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MG dau

Chuyén dé day s6 va cac van dé lien quan dén day s6 1a mot phan quan trong
ctia dai s6 va gidi tich toan hoc. Cé nhiéu dang toan loai kho lién quan dén chuyén
dé nay. D6i v6i hoc sinh phd thong, nhitng khai niem day s6 thuong kho hinh dung
ve cau tric dai s6 trén tap cac day so, dac biét 1a cac phép tinh déi vé6i cac day co

chita tham s6, cac phép bién doi day va dai s6 cac day,...

Déay sb6 c¢6 vi tri dac biet trong toan hoc khong chi nhu la nhitng déi tuong dé

nghién cttu ma con déng vai tro nhu 1a mot cong cu dac lyc cta giai tich toan hoc.

Trong nhiéu k¥ thi hoc sinh giéi qudce gia, thi Olympic toan quoc té, cac bai toan
lien quan dén day s6 ciing hay dude dé cap va thuong thuoc loai rat khé. Céac bai
toan vé udc luong va tinh gia tri cac téng, tich cling nhu cac bai toan cuc tri va xac
dinh giéi han ctia mot biéu thic cho truée thudng cé mdéi quan hé it nhiéu dén cac
dic trung ctia day tuong ting. Céc bai toan vé day sd da dugde dé cap 6 cac gido trinh
co ban vé giai tich toan hoc va maot s6 tai lieu boi dudng gido vién va hoc sinh chuyén

toan bac trung hoc phd thong.

Luan van Mot s6 tinh chat cia day sinh bdi ham sé va dp dung nham cung cap
mot s6 kién thiic co ban vé day s6 va mot s6 van dé lien quan dén day s6. Dong thoi

ciing cho phan loai mot s6 dang toan vé day sé theo dang cling nhu phuong phap giai.
Trong qua trinh hoan thanh luan van , tac gia da khong ngitmg nd Iuc dé hoc héi,
tim toi va khao sat mot s6 bai toan vé day so.
Luan van gom phan md dau va ba chuong.
Chuong 1: Mot s6 tinh chat co ban cia day so.
Noi dung ctia chuong nay nham trinh bay dinh nghia cac day s6 dic biét va cac tinh

chat lien quan. Dong thoi trinh bay mot s6 bai todn ap dung lién quan dén cap s6

cong, cap sO nhan va céc tinh chat dac biét ciia ching. Néu mot s6 tinh chat co ban



clia day sd va cac bai toan xéac dinh cac day s6 lien quan dén cac ham so cap & pho

thong.

Chuong 2: Ham chuyén doi mot sé day s6 dac biét.
Chuong nay nhim gidi thieu mot s6 16p ham bado toan cic day sd diac biét néu &
chuong 1 va néu cac mdi lién hé gitta cac ham da cho. Dong thai néu xét cic diy tuan
hoan va phan tuan hoan va khao sat mot s6 tinh chat ciia cac ham chuyén doi cac
day sb6 dac biet

Chuong 3 nham khao sat mot so tinh chat va tinh toan trén day so.

Mic dit ban than da c6 nhitng c6 ging vuct bac, nhung sé khong tranh khoi

nhing khiém khuyét, rat mong su gép ¥ ctia quy Thay Co va nhitng ban doc quan

tam dén luan van.



Chuong 1
Mot s6 tinh chat co ban cuia day sb

Ta nhéc lai mot sé dinh nghia trong chuong trinh toan bac pho thong.

1.1 Céap sb

1.1.1 Cap sb cong

Dinh nghia 1.1. Ddy s6 {u,} théa man diéu kién

Uy —Up = U2 — U] = - = Up41 — Un
duogc goi la mot cap s6 cong.

Khi déy s6 {u,} lap thanh mot cip s6 cong thi hiéu d = uy — ug duge goi la cong
sai clia cap s6 cong da cho.
Nhan xét 1.1. Néu cé mot day so cé hitu han cdc phan ti
UL, U, - o vy U,

théa man tinh chat

U — Uy = U — Up =+ = Uy — Up_1 (1.1)

thi day so u, dudc goi la mot cap so cong vdi d = u; — ug dudce goi la cong sai. Day
$0 {u,} la mot cap so cong vdi cong sai d =0 thi u, = Uny1 Vi moin, khi dé ta goi
{u,} la day hing (day khong doi).
Ki hiéu

Sp=u1+ug+ - +u,



S, dudc goi 1a tong ciia n s6 hang dau tién ctia mot cap sb cong.

u,, duge goi 1 s6 hang tong quat clia cap sb6 cong {u,}.

Nhan xét 1.2. Cho {u,} la mot cap s6 cong cong sai d, ta cé

Up = Up—1 +d =1y + (n—1)d,
2up = up—1 + Upy1, k = 2,

Va4

nn—1)d  (uy +u,)n

2 2
Bai toan 1.1. Cho {u,} la mot cap s6 cong ma cic s6 hang déu la cic s6 nguyén
duong. Gid st trong diy cé6 mot so chinh phuong. Chitng minh rang day da cho cé vo
han s6 chinh phuong la binh phuong cia cdc s6 nguyén duong.

Giai. Gia st day {u,} c6 cong sai d > 0 vi z 1a mot s6 chinh phuong trong day, va
x =m?2. Khi do6

(m + kd)*> = m® + 2mkd + k*d* = z + d(2mk + k*d),
diéu nay ching té day da cho c6 vo han s6 chinh phuong 1a binh phuong ctia cac s6
nguyén duong.
Bai toan 1.2. Cho cdc s6 duong uy,us, ..., u, tao thanh mot cip s6 cong, cong sai
d > 0. Chitng minh rang

1 1 1 n—1

ty = + ot =
VUL F Uy U + U3 VUn—1 + /Un VUl + /un

Giai. Nhan xét rang

1 Uk — U
VUk + Uk 1 d .

Lan lugt cho k = 1,2,...,n vao trong dang thic trén va thuc hién cong theo vé, ta
thu duoce
1
te = < [(Vit2 = Vi) + (Vs = Vi) + - + (Vi = /tin 1))
1 1 u, —u n—1
— — | 4 /un — A /u = — =
at 2 d\/tun + Ui Ui+

Vay nén
n—1

b= ————.
v U1 + \/un



Bai toan 1.3. Cho cdc s6 duong uy,us, ..., u, tao thanh mot cip s6 cong, cong sai
d > 0. Tinh tong
1 1 1
U1.- U2 U2.U3 Up—1.-Up

Giai. Nhan xét rang

1 B 1( 1 1 )
Uk - Uk+1 d \uy, Uk+1 '

Lan luot cho k = 1,2,...,n vao trong ding thic trén va thuc hién cong theo vé ta

thu duoce
1 1 1 1 1 1 1
s D) by (- D)
d (3 U9 U9 us Up—1 Unp
B 1 ( 1 1 ) _n— 1
Cd\uy w,) uiau,
Vay nén
gzt
U Up,

1.1.2 Cap sb6 nhan

Dinh nghia 1.2. Ddy s6 {u,} théa man diéu kién

Uy Uz _ Unt1

Ug (%1 Un
duoc goi la mot cap so nhan.

Khi day so {u,} lap thanh mot cap so nhan thi thuong q = L duoe goi la mot
U

cong boi clia cap so da cho.
Nhan xét 1.3. Theo dinh nghia 1.2, néu mot day so hitu han cdc phan ti
U, U2, ..., Up

(v6i mdi phan tit trong day khac khong) théa man tinh chat

E % o o Un+1

%) U Unp
N Z TS ~ % £ ~ PPN e U PN
thi day so wuy, ug, . .., u, duge goi la mot cap so nhan véi cong boi qg= — duge goi 1a

Uo
mot cap so nhan



Nhan xét 1.4. Cho {u,} la mot cap s6 nhan cong boi q # 1, ta c6
Up = QUp_1 = Uu.q" 1, n=1,2,...

2 _
Up = Up—1U+1, k> 2.

Sp = uy.
(A1 1—(]

1.1.3 Cap s6 diéu hoa

Dinh nghia 1.3. Day s6 {u,} ,(u, # 0, Vn € N) théa man diéu kién
2un—1un+1

Uy = —————
Up—1 + Un+1

dugce goi la cap so dieu hoa.

Bai toan 1.4. Ching minh rang day s6 {u,} lap thanh mot day so dieu hoa khi va

chi khi day da cho théa man diéu kién.

1
Unt1 = 571
Unp Up—1
Giai. Ta co
1 UnpUn—1
Uni1 = 5 S Unpp1 = ————
2 1 2un—1 — Un

Unp Unp—1

2un—1un+1

S Up(Up—1 + Uns1) = 2Up_1Ups1 S Uy = )
Up—1 ‘I’ Un+1

Vay day s6 (u,) lap thanh mot cap s6 diéu hoa.

1.2 Day tuan hoan va phan tuan hoan

Trong phan nay ta quan tam dén hai loai ddy tuan hoan co ban la tuan hoan

cong tinh va tuan hoan nhan tinh.

1.2.1 Day tuan hoan va phan tuan hoan cong tinh

Dinh nghia 1.4. Ddy s6 {u,} dugc goi la day tuan hoan cong tinh néu ton tai so
nguyén duong | sao cho
Upty = Uy, VN €N, (1.2)



S6 nguyén duong | bé nhat dé day {u,} thod man diéu kien (1.2) dudc goi la chu ki

co sd cua day.

Dinh nghia 1.5. Day s6 {u,} dugc goi la day tuan phdn hoan cong tinh néu ton tai
50 nguyén duong | sao cho
Upry = —Up, VN €N, (1.3)

Nhan xét 1.5. Day tuan hoan chu ky 1 khi va chi khi day da cho la mot day hang.

Nhan xét 1.6. Ddy tuan hoan ( cong tinh) chu ky 2 khi va chi khi day cé dang

un=5 [0+ 5+ (@A), 0per

1.2.2 Day tuan hoan va phan tuan hoan nhan tinh
Dinh nghia 1.6. Day so {u,} dugc goi la day tuan hoan nhan tinh néu ton tai so
nguyén duong s(s > 1)sao cho

Usp = Up, VN €N, (1.4)

S6 nguyén duong s bé nhat dé day {u,} thod man dieu kién (1.4) dugc goi la chu ki

co sd cua day.

Nhan xét 1.7. Mot day phdn tuan hoan cong tinh chu ki v thi sé tuan hoan cong
tinh chu ki 2r

Dinh nghia 1.7. Day s6 {u,} duoc goi la day phdn tuan hoan nhan tinh néu ton
tai s6 nguyén duong s(s > 1) sao cho

Usp = —Up, VN € N.

N N 1
Nhan xét 1.8. Moi day {u,} phdn tuan hoan chu kyr deu c¢é dang u,, = 5(%—%”),

VOl Upaor = Un.-

1.3 Day tuyén tinh va phan tuyén tinh

Trong phan nay ta trinh bay mot s6 phuong trinh sai phan co ban c6 nghiém 1a

cac so thiic va cach giai ching.



1.3.1 Phuong trinh sai phan tuyén tinh véi hé s6 hang sb

Trude hét, ta xét phuong trinh sai phan tuyén tinh cap mot dang
Ty =0, aTpy + bx, = f(n), n € N¥

trong d6 a, b, a 1a cac hing s6 (a # 0) va f(n) la biéu thitc ctia n cho trudc.

Nhan xét rang cic cap sd co ban la nhitng dang dac biét ctia phuong trinh sai

phan tuyén tinh.

Bai toan 1.5. Xdc dinh s6 hang tong qudt ciia mot cap sé nhan biét ring sé6 hang

dau tien bang 9 va cong boi bang 3.
Giai. Taco
Tpi1 = 3Tn, 1 =29.
Phuong trinh dac trung c¢6 nghiem A = 3. Do d6 z, = ¢.3". Do 1 = 9 suy ra ¢ = 3.

Vay z,, = 3",

Bai toan 1.6. Cho a,b, « la cdc sb thic cho trude (a #0) va day {x,} zdc dinh nhu
sau

o=, aTpy1 +br, =0, n=0,1,2,...

Tum $6 hang tong qudt cia day

Gidi. Néub=0thidayz,=0, n=1,2,... ; ;
Néu b # 0, phuong trinh dic trung aA+b = 0 c6 nghiem \ = o Do d6 z,, = c(——) .

a
mal-0)"

Xét tiép phuong trinh sai phan tuyén tinh cap hai dang

Vi zg = a nén c = a. Vay

Ty =a,Ty =, ATpyy + bry + crpog = A(n), n € N*.
trong d6 a, b, c, a, 1 1 cac hing s6, a > 0 vi A(n) la biéu thitc theo n cho trude.
Bai toan 1.7. Tim day s6 {x,} thod man diéu kién

r=a,r3=0, arpi1 +br, +cr,_1 =0, neN".



Giai. Giai phuong trinh dic trung aA? + b\ + ¢ = 0, tim .

a. Néu A\j, Ay 1a cac nghiém thyc khac nhau thi z, = AN} + B3, trong d6 A, B dugc
xac dinh khi biét z1, 2.

b. Néu Ai, A2 14 cac nghiem thic va A\ = Ay = A thi x,, = (A+ Bn)\", trong d6 A, B
duge xac dinh khi biét z1, 2.

Bai toan 1.8. Tim day s6 {x,} thod man diéu kién
T =a,x2 =3, arpy1 + bx, +crp_y = A(n), n>2,n € N,

trong do a # 0, A(n) la da thic theo n cho trudc.

Giai. Giai phuong trinh diic trung a\? +b\+c = 0 xac dinh cac gia tri ctia A\. Nghiem
ctia phuong trinh c6 dang ,, = 2/, + %, trong dé6 =/, 14 nghiém tong quat ciia phuong
trinh thuan nhat ax, 1 + bz, + cxp_1 = 0 va x; la nghiém riéng ctia phuong trinh
aZpt1 + bx, + cxn_1 = A(n), trong d6 A(n) # 0. Ta tim nghiém 2/, clia phuong trinh
thuan nhat az,,1 + bx, + crp—1 = 0 theo bai toan 1.7 v6i cac hé s A, B chua dudc
xac dinh. Nghiém x} dudc xéac dinh :

a. Néu A # 1 thi 2 1a da thiic cuing bac véi A(n).

b. Néu A = 1 thi ¥ = n.f(n), trong d6 f(n) la da thic cing bac véi A(n).

c. Néu A = 1 la nghiém boi thi 27 = n?.f(n), trong d6 f(n) la da thiic cung bac véi
A(n).

Thay x vao phuong trinh, dong nhét cac hé s ta tim duge . Tt hé thic z,, = 2/, +x%

VA, cac gid tri oy, x2 ta tim dudce cac hé s6 A, B.
Bai toan 1.9. Tim day s6 {x,} thod man diéu kién

r1 =,y =0, aTpi1 +br, +cr,_1 =70", n>=2neN"

Giai. Giai phuong trinh dic trung aA\? + b\ + ¢ = 0, ta tim duge X . Nghiém phuong
trinh ¢6 dang z, = x/, + ¥, v6i z/, duge tim nhu trong bai toan 1.7 , cdc heé s6 A, B
chua xac dinh. z; dugc xac dinh nhu sau

i. Néu A\ # n thi 2% = k..

ii. Néu phuong trinh c6 nghiém don A = n thi 2* = kn.n".

3 %

iii. Néu phuong trinh c6 nghiém kép \ = n thi o = kn%.n™.

3 *

Thay x vao phuong trinh, sit dung phuong phap dong nhat cac hé s6 ta tim dugc k.

T cac gia tri x1, o va x, = 2. + x* ta tim dugce cac hé s6 A, B.
Y n n )
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Tiép theo, ta xét phuong trinh sai phan tuyén tinh cap ba la phuong trinh sai
phan c6 dang

T =a,x2 = 3,23 =", arps1+ bx, + cry_y +dr,—o = A(n), n = 3.
Bai toan 1.10. Tim day so6 {x,} thod mdn
T =a,x2=F,x3=", aTpi1+ bx, + cry_1 +dr,—o = A(n), n = 3.

trong dé a,b, c,d, o, 3,7 la cdc hing s6 cho trude, A(n) la biéu thicc cho trudc.

Giai. Trong dang nay ta chi xét phuong trinh dic trung c6 nghiém thiec.
Nghiém tong quat phuong trinh sai phan tuyén tinh cap ba c6 dang z, = 2/, + z7,
trong d6 2/, 1a nghiém tong quat ctia phuong trinh tuyén tinh thuan nhat, va o7 la
nghiém riéng ctia phuong trinh tuyén tinh khong thuan nhat.
Phuong trinh dac trung

aX> + DX +cA+d =0

i. Phuong trinh ¢6 ba nghiém thirec A1, A2, A3 phan biét. Khi do
Tl = a1 A} + a\y + az\}

ii. Phuong trinh ¢6 mot nghiém thuc boi 2 va mot nghiem don (A = Ay # A3) thi
zl, = (a1 + agn) A} + azA}

iii. Néu phuong trinh c6 nghiem boi 3(A\; = Ay = A3) thi
2! = (a1 + azxn + azn®) A}

Goi x* 1a mot nghiém riéng ctia phuong trinh tuyén tinh khong thuan nhat.

a) Xét A(n) la mot da thic theo n. Ta ¢6

+) Néu A # 1 thi z* 1a da thiic cung bac véi A(n).

