh i Viet

Loi gidi -

TXD : D =R

y =2z = 2mz — 2 (3m* — 1)

Dé ham s6 dat cuc tri tai 21, 2o thi ¢/ = 0 phai ¢6 hai nghiém phan biét z;, x»

—2v/13 2v/13
SAN=m*+40Bm*-1)>0&me (—oo; 1\3/_) u <\1/—3_;+oo>

T1+To=mMm

Theo dinh 1i Vi-ét ta co6:
1o =1—3m

9, Do do6 :

m = 0 (loai)
x1x2+2(x1+x2):1<:>1—3m2+2m:1<:)[ 2

m =g (théa méan)
2,2 2 N 2 ~ ~ X X N
Vay v6i m = 3 thi thoa man yéu cau de bai.
Cht ¥ : Sau khi tim ra m can déi chiéu vé6i diéu kién ban dau dé loai nghiém khong théa man. Va

chi ¥ két luan nghiém ctia bai toan.

Vi du 1.3: Cho ham s6: y = 2 + ma? + 7z + 3 (C,)
Tim m dé (C,,) c¢6 hai diém cuc tri va duong thang di qua hai diém cyc tri vuong géc véi dudng
thing
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(d):y=3x—-7

Phan tich:

C6 thé thay bai toan c6 2 yeu cau, nhung ta c6 thé tach bai toan thanh 3 "phan":

- C6 cuec tri

- Dudng thang A qua hai cuc tri

- (d) LA & kikg = —1 (ky, ko 14 he s6 goc ctia A va (d))

Viéc phan tich yéu cau bai toan thanh cac ¥ nhé nhu trén sé gitp cac em dat diém tdi da trong kha
nang c6 thé. Nhu v6i bai toan trén, ngay ca khi cdc em chua hinh dung dude cach gidi quyét "phan"
3, titc 14 khi ndo duong thing qua hai cyc tri vuong géc véi (d) thi viec gidi quyét hai "phan" dau
cling c6 thé cac em sé duge dén 0.5/1 diém!

LG:

TXD: D =R

y =32 +2ma + 7

Dé ham s6 c6 hai diém cue tri thi 4/ = 0 phai c6 hai nghiém phan biét

SN =m?-21>0cme (—oo;—x/ﬁ)U(x/ﬁ;%—oo)

Thuc hién phép chia y cho y’ ta c6: y = § Bz +m).y' + 2 (21 —m?)z + 3 — T
'm), ta 2) = 0. Do do:

Goi My (x1;91) , My (22;y2) 1a hai diem cye tri clia (c co:y ( D=y

2 7
y1:§(21—m2)l‘1+3—?m:>M1G(Cm)

2 ™m
Yo = §(21— )$2+3—7:>M2(Cm)
N 2 . : 3.2 C1N 1 2 m
= Dudng thang di qua hai diem cyc tri 1a la: (A) 1y = 2 (21 —m?)z 43 — o

D& (A) L (d) thi: 2(21 — m?) 3= —1 & m = ii

3v10 © s
Vay v6i m = :I:T thi théa man yéu cau de bai.
Nhan xét: Trén day 1d mot vi du ma viec nhan ra can phai viét phuong trinh duong thang di qua
hai diém cuc tri kha o rang khi dé bai nhic t6i "duong thing di qua hai cuc tri vuong goc véi..."
nhung trong mot s truong hop, dicu dé sé duge an di doi héi mot chiit phan tich ciia hoc sinh trong
giai toan.

