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I/ MO PAU, GIOI THIEU.

Chuyén dé 1a két qua thu dugc qua mot thoi gian hoc tap + nghién ciru cia ban thin vé hé phuong
trinh. Tuy nhién c6 thé ndi rang, d6 1a sy két tinh qua nhiéu the hé, 1a sy gitp do, 1a sy hoc hoéi tir nhitng
ngudi ban ciia minh cung nhu rat nhi€u yéu to khac.

Pé dat hiéu qua cao khi tham khao chuyén de nay, xin dugc trich d?m may 10i cia nha gido G.Polya:
" [...] M6t s6 bai todn c6 néu 10i giai day du (tuy van tat), doi voi mot sd bai khac, chi vach ra may budc
giai dau tién, va doi khi chi dua ra két qua cudi cung.

Mot s6 bai todn c6 kém thém chi dan dé givip nguoi doc giai dugce dé dang hon. Chi dan ciing c6 thé nim
trong nhing bai toan khic ¢ gan bai todn dang xét. Nén dac biét luu y dén nhitng nhan xét mé dau trudc
ting bai tap hay ca mot nhom bai tép gap thay trong chuong.

Néu chiu kh, gang stre gidi mot bai todn nao d6 thi du khong giai noi di chang nira, ban doc ciing thu
hoach duge nhiéu diéu bé ich. Chang han, ban doc c6 thé gid ra xem ( 0 cudn sich ) phan dau mdi 16i
giai, dem ddi chiéu vé6i nhiing suy nghi ctia ban than minh, rdi gép sdch lai va thir gang ty lyc tim ra phan
con lai cta 101 giai.

C6 18 thoi gian tot nhat dé suy nghi, nghién ngdm vé phuong phdp giai bai todn 1a lic ban vira ty lyc giai
xong bai todn hay vira doc xong 101 gidi bai toan trong sach, “hay doc xong phan trinh bay phuong phap
giai trong sach. Khi vira hoan thanh xong nhiém vy, va cdc 4n tuong hdy con "nong ho6i", nhin lgi nhing
no lyc vira qua cua minh, ban doc c6 thé phan tich sdu sic tinh chét ciia nhitng khé khin di vuot qua. Ban
doc doc c6 thé ty dat cho minh nhidu cau héi bo ich: "Khau nio trong qud trinh giai 1a quan trong nhat?

Kh6 khin chi yéu 14 & chd nao? Ta ¢6 thé 1am gi cho tét hon? Chi tiét y minh ciing di liéc qua ma
khong chi y dén - mudn "nhin thdy" chi tiét nay thi diu 6c phai c6 tu chat ra sao? Ligu & day c6 mot cich
gi d6 dang luu y dé sau nay gap mot tinh hudng tuong tu, ta c6 thé ap dung dugc khong? " Tt ca nhiing
cau hoi d6 déu hay ca, va ciing con nhleu cau hoi bo ich khéc nita, nhung cau hoi hay nhat chinh 1a cAu
hoi ty nhién nay ra trong 6¢, khong can ai goi ¥ ca!"

(trich "May 10i khuyén va chi din" -G.Polya trong "Séng tao toan hoc")
Do thoi gian ciing nhu 1 s6 van dé khac nhu kién thirc, trinh bay,.. ma chuyén dé nay con khé nhiéu
khiém khuyét. Rat mong dugc céc ban quan tdm + chia sé dé hoan thién chuyén dé hon. Hi vong nd s¢€ la

tai lidu bo ich gitp ching ta vuot qua 1 ching nhé trong chiang duong chinh phuc toén hoc !

Pham Hung Vuong, 11C1, THPT Phan Béang Luu
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II/ MOT SO PHUONG PHAP CU.

> Hé¢ phwong trinh déi xtimg kiéu I.

Nhén dang: hé dbi xtimg kiéu I: gdm 2 phuong trinh 4n X,y ma vai trd X,y trong mdi phwong trinh 1a nhu

a(x+y)+bxy=c

nhau. vd: { . va phuong phdp giai 1 dit 4n phu: S=x+y, P=xy. Giai tim S, P sau d6

X4y =d
sir dung dinh 1If Vi-et, d& thiy x,y 12 nghiém ctia phuong trinh: X?-S.X +P=0

Cung xem xét 1 vai vi du ( cdch giai va mot sb hudng giai quyét méi )
T4y’ —2x-2y=6 . .
vd1: J* Y T (dé thi HSG 16p 9 Tinh Bén Tre ndm 2009-2010)
x+y—xy=5

Bai gidgi: Bat S=x+y, P=xy, ta thu dugc hé¢ méi turong duong:

S?—2P-2S=6 [S*-4S+4=0 ([S=2
= =

S-P=5 P=S-5 P=-3

Nhu vay, theo dinh Ii Vi-et, x,y 1a nghiém cta phuong trinh:
x=3,y=—1
X2—2X—3=0<:>(X—3)(X+1)=0:>[ |
x=—Ly=3
Vay hé ¢6 2 nghiém (x;y) thoa manla: (-1;3) va (3;-1).
Nhirng bai nhu tl}é nay va bai gidi nhu vdy da tré nén khd quen thude, khdng con mai la. Tuy nhién, cling
c6 1 s0 h¢, du biet 1a d6i xing ki€u I, nhung phai lam gi dé st dung dugc ? Hay xem vi du:

x+y—\/E=3
Vx+l+\y+1=4

Thu dat nhu cli: S=x+y, P=xy, h¢ khi d6 tr¢ thanh:

x+y—\/E=3 S-JP=3 S=\P+3
& =
S+2VP+S+1=14

Pén day, giai tim P, sau d6 quay lai giai tim ra nghiém x,y. ( chud ¥ diéu kién)
Hon nita, ludn nhg: S> >4P dé loai b6t nghiém.

( PH-CP Khéi A nam 2006 )

S=\P+3

& {3P-26JP-105=0

X+y+2+4xy+x+y+1=16 2WP+P+4=11-/P 0<P<121

Y tuong 2, ddt 4n a =~/x+1,b=4/y+1 nhiam lam don gian 1 phwong trinh cta hé. (ki thuat dit 4n lam
gon nay rit ¢6 y nghia, dic biét trong BDT c¢6 gia thiét ruom ra, voi pt hay hé ciing vay ) Khi dé:

a+b=4 S=4 S=4
hpt =3 =

@ +0°-2-[(a’=1)(b*=1)=3 " |$?—2P-2-\[P ~S*+2P+1=3 | JP*+2P-15=11-2P
Trong d6: S=a+b, P=ab.Dén dy, ta ciing c6 thé giai twong ty.
Mot sévidu:

vd 4: { Vatl+yy-1=4 ( thi thir DH-CB, THPT chuyén Nguyén Hué 2011)

Nx+6+/y+4=6
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l+l+l=2
X 'y Z

2 1_4

Xy Zz

(x+ y)(1+xy) =4xy
Y (xz+yz)(l+x2yz)=4xzy2

vd 5: ( d@é thi HSG 16p 9 tinh Nghé An nam 2009-2010 )

¥ Thyc ra, dang hé ddi xung kiéuIcé huéng giai kha don gian, ro rang voi viée dat a an va sir dung dinh If
Vi-et. Chinh vi vy ma hé d6i xtng kiéu I thudng gan véi viée giai + bién, mot s¢ trudng ciia phuong
phapnay ! )
vd 7: Tim a d€ hé phuong trinh sau c6 nghiém duy nhat:
xyt+xty=a+l 3 o U
5 ) ( Bé thi HSG lop 9 tinh Ha Noi nam 2009-2010)
Xy+xy =a
Bai giai: Pat: S=x+y, P=xy, taco h¢ mdi:
S+P=a+l
SP=a

X?—(a+1)X +a=0 (1). Hon nita, ciing theo Vi-et x,y lai 1a nghiém ctapt: X>—-S.X+P=0 (2).

. Theo Vi-et, S va P la nghiém ctia phuong trinh:

Do d6, dé hé c6 1 nghiém duy nhat thi (2) c6 nghiém duy nhat, tic A, =0 S*=4P < x=y
Hoic ¢6 thé diing nhan xét: do vai trd X, y trong mdi pt ctia hé 1a nhu nhau nén néu hé c¢6 nghiém (m;n)

thi n6 ciing c6 nghiém (n;m). Nhu vay dé hé c6 nghiém duy nhat thi can ¢ x = y . Thé vao duoc:

{x2+2x=a+1 x2+2x—(a+l)=0 *)

=
2x =a x:i/z
2

. . . : ) -2
deé hé c6 nghiém duy nhat thi (*) c6 duy nhatt 1 nghiém x =; =—1=3 % =—-lsa=-2.