+) Néu A = 1 1a nghiem don thi 2¥ = n.B(n) trong d6 B(n) la da thic ciing bac véi
da thic A(n)

+) Néu A = 1 1a nghiém boi 2 thi z¥ = n?.B(n) trong d6 B(n) la da thic cung bac
v6i da thic A(n)

+) Néu A = 1 1a nghiém boi 3 thi z¥ = n3.B(n) trong d6 B(n) la da thic cuing bac
v6i da thic A(n).

b) Truong hop A(n) = xn™. Ta c¢6
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+) Néu A # n thi ¥ = k.n.p"

+) Néu A = 5 1a nghiém don thi z¥ = k.n",

+) Néu A = 5 1a nghiém boi 2 thi x} = k.n’n,
+) Néu A = 5 1a nghiém boi 3 thi 27 = kn3.n" .

1.3.2 Day phan thic

Bai toan 1.11. Tim day so {x,} thod man cdc diéu kiéen

2 +d
20,

d>0. (1.5)

r1 = a, Tpy1 =

1 1yn-1
Giai. Khid=0ta c6 x4 = §:En, suy ra x, = (5) a.

Xét truong hop d > 0. Nhan xét rang néu u,, v, la cac nghiém ctia hé phuong trinh

{ Upy1 = U2 + dv?

Unt1 = 2UpUp, U1 = 1,07 =1

thi =, = U nghiém ctia phuong trinh (1.5). That vay, ta ching minh bing quy
nap nhu sau, khin =1 ta co
Uy
r1=—=4aqQ
U1
Gia sit 2, =  1a nghiem cia (1.5). Khi d6
Un

2
Un 2
. _un+1_ufl+dv§_v%+d_zn—l—d
ntl = = = =
Unt1 2U, Uy, 2%: 22,

ciing la nghiém ctia (1.5). Nhu vay dé tim nghiém ctia (1.5) ta giai he

Upp1 = u? + dv?
{ 20,41 = 2dunv,, up =a,v; =1
Thue hién cong theo vé cac phuong trinh trong hé ta thu dugc:
Unt1 + 20541 = (up + \/gvn)z
Do do6

Unt1 + 20041 = (uy, + \/Evn)2 == (u + \/gm)zn =(a+ \/g)zn
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Tuong ti, trit vé v6i vé cac phuong trinh trong hé ta ciing cé:

= (ug — Vdv)?¥" = (a — Vd)*"

Un+1 — 2'Un—l—l = (Un - \/E'Un)z =...=

Do do6

Unp+1 =

[(a +Va)?* 4 (a - \/g)zn}

Upt1 = 21% [(a +Vad)* - (a— \/E)zn}

N —

Unp
Do x, = — suy ra
n

Vd [(a +Vd)*" 4 (a— \/3)2”*1}
T VT @V

Béang quy nap ta chiing minh dugce két qua x,, thod man bai toan da cho.

Bai toan 1.12. Tim day so {x,} thod man cdc diéu kiéen

2z

n *
T = a, l’n+1:W,REN.
n

Giai. Truong hgp d = 0. Khi d6 z,41 = 22, va 2, = 2" a.
Truong hop d > 0. Gia st u,, v, 1a mot nghiém cia hé phuong trinh

Upp1 = u? + dv?
Unt1 = 2UpUy, U1 = 1,07 = a.

thi x, = Un 1y mot nghiém ctia phuong trinh (ching minh bang quy nap). Ta c6

Upp1 = u2 + dv?
\/E'UyH.l = 2\/Eunvn, uy = 1,v1 = a.

Thue hién cong vé theo vé clia cac phuong trinh ta thu duge

Un+1 + \/E'Un—l—l = (un + \/g'l/n)z

Nhu vay
Up+1 + \/E’Un-q-l = (un + \/E’Un)z == (U1 + \/E’Ul)zn = (1 + a\/ﬁ)zn

Thuc hién trit vé theo vé clia cac phuong trinh ta thu duge

Unp+1 — \/E'Un—l—l = (un - \/gvn)z
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Nhu vay
Ups1 — Vdvnir = (uy — Vdvy)? =+ = (ug — Vdun)* = (1 —avad)*"

e Uni1 = % {(1 + a\/E)zn + (1 — a\/E) zn]
= | (L avd)” = (1-avi)" |

. Up
Viz, = — nén
Un

Vd {(1 + a\/a) . + (1 — a\/a)znl}
(1) = (1-0va)”

Tpn =

Truong hop d < 0. Dat d = —k, k > 0. Gia st u,, v, 1a moét nghiém ctia hé phuong

trinh
2 2
{ Upy1 = u;, — kv;

Unt1 = 2UpUy, U1 = 1,07 = a.

thi z, = Un la nghiém cua phuong trinh da cho. Twong ty truong hop d > 0, ta cé

n

Upy1 = u2 — kv?
{ Unt1 = 2UpUy, u1 = 1,01 = a.
Upy1 = u2 — kv?
{ z'\/EvnH = Qi\/Eunvn, u = 1,11 = a.
Uns1 + VU1 = (U + iVED,)? = (ug + iVEv)"
{ Uns1 — iVEUny1 = (un — iVEv,)? = (uy — ivkv, )"
Uiy = 2 [(1 +aivE)? + (1 — az'\/E)ﬂ
Vni1 = g [(1 +aivh)? — (1 - az'\/E)ﬂ

=

=

iVE (1 +aivi? ™ + (1= aivR)? |
T (U aivk)?T = (1 - aivk)?

Bai toan 1.13. Tim day so {x,} thod man cdc diéu kiéen

249
2z,

T = 4, Tpt+1 = s (16)
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Giai. Nhan xét rang néu u,, v, 1a cac nghiém ctia hé phuong trinh (1.6)

{ Upy1 = U2 + 902

Upa1l = 2UpUp, up = 4,01 =1

thi =, = U 1a nghiém ctia phuong trinh (1.6). That vay, ta ching minh bing quy
nap nhu sau, khin =1 ta c6
U1
r1 = — = 4
U1

un N PN 2 N . P
Gia st x, = — la nghiém cta phuong trinh. Khi do

Un,
2 2 Uy +9 2
-  Uptr up + 9, 2 oz, +9
ntl = = = =
Unt1 2U, Uy, 2Un 22,

ciing la nghiém cua (1.6).

Nhu vay dé tim nghiém ctia (1.6), ta gidi he

Upy1 = U2 + 902
3Upi1 = 60UV, up =401 =1

Lan luot cong va trit theo vé cac dang thic clia hé trén ta thu dugc:

{ Unt1 + 30ns1 = (up + 30,)% = (ug + 3v)* =7 - { Upp1 = @

Up+1 — 3'Un+1 = (un — 3'Un)2 — (ul _ 3'[11)2n =1 Vpp1 = 72’;_1
Vay
3(72”’1 + 1)
Ty = 72”*1—_1

1.4 Mot sd bai toan ap dung

Bai toan 1.14. TWm z,, biét rang

vo=1,21=4, Tpnyo=22n+3) 22,1 —4(n+1)*2n+1)2n + 3)z,, n > 0.

Tn

Giai. Dat day s6 phu y, = T cong thiic

(2n)!”
Tppo = 220 + 3) @011 — 4(n + 1)%(2n +1)(2n + 3)z,,
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suy ra

(21 + ) Yny2 = 2(2n + 3)%. (20 + 2D lypr — 4(n + 1)2(2n + 1)(2n + 3).(2n) 'y,
S+ 2)ynr2 = 2n + 3)ynt1 — (n+ Dyn

<:>(n + 2)(yn+2 — Yn+1 = (n + 1)(yn+1 - yn) ==Y Y
Nhu vay
_ 1= Y% _ _
Ynt2 = Yot + S0 = Yr + (11 yo)n+2

= =go+( )(1+1+ + 1)
= =Y ¥ — Yo 5 nt2)

1 1
Suyrayn:yO‘l'(yl—y0)<1+§—|----—l—g).Vaynén

e e

=2.(2 )‘<1+1+ +1)
Eny 2 n
Bai toan 1.15. Tim x, biét r&ng

r1=0,20=1,23=3, z,+ 1lx, o =Tr, 1+ drH_3, N =>4.

Giai. Phuong trinh dic trung \* — 702 + 11\ +5 = 0 hay
(A=1*(A=5)=0,
c¢6 nghiem A\ = Ao =1, A3 =5. Suy ra
Tn = (a1 + agn). 1" + a3.5" = a; + agn + a3.5"

Theo gia thiét x; = 0,29 = 1,253 = 3, ta c6 he

ay + az + 5a3 =0 = —15
a1+ 2a9 4+ 25a3 =1 < GQZ%
a1+ 3as + 125a3 = 3 as = 11—6
Vay
L5 B 13
" 16 4 16

Bai toan 1.16. Tim day so6 {x,} thod mdn

WV
w

ry=14,20 =28, xpi1 — 22, + 2,1 =4.3", n
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Giai. Phuong trinh dic trung A2 — 2\ +1 = 0 ¢6 nghiém kép A = 1. Nghiém phuong
trinh ¢6 dang x, = z/, + x, trong d6 =/, = (A+ nB).1" = (A+ nB) va xf = k.3".
Thé ¥ vao trong phuong trinh, ta dugc

k3t —2k3"n 4+ k3m ! =43" < k=3

Suy ra z; = 3.3".
Tacoxr,=A+Bn+33". Tux, =10,20 =28 suyra A+ B+9 =14 va

A+2B+21=28¢ A=9,B = —4.

Vay nén
T, =9 —4n + 3.3

Bai toan 1.17. Cho day s6 {x,} zdc dinh bdi cic dieu kién sau
1. To = 0,1’1 = 1,1’2 =0
1. Voi moin > 1,

n+1 n+n+1Dn+1
$n+3+ n Tp = ( n )( )$n+2+(n2+n+1)

Chaing minh rang day {x,} gom toan cdc s6 chinh phuong vdi moi n.

Giai. Ta xét day y,, nhu sau:
Yo=0,y1 =1, Ynio = MYnt1 +yYn, n=0.
Theo cach xac dinh day suy ra day y, gom toan cac s6 nguyén va
Ynt+s = (N + DYns2 + Yns1,
Yn = Yn+2 — NYn+t1.

Suy ra

n?/72z+3 =n(n+ 1)2?/3+2 +2n(n + 1)Yni2Yni1 + nyiﬂ
(n+ 1)?/721 = (n+ 1)?/3-1-2 —2n(n + 1)Ynt1Yns2 + (n + 1)712?/721.4.1

Thuc hién cong theo vé va chia hai vé cho n, ta thu dugc

n+1 n*+n+1)(n+1
Ynis +— =t n)( Lot (07 4+ 1)

Nhan xét rang diy {y>} thod man diéu kién nhu day {z,} , do vay cac phan ti clia
hai day trung nhau, tic la
T, =12

Vay day {x,} gom toan cac s6 chinh phuong.
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Bai toan 1.18. Xdc dinh day s6 x,, biét rang :

r1=1, ,200=0, zpy1 — 22, +xp1=n+1, n=>2.

Giai. Phuong trinh dic trung A2 — 2\ +1 = 0 c¢6 nghiém A\ = 1. Nghiém ctia phuong
trinh ¢6 dang z,, = 2/, + ¥, trong d6 2/, = (A+ Bn).1" = A+ Bn va z = n*(an+b).
Thé z7 vao phuong trinh, ta thu duge

(n+1)?a(n+1) +0b] — 2n*(an+b) + (n — 1)*[a(n — 1) +b] = n + 1.

Lan luot thay n = 1,n = 2, ta thu dugc hé

1
4(2a +b) —2(a+b) =2 3a+b=1 a=—
& & b
9(3a +b) —8(2a+b) + (a+b) =3 12a +2b =3 525
Suy ra .
* 2 ﬁ -
i ”<6+2)
Tu dé

1
xn:x;%—z’;:A%—Bn—l—nz(%—l——).

Tu x1 = 1,29 = 0, ta suy ra hé

1 1
A+B+-+-=1 A+ B—3 A=1
° 1 ) Apop—_n 7 1
A+2B 4.(— —): =1 =——
+2B+4.(5+5) =0 3 3
Vay
n? n? 11n
g, = 4 2Ry

Bai toan 1.19. Tim z,, biét
r1 =1, xpy =22, +n> 422" ne N
Giai. Phuong trinh dic trung A — 2 = 0 ¢6 nghiem A\ = 2. Ta ¢6 z, = =/, + xF + 2,

trong d6 z/, = ¢.2", z¥ = an® 4+ bn + ¢, ¥ = An.2". Thay z vao trong phuong trinh

Tng1 = 22, +n?, ta thu duge

a(n+ 12 +b(n+1)+c=2an® + 2bn + 2c + n?
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Lan lugt thay n = 1,n = 2, n = 3 vao trong phuong trinh trén ta thu dugc hée

20—c=1 a=—1
a—b—c=14 =4 b=-2
2a +2b+c= -9 c=—3

Vay z = —n? — 2n — 3.
Thay x* vao trong phuong trinh z,; = 2z, + 2.2", ta dudgc

3
A(n+1)2" =24n.2" +2.2" & A= .

Suy ra
3

= -n.2" =3n2"""
z, 2n n

Do d6 x, = c.2"+(—n?>—2n—3)+3n.2" . Tacéz; =1,nén 1 =2c—2+3 = c = 0.
Vay

T, = 3n.2" —n?® — 2n — 3.
Bai toan 1.20. Tim day so6 {x,} thod man diéu kién
1 =1, xpi1 =32, +2", neN.
Giai. Phuong trinh dic trung A — 3 = 0 ¢6 nghiém A\ = 3. Ta ¢6 z,, = 2/, + ¥, trong

d6 z!, = ¢.3" va z} = A.2".

Thay 7 = A.2" vao trong phuong trinh, ta thu dugc

A2 =3A2" + 2" & 24A=34+1 A= -1
Suy ra x, = —2". Do d6 x, = ¢.3" —2n. Viz; =1 nén ¢ = 1. Vay z,, = 3" — 2™.
Bai toan 1.21. Tim s6 hang tong qudt ctia x, thod man diéu kién

r11=0, 20=0, xpy1 —xp+x,1=0, neN".

Giai. Phuong trinh dic trung A2 — A 4+ 1 = 0 ¢6 cac nghiém phiic

1+ivV3
)\172 == 9 .
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Vay
A T fisine
= cos — +¢sin —
3 3
Suy ra
A mr_l_, nmw
T, = Acos — +sin —
3 3
Ta c6
T .om
:B1:1:>Acos§—|—s1n§:1:>A—|—B\/§:2
2 2
:B2:0:>Acos§+sin§:1:>—A—|—B\/§:0
Suy ra
A—1p=Y3
3
3
Vayxn:cos%—l—gsin%

Bai toan 1.22. Tim z,, thod man diéu kién

T =2, Tpny1 =an+3n°+3n—3, neN*.

Giai. Phuong trinh dac trung c¢6 nghiem A\ = 1. Ta ¢6 x, = x], + x, trong d6
v =cl1"=¢, 25 =n(An*+ Bn+C).
Thay z} vao trong phuong trinh ta duge

(n+D[An+1)2*+Bn+1)+0C]=n(An*+ Bn+ C) + 3n* + 3n — 3.

Thuc hién khai trién va dong nhat céc he s6 ta tim dugc A =1,B =0,C = —4. Ta
cox,=x,+xi=c+n*—4n. Viz;=—2nén 2=c+1—-4&c=1.

Vay z, = n® —4n + 1.
Bai toan 1.23. Tim z,, thod man diéu kién

1 =2, Tpi1 =T, +2n, neN".

Giai. Phuong trinh dac trung c¢6 nghiém A\ = 1. Ta ¢6 z, = x], + x, trong d6
2, =cl"=c, z:=n(an+D).
Thay x vao trong phuong trinh ta dugc

(n+ Dfa(n+ 1) + b] = n(an +b) + 2n.
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Véin =1 ta duge 3a+b=2. V6in =2, ta dugc ba+b=4.suyraa=1,b=—1.
Do d6 z, =n(n —1).
Tacébx, =2, +2 =c+nn—1).Vizy=2nén2=c+ 1(1—-1) & c= 2. Vay

Tn =n>—n+2.

Bai toan 1.24. Cho day s6 {y,} zdc dinh bdi cic dieu kién :
7. Y2 = Y3 = 1,
ii. (n+1)(n =21 =nn?—n— Dy, — (n—1)3y,_1.

Tim s6 hang tong qudt ciia day {y,}, tu dé tim tat cd cdc gid tri cia n dé y, la

cac sO nguyeén.

Giai. Dat z, = ny,,n > 2. Thé z,, vio phuong trinh ta dudc
(n —2)Tpi1 = —n— Dz, — (n—1)*1,_1, n > 3.