. 1

Vi du 1.4: Cho ham s6: y = §x3 —mz*—z+m+1(Cp)

Tim m dé (C,,) c6 hai diém cic tri va khoang céch gitta hai diém cyc tri 13 nhé nhat.
Phan tich:

Bai toan c6 2 yéu cau rat o6 rang, va van dé ndm & chd khoang cach giita hai diém cuc tri.
Véi hai diem cue tri M, (z1;y1) , My (22, 92) khoang cach duge tinh bdi cong thiic

MMy = \/<x2 - 171)2 + (y2 — le>2

Vay can xtt If yy,yo thé nao cho khéo, phai chiang ta stt dung My, My € (C,,)
1

Y1 = —21° —mxl — 1 +m+1va

3
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1 3 2
Yo = -X2” — MI2 —r9ot+m+1

3
Bang cach tinh thit sé thiy z1, 2, khong phai 1a cac gia tri "dep" do dé céc biéu thic yy,ys G trén
rat "cong kénh". Vay lieu con mot con dudng nao khac don gian hon, phai chang c6 thé thay toa do
ctia M, My vao mot phuong trinh nao don gidn hon? M, M, con ndm trén dudng nao?
Chi can luon nhé rang My, M, 1a cac diém cuyc tri thi c6 16 dudng thang (A) di qua hai diém cue tri
sé xuat hien trong dinh huéng ctia cac em! Va tat nhién, khi thay toa do M;, My vao phuong trinh
(A) thi moi chuyén sé trd léen don gian hon rat nhiéu.
LG:
TXD: D =R

y =a® —2mz —1

Dé ham s6 c6 hai diém cyc tri thi y’ = 0 ¢6 hai nghiém phan bigt< A’ = m2+1 > 0 (ding Vm € R)
Thue hién phép chia y cho y’ ta du’?c: y=s(@—-—m)y —3(m*+1)z+3im+1
Goi My (x1;11) , Mo (x93 y9)1a cac diem cuc tri cia (Cy,), ta ¢6: ¢ (1) = v (x2) = 0. Do d6:

2 2 S
ylz—g(m —|—1)$1+§m+1va
2 2
Khi do:

MM, = \/(552 —2) + (o —y)’ = \/(902 —21)° + %( 24+ 1) (2y — 21)°

_ 4
Theo dinh 1f Vi-ét: { ?; o2 12m = MM, = \/{1 + g (m? + 1)2] (4m2 + 4)
142 — —

2 - Z 4 Z
bé M; My nhé nhat thi f (m) = [1 + 3 (m? + 1)2} (4m? + 4) phai dat gia tri nho nhét

Fm) = [ g (1) a1 ) = (14 5) = F
éminf(m)z%

khim =0
Vay v6i m = 0 thi théa man yéu cau dé bai.

Viduy 1.5: Cho ham s6 y = 2% — 322 + m? —m + 1

Tim m dé do thi ham s6 c6 hai diém cuc tri A, B sao cho tam giac ABC c6 dién tich bing 7, v6i
C(—2;4)

Phan tich:

- Van dé 1a sit dung gia thiét Sypc = 7 nhu thé nao?? Mudn st dung dude né ta can biét c6 nhitng
cach nao dé tinh dien tich, va st dung cong thiic nao trong truong hop nay?

- Diém C da biét, duong thang AB viét duge (Duong thing qua hai diém cic tri). Do d6 khoang
cach tit C dén AB ta tinh dugc theo m. Do dai doan théng AB ta ciing tinh theo m dua vao dinh Ii
Viet (Xem vi du tren). Nhiing diéu d6 sé goi ¥ cho ta nghi dén cong thiic tinh dien tich lien quan
dén diém C va dudng thang AB va do dai doan AB:

1 1
S = She.AB = Sd(C.AB) AB

- Tuy nhién ddi véi bai toan dang xét c6 mot diém dac biet d6 1a y' = 0 ¢6 nghiém dep tic la c6 thé
tim cu thé toa do ciia A, B do d6 viéc gidi quyét bai toan sé don gidn di rat nhiéu. Nhung viéc phan
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tich nhu trén sé gitp cac em khong bi ling ting khi gap bai toan c6 "nghiem xau" .
LG:

TXD: D =R
y’:3x2—6:v:3x(a:—2),y’:O@Bx(x—Q):O@{ zig

= D6 thi ham s6 luon c6 hai diém cyc tri va hai diém cyc tri d6 14 A (0;m? —m + 1), B (2;m? —m — 3)
= AB%? =224 (—4)> =20

2 2 - O - 2 - 1
Duong thang qua hai diem A, B la: T _y-mtm

5 - s2r+y—-m*+m—-1=0

1
Ta co: SABC:§d(C,AB) AB =7
1|m? —m+ 1| 5 x =3

Vay v6i m € {3; —2} thi thoa man yéu cau dé bai.

