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Ky thi IMO lan thi nhét - 1959
In+4

1. Chirng minh rang 14— 1a phén s6 tdi gian v&i moi s6 ty nhién n.

n+3
2. Véi gia tri thue nao cia x thi biéu thirc \/X +4/2X+1 + x/X —/2X—1 = A nhan céc gié tri:

@ A=2
byA=1
(c)A=2
O day chi c6 cac s6 thyc khong am cho phép trong dau cdn va gid tri clia can ludn 1ay gia tri khong 4m?
3. Gia sira, b, ¢ 1a cac sb thue. Cho phuong trinh sau cta cosx:
acos’x+bcosx+c=0
Hay thiét 1ap phuong trinh bac 2 ddi v6i cos2x sao cho ¢6 ciing nghiém x voi phuong trinh trén. So sanh cac phuong
trinh trén véia=4,b=2,c=-1.

4. Cho truée d6 dai |AC|, hiy dung tam gidc ABC véi goc ABC = 90 do, va trung tuyén BM thoa min BM? =
AB.BC.

5. Cho diém M tuy y trong doan thang AB. Dung cac hinh vuéng AMCD va MBEF nam cung phia d6i v6i duong
thing AB. Goi P, Q lan luot 1a tim cac dudng tron ngoai tiép cac hinh vuéng AMCD va MBEF. Cac dudng tron nay
giao nhau tai M va N.

(a) Chirng minh rang AF va BC cit nhau tai N.

(b) Chtrmg minh rang MN di qua mot diém cb dinh S (khong phu thudc vao M).

(¢) Tim qui tich trung diém cta doan thiang PQ khi M thay dbi.

6. Cho hai mit phang P va Q khong song song voi nhau. Piém A niam trong P nhung khong thudc Q, diém C nam
trong Q nhung khong thudc P. Dung diém B trong P va D trong Q sao cho tr giac ABCD thoa man cac diéu kién
sau: nam trénng mot mat phang, AB song song voi CD, AD = BC, va ngoai tiép mot duong tron.

1st IMO 1959

2In+4 . .
1. Prove that £n+a is irreducible for every natural number n.
14n+3

2. For what real values of x is «/Jx+«/2x +1 +«/x—x/2x— = Agiven (a) A= J2, (b)A=1(c)A=
2, where only non-negative real numbers are allowed in square roots and the root always denotes the non-
negative root?
3. Leta, b, ¢ be real numbers. Given the equation for cos x:

acosX +hbcosx+c=0,
form a quadratic equation in cos 2x whose roots are the same values of x. Compare the equations in cos x
and cos 2x fora=4,b=2,c=-1.

4. Given the length |AC|, construct a triangle ABC with angle ABC = 90 degrees, and the median BM
satisfying BM? = AB.BC.
5. An arbitary point M is taken in the interior of the segment AB. Squares AMCD and MBEF are
constructed on the same side of AB. The circles circumscribed about these squares, with centers P and Q,
intersect at M and N.

(a) prove that AF and BC intersect at N;

(b) prove that the lines MN pass through a fixed point S (independent of M);

(c) find the locus of the midpoints of the segments PQ as M varies.
6. The planes P and Q are not parallel. The point A lies in P but not Q, and the point C lies in Q but not P.
Construct points B in P and D in Q such that the quadrilateral ABCD satisfies the following conditions: it
lies in a plane, AB is parallel to CD, AD = BC, and a circle can be inscribed in ABCD touching the sides.
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Ky thi IMO lan thi hai - 1960

1. Tim tit ca cac sd c6 ba chir s6 sao cho sé d6 chia hét cho 11, va két qua cua s6 d6 sau khi chia cho 11 bang tong
binh phuong céc chir s0 ctia no.
2. Vi gia tri thyc nao cia x bat déng thirc sau thoa man:

4x 2
o '=(1+2x))2 < 2x+9

3. Cho tam giac vuong ABC, canh huyén BC c¢6 d6 dai a dugc chia thanh n phan bang nhau, trong d6 n 1a mot s6 1é.
Phan doan thang ¢ chinh giira nhin A dudi mot géc & . Goi h 1a khoang cach tir A xuong BC. Chirng minh rang:
4nh

(an’® -a)

4. Dyng tam gidc ABC biét do cac dai duong cao ha tir A, B va do dai duong trung tuyén ké tir A.

5. Cho hinh 1ap phuong ABCDABCD c6 A ¢ trén A', B¢ trén B, C ¢ trén C, D ¢ trén D, X 1a mot diém bét ki
trén duong chéo AC va Y 1a mot diém bat ki trén BD .

(a) Tim quy tich trung diém cua XY.

(b) Tim quy tich cac diém Z trén XY sao cho ZY = 2XZ.

6. Mot hinh nén c6 mot hinh cau noi tiép tiép xtc v6i mat day va voi cac miat nghiéng cta hinh nén. Mot hinh tru
ngoai tiép hinh ciu sao cho mit ddy cua né nam trén mit day cua hinh nén. Goi Vi, V, 1an luot 1a thé tich cua hinh
nén va hinh tru.

(a) Chimg minh ring V; # V,.

tga =

. . \Y
(b) Tim gi4 tri nho nhat c6 thé cua ti 16 — . Trong truong hop nay xay dung gbc nira cua hinh non.
2

2nd IMO 1960

1. Determine all 3 digit numbers N which are divisible by 11 and where N/11 is equal to the sum of the
squares of the digits of N.

2. For what real values of x does the following inequality hold:
2
4x <2
@-J@+2x))’
3. Inagiven right triangle ABC, the hypoteneuse BC, length a, is divided into n equal parts with n an odd

integer. The central part subtends an angle o at A. h is the perpendicular distance from A to BC. Prove
that:

X+97?

4nh
tana =

(an’ -a)
4. Construct a triangle ABC given the lengths of the altitudes from A and B and the length of the median
from A.
5. The cube ABCDA'B'C'D' has A above A', B above B' and so on. X is any point of the face diagonal AC
and Y is any point of B'D".
(@) find the locus of the midpoint of XY;
(b) find the locus of the point Z which lies one-third of the way along XY, so that ZY=2XZ.
6. A cone of revolution has an inscribed sphere tangent to the base of the cone (and to the sloping surface
of the cone). A cylinder is circumscribed about the sphere so that its base lies in the base of the cone. The
volume of the cone is V; and the volume of the cylinder is V..
(@) Prove that Vi = V;

. . Vv .
(b) Find the smallest possible value of —L. For this case construct the half angle of the cone.
2
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Ky thi IMO lan thi 3 - 1961
1. Giai hé phuong trinh sau voi an x, y, z:

X+Yy+Z=a

x2+y?+z%=b?

Xy =z°
Véi diéu kién nao cua a, b dé x, y, z 1a cac ) duong khac nhau ?
2. Cho a, b, ¢ 1a cac canh cua mot tam giac va A la dién tich cua no.
Chung minh rang:

aZ+b?+c2>43A
Dau dang thirc xay ra khi nao ?
3. Giai phuong trinh cos"X - sin"x = 1, trong d6 n 1a mot s6 tu nhién.
4. P 1a mot diém bén trong tam giac ABC. PA cit BC tai D, PB cit AC tai E, va PC cit AB tai F. Chtrng minh réng it
AP BP CP

nhit mot trong céc ti s , ——, —— khong vuot qua 2, va it nhat c6 mot ti sé khong nho hon 2.

PD' PE’ PF

5. Dung tam giac ABC biét d6 dai doan AC = b, AB = ¢ va géc nhon AMB =, trong 6 M 1a trung diém cua
BC. Chltng minh rang tam giac nay dung dugc néu va chi néu:

(04
btg —<c <b
g 2

Khi nao thi xéy ra ddu bé’lng"

6. Cho ba diém Kkhong thing hang A, B, C va m6t mat phang p khong song song véi mat phing ABC, sao cho cac
diém A, B, C nam cung phia dbi vGi mat phang p. Lay ba diém tuy y A", B', C' trong p. Goi A", B", C" lan luot 1a
trung diém cua cac doan thing AA', BB, CC va goi O la trong tdm tam giac A'B'C". Tim quy tich cac diém O khi A,
B, C thay doi.

3rd IMO 1961
1. Solve the following equations for x, y and z:
X+Yy +zZ=a

x?+y?+z%2=b’
Xy =z°
What conditions must a and b satisfy for X, y and z to be distinct positive numbers?
2. Leta, b, c be the sides of a triangle and A its area. Prove that:
a?+b%+c? > 4J3A
When do we have equality?
3. Solve the equation cos"x - sin"x = 1, where n is a natural number.

4. P isinside the triangle ABC. PA intersects BC in D, PB intersects AC in E, and PC intersects AB in F.

Prove that at least one of ﬂ i 2 does not exceed 2, and at least one is not less than 2.

PD PE PF
5. Construct the triangle ABC, given the lengths AC=b, AB=c and the acute angle AMB = «, where M is
the midpoint of BC. Prove that the construction is possible if and only if

a
btg —<c <b.
gZ

When does equality hold?

6. Given 3 non-collinear points A, B, C and a plane p not parallel to ABC and such that A, B, C are all on
the same side of p. Take three arbitary points A', B, C' in p. Let A", B", C" be the midpoints of AA', BB/,
CC' respectively, and let O be the centroid of A", B", C". What is the locus of O as A, B', C' vary?
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Ky thi IMO lan thi 4 - 1962

1. Tim so ty nhién nhd nhat cé chir so cudi cung 1a 6, sao cho néu s6 cudi cung la 6 duge di chuyén 1én dau thi dugc
mot sO gap 4 lan so do.
2. Tim tat ca cac so thuc x thoa man:

JB=x) —J(x +1) >%

3. Hinh lap phuong ABCDA'B'C'D' ¢6 mat trén la ABCD va mat dudi 1a A'B'C'D' véi A 0 trén A, B ¢ trén B', Co
trén C, D ¢ trén D. Diém X di chuyén theo chu vi cia ABCD véi toc do khong doi, va diém Y ciing di chuyén véi
toc do nhu vay theo chu vi ciia B'C'CB, khi X chuyén tir A t6i B thi Y dong thoi cling di chuyén twong ung tr B' tdi
C'. Tim quy tich trung diém cia XY ?
4. Tim tat ca cac nghiém thyuc thoa mén: cos®X + c0s’2x + c0s”3x = 1.
5. Cho ba diém phan biét A, B, C trén dudng tron K. Dung diém D trén K sao cho tir gidc ABCD ngoai tiép dudng
tron.
6. Cho tam giac can ABC. Goi O4, O, 1an luot 1a Fém cua duong tron ngoai tiép, noi tiép tam giac va goi R, r lan luot
la ban kinh cta duong tron Oy, O,. Chirng minh rang:

0,0.= {(R(R -2r))
7. Tt dién SABC c¢6 tinh chét sau: ton tai 5 hinh ciu, mdi hinh cau déu tiép xUc véi 6 canh cua tir giac hodac duong
keo dai cua ching. i
(a) Chimg minh rang tir dién SABC la déu. i i
(b) Chirng minh rang v&i moi tir dién déu 5 hinh cau nhu vy ton tai.

4th IMO 1962

1. Find the smallest natural number with 6 as the last digit, such that if the final 6 is moved to the front of
the number it is multiplied by 4.

2. Find all real x satisfying: \/(3—X) —\/(x +1) >%.

3. The cube ABCDA'B'C'D' has upper face ABCD and lower face A'B'C'D' with A directly above A" and
so on. The point x moves at constant speed along the perimeter of ABCD, and the point Y moves at the
same speed along the perimeter of B'C'CB. X leaves A towards B at the same moment as Y leaves B'
towards C'. What is the locus of the midpoint of XY?

4. Find all real solutions to cos’x + cos?2x + c0s?3x = 1.

5. Given three distinct points A, B, C on a circle K, construct a point D on K, such that a circle can be
inscribed in ABCD.

6. The radius of the circumcircle of an isosceles triangle is R and the radius of its inscribed circle is r.
Prove that the distance between the two centers is a/(R (R-2r)).

7. Prove that a regular tetrahedron has five distinct spheres each tangent to its six extended edges.
Conversely, prove that if a tetrahedron has five such spheres then it is regular.
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Ky thi IMO lan thi 5 - 1963

1. Véi gia tri thuc nao cua p thi phuong trinh sau c6 nghiém thyc:

JO2=p) +2(x?-1) =x

Tim cac nghi¢m do.

2. Cho diém A va doan thang BC, xac dinh quy tich tit ca cac diém P trong khong gian sao cho goc APX = 90° voi
X nam trén BC.
3. Cho da gi4c n canh c6 tit ca cac goc bang nhau va d dai cac canh thoa man: a; > a, > ... = a,. Chimg minh
rang tt ca cac canh ciing bang nhau.
4. Tim tat ca cac nghiém xy, ..., Xs tir hé nim phuong trinh:
Xs T Xz = YX1
X1+ X3 =YX
Xo + X4 = YX3
X3+ X5 =YXy
Xg+ X1 = YXs
O day y 1a tham sd.
5. Chtng minh rang:

T 27 3z 1
COS——-CO0S——+CO0S—— = —
7 7 7 2

6. Co nam sinh vién A, B, C, D, E dugc xép hang tir 1 dén 5 trong mot cudc thi v6i khong ai xép cuing thir hang nhur
nhau. Nguoi ta du doan rang két qua d6 c6 thé theo thu tu 1a A, B, C, D, E. Nhung khong c6 sinh vién nao dat duoc
két qua theo nhur du doan trén va khong c6 hai sinh vién lién tiép trong danh sach du doan c6 két qua lién tiép. Vi du,
két qua cho C va D khong thé tuong tmg 13 1,2 hodc 2,3 hoic 3,4 hodc 4,5. Mot du doan khac 14 c6 thé theo thir tu 1a
cta D, A, E, C, B. Chinh xac 1a chi c¢6 hai sinh vién dat duoc két qua nhu dy doan va c6 hai cap khong lién tiép trong
dy doan dat dugc két qua lién tiép. Xac dinh két qua dat dugc cua 5 sinh vién trén.

5th IMO 1963
1. For which real values of p does the equation

\/(x Z_p)+ 2\/(x 2 _1) =x have real roots? What are the roots?

2. Given a point A and a segment BC, determine the locus of all points P in space for which angle APX =
90° for some X on the segment BC.

3. An n-gon has all angles equal and the lengths of consecutive sides satisfy a; > a, > ... > a,. Prove that
all the sides are equal.

4. Find all solutions Xy, ... , Xs to the five equations x; + Xj.2 = Y X for i =1, ..., 5, where subscripts are
reduced by 5 if necessary.

5. Prove that cosz—cosz—”+coss—7[ = i
7 7 7

6. Five students A, B, C, D, E were placed 1 to 5 in a contest with no ties. One prediction was that the
result would be the order A, B, C, D, E. But no student finished in the position predicted and to two
students predicted to finish consecutively did so. For example, the outcome for C and D was not 1, 2
(respectively), or 2, 3, or 3, 4 or 4, 5. Another prediction was the order D, A, E, C, B. Exactly two students
finished in the places predicted and two disjoint pairs predicted to finish consecutively did so. Determine
the outcome.
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Ky thi IMO lan thi 6 - 1964

1. (a) Tim tat ca cac s6 ty nhién n v6i 2" - 1 chia hét cho 7.

(b) Chimg minh rang khong c6 s tu nhién n nao dé 2" + 1 chia hét cho 7.
2. Gia st a, b, ¢ la cac canh ciia mot tam giac.
Chirng minh rang:

a’(b+c-a)+b*c+a-b)+c’a+b-c) < 3abc.

3. Tam giac ABC c6 d6 dai cac canh 1a a, b, c. Cac dudng tiép tuyén ciia duong tron ndi tiép tam giac duoc dung
song song Vi cac canh clia tam gidc va cat hai canh kia tao thanh ba tam gidc. P6i voi mdi tam giac nay lai c6 mot
duodng tron ndi tiép. Tinh tong dién tich ctia ca bon dudng tron noi tiép trén.
4. C6 17 ngudi, mdi mot cip trong sd ho déu trao dbi thu tir cho nhau véi mot trong ba chu dé. Chimg minh ring c6
it nhat 3 nguoi viét cho nhau theo cung mot chu dé. (Hay no6i mot cach khac, néu ta t6 mau cho cac canh ciia mot do
thi day du 17 dinh voi ba mau khac nhau, khi d6 ta c6 thé tim thdy mot tam giac c6 tit ca cac canh ciing mau).
5. Cho nam diém trong mot mat phang sao cho khong c6 hai dudng thing (trong s6 cac dudng thang ni hai trong s6
chc diém trén) nao trung nhau, song song v6i nhau hodc vuéng goc vdi nhau (cac duong théng dugc ndi tir hai trong
nam diém da cho). Tu mdi mot diém ta ke duong thing vudng goc voi duong thang dugc nbi hai trong bén diém con
lai. Hay xé4c dinh s6 diém giao nhau 16n nhét giita cac duong thang vudng goc co thé cé.
6. Cho tir dién ABCD va Dy 1a trong tdm tam giac ABC. Tur A, B, C ke cac dudng thang song song voi DDg lan luot
cit cac mat phang BCD, CAD, ABD tuong ting tai Ao, Bo, Co . Chirng minh ring thé tich ciia AgBoCoDy gép ba lan
thé tich ctia ABCD. Két qua c6 diing khi Dy 1a mot diém tuy y trong tam giac ABC khong 2.

6th IMO 1964

1. (a) Find all natural numbers n for which 7 divides 2" - 1.