Thir lai thiy thoa man. Két ludn gid tri can tim 12 a = 2.

vd 8: Tim m d& hé phuong trinh sau c6 nghiém:

{\/;+\/;=m
x+y—\/E=

vd 9: Tim a dé hé phuong trinh sau ¢6 nghiém :

( dé thi HSG 16p 9 Tinh Hung Yén nam 2009-2010)

+1+y-1= ;
X yoi=a ( thi thir PH-CP THPT Luwong Ngoc Quyén, Thdi Nguyén 2011)
x+y=2a+1
¥ Néu don thuan chi 1a hé d6i xtng kjég I thi chic chin né s& nhanh chéng dugc chiing ta giai quyé:t.
Chinh vi vay, ma sau day sé€ cac vi du can dung cdc ki thuat nhd chuyén vé hé doi xung kiéu L. ( phan ki
nang s¢€ trinh bay rd hon ¢& muc sau ).
2 2
x=1) +6(x-1)y+4y =20

vd 10: ( ) ( , )

X+ (2y+1) =2

Quan st thi thdy ngay khong thé 1a hé ddi ximg kiéu I. Nhung! Hiy xem huéng giai sau:
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a’+3ab+b* =20

(a+1)" +(b+1)" =2
Bay gio, thi c6 thé di tiép theo phuong phdp duoc roi.

Bai gidi: Pat a = x—1,b =2y thi hé tré thanh: { . biing 1 h¢ dbi xtmg kiéu I!

¥ @@ @: c6 thé ndi rang, van d& dat gon ludn 4n hién 1 diéu gi d6 rat thd vi néu ta tinh ¥ trong céc biéu
thirc nhin ¢6 vé ¢6 van dé. Nhu vi du trén chang han, phai biét nghi ngd (x—1), khi n6 dugc dat trong
ngoac.

X +6xy+4y> =19+2x+6y (1)

X’ +4y* =1-4y 2)

C6 thé thay, cd 2 vd 10 va vd 11 déu chi 1a 1. Nhung néu nghiém theo cach dat an gon thi dt cdi ndo.
Néu dat a = x—1,b =2y nhu tré€n thi tai sao lai bi¢t ma dit nhu vay! Pay chinh 1a van d¢ can ban! néu di
theo phén tich pt (1) thi s& c6 kha nhiéu phuong 4n: chang han nghi dén hang dang thuc:

(1) < (x+3y)" =5y>=19+2(x+3y), ..v.v. ¢6 khd nhiéu dng thirc c6 thé nghi t6i dé dat!

Hay tiép tuc véi hé sau: vd 11: {

Nhung véi pt(2) thi lai khac: né chi cé 1 déng thirc cin chu v () e X+ (2y +l)2 =2. nhu vay, y tuéng
dat 1am gon 2 mé ra: a =2y+1, hon nita c6 thé thiy & pt (1) hé s6 caa y ludn chén, khi thé c6 thé thé
2y =a—1 (day khong phai 1a 1 truing hop ngau nhién ! hiy nghi vay ).
Viéc 1am con lai thi kha 15 rdi, ta cling thu duge mot hé d6i xung kiéu I va tiép tuc giai !
Hay thu véi cic vi du:
xt—4x*+(y-3)" =0
vd 12. (y=3)
Xy+x'+2y-22=0

2 2.2
- =1—
vd 13. (x=) Y
x(xy+y+1):y(xy+1)+1

¥ Tham chi con ¢6 nhiing bai ¢6 nhitng cach dat dua vé hé doi xtmg rat thi vi, khé ma thiy dugc néu
khong qua chiit bién doi. Vi vay, hdy c6 gang quan sat va dat gon phu hop !
+y’=5+4x-4
vd 14 (¥ Ty EIRAAy
3x+xy—y=15

xy—=3x—-2y=16 P .

vd 15: S ( THTT so 379 nam 2009 )
X 4+y =2x-4y=33
X tyt=2 ey

vd 16: ( xem giai o muc Il. pp 02 )
2x% +3xy =2y’ +3x+y=7 2)

Hon nita, dang hé dbi xtmg kiéu I nay rat hay van dung mot hang dang thirc ( dang c¢6 xu huong 16n trong

2
2 A . 5 1 1 < A e 2 . ~ A ~
céc de thi thir ): —+ y: = [—+ yj 2 Tiép tuc voi cac vi du sau, ban s€ thay 1o !
X X X
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(x2+y2)(1+ij2:9

Vd 19 g
(x3+y3)(l+xiy]
xy(2x+y—6)+2x+y:0

vd 20 :

xy
Va ca mot dang ( & phan cudi chuyén dé !)

(x2+y2)£1+iJ2 =38

> Hé¢ phwong trinh déi xtimg kiéu II.

¥v Nhin dang: Clng nhu loai [, loai II cling “d6i xtng” nhung la d6i xtng giita 2 phuong trinh chir
khong khong phai la d6i xting trong tiing phuong trinh nhu kiéu I.
Mot cach nhin dang khac ntta 1a cho x =y thi 2 phuong trinh ctia hé nhu nhau. Hay néi cach khac
x = y chinh 1a nghiém ctia hé. Pay chinh l1a ddc diém khai thic ctia hé nay !
Phuong phap: “Thong thudng”, ta trir theo vé ta thu dugc nghiém x =y, va 1 s nghiém khéc. Sau d6
thay lai tim ra nghiém (x;y).
Cung xem xét 1 s6 vi du don gian :
X' +y=5x+3
vd 1:
y+x=5y+3
Bai giai: Tru theo cua hé thu duoc: x*—y* =6(x—y) < (x—y)(x+y—6)=0.Do dé

xX=y x=y=1 1
X —4x+3=0 x=y=3 rEYE
hpt & 6 = 3 3 Slx=y=3
+v= = =
Xty =Y x=-9,y=15
x2+x—5(6—x):—3 x=-9,y=15
P=2vy+1
vd 2: * Y
y' =2x+1

Bai gidi: trir theo vé cua hé ta thu duoc: x° —y° =2(y—x)<:>(x—y)(x2 +xy+y2+2)=0<:) x=y

2
Vi X’ +xy+y*+2= (H%j +% y*+2>0. Nhu vay thé x = y vio hé, ta chi can giai phuong trinh:
x=1
X-2x+1=06 (x-1)(X+x-1)=0| _j+.5.
2

Note: khi trir theo vé, ta thu duoc: x* +2x =y +2y. Néu khong diing phan tich trén, ta c¢6 thé tinh dao
ham: f(1)=r+2tc6f'()=3t"+2>0 nénsuyra: x=y.
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v¥ Nhan xét: Pon gian chi la trir theo v€, nhung véi nhitng bai khac nhau lai can thém nhiing ki thuat
khai thdc khdc nhau dé lam xuét hi¢n (x —y). Hay xem:

Nx+10+4y—-1=11
vd 3.
NY+HFI0++x—-1=11

Bai gidi: Diéu kién dé céc phan thirc c6 nghia: x, y>1. Chi y x = y =1 khong 12 nghiém cta hé nén:
trir theo vé 2 phuong trinh ctia hé va nhan lién hop ta c6:

( thir sikc truede ki thi, THTT s6 407, 2011)

1 1
Va+10+y+10  Jx—1+./y-1
(Vido Vx+10+4/y+10 >+/x—1+./y—1nén biéu thirc con lai vo nghiém.)

Thé x = y vao ta dé dang giai phuong trinh cta hé!

\/x+10—\/y+10+\/y—1—\/x—1zoﬁ(x—y)( ]20@)6:)/

¥Y¥ @@ @: M¢ rong cch nhin vé hé dbi xtmg kiéu II.

