28 2.2. Ung dung s6 phiic

Lai giai (1).
Ta co6:
n n n n n

14" = |1— ; _
b Q) (1060
Lai co:

(1+i)”:ﬁ(cos%+sin%): 2”0057%—1— 2”sin%
Do dé:

()] - e
(G)-(6)+ () Do ()

4
Cong 2 déng thiic trén, ta c6 ding thic can ching minh. [
Lai giai (2).
Xét s6 phitc z =1+ 4. Khi d6

M= (140)" = Zn: <Z>zk

b0+ T4 000
2 4 1 3 )
Ma |2"| = |z|" = (\/ﬁ)n T d6 ta c6 duge dpem. [ |
Vi du 2.10. Tinh tong
A=3n (?) —gn-1 <22”> NE— (—1)"—13<2n2ﬁ 2) + (=1 (;Z)
B = 32" <4gl> + 32m2(421> 4 g2m—4 (4?) + ..+ 32 (42@ 4> + Cﬁ)

A
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2.2. Ung dung s6 phiic 27

Cong vé theo vé véi (2.8), ta sé co:

Viéc con lai ta chi phai tim Re [(1+ z')mn].
Ta c6:

12
(1+0)12" = [\@ (cos% + isin %)} "

= 29" (cos(3nm) + isin(3n7))
— (_1)n26n

Tu do ta co:

Nhin zét. Ngoai ra ta con thu dugc dang thiic:
3n—1 3n—1
12n 12n
I 1 N\12n] _ . -0
m [(1+9)™] kz—()(4k+1> kz_()(4k+3)

hay

S)-Em) e

k=0 k=0

Thém mot cau héi cho céc ban: Téng (2.9) bing bao nhieu?

Vi du 2.9. Cho n € N. Chiing minh rdng
2 2
1— n + L + Yy _ (" + " + ... = on
2 4 1 3 5 A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




26 2.2. Ung dung s6 phiic

Khong van dé gi, trd lai véi sé thuc ta xét khai trién:

12n
1+ z)12" = Z <l2n> k

Il
w
S
/\
[u—
)
3
v
.J;
?v
w
3
H
N
i
T
+ 3
—_
~__
N
>
+
—

k=0
3 3n—1
_ ~ (12n 24 i: 12n Akt
4k 4k +1
k=0 k=0
3n—1 3n—1
120\ 4k12 120\ ki3
3 ()™ 2 (s

k=0

Cong 2 déng thic trén theo ting vé ta dugc:

(1+2)127 1 (1 — )2 _22 12” ey ;il 12n k2
o \dk+2

Cho x =1, thi ta dugc:

/190 2l 7 12n
212n — 9 2
S ()22 (whs)
k=0 k=0
hay
3n 3n—1
12n 12n
gl2n—1 _
2 )t 2 o
k=0 k=0
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

Ban doc than mén!

Dai S6 Té Hop ngay nay da tréd thanh mot mon hoc khong thé thiéu
trong chuong trinh trung hoc phd thong. Khi néi vé cac bai toan T
hop, chiing ta khong thé khong nhic t6i mot dang toan rat hay va quen
thuoc do6 la: Dang thic t6 hop.

Déang thiic t6 hgp (DTTH) la nhitng dang thiic c¢6 chita cac hé sé nhi
thiic thuong duge phéat biéu dusi dang tinh téng. Cé thé néi DPTTH
13 mot trong nhitng dé tai khé nhat va hap dan nhét ciia Dai S6 T6
Hop. Viec DTTH xuat hién thuong xuyén trong cac ky thi Dai Hoc,
hoc sinh gi6éi nhitng nam gan day, ciing la mot dau hiéu cho thay su
quan tam va dau tu mot cach tich cyc hon vé van dé nay.

Nhan sy kién dén xuan Quy Ty va ky niém tron mot nam DIEN DAN
TOAN HOC khai truong trang cht mdéi (16/01/2012 - 16/01/2013),
nhém bién tap ching toi cling nhiéu thanh vién tich cic ctia dién dan
da chung tay bién soan mot chuyén dé giti dén ban doc.