Suy ra
Tn+1 — T :( _ 1)1% — Tp-1
n—1 n—1
Dat
2, = Tn41 _l’n‘
n—1

Suy ra z, = (n — 1)z,_1. Bing quy nap ta chiing minh dugc rang z, = (n — 1)!. Nhu

vay
Tn+1—z,=m—1).(n)! =nl—(n—-1)!
Ta co
T = (Tn — Tp-1) + (Xp_1 —xp2)+ -+ (x3—22) + 22 =(n — 1)1 + 1.
Do do6

oz, (n=1)I+1
= T n '

Vay v, 1& s6 nguyéen khi va chi khi n = 1 hoac n 1a s6 nguyén to.
Bai toan 1.25. Cho ham so f(x) = e®. chiing minh rang néu day s6 {u,} lap thanh

mot cap so cong thi day s6 (f(x,)) ldp thanh mot cap so nhan.

Giai. Gia st day s6 (z,,) 1ap thanh mot cap s6 cong véi cong sai d. Khi d6 ta co
Tp — Tno1 = d. Khi d6
f(zn) _ e _
f(In—l) ern-t

Vay day s6 (f(z,)) 1ap thanh mot cap s6 nhan.

Tn—Tp—1 _ 6d =q
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Bai toan 1.26. Cho ham s6 f(x) = Inx, x > 0. ching minh rang néu day sé (r,)
lgp thanh mot cap s6 nhan va x, > 0, Vn € N thi day s6 (f(x,)) lap thanh mot cap

50 cong.

Giai. Gia st day so (x,,) va 2,>0, Vn € N 1ap thanh mot cap s6 nhan véi cong boi
g > 0. Khi doé, ta c6

Tn

f(xn) = f(xn—1) =lnz, —Inz,_; =1In =Ingq,Vn € N*.

n—1

Vay day s6 (f(z,)) 1ap thanh mot cap s6 cong.

Nhan xét 1.9. . Ta cé ham s6y =a®, a>0,0 < a # 1, la ham so chuyén doi phép
todn cong thanh phép todan nhan trong tap sé thuc, va ham s6 y = log,x vdi 0 < a # 1
la ham s6 chuyén doi phép todn nhan thanh phép todn cong trong tap sé thue. Ta cé

bai todn tong qudt sau.

Bai toan 1.27. (i) Néu day so (u,) lap thanh mot cip so cong thi day so v, lip
thanh mot cap s6 nhan, trong dé v, = a* , 0 < a # 1.
(ii) Néu day s6 (u,) (u, >0, Vn € N) ldp thanh mot cap s6 nhan thi day s6 v, lap

thanh mot cap so6 cong, trong dé v, = log,u,, 0 < a # 1.

Giai.

(i). Gia stt day s6 (u,,) lap thanh mot cap s6 cong véi cong sai d. Khi d6 ta co

Up — Up_1 = d. SUy ra

Uy, atn
g g a
Un—1 a¥n-1

Un—Up_1 ::ad

Vay day s6 v, lap thanh mot cap s6 nhan, trong dé v, = a*", 0 < a # 1.

(ii) Gia st day s6 (un) (un, > 0, Vn € N) lap thanh mot cap s6 nhan véi cong

boi ¢ > 0. Khi d6 ta ¢6 —" — ¢. Khi d6
Un—1

u_”) — 1Oga q.

Up, — Up—1 = log,u, — log,u,—1 = log, (
n—1

Vay day s6 v, lap thanh mot cap sd cong.

Bai toan 1.28. Chiing minh rdang diéu kién can va di dé day s6 {u,} lap thanh mot

cap so cong la day da cho phdi théa man hé thitc

20min = Qom + G2n, VM, n € N.
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Giai. Dieu kien can. Gia st day a, 14 mot cap sd cong vé6i cong sai 1a d. Khi do ta

c6
an, = ap+ (n—1)d, Vn € N.

Do vay
aom + a2, = 2a0 + (2m + 2n — 2)d

& Ao + G2, = 2[ag + (m+n — 1)d).
Ma ta lai c6
2040 = 2[ag + (m +n — 1)d|.
Do vay

Am+4n = Q2m + agp.

Dieu kién di. Gia stt day s6 (u,,)théa man he thic 2a,,4m = dom + a2,, Vm,n € N.

Ta can ching minh day s6 (u,) 14 mot cap s6 cong.

Vi biéu thic ding v6i moi m,n nén chon m = 0, ta c6 hé thic 2a, = ag + asn.
Suy ra

QAon = 20, — ag.
Theo gia thiét ta c6 2am1n = Gom + Gon. SUY Ta 20m4n = 20, + 2a, — 2ay.
Do d6 amin = am + a, — ag. Chon m =1, ta c¢6
(pi1 = Qp + a1 — Qg & Apyy — Ay = a1 — ag, Vn € N,
Vay day s6 (u,) 1a mot cap s6 cong.
Bai toan 1.29. Ching minh ring diéu kién can va di dé day cdc s6 duong {uy,} lap
thanh mot cap s6 nhan la day da cho phdi théa man hé thic

2
U man = UzmUon, VM, n € N.

Giai. Dbit Inwu, = v,, ¥m,n € N. Khi d6 u,, = e”». Tt ddng thiic

2
U man = UzmUon, VM, n € N.

Suy ra
e2vmin — glzmelan — gVamtVam iy € N,
hay
2Umin = Vom + Vo, VM, n € N.
Suy ra {v,} 1ap thanh mot cap s6 cong véi cong sai d = v; — vg. Do d6 day {u,} lap

thanh mot cap sé nhan véi cong boi ¢ = e?.
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Bai toan 1.30. Cho mot day so nguyén duong duge danh theo thi tu tw 1 dén 2000.
Ta tao ra mot tam gidc bang cich nhu sau ké to hang thi k > 2 moi phan tik trong
tam gidc bing tong ciia hai phan ti& trén né. Tim so ding ¢ dinh cia tam gidc.
1 2 3 4 5
3 5 7 9
& 12 16
20 28
48

Giai. Goi p la s6 s6 nguyén duong duge viét tréen dong dau tien. Goi a, 1& s6 hang
dau tien ctia dong thit n. Bang quy nap ta chiing minh duge rang cac sé6 hang 6 dong
thia n la

Uy G + 2" a, 2,270 an + (p—n)2n

Suy ra a1 = 2a, + 2" Via; =1 nén a, = (n + 1)2"2. Vay
aL2000 = 2001.21998.

Bai toan 1.31. Cho {x,},21 = a > 0 la mot cip so cong cong sai d > 0 dugc viét
trén mot dong theo thit tw tiw bé dén lon. Ta tao ra mot tam gide bang cdach nhu sau
ké ti hang thit k > 2 moi phan tii trong tam gidc bang tong cia hai phan tié trén né.

Tim s6 diing ¢ dinh ciia tam gidc.

X1 Xy T3 X4 T
T1+Ty To+2T3 XT3+ Ty Ta+Ts
T1+ 2w +x3 1o+ 203+ 74 T3+ 274 + 75
T+ 3x2 +3x3 + x4 X2+ 3x3+ 3x4 + T5
T1 + 4x9 + 623 + 414 + T5

Giai. Goi p la s6 phan tit ciia day duge sap xép theo thit tu clia chi s6 tang dan duge
viét trén dong dau tién. Bang quy nap ta chiing minh dudc rang cac sd hang & dong
tht k> 2 1a

Ry + (B —1).2"2.d, 2 oy + (K —1).2"2d, ...
Suy ra phan ti ding 6 dinh ciia tam gidc c¢6 gid tri bang
27y + (p—1).2°7%d.

Vay phan t1t ding & dinh ctia tam gidc c6 gia tri bang 2P 7'a + (p — 1).2°72.d
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Bai toan 1.32. Cho {x,}, 1 = a > 0 la mot cap s6 nhan cong boi q duoc viét trén
mot dong theo thit tu tic bé dén ldn. Ta tao ra mot tam gidc bang cdch nhu sau: ké
tir hang thit k (= 2), mdi phan ti trong tam gidc bing tong ciia hai phan it trén no.

Tim s6 diing & dinh cia tam gidc.

X1 Xy T3 X4 T

T1+Ty To+2T3 T3+ Ty Ta+Ts
T1+ 2w +x3 1o+ 203+ 74 T3+ 274 + 75
T+ 3x9 +3x3 + x4 X2+ 3x3+ 3x4 + T5
T1 + 4x9 + 623 + 414 + 25

Giai. Goi p la s6 phan tit ctia day duge sap xép theo thit tu clia chi s6 tang dan duge
viét trén dong dau tién. Bang quy nap ta chiing minh dudc rang cac sd hang & dong
that k > 2 1a

w11+ @) aa(1+ )" a1+ )" aa(14+9)*
Suy ra phan ti ding 6 dinh ciia tam gidc c¢6 gid tri bang
z1(1 4 q)* 1.
Vay phan tit ding ¢ dinh cia tam gidc c6 gia tri bang a(1 + ¢)P~'.

Nhan xét 1.10. . Trong cdc 16p ham chuyén tu day cip sé cong sang cap s6 nhan, va
nguoc lai, chuyén ti cap s6 nhan sang cap s6 cong ta zdc dinh duge hai ham y = a®
va ham y = log, x nhu vdy ngodi hai ham mi va ham logarit chuyén doi ti cip s6
cong sang cap s6 nhan va nguoe lai, thi con ton tai Idp ham nao cé thé chuyén hod

gitta hai cap s6 nay hay khong?

Cau héi tuong tu duge dat ra doi vdi cap s6 cong va cap so dieu hoa, cap so6 nhan

vdi cap so dieu hoa.

Tiép theo, ta xét mot sd tinh chat ciia day Fibonacci.

Bai toan 1.33. Mot cap thé moi thang sinh mot lan, cho mot cip thé con (mot duc,
mot cdi). Cap thé mdi sinh ra sau hai thang lai bat dau sinh mot cap mdi. Héi sau
mot nam sé c¢é bao nhiéu con thé, néu dau nam ta cé6 mot cap thé va trong mot nam

khong cé con thé nao bi chét.
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Giai. Ki higu F(n) la cap thé sau thang thit n ké tit dau nam. Nhan xét ring sau
thang tht n thi sé ¢c6 F(n) cap ban dau , cong them s6 ciap do cac cip da c6 sau

thang thi (n — 1) sinh ra (c6 F'(n — 1)). Nhu vay
F(n+2)=F(n+1)+ F(n), Vn € N".

Trong d6 Fy = 1,F, = 1. Cac s6 F(n) dugc goi 1a cac sd Fibonacci. Trong cac bai

toan sau day, F'(n) ding dé ki hi¢u s6 Fibonacci thit n.
Bai toan 1.34. Ching minh rang

Fr+F+- -+ F,=F— 1
Giai. Taco

Fy=F;—F
Fy=F,— F3

Fn—len—l—l_Fn
Fn:Fn+2_Fn+1

Thuc hién cong timg vé ctia cac déng thic trén, ta thu duge:
Fi+h+ o+ Fy=F - F=F,—1
Bai toan 1.35. Ching minh rang

i+ Fs5+---+ Fyyq = Fyy,

Giai. Ta co

=5
Fs=F,— F,
F5=Fs— Fy

F2n—1 = F2n_F2n—2

Thuc hién cong timg vé clia cac déng thic trén, ta thu duge:

B+ Fs5+--- 4 Fyyq = Fyy
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Bai toan 1.36. Ching minh rang

Fot+ Fy+ -+ Fop = Fopyr — 1.

Giai. Theo cac bai todn 1.34 va bai toédn 1.35 ta ¢o

Fy+ o+ -+ Fop = Fopgo — Fo = Foppo — 1
i+ F5+ -+ Fyyqy = Fyy,

Thuc hién trit theo vé cac dang thic trén, ta thu dugc:
Fo+Fy+ -+ Fop = Fappo — 1 — Fop = Fopyr — 1
Bai toan 1.37. Ching minh rang

Fi—Fy+Fs—Fi+- 4 ()" E, = (=1)""F,_, + 1.

Giai. Khi n =2k , t bai toan 1.35 va bai toan 1.36 ta suy ra
Fi—Fp+ F—Fy 4 (D) Fy = (— D)y 4+ 1= —Fop g + 1
Tuong ty, khi n =2k + 1 ta co
Fi—F+Fy—Fi+ - 4 (=% Fy = (1) Py + 1= Fyp + 1

Vay
Fi—Fy+F3—Fi+- 4 ()" E, = (=1)""F,_, + 1.

Bai toan 1.38. Ching minh rang

FP v F}+- -+ F2=F,F,.

Giéi T sz = Fk(Fk—l—l — Fk—l) = Fka—l—l — Fk_le, suy ra

Fl=IF.F
F} = Fy— FL.F,

ngFnFn—l—l_Fn—an
Lan luot cong theo vé cac dang thic trén, ta dudc

FP+F+- -+ F*=F,F,.
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Chuong 2

Ham chuyén do6i mot s6 day so dac
biét

Truée hét, ta nhac lai mot s6 ddc trung ham ctia ham s6 so cap:

1. Ham bac nhat. f(z) = ax + b (véi a # 0,b # 0) c6 tinh chat

y € R.

f<:r;y) _ f(fv);f(y)7 vz,

[\)

. Ham tuyén tinh. f(x) = ax (v6i a # 0) c6 tinh chat

fx+y) = f(x) + fy), Vo,y € R.
3. Ham mi. f(x) = a® (v6i 0 < a # 1) c6 tinh chat

fx+y) = f(x).f(y), Yo,y € R.

4. Ham logarit. f(z) = log, |z], (0 < a # 1) c6 tinh chat

flxy) = f(x) + fy), Yo,y € R\ {0}
5. Ham bac hai. f(z) = ax? (v6i a # 0) c6 tinh chat

f@+y)+ fle—y) =2f(z) +2f(y), Vz,y €R

6. Ham luy thita. f(z) = |2|” c¢6 tinh chat

flzy) = f(x)f(y), Vz,y € R\ {0}
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2.1 Ham chuyén tiép cac cap so

2.1.1 Ham bao toan cac cap so

Bai toan 2.1. Cho ham s6 f(x) zdc dinh trén tap R théa man dieu kién:

f<x;ry) _ @) ;r fy)

Chaing minh ring ham so f(x) chuyén doi moi cap s6 cong thanh cip so cong, tic la

, Ve,y € R.

néu {u,} la mot cap s6 cong thy w, = f(u,) lap thanh mot cap so6 cong.

Giai. Gia st {u,} 1a mot cap s6 cong. Ta c6

o Um+1 + Um—1

Uy = #, Vm € N*.
bat w,, = f(um), Ym € N*. Suy ra
o o Um+1 + Um—1
W = flun) = f(FHT)
_ Sumga) + f(um-1)
2
o Wm+1 + Wm—1
B 2

Do d6 w, = f(u,), Vn € N* 1ap thanh mot cap s6 cong.

Vay ham s6 f(z) chuyén doi moi cap s6 cong thanh cap s6 cong.
Bai toan 2.2. Cho ham s6 f(x) zdc dinh trén tap RT théa man dieu kién:

fWry) =/ f(x)f(y).

Chaing minh ring ham sé f(x) chuyén doi moi cip s6 nhan thanh cap so6 nhan.

Giai. Gia st {u,} 12 mot cap s6 nhan duong véi cong boi ¢ > 0. Ta c6

U, = /U2, = \fUm—1Um1, VM € N7,
bat w,, = f(um), Ym € N*. Suy ra
W = Fltn) = F( i), ¥, € N
=V f (1) f (1)
— BT

Do d6 w,, 1a mot cap s6 nhan, véi moi m € N*.

Vay ham s6 f(z) chuyén déi moi cap s6 nhan thanh cap s6 nhan.



29

Bai toan 2.3. Cho ham sé f(z) zdc dinh va lién tuc trén tap R\{0} théa man diéu
kién:
2 2
1= 1

:y) T@ T Tw

Chaing minh ring ham s6 f(z) chuyén doi moi cip so diéu hod thanh cip sé diéu hod.

Giai. Gia st {u,,} 12 mot cap so diéu hoa. Ta c6

2
Um = ﬁ,‘v’m e N*

Um—1 Um+1

bat w,, = f(um), Ym € N*.

Suy ra
2
W = f(um) =f 1 1
Um—1 Um+1
B 2 B 2
o 1 1 1 1

_I_
.f(um—l) .f(um—l—l) Wm—1 Wm+1
Do d6 w,, 1a mot cap s6 diéu hoa, véi moi m € N*.

Vay ham s6 f(z) chuyén doi moi cap s6 dicu hoa thanh cap sb diéu hoa.

2.1.2 Ham chuyén do6i cac cap so

Bai toan 2.4. Cho ham so f(x) xdc dinh trén tap R théa man dieu kién:

f<IJ2ry) =V f(@)f(y), Va,y € R.

Chaing minh ring ham sé f(x) chuyén doi moi cip so cong thanh cap so6 nhan.

Giai. Gia st {u,} 1a mot cap s6 cong. Ta c6
" — Um+1 + Um—1
" 2
bat w,, = f(um), Ym € N*.
Suy ra

, Vm € N*.