Trude hét, hily xem xét cdch giai hé phuong trinh sau:
X +y =1

vd 6: Y
y +x’=1

Giai: ® Trur theo vé 2 phuong tinh cta hé ta thu dugc:

x=y
=y +y —x=0(x—y)(X+xv+y = (x+y))=0
V+y ( Y)( vy = ( y)) X Hxy+yi=x+y (%)
TH x = y thi thé va gidi pt: X3+X2‘1:03X:yzéli/%s_3\/2679+§/§+3\/2@ _l}

e Cong theo vé 2 phuong trinh va két hop véi (*) ta c¢6 hé d6i xtmg kiéu I:

Prxytyi=xty |(x+y) —xy=(x+))

{x3+y3+x2+y2=2@ (x+y)3—3xy(x+y)+(x+y)2—2xy=2

Pit S=x+y, P=xy, hé tré thanh:

{SZ—P=S @{S3+Sz—2—(3s+2)(82—S)zO@{(S—l)(szﬂ):o{:}{S:l . {x=1,y=0
S*-3SP+S*-2P=2 |p=§’-§ P=S>_§ P=0 x=0,y=1

Vay hé phuong trinh da cho cé 3 nghiém nhu trén.

¥Y¥¥Qua bai giai trén, han chidng ta nhan 3 vai trd ctia viéc két hop “cong” va “trir” dé dwa dén hpt ddi
kiéu I ( day la mot hudng nhin méi ). Viée lam nay hoan toan c6 co s¢. Hay xem lai cau néi: “Cung nhu
loai I, loai II cting “d6i ximg” nhung la d6i xtng gitra 2 phuong trinh chir khong khong phai la doi xtmg
trong tung phuong trinh nhu ki€u I”’. Nhu vay, khi cong theo vé s€ ludn cho mot trong 2 pt d6i xing kiéu
I. Va viéc lay di 1 nghiém (x—y) saukhi trir cling dé lai cho ta 1 phuong trinh ddi xtng nita.

. X +y=2
Vi du twong tu: vd 4: \

Yy +x=2

¥ Va dbi lic viéc cong trir ciing khong dem lai cho ta két qua kha quan :
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2
#:xz*_y
Jx*=2x49 p .
vd 5: . (THTT 56 379 nam 2009 )
2xy _ 2
=y +x

Y —
IJy*=2y+9

Qua ding, khi cong hay trir thi ching ta khong thé 1am duoc gi v6i cdi can bac 3 khing khlep kia !
Tuy nhién, mot s6 diém ta lai thiy rat rd + dang phai nghi 1a trong céi cin bac 3 kia, ¢6 1 dang thirc:

X+

(x—1)"+8=1x>—2x+9. Nhim nghiém x=y=1 va /8 =2 (can dep! ). Phai lién két va sir dung ching
ntn?

2xy 2xy

+
U =2x+9 %/y2—2y+9
U —2x+9=3(x-1)"+822= 2%y Szxy=xy. Tuong tu: ta ¢6:
3/x2—2x+9 2
2xy 2xy 2xy

—_— < < — 42 2 _ 2< 2 2
\3/y2—2y+9_wjﬂx2—2x+9+g/y2—2y+9_2xy ey by saey

Vay hé c6 nghiém khi x =y =1. Thir lai thiy théa man — két luan nghiém!

Bai gidi: Cong theo vé 2 hé ciia phuong trinh: =x"+y’. Su dung d4nh gia:

YY @@@ 2 kiéu hé d6i xung I va II la nhirg dang rat co ban. Tuy nhién, qua “ché bién” ciia ngudi ra
dé thi khong thé néi trudc diéu gi. Vi vdy, can c6 cdi nhin tong quan, nhin nhiéu khia canh, khéng nén chi
biét nhin hinh thire rdi rap khudn 101 gidi ciia dang. Mot so vi du thém:

2x2+x—l:2

vd 6: y ( Thi tht BPH-CD THPT Lé Van Huu, Thanh Héa nam 2011)
y=yx-2y"=-2
x3(2+3y —1
( 3
x3(2+3y )
vd 8: ( , 2 ( Tuyén sinh vao lop 10 THPT Chuyén Phan Boi Chdu 2009-2010)
X\y —
{ (thi PH —CD- Khéi B 2003)
X +2
X +2x+22 T4+2y+1
vd 10: \/_ Y Y ( Olympic 30-4-2010)
Sy #2y+22—Jx=x* +2x+1
+VX —2x+2=3"+1 (
vdi: VT ( thi thit PH nim 2011, THTT 6 379, 2009 )
YAy —2y+2=3"+1
xt = =3(x+
wd 12 y'=-3(x+y)
—xy 3 x+y)
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III/ MOT SO PHUONG PHAP MOL.

> Phwong phap 01: Hing s6 = t = 4n s6

Xem xét cach gidi mét so vi du sau:

X 4y’ = 1
vidul: > (hé phuong trinh TST Nghé An 2009-2010)

4x2+3x—%:—y(3x+1)

Bai gigi  Nhan phuong trinh sau ctia hé véi 2 rdi cong theo vé vdi phuong trinh dau ta duogc:
12

+y+l=—
) 144 Fy+l==

9X2+y2+6xy+6x+2y=£<:>(3x+y+l)
25 12
3x+y+1=—?

Dén day thi thé vao phuong trinh ban dau ta giai phuong trinh bac 2 nita 1a ok!

(x—y)2+y=3

vidu 2:
X +2xy—5y° =5x+13y=6

Bai gigi:  Nhén 3 vao phuong trinh dau rdi trir theo vé véi phuong trinh sau ta dugc:
2x* +8y* —8xy+5x—10y=3 < 2()(—2)1)2 +5(x—2y)—3 =0

x—=2y=-3

2x—4y=1

Pén day, thé ting trudng hop rdi thay vao phuong trinh ban dau 1a ok!

(:)(x—2y+3)(2x—4y—1):0(:)[

v Nhin xét: Hai bai giai trén that hay, don gian véi cong viéc nhan thém rdi cong lai, sau d6 phén tich
thanh nhan tir.

Nhung! Diéu chiing ta ban khoan + thic mic & dy chinh 12 viéc biét phai nhan vdi con s6 nao. Day chinh
1a co s¢ dé ching ta di dén phuong phdp 4n sb = t = hang s6.

¥ Nhu chiing ta d biét, cdi chua biét chinh 1a 4n s6. Day ciing vdy, dé biét cAn nhan véi bao nhiéu, ta dua
thém an t vao. Do d6, hpt cua chiing ta da cé dén tan 3 an vai chi 2 gia thiét. Nhu vay, phai cé thém 1 cai
gi d6 rang budc. N6 1a gi ? Quan sat lai 2 vi du trén mdt 1an nira. :-?

> Phwong phap : Hing s6 = t = 4n s

e Pham vi ing dung: hé phuong trinh 2 4n x, y c6 bac khéng qua 2.

e Co s¢ phuong phép: gidi phuong trinh bac 2.

Xét phuong trinh: ax” +bx+c=0. C6: A=b"—4ac.

Néu: A <0 thi phuong trinh v6 nghiém.

Néu A > 0thi phuong trinh ¢6 2 nghiém phén biét.

Dic biét : A =0 phuong trinh c6 1 nghiém duy nhét, ttc khi d6 phwong trinh tuong duong véi:

2
a ()H—Zij =0. Pay chinh la co s& co ban cua pp.
a



Nhan iv, he 2011, send to my friend !
( » Note: bai viét s& khong trinh bay giai hé phuong trinh tong quat ma s& thyc hién giai chi tiét
nhing vi du cy thé nham tao cho ban nhiing tu duy, suy nghi méi va tu hinh thanh cho minh phuong
phap va ki nang. Hon nira viéc trinh bay téng quét kha phtc tap )
e Hay xem xét lai 2 vi du trén:
Thay vi nhin vao nhiing con s6 2 nhu vd 1, con s 3 nhur vd 2 ma ¢6 vé duong nhu ta da biét, ta s& nhan

vao d6 con sO«.
X2 +y2 :g
Vidul:

4x2+3x—3—22—y(3x+1)

Nhén t vao phuong trinh dau rdi cong theo vé v6i phuong trinh sau ta c6:
5t+57 0

1y’ +y(3x+1)+(r+4) x> +3x—

Xem ddy 14 phuong trinh bac 2 an 1a y, xét:

5t+57 4t (5t +57)

A, =(3x+1)2—4{(t+4)x2 +3x— }:(9—4#’ —16t)x* +6x(1-21) +1+

D¢ xuét hién nhan t nhu trén thi A = £7(x) va nhu vay thi :

41(5t+57
(9-4r —161) ¢+ 6x(1-20) + 1+ X _ o
41(5t+57
@A'x=0<:>9(1—2t)2—4(9—16t—4t2)[1+%}:0

<:>(1—2t)[1—2t—4(9+2t){1+%5+57)ﬂ=O

D@ thiy ¢ :% 1a gid tri théa man.
vy Dé c6 10i giai gon + dep thi khi trinh bay bai giai, ching ta nhin thém 2 vao phuong trinh sau thay vi

nhén % vao phuong trinh dau. Tir d6 ta c6 10i giai gon + dep nhu trén.