) 1 2 .
Vi du 1.6: Cho ham s6: y = §x3+(m2 —m+2)z?+ (3m? + 1)z +m — 5. Tim m dé ham s6 dat

cuc tidu tai x = —2
LG:
TXD: D =R

Dieu kién can:
Taco:y =22 +2(m?> —m+2)x +3m? + 1.
Suy ra: ¢ = 2z + 2 (m?* —m + 2)

=m = 3.

! (— fd 2 _ =
Hamsédatcu’ctiéutaix:—2thi{‘z< 2)=0 :>{m 4m+3=0

m?—m >0
* Pieu kien du:

L 21N £ 1 3 2
lem:?)tacohamsozy:gm + 8x° + 28x — 2.
Ta c6: y' = 22 + 162 + 28 = " = 22 + 16.

r=—2

: PO 2 _
Khidé:y =02+ 160 +28=0<« 14

Mit khéc: y” (—2) = 2 (—2) + 16 = 12 > 0. Suy ra ham s6 dat cuc tiéu tai z = —2.
Vay gia tri m can tim 1a m = 3.

Nhan xét: Day 14 mot bai toan kha don gidn, tuy nhién 16i sai hay mac phai 6 dang toan nay 1a
chi xét diéu kién can va két luan luon bai toan!

Bai tap tu luyén:
Bai 1.1: Cho ham s6: y = 32° — (m + 1) 2 + 3(m + 1)°
Tim m do thi ham s6 c6 diém cyc dai va cuyce tiéu sao cho hai diém dé nim vé hai phia ctia dudng

tron ( C)

Py —4r+3=0
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Bai 1.2: Cho ham s6: y = z° — ma? + (m? — 2m)z + 1
Tim m dé do thi ham s6 c6 hai diém cuc tri ndm cting phia chia gbc toa do déi véi duong thing
(d) :z=-1
Bai 1.3: Cho ham s6: y = =23 + (2m + 1) 2? — (m? = 3m +2)z — 4
Tim m dé ham s6 c6 cac diém cuc tri ndm vé hai phia ciia truc tung
Bai 1.4: Tim m dé ham sb
3 dm ,

=z — —x +
y=zx me

c6 cac CD va CT ndm vé hai phia ctia dudng thang y =

Bai 1.5: Cho ham s6: y = 2® —3(m+ 1)z + 92 —m

Tim m dé ham s6 dat cuc dai va cyc tiéu tai hai diém phan biét 21, 2, sao cho: |z; — 25| < 2.
Bai 1.6: Cho ham s0: y = 32° — (m — 1)2® +3(m — 2) x + 3

Tim m dé ham s6 dat cuc dai cuc tiéu tai z1, x5 sao cho z1 + 2z = 1

Bai 1.7: Cho ham s6 ) )
flz) = §x3 - §(sina + cosa)z? +

3sin 2a
4

X

Tim a dé ham s6 dat cyc tri tai 1, 7o thda man diéu kien x; + zy = 22 + 22

Bai 1.8: Cho ham s0: y = 32 — ima? + (m* = 3)z + 5m + 1

Tim m dé do thi ham s6 c6 hai diém cuc tri sao cho hoanh do ciia chiing & chiéu dai cac canh goc
vuong clia tam giac vuong c6 do dai canh huyén 13 @.

Bai 1.9: Cho ham s6: y = 2° — 3ma? + 3m?

Tim m dé dd thi ham s6 c¢6 hai diém cuc tri A, B sao cho tam giac OAB c6 dién tich bing 48.