Um4+1 + um_l)

W = Flum) = f(=
= \/f(um+1)f(um—1) = VWm+1Wm—1-
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Do d6 w, = f(u,), Yn € N* 1ap thanh mot cap s6 nhan.

Vay ham s6 f(z) chuyén déi moi cap s6 cong thanh cap s6 nhan.

Bai toan 2.5. Cho ham s6 f(x) xdc dinh trén tap R théa man dieu kién:

r+y\  2f(x)f(y)
H57) = ey s 16 Yooy € B #0,7(0) #0,/(2) + fly) £ 0

Chaing minh ring ham sé f(x) chuyén doi moi cip s6 cong thanh cap so diéu hoa.

Giai. Gia st {u,} 1a mot cap s6 cong. Ta c6

U —+ Uppy—
um:W,VmEN*.

bat w,, = f(um), Ym € N*. Suy ra

Um4+1 + um_l)

Wi = flun) = F(F5

_ 2f(um+1)f(um—1) _ 2Wyn 41 Win—1
fumir) + f(ume1 Wing1 + W1

Do d6 w,, 1& mot cap s6 diéu hoa.

Vay ham s6 f(z) chuyén déi moi cap s6 cong thanh cap s6 dicu hoa.
Bai toan 2.6. Cho ham so f(x) théa man dieu kién:

2/ (=) f(y)
f(@) + f(y)

Chaing minh ring ham so f(x) chuyén doi moi cip s6 nhan thanh cap so diéu hoa.

, Vo,y € R,

f(Vzy) =

Giai. Gia st {u,} 12 mot cap s6 nhan duong véi cong boi ¢ > 0. Ta c6

U, = /U2, = /Um—1Um+1, VM € N*.
bat w, = f(um), Ym € N*. Suy ra:
Wi = f(Um) = f(/Um—1Um+1)

_ 2f(um—1)f(um+1) _ 2Wpn—1Wint1
fum—1) + f(Ums1) W1 + Wi

Do d6 w,, 1a mot cap s6 diéu hoa, véi moi m € N*.

Vay ham s6 f(z) chuyén déi moi cap s6 nhan thanh cap s6 diéu hoa.
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Bai toan 2.7. Cho ham so f(x) lién tuc trén R va théa man dieu kiéen

f(Vry) = M, Vr,y € RT.

Chaing minh ring ham so f(x) chuyén doi moi cip s6 nhan thanh cap so cong.

Giai. Gia st {u,} 12 mot cap so6 nhan duong véi cong boi ¢ > 0. Ta c6

*
U, = /U2, = /Um—1Um+1, VM € N*.

bat w,, = f(um), Ym € N*. Suy ra:

Wi = f(Um) = f(\/ Up—1Um 1)

_ f(um—l) + f(um+1) _ Wm—1 + Wmit1
2 2 '

Do d6 w,, 1a mot cap sé cong, véi moi m € N*.
Vay ham s6 f(z) chuyén déi moi cap s6 nhan thanh cap sé cong.

Bai toan 2.8. Cho ham sé f(z) zdc dinh va lién tuc trén tap R\{0} théa man diéu

kién:

Chaing minh ring ham so f(x) chuyén doi moi cip s6 dieu hoda thanh cap sé cong.
Giai. Gia st {u,,} 12 mot cap so diéu hoa. Ta c6

2
um:ﬁ,‘v’mEN*.

Um—1 Um+1
Dat wy, = f(um), Vm € N,
Suy ra

2
Wi = ) = f | 4
_I_
Um—1 Um+1
fum—1) + f(tmi1)
2
Wm—1 + Wm+1

2

Do d6 w,, 1a mot cap sé cong, véi moi m € N*.

Vay ham s6 f(z) chuyén déi moi cap s6 dicu hoa thanh cap s6 cong.
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Bai toan 2.9. Cho ham so6 f(x) xdc dinh va lién tuc trén tap R\{0} théa man dieu
kién:

o | = V@)

Ty

Chaing minh ring ham so f(x) chuyén doi moi cip s6 dieu hoda thanh cap s6 nhan.

Giai. Gia st {u,,} 12 mot cap so diéu hoa. Ta c6

2
Um = ﬁ,Vm e N*

Um—1 Um+1
bat w,, = f(um), Ym € N*.
Suy ra

W = flun) = f |

Um—1 Um+1

= /[ (tm—1)-f (1)
= /W W1

Do d6 w,, 1& mot cap s6 nhan, v6i moi m € N*.

Vay ham s6 f(z) chuyén déi moi cap s6 dic¢u hoa thanh cap sé nhan.

2.2 Day sinh béi mot sé6 ham s6 so cap

2.2.1 Day sinh bdi nhi thitc bac nhét

Bai toan 2.10. Cho xy = a. Tim ddy s6 {x,} xdc dinh bdi
Tnt+1 = ApTn + bn;

trong do a, # 0 vdi moin € N.

Giai. Dat

n—1
Tpn = Yn H ag. (2.1)
k=1
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a
Khi d6 ta ¢c6 y; = — va

aop b
Ynt1 — Yn = — . . (22)
IT ax
k=0
Tit ding thitc (2.2), ta c6
n—1 n—1
bk a bk
=1 [ a; W T,

=0 =

~
[en]

Vay, ta co

n—1 n—1

=+ ) e

k=1 [ a; k=0
i=0

Bai toan 2.11. Cho zy = a va day {b,} xdc dinh bdi by, = e*.(e — 1), k € N. Tim
day so {x,} biét ring

Tpt1 = (—1)"zp + by, n €N,
Giai. Dit z, = (=1)"ly,. Tu déng thic z,,1 = (=1)"zp, + by, ta co

LTn4+1 — (_1)nxn =bp © Yns1 — Yn = (_1)_nbn'

n k
Suy ra y, = yo+ Y. (—1) bi. Vay ta co
k=1

Ty = (a n (—1)kbk)(—1)k‘1

1

3
—

e
Il

2.2.2 Day sinh béi tam thitc bac hai

Bai toan 2.12. Cho g(n) > 0,Vn € N, va 1 = a > 0. Xdc dinh day s6 {x,}, biét
ring

T = g(n)zk, n e N*.

k
n?

Giai. Tu cong thiic x,1 = g(n)z®, suy ra z,, > 0, v6i moi n € N. Lay loga co s6 tu
nhién hai vé, ta c6

Inz,1 =Ing(n)+ klnzx,

bat y, = Inxz,, ta co

Ynt1 = kyn +Ing(n).
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Dt vy, = k" tu,, tit cong thic trén suy ra

k:"un:k:"un_l—l—lng(n)@un:un_l%—mg#.
Do vay
1_I_Zlng _ _I_Zlng .
Suy ra
g = k" (ma +Zlng )
va

n—1 .
gt <1na+ > —1"9.(1))
T, =c¢€ =

n

Bai toan 2.13. Cho xy = a > 0. Tim ddy so {x,} zdc dinh bdi
Tntl = alfw

trong do a # 0.

Giai. Dat y, = ax,. Theo gia thiét
Tpi = az?.

Suy ra

a
L _ 2n71 1
Do dé y, =y{ ,suy ra z, = >.(ax,

Vay z, = aznfl_l(a)znfl.

Bai toan 2.14. Cho xy = a > 0. Tim ddy so {z,} zdc dinh bdi
Tpt1 = anzfl, n =2,

trong dé a, la cap s6 nhan vdi cong boi g # 0, a, # 0, Vn € N,

Giai. Ta lap day {y,}
Yp = ApTn.
Theo gia thiét, ta c6

1 1

_ 2
. Ynt1 = . (yn) .

2
Tpt1 = A, &
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Suy ra
2
Yn+1 = qY,-
Do do6
_on_1 on—l
Yn+1 = ¢ 'yl
Vay nén
1 1 on_1 2n71
Tpt1 = ——Ynpt1 = q -
Ap+1 Ap+1
2n71 aznfl
1 on—1 _on—1 U on—1 _on—1
= ——q X7 = —q QY .
Ap+1 Ap+1

2.2.3 Day sinh béi ham phan tuyén tinh

Xét ham s6

ar+b
=—— ad—bc#N0.
f($) Cl"l‘d’ ?é
Bai toan 2.15. Cho «, 3 la cdc s6 thuc duong. v, = a > —é. Xdc dinh day s6 {x,}
«@
biét
1 5
Tpp] = ————— — —.
1 ar, + 0 «
Giai. Tu cong thic x,,q = ﬁ — —,suyrax, >0véimoin €N va
n «
« «
l=— -0 arp + 0= ——.
ATn+1 az, + 0 B 1+ 0 oz, + B

bat y, = azx, + (, ti cong thiic trén suy ra

Yn+1 = QYp.

Vay nén

Yn ="y

aa+ "B -3
- )

Bai toan 2.16. Cho day so6 {x,} zdc dinh nhu sau

n =

Tn,
220+ Dan + 17

2
T = 3 Tpy1 = € N.

Tinh tong
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Giai. Theo cong thic xac dinh day, suyrax, > 0véimoin=1,2,.... bat y, = —

Tu cong thitc truy hoi

2 Tn

= = n = 9 EN.
Ty T o D, 1

3
Suy ra
Y1 =3, Ynt1 =VYn+42n+1), n=1,2,...
Do d6 y1 =3 va y, = (2n+ 1)(2n — 1). Nhu vay

2 2 1 1
:L‘n: = = —_ .
Yo (2n+1)2n—-1) 2n—1 2n+1

Vay nén

2008 2008

S:;xizz<2¢1—1_2¢1+1)

=1
1 4016
4017 4017

3 P PN
Bai toan 2.17. Choz1 =a > —5 Xac dinh day so {x,} biet rang

1 3
Tpp] = ————— — —.
o, +3 2
- . 1 3 . .
Giai. Tu cong thic 2,1 = ——— — —, suy ra x, > 0 v6i moi n € N va
20, +3 2
2 3& 2 +3 2
Tl 2x, +3 1 2x, + 3

bat y, = 2x,, + 3, tit cong thic trén suy ra

Yn+1 = 2yn
Vay nén
Yo = 2"y
va
2q + 2713 -3
T, = 5 .

Bai toan 2.18. Tim {z,}, biét rang x1 =a > 0 va

Tn

T i, 43

n
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Giai. Theo cach xac dinh day suy ra x,, > 0 v6i moi n € N . Dit i = y,. T cong
thuc

Tn
Tyt = .
T 4z, + 3

Suy ra

Yni1l = 3Yn + 4.
Vay nén

yn — 3n—1y1 _I_ 2(3n—1 _ 1)

va

a
= (2a + 1)3"1 — 2a

Bai toan 2.19. Cho «, 3 la cic s6 duong. Tim {x,}, biét rang x; = a > 0 va

Tn

€ = .
n+1 Oél’n‘l‘ﬁ

1
Giai. Theo cach xac dinh day, suy ra x, > 0 v6i moi n € N . bat — = y,,. Tt cong

n

thtc
Tn
Tpyl = ———,
T ax, + I}
suy ra
Ynt1 = BYn + .
Vay nén
. Q ﬁn—l _ 1
va

2a
(aa+2)f7 1 — aar’

Bai toan 2.20. Cho day s6 {x,} zdc dinh nhu sau

o = 1996
T

1+ =z,

Tpyl = >0,n=0,1,2,...

Chatng minh ring [z,] = 1996 — n vdi 0 < n < 999, trong dé [v,|dé chi phan nguyén

cla Ty,
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x2 T

“Tra = Tra > 0 Suy ra day {z,} la day s6 giam.

Giai. Tacoéx, —x,01 = 2,

Ta co

Ty = o+ (21— 20) + (12 — 21) + - + (0 — Tn1)
xo X1 Tn—1

= 1996 — — +r
1+29 142 14z,
1 1 1
=1996 — n + + +o
1+2y 142 14+ 2,1
> 1996 — n.

Mt khac ta ¢6 day {z,} 1a day don diéu gidm, nén
1 1

2 = 1996 — n + + TR S
14z 1+ 24 1+ 2,-1

< 1996 —
h n 1+$n—1

n
<1996 —n4+ —
"t 1908 —n

<1996 —n+1,(0 < n < 999).

Suy ra 1996 —n < x, < 1996 — n + 1.
Vay nén [z,] = 1996 —n .

Bai toan 2.21. Cho day s6 {x,} zdc dinh nhu sau

To = K
22
n = - >0, :0,1,2,...
Tn+1 1 T, n
2, . > 4 * K _I_ 2 ¢ 2 2 2
Chitng minh rang [x,) = K —n vdi 0 < n < — |’ trong do [x,| dé chi phan
nguyén cua x,.
Giai. Ta co
2 T
Ty — Tpt1 = Tp > 0.

1 + x, B 1+ 2z,
Suy ra day {z,} 1a day s6 giam.
Ta c6

Ty = o+ (21— 20) + (12 — 21) + - + (0 — Tn1)
xo X1 Tn—1

T R v
1 1 1
=K—-n+ + +o
1429 142 14z,

> K —n.
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Mt khac, ta ¢6 day {z,} 1a day don diéu giam, nén

1

1 1
K — e
. R O e R
<SK-nt—"
h n+1+$n—1
n
< K — _

K+2
<K—n+L0<n<{j;ﬂ.

Suyra K —n<z,<K-—-n+1.

Vay nén [z,] = K —n.

Bai toan 2.22. Cho day s6 {x,} dugc xdc dinh nhu sau:

1’121’2:1

z2 42

Tyl =
n—1

Chitng minh rang moi s6 hang cia day la s6 nguyén.

Nhan xét 2.1. Theo cong thic (2.3) ta co :

Tpa1Th—1 = :Ei +2,k=2,3,...

1’3:3
41’2—1’1:3

41’2 — T1 = X3

Bdng quy nap ta ching minh rang

A, =4x, —Tp1,n=23,...

That vay, khi n = 2 theo cong thic (2.5), ta co:
41’2 — T1 = X3
Gié st (2.3) ding khi n = k, k > 2,k € N. Khi d6 ta c¢6

Tpyr = 4T — Tp—y

,n=223,...

(2.3)

(2.4)
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Ta can chiing minh (2.3) dang khi n = k + 1. Ttc la ta can chitng minh

Tpyo = 4Ty — Ty,

Ta c6
2
Ty T2
Tkt = —
Tk
~ (Aap —xp1)? + 2
Tk
drpxp_1 — T8 | — 2
=41 —
Tk
Tp—1(dx — xp—1 — 2)
=41 —
Tk
T 1Tpy1 — 2
=A4rp,, — —MmM—

Tk

_ -2
= A — ap, (do (2.4) ; TR T2

=x
Tk k)
Vay theo nguyén 1y quy nap, ta cé
Tht2 = 4Tpi1 — Ty
Mit khéc, ta ¢6 21 = 29 = 1 1a cac sO nguyén nén z,, nguyén véi moi n € N.

Bai toan 2.23. Xdc dinh so hang tong qudt cia day s6 {x,} thod man

Py +q
rT, + S’

neN, (2.6)

To=a, Tpt1 =

trong dé p,q,r,s € R la cdc s6 cho trude.
Giai. Gia st u,, v, 1a nghiém thod man diéu kién

(2.7)

Up+1 = Py + qUp, Ug = Q
Unt1 = TlUp + SUp, Vo = 1

thi z, = U a nghiém ctia (2.6). That vay, ta chitng minh béng quy nap nhu sau:
Uo
Tog = — = Q.
Vo

Gia sit 2, = ™ 1a nghiem cia (2.6). Khi d6
Un

Up,
Unt1 _ Pl + qUn :pEJrq_m‘nJrq

Upt1 TUyp + SUp Tzﬁ +s T, + S
Un

T+l =
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ciing 1a nghiém cua (2.6).
Ta giai he (2.7). Trong (2.7) thay n bdi n+ 1, ta c6

Tpi2 = PUpi1 + qUnia
= PUny1 + q(TUng1 + SUnt1 = PUnia + qrin + S.qYn

= PUnp+1 + qruy, + s(un—l—l - pun)
Suy ra
Uni2 = (P + 8)tnt1 + (ps — qr)un, =0

Trong d6 u; = a,us = pa + ¢b. Nhu vay ta dugc phuong trinh
up = a,uz = pa—+ qb, Upio — (p+ 8)ups1 + (ps — qriu, =0,n > 2

Giai phuong trinh ta tim dugc u,, thé vao (2.7) ta tim dugce v,. Tt d6 ta tim dugce

Z 2 , o ~ un
so hang tong quat cua day xz, = —

2.2.4 Day sinh bdi ham sb ludng giac

Ta nhac lai mot s6 két qua thuong dung:
sin? a + cos®> a = 1,
V1—cos?a=sina,0 <a <,

1
Viteot’a=——0<a<m

Sl &

cos2a =2cos’a —1=1—2sin?a = cos’ a — sin? «,

tana + tanb

t p)= — - 7
an(a +b) 1 —tanatanb’
tana — tan b
t )= 7
an(a —b) 1+ tanatanb’
' T
sine < x <tanz, Vo € [0; 5},
9 1
1 + tan = —
cos? «
9 1
1+ cot"a =

sin? o
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Bai toan 2.24. Cho day so {x,} dugc xdc dinh bdi

To=a

Tpt1 = Tp +sinz,,n=0,1,2,...