(x— y)2 +y=3

x*+2xy-5y*—5x+13y=6

Chung ta cling thyc hi¢nn g()ng viéc nhan t nhu trén:;

Nhan t vao phuong trinh dau roi cdng theo vé 2 phuong trinh ta dugc:
(1=5)y + y[ 2x(t=1)+1+13]+(r+1) x> =5x—=3(r +2)

Xem lai vi du 2: {

A, =[2x(t=1)+1+13] =4(r=5)[(r+1)x* =5x=3(r+2) |

=8(3+1)x” —4x(F +71+12)+ 9 +2+249 = £ (x)

Khi xem xét phuong trinh nay thi nhan thdy ngay t=-3 séchota f’(x)=18> vidéy
P +T7t+12=(1+3)(1+4)

Tu d6 ta c6 101 giai !

Mot s6 vi dy thém:

2 2

Py =xy+x+

vd 3: y =xy y
x2_y2=3
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X +2y° =3x-2
vd 4:
2(x+y-1)=2xy
y? 5x+4 ) . .
vd 5: ( THTT so 379, thang 1 nam 2011)
y?—=5x" —4xy+16x—8y+16=0
XAy +Xy+xy +xy=— Bl
s 4 ( DH-CP khdi A, niam 2008)
x4+ xy 1+2x) 2
vd 7: oy =
X+ y =xy+x+y

e Mot sc”')‘luu y khi st dung phuong phép:
Xem sau ¢ phan tdn man.
Can linh hoat trong viéc chon lya nhan t & phuong trinh nao dé thuén 1gi trong phéan tich.

» Mé rong phuwong phap:

¥¥¥ Co s& suy luan : ban c6 nghi, li€u c6 bét budc béc clia x va y trong hé phai la bac 2 ca. :-? Pung, dé
ludn giai dugc thi nhat thiét phai yéu cau 1a ca 2 déu bac 2. Tuy nhién, cdi hay ctia Todn chinh 1a da dang,
mudn mau mudn vé, bit budc chiing ta phai ludn tinh té, sang tao hon nita trong pp va suy nghi. Biét 1
chua chéc di giai dwoc 10. Trudc hét, hdy xem cdi hé sau.

42Xy + 2%y =2x49 o
vd 8: ( thi thu PH-CP 2011)

X +2xy=6x+6
Bac cao nhat ciia x 12 4, nhung bac cta y lai 1a 2. Hon thé nita, néu quan sét tinh y hon:
{x“ + 2)(2.(xy)+(xy)2 =2x+9
X +2xy=6x+6
Nhan thém hang s6 t vio phuong trinh sau rdi cong theo vé v6i phuong trinh dau, ta duoc:
Xy +2xy (427 )+ xt o = 2x(1431)-9-6: =0

( thi nén gom + xem xy la 4n)

A z(t+x2)2—x4—tx2+2x(1+3t)+9+6t=tx2 +2x(1430)+(14+3) = 2 (%)
oA, =(1+31)" —41(1+3)" =0

D@ thay ngay 7 =1 1a mot nghiém cta phuong trinh nén hé s6 can nhén chinh 1a 1.
Viéc trinh bay 161 giai con lai xin danh cho ban doc!

¥ @@ @: h¢ nay khd dac biét vi khi rit gon ta thu dwoc A = 1a mdt tam thue bac 2. Qua d6 co s6 pp cua
chiing ta van 4p dung duoc. Nhung! Vi du sau thi sao ?
1+x%y? =19x
Vdo
Xy’ +y=-6x
¥ Nhién xét : chii § bac cao nhit ctia y nhu trén van 13 bac 2. Nhung ¢ van dé gi can ban ¢ diy ?

Nhap : Nhan t vao phuong trinh sau rdi cong lai :

10
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v (o +ox) + 1y +(1-19x° + 6127 ) = 0
Xét:A =1 —4(x" +1x)(1-19x° + 60" ) =4.(19-6¢) x* +4¢ (19— 61) x* —4x” —dpx +1°
V&i A c6 bac cua x 1a 2, diing co s pp phén tich trén, ta c6 thé quy vé giai ptan t. Tuy nhién, déy la bac
4 dbi véi x. Liéu c6 gi khdc va ddc biét c6 phai ludn giai duoc ? Dé tra 10i nhitng thic mac nay, ta tiép tuc
suy luan dé giai phuong trinh trén.
D¢ thuén loi trong viéc nhén t, nhu pp trén da néi, A =f ?(x) vay nén trong TH nay, y tuong rat ty nhién
la cin tim tdé A, =4(19—61)x" +41(19—61)x’ —4x* —4tx+1> 1a mot binh phuong ciia tam thirc bac hai.
Khai thic : xét binh phuong ctia mot tam thirc bac 2.
(ax2 +bx+ 0)2 =a’x* +2abx’ + (b* +2ac)x” +2bcx + ¢’
hay cha y dang thirc trén dé hiéu dugc nhitng suy luan sau day :
Pong nhat hai biéu thic sau :

2
A, =4(19-60)x" +41(19—-61)x’ — 42" —4rx-+1* = (21961 + 141961 £1
Dong nhét gid tri gid tri bac nhat x : 4r =+21> 19+ 61 =1 :%

Thir lai thiy thoa man khi ddng nhét véi hé sé cia x*.
Vay cong viéc con lai thi danh cho ban doc x1 Ii nhu trén.(nhan 2 vao phuong trinh dau r6i cong theo ve).

Yvv Bay gio, hay doc nhiing suy luén trén 1 lan nita roi quay lai v&i ciu héi da néu.

Nhuoc diém cua pp nay rat ro rang : khong ludn giai dugc. N6 phy thude vao viée dong nhat 2 hé s6 cia
x va x*. C6 thé s& cho 2 gia tri t khac nhau. Mot kinh nhiém c6 thé nhin thay la khi tim duogc t 1a nghiém
dep tii ddng nhat x thi yén tdm 13 né s& diing !.

Thir 2, ¢6 nhitng TH tim dwoc : A ma thiéu x°, hay x*, .... thi vAn dé c6 duoc 1a khong thé .

v» v Két thiic phuong phap la mot 5O hpt cung dang. Xin noi trudc, chua chac né di giai duoc bang
phuong phdp nay. Nhung ! van dua ra nham dé cdc ban nhép gidi, sau d6 ngdm xem nhiing bai cling dang
nay, bai nao gidi duoc, khong gidi duoc, ... Tir d6 hinh thanh tu duy quan sét , ddnh gid. Hon nira, pp nay
601 hoi ki thuét phan tich, kha nang khai pha tam thirc rdi lai hop nhat, .. khé ric rdi va phuc tap. Vi vy,
néu ban 12 ngudi khong can than, néng tinh, ... thi hiy bo qua phuong phap nay, boi n6 chic chin khong
hop véi ban va s& khong dem cho ban két qua nhu mong muon .

+2y°+y=-2
vd10: [T
2x°y* +8xy” +8y* =y’ +1
x +y +xy=3y-1

vd 11:
x +xX°y=x"—x+1

X Hy+xXy+xy +xy=— 2
vd 12 : 4 ( DH-CP Khdi A-2008)
x4y +xy (142x)=—

4x2+5x+9y 8=0
(2X +1)* =3x7 =27y* +18xy—11

xy—1=3y-x
vd 14 :

vd 13:

(xy+1)(x+2)=y (S—XZ)

11
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X +2xy—2x—y=0
vdis: {0 7T
x'—4(x+y-1)x"+y*+2xy=0
f_4xP+y* —6y+9=0
vd 16 : X Ty y
yx*+x7+2y—22=0
y2_2x+y—-1=0
vd 17: : e Y
2x* +y’ —4x-5=0

> Phwong phéap 02 : Hé phwong trinh ding cip va mé rong :

v Day 1a mot vi du duge dan y si trong cubn NANG CAO VA PHAT TRIEN TOAN 9, tap 2 cua Vil Hitu
Poxy+yt=1
Binh khd don gian: 1° > >
2x> =3xy+4y° =3

Buai gidi : Tathdy x = 0 khong 12 nghiém cta hé phuong trinh :
Xét x#0,dat y=tx. Tacé h¢:

(P -t+1)=1
=3t"-3t+3=4 -3t+2=>t==1
X (4 =3t+2)=3

# t=1=x" =1= (xny) e {(L1);(-1-1)}

cetm et e[ L)L)

e Co sé phuong phép hé ding cap :

Trudc hét, ta tam goi va xét phuong trinh 2 4n dang thuan nhat:

Dty =0 trong d6 ¢, 1a hé s6, x, y 1a 2 an.
k=0

vi du nhu céc phuong trinh :

vd 1: X’ +2x'y + 3x*y’ = 0

vd2:2xy + x° + 5y° =0

vd 3: xzoloy + yzou -0

Phuong phap giai : Xét y #0 roi dit 1 = * tathu dugc phuong trinh an t : Zak =0
y k=0
Tur d6 ta gidi dugc phuong trinh dang nay.
e Pham vi phuong phép :

Chiing ta c6 thé d& dang nhan ra céc hpt thudc dang nay thong qua mot sé vi du sau :

2(x+y)=3(%/E+%/xy_2)
%/;+Q/§:6

vd 1.1: ( dé thi HSG I6p 9 Tinh An Giang nam 2009-2010 )

Pham Hung Vuong. Lép 11C1. Truong THPT Phan DBang Luu, Yén Thanh, Nghé An.
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¥ Nhan xét: Phuong trinh dau chinh 12 phuong trinh thuan nhat 2 an x,y. Khai thic phuong trinh nay
nham tao dk rang budc gitta chiing. Dé ¥ vai trd binh dang ctia x ,y trong pt nén dé thay nhan tir

( x+J_). That vay; Dat a:\/_,b:\/; ta co:

pt & 2(a’+b0°)=3(a’b+ab’) & (a+b)(2a’ —5ab+2b*) =0 (a+b)(2a—b)(a—2b)=0

Dén day thi cong viéc giai hé con lai khong con gi khé khan.

» Nhu viy, dang thir nhat: phuong trinh thuan nhét dugc thdy 18 ¢ 1 trong cdc phuong trinh cuia hé.
Ix+3y=33(x+ ,

vidul.2: Y \/; (¥+y) ( THTT so 394 thdang 4-2010 ).
4x° +6x7 +4x+1=15y"

Loi giai : Nhan xét : Phuong trinh thuan nhat nim & pt diu. can khai thic phuong trinh nay.

xX=-y
pt@x+y+33/5(3/;+3/;):3(x+y (\/_+\/_)(2\/_ \/_)( \/_) 8x=y
x=8y
Nhu véy cdi kho ctia hé nay chi don thuan 1a giai phuong trinh.
beé y tiép & phuong trinh sau: c6 dau hi¢u ciia mdt hang dang thiic bac 4:
(x+1)" = x* +4x° +6x° +4x+1, suy ra, phuong trinh sau trong duong voi:
(x+1)4:x4+15y4 ().
-1 1
. 4 4 x+1=2x X=—,y=—
TH1: x=—y, thay vao (*) ta duoc: (x+1) =16x" & & 3 3
x+1=-2x x=ly=-1

Lam tuong ty voi cdc TH con lai ta thu dugc 8 nghiém cua hé.

x—2y—\/E=0
vd 1.3:
Vx—1—-42y-1=1

( thi thu DH

)
‘ X+ Y+ Jx—y :2\/;
vd 1.4:
Vx+45y =3

(thi thir PH , THPT Lé Van Huu, Thanh Héa 2011)

X +y X +xy y
=x+ ,
vd 1.5: \/ 2 \/ 3 Yy ( THTT s6 407 théng 5 nam 2011 )

X2xy+5x+3=4xy—5x-3

» Dang 2: Két hop 2 phuong trinh nham tao ra phuong trinh thuan nhat.

X +8y’ —4xy’ =1

2x* +8y*—2x—y=0

v Nhin xét : mdi phuong trinh ctia hé déu gdm 2 nhém béc :

phuong trinh thtr nhat : bac 3 va bac 0

phuong trinh thr hai : bac 4 va béc nhat. ) . o

Nhu vay neu ghép nhan bac 4 véi bac 0, bac 3 voi bac nhat, ta thu dugc phuong trinh thuan nhat an x,y
bac 4.

vidu?2.l: {

X +8y’ —dxy’ =1 (1)
2x+y=2x"+8y* 2)
Nhan theo vé hai phwong trinh ctia hé ta thu dugc :

Bai gidi : hé phuong trinh twong duong véi : {

13
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(x3 +8y’ —4xy2)(2x+ y)= 2x" +8y* @ X’y —8x*y* +12xy’ =0
Dat y = rx.thi phuong trinh trén tr¢ thanh :

x(£ =87 +121) =0 x"1(1-2)(1-6)=0

Néu sz:yzl

2

, =0
.Néutzoz{y

x=1

. 6
=6 T3
eNéur=6=> 2} 200
200y” =1 1

Vay hé c6 4 nghiém phéan biét nhu trén .
14x* =21y* +22x -39y =0
35x* +28y° +111x—10y =0
¥ @ Nhin vao kha gom voi cac hé s6 khéng 10, nhung néu nhin nhan theo huéng phuong trinh thuan nhét
thi ta lai thay n6 that don gian.
Bai gidi : H¢ phuong trinh twong duong voi :
14x> —21y* =39y —22x (1)
{111)6—10))2—35)62 —28y2 )
Nhéan theo vé 2 phuong trinh (1) va (2) ta thu dugc phuong trinh thuan nhit bac 3 4n X,y:
(14x> =21y )(10y —111x) = (352" + 28y ) (39 — 22x)

vidu2.2: {

& (267 =3y?)(10y —111x) = (52" +4y” ) (39y — 22x)

Néu y=0= x=0 thoa man la nghiém cua hé.

Néu y#0 thidat = Y ta dua vé giai phuong trinh :
Yy

(267 =3)(10-111¢) = (4+5¢*)(39-22) > 1 =

[SSRIE

Vay y = 3x, thé vao (1) ta giai dugc tiép bai todn.

¥¥ Nhu vy, ing dung cua dang nay la hé 2 an X,y trong d6 cdc phuong trinh gdm 2 nhém bac. Can nhan
chia, binh phuong hop 1i nham tao phuong trinh thuan nhat. !
Sau day la mot so vi du thém :

(x2—y2).2y=3x

vd2.3:
(x2+y2).x:10y
X +y’ =1

vd 2.4: , . ( thi thir dai hoc 2011)
Xy+2xy +y =2

14
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X +4y=y"+16x
vd25: 4 )
y +1=5 (x + 1)
3x° +8y” +12xy =23 i R .
vd 2.6 : (Thi chuyén DHQG HN nam 2010)
X +y*=2.
mx+(2m-1)y+3=0 . _ .
vd 2.7 .tim m dé h¢ phuong trinh c¢6 nghiém ( thi thuw PH —2011)
x> +y —2x-2y=0
(x—y)(x2 —yz) =3
(x+ y)(x2 + yz):15
¥¥ Qua 2 vi dy trén, ta thiy khd d& dang nhan dang va gidi quyét cdc bai todn thudn nhat nay. Tuy nhién,
cling nhéc trude voi cdc ban rang, khong phai cur phai 1a hé gdom 2 nhém bac 1a rap khudn theo phuong
phéap nay. That vay, thtr véi phuong trinh :

vd 2.8

X -y =9 ) .
Y theo phuong phép, ta tao phuong trinh thuan nhat la :
X +2y  =x+4y

(x=y"). (x+4y)2 =9(x"+ 2y2)2 Nhung! day 12 phuong trinh bac 6 va ban dinh 1am gi vs pt bac qué

cao ?. Nhu thé, can phai xem xét s€ phai giai pt nao trude khi ap dung phuong phap nay. MGdi bai déu 4n
chtra 1 101 giai dep, an 1 phuong phap méi dudi mdi con mit khdc nhau cua chung ta. Vi vay, hay thu
diing chinh con mit ctia ban va thir khdm phé né xem ! It nhat, néu khong thanh thi ban ciing s& khic sau
duogc bai toan d6 ( xem 101 giai bai todn nay sau ). Va nhd "cai khé 16 cai khon" , biét d4u ban s& tim duoc
cho minh mot phuong phap mdi nao do.