(b) Prove that there is no natural number n for which 7 divides 2" + 1.
2. Suppose that a, b, ¢ are the sides of a triangle. Prove that:

a’(b+c-a)+b*c+a-b)+c’a+b-c) < 3abc.
3. Triangle ABC has sides a, b, c. Tangents to the inscribed circle are constructed parallel to the sides.
Each tangent forms a triangle with the other two sides of the triangle and a circle is inscribed in each of
these three triangles. Find the total area of all four inscribed circles.
4. Each pair from 17 people exchange letters on one of three topics. Prove that there are at least 3 people
who write to each other on the same topic. [In other words, if we color the edges of the complete graph
K47 with three colors, then we can find a triangle all the same color.]
5. 5 points in a plane are situated so that no two of the lines joining a pair of points are coincident, parallel
or perpendicular. Through each point lines are drawn perpendicular to each of the lines through two of the
other 4 points. Determine the maximum number of intersections these perpendiculars can have.
6. ABCD is a tetrahedron and Dy is the centroid of ABC. Lines parallel to DD, are drawn through A, B
and C and meet the planes BCD, CAD and ABD in Ao, By, and C, respectively. Prove that the volume of
ABCD is one-third of the volume of A;BCyDy. Is the result true if Dg is an arbitary point inside ABC?
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Ky thi IMO lan thi 7 - 1965

1. Tim tat ca x trong doan [0, 277 ] thoa mén:
2c0sx <|\[(1+sin2x) —[@—sin2x) |< 2
2. Cho h¢ phuong trinh:

A Xy +8,X, +aX; =
Ay Xy T AKX, +a,X 5 = 0
Ay Xy + 85X, +85X5 =

Trong d6 cac hé sb a; (1,j = l,_3) thoa man:

(@) a; 1a cac sé duong.

(b) a; 1a cac 5O am (i # J).

(c) Tong cac hé sO trong mdi phuong trinh 14 duong.

Chirng minh ring x; = X, = X3 = 0 1a nghiém duy nhét ctia hé phuong trinh trén.

3. Tt dién ABCD duoc chia thanh hai phan boi mot mdt phang song song voi AB va CD. Khoang cach tir mit phang
d6 dén AB gép k lan dén CD. Tinh ti 1¢ giita thé tich cua hai phan dugc chia dé.

4. Tim tét ca cac bd bdn sb thuc sao cho téng cua bat ki mot sé nao d6 va tich cta ba sb con lai 1a béng 2.

5. Cho tam giac OAB ¢6 goc O nhon. M 13 mét diém tuy ¥ trén AB. Goi P, Q lan luot 1a chan dudng vudng goc ha tir
M xubng OA va OB.

(a) Tim quy tich tat ca cac diém H 1a truc tam cua tam giac OPQ khi M thay doi trén AB.

(b) Quy tich d6 s& thay d6i nhu thé nao néu M 1a mot dlem tuy y trong tam giac OAB?

6. Cho n diém trong mat phang (n>2). Ching minh rang: c¢6 nhiéu nhit n cip diém la c6 khoang cach 16n nhét (gitra
cac khoang cach giita hai diém bét ky).

7th IMO 1965
1. Find all x in the interval [0, 27 ] which satisfy:
2c0sx <|\[(1+sin2x) —[L—sin2x) |< 2
2. The coefficients a; of the following equations
allxl +aiZX2 +a13x3 -
a21X1 +a22x2 +a23x3 -
aSlxl +a32X2 +a33x3 -

satisfy the following:

(@) ay1, ay, ass are positive,

(b) other a;; are negative (i # j)

(c) the sum of the coefficients in each equation is positive.

Prove that the only solution is x; =X, = X3 = 0.

3. The tetrahedron ABCD is divided into two parts by a plane parallel to AB and CD. The distance of the
plane from AB is k times its distance from CD. Find the ratio of the volumes of the two parts.

4. Find all sets of four real numbers such that the sum of any one and the product of the other three is 2.

5. The triangle OAB has angle O acute. M is an arbitary point on AB. P and Q are the feet of the
perpendiculars from M to OA and OB respectively. What is the locus of H, the orthocenter of the triangle
OPQ (the point where its altitudes meet)? What is the locus if M is allowed to vary of the interior of
OAB?

6. Given n > 2 points in the plane, prove that at most n pairs of points are the maximum distance apart (of
any two points in the set).

H8



Ky thi IMO lan thir 8 - 1966

1. Pé thi toan gdm co 3 bai toan A, B, C.

C6 25 thi sinh da gii it nhat mot trong ba bai trén. Trong sé nhiing thi sinh khong giai duoc bai A, sd thi sinh giai
bai B nhiéu gap doi s6 thi sinh giai bai C.

S6 thi sinh chi giai bai A nhiéu hon so vdi thi sinh gidi bai A va it nhat mot trong cac bai con lai la 1.

S6 thi sinh chi giai bai A bang s thi sinh chi giai bai B cong vdi thi sinh chi giai bai C.

Hoi c6 tat ca co bao nhiéu thi sinh chi giai duoc bai B?.

2. Chimg minh rang néu :

C
BC + AC = tg > (BC tgA + AC tgB)

thi tam giadc ABC can.
3. Chting minh rang tong khoang cach tir mot diém t&i cac dinh ciia mot tir dién déu 1a nho nhat néu no 1a tam cua tir
dién.
4. Chimg minh rang;
1 1

- +— ot —
sin2x  sin4x sin2"x
voi bat ki s6 tu nhién n va s6 thuc x (v6i sin2"x # 0).
5. Giai hé phuong trinh:
[ai - a7[X1 + |ai- ag|Xo +|aj - azlXz +|ai - agxs =1 voii=1, 2, 3, 4.
Trong d6: a; 1a cac s6 thyc khac nhau.
6. Lay bat ki cac diém K, L, M lan luot trén cac canh BC, CA, AB ciia tam giac ABC. Chirng minh ring c6 it nhat

=cotx —cot2"x

. 1
mot trong s6 cac tam gidc AML, BKM, CLK c6 dién tich < Z dién tich tam giac ABC.

8th IMO 1966

1. Problems A, B and C were posed in a mathematical contest. 25 competitors solved at least one of the
three. Amongst those who did not solve A, twice as many solved B as C. The number solving only A was
one more than the number solving A and at least one other. The number solving just A equalled the
number solving just B plus the number solving just C. How many solved just B?

. C . i
2. Prove that if BC + AC = tg 3 (BC tgA + AC tgB), then the triangle ABC is isosceles.

3. Prove that a point in space has the smallest sum of the distances to the vertices of a regular tetrahedron
iff it is the center of the tetrahedron.
4. Prove that
1 1
+ +...+

sin2x  sin4x sin2"x
for any natural number n and any real x (with sin 2"x non-zero).
5. Solve the equations:

@i - ag| Xg + [@i - @] X2 +]ai - @3] Xz + |8 - a4 X4 = 1,1 =1, 2, 3, 4, where g; are distinct reals.

6. Take any points K, L, M on the sides BC, CA, AB of the triangle ABC. Prove that at least one of the

=cotx —cot2"x

1
triangles AML, BKM, CLK has area < Z area ABC.

H9



Ky thi IMO lan thi 9 - 1967

1. Cho hinh binh hanh ABCD c6 AB =2, AD =1, BAD = A va tam giac ABD c¢6 tat ca cac goc déu nhon. Ching
minh rang cac duong tron co ban kinh bang 1 va tam l1a A, B, C, D bao trum hinh binh hanh néu va chi néu:

a <CosA++/3sin A
2. Chig minh rang tir dién chi c6 mot canh ¢6 d6 dai 16n hon 1 ¢6 thé tich 16n nhat la — .

3. Cho k, m, n la cac ) tuy nhién saochom+k+11a sb nguyén t6 16n honn + 1.

Va cho ¢s = s(s+1).
Chung minh rang: (Cms1 - C1)(Cmyz = C)--.(Cmen - Ci) chia hét cho tich ¢4C; ...Cp.
4. Cho cac tam giac nhon AgByCoyva A;B;C; (tam giac nhon 1a tam gidc c6 tat ca cac goc déu nhon). Dyng tam giac
ABC c6 dién tich 16n nhét sao cho no ngoai tlep tam gidc AgBoCy (BC chira Ay, CA chtta By, AB chuira Cy) va dong
dang véi tam giac A;B,Cy.
5. Gla stray, ...,agla cac s6 thue khong dong thoi bang 0.Choc,=a;"+a,"+ ... +ag" voi n=1,2,3, ..
Biét rang co v6 han sb ¢, bang 0. Hay tim tt ca cac s6 ty nhién n sao cho ¢, = O
6. Tong s6 huy chuong dugc trao ting trong mot cudc thi dau thé thao kéo dai n ngay 1a m. Trong ngay thir nhit co 1
huy chuong va 1/7 huy chuong con lai dugc trao tang. Trong ngay thir hai ¢6 2 huy chuong va 1/7 huy chuong dwoc
trao tang, .... va ctr theo quy ludt nhu thé. Trong ngay cudi cling, con lai n huy chwong dugc trao ting. Tim m, n.

9th IMO 1967

1. The parallelogram ABCD has AB = a, AD = 1, angle BAD = A, and the triangle ABD has all angles
acute. Prove that circles radius 1 and center A, B, C, D cover the parallelogram iff
a <CcosA+/3sinA

2. Prove that a tetrahedron with just one edge length greater than 1 has volume at most 1/8.
3. Let k, m, n be natural numbers such that m + k + 1 is a prime greater than n + 1. Let ¢ = s(s+1). Prove
that:

(Cm+1 - Ck)(Cm+2 - Ck) (Cm+n - Ck)
is divisible by the product c¢;c; ... .
4. AoBoC, and A;B,C; are acute-angled triangles. Construct the triangle ABC with the largest possible
area which is circumscribed about A,BoC, (BC contains Ay, CA contains B,, and AB contains C,) and
similar to A;B,C;.
5. a, ..., ag are reals, not all zero. Let c, = a," + a," + ... + ag" forn = 1, 2, 3, ... . Given that an infinite
number of c, are zero, find all n for which c, is zero.
6. In a sports contest a total of m medals were awarded over n days. On the first day one medal and 1/7 of
the remaining medals were awarded. On the second day two medals and 1/7 of the remaining medals were
awarded, and so on. On the last day, the remaining n medals were awarded. How many medals were
awarded, and over how many days?
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Ky thi IMO lan thi 10 - 1968

1. Tim tat ca cac tam gidc c¢6 chidu dai cac canh 1a cac s6 nguyén lién tiép, va mot trong cac goc cua tam giac do gap
d6i mot goc khac.
2. Tim tét ca cac sb tu nhién n sao cho tich cia tht ca cac chir s ciia n6 1a n? - 10n - 22.
3.a,b, clacac sd thuc voia # 0.
X1, Xz, ..., Xn thoa mén h¢ phuong trinh gdm n phuong trinh sau:
ax? + bx; + ¢ = Xj1, voi 1< i <n.
ax,> + bx, + ¢ = x;
Chung minh rang hé ¢6 0, 1, hodc >1 nghiém thyc tuy theo (b - 1)?-4acla<0,=0, hay > 0.
4. Chtirng minh réng moi tir dién tOn tai dinh ma ba canh xuét phat tir dinh nay tao thanh ba canh cia mot tam giac.
5.Chof:R —> R (R - 1a tap hop tét ca cac s6 thuc), sao cho ton tai a > 0 thoa man:

f(x +a)=%+\/(f (x)—F (x)2) véi moi x.

Chung minh: ham s6 f tuan hoan, va hay chi ra mot ham f nhu vay khong 1a hang s6 véia = 1.
6. Vi moi sb tw nhién n hiy wdc luong tong:

{(n+1)}{(n +2)}{(n +4)}+'--{(n+k2k)}+
2 4 8 2k

Trong d6: [x] biéu dién s6 nguyén 16n nhat < x.

10th IMO 1968

1. Find all triangles whose side lengths are consecutive integers, and one of whose angles is twice
another.
2. Find all natural numbers n the product of whose decimal digits is n* - 10n - 22.
3. a, b, c are real with a non-zero. xy, X,, ... , X, satisfy the n equations:
axi? + bx; + ¢ = X, for1<=i<n
ax,> + bx, + c= x4
Prove that the system has zero, 1 or >1 real solutions according as (b - 1)* - 4ac is <0, = 0 or >0.
4. Prove that every tetrahedron has a vertex whose three edges have the right lengths to form a triangle.
5. Let f be a real-valued function defined for all real numbers, such that for some a > 0 we have

f(x +a)=%+\/(f (x)—f (x)2) forall x.

Prove that f is periodic, and give an example of such a non-constant f for a = 1.
6. For every natural number n evaluate the sum

{(n+1)}+{(n+2)}+{(n;4)}+m+[(n+2k)}rm , Where [x] denotes the greatest

2 4 2k +1
integer <= X.
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Ky thi IMO lan thi 11 - 1969

1. Chirg minh ring ton tai vo s6 cac s6 nguyén duwong m dé n* + m khong 14 sé nguyén t6 v6i moi n nguyén duong.

i 1a cac hang so

thue, x 1a bién thuc.

Chirng minh rang: Néu f(x,) = f(Xz) 0 thi (Xl X;) = km, voi k 1a mot s6 nguyén.

3.Véimdik=1,2,3, 4,5 tim diéu kién can va da véi a > 0 sao cho ton tai mot tir dién c6 k canh chiéu dai a va cac
canh con lai c6 chleu daila 1.

4. C 1a mot diém nam trén nira duong tron duong kinh AB (6 gitra A va B). D la chan duong vudng goc ke tur C
xudng AB. Puong tron K, noi tiép tam giac ABC, duong tron K, tiép xtic véi CD, DA va nira duong tron duong
kinh AB. Buong tron Ks tiép xuc v6i CD, DB va nira duong tron duong kinh AB. Chimg minh rang K, K, K3 ¢6
chung mét tiép tuyén khac AB.

5. Cho n diém nam trong mdt mat phiang (n > 4), trong d6 khong c6 ba diém nao thiang hang. Ching minh riang c6

(n=3)(n-4)

nhiéu nhat ——————= tr dién 16i ¢ cac dinh trong s6 n diém trén.

6. Cho cac Sé !Zhll’C X1, X2, Y1, Y21 21, 23 thoa man x; > 0, X, > 0, X1y1 > le va XoYo > 222.
Ching minh rang:
8 < 1 N 1
2 2
(X1+X2)(y1+y2)_(21+22) Xi¥.1—2, Xo,¥,—1Z

Diéu kién can va di dé dau dang thirc xay ra.

11th IMO 1969

1. Prove that there are infinitely many positive integers m, such that n* + m is not prime for any positive
integer n.

i are real

2. Let f(x) = cos(a,+ x) + %

constants and x is a real variable. If f(x;) = f(xz) = 0, prove that x; - X, is a multiple of pi.

Chung minh rang: Néu f(xy) = f(x,) = 0 thi (X, - X, ) = km, véi k 1a mot s6 nguyén.
3. Foreach of k =1, 2, 3, 4, 5 find necessary and sufficient conditions on a > 0 such that there exists a
tetrahedron with k edges length a and the remainder length 1.
4. C s a point on the semicircle diameter AB, between A and B. D is the foot of the perpendicular from C
to AB. The circle K; is the in-circle of ABC, the circle K, touches CD, DA and the semicircle, the circle
Ks touches CD, DB and the semicircle. Prove that Ky, K, and K3 have another common tangent apart from
AB.
. e : (n-3)(n-4)
5. Given n > 4 points in the plane, no three collinear. Prove that there are at least Y convex
quadrilaterals with vertices amongst the n points.
6. Given real numbers Xy, X, Y1, Yo, Z1, 2o, Satisfying x; > 0, X, > 0, Xyy1 > z:%, and Xoy, > z,°, prove that:
8 > < ! >+ !
(X1+X2)(y1+y2)_(21+22) lel—Zl Xzyz_z

Give necessary and sufficient conditions for equality.
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Ky thi IMO lan thi 12 - 1970

1. M la mot diém trén canh AB cua tam giac ABC. 1, 11, I 1an luot 12 ban kinh cta céc duong tron ndi tiép cac tam
gidc ABC, AMC, BMC. q la ban kinh ciia dudng tron tiép xic véi ba canh AB, va CA, CB kéo dai. q; 1a ban kinh
ctia dudng tron tiép xtc voi BC va AB, AC kéo dai. q, 1a ban kinh cua dudng tron tiép xic véi CA va BA, BC kéo
dai. Chirng minh réng: r1r2q = rg10>
2.Cho0 £ x;<bvgii=0,1,..,nvax, >0, X,1>0.
Néua>b,va: A=x,a"+ X2t + ... + X2 ; B = Xx,b" + X, 10" + ... + xh°

A= X, a" + X022+ L+ Xa B = X0t + X0b™ + L+ xohC.
Chung minh riang: A'B < AB'.
3. Cho céc sb thuc ag, a;, @y, ... thoaman: 1 =ay < a; < a, < ...
céc sb thue by, b, bs, ... dugc dinh nghia bai:

L (1=

a
b, =3
k=L \/ak
(a) Chimg minh rang: 0 < b, < 2.
(b) Cho ¢ thoa mﬁn 0 < ¢ <2. Chirng minh réng ta c6 thé tim dugc a, sao cho b, > ¢ v&i moi n du 16n.

4. Tim tat ca cac 56 nguyén duong n sao cho tap {n, nt+1, n+2, n+3, n+4, n+5} c6 thé dugc chia ra thanh hai tp con
ma tich cua tit ca cac sé trong mdi tap con 1a bang nhau.

5. Cho tir dién ABCD ¢6 BDC =90° va chan dudng cao ha tir D xuéng mit phing ABC 1 tryc tim cia tam gic
ABC. Chirng minh rang:

(AB + BC +CA)? < 6(AD? + BD? + CD?).
Trong truong hop nao thi dau ding thirc xay ra ?.
6. Cho 100 diém dong phing, trong d6 khong c6 ba diém nao thing hang. Chirng minh rang nhiéu nhit c6 70% s
tam giac dugc tao thanh tir cic diém trén co tat ca cac goc déu nhon.