V6i mot s6 phuong phép tit cd ban dén nang cao vé Dai S6 T6 Hop néi
chung va DTTH néi riéng, chiing to6i, nhitng ngusi thyc hién chuyén dé
nay, mong mudn dem dén cho ban doc mot chit gi d6 méi mé trong cac
bai toan vé DTTH, ching han nhu phuong phap Sai Phan, Sai phan
ting phan, v.v... Ban doc sé tim thay trong chuyén dé nay mot s6 dang
bai toan quen thudc duge nhin nhan va tiép can theo phong cich hoan
toan méi, qua nhitng vi du va bai tap dién hinh.



ii

Chuyén dé 1a tap hgp cac bai viét clia cac tac gid: Tran Qudc Nhat
Han (perfectstrong), Bui Dic Loc (supermember), Hoang Xuan Thanh
(hxthanh), Lé Kim Nha (gogo123), Nguyén Béo Phic (Dark Templar),
Tran Trung Kién (Ispectorgadget), Luu Giang Nam (namheo1996),
Hoang Minh Quan (batigoal), Nguyén Hién Trang (tranghieu95) ...
cling sy gop stic ctia nhiéu thanh vién tich cyc khéac trén DIEN DAN
TOAN HOC nhu thay Chau Ngoc Hung (hungchng), Lé Hitu Dién Khue
(Nesbit), Dinh Ngoc Thach (T*genie*), HeilHittler, trungpbc, ...

Chuyén dé gém 6 chuong. Chuong 1 téom tit Téong quan vé hé sb
nhi thitc. Phuong phap can bang hé s ctia khai trién nhi thic
quen thudc sé dude nghién ctiu 6 chuong 2. Tinh téng bing Sai
Phan va Sai Phan Ting Phan chiém vi tri § chuong 3. Chuong 4
viét vé Ham Sinh va nhitng ttng dung manh mé trong chitng minh
DTTH. Chuong 5 1a Mot s ttng dung ctia nhi thiic trong cac bai
toan S6 Hoc. Khép lai chuyén dé la chuong 6 Phuwong phap dém
biang hai cach.

Nhitng phuong phap va bai tap dudc gi6i thiéu trong chuyén dé nay
c6 thé chua phai 1d hay nhét, chua phai la tong quat nhat. Nhung hy
vong ban doc hiy tiép tuc nghién cttu, sang tao. D6 mdi 1a tinh than
hoc toan ma chuyén dé muén mang tdi.

Tai lieu nay cling thay cho 16i chic ming nam mdi ciia DIEN DAN
TOAN HOQC giii dén quy ban doc!

Do thoi gian chuan bi gép rit, mot s6 noi dung chua duge dau tu mot
cach ti mi va khong thé tranh khoi sai sét, ching toi mong ban doc
thong cdm. Moi si ting ho, déng gép, phé binh ciia doc gia sé 14 nguon
dong vien tinh than to 16n cho ban bién tap ciing nhu cac tac gia dé
nhitng phién ban cap nhat sau ctia chuyén dé dugde tét hon. Moi trao
doi gép ¥ xin giii vé dia chi email : contact@diendantoanhoc.net.

Tran trong!
Nhoém bien tap Chuyén dé Dang Thitc T6 Hop.

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop
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o 12n
=3 ()
k=0 AN

12n 9

Vi du 2.8. Tinh tong

Lo gidi.
Nhin vio dé bai, ggi ¥ cho ta lien hé ngay dén khai trién (1 + i)
Nhung lieu c6 ra dudc két qua cudi cing khong? Ta hay tinh thit xem!

12n 12n
1 - 12n — k‘
(i)=Y < ’ )
k=0
Cac s6 hang clia ta “cich déu” mot khoang boi clia 4, nhu vay mot

cach tu nhién ta sé tach khai trién trén thanh 4 tong theo phan doan
module 4 (theo k£ mod 4)

12n 3n 3n—1
12n\ 4 12n\ 4 120\ g1
Z< k )Z _Z<4k>l + kz <4k+1>Z

k=0

Dén day, ta gip mot “vuéng mic nho”, do la:
3n 3n—1
12n 12n
Re [(1+0)1%"] = — 2.8
e[+9™] kzo<4k:) kzo<4k:+2> (2:8)

Nhu vay la so véi tdng can tinh gia tri ciia ta “thita ra” mot tong ...
tuong tu.