P Quay lai v&i cdi méi cua phuong phép 02 : mé rong.
Trude hét, ta xem xét hé phuong trinh md man sau :

X4yt =2 ()

viduOl:
2x7 +3xy =2y’ +3x+y=7 2)

Céch 1: Theo phuong phap 1: Nhdp: nhan t vao (1), tim ra: ¢ =§ thoa man. tir d6 di dén bai giai:
Nhan (1) véi 5, nhan (2) véi 2 rdi cong theo vé ta dugc:
3x+y+1=5

9x> +6x(y+1)+y*+2y=24 = (3x+y+1) =25=
X HOx(y+1)+y 42y (3x+y+1) {3x+y+l=—5

Pén day thi thé va giai 1a ok!
(x+2y)(2x—y)+(2x—y)+(x+2y):7
(2)c—y)2+()c+2y)2 =10
bat a=x+2y,b=2x—y, thi h¢ phuong trinh tré thanh:

Cach 2:

7
a+b=-6 a=1 x+2y=1 x_g
ab+a+b=1 ab=13 b=3 2x—y=3 -1
. = = = & | | Y =72 — xong!
a’+b* =10 a+b=4 a=3 x+2y=3 5
ab=3 b=1 2x—y=1 x=1
=1

Va sau day la cach 3: mot 101 giai khd mdi, cling chinh 1a 101 gidi mé rdng ctia phuong phap:

Pham Hung Vuong. Lop 11C1. Truong THPT Phan Bang Luu, Yén Thanh, Nghé An.
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Bai gidi: Po6ibién: a = x—1, b = y—1, thi h¢ phuong trinh da cho tré thanh :
a’+b*+2a+2b=0 a’+b*=-2(a+b)
{Za2 —2b* +10a+3ab =0 < {IOa =-2a’+2b" —3ab
Nhan theo vé 2 phuong trinh trén ctia hé, ta thu dugc phuong trinh thuan nhat bac 3 4n a,b::
10a.(a* +b°) =2(a+b)(2a> — 2> +3ab)

Xét a=0= x=1,y=1, théa min la nghiém cuia hé.
Xét a0, dit 1 :% thi phuong trinh tré thanh:

106 (£ +1) =2(¢+1) (27 =2+3t) & 36 =57 +4t+2=0 & (3t +1)(1* =21 +2)
Do dbtaco: 3a+b=03(x—1)+(y-1)=0 y=4-3x

thé vao hé ban du ta thu duoc nghiém cua hé.!

vv Nhu vay, ¥ tudng xuat phét ciia hé chinh 1a st dung kién thirc tao phwong trinh thuan nhat. Nhung né
khong thdy ngay dugc ma phai qua bién doi, dat, ...

@@ @ Nhan xét ti: 1 bai toan voi 3 101 giai: 10 giai 1: ngén gon + dep hon ca ( nhung ban c6 biét vat va
nhu thé nao dé nhdp ra t :P), cich 2 thi rat dic biét voi bién d6i + dat ( c6 vé khong ty nhién 1am ), véi
cich 3 ( khoi ban vi di sau ddy s& 12 pp, ma nhu ta di biét, da 1a pp thi khong thé khong ty nhién :D ).

Qua vi du ta cho ra mé rong phuong phap: d6i 4n dua vé puong trinh thuan nhét bac 3:
» Pham vi ung dung:
o hé c6 nghiém dep (hitu ti )
o hé gdm 2 phuong trinh da thirc bac 2
° Phuong phép va co so: .
Nham nghiém, gia sir c6 1 nghiém x=¢a, y =, khi d6 d6i an bang cach dit:m=x—a,n=y— [, tasé
thu dugc hé nhu mong mubn !
Co sé: Xét pt: ax’ +by” +cxy+dr+ey=fcénghiém x=ca,y=/,thi: aa> +bf* +caf+da+ef =f.
Do do, khi dat va thé ta thu dugc phuong trinh:
a(m+a) +b(n+B) +c(m+a)(n+B)+d(m+a)+e(n+pB)=tf
& am’ +bn’ +cmn=-m.(2a.a+cf+d)-n(2bf+ca+e)

Nhu vy, ta dé loai dugce 1 nhém ( bac khong ), din dén mggi phuong trinh chi con 2 nhém va viéc img
dung phuong phéap tré nén don gian. Hay thuc hanh véi 1 s6 vd sau, ban s€ thay that thi vi:.

tay+y =3
vi du 4: Ty
X +2xy—Tx=5y+9=0

) X +2y°=3x-2
vi du 5:
x+y l 2xy
+6x1 +4y*=20
vi du 6: )y Y
x +2y+1 =2
vidu 7: 2x° +x+y =
xy—x+y=3

16
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v/ MOT SO Ki NANG GIAI HE PHUONG TRINH.

Ngim vé mot s6 dinh nghia sau:
 Kkinang: 1a kha ning van dung nhitng kién thirc da thu nhan dugc trong mot linh vyuc nio d6 ap
dung vao thuc té + nhitng Iinh vuc khac
e Kinh nghiém: (kinh: timg trai; nghiém: ching thuc) Su hiéu biét do da timg trai cong viéc, da
th?iy duoc két qua khién cho c6 thé phat huy duoc mat tot va khic phuc dugc mét chua tdt: C6
kinh nghiém ma khéng c6 1i luan, cling nhu mot mat sing, mot mit mo (HCM); C6 thyc hanh
moi c6 kinh nghiém (TrVGiau).
Hay phét huy nhitng ki ndng + kinh nghi€ém cta minh mdt cach hi¢u qua !
Biy gid, quay lai voi chuyén dé, phan IV.

>
Ching ta cling xem xét cdc vi du sau :
) X +y =91
vidul:
4x> +3y* =16x+9y
¥ @@ @ Nhin : c6 bac 3, bac 2, bac 1, bac 0. :- ?
suy nghi + lién tudng : mot cdi gi d6 bac 3......
van dung hing ddng thirc : (x—4)" = x° —3(4x2 —16)c)—64;(y—3)3 =y’ —3(3y2 —9y)—27
Thir : Nhan -3 vao pt sau roi cong theo vé vai pt dau, ta duoc :
(x—4) +(y=3)" =0, 64+27 =91, nhu vay Ia chiing ta d di ding huéng .

Y¥ @@ @@ : Néu Ia lan dau gap gd nhing dang thé nay thi qué that rat khé de tiép can + di theo hudng
suy nghi trén, nhung khi da doc qua 1 vai vi du thi nhiing lién tudng nay tré nén rat ty nhién + quen thudce
doi voi ban.
) =y’ =9 S o
vidu?2: ( Tap doan Tén thu khoa 2009-2010, Vinh city )
X' +2y  =x+4y
HD : suy ludn twong tu trén, dang nay ciing goi dén cho ta mot hang dang thirc bac 3 voi nhiing diém
déng luu § : x* —x trong (x—1)’ = x° —1—3(x2 —x) va y?—4y trong (y-2)' =’ —8—3(2y2 —4y).
Nhu vy, nhan 3 vao phuong trinh sau ta c6 ngay :
(x—l)3 :(y—2)3 Sx—l=y-2
Thé va giai phuong trinh sau 1a ok!.
x' —y* =240
vd3:q s 5 5
X =2y’ = 3(x —4y )—4(x—8y)
v¥ Nhin xét : mot hé kha khing khiép, khong chi vé& bac ma con vé cé con s0.
Tuy nhién, néu ching ta quan sét thi nhirng suy nghi v€ hang dang thie khé ph hop + tu nhién.
Thur xem xét phuong tinh thtr 2 trude xem ! Li€u n6 ¢6 dinh dang gi vdi dang thuc bac 3.
X =3x rdx=(x—1) +(x+1)=(x=1)" +(x=1)+2
2y° —12y* +32y=2(y-2)" +8y+16=2(y—2)  +8(y—2)+32.
Nhu vay ac6: (x—1)"+(x—=1)=2(y-2)"+8(y—-2)+30
:((, khai thac phuong trinh nay dudng nhu khong cho mot nhén tir hay mot két qua thé nao ..... ( xem cdc
ki nang sau ). Tuy nhién, ¢4 1 con s6 rat dang chd y, chinh la 30. ( 240=30x8 ) )
Hon nira, theo 1 théi quen rat tu nhién cua ban than trong nhirng TH nay chinh la dat an phy vi n6 khé
dep, va liéu cach dat an cé dem lai loi ich gi hay khong thi phai thur.
batcho gon: a=x—-1,b=y—2, hé phuong trinh trd thanh :
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a’+a—2b"—8h =30
Nhan 8 vao vé roi trir vé nham khir con s6 30 va 240. Két qua thu duogce 1a :
(a+1)' -8(a’+a)=(b+2)" ~16(b"+4b) ().
Khong biét thiy duoc céi gi va lam dugc gi voi cdi nay, nhung thiét nghi di 1am thi 1am dén cting, phai
khai phé cdi mi 4 kia ra!.