12th IMO 1970

1. M is any point on the side AB of the triangle ABC. r, ry, r, are the radii of the circles inscribed in ABC,
AMC, BMC. q is the radius of the circle on the opposite side of AB to C, touching the three sides of AB
and the extensions of CA and CB. Similarly, g; and g,. Prove that rir,q = rq;0..

2. Wehave 0<=x;<bfori=0,1,..,nandXx,>0, X,1 > 0. If a> b, and X,X,.1...Xo represents the number
A base a and B base b, whilst X;.1X,...Xo represents the number A' base a and B' base b, prove that A'B <
AB'.

3. The real numbers ag, a;, a,, ... satisfy 1 = ay <= a; <= a, <= ... . by, by, bs, ... are defined by

| (-5

h =y — %«
n ; \/a
(a) Prove that 0 <=b, < 2.
(b) Given c satisfying 0 <= c < 2, prove that we can find a, so that b, > ¢ for all sufficiently large n.
4. Find all positive integers n such that the set {n, n+1, n+2, n+3, n+4, n+5} can be partitioned into two
subsets so that the product of the numbers in each subset is equal.
5. In the tetrahedron ABCD, angle BDC = 90 and the foot of the perpendicular from D to ABC is the
intersection of the altitudes of ABC. Prove that:
(AB + BC + CA)* <= 6(AD* + BD* + CD?).
When do we have equality?
6. Given 100 coplanar points, no 3 collinear, prove that at most 70% of the triangles formed by the points
have all angles acute.
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Ky thi IMO lan thi 13 - 1971

1. Cho E,= (a1 - a)(ay - 83)...(a1 - @) + (82 - 81) (@2 - @3)...(82 - @) + ... + (@ - @1)(@n - @) ... (@n- @n1). Sy 12 dinh d& ma
E, > 0 véi moi sb thuc aj.

Chirng minh rang: S, dung véi n =3 va n = 5, nhung lai sai v6i nhitng gia tri khac cta n (véi n>2).

2. Cho P, 1a mot da giac 161 véi cac dinh Ay, A,, ..., Ag P; 1a da gic thu dugc tir Py bang cach tinh tién ma di chuyén
A, t6i A; Chirng minh rang: c6 it nhat hai da giac trong s6 cac da giac Py, P, ..., Pg c6 chung mot diém trong.

3. Chirng minh rang ta c6 thé tim dugc mot tap vo han cac s6 nguyén duong dang 2" - 3 (trong d6 n ciing 1a mot sb
nguyén duong) ma véi moi cip ctia nd nguyén td ciing nhau.

4. Tét ca cac mat cua tir dién ABCD c6 cac goc déu 1a nhon. Lay diém X trong doan AB, Y trong BC, Z trong CD,
va T trong AD.

(a) Néu DAB +BCD #CDA + ABC , ching minh rang: khong c6 duong di dong XYZTX c¢6 do dai ngin
nhit.

(b) Néu DAB +BCD =CDA +ABC thi ¢6 v s6 cac duong di ngén nhat XYZTX ma mdi duong c6 do dai 1a
2AC sin k, trong d6: 2k = BAC +CAD +DAB .

5. Ching minh rémg v6i moi S(A')‘nguyén dwong m ta c6 thé tim dugc mot tap S hiru han cac diém trong mat phang sao
cho vdi bat ki diém A thu@c S ton tai ding m diém thudc S c6 khoémg cach tir A dénla 1 don vi.

6. Cho A = (ay), 1,j = , 1 1a mét ma tran vuong voi aj; 1a cac sO nguyén khong am. Véi m01 i, j ma c6 a;; = 0 thi
téng ctia cac phan tir & hang thu i va cot thir j s& khong nho hon n. Chirng minh ring: tong cua tit ca cac phan tir cua
2
n
ma tran khong nho hon ? .

13th IMO 1971

1. LetEy=(a1-a)(as-az) ... (a1 -ay) + (a2-ay)(az - as) ... (@2 - an) + ... + (&, - a1)(@n - @) ... (@n - an-1). Let
Sn be the proposition that E, >= 0 for all real a;.

Prove that S, is true for n = 3 and 5, but for no other n > 2.

2. Let P, be a convex polyhedron with vertices Ag, A,, ..., Aq. Let P; be the polyhedron obtained from P,
by a translation that moves A; to A;. Prove that at least two of the polyhedra P;, P,, ..., Pg have an interior
point in common.

3. Prove that we can find an infinite set of positive integers of the form 2" - 3 (where n is a positive
integer) every pair of which are relatively prime.

4. All faces of the tetrahedron ABCD are acute-angled. Take a point X in the interior of the segment AB,
and similarly Y in BC, ZinCD and T in AD.

(@) If angle DAB + angle BCD # angle CDA + angle ABC, then prove that none of the closed paths
XYZTX has minimal length;

(b) If angle DAB + angle BCD = angle CDA + angle ABC, then there are infinitely many shortest paths
XYZTX, each with length 2 AC sin k, where 2k = angle BAC + angle CAD + angle DAB.

5. Prove that for every positive integer m we can find a finite set S of points in the plane, such that given
any point A of S, there are exactly m points in S at unit distance from A.

6. Let A= (a;), wherei, j=1,2, ..., n, be asquare matrix with all a; non-negative integers. For each i, j
such that a; = 0, the sum of the elements in the ith row and the jth column is at least n. Prove that the sum
of all the elements in the matrix is at least n/2.
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Ky thi IMO lan thir 14 - 1972

1. Cho bat ki ‘m(f)t tép 10 s6 khéc nhau trong doan [10, 99]. Chiing minh réng: ludn tim dugc hai tap con roi nhau sao
cho céc tap déu co6 tong nhu nhau.

2. Cho n > 4. Chirng minh rang: moi tir giac noi tiép duwong tron déu c6 thé chia thanh n tir gidc ndi tiép duong tron.
3. Chtng minh rang: (2m)!(2n)! 13 boi s6 cia m!n!(m+n)! v6i moi sé nguyén khong 4m n va m.

4. Tim tat ca cac nghiém thuc duong cua hé bt phuong trinh:

2 2
(X1 - X3X5)(X2 - X3X5) <0
2 2
(Xz o X4X1)(X3 o X4X1) <0
2 2
(X" = XX )(X,” = %s%,) <0
2 2
(X4 - X1X3)(X5 - X1X3) <0
2 2
(Xs - X2X4)(X1 - X2X4) <0
5. Cho fva g la hai ham nhan gia tri thuc trén tap cac s6 thue.
Vé&imoi x vay: f(x +y) + f(x - y) = 2f(x)g(y).
Ham f khong dong nhat bang 0 va [f(x)| < 1 vdi moi X.
Chirng minh rang: [g(x)| < 1 v6i moi x.
6. Cho 4 mat phéng khac nhau va song song v6i nhau. N . : )
Chitng minh rang: ton tai mot t&r dién déu voi moi dinh nam trén moOi mat phang.

14th IMO 1972

1. Given any set of ten distinct numbers in the range 10, 11, ... , 99, prove that we can always find two
disjoint subsets with the same sum.

2. Given n > 4, prove that every cyclic quadrilateral can be dissected into n cyclic quadrilaterals.
3. Prove that (2m)!(2n)! is a multiple of m!n!(m+n)! for any non-negative integers m and n.
4. Find all positive real solutions to:

(X12 _)(3)(5)()(22 —XgXg) <0
(X22 _X4X1)(X32 _X4X1) <0
(X32 _szz)(x42 _szz) <0
(X42 _szl)(xsz _X3X1) <0

2 2
(Xs _X2X4)(X1 _X2X4) <0

5. fand g are real-valued functions defined on the real line. For all x and y, f(x +y) + f(x - y) = 2f(X)g(y).
f is not identically zero and [f(x)| <= 1 for all x. Prove that |g(x)| <=1 for all x.

6. Given four distinct parallel planes, prove that there exists a regular tetrahedron with a vertex on each
plane.
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Ky thi IMO lan thi 15 - 1973

1. OPy, OP,, ..., OP,y.y 14 céc vecto don vi trong mot mit phang. Py, Py, ..., Ponsy 12 cac diém nam cung phia ddi véi
mot dudng thang di qua O.

Chung minh rang: [OP; + ... + OPyny| > 1.

2. Liéu co thé tim dugc mdt tap hiru han cac diém khong déng phéng sao cho néu c6 hai diém bat ki A, B thi sé& tdn
tai hai diém khac C va D ma hai duong thing AB va CD song song v6i nhau va khac nhau.

3. Cho a, b 1a cac sb thuc dé phuong trinh x* + ax® + bx? + ax + 1 = 0 ¢6 it nhat mot nghiém thyc. Tim gi4 tri nho
nhat cua a® + b’,

4. Mot nguoi linh can di chuyén trén mot ving c6 hinh dang 1a mot tam giac déu dé do min. May do ¢ hiéu luc
trong vong ban kinh bang mot nira duong cao cua tam gidc. Anh ta bit dau tir mot dinh cua tam giac. Tiép theo anh
ta phai di nhu thé nao dé di chuyén ngén nhit ma van do min trong toan bo ving dé.

5. G la tap hop cua cac ham f, trong d6 f khong phai 1a hang s6 va la ham tuyén tinh thuc c6 dang: f(x) = ax + b véi
s6 thuc a, b nao do. Tap G thoa man céac tinh chét sau:

Néu f va g thuoc G thi fg ciing thudc G, trong d6 fg dugc dinh nghia boi fg(x) = f(g(x)). Him ngugc f* cua f duoc

. X .
dinh nghia nhu sau: Néu f=ax + b thi f L= — —— Néu fthudc G thi ham ngugc cia nd f ! cling thudéec G. Moi ham
a a
f thudc G déu c6 mot diém c6 dinh, no6i cach khéc ta c6 the tim duoc x; sao cho f(x;) = X; .
Chtiing minh rang tat ca cac ham thudc G déu c6 chung mot di€m co dinh.
6. ay, @y, ..., &, 1 & cac s thuc dwong va q thoa méan: 0 < q < 1. Tim by, by, ..., b, sao cho:
@ a<bjvoii=1,2,..,n,

. 1
(b) q< t‘)—+1< = véii=1,2,..,n-1,

(€) by+by+..+by<(ag+a,+..+a)(l+q)(l-q).

15th IMO 1973

1. OPy, OP,, ..., OPy,y are unit vectors in a plane. Py, Py, ..., Panq all lie on the same side of a line
through O. Prove that |OP; + ... + OPyp.q| >= 1.

2. Can we find a finite set of non-coplanar points, such that given any two points, A and B, there are two
others, C and D, with the lines AB and CD parallel and distinct?

3. a and b are real numbers for which the equation x* + ax® + bx* + ax + 1 = 0 has at least one real
solution. Find the least possible value of a® + b®.

4. A soldier needs to sweep a region with the shape of an equilateral triangle for mines. The detector has
an effective radius equal to half the altitude of the triangle. He starts at a vertex of the triangle. What path
should he follow in order to travel the least distance and still sweep the whole region?

5. G is a set of non-constant functions f. Each f is defined on the real line and has the form f(x) =ax + b
for some real a, b. If fand g are in G, then so is fg, where fg is defined by fg(x) = f(g(x)). If fis in G, then
so is the inverse . If f(x) = ax + b, then f'(x) = x/a - b/a. Every f in G has a fixed point (in other words
we can find x; such that f(X;) = X;. Prove that all the functions in G have a common fixed point.

6. ai, &, ..., &, are positive reals, and q satisfies 0 < q < 1. Find by, b,, ..., b, such that:

@ a<bifori=12,..,n,

(b) g<bja/bi<ligfori=1,2,..,n-1,

(c) bytby+..+by<(a;+a+..+a)(1+q)(l-q).
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Ky thi IMO lan thi 16 - 1974

1. Ba nguoi choi mot tro choi nhu sau: Co ba la bai, mdi 14 duge ghi boi cac s6 nguyén dwong khac nhau. MObi mot
vong choi cac 14 bai duoc phan phdi ngiu nhién cho nhing nguoi choi va mdi nguoi sé nhén duge mot sO trén 14 bai
ctia minh. Cong tat ca cac s thu duoc & cac vong choi clia mdi nguoi dé tinh diém. Biét rang: sau 2 Vong hay nhiéu
hon 2 vong nguoi thir nhét nhan dugc 20, ngudi thir hai 1a 10, va ngudi thir ba 1a 9. Trong vong choi cudi cung nguoi
thir hai nhan duoc s6 16n nhét. Hoi ai d nhan dugc con sb & giita trong vong thir nhat.

2. Ching minh rang ton tai mot diém D trén canh AB cuia tam giac ABC d&é CD = <JAD.DB néu va chi néu
. ,C
sinA.sinB < sin’ E .

3. Chirmg minh rang:

n
3k ~2k+1
Z 2 c:2n+1

k=0
khong chia hét cho 5 véi bat ki s6 nguyén khong am n.
r!
Trong d6: Crs =

si(r—s)!

4. M6t ban co 8 x 8 duoc chia thanh p hinh chit nhat roi nhau (theo dudng ludi giita cac 6 vuong) sao cho mdi mot
hinh chir nhét s€ c6 s0 6 trang bang vai s0 6 den, va cac hinh ¢6 s0 6 vudng khac nhau. Tim gia tri 16n nhat c6 thé
cua p va tat ca cac bd cé thé cia kich thudc cac hinh chit nhat.

5. Xac dinh tat ca cac gia tri duong cua:

a b c d

+ + +
a+b+d a+b+c b+c+d a+c+d
vdia, b, ¢, dla cac sb thuc duong.
6. Cho P(x) 1a mot da thtre bac d (d > 0) v&i cac hé sb nguyén. Gia sir n 1a s6 nghiém nguyén khéac nhau cta P(x) = 1
hodc P(x) = -1. Chirmg minh rang: n< d + 2.

16th IMO 1974

1. Three players play the following game. There are three cards each with a different positive integer. In
each round the cards are randomly dealt to the players and each receives the number of counters on his
card. After two or more rounds, one player has received 20, another 10 and the third 9 counters. In the last
round the player with 10 received the largest number of counters. Who received the middle number on the
first round?

2. Prove that there is a point D on the side AB of the triangle ABC, such that CD is the geometric mean of

AD and DB if and only if sin A.sin B <sin? % .

Z 23k C 2k+1
3. Prove that 2n+1 js not divisible by 5 for any non-negative integer n.

1
S L denotes the binomial coefficient.]
sl(r—s)!
4. An 8 x 8 chessboard is divided into p disjoint rectangles (along the lines between squares), so that each
rectangle has the same number of white squares as black squares, and each rectangle has a different
number of squares. Find the maximum possible value of p and all possible sets of rectangle sizes.
5. Determine all possible values of

a b c d

+ + +
a+b+d a+b+c b+c+d a+c+d
for positive reals a, b, c, d.
6. Let P(x) be a polynomial with integer coefficients of degree d > 0. Let n be the number of distinct
integer roots to P(x) = 1 or -1. Prove that n <=d + 2.

[C =
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Ky thi IMO lan thi 17 - 1975

1.ChoX; > X, = ... 2 X, VAY; = Y, > ... > Y, 1a cac s6 thyc. Chirng minh rang: néu z; 1a mot hoan vi bat ki cua y;
thi:
> 2~ 2
Z(Xi -¥i) SZ(Xi )
2. Cho <@ <a<.. lacic s6 nguyén duong. Ching minh rang: V&i moii > 1 ton tai vo s a, sao cho c6 thé

dugc biéu dién dudi dang a = 1d; + 5j vGir va s 1a cac sé nguyén duong va j > i.
3. Cho tam giac ABC bat ki. V& phia ngoai tam giac hiy dung cic tam gisc ABR, BCP, CAQ sao cho

PBC =45°, PCB =30°, QAC = 45° QCA =30°, RAB =15°, va RBA =15°. Chung minh ring
tam giac RPQ vudng can tai R.

4. Cho A la tdng céc chit s§ thap phan cua 4444*** va B 1a tong céc chit s thap phan ciia A. Tim tdng céc chit s6
thap phan cua B.

5. Hay tim 1975 diém trén chu vi cia mot duong tron don vi sao cho khoang cach giita mdi cip diém l1a mot sé hitu
ti. Hay chi ra sy ton tai hodc ching minh rang khong thé tim dugc.

6. Tim tat ca cac da thirc P(x, y) theo hai bién sao cho:

(1) P(tx, ty) = t" P(x, y) v6i n nguyén duong nao d6 va véi moi sé thuc t, x, y.

Q) P(y +z,x) + P(z+x,y) + P(x +y, z) = 0 véi moi s6 thuc x, y , z.

(3) P(1,0) =1.

17th IMO 1975
1. Letx; >=X, >= ... >= X, and y; >=y, >= ... >=y, be real numbers. Prove that if z; is any permutation

of the y;, then:
Z (x;=vY;) <z Xi—Y)
i=1

2. Leta; <a, <as <..be positive integers. Prove that for every i >= 1, there are infinitely many a, that
can be written in the form a, = ra; + sa;, with r, s positive integers and j > i.

3. Given any triangle ABC, construct external triangles ABR, BCP, CAQ on the sides, so that angle PBC
= 45, angle PCB = 30, angle QAC = 45, angle QCA = 30, angle RAB = 15, angle RBA = 15. Prove that
angle QRP =90 and QR = RP.

4. Let A be the sum of the decimal digits of 4444**** and B be the sum of the decimal digits of A. Find
the sum of the decimal digits of B.

5. Find 1975 points on the circumference of a unit circle such that the distance between each pair is
rational, or prove it impossible.