Bai 1.10: Tim m dé do6 thi ham s6 y = 22° + 3 (m — 1) 22 + 6m (1 — 2m) x ¢6 cic diém cyc tri nam
tren dudng thing y = —4x

Bai 1.11: Tim m dé d6 thi ham s6 y = 2® — 322 — ma + 2 ¢6 cyc tri, v dudng thang di qua cac diém
cuc tri song song véi duong thing y = —4x + 3.

Bai 1.12: Cho ham s6: y = 2® — 322 — ma + 2

Tim m dé ham s6 c¢6 cuc dai cuc tiéu, va duong théng di qua hai diém cuc tri tao véi duong théng
(d) : x+4y — 5 =0 mot goc o = 45°.

Bai 1.13: Cho ham s6: y = 2® — 322 — mx + 2

Tim dé dd thi ham s6 c6 hai diém cuec tri, va duong thang di qua hai diém cuc tri tao véi hai truc
toa do mot tam giac can

Bai 1.14: Tim m dé do6 thi ham s6 y = 2% — 322 — ma + 2 ¢6 cuc dai cuc tiéu cach déu duong thing
y=x—1

Bai 1.15: Tim m dé do thi ham s6: y = 2® 4 322 +m c6 hai diém cuc tri A, B sao cho goc AOB = 120°
Bai 1.16: Cho ham s6: y = ma® — 3ma? + (2m+ 1)z + 3 — m (C),) Tim tat ca cac gia tri clia m
sao cho C,, c6 hai diém cyc tri. CMR: dudng thang di qua hai diém cuc tri luon di qua mot diém co
dinh.

Bai 1.17: Cho ham s6: y = 222 — 3 (m + 1) 2% + 6ma +m? Tim m dé do thi ham s6 c6 hai diém cic
tri A, B sao cho tam gidc ABC vuong tai C, v6i C(4;0)

Bai 1.18: Cho ham s6: y = 2% — 3ma? + 3 (m? — 1)z —m3 +4m — 1

Tim m dé do thi ham s6 c¢6 hai diém cuec tri A, B sao cho tam gidc OAB vuong tai O.

IT - Bai toan cuc tri v6i ham da thic bac 4 trung phuong:
Kién thiic bo sung:

y = az’ + ba? + c =y = 4ar® + 2bx = 22(2a2® + b) (a #0)
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S6 luong diém cyc tri:

£ _b 2 2
- Néu ¢/ = 0 ¢6 ba nghiém phan biét (2— > 0) thi ham s6 c6 ba diem cuc tri.
a

- Néu ' = 0 ¢c6 mot nghiem x = 0 (;— < 0) thi ham s6 chi c6 mot diém cyc tri.
a

Tinh chat:
Khi ham s6 ¢6 3 diém cyc tri: A(0;¢), B(y/—2;1), C(—1/—2L;ys) thi:
- Ta tinh dugc: y; = y»
- B va C d6i xting nhau qua truc Oy, Diém A ndm trén truc Oy do d6 tam giac ABC can tai A.

Vi du 2.1: Cho ham s6: y = 2* — 2(m + 1)2? + m?
Tim m dé do thi ham s6 c6 ba diém cuc tri 1a ba dinh ctia mot tam giac vuong.

Phan tich:
Trude hét cdc em van can hinh dung bai toan c6 hai yéu cau va thyc hién ting yéu cau trong kha
nang ctia minh, kh6 khan néu c6 thi nam & yéu cau thi hai "1a ba dinh ctia tam giac vong"
Can chi ¥ rang néu mot tam gidc can ma vuong thi né phai vuong tai dinh ciia tam giac can do.
Thit hai can xit I thong tin tam gidc vuong nhu thé ndo? Cé nhiéu cach:
Tam gidc ABC vuong tai A < AB | AC & AB.AC — 0 < AB? 4+ AC? — BC?