(a+1)4 :a4+4a3+6a2+4a+1:a4+6a2+1+4(a3+a)

{(a +1)' =(b+2)" =240.

(b+2)" =b" +8b> +24b> +32b+16 =b" +24b* +16+8(b* +4b)

Quan sét ki, duong nhu 10 giai da dan 16 ra :

(*) & a' —4a’ +6a° —4a+1=b" —8b° +24b> —32b+16

s(a-1)'=(b-2)' @a=b-1

Dén day thi phuong tinh trd nén binh thudng voi viée thé va giai ! ,
¥¥ Trén do la trinh bay nhiing quan sét va suy nghi cua ban than. Tuy nhién, mot khi ching ta da di dén
dich nhu vy thi nhu nhimg vd ¢ pp 1. Ching ta cling can trinh bay mét cach dep + khoa hoc hon. ( va
giau dugc phuong phdp néu muén © ).

Theo trén, cudi cung s€ ¢6 :

(a-1)' =(b-2)" = (x-2)" =(y-4)’
o xt =yt =240 =8(x* =327 +4x-2)" +12)% —32y)

Nhu vay, nhan 8 vao phuong trinh sau rdi cong theo vé ta s& thu dugc 10i gidi gon theo bién doi trén !.

v¥¥Giai xong bai nay, mdi ngudi s& ¢6 1 suy nghi khic nhau. Liéu ban ¢ thay né qud khd, q@, hay, do,...
Tuy nhién, xin gioi thiéu v6i céc ban : day chinh la bai pt dugc ddnh gid 1a hay + kho trong dé thi chon
HSG Quoc Gia nam 2009.

-

x* =y +x* =9y ~30=28y o : . o
vd1: ( thi thir PH-CD truong Dai Hoc Vinh nam 2011)

V2x+3+x=y
v Nhién xét : can khai thic phuong trinh dau :
Chii y 1 hing ding thirc kha 16 : (y—3)" = y* —9y? +27y—27 . Nhu vy khai théc bing cach dit 4n gon :
z=y3.taco: pt e x°+x° =(y=3) +(y-3) (*)..
Nhan xét : ham f(a)=a’+a c6 : f'(a) = 3a*+1>0 nén ham dong bién.
Do d6 tur (*) = ¥ =y-3
Nhur vdy, cong viéc con lai 1a thé va giai phuong trinh : V2x+3=x>+3—-x
Giai phuong trinh dang nay xem pp sau !

(3—x)V2—x=2y2y-1=0

2W2—x—4(2y-1) =1

¥ Quan st : ca 2 phuong trinh dudng nhu déu c¢6 vé phirc tap v6i céc can thirc. Tuy nhién, & phuong

vd 2 :
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Nhu vay, sau khi dat diéu kién, ta dat gon: a= m,b =,/2y—12=0. khi d6 phuong trinh dau tré
thanh: (a’ +1)a=(b’+1)b = a’+a=b"+b
day cling 12 mot ham ddng bién, suy ra a =b . Thé vio phuong trinh sau ta c6 :
2a-a’ =1 (a—l)(a2+a—1):0
Pén day thi oki ! roi.

{(4x2+1)x+(y—3) 5-2y=0 (1)
vd3::

4x* +y° +2\3-4x=7

Khai thdc : 2(y—3)+1=2y-5. ddt h=5-2y,a=2x,tacé:
() & 2x.(4x” +1)=(6-2x)/5-2y
=a(a’+1)=b(b*+1) = a’+a=b"+b
Pay ciing lai 12 ham ddng bién nén theo d6 ta c6 :
a=b=>2x=.,/5-2y.Dén diy thé va cong viéc con lai 1a giai phuong trinh !
Cung thtr sttc voi mot s6 vi dy tuong tu:
- {2x2y+y3 =2x*+x°

x+2 y+l —(x+1)

VY —8y+9—3xy+12-6x <1

( thi DH Khoi A nam 2010 )

vd5:
\/2x y)  +10x— 6y+12— \/_ Vx+2
x +xy —y +y

vd 6 :
\/4x+5+«/y +8=6
2+6y="—[x-2y

vd 7: y ( thi thir PH-CD Pai Hoc Sw Pham Ha Noi nam 2010 )
Jx+x=2y =x+3y-2

+y =2

vd 8: x y

x Pox+y +xy=0

x+ X +2011)(y+4/y2+2011)=2011

2xy+7+4x+2y+5=3x+3y
410 {f+\/x+2+\/x+4 Jy—1+y=3+y-5
Vi

x+y+x’+y’ =44

__2 _£
vd 11: Y

2x=y +1
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vv¥ bay la mét phuorng phép rat thii vi, khong c6 mot rang budc hudng suy luan hay cling nhic nio ca. Co
thé néi nhur tén goi, "thé xuat hién nhan tir", pp khd thuc dung khi yéu ciu phai cho ta cdi loi trudc mat
khi thé. Hay xem cic vi du sau:

X =8x=y'+2y
vidul: 5 5
X =3=3(y"+1)
Ngoai 10i giai bang phuong phap dwa vé phuong trinh thudn nhat, ta c¢6 10i giai khac nhd quan sit :
pt(1) & x(x*=8)=y(y’ +2)
pt2) & x° =3(y2 +2)
Nhu vay viéc thé y* +2 cho ta nghiém truéc mat1a x = 0. Va phuong trinh con lai ntn ? chiing ta con
phai xem "may man" .
Bai gidi :

=0
{x > v6 nghiém
x(x=8)=y(y*+2)  [3x(x’-8)=x"y y=1m

= 4 _ 2

x*=3 y2+2) x2=3(y2+2) xy—3(x _8)
= 3(y2 + 2)
Giai h¢ con lai khong kho khan, nhan phuong trinh sau voi 4 10i cong theo vé véi pt dau ta dua vé giai
phuong trinh thuan nhat bac 2 an x, y.

¥Y¥ @@ @ c6 thé néi phuong phép thé nay kha thi vi, rat can con mat quan st ddnh gid + phén tich vi
day khong phai la phuong phap mau myuc, ma c6 thé ndi 1a kha dac biét. That vay, voi vi du sau :

X +4y=y’+16x
y’ +1=5(x2 +1)
N6 c6 vé ngoai rat giong véi vi du trén, thyc ra 12 cing dang néu ta gidi quyét n6 theo phuong phéap 02 (

phan IIT ) néu trén. Nhung vi du 1 trén dic biét khi di theo cdch giai thé nay, va ching ta d tim ra dugc
diém dic biét riéng ctia né va giai theo 1 hudng khéc .

Ay Hxy+l=4y
vidu?2: )
y(x+y) =2x"+7y+2

giai hpt : {

( thi thir DH nhiéu truong ndam 2011 )

, 7 dy—xy—y'=x"+1
¥ Nhin xét : quan sat 2 phuong trinh thay mot diém dang luu y : 5 s
y(x+y) =Ty =2(x +1)

Hon nita, néu thé x* +1 thi phuong trinh thu dugc chira nhan tir y :
2
2y(4=x=y)=y| (x+y)-7]
Chia 2 vé cho'y, ta lai thu duoc phuong trinh bac 2 an (x+y)..

D6 1a suy nghi kha ty nhién. Qua nhiing suy nghi trén ta di dén trinh bay 10i giai nham thu diém + hay +
gon hon nhu sau :

xz+1+x+y 4
vi e X 1A ) Y +ay+l=4y y
Bai gigi: Deé thay y#0, taco: 5 5 = .
yx+y) =2x"+T7y+2 , xt+1
X _— =
(x+y)y -2 7
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u+tv=4 u=4-vy v=3,u=1
2 And 2 And
v =2u=7 v +2v=15=0 v==5u=9

2
+1
Pitu=>
y

,v=x+y taco hé: {

+1= ‘+1= +x-2=0 x=1y=2
+)V6i v=3,u=1tacéhe: {x y@{x y@{x X PN Y

x+y=3 y=3—-x y=3—-x x=-2,y=5
+1=9 *+1=9 *+9x+46=0
) V& v=-5u=9tacéhd {" Yo !t Yo it T , hé ndy vo nghiém.
x+y=-5 y=-5-x y=-5-x

KL: Vay h¢ da cho c6 hai nghiém: (x;y)={(;2),(-2;5)}.