6. Find all polynomials P(x, y) in two variables such that:

(1) P(tx, ty) =t"P(x, y) for some positive integer n and all real t, x, y;

(2) forallreal x,y,z:P(y+2z,x)+P(z+X,y)+P(x+vy,z)=0;

(3) P(1,0)=1.
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Ky thi IMO lan thi 18 - 1976
1. Mot tir dién 16i c6 dién tich 1a 32 va tong ctia hai canh d6i dién va mot duong chéo 1a 16. Tim tat ca cac do dai c6
thé cta dudng chéo con lai.
2.Cho Py(x) = X% -2 va Py = Py(Pi(x)) voii=1,2,3, ...
Hay chi ra rang véi moi n phurong trinh P(x) = x ¢6 cac nghiém thuc khac nhau.
3. Mot hinh hop chit nhat co thé dwoc l4p diy véi cac hinh 1ap phuong don vi. Néu ngudi ta dat duge cang nhidu
cang tbt cac hinh 1ap phuong thé tich 2 vao trong hop thi s& chiém thé tich 1a 40% thé tich ciia hop. Xac dinh cac kich
thudc co thé ctia hop.
4. Xéc dinh s6 16n nhét 1a tich cua cac sb nguyén duong co tong 1a 1976.
5. Cho n 12 mot s6 nguyén duong va m=2n. a;;=0, 1, hodc-1 (véil <i<n1<j<m).
X1, X2, ooey Xy la m 4n chua biét thoa min n phuong trinh sau:

Xy + AppXo ...+ AipXm =0, voii=1,2,3, .., n
Ching minh rang: hé phuong trinh trén c6 cic nghiém nguyén co gia tri tuyét ddi 1on nhat 1a bang m va khong dong
thoi bang 0.

6. Cho day ug, Uy, U, ... dugc dinh nghia boi: ug = 2, Uy = E, Upep = Un(Un-12 -2)-U; voin=1,2,.. Ching minh

rang:
(2n—(-1)")
[wl=2 °3

Trong d6: [x] biéu dién sé nguyén 16n nhit nho hon hodc bang x.

18th IMO 1976

1. A plane convex quadrilateral has area 32, and the sum of two opposite sides and a diagonal is 16.
Determine all possible lengths for the other diagonal.
2. Let Py(x) = x? -2, and Piyy = Pi(Pi(x)) fori=1, 2, 3, ... . Show that the roots of P,(X) = x are real and
distinct for all n.
3. A rectangular box can be completely filled with unit cubes. If one places as many cubes as possible,
each with volume 2, in the box, with their edges parallel to the edges of the box, one can fill exactly 40%
of the box. Determine the possible dimensions of the box.
4. Determine the largest number which is the product of positive integers with sum 1976.
5. nis a positive integer and m = 2n. a; = 0, 1 or -1 for 1 <=i <=n, 1 <= j <= m. The m unknowns X1, X,
..., X, Satisfy the n equations:
ai1X1 + AipXo ... + QimXm = 0,
fori=1,2, ..., n. Prove that the system has a solution in integers of absolute value at most m, not all zero.
6. The sequence Uy, Uy, Uy, ... is defined by: Ug= 2, u; = 5/2, Upeg = un(un_l2 -2)-u;forn=1,2, ...Prove
that
(2n—(-1)")
wi=2 °

where [x] denotes the greatest integer less than or equal to x.
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Ky thi IMO lan th 19 - 1977

1. Dung vé phia bén trong hinh vuéng ABCD cac tam giac déu ABK, BCL, CDM, DAN. Hiy chi ra rang céac trung
diém ctia KL, LM, MN, NK va cac trung diém cua AK, BK, BL, CL, CM, DM, DM, AN tao thanh da giac déu c6 12
canh.

2. Trong mét day htru han cac s6 thuc, téng cua bat ki 7 sb hang lién tiép la am, va téng cua bat ki 11 sb hang lién
tiép 1a duong. Xac dinh s 16n nhét trong cac sb hang cua day.

3. Cho s6 nguyén n > 2. Gia st V,, 1a tap cac s6 nguyén dang 1 + kn, trong d6 k 1a mot sb nguyén duwong. S6 m thude
V, dugc goi 1a khong phan tich dugc néu no khong thé bicu dién dudi dang tich ctia hai s6 thugc V. Chirng minh
rang: ¢6 mot sd thude V, ma c6 thé biéu dién dudi dang tich ctia cac sd khong phan tich dugc thuge V, bang nhidu
hon mét cach.

4. Cho f(x) =1 -acos X - bsinx - A cos 2x - B sin 2x, trong d6 a, b, A, B 1a cc hang sb thuc. Gia sur rang: f(x) > 0
v6i moi s thuc x.

Chimg minh ring: a® + b?> < 2vaA?+B? < 1,

5. Cho a, b 1a cac s6 nguyén duong. Khi (a® + b?) chia cho (a + b) dugc thuong s 1a q va sé du lar.

Tim tit ca cac cip s a va b thoa man: q° + r = 1997.

6. Cho ham f: Z* —Z*, Z*- 1a tap cac s6 nguyén duong.

Cho f(n + 1) > f(f(n)) v&i moi n.

Chung minh rang: f(n) = n véi moi n.

19th IMO 1977

1. Construct equilateral triangles ABK, BCL, CDM, DAN on the inside of the square ABCD. Show that
the midpoints of KL, LM, MN, NK and the midpoints of AK, BK, BL, CL, CM, DM, DN, AN form a
regular dodecahedron.

2. In a finite sequence of real numbers the sum of any seven successive terms is negative, and the sum of
any eleven successive terms is positive. Determine the maximum number of terms in the sequence.

3. Given an integer n > 2, let V/, be the set of integers 1 + kn for k a positive integer. A number min V, is
called indecomposable if it cannot be expressed as the product of two members of V... Prove that there is a
number in V, which can be expressed as the product of indecomposable members of V,, in more than one
way (decompositions which differ solely in the order of factors are not regarded as different).

4. Define f(x) =1 -acos x - b sin x - A cos 2x - B sin 2x, where a, b, A, B are real constants. Suppose
that f(x) >= 0 for all real x. Prove that a® + b? <= 2 and A* + B? <= 1.

5. Letaand b be positive integers. When a? + b? is divided by a + b, the quotient is g and the remainder is
r. Find all pairs a, b such that g + r = 1977.

6. The function f is defined on the set of positive integers and its values are positive integers. Given that
f(n+1) > f(f(n)) for all n, prove that f(n) = n for all n.
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Ky thi IMO lan thi 20 - 1978
1. Cho m, n 1a cac s6 nguyén duong véi m < n. Ba chir s6 thap phan cudi cing ciia 1978™ gidng nhu ba chit s6 thap
phan cubi cing ctia 1978". Tim m, n sao cho m + n dat gié tri nho nhat.
2. P 1a mot diém bén trong mot hinh cau. Ba tia vuong goc v6i nhau timg d6i mot ké tir P cat hinh cau tai U, V, W. Q
la dinh ddi dién qua dwong chéo véi P trong hinh hop duge xac dinh bai PU, PV, PW. Tim quy tich cc diém Q khi
cac tia vudng goc xudt phat tir P thay doi.
3. Tap tat ca cac sd nguyén duong 1a hop ciia hai tap con roi nhau {f(1), f(2), f(3), ... } va {g(1), g(2), g(3), ... }.
Trong do6 f(1) < f(2) <f(3) < ..., vag(l) <g(2) <g3) <..

gn)=1(f(n)) +1véin=1,2,3, ...
Xac dinh f(240).
4. Tam giac ABC can tai A. Mot dudng tron tiép xtc bén trong voi dudng tron ngoa1 tiép tam giac va cit AB, AC lan
luot tai P va Q. Chung minh rang: trung diém cta PQ 14 tim cua dudng tron ndi tiép tam giac ABC.
5. {a,} 1a ddy cic s6 nguyén dwong khac nhau. Chirng minh rang;

Z_Z 2 Z— v6i moi s6 nguyén duong n.

6 Mot cude giao luu qudc té co cac thanh vién tr 6 nuGe khac nhau. Danh sach cua cac thanh vién gom c6 1978
ngudi duge danhsd 1a 1,2, ..., 1978. Chimg minh rang: ton tai it nhdt mot thanh vién co sb 13 tong cua cac s6 cua hai
thanh vién cung nudc cta mmh hodc gip doi sé ciia mot thanh vién ciing nuéce véi minh.

20th IMO 1978

1. mand n are positive integers with m < n. The last three decimal digits of 1978™ are the same as the last
three decimal digits of 1978". Find m and n such that m + n has the least possible value.

2. P is a point inside a sphere. Three mutually perpendicular rays from P intersect the sphere at points U,
V and W. Q denotes the vertex diagonally opposite P in the parallelepiped determined by PU, PV, PW.
Find the locus of Q for all possible sets of such rays from P.

3. The set of all positive integers is the union of two disjoint subsets {f(1), f(2), f(3), ... }, {g(1), g(2),
g(3), ... }, where f(1) < f(2) < f(3) < ...,and g(1) < g(2) < g(3) < ...,and g(n) = f(f(n)) + L forn=1, 2, 3, ...
. Determine f(240).

4. In the triangle ABC, AB = AC. A circle is tangent internally to the circumcircle of the triangle and also
to AB, AC at P, Q respectively. Prove that the midpoint of PQ is the center of the incircle of the triangle.
5. {ac} is a sequence of distinct positive integers. Prove that for all positive integers n, the sum fromk =1
to n of a/k? is greater than or equal to the sum from k = 1 to n of 1/k.

6. An international society has its members from six different countries. The list of members has 1978
names, numbered 1, 2, ... , 1978. Prove that there is at least one member whose number is the sum of the
numbers of two members from his own country, or twice the number of a member from his own country.
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Ky thi IMO lan thi 21 - 1979

1. Cho m, n 13 nhing s nguyén duong thoa man:

m 1 11 1 1
—=1-=+>=—-=+4..————+——— Ching minh rang: m chia hét cho 1979.

n 2 3 4 1318 1319

2. Hinh lang try c6 cac mat trén va mat day la cac ngii giac A1AAzALAs va B,B,B;3B,Bs. M&i canh cua hai
ngili gidc va cua 25 doan AiB; dugc t6 mau do hodc xanh. Moi tam gidc ma cac dinh la dinh cua hinh lang
try, tit ca cac canh ctia nd déu dugc t6 mau sé c6 hai canh dugc t6 mau khac nhau. Chirmg minh rang tat ca
10 canh cua mat trén va mat dudi cta hinh lang tru dugc t6 mau glong nhau.

3. Trong mdt mat phang cho hai duong tron giao nhau. A 1a mét trong cac giao diém d6. Pong thoi bt
dau tir A hai diém di chuyén véi toc d6 khong doi, mdi mot diém di chuyén theo mot duong tron va cling
huéng. Hai diém tro lai A cung mot lac (tic 1a sau mot vong). Chirng minh r?mg ton tai mot diém cb dinh
P trong mit phang sao cho hai diém chuyén dong d6 ludn cach déu P.

4. Cho mit phang k, mot diém P trong k va mot diém Q ngoai k. Tim tat ca cac diém R trong k sao cho ty

o - QP +PR

16n nhat.

5. Tim tt ca cac sb thuc a sao cho ton tai cac $b thuc khong am x;, Xp, X3, X4, X5 thod man:
X, +2X, +3X; +4X, +5X; =
X, +2°x, +3x, +4°x, +5°x, =a’
X, +2°X, +3°X, +4°x, +5°x, =a°

6. Cho A va E 1a hai dinh d6i dién cua bat gidc. Mot con éch bt dau nhdy tai dinh A. Tir mot dinh bét ki
(khac E) n6 nhay tdi mot trong hai dinh lién ké. Khi tdi E thi n6 dung lai. Cho a, 1a s6 duong di khac nhau

(28] ()"
Z

sau n budc nhay Kkét thuc tai E. Chiing minh ré“lng: an1=0, a,, =

21st IMO 1979

1. Let m and n be positive integers such that:

m:1 1+1—1+...—L 1 . Prove that m is divisible by 1979.

n 2 3 4 1318 1319

2. A prism with pentagons A;AA:AAs and B;B,B3B,Bs as the top and bottom faces is given. Each side
of the two pentagons and each of the 25 segments A;iB; is colored red or green. Every triangle whose
vertices are vertices of the prism and whose sides have all been colored has two sides of a different color.
Prove that all 10 sides of the top and bottom faces have the same color.

3. Two circles in a plane intersect. A is one of the points of intersection. Starting simultaneously from A
two points move with constant speed, each traveling along its own circle in the same sense. The two points
return to A simultaneously after one revolution. Prove that there is a fixed point P in the plane such that
the two points are always equidistant from P.

4. Given a plane k, a point P in the plane and a point Q not in the plane, find all points R in k such that the

QP +PR

ratio —R is a maximum.

5. Find all real numbers a for which there exist non-negative real numbers Xi, X,, X3, X4, Xs satisfying:
X, +2X, +3X,; +4X, +5X, =
X, +2°x, +3x, +4°x, +5°x, =a’
X, +2°X, +3X, +4°X, +5°x, =a°

6. Let A and E be opposite vertices of an octagon. A frog starts at vertex A. From any vertex except E it
jumps to one of the two adjacent vertices. When it reaches E it stops. Let a, be the number of distinct paths

2 (o)
Z

of exactly n jumps ending at E. Prove that: a,,, =0, a,, =
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Ky thi IMO lan thi 22 - 1981

1. Cho P la mot g‘Iiém bén trong tam giac ABC. D, E, F 1a chan dudng cao twong mg ha tir P xuéng BC, CA, AB.
Tim tat ca cac diém P sao cho:

BC CA AB
+—+
PD PE PF
2. Lay rsao cho 1 < r < n, va xét tat ca cac tap con gom r phép t cua tép {1, 2, ..., n}. M3&i mdt tap con c6 mdt s6
nho nhat. Goi F(n, r) la gia tri trung binh cua cac phan tir nho nhat nay. Chirng minh rang:

F(n,r) _n+D
(r+1)
3. Cho m, n 14 cac s nguyén duong trong doan [1, 1981] thoa min: (n? - mn - m?? = 1.
Xac dinh gia tri 16n nhit cua m? + n?
4. (a) Vi gia tri nao ctia n (n > 2) thi ton tai mot tap n sd nguyén dwong lién tiép ma sb 16n nhat trong n sé d6 1a woc
sO cuia boi s6 chung nho nhit cua (n - 1) s6 con lai ?
(b) Véi gia tri nao ciia n (n > 2) thi ¢6 duy nhat mot tap c6 tinh chit nhu trén.
5. Ba duong tron cting mot ban kinh c6 chung mot diém O va nim bén trong mot tam giac da cho. Mdi mot duong
tron tiép xtic v6i hai canh ciia tam gidc.
Chtng minh rang: tim ctia duong tron ndi tiép, ngoai tiép tam giac va diém O thing hang.
6. Cho ham f(x, y) véi moi x, y 1a s6 nguyén khong am, thoa man:
f0,y)=y+1
f(x +1,0) =f(x, 1)
fix+1,y+1)=1(x f(x +1,y))

dat gia tri nho nhét.

Tim (4, 1981).

22nd IMO 1981

1. P is a point inside the triangle ABC. D, E, F are the feet of the perpendiculars from P to the lines BC,
CA, AB respectively. Find all P which minimise:
BC CA AB

+ +
PD PE PF
2. Take rsuch that 1 <=r <= n, and consider all subsets of r elements of the set {1, 2, ... , n}. Each subset
has a smallest element. Let F(n,r) be the arithmetic mean of these smallest elements. Prove that:

F(n,r) = (n+1)/(r+1).
3. Determine the maximum value of m* + n®, where m and n are integers in the range 1, 2, ... , 1981
satisfying (n* - mn - m?? = 1.
4. (@) For which n > 2 is there a set of n consecutive positive integers such that the largest number in the
set is a divisor of the least common multiple of the remaining n - 1 numbers?
(b) For which n > 2 is there exactly one set having this property?
5. Three circles of equal radius have a common point O and lie inside a given triangle. Each circle
touches a pair of sides of the triangle. Prove that the incenter and the circumcenter of the triangle are
collinear with the point O.
6. The function f(x,y) satisfies: f(0,y) =y + 1, f(x+1,0) = f(x,1), f(x+1,y+1) = f(x,f(x+1,y)) for all non-
negative integers x, y. Find f(4, 1981).
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Ky thi IMO lan thi 23 - 1982

1. Ham f(n) dugc xéac dinh trén tap cac s6 nguyén duong va nhan gi tri nguyén khong am.

f(2) =0, f(3) > 0, £(9999) = 3333 va v4i moi m, n cd: f(m + n) f(m) - f(n) = 0 hoac 1. Xac dinh f(1982).

2. Tam glac khbng can A;AA; co cac canh ay, a,, az vOo1 a; ddi dién voi A;. M 1a trung diém cua canh a; va
Ti 1a tiép diém cua dudng tron ndi tiép tam gidc voi cac canh a;. Ky hiéu S; 1a hinh chiéu cta T; trén dudng
phén giac trong ctia goc A;. Ching mlnh rang M;S;, M,S,, M5S; dong qui.

3. Xét mot ddy vo han {x,} cta cac sb thuc duong sao cho: 1 =x, > X3 > X, > .

I . M 7t c 1~ A LA . A A X ? X12 Xn—12
(a) Chirng minh rang: véi moi ddy nhu thé ton tai mot so n > 1 sao cho: —+——+...+ >3.999
X1 X Xy
’ X 02 X12 2
(b) Tim mot day co tinh chat nhu trén va thoda man: —— +——+...
Xy X, Xy

4. Chtrng minh rang: Néu n 1a mot sé nguyén duong sao cho phuong trinh: x3 - 3xy? + y* = n
c¢6 nghiém (x, y) nguyén thi phuong trinh d6 c6 it nhit ba nghiém nguyén.
Hay chi ra rang phuong trinh khong c6 nghiém nguyén véi n = 2891.
5. Cho lyc gidc déu ABCDEF. Trong dudng chéo AC va CE ly cac diém tuong tmg M va N sao cho:
AM CN
AC CE i
Xac dinh r néu B, M va N thang hang.
6. Cho S & mét hinh vudéng véi do dai cac canh 1a 100. L 1a mét duong di trong S va khong cit S gom co
cac doan AgAy, AtA;, AsAs, ..., AviA, vGi A, # A,. Gia sir rang véi moi diém P trén bién ciia S ton tai

2 . 1
mdt diem thude L sao cho khoang céach tir P t6i nd < E .