LG:
TXD: D=R

z=20

r 3 /: 2 - —
y =4z —4(m+ Dy =0 dzx(z* —m—-1)=0« v =—m1

Dé ham s6 ¢6 ba diém cuec tri thi ¥ = 0 phai c6 ba nghiém phan biét

em+1>0em>—1

Khi d6 dd thi ham s c6 ba diém cuc tri 1a: A(0;m?), B(v/m +1; —2m — 1), C(—v/m + 1; —2m — 1)
Ta thay: Diém B va C déi xiing nhau qua truc Oy va diém A nim tren truc Oy do dé tam giac
ABC can tai A

Dé tam giac ABC vuong thi n6 phai vuong tai A < AB 1L AC < AB.AC =0 (*)

AB = (Vi + T —(m+ 1) AC = (~Vm + T —(m + 1?)

m =1 (loai)

() —(m+1)+m+1) =0 (m+1)(m+1)°-1)=0& m = 0 (thdéa man)

Vay v6i m = 0 thi théa man yéu cau de bai.
Nhan xét: Néu cam thay lap luan chiing minh tam giac ABC can nhu trén khién cidc em thay
"khé chiu" thi cdc em hoan toan cé thé thuc hién theo cach rat ty nhién d6 la lan lugi tinh do dai

cac canh va chi ra duge AB = AC sau d6 khi da c¢6 do dai cac canh thi cac em c6 thé xit 1 thong
tin tam gidc ABC vong tai A bang cach stt dung dinh 1i Pitago: AB? + AC? = BC?.
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Vi du 2.2: Cho ham s6: y = 2* — 2ma® + 2m +m*
Tim m dé do thi ham s6 c6 ba diém cuc tri tao thanh tam gidc c6 dien tich S = 4

Phan tich:
Van dé can xi If thong tin dién tich tam gidc S =4
Ta da biét néu ham s6 nay c6 ba diém cyc tri A, B, C' thi ba diém cyc tri d6 tao thanh tam giac can
(gid st tai A), dieu nay c6 lam cho viéc tinh dién tich tré len dé dang hay khong?
Tam gidc ABC can tai A, thé thi néu M la trung diém ctia BC thi AM L BC L Sipc = sAM.BC,
toa do cac diem A, B, C' da biét, toa do M ta tim dugc (Ia trung diem BC') do d6 ta tinh duge dién
tich tam gidac ABC, tit d6 "ép" cho né bang 4 thi ta sé tim dugc m théa man diéu kién bai toan.

LG:
TXD: D=R

/ 3 / 2 r=0
y =4dz° —dmay =0 da(z® —m) =0< 22
Dé ham s6 ¢6 ba diém cyc tri thi 4/ = 0 ¢6 ba nghiém phan biét < m > 0 Khi dé ba diém cuec tri
clia do thi ham s6 1a: A(0;2m + m?*), B(y/m;m* — m? + 2m), C(—v/m; m* — m? 4 2m)
Ta thay: Hai diem B, C' déi xitng nhau qua truc Oy, diéem A nam trén truc Oy, do d6 tam giac ABC
can tai A
Goi M la trung diém ciia BC suy ra AM la trung tuyén dong thoi la dusng cao trong tam gidc ABC

1
= Sapc = §AMBC =4 (*)

Ta c6: M(0;m* —m? + 2m)

AM = (0, —m?) = AM = m?BC' = (—2v/m;0) = BC = 2/m

1 5 9 5 m = v/16 thdéa man
—m*“.2 =4 =4 =16 & —
(*)¢>Qm vm & miy/m S m & m = — /16 loai

Vay v6i m = v/16 thi théa man yéu cau deé bai.

Vi du 2.3: Cho ham s6: y = 2* — 2ma? +m — 1
Tim m dé do thi ham s6 c¢6 ba diém cuc tri, sao cho duong tron di qua ba diém cuc tri d6 c6 ban
kinh bang 1

Phan tich:
Gia sit ba diém cuyc tri 1a A, B, C' va tam gidc ABC can tai A. Khi d6 tam I dudng tron (C) qua
ba diém cuec tri (chinh 1a duong tron ngoai tiép tam giac ABC) s& nam trén truc Oy (Oy 1a dudng
trung truc cia BC)
Do dé6 dé duong tron (C) c6 ban kinh bang 1 thi diéu kién tuong duong sé la:
IA=1
IA_[B_M:){Ile
Giai he diéu kién nay ta sé tim dudgc m.