Chaing minh rdng vdi moi so thuc a day {x,} c¢6é gidi han hitu han khi n — +oo.

Giai.
Truong hop 1. V6i a = kn, k € Z. Khi do6 tir cong thiic xac dinh day suy ra z,, = a
v6i moi n. Do d6 day da cho c¢6 gidi han hitu han khi n — 400, va

lim z, = a

Truong hop 2. Véi a # kr, k € Z. Xét ham s6
f(z) =z +sinz,z € R.

Khi d6 day =z, dugc viét lai 9 = a va 2,11 = f(x,) v6i moi n € N. Ta c¢6 f'(z) =
1+ cosx > 0, Vo € R. Suy ra f(z) dong bién tren R va do d6 day z,, 1a don dieu. Ta
xét cac kha nang sau

i. Néu a € (2km; (2k + 1)) , k € Z thi ssina > 0 nén x,, 13 day don diéu tang. Bang
quy nap ta ching minh duge x,, € (2km; (2k + 1)m), n € N. That vay v6i n = 0 thi
1o € (2km; (2k +1)m) , (hién nhién). Gia stt ménh dé ding khi n = m, ta chiitng minh
ménh dé dung khi n = m + 1. Do ham s6 f(z) dong bién trén R nén

2kt = f(2km) < f(zm) = Tmyr < f(2E+1)m) = (2k+ )7

Theo nguyén 1y quy nap ta c6 x, € (2k7m; (2k + 1)7), n € N. Do d6, z,, la day don
diéu tang va bi chin trén nén day c6 giéi han khi n — +oo.

ii. Néu a € ((2k — 1)m;2k7), k € Z, tuong tu truong hop i. bang quy nap ta ching
minh duge z, € ((2k — 1)m; 2k7), n € N, va la day don diéu giam. Do d6 day da cho

la don diéu giam va bi chan duéi nén day da cho c¢6 giéi han hitu han khi n — +oc.
Bai toan 2.25. Cho day so6 {x,} théa man dieu kién:
o = 1,1’1000 = 0,l’n+1 = 21’11’n — Tp-1, Vn € N*.

Tinh téng L1999 + T1.
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Giai. Ta chiing minh |z;| < 1 bing phan chiing.
Gia st |x1] > 1. Ta ¢6 |x3| = |22121 — 20| = 202 — 1| > |z1| . Bang quy nap ta chiing

minh dudc rang :

|[Tpt1] = (22120 — T | 2 [22120] — [Tp-1] 2 2|@0] — [2p-1] 2 20|, VR € N".
Nhu vay |z, = [2n_1| = - 2 |20] = L.

Khin = 1000, ta co |a1000| 2 1vo 157
Do d6 |z1] < 1. Dat x; = cos g, khi d6 ta c6 :

Ty = 217 — 1 = cos 2.
T3 = 20129 — T1 = 2€08 Y cos 2p — cos @ = 4cos® ¢ — 3cos v = cos 3.
Tp = COSTP.

Theo gié thiét, ta c6 cos 1000 = 0, suy ra 1000p = 5 + k7, k € Z.
Do dé khi n = 1999, ta c6

T1999 = €08 1999¢ = cos(2000¢ — @) = cos(m + k27 — @) = —cosp = —x;.

Suy ra X999 + 1 = 0.

Vay nén xigg9 + r1 = 0.

2.3 Mot sbé bai toan ap dung

Bai toan 2.26. Cho u,v,w € Z thod man diéu kién u*> = v+ 1. Day so {x,} dugc

zdc dinh nhu sau

1’0:0

Tpp1 = UL, + /022 +w?n=0,1,2,...

Chitng minh rang moi s6 hang cia day so trén déu la cdc s6 nguyén.
Giai. Tu gia thiét, ta co

Tp1 — ULy = /022 + w? > 0.
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Suy ra

(Tpy1 — ury)? = va? + w?,

2 2.2 2 2

Ty — 2Ty Ty + U2, =0T, +w
2 2 2
n

& (¥ —0)2og — 2uTy Ty +utal = (u¥ — Dl +w’

2 2.2 2 2
ST, — 2UTpThq1 UL, = v, +w

Theo gia thiét, ta c6

2 2 2
VT, g+ W = (Tngo — UTpgr)”

Do vay
22— Ty + UTE L = (Tpye — UTnt)”
Suy ra
Tpt2 — UTp4+1 = |£En - U»’En+1| .
Ta c6

zg =0,

T = uzo + \/vrd +w? = |w| € Z.
Vay moi s6 hang ctia day 1a s6 nguyen.
Bai toan 2.27. Cho day so6 {x,} dang

Tp1 =2" —3x,, n=0,1,2,...

Xdc dinh gid tri clia o sao cho day s6 {x,} la day tang.

Giai. Theo cach xac dinh day s6 {x,}, ta c6

Tpi1 = 2" — 3z,
=2" —3(2" ! —32,1)
—on_392n 1 3%

e Y (R L B A=

3 3 3k 3n
=2" <1 —=+=+---+ (—1)"f — et (_1)n_) + (_1)n+1‘3n+1‘$0

2 22 "2k AL
2n+1 <1 B (_1)n+1‘3n+1)
n—+1
_ - 2"t +(=1)"13"
2n+1 -1 n+2‘3n+1
— + ( ) + (_1)n+1‘3n+1‘l’0‘

5 5
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Suy ra

dn—l—l = Tn+1 — Tn
2n+1 -1 n+2‘3n+1 _ )
=+ (=1) - I L o PO 2 S () L LN
2" —1)"+2.4.3"
=5 + —( ) - + (—=1)"4.3" 2

2n 3n
:3-1+4cqwﬂiﬂ1—mm

Néu 1 — 5ug > 0 thi d,,.1 < 0 khi n 1é du 16n.
Néu 1 — b5ug < 0 thi d,,.1 < 0 khi n chan du lén.
Suy ra khi 1 — 5ug # 0 thi day {x,} khong phéai 1a day tang.

Khi 29 = = ta ¢6 dpy = 5> 0, Vn € N. Do d6 day s {x,} 1a diy tang.

Ot Ot =

Vay zg =

Bai toan 2.28. Cho day s6 {x,}, n=1, 2,...xdc dinh nhu sau:

T = 1
+ i
Ty Ty
1 1999

Tim

Giai. Ta co

e oxp o 1999(zpg1 — xp)
Th+1 Tk Th41 Lk Lh+1
1 1
=:1999.(——-— )
Tk Tr+1
Lan luot cho k = 1,2, ..., n trong dang thic trén va thuc hién cong theo vé ta dugc
T T T T
Sn:_1_|__2_|__3_|_..._|_
X2 €3 Tq Tn+1
=:1999(1-— ).
Th+1

Mat khéc ta c6 )

X
n = dn ° > n,v N.
Tpt1l = Tp + 1099 x n e
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Do d6 day {z,} 1a diay don di¢u tdng. Gid st day {z,} bi chin trén thi ton tai gi6i
han hitu han bang a. Khi do, ta c6
lim =z = lim ([L’—l— x%)
n—-4o0o ntl _n—>+oo " 1999 ’
2

hay a = a + 13@ = a =0, (vo ly). Vay day da cho khong bi chin trén. Suy ra

lim u, = o0

n—-—+00
hay
i 1
lim — =0.
n—+00 Up,
Vay nén
lim S, = 1999.
n—-—+00

Bai toan 2.29. Cho day so6 {x,} dugc xdc dinh nhu sau:

T = 2
{Ei + 1999z,

5000 ,n e N,

T+l =

Lap day {S,} zdc dinh theo hé thic:

Tinh

Giai. Tu gia thiét

r2 41999z,
2000
22 — z, + 2000z,
2000
2 -z,

= n > T, V N*.
2000 +x T n e

T+l =

Do d6 day {z,} la day s6 tang. Gia st diy s6 {w,} bi chan trén bdi z. Khi do, tu
x2 41999z,

cong thic x,.1 = 5000

, suy ra

B 22 + 1999
2000
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Diéu nay vo Iy vi 2 = xy < xp, Yk € N, k > 1. Suy ra day {z,} khong bi chin trén,

hay lim z, = +o0.

n—oo

Do do6
1

lim — = 0.
n—oo [L’n
Theo cong thic
x2 + 1999z,

= VeEeN k>1
Tht 2000 Ve
1 1
& = 2000( - ).
T — 1 rp—1  Tpp—1
Lan luot cho k = 2,3,... vao trong dzzmg thic trén va cong theo vé ta c6
- Tk 1 1
g, =S T _ 2000( — )
;xk—l—l_l 1'1—1 [L’n+1—1
1
_ 2000(1 _ 7)
Tn4+1 — 1
Suy ra .
lim S, = lim 2000(1 — 7) — 2000,
n—00 n—00 Tyl — 1
Vay nén
lim S,, = 2000.

Bai toan 2.30. Cho day s6 {x,} wdc dinh bdi

n

+1
n_gn—l—l Z_

Chitng minh rang ¢idi han lim x,, la ton tai, tinh gidi han dé.

Giai. Theo dé bai, ta c¢6

n 42 T 9 n+2 ntl2 n-+2 n4+2
$n+1:2nTZ—.= ot — + = <$n+1).
— i 2<n—|—1) — i (n—l—l) 2<n—|—1)
Suy ra

B (3 (@nn +1)  (n+2) (2 +1)
T2 T T 1 2) 2(n+ 1)

2 _ _ —
_ (0 + 4+ 3)(Tp1 — T0) — T 1’ Vn e N.
2(n+1)(n+2)




48

Mit khac ta c6: x, > 0,Vn € N, 24 — 23 = 0. Suy ra x5 — x5 < 0. Tuong tu, bang
quy nap ta ching minh dugc z,1; —x, <0, Vn € N, suy ra {x,} la day gidm. Do d6
day {x,} c6 gi6i han. Gi st gi6i han ctia day 1a x, khi d6 tir két qua:
n+2
ron = 2 (1),
2 (n + 1)

Suy ra
1
$:§($+1):>:E:1.
Vay lim x, = 1.

Bai toan 2.31. Cho day s6 {x,} zdc dinh bdi:

1’0:1,

Ty = Tp—1 + ,n=23,...

Tp—1

Chitng minh rang 63 < T1996 < TS.

Giai. Theo cach xac dinh day {z,}, ta c¢6

Tp =1Tp_1+ > Tp_1, Vn € N*.

Tn—-1
Vay nén {x,} 1a diy s6 tang, z, > 1, Vn € N*. Mat khéc ta c6

1
v =a_+—5—+2>2_,+2 VneN" (2.8)

n—1

Theo cong thitc xac dinh day:

1
2 Tp—1 2 1=
Tn—1 X

Ty = Tp-1 + s——1<0,VneN.
n—1

Suy ra

2
n

w2 -3=a |+ —1<22 |, ¥Yne N (2.9)

2
n—1

Tu (2.8) va (2.9), suy ra :

2 +2< 22 <22 | +3,Vn e N

n—

Lan lugt cho n = 2,3,..., k trong biéu thic trén ta cé:
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Thuc hién cong k — 1 déng thic trén theo vé va rit gon cac so6 hang dong dang, suy
ra
24 (k-12<a <22+ (k—1)3.

Thay u; = 1 ta dugc:
2k —1 <2} <3k —2.

Suy ra :

V21996 — 1 < 77995 < v/3.1996 — 2.

Vay 63 < T1996 < 78.
Bai toan 2.32. Cho day so6 {x,} zdc dinh bdi:

T =o,a>1

Ty = Tp—1 + ,n=23,...

n—1

N 1
Chitng minh rang Va2 + 2n < x, < % +VvaZ+2n .
o

Giai. Theo cong thic xac dinh day, ta co

1

Tp = Tp_1 + Z Tp_1
Tn—1
va
1
Ty — Tyl = >0
n—1
= ([L’k+1 + [L’k)(l’k+1 — [L’k) > QI’k.I— =2
k
& ziﬂ —ri>2
n—1
= Z (xzﬂ —xi) > 2n
k=0
&2 — a3 > 2n.
Suy ra

Tn > \/22 4 2n. (2.10)
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Mit khac, vi 2o < 1 < 9 < ... nén
1 1
Tyl — Tp = — < —
Tk Zo
<:>[L’k+1—l’k——<21’k
Zo

1
= ([L’k+1 — X — —)([L’k+1 — [L’k) <2
Zo

1
& (ko =3 = — (@ — o) <2

n—1 1 n—1
2 2
= (a: —:17)—— (xk 1—xk)<2n
E E+1 k 70 E +
k=0 =
2 2 1
S un —uy— —(up — up) < 2n
Uo

1 1 1
S Uy < — 4 =4 | — + 4z +2n—1).
u 2x0+2\/u3+ (x5 +2n—1)

1
Do xg=a>1nén — —4 <0, suy ra

2
<2 +/xd+2 (2.11)
Tn — X n. .
21’0 0

)

Tir (2.10) va (2.11), ta c6

1
\V i+ 2n < x, < — + /23 + 2n.
21’0

1
Vay nén vVa? + 2n <z, < % + Va2 4+ 2n.
o

Bai toan 2.33. Cho day s6 {x,} zdc dinh bdi

1
T = §,$n+1 = :Bi +x,, Vn € N*.
Tim phan nguyén cia s6 :
1 1 1

= —I— _l_..._l_i
[L’l‘l‘l [L’Q—l—l 1’2007+1

Giai. Theo cach xac dinh diy ta c6 x, > 0,Z,01 > x,, Vn € N. Tt gia thiét

Tpt1 = {Ei + z, suy ra:

1 Tk 1 1

Tr+1 B p(rg + 1) B Tp  Tha

(2.12)
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Lan lugt thay k= 1,2,...,2007 vao cong thiic (2.12) r6i cong theo vé ta co:
1 1 1
— _l_ _l_ e _l_ -
[L’l‘l‘l [L’g—l—l 1’2007+1

1 1 1 1 1 1
G G ) ()
1 ) ) x3 T2007 Z2008

A

1 1 1
- - =92 < 2, (w2008 > 0).
x1 2008 2008
Mat khac ta co:
1
1’1—5
1+1 3
Tog=—+=-=~—
T 472 4
_9+3_21 1
BT 116

Ma {z,} 1a diy s6 tang, nén wapeg > 3 > 1, suy ra A > 1. Do d6 1<A < 2.

Vay [A] = 1.

Bai toan 2.34. Cho day s6 {x,} wdc dinh bdi

1
Tl = —, Tptl Zwi%—xn, Vne N, 0<a<2
o

1 1 1
[L’l‘l‘l l’g—l—l 1’2007+1

Tim phan nguyén cia s6 : A =

Giai. Theo cach xac dinh diy ta c6 x, > 0,201 > x,, Vn € N. Tt gia thiét
Tpt1 = xfl + z, suy ra:
1 T 1 1

— — 2.13
rr+1  xp(rg+1) (2.13)

I_k B Th+1
Lan lugt thay k= 1,2,...,2007 vao cong thiic (2.13) r6i cong theo vé ta co:
1 1 1
_l_ _l_ e _l_ -
[L’l‘l‘l [L’g—l—l 1’2007+1

1 1 1 1 1 1
G G ) ()
X ) ) x3 T2007 Z2008

< 2, (1’2008 > 0)

A:

1 2008 22008

Matkhécv10<a<2,nén%—|—m%>1. Suy ra

xr1 =

> 1.

1
«

1 1 a+l
Ty=— = =—p
«

« a?
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Ma {z,} la day s6 tdng, nén xages > w2 > 1, suyra A > 1. Do d6 1 < A < 2. Vay
[A] = 1.

Bai toan 2.35. Cho day s6 {x,},n € N, dugc zdc dinh bdi

-1
ro=1,2,=——"— VneN"
3_$n—1

Chaing minh rang {x,} la day don diéu gidm.

Giai. Gia st day da cho c6 giéi han x , thi giéi han x la nghiém ctia phuong trinh

-1 —3++5 —3++56
2

r=g—, tiic o = . Ta chiing minh z,, > — Vn € N bang quy nap.
-z

That vay, khi n = 0,2 = 1 > _?’%‘/5 Gid sit 2y > v = _?’%\/5 Khi 6, ta
co
-1 2 -34+V5
xk+1:3+xk>_3+\/§: 2 ’
Do d6 zj41 > =25, Mt khac
o xfl—l—?):vn—l—l

Tp — The1 = Tk + > 0.

3+zp 3+ x,
Vay {z,} la day don diéu giam.

Bai toan 2.36. Cho day so {x,},n € N* dugc zdc dinh bdi

—a

, Vn € N,

T = Q, Tpgy =
! Ty + cxy,
trong dé, a,b,c € RY, A = b* —4ac > 0, > %Z. Chaing minh rang {x,} la day

don diéu giam.