Ching minh rang: ton tai 2 diém X va Y thudc L sao cho khoang cach XY < 1, va d¢ dai duong di tir X
to1 Y la khong nho hon 198.

23rd IMO 1982

1. The function f(n) is defined on the positive integers and takes non-negative integer values. f(2) = 0, f(3)
>0, f(9999) = 3333 and for all m, n:

f(m+n) - f(m) - f(n) = 0 or 1. Determine f(1982).
2. A non-isosceles triangle A;A,A; has sides ay, a,, as with a; opposite A;. M; is the midpoint of side a; and
T; is the point where the incircle touches side a;. Denote by S; the reflection of T; in the interior bisector of
angle A;. Prove that the lines M;S;, M,S, and MS; are concurrent.
3. Consider infinite sequences {X,} of positive reals such that X, = 1 and Xo >= X; >= X, >= ...

2 2 2
X
(a) Prove that for every such sequence there is an n >= 1 such that: —> +—+...+—-1>3.999
Xl XZ Xn
. . XO2 X12 Xn—l2
(b) Find such a sequence for which: + +..t <4 foralln.
X, X, X,

4. Prove that if n is a positive integer such that the equation: x° - 3xy” + y*=n
has a solution in integers X, y, then it has at least three such solutions. Show that the equation has no
solutions in integers for n = 2891.
5. The diagonals AC and CE of the regular hexagon ABCDEF are divided by inner points M and N
respectively, so that:

AM CN

AC CE
Determine r if B, M and N are collinear.
6. Let S be a square with sides length 100. Let L be a path within S which does not meet itself and which
is composed of line segments AjA1, AiAz, ALAg, ..., AniA, with Ag = A,. Suppose that for every point P
on the boundary of S there is a point of L at a distance from P no greater than 1/2. Prove that there are two
points X and Y of L such that the distance between X and Y is not greater than 1 and the length of the part
of L which lies between X and Y is not smaller than 198.
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Ky thi IMO lan thi 24 - 1983

1. Cho R" 14 tap céc s6 thuc dwong, ham f: R* —R" thoa man:
f(x(f(y)) = yf(x) véimoix,yva f (X)—>0khi X —> 0.
Tim tat ca cac ham f nhu vay.

2. A 1a mot trong hai giao diém khac nhau cua hai duong tron C4 va G, dong phang va khong bing nhau ¢ tam
tuong ng la Oy, O,. Mot trong cac tiép tuyén chung ciia hai dudng tron tiép xtc véi Cy tai Py va C, tai P,. Tiép tuyen
khac tlep xuc voi Cy tai Q va C, tai Q,. Goi My, M, lan luot 1a trung diém cua P1Q;, P,Q,. Chirng minh rang:

O,AO0, =M ,AM,

3.Choa, b, clacac s6 nguyén dwong, khong c6 hai sO nao ¢6 woc sb chung 16n hon 1.
Hay chi ra rang 2abc - ab - be - ac 1a s6 nguyén 16n nhat khong thé biéu dién thanh xbc + yca + zab, trong d6 x, y, z
1a cac s6 nguyén khong am.
4. Cho tam giac déu ABC. E la tap hop tat ca cac diém trén ba canh AB, BC, va CA (ké ca A, B, C). Phan chia E ra
thanh hai tp con roi nhau. Hay kiém ching khang dinh rang lu6n ton tai mot tip con (trong hai tap con d6) c6 chira
cac dinh dé tao nén mot tam giac vudng.
5. C6 thé chon dugc hay khong 1983 sO nguyén ‘duong khac nhau ma tat ca cac sb déu nho hon hodc bang 10° va
khong c6 ba sd nao trong d6 1a cac sb hang lién tiép ctia mot cap sd cong
6. Cho a, b, ¢ 1a dd dai cua cac canh ctia mot tam gidc. Ching minh rang:

a’b(a - b) + b%c(b - ¢) + c’a(c - a) > 0.
Dau déng thirc xay ra khi nao?

24th IMO 1983

1. Find all functions f defined on the set of positive reals which take positive real values and satisfy:

f(x(f(y)) = yf(x) for all x, y; and f(x) tends to 0 as x tends to infinity.
2. Let A be one of the two distinct points of intersection of two unequal coplanar circles C; and C, with
centers O; and O, respectively. One of the common tangents to the circles touches C, at P, and C, at P,
while the other touches C; at Q; and C, at Q.. Let M, be the midpoint of P;Q; and M, the midpoint of
P,Q,. Prove that angle O;AO, = angle M;AM.,.
3. Leta, b and c be positive integers, no two of which have a common divisor greater than 1. Show that
2abc - ab - bc - ca is the largest integer which cannot be expressed in the form xbc + yca + zab, where X, y,
z are non-negative integers.
4. Let ABC be an equilateral triangle and E the set of all points contained in the three segments AB, BC
and CA (including A, B and C). Determine whether, for every partition of E into two disjoint subsets, at
least one of the two subsets contains the vertices of a right-angled triangle.
5. Is it possible to choose 1983 distinct positive integers, all less than or equal to 10°, no three of which
are consecutive terms of an arithmetic progression?
6. Leta, b and c be the lengths of the sides of a triangle. Prove that

a’b(a - b) + b’c(b - ¢) + c’a(c - a) >= 0.

Determine when equality occurs.
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Ky thi IMO lan thi 25 - 1984
1. Chimg minh rang;

7
0<yz +ZX +Xy —2Xyz < —
y y y >7

Trong d6: X, y, z 1a céc s6 thuc khong 4m thoa man: x +y +z = 1.

2. Tim mot cip (a, b) cac sé nguyén duwong thoa mén: ab(a + b) khong chia hét cho 7 nhung (a+b)’ - a’ - b lai chia
hét cho 7.

3. Cho hai diém O va A trong mot mit phing. Mdi diém trong mit phang s& duoc t6 mau boi mot trong sé hitu han

o . AOX
mau. Lay diém X trong mat phang, duong tron C(X) c6 tam O va ban kinh la OX + < trong d6 AOX duoc

do bang radian trong doan [0, 2 7).

Chirng minh ring: ta c6 thé tim dugc diém X khong nim trén OA sao cho mau cta né xuét hién trén chu vi cua
duong tron C(X).

4. Cho tir dién 16i ABCD véi CD tiép xuc voi duong tron dudng kinh AB.

Chung minh: AB tiép xtic v6i dudng tron duong kinh CD khi va chi khi BC song song v&i AD.

5. Cho d 1a téng chidu dai cua tat ca cac dudng chéo ciia mot da giac 16i voi s dinh 1a n > 3. Goi p 1a chu vi cta da
giac d6. Chirng minh rang:

n —3<E<{ﬂ}[—(n +1)}—2
p 2 2
Trong d6: [x] biéu dién sé nguyén 16n nhat khong vuot qua x.
6. Cho a, b, ¢, d 1a cac sb nguyén 1¢ thod man: 0 <a<b<c<dvaad=bc.
Chung minh rang: néua+d= 2%vab+c=2" (voik, mla cac sb nguyén) thia=1.

25th IMO 1984

7 i e
1. Prove that 0<yz +zX +Xy —2xyz < > where X, y and z are non-negative real numbers satisfying

X+y+z=1

2. Find one pair of positive integers a, b such that ab(a+b) is not divisible by 7, but (a+b)’ - a’ - b’ is
divisible by 7.

3. Given points O and A in the plane. Every point in the plane is colored with one of a finite number of
colors. Given a point X in the plane, the circle C(X) has center O and radius OX + (angle AOX)/OX,
where angle AOX is measured in radians in the range [0, 2pi). Prove that we can find a point X, not on
OA, such that its color appears on the circumference of the circle C(X).

4. Let ABCD be a convex quadrilateral with the line CD tangent to the circle on diameter AB. Prove that
the line AB is tangent to the circle on diameter CD if and only if BC and AD are parallel.

5. Let d be the sum of the lengths of all the diagonals of a plane convex polygon with n > 3 vertices. Let p
be its perimeter. Prove that:

n —3<ﬁ<{ﬂ}[w}—2
p 2 2
where [x] denotes the greatest integer not exceeding x.

6. Leta, b, c, d be odd integers such that 0 <a<b < c < dandad = bc. Prove thatifa+d=2%and b + ¢ =
2™ for some integers k and m, then a = 1.
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Ky thi IMO lan thi 26 - 1985
1. Puong tron ¢6 tdm nam trén canh AB cua tir gidc ABCD ngoai tiép duong tron. Ba canh con lai tiép xtic véi
duong tron. Chirmg minh rang: AD + BC = AB.
2. Chon, k 15} cac sb ng1~1yén duong nguyén tb c?mg nhau, k < n. Mdi s6 trong tap M = {1, 2, 3, ..., n -1} dugc t6 mau
xanh hodc trang. V&i moi i thude M, i va n - i déu c6 chung mdt mau. VGi moi i thude M (i #K), i va i - k| co chung
mot mau.
Chirng minh rang tat ca cac s thugc M phai c6 chung mot mau.
3. Cho da thirc P(x) = ag + a,X + ... + aX* v6i cac hé sb nguyén. S6 luong cuia cac hé sé 1¢ duoc biéu thi boi o(P). Vi
i=0,1,2,.dit Qi(x)= (1 +x)".
Chung minh rang: néu iy, i, ..., iy 1a cac sb nguyén thoa man: 0 < iy <i, < ... <i, thi:

O(Qll + Q|2 -t an) 2 O(Qll)
4. Cho tép M cua 1985 s6 nguyén dwong khac nhau, trong do khong co s6 nao ¢ woc so nguyén té 16n hon 23.
Chung minh rang: M chira mot tip con gom 4 s6 ma tich ctia chung 1a luy thira 4 cia mot sé nguyén.
5. Puong tron tam O di qua hai dinh A va C ctia tam gidc ABC va giao voi hai doan AB, BC tai hai diém phén biét
lan luot 1a K va N. Cac dudng tron ngoai tiép cac tam gidc ABC, KBN giao nhau tai 2 diém phan biét B va M.
Chirng minh rang: OMB = 90°.
6. Vi moi sb thuc xq, ddy Xy, X,, ... duge xay dung boi cong thire sau:

Xn+1 = Xn(Xn + _)
n

Chtng minh rang: ton tai duy nhat mot gi tri ctia x, dé 0 <X, < Xpy < 1 véi moi n.

26th IMO 1985

1. A circle has center on the side AB of the cyclic quadrilateral ABCD. The other three sides are tangent
to the circle. Prove that AD + BC = AB.
2. Let nand k be relatively prime positive integers with k < n. Each number intheset M ={1, 2, 3, ..., n-
1} is colored either blue or white. For each i in M, both i and n-i have the same color. For each i in M not
equal to k, both i and [i-k| have the same color. Prove that all numbers in M must have the same color.
3. For any polynomial P(X) = ap + a;x + ... + a,x* with integer coefficients, the number of odd coefficients
is denoted by o(P). Fori =0, 1, 2, ... let Qi(x) = (1 + x)". Prove that if iy, i, ..., i, are integers satisfying 0
<=i;<i,<..<I, then:

0(Qi + Qi + ... + Qi) >=0(Qpn).
4. Given a set M of 1985 distinct positive integers, none of which has a prime divisor greater than 23,
prove that M contains a subset of 4 elements whose product is the 4th power of an integer.
5. A circle center O passes through the vertices A and C of the triangle ABC and intersects the segments
AB and BC again at distinct points K and N respectively. The circumcircles of ABC and KBN intersect at
exactly two distinct points B and M. Prove that angle OMB is a right angle.
6. For every real number x;, construct the sequence Xy, X,, ... by setting:

1
Xn+1 = Xn(xn + H)

Prove that there exists exactly one value of x; which gives 0 < X, < Xn+; < 1 for all n.
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Ky thi IMO lan thi 27 - 1986

1. Cho d 1a mot s6 nguyén duong bat ki khong bang 2, 5, hodc 13. Hay chi ra ta c6 thé tim duoc hai s6 khac nhau a, b
trong tap {2, 5, 13, d} sao cho ab - 1 khong 1a binh phuong dung.
2. Cho diém Py trong mat phfmg cta tam giac A;A,As. Ta dinh nghia Ay = Ag3 vGi moi s = 4. Dung mét tap cac
diém Py, Py, Ps, ... 520 cho Py 12 anh cua Py qua phép quay tim A, mot goc 120° theo chiéu kim ddng hd, voi k =
0,12..
Chung minh rang: néu Pygge = Pg thi tam gidc AyAA; 14 tam gide déu.
3. Mbi dinh ctia mot ngii gidc déu duogc qui cho mot sé nguyén ma tong ctia tat ca 5 sb la duong. Néu ba dinh lién
tiép tuong (g vdi ba sd 1a x, y, z, vi y < 0, thi phép toan sau ciing dugc chap nhan: x, y, z dugc thay thé tuong tng
boi x +y, -y, z + y. Cac phép toan nay dugc thuc hién lap di lap lai nhiéu 1an cho dén khi ndm sé 6 it nhat mot s6 1a
am. Xéc dinh c6 ton tai hay khong mot qui trinh sau hiru han budc két thic cong viée trén.
4. Cho A, B 14 hai dinh k& nhau ctia mot da giac déu n canh (n >5) c¢6 tim O. Tam giac XYZ dong dang va ban dau
trung khép voi tam giac OAB di chuyén trong mat phing sao cho Y, Z chay trén toan bg bién cua da giac, voi X ludn
nam bén trong da gidc. Tim quy tich cac diém X.
5. Tim tat ca cac ham f duge dinh nghia trén tap cac sb thue khong am va nhan gia tri thyc khong am sao cho:
f(2)=0
f(x) #0,v6i0< x<2
f(xf(y)f(y) = f(x+y), voi moi x,y.
6. Cho mot tap hiru han cac diém ¢6 toa do nguyén trong mat phang. Co thé ludn luén t6 mau dugc cac diém nay
dugc hay khong v6i mau do hodc trang dé cho hiéu sé (lay gié tri tuyét d6i) giita cac s6 diém c6 mau tring va do trén
duong thang ki L khong 16n hon 1 (véi L 1a mot dudng thang bat ki song song véi mot truc toa do)?

27th IMO 1986

1. Let d be any positive integer not equal to 2, 5 or 13. Show that one can find distinct a, b in the set {2, 5,
13, d} such that ab - 1 is not a perfect square.

2. Given a point Py in the plane of the triangle A;A,A;. Define A = Ag; for all s >= 4. Construct a set of
points Py, P,, Ps, ... such that Py, is the image of P, under a rotation center Ay.; through an angle 120
clockwise for k =0, 1, 2, ... . Prove that if P1gg5 = Py, then the triangle A;AAs; is equilateral.

3. To each vertex of a regular pentagon an integer is assigned, so that the sum of all five numbers is
positive. If three consecutive vertices are assigned the numbers X, y, z respectively, and y < 0, then the
following operation is allowed: X, y, z are replaced by x +y, -y, z + y respectively. Such an operation is
performed repeatedly as long as at least one of the five numbers is negative. Determine whether this
procedure necessarily comes to an end after a finite number of steps.

4. Let A, B be adjacent vertices of a regular n-gon (n >= 5) with center O. A triangle XYZ, which is
congruent to and initially coincides with OAB, moves in the plane in such a way that Y and Z each trace
out the whole boundary of the polygon, with X remaining inside the polygon.

Find the locus of X.

5. Find all functions f defined on the non-negative reals and taking non-negative real values such that:
f(2) = 0, f(x) = 0 for 0 <= x < 2, and f(xf(y)) f(y) = f(x +y) for all x, y.

6. Given a finite set of points in the plane, each with integer coordinates, is it always possible to color the
points red or white so that for any straight line L parallel to one of the coordinate axes the difference (in
absolute value) between the numbers of white and red points on L is not greater than 1?
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Ky thi IMO lan thir 28 - 1987

1. Cho py(k) 12 s6 phép hoan vi ctia tap {1,2, 3, ..., n} trong d6 c6 k diém ¢4 dinh.
Chting minh rang:

Zn:kpn(k):n!

(Hoan vi fcuatap Sladnhxa1-1:S —>S. Phin tir i ciia S dwoc goi 1a ¢b dinh néu f(i) = 1i.)

2. Cho tam giac nhon ABC. Pudng phan giac trong ctia goc A cit BC tai L va cat duong tron ngoai tiép tam giac tai
N. Goi K, M lan lugt 1a chan dwong vuéng goc ha tir L xudng AB, AC. Chimg minh rang: dién tich cia tr giac
AKNM va dién tich ciia tam giac ABC la bang nhau.

3. Cho Xy, Xp, X3, ..., X la cac s6 thue thoa man: x;° + Xp° + ... + X,2 = 1.

Chirng minh rang: véi moi s6 nguyén k >2 ton tai cac s6 nguyén ay, s,..., &, khong dong thoi bang 0 sao cho Jaj] <

(k ~1)vn
(k"-1)

4. Chimg minh rang khong ton tai ham f: R; —> Ry, Ry - 1 tap cic sd nguyén khong am, sao cho:

f(f(n)) n+ 1987 v4i moi n.
5. Cho n 1a mot s6 nguyén (n > 3). Chung minh rang ton tai mot tap n diém trong mit phang sao cho khoang cach
gitra hai diém bét ki 1a mot s6 vo ti va mdi tap gdm 3 diém xac dinh mot tam giac khong suy thoai véi dién tich 1a
mot s6 hitu ti.

k-1véi moi 1, va |211X1 + Xy + ...+ aanl <

6. Cho n 1a mot s6 nguyén (n > 2). Ching minh ring: néu k? + k + n 1a mot sé nguyén t6 voi moi s6 nguyén k thoa

{n . .
man 0< k < 3 thi k? + k + n 12 mot s6 nguyén t6 voi moi k: 0< k < n-2.