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



24 2.2. Ung dung s6 phiic

Loi giai.
Xét khai trién (1 +14)%", ta co:

(1+i)" = ki; (2]:‘)%

Nhu vay ta dé dang nhan ra dugc:
i 2n
5=31 (5¢) = el )

Va nhan tién ta ciing c6 luon:

n

S0 () =l

k=1

Mat khac:

2
(144)* = [\TQ (cos% +isin%)] R (cos% +z’sin%>

T do suy ra:

n

2n nm
= — k = n _
S = g (-1) <2k> 2" cos 5

k=0

~ 2n nmw
_1\k—1 —_ogngi 0
g (-1) <2k B 1) 2" sin 5

k=1 [ |

Nhan xét. Liéu bai todn nay c6 phai bat budc phai diing cong cu s6
phiic? Cac ban thit tim cach khac xem nhé!

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

Muc luc

I | Lai gidi thiéu

Chuong 1

1 Tc“;ng quan vé
hé so nhi thic

1.1 Mbt sb khai niem 1
1.2 Céc tinh chit co ban 4
Chuong 2
Phuong phép cin bang
11 | he st ching minh
d3ng thic t8 hop

2.1 Khai trién sb thyc 12
2.2 Ung dung sb phic 22

Chuong 3

Tinh téng,

41 d\u’rng minh DTTH
bang phuong phap
Sai phan tiing phan

3.1  Sai Phéan (Difference) 42

iii



iv Muc luc

3.2 Sai Phan Tiing Phan 43
3.3 M6t sb bai todn va Vi du minh hoa 44
3.4 Bai tap tu luyén 68

Chuong 4
71 S dung ham sinh
ching minh ding thdc t6 hop

41  Thay I5i mé dau 72

42 Nhiing bién déi dai sb thudng g3p véi <Z> 74

4.3 Nhiing dang khai trién ham sinh can biét 75

4.4  Nhitng dinh ly co ban trong tinh tong diung
ham sinh 76

4.5 Bai tdp minh hoa 81

4.6  Cac bai toan khong miu muc 108
4.7  Baitap tu luyén 121

Chuong 5
Ung dung
].25 dgng thifc t8 hop

vao SO hoc

51 Dinhly 125
5.2 M&t sb hé thitc co ban 126
5.3 Céac bai todn 127

54  Biitap 148

Chuong 6 i
151 Ky thuat dém bang hai cach chiing minh
ding thic t6 hop

6.1  Nguyén Ii dém bing hai cich 152
6.2  Ung dung ching minh ding thic t6 hop 153
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Thay lan lugt cac gia tri nghiem vao (2.7), ta duge:
e+ e 24 L +e+1=0

£2(n=1) + 2(n=2) T4+ e211=0

Mot cach tong quét ta co

Dine Ly 2.1 (DinH LY RUF - RooT oF UNITY FILTER)—

12 i 1 néu nlk
— [o— B
n = 0 néu nitk
en=1

0

Hiéu mot cach don gian la: Trung binh cong véi luy thita bac k ciia n
gia tri can phitc bac n clia 1 bang 1 néu k 1a boi clia n, ngude lai gia
tri nay bang 0.

Ngoai ra mot tinh chat rat co ban dé la:

N {Re(zl) = Re(z9)
Im(z1) = Im(22)

Dé tim hiéu céach st dung céc tinh chat trén nhu thé ndo, ta hay xét
mot s6 vi du sau:

Vi du 2.7. Tinh tong

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



22 2.2. Ung dung s6 phiic

2.2 Ung dung s6 phiic

Viéc tinh tong hodc chiing minh dang thiic chita cac hé sé nhi thic, doi
khi ta ciing can ding dén cong cu s6 phite. Vay khi ndo ta can ding
dén s phiic?

D6 1a nhitng téng c6 dangz f(m, pk) hoac Z(—l)k.f(m,pk:) véi
k=0 k=0
p>1

Y nghia ctia nhitng tong dang trén dé 1 “khodng cach” giita hai s6 hang
lién tiép 14 mot boi clia bién chay k.

Vi du:

S (G) () e

k=0 k=0

Tai sao ta can ding s6 phtc? Ta can dén tinh chét gi ctia s6 phic? Dé
tra 16i cho cau héi trén, chiing ta hiy ciing tim hiéu mot sé van dé sau:

Ta c6 i2 = —1; i*" = (—1)"; .... Xét phuong trinh
" —1=0 (2.6)

Phuong trinh (2.6) ¢6 nghiém 2 = /1. Nhiing nghiém nay (c& nghiém
phitc) bao gom n gia tri {1;e;¢%;...;e" !} trong do:

(27T> & <27T)
g=cos| — | +smn| —

n n

Mit khéc: 2" —1 = (z —1)(2" ' + 2" 2+ ...+ +1)