LG:
TXD: D=R

Page 10



O

DIENDANTOANHOC.NET HAM S LUYEN THI DAI HOC

/ 3 _ 2 r x =0
y =4z’ —4dmr =4dz(z® —m)y =0 & 2

Dé ham s6 ¢6 ba diém cue tri thi ¥ = 0 c6 ba nghiém phan biét < m > 0
Khi d6 ba diém citc tri ctia dd thi ham s6 1a: A(0;m—1), B(—y/m; —m2?+m—1),C(y/m; —m?+m—1)

T | —00 —v/m 0 vm +o00
Y’ — 0 + 0 — 0 +
+00 m—1 +00

Yy ¢ f ¢ a

_m2_|_m—1 —m2+m_1

Ta thiy: B va C ddi xting nhau qua truc Oy, Oy la dudng trung tryc ctia BC. Do d6 tam [
ctia duong tron (C') qua ba diém cuye tri A, B,C sé nim trén Oy va nam bén dudi diem A. Gia sit
I(0; k), (k <m —1)

2 7 z z N ~ IA:]_
be (C) cobanklnhbang1th1]A:IB:IC':1<:>{[le
]@z(—\/ﬁ;m2+m—1—k):>]Bz:m+(—m2+m—1—k)2
IB=1=m+(-m*+m—-1-k)?=1
TA=Om—1-k) = IA2=(m—1—k)

TA2=1= (m—1—kP=1e k:m—2<m—1th6§mén
k=m >m — 1lloai
Thé k = m — 2 thé vao (*) ta dugc:

m+(—m*+m—-1-m+2?=1em-1+m?*—-1)>=0

. . Coaes —1+v5 ., _ Cax e
Giai phuong trinh ket hop voi dieu kién ta duge m =1, m = T\/_ thoa man yéu cau de bai!
Nhan xét: Day 1a mot bai toan kha kho (so v6i mot bai 1a cau hoi phu trong bai khao sat ham s6
§ de thi Dai hoc) Can kha tinh té dé dua ra nhan xét k£ < m — 1, néu khong c6 nhan xét nay sé lam
mat them mot chit thoi gian nita dé hoan thien bai toan nay! Bai toan nay con c6 cach giai quyét

. abc
khéac bang cach sit dung cong thiic: S = R Cac em hay thit tu tim toi nhé!

BAI TAP TU LUYEN
22+ 2(m+ 1)z +m? +4m

2.1) A-2007. Cho ham s6 y = , (1) (m 1a tham s6). a) Khéo sat su

T+ 2
bién thien v vé do thi ham s6 (1) khi m = —1. b) Tim m dé ham s6 (1) c6 cuc dai va cuc tieu,
dong thai cac diém cue tri cia do thi cling véi goc toa do tao thanh 1 tam gidc vuong tai O. (DA:

m = —4 4 2v6).
2.2) B-2002. Cho ham s6 y = maz* + (m? — 9)z? + 10 (1) (m la tham s6). a) Khdo sat sy bién
thien va vé do thi ham s6 (1) khi m = 1. b) Tim m dé ham s6 (1) ¢6 3 diém cuc tri. (DA: m < —3

hoac 0 < m < 3).
o a2 1 1
2.3) B-2005. Goi (Cm) 1a d& thi ciia ham s6 y — © " ﬁf m
xXr

Khéo sat sy bién thien va vé do thi ham s6 (x) khi m = 1. b) Chting minh rang véi m bat ky, (Cm)
luon c6 diem cuc dai, diém cuyc tiéu va khodng céach gitta hai diém dé bang +/20.

(%) (m 1a tham s6). a)
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2.4) Cho ham 6 f(x) = z* +2(m — 2)z*> + m? — 5m + 5 ¢6 do thi 1a (C,,). a) Khao sat su bién
thien va vé do thi (C}) ctia ham s6 khi m = 1. b) Tim m dé (Cm) c6 cac diém cyc dai, cic tiéu tao
thanh mot tam giac vuong can. (DA: m = 1).