28th IMO 1987

1. Let py(k) be the number of permutations of the set {1, 2, 3, ..., n} which have exactly k fixed points.
Prove that

3 kp, (k) =n

[A permutation f of a set S is a one-to-one mapping of S onto itself. An element i of S is called a fixed
point if f(i) =1.]

2. In an acute-angled triangle ABC the interior bisector of angle A meets BC at L and meets the
circumcircle of ABC again at N. From L perpendiculars are drawn to AB and AC, with feet K and M
respectively. Prove that the quadrilateral AKNM and the triangle ABC have equal areas.

3. Let Xy, Xp, ... , Xq be real numbers satisfying x.> + x> + ... + X,2 = 1. Prove that for every integer k >= 2
there are integers a;, a,, ... , a,, not all zero, such that |aj] <= k - 1 for all i, and |a;x; + @X; + ... + aXy| <

(k —1n

(k"-1)
4. Prove that there is no function f from the set of non-negative integers into itself such that f(f(n)) = n +
1987 for all n.
5. Let n be an integer greater than or equal to 3. Prove that there is a set of n points in the plane such that
the distance between any two points is irrational and each set of 3 points determines a non-degenerate
triangle with rational area.
6. Let n be an integer greater than or equal to 2. Prove that if k* + k + n is prime for all integers k such

n
that 0< k < \/; then k® + k + n is prime for all integers k such that 0 <= k <=n - 2.
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Ky thi IMO lan thi 29 - 1988

1. Xét hai duong tron dong phang va dong tdm ¢ ban kinh R > r. Cho P 1a mot diém cb dinh trén dudng tron nho va
B 1a mot diém thay doi trén duong tron 16n. Pudng thang BP cit duong tron 16n tai C. Puong vudng goc véi BP ke
tir P cat duong tron nho tai A (néu né tiép xic voi dudng tron nho tai P thi A = P).
(i) Tim tap cac gia tri cua AB® + BC® + CA?,
(i1) Tim quy tich trung diém cuia BC.
2. Cho n 1a mot s6 nguyén duo’ng va Ay, Ay, ..., Agnsp 1a cac tap con cuia tap B. Gia st réng:
(i) Mbi tap A; c6 chinh xac 2n phan tu.
(ii) Giao ctia moi hai tip khic nhau A; chira dang mot phan tir.
(iii) Moi phan tir ctia B déu nam trong it nhat hai tap A,.
Véi gi tri nao ctia n ngudi ta co thé gan tat ca cic phan tir cia tap B vai s6 0 hodc 1 sao cho mdi tap A; c6 chinh xéac
n phan tir trong tmg véi s6 0.
3. Ham f dugc dinh nghia trén tap cac s6 nguyén duong sao cho v6i moi n nguyén duong ta cé:
f(1) = 1; f(3) = 3; f(2n) = f(n); f(4n + 1) = 2f(2n + 1) - f(n); f(4n + 3) = 3f(2n + 1) - 2f(n)
Xac dinh s6 nguyén duong n < 1988 dé: f(n) = n.
4. Hay chi ra rang tap cua cac sb thuc x thoa man bat ding thirc:

1 2 3+.+ 0 >54

+ - .
Xx-1 x-2 x-3 X =70

12 hop cua cac khoang roi nhau ¢6 téng chidu dai toan bo 1a 1988.

5. Cho tam gidc ABC vudng tai A, va D 1a chan duong cao ha tir A xuéng BC. Puong thing ni giita tim ctia hai

dudng tron nodi tiép tam gidc ABD va ACD lan luot cit cac canh AB, AC tuong tng tai K, L. Hay chi ra: Dién tich

clia tam giac ABC > 2 lan dién tich tam giac AKL.

6. Cho a, b 14 hai s6 nguyén duong sao cho a® + b® chia hét cho ab+1.

a’+b?

Hay chi ra rang: 1a mot s6 chinh phuong.

29th IMO 1988

1. Consider two coplanar circles of radii R > r with the same center. Let P be a fixed point on the smaller
circle and B a variable point on the larger circle. The line BP meets the larger circle again at C. The
perpendicular to BP at P meets the smaller circle again at A (if it is tangent to the circle at P, then A = P).
(i) Find the set of values of AB* + BC® + CA%

(ii) Find the locus of the midpoint of BC.

2. Let n be a positive integer and let A;, Ay ... , Agx be subsets of a set B. Suppose that:
(i) Each A, has exactly 2n elements,

(ii) The intersection of every two distinct A; contains exactly one element, and

(iii) Every element of B belongs to at least two of the A
For which values of n can one assign to every element of B one of the numbers 0 and 1 in such a way that
each A, has 0 assigned to exactly n of its elements?

3. Afunction f is defined on the positive integers by: f(1) = 1; f(3) = 3; f(2n) = f(n), f(4n + 1) = 2f(2n + 1)
- f(n), and f(4n + 3) = 3f(2n + 1) - 2f(n) for all positive integers n. Determine the number of positive
integers n less than or equal to 1988 for which f(n) = n.

4. Show that the set of real numbers x which satisfy the inequality:

1 2 + 3 +..+ 0 >54

x—1+x—2 X -3 X =70
is a union of disjoint intervals, the sum of whose lengths is 1988.
5. ABC is a triangle, right-angled at A, and D is the foot of the altitude from A. The straight line joining
the incenters of the triangles ABD and ACD intersects the sides AB, AC at K, L respectively. Show that
the area of the triangle ABC is at least twice the area of the triangle AKL.

2 2
6. Letaand b be positive integers such that ab + 1 divides a* + b?. Show that

is a perfect square.
+1

H30



Ky thi IMO lan thi 30 - 1989

1. Chtrng minh rﬁng tap {1, 2, 3, ..., 1989} co thé biéu dién duoc thanh hop roi nhau cua céac tdp con Ay, Ay, ..., Az
trong d6: mdi tap con A; bao gdm 17 phan tir va tong cua tt ca cic phan tir trong mdi tap A; 1a nhu nhau.

2. Cho tam giac nhon ABC. Puong phén giac trong cua cac goc A, B, C lan lugt gap duong tron ngoai tiép tam giac
tai Ay, By, Cy. Goi Ao 1a giao diém cua duong thing AA; véi dudng phan gidc ngoai cua cac goc B va C; By la giao
diém cta duong thang BB; v6i dudng phéan gidc ngoai cua cac goc A va C; Co 1a giao diém cua dudng thang CC; v6i
duong phan giac ngoai cua cac goc A va B. Chimg minh rang: Dién tich tam giac AoBoCo gép 2 1an dién tich luc giac
AC,BA,CB; va 16n hon hodc bang 4 1an dién tich tam giac ABC.

3. Cho n, k 1a hai s6 nguyén duong. S 1a tap hop cua n diém trong mat phing sao cho khong c6 ba diém nao thang
hang va véi moi P thudc S ton tai it nhat k diém thudc S cach déu P.

. 1
Chung minh rang: K < E +4/2n .

4. Cho tir giac 16i ABCD sao cho AB = AD +BC. Tdn tai mot diém P trong tir giac co khoang cach h so v6i CD sao
cho AP =h+ AD va BP = h + BC. Hay chi ra rang:

1 _ 1 1
Jh JAD BC
5. Chtrng minh rang v&i mdi sd nguyén duong n ton tai n s6 nguyén dwong lién tiép khong phai la s6 nguyén t6 hodc
khong 1a luy thtra cua mot s6 nguyén to.
6. Mot hoan vi {x1, Xp, ..., Xm} cua tap {1, 2, .. 2n} trong d6 n la mot so nguyén duong, duoc goi 1a ¢6 tinh chat P

néu: [Xj - Xi+1| = n v&i it nhat mdt i trong {1, 2 ., 2n - 1}. Hay chi ra rang v6éi mdi n s6 cac hoan vi 6 tinh chét P
nhiéu hon s6 cac hoan vi khong cé tinh chat nz‘iy

30th IMO 1989

1. Prove that the set {1, 2, ..., 1989} can be expressed as the disjoint union of subsets A;, A, ..., Ayi7 in
such a way that each A; contains 17 elements and the sum of the elements in each A, is the same.

2. In an acute-angled triangle ABC, the internal bisector of angle A meets the circumcircle again at A;.
Points B; and C; are defined similarly. Let A, be the point of intersection of the line AA; with the external
bisectors of angles B and C. Points By and C, are defined similarly. Prove that the area of the triangle
AgBC, is twice the area of the hexagon AC,;BA;CB; and at least four times the area of the triangle ABC.
3. Let nand k be positive integers, and let S be a set of n points in the plane such that no three points of S
are collinear, and for any point P of S there are at least k points of S equidistant from P. Prove that

k <%+\/ﬁ.

4. Let ABCD be a convex quadrilateral such that the sides AB, AD, BC satisfy AB = AD + BC. There
exists a point P inside the quadrilateral at a distance h from the line CD such that AP =h + AD and BP = h
+ BC. Show that:

1 1 1
+

Jh JAD BC
5. Prove that for each positive integer n there exist n consecutive positive integers none of which is a
prime or a prime power.
6. A permutation {Xx;, X, ... , Xm} Of the set {1, 2, ..., 2n} where n is a positive integer is said to have
property P if |X; - Xi:1| = n for at least one i in {1, 2, ... , 2n-1}. Show that for each n there are more
permutations with property P than without.

H31



Ky thi IMO lan thi 31 - 1990

1. Cac day cung AB va CD ctia mot dudng tron cit nhau tai mot diém E bén trong dudng tron. Goi M 1a mot diém
trong ctia doan thang EB. Pudng tiép tuyén tai E véi duong tron di qua D, E, va M giao v6i dudng thang BC va AC

) . E . AM
twong Ung tai F va G. Tinh ti s0 ——theotvdit= ——.

EF AB
2. Ldyn > 3 va xét mot tap E gdom 2n - 1 diém khac nhau trén mot duong tron. Gia sir rang chinh xéc trong d6 c6 k
diém dugc t6 mau den. Cach t6 mau dugc goi 1a tot néu ton tai it nht mot cap diém den sao cho bén trong mot trong
hai cung giita chiing chira chinh xac n diém thudc E.
Tim gié tri nho nhét cia k sao cho véi moi cach t6 mau k diém cua E nhu thé s& 14 tot.
n

la mot s nguyén.

3. Xac dinh tat ca cac sO nguyén 16n hon 1 sao cho:

. f
4, Timham f: H" —H", H" - 1a tap hop cua céc so hitu ti duong, sao cho f(xf(y)) = véi moi X, y.
5. Ban du cho mot sb nguyen Ng > 1, hai nguoi A va B chol mot tro choi bang cach chon céc sb nguyen nq, Ny, N3, ...
1an luot theo céc quy tic sau: Biét nyy, A chon bat ki s6 nguyén ny.+1$a0 cho Ny < Nyeep < N2, Biét nyweg, B chon

n . . .
2k p ", voi p 1a mot s6 nguyén t6 va r 1a mot sé nguyén > 1.

bat ki sb nguyén npy.p Sa0 cho
Mok 12

Nguoi A choi théng néu chon duge sb 1990, B choi théng néu chon dugce 6 1.

Hoi ban dau phai cho ng thé nao dé:

(a) A thiang cudc.

(b) B thing cudc.

(¢) Ca hai ngudi déu khong thing.

6. Chtrng minh ring ton tai mot da giac 16i 1990 dinh sao cho tit ca cac goc ciia né déu bang nhau va dé dai cac canh

theo thtr tu nao d6 sé& la: 1%, 22, ..., 1990%

31st IMO 1990

1. Chords AB and CD of a circle intersect at a point E inside the circle. Let M be an interior point of the
segment EB. The tangent at E to the circle through D, E and M intersects the lines BC and AC at F and G
respectively. Find EG/EF in terms of t = AM/AB.

2. Take n >= 3 and consider a set E of 2n-1 distinct points on a circle. Suppose that exactly k of these
points are to be colored black. Such a coloring is "good" if there is at least one pair of black points such
that the interior of one of the arcs between them contains exactly n points from E. Find the smallest value
of k so that every such coloring of k points of E is good.

n

3. Determine all integers greater than 1 such that

is an integer.

4. Construct a function from the set of positive rational numbers into itself such that f(x f(y)) = f(x)/y for
all x, y.

5. Given an initial integer no > 1, two players A and B choose integers ny, ny, ns, ... alternately according
to the following rules: Knowing ny, A chooses any integer Ny such that ny <= Ny <= N,

Do _ =p" for some prime p and integer r >= 1.

Knowing nu.1, B chooses any integer ny. such that .
2k +2

Player A wins the game by choosing the number 1990; player B wins by choosing the number 1. For

which ng does

(&) A have a winning strategy?

(b) B have a winning strategy?

(c) Neither player have a winning strategy?

6. Prove that there exists a convex 1990-gon such that all its angles are equal and the lengths of the sides

are the numbers 12, 22, ..., 1990? in some order.
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Ky thi IMO lan thi 32 - 1991

1. Cho tam giac ABC. Goi I la tim dudng tron ndi tiép tam gidc. Puong phan giac trong ciia cac goc A, B, C lan lugt
cit cac canh ddi dién tuong ung tai A', B', C'.
Ching minh rang:

1 AlIBICI 8

—_,l— < —

4 AABB.CC' 27
2. Cho sb nguyén n > 6, ay, ay, ..., & 1 tat ca cac s6 nguyén dwong nhé hon n va nguyén té ciing nhau véi n. Néu a, -
a;=a3-a= .. = a- ac; >0 thi hily chimg minh rang n hodc phai la s6 nguyén t6 hodc phai 1a luy thira cia 2.
3.Cho tap S = {1, 2, 3, ..., 280}. Tim s nguyén nhé nhit n sao cho mdi tap con cta S gdm n phan tir chtra 5 s6 ting
d6i mot nguyén tb cung nhau.
4. Gia stir G 1a mot d6 thi lién thong c¢6 k canh. Ching minh rang: c6 thé danh nhin duoc céc canh 1, 2, 3, ..., k, theo
cich ma mdi dinh thudc vao hai hodc nhiéu hon hai canh, wéc s6 chung 16n nhat ciia cac s6 nguyén danh nhin céac
canh nay la 1.
[Mbt d thi 1a tap hop cac diém duoc goi 1a cac dinh, tap cic canh duoc n01 boi mot cap dinh khac nhau. M01 mot
cap dinh s& ndm trén nhidu nhat mot canh D6 thi dugc goi 1a lién thong néu véi moi hai dinh phan blet X, y ton tai
day dinh lién tiép nao d6: x =vg, V1 , ..., Vim = y sao cho v&i moi ¢ip (vi, Vis1), (1 < i< m) déu dwoc ndi v6i nhau boi
mot canh.]
5. Cho tam giac ABC va X 1a mot diém bén trong tam giac. Hiy chirmg minh rang c6 it nhat mot trong cac goc

XAB, XBC, XCA 1a < 30°

6. Cho mét sb thuc bat ki a > 1. Hiy xdy dung mot day sb v6 han bi chin Xo, X4, X,, ... 5a0 cho |X; - xilli - jI* = 1 voi
moii,j( # j).
[Day v6 han cac so thuc xq, X1, Xp, ... dugc goi la bi chan néu ton tai mét hang s6 C sao cho [xj| < C v&i moi i.]

32nd IMO 1991

1. Given atriangle ABC, let | be the incenter. The internal bisectors of angles A, B, C meet the opposite
sides in A', B', C' respectively. Prove that:

1 AIBICI 8

_,l— <

4 AA.BB.CC' 27
2. Letn > 6 be an integer and let a;, a, ... , ax be all the positive integers less than n and relatively prime
ton. If

az-a1=a3-a2=...=ak-ak_1>0,

prove that n must be either a prime number or a power of 2.
3. LetS={1, 2, 3, ... 280}. Find the smallest integer n such that each n-element subset of S contains five
numbers which are pairwise relatively prime.
4. Suppose G is a connected graph with k edges. Prove that it is possible to label the edges 1, 2, ..., k in
such a way that at each vertex which belongs to two or more edges, the greatest common divisor of the
integers labeling those edges is 1.
[A graph is a set of points, called vertices, together with a set of edges joining certain pairs of distinct
vertices. Each pair of edges belongs to at most one edge. The graph is connected if for each pair of distinct
vertices X, y there is some sequence of vertices X = Vo, Vi, ..., Vi = Y, such that each pair (vi, Vir1 ) (0 <=i <
m) is joined by an edge.]
5. Let ABC be a triangle and X an interior point of ABC. Show that at least one of the angles XAB, XBC,
XCA is less than or equal to 30.
6. Given any real number a > 1 construct a bounded infinite sequence Xo, X1, X, ... such that |x; - xj| |i - j|*
>= 1 for every pair of distinct i, j.
[An infinite sequence Xg, X1, X2, ... Of real numbers is bounded if there is a constant C such that |x;| < C for
all'i.]
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Ky thi IMO lan thir 33 - 1992

1. Tim tat ca cac sO nguyén a, b, ¢ thoda man 1 <a <b sao cho (a - 1)(b - l)(c 1) 1a w6c sb cua abe - 1.
2. Tim tit ca cac ham f xac dinh trén tip tit ca cic s6 thuc va nhan gid tri thuc sao cho
(% + f(y)) = y + f(x)? v6i moi x, y.
3. Xét 9 diém trong d6 khong c6 4 diém nao dong phiang. M&i mot cip diém duoc ndi voi nhau thanh mot doan thing
va duoc t6 mau hodc 1a xanh hodc 1a d6 hoac 1a khong duge t6 mau. Tim gia tri nho nhét ctia n sao cho néu c6 ding n
canh duogc t6 mau thi trong d6 nhat thiét phai chira mot tam giéc ¢6 tit ca cac canh dugc to cling mot mau.
4. L 1a mot duong tiép tuyén véi duong tron C va M 1a mot dlem trén L. Tim quy tich tt ca cac diém P sao cho ton
tai cac diém Q va R trén L cach déu M véi C 1a vong tron ndi tlep tam giac PQR.
5. Cho S 1a tap hop hiru han céc diém trong khong gian ba chiéu. Goi S,, Sy, S, lan lugt 1 cac tap bao gdm cac diém
1a hinh chiéu cua cac diém trong S 1én cac mit phiang yOz, zOX, XOy.
Chirng minh rang:

ISP < IS4 ISyl IS4]
Trong d6, |A| biéu dién s6 diém trong tap A.
[Hinh chiéu cua mot diém trén mot mat phang 1a chan dudng vudng goc ha tir diém d6 1én mat phang].
6. V&i mdi s6 nguyen dwong n, S(n) dugc dinh nghia nhu 1a mot sé nguyén 16n nhit sao cho véi moi s nguyén
duong k < S(n), n c6 thé duoc viét dudi dang tdng cac binh phuong cua k sb nguyén duong.
(a) Chirng minh rang: S(n) < n®- 14 véi m01 n = 4.
(b) Tim mot sb nguyén n sao cho S(n) = n -14.
(¢) Chimg minh ring tdn tai v6 s6 cac sé nguyén n sao cho S(n) =n? - 14.