Giai. Gia sit day da cho ¢6 gidi han z, thi giéi han x 1a nghiém ctia phuong trinh
—a . b+ VA b+ VA
T = ter = —— > — orve
b+ cx 2c 2c
quy nap.
Khin = 1 ménh d& ding vi z; = a > =Y — 4 Gia st menh dé ding khin = k-1,

x*, Vn € N* bang

. Ta chting minh x,, >
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khi d6 ta c6 xp_1 > x4, suy ra

Ty Tpoy < 27
STy Tp1 + bry +a < cx® + bz, +a

SCxy X1+ bry +a <0

Cxy.Tp_1 +bxr+a
b + crp_q

+ 2z, <0

<0

- a
bx +a
ST <
bx +c

ST < T

Do d6 x,, > z,¥n € N*. Ta chiing minh day {z,} la mot day don diéu giam.That vay:

a cr® 4+ bz, +a
Tp — Tp4+1 = Tn — -
b+ cx, b+ cx,

Do z,, > w, v6i z, 1a nghiém 16n ctia tam thiic f(r) = cz®+bx+a, nén cx?+br.+a > 0,

do do6

cxr? +br, +a
I"_I"“:MT>O

Vay {z,} la mot day don diéu giam.
Bai toan 2.37. Cho day so thuc a;,i = 1,2,...,2000 théa man:
3, 3, 3 3 2
a; +ay,+az+---+a, = <a1+a2+---+an)

Chitng minh rang moi phan ti cia day la mot s6 nguyén.

n n+1 2
Giai. Ta ching minh duge rang néu a;,7 = 1,2,...,n théa man > ad = (Z ai)
i=1 i=1
thi a,,1 chi c6 thé 1a mot trong cac gia tri n+1 hodc - n hodc 0. That vay tit gia thiét
n+1

n 2
Za‘?:(Z ai) ta c6
i=1

i=1

n n 9
3 -3 .
Api1 + Z 1= (an—i—l + Z 'l)

i=1 =1

n(” . 1) ( y Z) & apy1(anir — n)fans1 — (n+1)] =0

2
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Suy ra a,+1; = 0 hoac a,+1 = n hodc a1 =n+ 1.

Ta chitng minh ring néu cic s6 a;, 7 = 1,2, ...,2000 thda man tinh chat
3, .3, 3 3 2
a1+a2+a3+---+an=<a1+a2+---+an) (2.14)

thi a, 14 cac s6 nguyen. That vay, khi k=1, ta c6 a; € {0,1}, do d6 (2.14) diung khi
n = 1. Gia sit (2.14) ding khi n = k, ta chiing minh (2.14) dang khi n = k+1.

Truong hop 1 néu c¢6 i € {1,2,...,k + 1} sao cho a; = 0, ta bd a; trong day
ai,as, ..., a a1, khi d6 day da cho con lai k phan tt thoa méan gid thiét quy nap,

do d6, mdi phan t ctia day déu 1a s6 nguyén. Vay ai, as, . . ., G, ap1 12 sd cic nguyén.

Truong hop 2 néu c6 i € {1,2,...,k+ 1} sao cho a;, 1 = —a;.

Khi k£ > 2, do (2.14) va a;11 = —a; 1a cac s6 nguyén. Ta bd di a;11, —a; trong day
ai,as, ..., ap1, ta dude day c6 k—1 phan tit thoa mén gia thiét quy nap, nén mdi phan
t1t con lai ciia day déu 1a céc s6 nguyén. Nhu viy, tat ca cac phan t a1, as, . . ., Gyt

déu la cac s6 nguyen.
Truong hop 3 néu véi mdi @ < k + 1 ta déu ¢6 a; # 0,a; # —a;_1. Do
2
ai +ay+aj+--+al= <a1+a2+---+an)

suy ra a; = 4,1 € {1,2,...,k+ 1}. Nhu vay tat ca cdc phan tit a1, as, . .., a1 déu 1a

cac sO nguyen.

Bai toan 2.38. Cho day s6 {x,} dugc xdc dinh bdi 11y = 0,25 =1 va

-1
Ty = gZEn—1 + %l’n—2 + (—1)n<1 - g)ﬂl > 3,n €N
Chitng minh rang :
| n!  n! W
l’n:n.—ﬂ—l-a‘l'""l'(—l) E

Giai. Ta ching minh z, = (=1)" + nz,_1, ¥n € N,n > 2 bang quy nap. Khi n
=2 tacoxy =1+ 22, = 1. Gid st ménh dé ding khi n = k — 1 khi d6 xp_ =
(—=1)* + (k — 1)z_o. Ta chting minh ménh dé dang khi n = k. Ta c6

k k(k—1 k
Tk = STk-1 F %fk—2 + (—1)k<1 - 5)
1 1
= (=1 + ghaio + gk (D 4 (k= Dapoo]

1 1
= (-1)"+ §k‘CEk—1 + §k‘£€k—1 = (—=1)* + kxjy
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Suy ra z, = (—1)" + nx,_1, Vn € N,n > 2. Vay
n!  nl n!
Tp=nl— =+ 54+ (-1)"—
! n!
Bai toan 2.39. Cho day so6 {x,} zdc dinh bdi xg = 1,11 = 2 va

Ln-l Vn > 1

T

Chitng minh rang 52 < x1371 < 65.

Giai. Ta ching minh 2,1 = z, + i,‘v’n € N, v6i oy = lbang quy nap. Khi
n=1x =1+ % = 2, ménh dé ding. Gia st ménh dé ding khi n = k — 1 khi d6 ta

-

CcO

N Y e SN S B

Tk—1 1+ (2p-1)?
Do d6 zpi1 = xp + ﬁ, Vk € N, diéu phai chiing minh. Theo cach xac dinh day ta c6
Tp,>0,VneN, vax, 1 =z, + i > Z,, Yn € N nén {z,} la day don diéu tang.
Tacéxn+1:zn—l—i>x0:1,‘v’n€N. Dodéiélv@imoin
Mat khac

2o +2<ai =02 42+ <x2  +3,Yn>1

Tp?
Suy ra

Top1 SAVT2+3<V3n+2+3=1/3(n+1)+2

T > V22 +22>2V2n +14+2=+/2(n+1) +1
T hai két qua trén suy ra
2n+ 1)+ 1 >z =2 V/3(n+1)+2

Khi n = 1370, ta c¢6
52 < V2743 < w1371 < V4115 < 65

Vay 52 < x1371 < 65.

Bai toan 2.40. Cho day so6 {x,} la day cdc sé nguyén duong théa man

2 2 2 2
2 Ty | Ty | T3 T
$n+1>ﬁ+§+§+“'+n—g-

Chitng minh rang ton tai so tu nhién K sao cho

i Tt _ 1993
1+ To+ -+ xp 1000

n=1
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Giai. Theo dé ra ta ¢6

(P4 22+ +n’)(22,)
2 2 2

2

T T T T
2(13+23+---+n3)<—1+—2+—3+---+n—g)

323 33

> (21 + 20+ - +2,)%, (Cauchy — Schwartz)

Do do6
2, - 1 B 2
(T1+ 324 Fan)? B4+2+- 40 [n(n+1
Suy ra
Tn41 > 2
Ti+ T+t x,  nn+1)
nzll’l—l-l’z—l- -—l—l’n/n:1n<n+1)
K
1
=2
;n(n—l—l)
K
1 1
_9 <__
; n n+1
_ (1 1 )_ 2K
N K+1/ K+1
Vay
i Tt L 2(999) _ 1998 1993
T+ To4 - Fx,  9994+1 1000 ~ 1000

Bai toan 2.41. Cho day s6 {x,}, xdc dinh bdi

ro=1, Tpy1 =2, +—; n=0,1,2,..

Tn

Chitng minh rang vdi moi s6 nguyén duong m, ta cé

1
ZI—<

m
4
k=0 "k

(SN

Giai. Ta chitng minh bang quy nap. Khi m = 1,2, = 2 ta ¢6

1+1_1+1<7
wd w716 6

il
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Gia st

@I\I

> e

k=0

)
w»H

N e 1
Ta can ching minh Z % %. Ta c6 22, = (z, + 517_)2 > 22 + 2, nhu vay
k=0 n

2> 42> 422> >a1+2.(n—1)>2=2n+2.

Suy ra
1 1 1

1 1 1
= _ — 2.1
S k22 S 2k D2k +3) > Gt 95 13) (2.15)

Lan luot thay k= 2,3...,m vao trong (2.15) va thyc hién cong theo vé ta dugc

L T S
x 79 2m+1 2m+3/°

1
k=0 "k
Do dé .
p- é 25 2m + 3 16 10 6
mo] 7
Vay theo nguyén 1y quy nap suy ra >, — < =
=0 Ty 6

Bai toan 2.42. Cho day s6 {x,}, va {y,} zdc dinh bdi

21 = 2005; y; = 2007

Tl + Yn-1 2T 1Y-1
By = e Iy = I =23,
2 Tn—1 + Yn-1

N 22"
Ching minh rang T,11 — Yni1 < o

Giai. Do x1,y; > 0 va theo cong thiic xac dinh day, ta c6

Tn > 0,9y, >0, Vn € N*.

Xét hiéu
+1 = Yn+1 5 Tt Un 2($n n yn)
Do d6 zp41 > yYnt1, VR € N*. Ta c6 0 < In " Yn 1, Vn € N*. Suy ra
2($n + yn)
2
Tn — Yn %
l’n+1_yn+1:w<l’n_yn, VTLEN

2($n + yn)
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Do vay
Tptl = Yntl < Tp —Yn < Tp-1 — Yn-1 < - < T2 — Y2
2
— 1
_ @—w)® <1
2(x1+v1) 2006

on on
Mit khéc, ta ¢ o >1= Tpi1 — Yng1 < o Déu bang xay ra khi n = 0.

Bai toan 2.43. Cho day so6 {x,}, va {y,} zdc dinh bdi

r1=a,a >0
y1:ﬁ> /8>0a 0<Oé—ﬁ<2
_ Tpa F Y1 20p1Yy—1

s Yn — ,71:2,3,
2 Y Tn—1 + Yn—1

Tn

Giai. Do x1,y1 > 0 va theo cong thic xac dinh day ta cé

Tn > 0,y, >0, Vn € N*.

Xét hiéu
Ty + Yn 2$nyn (l'n - yn)2
+1 — Yn+1 5 T+ Un 2($n+yn)
P ~ Tn — Yn *
Do d6 xpi1 > Yni1, VR € N*. Tac6 0 < ———— < 1, Vn € N*. Suy ra
2($n ‘l’yn)
(zn _yn)2
n — Yn = < Ty — ny VHEN*
Tn+1 — Yn+1 Q(In+yn) Y
(21 —11)?
Dol0<a—-p<2=——"""<1, vay
B < 2(z1 +y1)
(21— y1)?
Tl = Yntl < Ty —Yn < Tyl — Y1 < - < Tpg—Yo= ——+ <1
2(z1 + 1)

on .
Mat khac ta co o > 1nén o1 — Yoy < 222—n Dau bang xay ra khi n = 0 va

a—fF3=2.

Bai toan 2.44. Cho day s6 {x,} zdc dinh nhu sau

1 2
m= (14 ) (14 5) o (14 ) n=12,.
n n n

Tim gioi han lim (lna:n).

n—oo
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Giai. Ta chitng minh ring véi moi x>0, ta c6 bat dang thiic
22
v =5 < In(1+2) < z. (2.16)

That vay, xét ham s

2
f@) = +2)—a~Z, 2>0.

Taco f'(x) = 25 — 14z = f—jl > 0, Vo > 0. Nhu vay, f(z) 13 ham dong bién khi

x> 0. Do do f(x) > f(0), hay In(1 +x) >z — % Tuong tu, ta chiing minh duge

In(1+2) <z, V=0,
Nhu vay, bat ding thic (2.16) dugc chitng minh.

Ta c6 . )
lna:n:ln<1—|——2)—l—ln(l—l——z)—l—---—l—ln(l—l—%).
n n n

Ap dung bat déng thic (2.16) véi k = 1,2,...,n, ta c6

b K <1 <1+ k) < i
— ——<In — —.
n? 2nt n? n?
Thuc hién cong n vé cac bat ding thic tréen, suy ra
1 1 1
—(1+24+ - 4n)—=—1+24+-+n°)<lnz, < S(1+2+---+n)
n? 2n4 n?
& il — 7(%11)2(5;7“) <Inz, < Zt. Ta co
n+1 (n—|—1)<2n—|—1) n+1 1
I ( - ) = lim 2 =
ntoo \ 2n 12n® nee 2n 2
Nhu vay lim (lna:n) = %

Bai toan 2.45. Chiing minh ring phan nguyén cia (3 +/5)"la s6 1€ vdi moi s6 tu
nhién n
Giai. Cho n la mot sd nguyen duong. Dat

Sp=(34+V5)"+ (3-V5)"

Theo khai trién nhi thic Newton, ta cé:

5 = Z (") [(@)’u (_@)’j _ 2:;0( oY

Theo cong thic khai trién, suy ra S, 1a mot s6 chn v6i moi s6 tu nhien n. Vi
0<3-v5<1lnn0<(3-+v5)"<1SuyraS,—1<(3++5)" < S,. Nhu vay
[(3+5)"| = 50— 112 mot 56 e
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Bai toan 2.46. Cho {x,} xdc dinh bdi xo =1, ,x1 =2 va x,, = Tp_1 + Tp_o. Tinh
gid tri clia tong

o

Z Lon+2
72 2

n=1 n—lxn—l—l

Giai. Nhan xét rang z, = fui2, trong d6 {f,} 1a day Fibonaci. Bang quy nap, ta

Cr )=o)

chiing minh dugc

T d6 suy ra
f2n+4 - fn+2fn+3 + fn+1fn+2 - fn+2(.fn+1 + fn+3) = (.fn+3 - fn—l-l)(.fn—l-l + fn+3) = 72L+3 - 72L—|—1'

Do do6 ) )
Lon+2 _ Jon+a _fn+3_ ntl 1 _ 1

2 2 7 r2 2 - 2 2 r2 2 -
zn—lxn+1 n+1Jn+3 fn—l—l n+3 fn—l—l fn+3

Vay nén

A= Z Lon+2

_ n lxn+1
I (1 L 1 1 1 )
= lm (—=4+— — — —
N—oo \ f3 3 f12v+2 f12v+3
| ( L 1 1 1 )
= lim S
N—oo \ f3 5 [ fRs
o1, 15
5 f 4 4
Bai toan 2.47. Cho day s6 {x,} wdc dinh bdi
1
Ly = n € N*.

nvn+1+n+1)yn
Tinh gid tri cua gidi han

N

1
lim

Nl nvn+ 1+ <n+1)\/_

Giai. Dit
al 1
A= lim > .
Nz ny/n+ 1+ (n + 1)\/5
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Ta c6
1 (k+OVk—kvVEk+1
T — et
T hVERL 4 (k+OWVE B+ 1)k — K2 (k+1)
Gk DWVE-RVEFT 11
B k(k+1) Ve VE+1
Suy ra
al 1
A= lim >
N_’°°n:1n\/n+1+<n+1)\/ﬁ
, 1
:J\}EEOQ_ N+1)_1
Vay nén A = 1.

Bai toan 2.48. Cho day s6 {x,} zdc dinh nhu sau

To =2, Tpi1 =0T, + /2422 —96, n=0,1,2,...
Tim $6 hang tong qudt cia day.
Giai. Ta co

Tpy1 = 5Ty + /2422 — 96 & (Tp11 — B1,)? = 2427 — 96

&zl — 10z,01 2, + 22, + 96 = 0.
Thay n bdi n + 1 trong déng thic cudi nay, ta cé
225 — 10T, 4001 + 22,1 + 96 = 0.

Suy ra x, va x,.s la cac nghiém ctia phuong trinh bac hai

t* — 10tzp 41 + Tppq + 96 = 0.
Theo dinh 1i Viete, ta ¢6 xp.0 + 2, = 102,11 < Tpio — 102,17 + 2, =0, Vn € N.

Phuong trinh dac trung A2 — 10\ + 1 = 0 ¢6 cac nghiem 1a :

A =5-2V6, Xy =5+2V6.

Ta c6 o = 2, x; = 10. S6 hang téng quat ctia day

Zn=(5—2V6)" + (5+2V6)", neN.
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Bai toan 2.49. Cho day so6 {x,} zdc dinh nhu sau
1 =1, Tpy1 =02, +/2422 -8, n=1,2,...

Tum $6 hang tong qudt cia day va ching minh day da cho gom toan cdc sé nguyen.

Giai. Tu cong thic xac dinh day suy ra

Tpy1 = 5Ty + /2422 — 96 & (Tp41 — B1,)? = 2422 — 96

&zl — 10x,010, + 22, + 96 = 0.
Thay n bdéi n + 1 trong déng thic cubi nay, ta cé
:Ei+2 — 10420041 + :EiH +8=0.
Suy ra x, va x,.s la cac nghiém ctia phuong trinh bac hai
t? — 10tzps1 + g1 +8 = 0.

Theo dinh li Viete, ta ¢6 x40 + x, = 102,11 < Tpio — 102,41 + 2, = 0 v6i moi

n € N. Phuong trinh dic trung A2 — 10\ + 1 = 0 ¢6 cac nghiém la :
M =5—2V6, =5+ 2V6.