¥ Ta xét tiép 1 vi du thi vi + thé hién kha nang linh hoat ctia pp nhu sau:
. X +2xy—2x—y=0
vi su 3: . ) )
X —4x (x+ y—l)+y +2xy=0
Nhin phuong trinh sau, 1 hing déng thirc s& 4p vao mat ta:
x* —4)(2(x+y—1)+2xy+y2 :x4—4x2(x+ y)+2)cy+y2 +4x?
C6 2 hang dang thic ta c¢6 thé nghi dén:
Lo ox'=4x* (x+y)+2xy+y° +4x° = (xZ =2(x+ y))2 -3y —6xy

2. x4—4x2(x+y)+2xy+y2+4x2:(xz—(x+y))2+x2(3—2x—2y)
Thtr véi céi tha 1.

x2—2x—2y=—y(1+2x)
hpt & 5
(x2—2x—2y) :3y(y+2x)
thé x> —2x—2y taduoc: y*(1+2x)" =3y(y+2x)

Két qua thu duge khong “may man” kha quan nhu trén sau khi chia 2 vé cho y.
Tam thoi dung 1. dé thir véi 2. xem sao 777

X —x-y :x(l—2y)
(x2 —)c—y)2 =x’(2x+2y-3)
sau khi thé x> —x—y thu duoc:
x (1—2)6)2 =x*(2x+2y-3).
Xt i x=0, ta con lai h¢ phuong trinh:
X +2xy=2x+y
{4)(2 +4=6x+2y
Dép day thi don gian hon rat nhiéu. 7 )
Thay nghiém dep x =y =1 nén chuén theo phuong phdp 2 ta s€ di ngay dén kq.
Tuy nhién v6i bai nay, néu di theo quan sat: bac cia y ¢ 2 phwong trinh la bac nhat nén thé cong viéc the
y rat thudn loi ( chi phai gidi phuong tinh béc 3 )
That vay, tir phuong trinh sau c6: y = 2x* +2 —3x. thé vao phuong trinh dau duoc:
X —2x=(1-2x)(2x" +2-3x)

S 4x’ -TF +5x-2=06 (x—1)(4x" -3x+2) =0 x=1= y =1
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¥ Nhu vay, hé phuong trinh da dugc giai quyet xong!. C6 thé thay phuong phap thé nay kha thd vi +
manh khi giai quyét duoc khd nhiéu bai todn ric rdi. Hon thé nira, néu biét cich quan sit + danh gia va
thé hop i, ta con thu dugc nhiéu hon thé. Hay xem vi dy sau:

3 4 3xy? = —49 1
vd 4: {x v M

( Pé thi HSG Quéc Gia nam )
x*—8xy+y  =8y—17x 2)

v Nhin xét: ¢ pt(1) ta thdy c6 thé rit ngay: y* = 3—49 . Nhung néu cin né dé thé vao phuong trinh

X
sau thi that phtic tap va khong gitip duoc gi ! Can quan sét tiép: nham nghiém dep: x=—1, y =4 . Doén
duoc nghiém, ta lai thiy & pt (2): 8y(x+1)=x"+y’+17x (*). Gid thi 6n rdi: thé y* vao VT cua (¥) thi

VT chi chtra an x va chic chin phai ¢6 1 nhan ti (x+1) . That vay, thé ta duoc:

X449 200512 —49  (x+1)(207 +49x-49)

3x 3x 3x

8y(x+l)=x2+17x—

Néu x=—-1= y* =16 < y =*4 thoa min la nghiém cua hé.

2 _ _ 3 _
Con lai: 8y:w (3). Vauéncé: > :x3—49 (4). Note: y> va 8y, nghiém y=+4 goi
X X

dén hang dang thirc: (y+ 4)2 . Nhu vay tir (3) va (4) ta co:

y> —8y+16=

—x*—49_2x2+49x—49+16:_(x+1)2 _[r=-t
3x 3x

y=4
» Nhap: khi di theo phan tich (y—4)”thi ok! con (y+4)” s& khong dugc.

Nhu véy, h¢ da dugc giai quyét. Viéc trinh bay con lai danh cho cdc ban! ( chi ¥ can xét x#0 )
Mot so vi du tuong ty:
6x°y+2y° +35=0
vda: | 0T
5x°+5y° +2xy+5x+13y=0
P 2xy+x+y=0
vds: T TRy
xt—4x’y+3x+y* =0
X (y+1)(x+y+1)=3x"+1-4x
e, [F Oy
xy+x+1=x"

Két thiic tam thoi cta : "Chuyén dé hé phuong trinh "
Do mdt s6 nguyen nhan, chuyén dé tam thoi két thdc tai day! Con kha nhiéu phuong phap méi + hay

chua dugc nhic dén trong chuyén de nay. ( nhu pp BDT, dao ham, ....nhung van dugc ding xen k¢ ).
Pé két thiic, xin néu mot s6 van dé mo dé ching ta c6 thé thao luan trao doi sau:
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e Dang hé thir nhét lién quan dén 3 cach giai !

1+x3y3 =19x°
vd 1.1: 5
y(1+xy)=—6x

8x’y’ +27 =18y’
vd 1.2: *Y y

4x°y+6x=y’

9y’ (3x’ —1)=-125
vd 1.3: Y ( )

45x°y+75x =6y’

e Dang2: Lién quan dén 1 van dé xung quanh chi mét dang !

J55@+ ! j:z
X+ . ,
Vvd 2.1: Y ( Bé thi Quéc Gia 1996)
\/7){1— ! J=4\/§
xX+y
1 2 1
Vd 2.2: Yy Vd 2.3: SREPARE Vd2.4 Y
+7\/§x—5)’_0 1— 1 —4\/5 4— ! \/;—4
Yt ey G y+2x
JE@— 12 j:z
y+3x . ; .
. e thi uoc Uia nam -
Vd 4 ( Bé thi HSG Quéc Gi 2006-2007 )
\/; 1+ 12 =6
y+3x
>
giai phuong trinh:
4x* —8x+2x+3 =1 (*)

Cich 1: binh phuong dua vé giai phuong trinh bac 4:
Dat a =2x dé dugc pt gon hon, nhu vay don gian hon trong binh phuong!

l+4a—-a’>>0
l+d4a—a*=va+3 ={a+3>0

(1+da-a*) =a+3 (1)
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3417

2

54421

T

Giai (1): pt & a'—8a’ +14a’ +7a-2=0 & (a* -5a+1)(a* -3a-2)=0

Két hop diéu kién suy ra nghiém:
3+ V17 - 5++/21
4 4
Cach 2: Nhan lién hop:

2_
(%) & 4x? —10x+122— 21—\ 2x+ 3  dx” —10x +1 =% —10x+1
2-2x+~/2x+3
<:>(4x2—10x+1)(1— ! J:o
2-2x+~/2x+3

Giai phuong trinh tich nay thi don gian roi 111!
Céch 3: Phan tich phuong trinh vé dang A? +B? =0.
(*) & 4x7 —6x+%= 2Xx+3++/2x+3+—
3’ 1Y

= (2x—5j = (\/2x+ 3 +E)
Cich 4: Dt an phu dwa vé hé d6i xtng !
bat 21 -2 =+/2x+3 thi phuong trinh tr¢ thanh:

4x* —8x—1=2t-2 4x* —8x=2t—1

=

47 -8t +4=2x+3 4> -8t =2x-1

day chinh 12 hé d6i ximg kiéu II, trir theo 2 phuong trinh ctia hé ta thu d& dang giai quyét bai ton !

Cich 5: chuyén vé giai hé dang an s6 = t = hang sd.
bat y= V2x+3, ta thu duoc hé phuong trinh:
4x* —8x=y+1
{yZ =2x+43
Cong theo vé 2 phuong trinh ta thu duoc:

2x=y+2
4x* —8x—y’ =y—2x—2(:)(2x—2)2—y2 :y—2x+2<:)(2x—2—y)(2x—1+y)=0(:){2x 1y
x=1-y

Tiép theo chi can thé vao giai phuong trinh bac 2 nita 1a xong!.
5 cdch giai mét phuong trinh vach ra cho ching ta 5 phuong phdp giai phuong tinh hiéu qua. Ngoai ra, ta
con mot s6 pp khéac nhu: dao ham, dat 2 an dua vé phuong trinh dang cap,.......

Hay van dung nhung phuong phép trén dé giai cic bai phuong trinh !

V/ TAN MAN.
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