33rd IMO 1992

1. Find all integers a, b, ¢ satisfying 1 <a < b < c such that (a - 1)(b -1)(c - 1) is a divisor of abc - 1.
2. Find all functions f defined on the set of all real numbers with real values, such that f(x? + f(y)) = y +
f(x)? for all x, y.
3. Consider 9 points in space, no 4 coplanar. Each pair of points is joined by a line segment which is
colored either blue or red or left uncolored. Find the smallest value of n such that whenever exactly n
edges are colored, the set of colored edges necessarily contains a triangle all of whose edges have the
same color.
4. L is a tangent to the circle C and M is a point on L. Find the locus of all points P such that there exist
points Q and R on L equidistant from M with C the incircle of the triangle PQR.
5. Let S be a finite set of points in three-dimensional space. Let S, Sy, S, be the sets consisting of the
orthogonal projections of the points of S onto the yz-plane, zx-plane, xy-plane respectively. Prove that:

IS <= |S\ IS,| IS.|, where |A| denotes the number of points in the set A.
[The orthogonal projection of a point onto a plane is the foot of the perpendicular from the point to the
plane.]
6. For each positive integer n, S(n) is defined as the greatest integer such that for every positive integer k
<= S(n), n’ can be written as the sum of k positive squares.
(a) Prove that S(n) <= n’ - 14 for each n >= 4.
(b) Find an integer n such that S(n) = n® - 14.
(c) Prove that there are infinitely many integers n such that S(n) = n” - 14,
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Ky thi IMO lan thi 34 - 1993

1. Cho f(x) = x" + 5X"" + 3, trong d6 n la mot s6 nguyén > 1. Chimg minh ring f(x) khong thé biéu dién thanh tich
cua hai da thuc (khac hang s0) vdi cac hé so nguyén.

2. Cho D 1a mét diém bén trong tam gide nhon ABC sao cho ADB = ACB +90°va AC.BD = AD.BC.
ABCD

AC .BD

(b) Ching minh rang cac tiép tuyén ké tir C voi dudng tron ngoai tiép cac tam gidc ACD va BCD vudng goc véi
nhau.

3. Tro choi trén mot ban co 6 vudéng vo6 han theo quy ludt sau: Diu tién c6 n® quan c& duogce sip xép trong mot khbi
hinh vuéng n x n cta cac 6 vudng lién tiép, m01 quan trén mot 6 vudng. Nude di trong tro choi nay la mot quan cd co
thé nhay qua mot quan 6 6 1ién ké dén mot 6 trong tiép theo chiéu ngang hodc chidu doc. Quan cd sau khi di nhay thi
bi loai. Tim gia tri cia n dé trd choi co thé két thuc chi voi mot quan co con lai trén ban co.

4. Cho ba diém P, Q, R trong mot mit phang, goi m(PQR) la d dai ctia duong cao nho nhat ctia tam giac PQR (hodc
12 bang 0 néu ba diém P, Q, R thang hang). Chirg minh rang: véi bat ki cac diém A, B, C, X ta luén c6: m(ABC) <
m(ABX) + m(AXC) + m(XBC).

5. Hoi 6 ton tai hay khong mot ham f tir tap s6 nguyén duong vao tap sd nguyén duong sao cho: f(1) = 2, f(f(n)) =
f(n) + n v6i moi n va f(n) < f(n + 1) vdi moi n.

6. Co n> 1 cai deén dugc ki hi¢u 1a Ly, Ly, ..., Ly trong mot duong tron. Ching ta céd thé su dung L.« nhu la L. M3di
dén tai mot thoi diém hodc 1a dugc bat hodc 1a tit. Bt du tat ca cac dén déu bat. Thuc hién cac budc sg, Sy, ... nhu
sau: tai buge s; néu dén L;; sang thi ta chuyén L; tur trang thai bat thanh tat hodc nguoc lai chuyén tlr tat thanh bat,
chc dén khac ta khong lam gi ca. Hay chi ra ring:

(a) Ton tai mot s6 nguyén dwong M(n) sao cho sau M(n) budc thuc hién tit ca cac dén déu trd lai trang thai ban dau.
(b) Néu n = 2" thi ta c6 thé 1y M(n) =n? - 1.

(c) Néun=2"+1 thi ta c6 thé liy M(n) =n® - n + 1.

(a) Tinh ti sb:

34th IMO 1993

1. Let f(x) = x"+ 5x™* + 3, where n > 1 is an integer. Prove that f(x) cannot be expressed as the product of
two non-constant polynomials with integer coefficients.
2. Let D be a point inside the acute-angled triangle ABC such that angle ADB = angle ACB + 90 degrees,
and AC.BD = AD.BC.
(a) Calculate the ratio AB.CD/(AC.BD).
(b) Prove that the tangents at C to the circumcircles of ACD and BCD are perpendicular.
3. On an infinite chessboard a game is played as follows. At the start n? pieces are arranged in an n x n
block of adjoining squares, one piece on each square. A move in the game is a jump in a horizontal or
vertical direction over an adjacent occupied square to an unoccupied square immediately beyond. The
piece which has been jumped over is removed. Find those values of n for which the game can end with
only one piece remaining on the board.
4. For three points P, Q, R in the plane define m(PQR) as the minimum length of the three altitudes of the
triangle PQR (or zero if the points are collinear). Prove that for any points A, B, C, X:

m(ABC) <= m(ABX) + m(AXC) + m(XBC).
5. Does there exist a function f from the positive integers to the positive integers such that f(1) = 2, f(f(n))
= f(n) + n for all n, and f(n) < f(n+1) for all n?
6. There are n> 1 lamps Lo, Ly, ..., Ly in acircle. We use L. to mean L. A lamp is at all times either
on or off. Initially they are all on. Perform steps sy, sy, ... as follows: at step s;, if L is lit, then switch L;
from on to off or vice versa, otherwise do nothing. Show that:
(a) There is a positive integer M(n) such that after M(n) steps all the lamps are on again;
(b) If n =2 then we can take M(n) = n?- 1
(c) If n=2"+1, then we can take M(n) = n?-n + 1.

H35



Ky thi IMO lan thi 35 - 1994

1. Cho céc sb nguyén duong m, n. Goi ay, ay, ..., am la cac phﬁn tu khac nhau cta tap {1, 2, 3, ..., n} sao cho véi bat ki
a+a <n (V@i i, j nao do, co thé i =]) taco a; + a; = 8, v6i k nao do.
Chirng minh rang:

a+a,+.+a, S n+1

m 2

2. Cho tam giac can ABC véi AB = AC. Goi M 1a trung diém ciia BC va O 13 diém trén AM sao cho OB L AB. Q I
mot diém tuy ¥ trén BC (khac v6i B va C), E va F lan luot 1a cac diém nim trén AB va AC sao cho E, Q, F 1a cac
diém khac nhau va thiang hang.
Chung minh rang: OQ L EF khi va chi khi QE = QF.
3. Vi bat ki s6 nguyén duong k goi f(k) 1a sé cac phan tir trong tap {k +1, k + 2, ..., 2k} ma c6 dung ba s6 1 khi viét
duéi dang nhi phan . Chirng minh rang véi mdi s nguyén duong m ton tai it nhit mot sé k véi f(k) = m, va xac dinh
tAt ca m dé ton tai duy nhét mot s6 k nhu vay.

n®+1
mn -1
5. Cho S 1a tap hop tt ca cac s6 thuc 16n hon -1. Tim tit ca cac ham f: S —> S sao cho:

4. Xéc dinh tt ca cac cdp theo thir tw (m, n) cua cac sb nguyén duong dé 1a mot sé nguyén.

oo F(x)
fix + f(y) + xf(y)) =y + f(x) + yf (x) v6i moi X, y va

la tang chat trén cac khoang -1 <x<0va0<x.

6. Hay chi ra rang ton tai mot tap A cac sd nguyén duong c6 tinh chat sau: v6i bt ki mot tap S vo han cac sb nguyén
t0, ton tai hai s0 nguyén duong m thudc A va n khong thudc A, moi s6 nay la tich cua k phan tir khac nhau cta S (véi
k = 2).

35th IMO 1994

1. Let m and n be positive integers. Let a;, a,, ... , an be distinct elements of {1, 2, ... , n} such that
whenever a; + a; <= n for some i, j (possibly the same) we have a; + a; = a for some k. Prove that:

a+a,+..+a, N +1
m -2

2. ABC is an isosceles triangle with AB = AC. M is the midpoint of BC and O is the point on the line AM
such that OB is perpendicular to AB. Q is an arbitary point on BC different from B and C. E lies on the
line AB and F lies on the line AC such that E, Q, F are distinct and collinear. Prove that OQ is
perpendicular to EF if and only if QE = QF.

3. For any positive integer k, let f(k) be the number of elements in the set {k+1, k+2, ... , 2k} which have
exactly three 1s when written in base 2. Prove that for each positive integer m, there is at least one k with
f(k) = m, and determine all m for which there is exactly one k.

n®+1

mn -1
5. Let S be the set of all real numbers greater than -1. Find all functions f from S into S such that f(x +
f(y) + xf(y)) =y + f(x) + yf(x) for all x and y, and f(x)/x is strictly increasing on each of the intervals -1 <
x<0and0<x.
6. Show that there exists a set A of positive integers with the following property: for any infinite set S of
primes, there exist two positive integers m in A and n not in A, each of which is a product of k distinct
elements of S for some k >= 2.

4. Determine all ordered pairs (m, n) of positive integers for which is an integer.
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Ky thi IMO lan thi 36 - 1995

1. Cho A, B, C, D 1a 4 diém khac nhau trén mot duong thang. Cac duong tron duong kinh AC va BD cit nhau tai X,
va'Y. XY cit BC tai Z. Goi P 1a diém trén XY (khac v6i Z). Puong thang CP giao v6i dudng tron duong kinh AC tai
C va M. Puong thang BP giao v6i duong tron dudng kinh BD tai B va N.
Chung minh rang: cic dudng thing AM, DN, XY 1a dong quy.
2. Cho a, b, ¢ 1a cac sb thuc duong v6i abe = 1. Chirng minh rang:
1 1 1 3
3 T3 T3 2
a’(b+c) b’(c+a) c’(a+b) 2
3. Xac dinh tat ca cac sb nguyén n > 3 dé ton tai n diém Ay, Ay, ..., A, trong mit phang trong d6 khong c6 ba diém
ndo thang hang, va cac sb thuc ry, Iy, ..., Iy sao cho véi bat ki i, j, k khac nhau dién tich cua tam gidc AAAL =TI, + 1, +
Ik

4. Tim gia tri 16n nhit cua xo dé ton tai mot day s6 thuc duong Xq, X1, ..., Xig95 VOi Xg = Xjgg5 520 Cho:
2 1 ..
Xig+—= 2Xi +—véii=1, ..., 1995.
Xia X

5. Cho ABCDEF la lyc giac 16i v6i AB = BC = CD va DE = EF = FA sao cho BCD =EFA = 60°.
Gia sir rang: G va H 1a cac diém bén trong ciia luc giac sao cho: AGB = DHF = 120°.
Chirmg minh rang: AG + GB + GH + DH + HE > CF.

6. Cho p 12 mot sb nguyén t6 1¢. C6 bao nhiéu tip con gdm p phin tir ciia {1, 2, ..., 2p} ma tong cua tat ca cac phan tir
nay chia hét cho p.

36th IMO 1995

1. Let A, B, C, D be four distinct points on a line, in that order. The circles with diameter AC and BD
intersect at X and Y. The line XY meets BC at Z. Let P be a point on the line XY other than Z. The line
CP intersects the circle with diameter AC at C and M, and the line BP intersects the circle with diameter
BD at B and N. Prove that the lines AM, DN, XY are concurrent.
2. Leta, b, c be positive real numbers with abc = 1. Prove that:
1 1 1 3
3 T3 T3 25
a’(b+c) b’(c+a) c’(a+b) 2
3. Determine all integers n > 3 for which there exist n points A, ... , A, in the plane, no three collinear,
and real numbers ry, ..., r, such that for any distinct i, j, k, the area of the triangle AiAJAL IS Ii + I + 1.
4. Find the maximum value of x, for which there exists a sequence Xo, Xi, ... , X195 Of positive reals with
Xo = Xig95 SUCh that fori =1, ..., 1995:
2 1
Xi,+—=2X, +—
Xi—l Xi

5. Let ABCDEF be convex hexagon with AB = BC = CD and DE = EF = FA, such that
BCD =EFA =60°. Suppose that G and H are points in the interior of the hexagon such that

AGB = DHF =120°. Prove that AG + GB + GH + DH + HE >= CF.

6. Let p be an odd prime number. How many p-element subsets A of {1, 2, ..., 2p} are there, the sum of
whose elements is divisible by p?
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Ky thi IMO lan thi 37 - 1996

1. Cho mét s6 nguyén duong r va mot tim bang hinh chir nhat dugc chia thanh 20 x 12 6 vudng don vi. Cac di
chuyén sau dugc cho phép trén bang: ¢ thé di chuyén tir mot 6 vudng nay dén 6 vudng khac chi néu khoang cich
tam cuia hai 6 vubng nay la \/F . Nhiém vu 13 tim ra mot cach di chuyén tir mot 6 goc cua bang dén 6 goc khac cia
bang cting nam trén canh dai ctia bang.

(a) Hay chi ra 1a khong lam duoc diéu d6 néu r chia hét cho 2 hoic 3.

(b) Chirng minh rang c6 thé lam dugc néu r = 73.

(¢) C6 thé 1am dugc khong néu r = 97?

2. Cho P 1a mot diém trong tam gidc ABC sao cho APB —ACB =APC —ABC . Goi D, E lan luot I3 tim
dudng tron ndi tiép tam gidc APB va APC. Hiy chi ra rang AP, BD, CE cit nhau tai mot diém.

3. Cho tap cac s6 nguyén khong am S. Tim tit ca cac ham f: S — S sao cho:

f(m + f(n)) = f(f(m)) + f(n) véi moi m, n.

4. Cho a, b 1a cac sd nguyén duong thoa man: 15a + 16b va 16a - 15b déu 1a binh phuong ciia cac sé nguyén duong.
S6 nho hon trong hai s6 nay s& nhan gia tri nho nhat 1a bao nhiéu.

5. Cho ABCDEF la mot luc giac 16i sao cho AB//DE, BC//EF va CD//FA. Goi Ra, Re, Re 12 ban kinh cua duong tron
ngoai tiép cac tam giac FAB, BCD, DEF. Va goi p 1a chu vi cua lyc gic.

Chirng minh rang:

Ra+ Rc+Re 2%

6. Cho p, q, nla ba sb nguyen duong voip +q<n.
G01 X, X1, «rey Xn 12 céc $6 nguyén sao cho Xg = X, =0 va véi mdi 1 < i< ncl X - Xi.1 = p hodc = -q. Hay chi ra rang
ton tai chi s6 i <j véi cap (i, j) # (0, n) sao cho x; = X;.

37th IMO 1996

1. We are given a positive integer r and a rectangular board divided into 20 x 12 unit squares. The
following moves are permitted on the board: one can move from one square to another only if the distance

between the centers of the two squares is \F . The task is to find a sequence of moves leading between
two adjacent corners of the board which lie on the long side.

(a) Show that the task cannot be done if r is divisible by 2 or 3.

(b) Prove that the task is possible for r = 73.

(c) Can the task be done for r = 97?

2. Let P be a point inside the triangle ABC such that angle APB - angle ACB = angle APC - angle ABC.
Let D, E be the incenters of triangles APB, APC respectively. Show that AP, BD, CE meet at a point.

3. Let be the set of non-negative integers. Find all functions f from S to itself such that f(m + f(n)) =
f(f(m)) + f(n) for all m, n.

4. The positive integers a, b are such that 15a + 16b and 16a - 15b are both squares of positive integers.
What is the least possible value that can be taken on by the smaller of these two squares?

5. Let ABCDEF be a convex hexagon such that AB is parallel to DE, BC is parallel to EF, and CD is
parallel to FA. Let Ra, Rc, Re denote the circumradii of triangles FAB, BCD, DEF respectively, and let p
denote the perimeter of the hexagon. Prove that:

Ra+ Rc+Re 2%

6. Letp, g, n be three positive integers with p + g < n. Let Xo, Xy, ... , X, be integers such that x, = x, =0,
and for each 1 <= i <=n, X; - Xi.1 = p or -q. Show that there exist indices i < j with (i, j) not (0, n) such that
Xi = X;.
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Ky thi IMO lan thir 38 - 1997

1. Trong mit phing c¢6 cac diém voi toa dd nguyén 1a dinh ctia cac hinh vudng don vi. Cac hinh vudng nay
dugc t6 mau xen k& trang - den gidng nhu trén ban cd. Vi bat ki cip sé nguyén duong (m, n) xét tam giac
vuong cé cac dinh co toa do nguyén va hai canh bén c6 d dai la m, n nam doc theo céc canh cua cic hinh
vudng. Goi S; 13 tong dién tich phan den cua tam giac, va S, 1a tong dién tich phan tring. Va dat f(m, n) =
IS1 - Sy.