2.5) Cho ham s6 y = ' + 2ma? + m? +m  (1). a) Khao sat sy bién thién va vé do thi clia ham
6 (1) khi m = —2. b) Tim mldé do thi ham s6 (1) c6 3 diém cyc tri lap thanh mot tam gidc c6 mot
gbéc bang 120°. (DA: m \?/g)

2.6) Cho ham 86 y = 2% + ma3 — 222 —3mz +1 (1). a) Khéo sat sy bién thien va vé do thi (Cp)
ctia ham s6 khi i = 0. b) Tim m dé ham s6 (1) ¢6 hai cyc tieu. (DA: m # £3).

2.7) Cho ham s6 y = (m + 1)z* — (m + 2)2? + 1. a) Tim m dé y c6 ding 3 cye tri. (DA: m < -2
hogc m > -1). b) Tim m dé y chi ¢6 1 cye tri. (DA: =2 < m < —1).

2.8) Goi (G) la dd thi ctia ham 86 y = 2* + ma? + 1. a) Tim m dé (G) ¢6 3 diém cuc tri. (DA:
m < 0). b) Tim m dé 3 diém cyc tri trong cau a) lap thanh mot tam gidc déu. (DA: m = —+/24). c)
Viét phuong trinh parabol di qua 3 diém cuc tri néi trén. (DA: y = %12 +1).

2.9) A - 2012. Cho ham s6 y = z* — 2(m + 1)2% + m?, (1) véi m la tham s6 thuc a) Khéo sat su
bién thien va v& do thi ham s (1) khi m = 0 b) Tim m dé do thi ham s6 (1) c6 ba diém cuec tri tao
thanh ba dinh ctia mot tam giac vuong.

2.10) B-2011. Cho ham s6 y = z* — 2(m + 1)z? + m, (1) véi m la tham s6 thyc a) Khao sat sy
bién thién v vé& dd thi ham s6 (1) khi m = 1 b) Tim m dé dd thi ham s6 (1) ¢6 ba diém cyc tri
A, B,C sao cho OA = BC, trong dé A la diém cuyc tri tren Oy, O la gbc toa do, B, C la cac diem
cuc tri con lai.

2.11) Cho ham s6 y = —z* 4 2ma? — 4. Tim m dé tat ca cac diém cuc tri ctia do thi ham s6 déu
nam trén cac truc toa do.

2.12) Cho ham s6 y = 2%+ (3m + 1) 22 — 3. Tim m dé d6 thi ham s6 c6 ba diém cuc tri tao thanh

mot tam giac c6 mot canh bang - canh khac.

Z 1 2 N Z 2
2.13) Cho ham s6 y = Zm‘l — (Bm+1)z* +2(m+1). Tim m dé do thi ham s6 ¢6 ba diem cuc

tri tao thanh tam giac nhan goc toa do lam trong tam.

2.14) Cho ham s6 y = x* — 2ma? + 2m + m*. Tim m dé dd thi ham sb c6 cac diém cue tri tao
thanh tam gidc deu.

2.15): Cho ham s6 y = z* — 2(1 —m?) 22 + m + 1. Tim m dé do thi ham s6 ¢6 ba diém cuc tri
tao thanh tam giac c6 dién tich 16n nhat.

2.16) Cho ham s6 y = 2* — 2ma? + 2. Tim m dé do thi ham s6 c6 ba diém cyc tri tao thanh tam

s . A 2 39

giac ¢6 duong tron ngoai tiep di qua diem D (5, g)

2.17) Cho ham s6 y = ZlA — 5m:132 +m~+1 Tim m dé do thi ham sb ¢6 ba diém cuec tri tao thanh

tam gidc noi tiép duge trong duong tron c6 ban kinh R = 1.
2.18) Cho ham s6 y = z* — 2ma® — 3. Tim m dé d6 thi ham s6 c6 ba diém cyc tri tao thanh tam
giac c6 ban kinh duong tron ngoai tiép dat gia tri nhé nhat.
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