Ta c6 1 =1, 2o = 9. S6 hang tong quat cia day

V62 V6 +2
RN NG

St dung cong thiic khai trién nhi thiic Newton ta viét lai s6 hang tong quat dudi

(5—2V6)" + (54+2V6)", neN.

dang:

Ty =

[(5-2v6)" + (5+2v6) | - \/ig [(5-2v6)" — (5+2v6) |

1
Q.M+ —+6.N=M+ N €N.
V6

Vay day da cho gom toan cac s6 nguyen.

1
2
1
2

Bai toan 2.50. Tim day so6 {x,} thod man cdc diéu kién

2 +4
2T,

=1, Trpp1 =
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Giai. Nhan xét rang néu u,, v, la cac nghiém ctia hé phuong trinh

{ Upy1 = U2 + 402

Unt1 = 2UpUp, U1 = 1,07 =1

thi z,, = Un 13 nghiém ctia phuong trinh da cho. That vay, ta ching minh bang quy
nap nhu sau, khi n =1, ta co
Uy
r] = — = 1.
1

co o Un . . - .- . C o
Gia st x, = — la nghiém cta bai toan. Khi d6
Un

2

Up,

. Unpr w4402 4 a2y
Unitl 2U, U 23_: 2x,

cting la nghiém cia bai toan.
Nhu vay dé tim nghiém ctia bai toan da cho, ta giai he

Upy1 = U2 + 402
20p11 = 4Upvy, up =107 =1

Thue hién cong theo vé cac phuong trinh trong hé ta thu dudgc:
Unt1 + 20ng1 = (up + 20,)%.

Do do

Uit + 20011 = (Up +20,)% = -+ = (ug +2v1)*" = 32",

Tuong ti, trit vé v6i vé cac phuong trinh trong hé ta ciing cé:

Uit — 20p41 = (U — 20,)2 = -+ = (ug — 201)* = 1.
Do do |
Unp+1 = %<32” + 1)
Unt1 = 1 (32” - 1)
Do x, = u—n, suy ra
203 4 1)
T =TT

Bing quy nap ta chiing minh dugce két qua x,, thod man bai toan da cho.
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Bai toan 2.51. Cho {x,} xdc dinh nhu sau

Tog = 1,1’1 = 45, Tpt2 = 45l’n+1 - 7[L’n, n = 0, 1, 2, ce

1. Tvm $6 hang tong qudt cia day.
2. Tim s6 cdc udc nguyén duong cla T2 4 — TpZnyo theo n.

3. Chaing minh rang 1997z — 4.7" la s6 chinh phuong vdi mai n.

Giai.
1. Theo cong thitc xac dinh day ta co :
Tpao = 45T, — 12, & Tpyo — 452,01 + T2, = 0.

Phuong trinh dac trung A2 — 45\ + 7 = 0 ¢6 cac nghiém

45— /1997

A1 5

_ 45+ VIOOT
=
S6 hang tong quat ctia day c6 dang:

Theo gia thiét zo = 1,2, = 45 suy ra sb6 hang tong quét cta day:

1
L= ———— (45 + v/1997)"" — (45 — V1997)" | .
v on+1,/1997 [( ) ( ) }

2. Ta co

1 2

T {(45 + \/W) " (45 . \/W)W}
_199;% {(45 + @)M _ (45 . \/W)M}
X {(45 + \/W)W’ _ (45 . \/W)W’]

1 n+1 n+1 2
- _ 21 ) — n—l—l.
o (454 V1997) (45— VI997) " (2v1097) = 7

2
Ty — Tplpie =
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Vay sb cac ude duong clia 22, | — ZpZnio 120+ 2.

3. Tt cong thic xac dinh day x,.0 = 4521 — Tx, va xog = 1,27 = 45 suy ra

T, € Z v6i moi n. Mat khac ta c6
2 1 2 2 1
Tpi1 — TnTnyo = VLR EN Ty — 450, T0 g1 + T, — 7l ()

Suy ra z,.; 1a nghiém nguyén ctia phuong trinh 2 — 45.2,2 + 722 — 71 = 0, do d6
A = (45x,)% — 4(Tx2 — 7)) = 199722 + 4.7 1a mot s6 chinh phuong véi mdi n.

Bai toan 2.52. ching minh rang day s6 {x,} xdc dinh bdi xg =1 va

1
Tpi1 = §<3$n—|— 517%—4),‘v’n€N

chi chita cdc s6 nguyén.

Giai. Goi f, la day Fibonacci. Ta chiing minh réng =, = font1, Vn € N. That vay
theo cong thiic Binnet’s ta c6

1
V5
Trong d6 ¢, = %(1 +V5), ¢p = %(1 — V5) V6l 1o = —1,¢7 = %(3 +V5),¢3 =
1(3 — V/5) Mat khéc

Jn (91 — &3)

5 — 4= (G = 6 4G = (G )’

Nhut vay 2(3fanst + /531 — 4)

= RO =) S )

_ L(?H—\/g) S _L<3_\/§) _—
\2 ) TR )

1 1
s — —¢§n+3 = fonys = f2(n+1)+1

VB V5

Khi n =0 ta c6 faop1 = f1 = 1 = yo. Nhu vay 4, = fons1, Vn € N, hay {y,} la day

chi chita cac s6 nguyen.
Bai toan 2.53. Cho k la so nguyén duong. Diy {x,} zdc dinh nhu sau
v =k, Tpy =22 —kx,+k Vn>1.

Chatng minh rang néu m # n thi x, va x, la hai s6 nguyén té cung nhau.



66

Giai. Dit P(x) = 2% — kx + k. Suy ra P(x,) = 41, v6i moi n > 1. Ta c6

kN2 4k — k2
_ 2 — _
Tpp1 = x5 — kx, + k (a:n 2) + 1

Néu k # 4 thi z,, # 0, véi moi n.
Néu k = 4 thi P(x) = (z — 2)% Do x; = 5, bang quy nap ta chiing minh dugc rang
n=5,Vn € N. Nhuvay z, #0, Vn € N
Cho n > 1, theo gia thiét ta c6 x,41 = k(modz,). Néu z,; = k(modz,) v6i t > 0,
thi
Tpiy1 = K — k2 + k = k(modzy,)
Suy ra x, = k(modz,), véip > q > 1.
Gia st ¢6 hai sé p > ¢ > 1, va UCLN(ay, a,) >1 va ¢ la uéc nhd nhat. Goi r 1a udée s6

ctia z, va x,. Khi d6 r ciing 1a wéc s6 ctia k. Vi r khong thé 1a wéc ciia k va 2y = k+ 1

nén g > 1. Do do, rlamjccuaatq 1

Vay tu cach xay dung day ta co6 r la wéc cua $§_1, va do d6 z, va x,_1 la khong

nguyén t6 cling nhau.

Bai toan 2.54. Tinh cdc tong sau:

Tg = Zsink::c, To = Zcosk‘:ﬂ.
k=1 k=1

Giai. Nhan xét rang
Ts =) sinkz=0

k=1
khi x = mm, m € Z.

. . x
Xét x # km. Nhan hai vé ctia bieu thic Ts véi sin 5 ta thu duge

Tssm— = sin — (Zsmk‘a:)

Mit khac, ta co

singsink‘z = %(cos <2k2_ 1):5 - cos(2k;— 1))

Khi dé6 tong T duge viét lai thanh

() o (s - ) 4 (s o)
COS 5 COS 5 COS 5 COS 5 COS 5 COS B



(2n — 1)z (2n+ 1)z
+oeF (cos — Cos )
2 2
1< x (2n—|—1)x> ) . (n—l—l)x
= —(cos = — cos ——— ) =sin — sin ~———~%—.
2 2 2 2 2
Do do6
(n + 1)x
sin — sin ————
Ts = 2 (2.17)
S1n 5
(b) Te = > coskx
k=1
Ta co .
S.sin g = sin g(z cos kx)
k=1
Mat khéc ta c6
1 2k +1 2k — 1
sin g coskx = 5 {sin( ;_ )z — sin( )x}

Khi dé6 tong T dude viét lai

1[7. 3z .z . br . 3z . 2n+ 1Dz . (2n—1x
5 (sm——sm—)—l—(sm——sm—)—l—---—l—(smi—smi)

2 2 2 2 2 2
1( . 2n+ Dz ) :17) nx (n—l—l):v
= —(sin ———— — sin = | = cos — cos ————.
2 2 2 2 2

Nhan xét 2.2. Qua két qud bai todn trén, néu ta chon x = 1, khi dé ta cé tong

S = S sink. Ta nhan thay cdac phan ti trong ham sin la mot cap s6 cong vdi cong
k=1

sai la 1.

Cau héi duoe dat ra la: Trong truong hop néu tong la mot cp s6 cong vdi cong

sai d tuy y the tong S dugc tinh nhu thé nao?

Phdi chang, ta c¢é thé van dung dao ham va tich phan dé zay dung cdc bai tap ve

tinh mot sé6 tong dang tong qudt.
Theo két qud tinh tong Ts, T th
+ Vdi x = 2t, ta ¢ tong

sin[(n + 1)t]. sinnt
sint

Zsin2k‘t =sin2t +sin4t + --- +sin2nt =
k=1

Y
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cos[(n + 1)t] sinnt
sint

Zcost‘t = cos 2t + cos4t + - -- + cos2nt =
k=1

Bai toan 2.55. Tinh cdc tong sau:
(1) Ts> = sin? z + sin? 22 + sin? 3z + - - - + sin’ nz = Z sin? kx
k=1

n
(11) Tee = cos® & + cos® 2z + - - + cos’ nx = E cos® kx
k=1

n
(vi1) Tgs = sin® & + sin® 2z + sin® 3z + - - - + sin® nz = E sin® kx
k=1

(1v) Tes = cos® x + cos® 2z + - - + cos’ nx = Z cos® kx

k=1
2 1 1-— 2
Giai. Nhan xét : cos’z = %, sin? ¢ = %,
3sinx — sin 3
sin 3z = 3sinx — 4sin® z, suy ra sin®z = My 1 o I,
cos 3z + 3cosx
cos 3x = 4cos®x — 3cosx, suy ra cos®x = 1
Do dé
T = sin® z + sin? 2z + - - - + sin® na
_1—cos2z+1—cos4x+ +1—cos2n:£
B 2 2 2

1
— g — §<cos2x+cos4x+---+cos2n:c)

Theo két qua (2.17) trén ta c6

n 1 {cos (n+ 1)t. sinnt]
Te=2 -3

2 sint

Tuong tu ta tinh duge céc két qua sau:

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)
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n 1 {COS (n + 1)t. sinnt}

Tee = —
=513 sin ¢
T =33 ke~ 13 nk
3 = — inkx — - in
st =7 sin kx 1 S x
k=1 k=1
na <n—|— 1)&7 Inz 3<n+ 1)27
3 sin — sin ——%— 1 sin sin
_° 2 2 ot 2 2
T
2
o =7 cos kx 1 cos 3kx
k=1 k=1
na <n—|— 1)&7 Inz 3<n+ 1)27
_ § 0057 cos 5 . cos 5 cos 5
4 sin = 4 sin 3z
2 2
Bai toan 2.56. Tinh cdc tong sau:
(1) Sg = Z k sin kx
k=1
(11) T5:Zk‘cosk‘x
k=1
Giai.
(i) Ta c6
n n /
Sg = Zk‘sink‘x = —<Zcosk‘x>
k=1 k=1
Ta c6
/
<n+1)x' nx n+1 . <n—|—1)x‘ nr . x
cos ————sin — — sin sin — sin —
Sg = 2 - 2 _ 2 2 - 2 2
sin — sin? 5

2

n nx <n+1)x x 1 <n—|—1)x nx x
+Ecos?cos?sin§—icos?siHEcrosi
o T
sin® —

(2.23)

(2.24)

(2.25)
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Tuong ty, ta co:

n+1 <n+1)x nr . x

n n / Ccos sin — sin —
SC:chosk:x:<Zsink:a?) =2 2 = 2 2
k=1 k=1 sin? =
2
n nx <n+1)x xr 1 <n+1)x nx x
+§C0878in?sin§ — isin?siHTCosi
o T '

sin” —
2

Bai toan 2.57. Cho day {x,} la mot cip so cong, cong sai d. Tinh cic tong sau

n n
Tsc = E sinxg, Toc = E COS T}
k=1 k=1

Giai.

(i) Ta c6
T = 21+ (k:—l)d.

Suy ra

sin zj = sin [xl + <k: — 1)d} = sin 21 cos [(k‘ — 1)04 + cosxy sin [(k‘ — 1)04 )

Khi dé
Tsc = gsinxk = g {sinxl cos [(k‘ — 1)04 + cos x1 sin [(k‘ — 1)04} =
= sinxlkZZlcos [(k‘ — 1)d} + cosxy gsin [(k‘ — 1)d}
n—1 n—1
= sinxlmzzocos <md) +Cosxlmzzosin <md).

Mit khac, ta co
n—1 sin <"2—m> sin <"T_1x)
E sinmx = — ,
sin £
2
n—1 nT ) o n—1
cos<2)51n< 5 x)

E cosmx = .
Sin 5
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Do vay

(n—l)d
sin |xy + sin (%d)

2

Tsc = -

S1n )

Ta c6 cach tinh tong Tsc nhu sau Tse = > sinxg.

k=1
Ta c6
. . d 3 [ 1
2smxks1n§ = cos {zl + (k: — i)d] — cos -[El + (k: — §)d] )
Dat )
3
f(n) = cos {zl + (n — i)d :
Khi do ;
QSinxn.sin§ = f(n)— f(n+1).
Suy ra
( d
2sin a4 sin§ = f(1) — f(2)

2sin x9 sing = f(2) — f(3)

QSinxnsing = f(n) — f(n+1).

Cong theo vé cac dong nhat thic, ta c6

QTSCsing = f(1) = f(n+1) =cosa; — g) — cos {al + (n— l)al]

2
-1 —nd
= —2sinfa; + an] sin ; .
Do dé . J
sin(ay + r d). sin %
TSC - d .
Sin 5

(ii) Tuong ty, ta tinh tong

n
Too = E COS T,.
k=1

Ta c6
. d . d
QCosxksmE = 2cos [zl + (k:— 1)d} sm§



Khi do, ta co
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— sin {zl + (k- %)d] — sin {zl + (k- g)d] .

f(n) = sin {xl +(n— g)d] |

(

2cos x4 sing = f(2) — f(1)

2 cos o sin§ = f(3) — f(2)

QCosxnsing =f(n+1)— f(n)

\

Cong céc dong nhat thitc theo vé, ta dugc

Vay nén

2sin gTCC = f(n + 1) — f(l)

= sin {931 + (n — %)d] — sin (xl - g)

= 2cos {zl + (n— 1)d] sinn—d

2 2

2 cos {xl + (ngl)d} sin%d

2
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Chuong 3

Mot so tinh toan trén cac day so

3.1 Giéi han cta day sé

Bai toan 3.1. Cho day s6 {x,} dugc zac dinh theo cong thiic

T2 + may,

b EN*?
r1 "

1 =2, Tpy1=

trong dé m la s6 nguyén duong cho trude. Lap day {S,} zdc dinh nhu sau:

n

SnZZL

1 Tk+1 — 1
Tinh
lim S,,.
n—-4o0o
Giai. Tu gia thiét, ta co
T2 + mx,
Tpg] = 24— —
+1 1
2l =zt (m4 Dz,
N m+1
x2 —x,
=1 +2,>1, VneN.
m-+1
Do d6 day {z,} la day s6 tang. Gia st diy s6 {w,} bi chan trén bdi z. Khi do, tu
R . 2 4+ ma,
cong thic x,,1 = —+———, suy ra
m—+1
2 +mzx
x:;(:)x:Qx:l.

m—+1
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Diéu nay vo Iy vi 2 = xy < a3, Vk € N,k > 1. Suy ra day {z,} khong bi chin trén,

hay lim z, = +o0.

Do dé
. 1
lim — = 0.
n—oo [L’n
Theo cong thiic:
2
ppay = TR e N> 1
m+1

@L:(m%—l)( L ! )

Tpe1 — 1 Tp—1 g1 —1

Lan luot cho k = 2,3,... vao trong déng thic trén va cong theo vé ta thu dugc

n

SnzzL:(mH)(xll_l_ L )

1 Tpy1 — 1 Tpt1 — 1
1
- (m—l—l)(l - 7)
Tn4+1 — 1

Suy ra .

lim S, = 1im(m+1)(1 - 7) = (m+1).

n—00 n—00 Tyl — 1
Vay nén

lim S, = (m+1).