(a) Tinh f(m, n) v&i moi s6 nguyén duong m, n ma hodc 1a ca 2 déu chan hodc la ca 2 déu 1é.

s max(m,n . .
(b) Chting minh rang: f(m, n) < % v6é1 moi m, n.

(c) Chi ra khong tdn tai mot héng s6 C sao cho f(m, n) < C v61 moi m, n.

2. Cho tam giac ABC c6 goc A nho nhit. Hai diém B, C ctia tam giac chia duong tron ngoai tiép tam giac
ra 1am hai cung. Goi U 12 mét diém nam trong mot cung giita B va C (cung khong chta A). Pudng trung
truc cia AB va AC cit AU tuong Gmg tai V va W. Cac duong thang BV va CW cit nhau tai T. Hiy chimg
minh: AU=TB + TC.

, . n+1 , .
3. Cho X1, Xa, ..., Xpla cac s0 thyc thoa man [x; + Xo + ... X5 =1 va x| < vO1 moi 1.

) . . ) ) . ) n+1
Ching minh rang ton tai mdt hoan vi y; cua x; sao cho: |y; + 2y, + ... + ny, ST.

4. Ma tran n x n dugc tao tur tap S = {1, 2, ..., 2n -1} dugc goi la ma tran Silver néuvéimdii=1,2,..,n
tat ca cac phan tir & cot thir i va hang tha i gop lai chua tat ca cac phan tir cua S. Hiy chimg minh rang:

(a) Khong ton tai ma tran Silver v6i n = 1997.

(b) Ton tai v6 s6 ma tran Silver.

a

5. Tim tat ca cac cap (a, b) ctia cac sd nguyén duong thoa man: a = b

6. Vi mdi sb nguyén duong n goi f(n) la s6 cach biéu dién n theo tong cac luy thura cua 2 véi s6 mil

khong am (khong xét sy hoan vi cac s6 hang). Vi du: f(4) = 4 vi 4 ¢6 thé biéu dién thanh: 4,2+ 2,2+ 1 +
n? n?

1,1+ 1+ 1+ 1.Ching minh ring: v6i bit ki s6 nguyénn > 3thi: 24 < f(2")<22.

38th IMO 1997

1. In the plane the points with integer coordinates are the vertices of unit squares. The squares are colored
alternately black and white as on a chessboard. For any pair of positive integers m and n, consider a right-
angled triangle whose vertices have integer coordinates and whose legs, of lengths m and n, lie along the
edges of the squares. Let S; be the total area of the black part of the triangle, and S, be the total area of the
white part. Let f(m, n) = |S; - S,|.

(a) Calculate f(m, n) for all positive integers m and n which are either both even or both odd.

max(m,n)
2

(b) Prove that f(m, n) < for all m, n.

(c) Show that there is no constant C such that f(m, n) < C for all m, n.

2. The angle at A is the smallest angle in the triangle ABC. The points B and C divide the circumcircle of
the triangle into two arcs. Let U be an interior point of the arc between B and C which does not contain A.
The perpendicular bisectors of AB and AC meet the line AU at V and W, respectively. The lines BV and
CW meet at T. Show that AU =TB + TC.

3. Let Xy, Xy, ..., X, be real numbers satisfying [X; + X, + ... + X,| = 1 and |x;| <= (n+1)/2 for all i. Show that
there exists a permutation y; of x; such that |y; + 2y, + ... + ny,| <= (n+1)/2.

4. Ann x n matrix whose entries come from the set S = {1, 2, ..., 2n-1} is called silver matrix if, for each
i=1,2,..,n,theith row and the ith column together contain all elements of S. Show that:

(a) there is no silver matrix for n = 1997,

(b) silver matrices exist for infinitely many values of n.

2
5. Find all pairs (a, b) of positive integers that satisfy a” =b?.
6. For each positive integer n, let f(n) denote the number of ways of representing n as a sum of powers of
2 with non-negative integer exponents. Representations which differ only in the ordering of their

summands are considered to be the same. For example, f(4) = 4, because 4 can be represented as 4, 2 + 2,
n2 n2

2+1+1orl+1+1+1. Prove thatforanyintegern>=3, 24 <f(2")< 22 .
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Ky thi IMO lan thi 39 - 1998

1. Cho tir giac 10i ABCD c¢6 hai duong chéo AC v a BD vudng goc v6i nhau, va hai canh dbi dién AB va CD khong
song song v&i nhau. P 1a giao diém cua hai duong trung tryc ciia AB va CD la diém ndm & trong tir gidc. Chung
minh rang t&r gidc ABCD la ndi tiép duong tron néu va chi néu hai tam giac ABP va CDP c6 dién tich bang nhau.

2. Trong mét cude thi c6 a ngudi du thi va c¢6 b giam khao, trong d6 b > 3 1a mot s6 1¢. Mdi mot giam khao danh gia

A1

cho thi sinh ctiia minh hodc 1a "d3" hodc 1a "truot". Gia st k 1a s6 ma bat ki 2 giam khao nao déu co chung sy danh
gi4 voi nhiéu nhét 1a k thi sinh.

RN b-1
Ching minh rang: — 2 ——.

a 2b

3. Véi bat ki s6 nguyén duong n goi d(n) 1a s6 udc sé duong cua n (ké ca 1 va n). Xac dinh tat ca cac s6 nguyén
duong k sao cho: d(n?) = kd(n), v6i n nao do.
4. X4c dinh tit ca cac cap (a, b) cua cac s nguyén duong sao cho a’b +a +b chia hét cho ab® + b + 7.
5. Cho I 1a tam ciia duong tron ndi tiép tam gidc ABC. Puong tron ndi tiép tam gidc ABC lan lugt tiép xuc voi cac
canh BC, CA, AB tai K, L, M. Buong théng di qua B song song v&i MK cit cac duong théng LM, LK twong rng tai
R va S. Chirng minh ring tam giac RIS 14 nhon (tam giac nhon 1a tam giac c6 ca ba goc déu nhon).
6. Xét tat ca cac ham £: Z* —> Z* thoa man: f(t*(s)) = s f(t)? véi moi s va t.
Trong d6: Z* 1a tap tat ca cac s6 nguyén dwong.
Xac dinh gi4 tri nho nhit c6 thé cua f(1998).

39th IMO 1998

1. In the convex quadrilateral ABCD, the diagonals AC and BD are perpendicular and the opposite sides
AB and DC are not parallel. The point P, where the perpendicular bisectors of AB and DC meet, is inside
ABCD. Prove that ABCD is cyclic if and only if the triangles ABP and CDP have equal areas.

2. In a competition there are a contestants and b judges, where b >= 3 is an odd integer. Each judge rates
each contestant as either "pass" or "fail". Suppose k is a number such that for any two judges their ratings

L. k
coincide for at most k contestants. Prove — > 2— )
a

3. For any positive integer n, let d(n) denote the number of positive divisors of n (including 1 and n).
Determine all positive integers k such that d(n?) = k d(n) for some n.

4. Determine all pairs (a, b) of positive integers such that ab® + b + 7 divides a’b + a + b.

5. Let I be the incenter of the triangle ABC. Let the incircle of ABC touch the sides BC, CA, AB at K, L,
M respectively. The line through B parallel to MK meets the lines LM and LK at R and S respectively.
Prove that the angle RIS is acute.

6. Consider all functions f from the set of all positive integers into itself satisfying f(t*f(s)) = s f(t)* for all
s and t. Determine the least possible value of f(1998).
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Ky thi IMO lan thi 40 - 1999

1. Tim tAt ca céac tap hitu han S co it nhét 3 diém trong mat phéng sa0 cho v&i moi 2 diém khéc nhau A va B thudc S,
duong trung truc cua AB la truc doi xung cua S.
2. Cho truéc s6 nguyén n > 2. Tim hing sé nhé nhét C sao cho véi moi s thuc khéng 4m Xy, ..., X, ta CO:

i;xixj (xi2+xj2)sC (in)4.

Dau déng thirc xay ra khi nao?

3. Cho mét bang vuéng n X n voi n cha:m.q Hai 6 vu6ng khac nhau cua bang duogc goi la k,é nhau péu chung c6 chung
mot canh (nhung mdt 6 vudng khong thé dwoc goi 1a ké voi chinh nd). Tim s6 nho nhat ¢ thé cac 6 vudéng duoc
danh dau sao cho moi 6 vudng (danh dau hodc khong) la ké véi it nhat mot 6 vuong danh dau.

4. Tim tat ca cac cap so nguyen dwong (n, p) sao cho: p 1a mot s6 nguyén tb, n < 2p va (p - 1)" + 1 chia hét cho n”™.
5. Hai duong tron C; va C, nam trong duong tron C va tiép xuc véi dudng tron C tuong Ung tai M va N. Buong tron
C, di qua tdm cua duong tron C;. Day cung chung cua C; va C; kéo dai cit duong tron C tai A va B. Duong thang
MA, MB cit C; tai diém thur hai 1a E va F. Chiing minh rang dudng thang EF ti€p xuc véi C,.

6. Xac dinh tat ca cac ham f: R —> R sao cho f(x - f(y)) = f(f(y)) + xf(y) +f(x) - 1 véi moi x,y €R, (R - 1 tap céc sb
thuc).

40th IMO 1999

1. Find all finite sets S of at least three points in the plane such that for all distinct points A, B in S, the
perpendicular bisector of AB is an axis of symmetry for S.
2. Let n >= 2 by a fixed integer. Find the smallest constant C such that for all non-negative reals xg, ... ,

gj:xixj (xi2+xj2)sC (in)4

Determine when equality occurs.

3. Given an n x n square board, with n even. Two distinct squares of the board are said to be adjacent if
they share a common side, but a square is not adjacent to itself. Find the minimum number of squares that
can be marked so that every square (marked or not) is adjacent to at least one marked square.

4, lFind all pairs (n, p) of positive integers, such that: p is prime; n <= 2p; and (p - 1)" + 1 is divisible by
n’",

5. The circles C; and C, lie inside the circle C, and are tangent to it at M and N, respectively. C; passes
through the center of C,. The common chord of C; and C,, when extended, meets C at A and B. The lines
MA and MB meet C, again at E and F. Prove that the line EF is tangent to C,.

6. Determine all functions f: R -> R such that f(x - f(y) ) = f(f(y) ) + x f(y) + f(x) - 1 for all x, y in R. [R is
the reals.]
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Ky thi IMO lan thi 41 - 2000

1. AB 1a tiép tuyén chung ctia hai duong tron cat nhau tai M va N (mdi diém A va B ndm trén mot dudng tron). C la
diém nam trén duong tron chira A va D 1a diém ndm trén dudng tron chira B sao cho AB song song v&i CD. Cac day
cung NA va CM cit nhau tai P; NB cat MD tai Q. Cac tia CA va DB cat nhau tai E. Ching minh rang PE = QE.

2. Cho A, B, C la cac sb thuc duong c6 tich bang 1. Chirng minh rang:

1 1 1
(A_1+E)(B _1+E)(C _1+K) <1

3. Cho k 1a mét s6 thuc duong, N 1a mot sb nguyén 16n hon 1. N diém dugc dit trén mot duong thing, tat ca khong
dugc tring nhau. Cac di chuyén duge tién hanh nhu sau: chon bat ki hai diém A, B khong tring nhau. Gia sir A nim
bén phai cta B. Thay B boi mot diém khac 1a B' nim bén phai ciia A sao cho BA =k AB'. Vi gi tri nao cua k ta co
thé di chuyén cac diém xa tuy y vé bén phai bang cac di chuyén duoc ldp di lap lai nhiéu lan.

4. 100 14 bai duoc danh sb tir 1 dén 100 (mdi s tmg vi mot 14 bai) va duge bo vao trong 3 hop (mdi mot hop co it
nhét 1 1a bai). Hoi ¢6 bao nhiéu cach sap xép cac 14 bai vao ba hop dé sao cho néu chon hai hop bt ky va lay ra tir
mdi hop mot 14 bai thi biét duoc tong ciia cac 1a bai nay du dé nhan biét dugce hop thi 3.

5. C6 thé tim dugc hay khong sb tu nhién dwong N théa man:

N chia hét cho dung 2000 s6 nguyén t6 khac nhau va 2™ + 1 chia hét cho N 2

6. Cho tam giac nhon AjA,A;. Chan cac dudng cao cua tam giac ha tir A; xudng cac canh déi dién 1a H;, va dudng
tron nodi tlep tam giac tiép xtic voi cac canh dbi dién voi dinh A; 12 T;. Gia sir L, Ly, L3 1a ddi xtmg guong cua cac
duong thang H2H3, HsH4, H{H, qua cac duong thang tuong ing T,T3, T3Ty, T1To.

Chung minh rang cac duong thang Ly, L,, Ls tao thanh mot tam giac c¢6 cac dinh nam trén dudng tron noi tiép tam
giac ABC.

41st IMO 2000

1. AB is tangent to the circles CAMN and NMBD. CD is parallel to AB. The chords NA and CM meet at
P; the chords NB and MD meet at Q. The rays CA and DB meet at E. Prove that PE = QE.
2. A, B, C are positive reals with product 1. Prove that

(A-1+é)(B-1+C£)(C-1+%)S1

3. kis a positive real. N is an integer greater than 1. N points are placed on a line, not all coincident. A
move is carried out as follows. Pick any two points A and B which are not coincident. Suppose that A lies
to the right of B. Replace B by another point B' to the right of A such that BA = k AB'. For what values of
k can we move the points arbitarily far to the right by repeated moves?

4. 100 cards are numbered 1 to 100 (each card different) and placed in 3 boxes (at least one card in each
box). How many ways can this be done so that if two boxes are selected and a card is taken from each,
then the knowledge of their sum alone is always sufficient to identify the third box?

5. Can we find N divisible by just 2000 different primes, so that N divides 2" + 1? [N may be divisible by
a prime power.]

6. AjAA; is an acute-angled triangle. The foot of the altitude from A; is H; and the incircle touches the
side opposite A; at T;. The line L, is reflected of the line H,Hs in the line T,T,. Similarly, the line L, is
reflected of the H;H; in the line T3T; and L; is reflected of the H,H, in the line T,T,. Show that the three
new lines L, L,, Ls form a triangle with vertices on the incircle.
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Ky thi IMO lan thir 42 - 2001

1. Gia st ABC 1a tam giac nhon vdi tim vong tron ngoai tiép O. Gia st P nam trén BC 1a chan ciia doan thing ké tir
A. Gia st c6 ZBCA > ZABC +30°.
Hay ching minh ZCAB + ZCOP < 90°.
2. Hay chirng minh ring
a b c

Ja2+8bc + Jb%+8ca  c?+8ab 21
v&i moi sd duong a,bvac.
3. C6 21 hoc sinh nir va 21 hoc sinh ndm tham gia vao mét ky thi Toan.
e Madi thi sinh giai duogc it nhat 1a 6 bai.
e V6i hoc sinh nit va v6i mdi hoc sinh nam ton tai mot bai toan giai dugc boi ca hai hoc sinh nay.
Chirng minh réng ton tai mot bai toan giai dugc boi it nhét 1a 3 hoc sinh nir va 3 hoc sinh nam.

4. Gia st n 1a mot s6 tw nhién 1¢ 16n hon 1, va gia sa K, K,,...,K 1a cic s6 nguyén cho truée. V6i mdi hoan vi
n

trong s6 n! hoén vi @ =(a,,8,,...,a,) cia 1,2,...,n, giasi: S(a) = Zkiai.
i1

Chimg minh ring ton tai hai hoan vi b va ¢, v6i b#Csao cho n! 1a woc s6 cua S(b)—S(c).
5. Trong tam giac ABC, gia st AP phan giac goc ZBAC véi P trén BC, va gia st BQ phan giac goc LABC véi
Q trén CA. Gia st rang Z/BAC =60° va AB+BP = AQ+QB.

Khi d6 cac goc cua tam giac ABC s€ c6 thé nhan céc gia tri nao?

6. Gia sir @,b,C,d 1a cac s6 nguyén véi @ >b > ¢ >d > 0. Gia sir thoa man dang thirc
ac+bd=(b+d+a-c)(b+d-a+c).

Chutng minh rang ab +cd khong 1a sb nguyén td.

42st IMO 2001

1. Let ABC be an acute-angled triangle with circumcenter O. Let P on BC be the foot of the altitude from
A. Suppose that /\BCA > ZABC +30°.
Prove that ~CAB + ZCOP <90°.
2. Prove that
a b c >

\/a2+8bc + \/b2+8ca + \/c2+8ab o 1
for all positive numbers a, b and c.
3. Twenty-one girls and twenty-one boys took part in a mathematical contest.
e Each contestant solved at most six problems.
e For each girl and each boy, at least one problem was solved by both of them.
Prove that there was a problem that was solved by at least three girls and at least three boys.
4. Let n be an odd integer greater than 1, and let K;,K,,...,K be given integers. For each of the n!

permutations a = (a,,a,,...,a,) of 12,...,n, let
S(a):zn:kiai.
i=1

Prove that there are two permutations b and c, with b = c such than n! is a divisor of S(b)—S(c).

5. In a triangle ABC, let AP bisect #BAC, with P on BC, and let BQ bisect ZABC, with Q on CA.
It is known that ZBAC = 60° and that AB +BP = AQ +QB.

What are the possible angles of triangle ABC?

6. Let a,b,c,d be integers with a >b >c¢ >d > 0. Suppose that
ac+bd=(b+d+a-c)(b+d-a+c).

Prove that ab + cd is not prime.

Con mot s&'dé thi sé bo sung vao nhiing ldn in sau.
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