Nhu vay ngoai trit nghiém x = 1 thi n — 1 nghiém phic con lai déu
thod man phuong trinh:

el 42 4+1=0 (2.7)

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

Muc luc s
6.3 Ung dung phuong phap dém gidi cac bai toan
do thi 165
6.4  Ung dung dém hai cich gidi cic bai todn rdi
rac 167
6.5 Bai tap 169
171 | Tai liéu tham khao
Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



2.1. Khai trién sb thuc 21

Bai tap
BAI 1. Cho cac s6 tu nhién m,n thod man m < 2n
Chitng minh ding thitc

1 TGO K B

BA1 2. Cho cac s6 tu nhién m,n thod man 2m +1 < 3n
Chitng minh déng thitc

S ()T =2 () on s )

k=0 =0
BAI 3. Chitng minh ding thic
" 2n\ (2n — k 2n
_3k — (—9)"
St (7)) =2 ()
k=0
BAI 4. Chiing minh dang thiic

L] = 2n — 2
> (1) () -2 () )

BAI 5. Chting minh ding thiic

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



20 2.1. Khai trién sb thuc

Vi du 2.6. Vdi cic s6 nguyén n,m thod 0 < m < n.
Ching minh ddng thic:

k(Y [(2n—=2k\ _ () pm
2 GG = ()2 .
Lai giai.

Quan sat vé phai ciia diing thiic can ching minh ta thay ring:

(") 27 = (™) (2 + )"

m

. ) 2n — 2k
Mit khac quan sat thay vé phai ciua dang thitc ¢6 nhi thiic ( n ) ,
n+m

diéu nay chitng t6 biéu thitc d6 1a hé s6 bac (n+m) clia mot khai trién
bac cao hon n
Do d6 ta sé nhan thém z" vao khai trién trén

(™ 2+ 2)" = (2"T™) (22 + 2%)" = (") [(z + 1)* — 1]"

n

3 ()

k=0

e S () e

k=0 ;=0 J

Suy ra j =n +m va do do ta c6:

()= () ()

N . n—m . 2n — 2k
Dé y rang véi k > thi 2n—2k < n+m va khi do < > =0
n-—+m
Tit d6 ta c6 dang thiic can chiing minh [ |
DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

Chuong

1

Tong quan veé
hé so nhi thic

1.1  Mét sb khai niém 1
1.2 C4c tinh chit co ban 4

Hoang Xuan Thanh (hxthanh)

Tém tat ndi dung
Déng thiic t6 hgp (DTTH) duge gidi thieu trong bai viét nay dudc
hiéu 13 cac déng thiic c6 chita cic hé sé nhi thitc (binomial coefficient)
<Z> DTTH la mot dé tai rat hay va kho, cing v6i d6 1a rat nhiéu
phuong phap tiép can khac nhau cho mot bai toan.

Trong phan nay, tac giad sé hé théong cho ban doc mot s6 khai niem va
nhitng cong thic thuong st dung.
1.1 Mot s6 khai niém

1.1.1 Heé sb nhij thic
Dinh nghia 1.1 (Hé sb nhi thirc)

A . 2, - PN n ~ ~ X 2 . + 2 2 . 2,
Heé so nhj thiic ky hiéu ) la hé so cua z* trong khai trién ctia nhj thic



2 1.1. Mot s6 khai niem

(1+x) Z < >
(Z) doc la t6 hgp n chap k (n choose k). A

Luu ¥ réing, mot s6 qubc gia Chau A trong dé c6 Viet Nam, thuong ky
hiéu t6 hgp n chap k 1a C,’fb.

Trong toan bo chuyén dé nay ching ta st dung ky hiéu quoc té (Z)

TiNH CHAT 1.1 (QUY UGC)—
<Z>:0né/‘uk:>n20hoa”ck<0§n. OJ

DiNH Ly 1.1 (CONG THUC GIAI THUA)—
Véi moi s6 nguyén khong am n va k ta cé

(D - kwnnlw (L.1)

vdi n! = 1.2..n trong dé quy wéc 0! = 1. U

1.1.2 Luy thora giam, luy thira tang
Dinh nghia 1.2 (Luy thiura giam)

Liy thtra giam n cta x 1a

t=z(x—1)..(x —n+1)
nnl:gn ti

Quy uéc % =1. VAN

Dinh nghia 1.3 (Luy thira tang)
Liy thira tang n cia x la

() =2(x+1)...(x+n—1)

n nhan ti

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop
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Ta khai trién nhu sau:

4n
n 4 _ _
(@+a2 ) = (2422 +22)" = kz_: < ]:f) 2=k (32 4 g 72)F
M ran\ [k
_ Z Z < ”) ( _)24nkx2k2jx2j
5 k J

n k
_ <4:> <k> gdn—F ,2k—4j
k=0 j=0 J

T dé: 2k —4j=4nhay0<k=2n—-2j<2n=0<j53<n
Do d6 he sé 2% ctia khai trién tren sé la:

L0 R )

k=0 j=0

Tt d6 ta c6 them dang thiic:

8n "~ 4n on — 2k
— 4n+k
(-3 (o) ()

Bay gio ma dao chiéu clia tong Vé Phai (thay k bdi n — k), ta co tiép:

(o) =3 (i) (2

Két hop v6i dé bai thi ta c6 déng thiic

R [ S I

k=0
. 2k n
Luu y rang I chi # 0 khi 2k > n — k hay k > 3
Nhu vay:
n n
Z 42n—k 4n 2]6' _ Z 42n—k 4n 2]{?
2k ) \n—k 2k ) \n—k
= = 752)
Chuyén dé Ding Thicc T6 Hop A DIEN DAN TOAN HOC



18 2.1. Khai trién sb thuc

Lo gidi.
Biéu thiic cia vé phai cho ta thay do6 1a heé s6 ciia s6 hang thit 2n + 1
trong khai trién ctia nhi thic véi bac 8n.

Ta co:
8n SN,
(x + y)Sn _ Z ( L >$8n—k‘yk
k=0

4 8n
Nhu vay s6 hang tht 2n 4+ 1 (tuong ting véi k = 2n) la <2 > 6y 2n
n

. 8
Dé cho don gian, ta cho y = 2! tic 1a <2n> = <:E4”> (z +z 18"
n
én

Ky hiéu (2") f(x) & day nghia 1a Hé s6 ciia x™ trong khai trien f(x)

Ta co:

(22) (2 (x4 271 = (&) (2 + 272 + 2)4n

an 4n
_ <:L,4n> < . ) (1,2 i x_2)4n7k ok
in:%_k < ) <4” - k) ok 8n—2k—2j . ~2j
k=0 j
~em 33 () () e
0 j=0

Nhu vay céc s6 hang chita 2" tuong tng véi k, j thod 8n—4j —2k = 4n
hay k=2n—25,khid6 0<2n -2 <2n=0<j53<n
Thay gia tri k = 2n — 25 va gidi han clia j vio biéu thitc trén ta dugc:

8n " o 4n 2n + 25 S 4n 2n + 2k
— 22n 27 _ 4n k
(o) =22 (o) (5 = o) (1

Nhan zét. Cai hay ctia phuong phap nay dé la: Bing cach khai trién
theo nhitng cach khac nhau, ta c6 thé mé rong duge nhiéu ding thiic
khéac nhau tit bai toan ban dau! Vi du: Tt ding thic:

(ZQ (@1} (@ + 27

il

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

1.1. Mot s6 khai niem 3
Quy uéc (x)g=1 A
k k
) . n nt (n—k+1)r (=1)%—n)
T CHAT 1.2—- =—= = ]
N CHAT (k) Kl Kl k!

1.1.3 Khai trién nhj thic suy rdng véi sé mii thuc

DINH LY 1.2— Vdi moi s6 thuc x va s ta ¢

s - s k
1+2)° = > NE (1.2)
k=0
1 2 k
— 1+ix+ix2+...+ixk+... (1.3)
1! 2! k! 0

Ching minh. Dat f(z) = (1 + x)*, 4p dung khai trién Maclaurin cho
f(z), ta c6 lan lugt

f0) = (1+a),_o=s
') = s(1+x)s_1‘x:0:sl
F10) = ey =s
f(k)(o) sk
Do do6 o o
R L LI S
k=0 ' k=0 n

Vi ly do trén nén ngudi ta md rong hé sé nhi thitc cho “co s6” thuc s
bat ky nhu sau:

Dinh nghia 1.4 Visc R vakeN

<s> B s(s—1)...(s—k+1)

T k!
S z . A~ . ~ ~ e . 2, 2, ~
< k) xac dinh nhu trén dugc goi la hé so nhj thitc md rong. A
Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