Bai toan 3.2. Cho day s6 {x,}, n=1,2,... zdc dinh nhu sau:
r1=a,a >0

1.2
Tnt1 :$n+—n,ﬁ>0

g

Tim

. 1 X2 x3 Ty
lim (—+—+—+---+ :
n—+o0 \Tgy T3 X4 Tn+1

Giai. Ta co

Tk _ a7 _ B(Tr1 — 2
Th+1 Lk Lh+1 Lk Lh+1
1 1
)
Tk Tk+1
Lan lugt cho k = 1,2, ..., n, trong ding thiic trén va thirc hien cong theo vé, ta dugc

x1 ) x3 Tn
Sp=—+—4+—+--4+
) x3 Tq Tn41

- ﬁ<1 B Ikl—l—l)‘
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Mit khac, ta co
2

T
Tpi1 = Tp+ — > x,, Vn€N.

p
Do do6, day {z,} la diay don diéu tang. Gia st day {z,} bi chan trén thi ton tai gi6i
han hitu han bang a. Khi do, ta c6

lim x,,1 = lim

n—-+00 n—-+00 ( ﬁ )’
haya:a+%:>a:0(V61y).
Vay day da cho khong bi chin trén. Suy ra

lim u, = oo hay lim - =0.
n—-—+00 n—-+oo Un

Vay nén
li = 0.
i 8=
Bai toan 3.3. Cho day s6 {x,} wdc dinh bdi

To=a,a >0
1 ( 20072
Tp—1

Tp = =

5 ),nEN*

Tp—1

Xac dinh lim x,,.

Giai. Theo cong thic xac dinh day {z,}, ta c6

1 20072
zn:—<xn_1+ ), Vn € N*.
2 Tp—1

Bing quy nap, ta ching minh duge day {z,} 1a day s6 duong véi moi n € N*. Ap
dung béat ding thtc gita trung binh cong va trung binh nhan, ta c6

1 20072
Tn = 3 (zn—l

. ) > 2007, Vn € N*.

Tp—1

Mit khac, ta co

1 20072 1 20072
TIp—1 — Tp =Tpn-1 — 3 (zn—l + ) = _<$n—1 - )
2 Tn—1 2 Tp—1
2

1 (In_l — 20072)

2
1 /201 — 2007\ (20 1 + 2007
( )( )>0

Tp—1

2

Tp—1 Tp—1
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Suy ra day {z,} la day don diéu gidm, bi chin dudi. Goi z la gi6i han cta day, ti

cong thic
1 20072
:En:—<:cn_1+ ), Vn € N,
2 Tp—1
suy ra
1 20072
r= = (:B + )
2 T
Do d6 x = 2007, vi > 0. Vay lim z,, = 2007.

n—oQ

Bai toan 3.4. Cho 3 > 0 va day so {x,} xdc dinh bdi cong thic

To=0a,a >0

1 2
:En:—<:cn_1+ b ),nEN*
2 Tp—1
Xac dinh lim x,,.
Giai. Theo cong thic xac dinh day {z,}, ta c6
1 2
l’n:—<l’n_1—|— ), Vn € N*.
2 Tp—1

Bing quy nap, ta ching minh duge day {z,} 1a day s6 duong véi moi n € N*. Ap
dung béat dang thtc gita trung binh cong va trung binh nhan, ta c6
62

Tp—1

1( L
Ty = —| Xy
2 1

)25, Vn € N*.

Mit khac, ta co

1 3? 1 3?
Tp—1 — Tp =Tpn-1 — 3 (fn—l + ) = 5(1%—1 - )

2 Tn—1 Tp—1
1 <$2—1 - 62)
B 2 Tp—1
_ 1(5%—1 - ﬁ) <»’En—1 ‘l'ﬁ) -0
2 Tp—1 Tp—1

Suy ra day {z,} la day don diéu gidm, bi chin dudi. Goi z la gi6i han cia day, ti

cong thic
1 2
l’n:—<l’n_1—|— ), Vn € N*.
2 Tp—1
Suy ra
1 32
o=3(e+ )

Do d6 x =3, vixz > 0. Vay lim z, = .
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Bai toan 3.5. Cho 3 > 0 va day so {x,} zdc dinh bdi cong thic

To=0a,a >0

k+1
(k‘zn_1 +

k—),’TLEN*

n—1

Ty =

kE+1

Xdac dinh lim z,,.
Giai. Theo cong thic xac dinh day {z,}, ta c6

k+1
Tn =

<k:xn 1+ ) Vn € N*.

E+1

n 1
Biing quy nap ta ching minh duge day {z,} la day s6 duong véi moi n € N*. Ap
dung béat ding thtc gita trung binh cong va trung binh nhan, ta c6

1
k+1

k+1
Tn =

<k:xn1—|— )26, Vn € N*.

n 1

Mit khac, ta co
1 ﬁk—i—l 1 ﬁ

n—1 — 4n = Ln— kn ): <n— - )
Tp-1 — Tn = Tp-1 — k+1<$ 1+$1 k+1$1 "

B 1 (xn—l _/Bk—i-l)
k41 xk

n—1

— (s = B)ga) >0
Suy ra day {z,} la day don diéu gidm, bi chin duéi. Goi z la gi6i han cia day, ti
cong thic ' .
T, = k_l_l(k:xn 1+ n—l) Vn € N*.
Suy ra

k41
r== <x g )
2 ak
Do d6 x =3, vix > 0. Vay lim z, = .

3.2 Mot sb udc lugng tong va tich vé han phan ti

Bai toan 3.6. Cho {x,} xdc dinh nhu sau

LA
xm_;k4+k2+1'

Tim xo005 va lim x,.
n—oo
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Giai. Nhan xét rang

n B n _1( 1 1 )
ntrn241 M24n+Dn2—n+1) 2\n2—n+1 n2+n+1/

Mat khac n? +n+1=(n+1)> — (n+1) + 1. Suy ra

B (1 1)+1<1 1)+1<1 1) —|-1< 1 1 )
Tm=o\173)72\377) Ta2\7 7 13 o\mZ—m+1 mi+m+1

2011015
=——— limz,=-
12005 = 10220317 neeo

Bai toan 3.7. Cho day s6 {x,} zdc dinh bdi x1 =5, 2,11 =22 —2, n > 1. Tinh
Tn+1

lim .
n—oo T1T2...Tn

Giai. Tu cong thic xdc dinh day, bang quy nap ta chting minh dugc ring z2 >
2, Vn € N. Mat khac

Tpp —4 = (25, = 2)" — 4 =, (a;, — 4)

— ... = (1’11’2, . [L’n)z(l’% — 4) = 21(1’11’2 .. .[L’n)z.

Suy ra A
2
(A) =21 + ’
T1T2...Tp T .. l'n)
Ma ta c6 A
0 < lim 5 < lim 427" = 0.
e (l’ll’g . l’n) e
Vay nén
n 2 n 2 ) 4
lim ()" = ((1im —"— )" = lim (21 + ;) =21
n—oo \XT1T2...%Ty n—oo T1L9 ... Ty n—0o0 )
T1T2...Tp

Bai toan 3.8. Cho day s6 {x,} wdc dinh bdi v1 =5 2,11 = 22 —2, n > 1. Tinh

. Tn+1
lim .
n—oo T1T2...Tn
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Giai. Tiur cong thic xac dinh day, bang quy nap ta ching minh dudc rang z, >
2, Vn € N. Mat khac

Tppn — 4= (0, =2 —d =, (2, — 4)

— ... = (1’11’2, . [L’n)z(l’% — 4) = 21(1’11’2 .. .[L’n)z.

Suy ra 4
2
( I ) — 21 + 5

1T ... Ty 1o . .. l’n)

Ma ta co 4
0< lim > < lim 427 =0

oo T1T2...Tp e

Vay

2 2
lim (A) _ (lim L) ~ lim (21+
Tn

n—oo \T1T9 ... n—oo T1xg...Tn n—00

;) =21

T1T2 ... [L’n)
Bai toan 3.9. Cho day s6 {x,} wdc dinh bdi cong thiic

1’0:1

Ty = Tp—1 + ,n=23,...

Tp—1

Chitng minh rang 63 < T1996 < TS.

Giai. Theo cach xac dinh day, ta c¢6 day {z,} ta co

Tp =1Tp_1+ > Tp-1, Vn € N*.

Tp—1

Nen {z,} 1a day s6 ting, z, > 1, Vn € N*. Mat khac ta c6

1
=2 +—5—+2>2_+2, VneN, (3.1)

n—1

Theo cong thic xac dinh day:
1

1
Tp = Tp_1 + Zrp 1 21=—5—-1<0, VnelN.
Tn—1 Th1
Suy ra .
22 —-3=22 | +———-1<22 |, Vne N (3.2)
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Tu (3.1) va (??7), suy ra

2 +2<a® <2 [ +3,VneN"

Lan lugt cho n = 2,3, ...,k trong biéu thiic trén ta c6

Thuc hién cong k — 1 déng thic trén theo vé va rit gon cac so6 hang dong dang, suy
ra

v+ (k—1)2 <2 <af+ (k—1)3.

Thay u; =1 ta dude
2k —1 <2} <3k —2.

Suy ra

V21996 — 1 < 77995 < v/3.1996 — 2.

Vay 63 < T1996 < 78.
Bai toan 3.10. Cho day so6 {x,} zdc dinh bdi cong thiic

ro=m+1,m >0

,n=23,...

Tp = Tp_1 +
Tn—-1

Chitng minh rang

+vVm2+2m + 2n + 1.

2492 2 1<z, <
\/m+m+ n —+ x DY

Giai. Theo cong thic xac dinh day ta co

Ty = Tp_1+
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= (l’k+1 + l'k)(l'k-kl — l’k) > QIk.; =2
k

(:>:Ei+1—:£i>2

n—1
= Z (:Eiﬂ —l’i) > 2n
k=0
& 22 — 12 > 2n.
Suy ra
T, > /23 + 2n. (3.3)
Mit khac, vi zg < 1 < 22 < - -+ nén
1 1
Tpp1 —Tp = — < —
T ZTo
& Tl — Tl — — < 2xp
Zo

1
< (Ik+1 — T — —)(CEkH — ) < 2
Zo
1
g ($z+1 —a3) — I_(ffkﬂ —xp) <2
0

n—1 1 n—1
2 2
= (a: —a:)—— (l’k 1—:Ek)<2n
1;—0 k+1 k 70 1;—0 +

1
@zfl—:ﬂg—z—o(:ﬂn—zo)<2n

1 1 /1
S xy < — 4 =4 | —= +4(x2 4 2n —1).
x 2$0—|—2\/I3—|— (x5 +2n—1)

1
Doxzg=m+1>1nén — —4 <0, suy ra

Lo
1 /

Tu (3.3) va (3.4) ta co

1
\ TR+ 2n <z, < =— +y/ad + 2n.
21’0

+vVm2+2m +2n + 1.

Vay

Vm2+2m+2n+1<uz, <

2m + 2

Bai toan 3.11. Cho day s6 x1, 22,23 la ba s6 hang ctia mot cap so nhan cong boi

q > 0. Héi vdi dieu kién nao ciia q thi cdc s6 x1,xo, x3 la ba canh ciia mot tam gidc.
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Giai. Goi ba canh ctia tam gidc lan ludt x1, 22, 23 1 cac sd hang lién tiép clia mot cap
s6 nhan. Khi d6, ; > 0;¢ = 1,2,3. Khong mat tinh tong quat, gid st 21 < zo < 3.

Ta c6 z9 = x1q, x5 = x1¢>. Theo bat ding thic trong tam giéc:

1+ 119 > 11¢° 1+q¢—¢*>0
n@E+rg>r S F+q—1>0 &

VH—1 V5 +1

2 2
1+ 119> > 11¢ @?—q+1>0
_Vh—1 Vh+1
Vay 5 <qg< 7

3.3 Tinh chait cia mét s6 day sé phi tuyén

Bai toan 3.12. Cho day s6 {x,} va {z,} thod man cdc dieu kién
Tpp1 = Ty = 3Tn; Ynt1 = Yy — 3y, V0 = 1,27 = 41 + 2
Chaing minh rang 2 = y, + 2, Vn > 1.
Giai. Ta chitng minh bing phuong phap quy nap. Khi n = 1 déng thitc ding. Gia

st dang thitc ding khi n = k, v6i k € N,k > 1, ta c¢6 27 = yj + 2. Ta chitng minh
Tii1 = Yks1 + 2. That vay, theo gia thiét ta c6

Tpa1 = xi — 3z
= 1}, = T — 62, + 927}
= (yx +2)° = 6(yx +2)° + 9y +2)
ﬁwiﬂ =y — 3yk + 2= yYrp1 +2

Vay theo nguyén 1y quy nap ta c6 22 =y, + 2, Vn > 1.

Bai toan 3.13. Cho diy s6 {x,} c6 s6 hang tong qudt la z, = 3(n®> +n) +7,n € N.
Chitng minh rang trong day so da cho, khong cé s6 hang nao la lgp phuong ciia mot

so tu nhién.

Giai. Gia st ton tai mot sd tu nhién m sao cho

3n*+n)+7=m®<3nn+1)+7=m’
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Vin € Nnén n(n + 1) 1a sé chén, suy ra 3n(n + 1) + 7 1a s6 18, do d6 m?3 14 mot s6

1é. bat m = 2k + 1, k € N. Nhu vay, suy ra
3n’+3n+7 = 8k3+12k+6k+1 < 3n*+3n+6 = k> +12k+6k < 8k* = 3(n*+n—4k—2k—2)
Vi 3(n? +n — 4k — 2k — 2):3 nén 8k*:3. Dat ¢t = 3[,] € N. Suy ra

n® +n+2 =72l + 36 + 6

Ta c6 721 + 361 + 61 chia hét cho 3, ma n? + n + 2 khong chia hét cho 3 Vn € N (mau
thuan).
Vay trong diy s6 da cho, khong c6 s6 hang nao 1a lap phuong ctia mot sd tir nhién.

Day phan tuyén tinh

Bai toan 3.14. Cho a > 1, va day s6 {x,} dugc zdc dinh bdi

o™ —1

n

Ty = , n=1,2,...

Chaing minh rang {x,} la day sé tang.

Giai. Xét hiéu x,41 — x,, ta cod

a"t—1 a" -1

Tot1 = In = n+1 n
(™ —1) = (n+1)(a" - 1)
B n(n+1)
~na™t —(n+1)a"+1
B n(n+1)
_1 "l q— e —
_ Lo )(na a o") >0, Vn € N*,
n(n+1)
Vay nén {x,} 1a diy s6 tang.
Bai toan 3.15. Cho day so6 {x,} zdc dinh bdi cong thiic
1 2 *
T = §,$n+1 =x, +x,, Vn eN".
Tim phan nguyén clia s6
1 1 1

= —I— _I_..._l_i‘
[L’l‘l‘l [L’Q—l—l 1’2007+1
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Gidi. Theo cach xac dinh day ta c6 z, > 0,241 > ,, Vn € N. Tu gid thiét
Tny1 = T2 + 1, suy Ta

1 Tk 1 1

Tr+ 1 - Tp(re + 1) - Tk Tha

(3.5)

Lan lugt thay k= 1,2,...,2007 vao cong thiic (3.5) r6i cong theo vé, ta co

S S
T Ta007 + 1

1 1 1 1 1 1
G G ) ()
x1 ) ) x3 T2007 Z2008

A

1 1 1
- - =92 < 2, (w2008 > 0).
T1 2008 22008
Mat khac, ta co:
1
1’1—5
1+1 3
To=—+5=+
T4 724
9 3_21>1
BT 160

Ma {z,} 1a diy s6 tang, nén wops > 73 > 1, suyra A>1. Dod6 1 < A < 2.
Vay [A] = 1.
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Két luan

Luan van da giai quyét duge céc van dé chinh sau

(i) Neu cac khai niém lien quan dén cac diy s6 dac biét: cAp sd cong, cAp sb

nhan, cap s6 diéu hoa, cac khai niém tuan hoan cong tinh va tuan hoan nhan tinh.

(i) Giai quyét cdc bai todn x4c dinh ddy s6 dang tuyén tinh vé6i hé s6 hing co6
phuong trinh dic trung dang bac hai, bac ba c6 cac nghiém déu thyce. Xét mot s6 bai
toan xac dinh day sd dang tuyén tinh véi hé s6 1a luj thita ctia n c6 phuong trinh dic

trung dang bac hai, bac ba c¢6 nghiém thuc.

(iii) Trinh bay cac bai toan xac dinh diy s6 dang bac nhat y = ax, bac hai

) b
y = az?, phan tuyén tinh (y = aiid’ trong d6 ad — bc # 0), ham phan thic bac hai
cx
2
) . 2
chia bac nhat (y = Tt d) va ham phan thic bac nhat chia bac hai (y ’ ).

2z T 11 da?
(iv) Trinh bay cic dang toan lien quan dén cac ddy so didc biet: bai toan udc
lugng tong va tich vo han phan ti, bai toan tinh giéi han ctia mot sé day s6, cac tinh

chét ctia day phi tuyén.

Trong mdi phan ctia luan van, tac gid da cé gang trinh bay chi tiét cac cach giai
va ¢6 nhitng vi du cu thé dé mo ta tuong minh phuong phap dua ra truée do, dong
thoi trong phan mot s6 bai tap ap dung & cudi mdi chuong va chuong 3, tac gia da
thire hién néu mot s6 dang toan lien quan dén bai toan xac dinh day va cac bai toan

lien quan dén day so.
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