4 1.2. Cac tinh chat co ban

1.2 Céc tinh chit co ban

TiNH CHAT 1.3 (TiNH CHAT DOI XUNG)—
Vi moi s6 nguyén n, k thod mdn 0 < k <n ta cé

(1) =(.") ;

TiNH CHAT 1.4 (CONG THUC PASCAL)—

n n n _(n+1

k k+1) \k+1 O
Chiérng minh. Ching minh triyc tiép tit cong thitc giai thita. [

Tit cong thitc Pascal, ngudi ta lap duge bang s sau, duge goi 13 Tam
giac Pascal

(o) () G) ) () ()

0l 1
1] 1 1 °¢— o
2| 1 2 1 +
30 1 3 3 1 .
41 1 4 6 1

50 1 5 10 10 5 1

Tam giac Pascal cho phép ta tinh dan dudc cac hé s6 nhi thice. Mai
s6 trong tam giac Pascal dugc xac dinh béi tong ctia hai s6 hang hang
trén gan nhat phia bén trai (theo huéng miii tén)

TiNH CHAT 1.5 (TONG THEO COT)—
z”: (k:) B <n + 1>
=0 m m + 1 n

Chuyén dé Dang Thic TS Hop

DIEN DAN TOAN HOC A

2.1. Khai trién sb thuc 17

Ta c6 tiép:

2+ (L) (L +a)" =)
k=

k=0 j=0
Heé s6 ctia 2" bao gom tong cac sd6 hang thod: m — k + j = n hay
j=n+k—m. Do la:
m
k
k)\n+k—m

k=0

Tiép theo:

3

o M N

1+$k+n

(—1)™[1 — 2(1 + 2)]™(1 + 2)" = 7]7;

(i)
WEDGUE
¢

n+k
)("7 )
Nhu vay hé s6 ctia 2™ tuong tng véi j = n.

o> (W) (”Z’f)w)’f (25)

k=0
Tit (2.2), (2.3), (2.4), (2.5) ta thu dudc cAc dang thitc can chitng minh.

i

0 7=0

.

O\

la:

Vi du 2.5. Chimg minh ding thic:
z”: ek < dn ) <2n + Qk) _ (8n>
— 2n + 2k k 2n A

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




16 2.1. Khai trién sb thuc

Nhan zét.
Bing viéc khai trién dang thitc trén theo 2 cach khac nhau, ta thu duge
déng thic sau:

PR e [ ot

k,jeN
Vi du 2.4. Véi cic s6 tu nhién m,n thod m < n. Chitng minh rdng:

()0 - 2 )G - (e

A

L&i gidi.
Ta tim hé s6 x™ trong cac khai trién:

(=)™ =2(1+2)]" (1+2)" = (14+22)" (1+2)" = [z+(1+2)]" (1+2)"

Ta co:

Heé s6 clia ™ bao gom tong cac sd hang thoa: k+j =n hay j = n — k.

D6 la:
i <72’> <n " k) ok (2.3)

k=0

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

1.2. Cac tinh chat co ban 5
Vi du 1.1.
n n n
n
1 2 3
2 1
3 3 1+3+6+10+15=35
4 6
5 10
6 15
7 A

Chd'ng minh.

;Z:O C;) = zn: [(Zii) - (m’i 1)] (Theo cong thite Pascal)

k=0

_ (:1111) _ <m(jr 1) (Sai phan)

1
“(ni1) "
m—+1
TiNH CHAT 1.6 (TONG THEO DUONG CHEO CHINH)—

e

k=0

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



6 1.2. Cac tinh chat co ban
Vi du 1.2.
ol (™ n n n n
0 1 2 3 4
2 1
3 3 1+3+6+10+15=35
4 6
5 10
6 15
7
A
Chdng minh.
Z <m + k) _ (m + k) (D xitng)
k m
k=0 k=0

> (Téng theo cot)

m+n+1> (Déi

TiNH CHAT 1.7 (TONG THEO DUONG CHEO PHU (SO FIBONACCI))—

" /n—k
Z( k )ZFn—H
k=0 L]

DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

2.1. Khai trién sb thuc 15

Suy ra (j, k) € {(0,10); (1,6); (2,2)}
He s6 can tim c¢6 tat cd 3 sd hang tuong tng véi (4, k) nhu tréen la:

14 410\ /15 1446\ /15 1442\ (15
_ =13924
(0) (0) - () () = (7)) = voneass
Loi giai (2). - Khai trién truc tiép
Mot cach tong quat:

= J
A k
k=0 5=0

Hé s6 cia ™ trong khai trién trén sé tuong tng véi cac s6 hang thoa
k+ 25 = m hay k =m — 2j. Nghia la:

et =3 (1))

>0

Ky hieu: (™) f(z) nghia la hé s6 ctia 2™ trong khai trién f(x)
Véi n =15 va m = 10, ta c6:

(@Y (1 +z+22+2%)P =) <1]5> (101_52j>

) (5 (5
) () ()

= 1392456 u

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



14 2.1. Khai trién sb thuc

= Som = m > (D <4Z7n> <4Jm>

" k4j=2m

Xét dang thiic:
(1— 2™ = (1 —2)"™(1 + )™
4m 4m 4m
@ ST =S () ()

Can bing he s6 2™ & dang thic tren ta co:

()=, 2,000

T do suy ra:

(2m)!(6m)! (=1)"(4m)! _ (=1)"(2m)!(6m)!
(4m)!(4m)!  m!(3m)! m!(3m)!(4m)! [

SQm =

Vi du 2.3. Tum hé sé z'° trong khai trién
P(z) = (14 z 4 2% 4 2%)¥ A
Loi giai (1). - Dung hé s nhi thitc m& réng

(1 _ :(:4)15
(1—a)15
. m)715<1 _ Q?4)15

ErE )
)

Ta can tim he s6 z'°, nghia 13 phai tim tit cA nghiém nguyén khong
am cta k + 45 = 10.

P(z) =

I
M Ie =

0<y
k

N\/\

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop

1.2. Cac tinh chat co ban 7
Vi du 1.3.
n n n n n
"o/ 1) o) \3) W4
2 Fg F5 1+44+3=8=F;
3 3 1 Fy 1+454+64+1=13=Fy
4 4 6 4 1+464+104+4=21=Fyg
5 1 5 10
6 1 6
7 1
YA\
Chdng minh.
Ta chiing minh dang thiic trén bing quy nap theo n
. s , 0
V6in =1 van =2 dé thay cac tong la: <0 =1=I va
1 0
(o) (1) -1-»
Gia st dang thic ding dén n — 1.
Khi dé6 ta co:
n n n
n—=~k n—1—k n—1—k
Z( . ):z( L )+z( ' ) (Pascal)
n—2 n—1
n—2—k n—1—k
()Y
k=0 k=0
= rp—2+ Fn—l (glé thict quy Hap)
= F,, (Cong thtic truy hoi day Fibonacci) [

TiNH CHAT 1.8 (QUY TAC “HUT” (ABSORPTION))—

VGi0 < k <n, ta co:
ny _n n—1
k) k\k-—1 O

Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC




8 1.2. Céc tinh chat co ban 2.1. Khai trién s6 thuc 13

Chiéing minh. Ching minh tryc tiép tit cong thitc giai thita | Vi du 2.2.
a)  Ching minh ddng thic:
TiNH CHAT 1.9 (CONG THUC LUI “CO $O”)— = L (M (21 = w(m\ ([ 3n
Vi 0 < k < n, ta c6: Sn = kzo(_l) <k> (2k> - kzo(_l) (k> (n + k:>
n n /n—1 b)“ -IjnhSQm (m e N) A
[ el G 0 Loi giai.

Ta c¢6 déng thic: (1 —22)*(1+2)2" = (1 —2)"(1 4 z)3"
Khai trién ra ta dugc:

Chiérng minh. Ching minh tryc tiép tit cong thitc giai thita. [
n n 2n
2n\ n 3n\
) < A A 2k k k
TINH CHAT 1.10— T3p con cia tap con Z ( ) Z ( )x] Z( 1) (k)m . (j )l‘]
VGi0 <k <m<n, ta cé: k=0 k=0 =0
- k(T 2k+j - itj
) - () CE B () ()-SR ) ()
m/) \ k k) \m-—k O k=0 j=0 k=0 j=0
N ~ A 2 n 2 . . e 2 ~ Z.
Chiéng minh. Chiing minh triyc tiép tit cong thic giai thira | Tim hé s0 clia &7 trong ca hai khai trien trén ta co:
EPNYAL 2n _ EPNYAL 3n
Mot déng thiic cling hay duge diing dén la ding thic Vandermonde Qk;2 (=1) <k:> <2n — 2k> N k+22 (=1) <k) (Qn — k:>
j=2n Jj=2n
TINH CHAT 1.11 (DANG THUC VANDERMONDE (2 THUA $O))— N Zn:(—l)k <n> (2n> _ z":(l)k(n> ( 3n )
Cho céc sb nguyén khéng 4m n,m,r. Ta cé: =0 k) \2k =0 k) \n+k
i <n> < m ) <n + m) Diang thitc a) dugc chitng minh. Ta tiép tuc chiing minh dang thitc b).
= Ta c6:
— k)\r—k r O i ;
n n
Sp=>Y (-1)F
Ching minh. kzo( ) <k:> <n + k:)
Dua vao ding thic: (1+2)"(1+2)" = (1 +2)"™" n ' | k
Khai trién ra ta co: = nl(3n)(~1)
— El(n — k:)'(n + E)!I(2n — k)!
n n m m n+m n+m - A
Z( )xkz( ,);Uj— Z( )zk nl(3n) 2n)!(1)
o \F =0 \J k=0 2n)'(2n ' — k' 2n — n+ E)(n —k)!
n m n+m n
ny\(m\ ; n+my g n!(3n)! 2n 2n
«23 (1)) -5 () g S )( )
o= \k/\J =\ k (2n)!(2n)! & E)\n—k

DiEN DAN TOAN HOC A Chuyén dé Ding Thic TS Hop Chuyén dé Ding Thic TS Hop A DiEN DAN TOAN HOC



12 2.1. Khai trién sb thuc

2.1 Khai trién sb thuc
Vi du 2.1. Chitng minh dang thic

é(—nk(?f ~ v (%) X

Loi giai.
Xét dang thic
(1—22)?" =1 —2)™1 +x)™ (2.1)

Khai trién Vé Trai ctia (2.1), ta co:

(L—a?pPr=3" (2,:‘ ) (~1)*a™

He s6 ciia 2" trong khai trién trén tuong tng véi sb hang k = n 1a

o)

Khai trién Vé Phai ctia (2.1), ta dugc:

(1-2)?"(1+2)*" = :Z; (i”) (_1)k$k;gno <2jn> .
2n  2n
= kZ:D;O(—m <2:> <2;7> e

Nhu vay, he s6 ctia 22" trong khai trién trén tuong ting véi cac sé hang
thod k+j =2n la

5 (D)) =S () ) - S ()

k+j=2n k=0 k=0
Tit d6 suy ra dang thitc can chitng minh. [
DIEN DAN TOAN HOC A Chuyén dé Dang Thic TS Hop

1.2. Céc tinh chit co ban 9
So sanh heé s6 ctia " & hai vé ta cé:
> ()0) -7
Jjt+k=r k J "
[ |

>3 (") = (

n-—+m
r

Chitng minh tuong ty ta cé dang thiic mé rong sau:

TiNH CHAT 1.12 (DANG THUC VANDERMONDE (M3 RONG))—

Cho cdc s6 nguyén khéng &m nq, ..

> (F

kit+ko+...+kr=k

I

no
ko

ny

kr

)=

ny +no +-

k

ek =k 4+ ky+ ..+ k. Taco

+nr>
U

Chuyén dé Déng Thic Té Hop

DIEN DAN TOAN HOC



Chuong

2

Phuong phap can bang
hé s6 chitng minh
dang thic t6 hop

2.1  Khai trién sb thyc 12
2.2 Ung dung sb phirc 22

Tran Trung Kién (Ispectorgadget)
Tran Quoc Nhat Han (perfectstrong)
Hoang Xuan Thanh (hxthanh)

Leé Kim Nhé (gogo123)

Tém tat ndi dung

Phuong phap can biang hé s6 13 mot trong nhitng phuong phéap kha

hay va manh trong céc bai toan tinh tdng c6 chita hé s6 nhi thitc. Co
s8 clia phuong phap la viec dong nhat hai da thitc bing nhau (c6 thé
14 chudi luy thia).
Tt mot hing ding thiic, ta khai trién thanh da thiic theo 2 cach khac
nhau, thi hai da thitc thu duge van phai 1a nhu nhau. Tt do ta suy ra
dugc hé sb ciia s6 hang bac nao dé trong 2 khai trién 13 bang nhau, la
diéu can chitng minh ho#c yéu cau tinh ctia dé bai.
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