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MG DAU

Bat dang thitc 12 mot van dé kha ¢ dién, nhung xuat hién trong moi linh
vuc clia todan hoc. Trong chuong trinh todn phd thong, bat dang thitc c6 mat
O tit ca cac bo mon S6 hoc, Dai s6, Giai tich, Hinh hoc va Lugng giac. Pac
biét, trong ky thi Pai hoc, Hoc sinh gioi quoc gia va quoc t€ déu c6 bai bat
dang thitc. Chinh vi thé ma chuyén dé bat dang thic rat thiét thuc d6i véi
nhitng ai mudn tim hiéu sau vé todn so cAp. Hon nita, bat dang thitc con lién
quan dén su ddnh gia, tim céi chan hodc cuc tri cho mot biéu thitc. B&i vay
bat dang thitc 12 mot trong s6 nhitng bai toan duoc rit nhiéu ngudi thudc
nhi€u linh vuc quan tam dén.

Bit dang thic khong phai 12 bai todn khé, nhung chon cich chitng minh
nhu thé nao cho don gian. Sing tdc bat ding thitc ciing khong khé, nhung
bi€u dién hinh thiic ¢ hai v€ th€ nao cho dep mat. Néu dé y s& thdy cac bai
todn bat dang thitc dugc chia ra 1am hai nhém. Nhém I 13 van dung mot s6
bat dang thic luon ding dé chitng minh mot bat dang thiic méi qua céc phép
bién d6i va nhém II 12 tim cuc tri mot bi€u thiic. Pay chinh 1a bai toan tim
mot cai chin va xét xem khi nao biéu thiic s& dat dugc céi chan ay. Nhu vay,
chuyén dé trinh bay & day nham giai quyét duoc hai van dé chinh:

(i) Chitng minh lai, nhung theo phuong phdp sdng tdc, mot s6 bat dang thic
gan lién v6i tén tudi nhitng nha todn hoc va trinh bay viéc van dung dé
giai quy€t mot vai vi du.

(ii) Tim cuc tri cho mot s6 biéu thiic dé tir d6 suy ra tinh chét dac biét can
quan tam cua mot doi tuong nao do.

Luan van nay gom ba chuong. Chuong 1 trinh bay khai niém va mot vai
tinh chat dac biét chia bat dang thitc duoc nhac lai cing v6i mot vai vi du van
dung & muc 1.1. Muc 1.2 gi6i thiéu mot vai phuong phdp don gian thuong
sit dung dé chiing minh bt dang thiic.
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Chuong 2: Tap trung trinh bay phuong phdp ham s6 dé xay dung bat dang
thic cling véi viéc chitng minh lai mot s6 bat dang thitc ¢ dién.

Chuong 3: Mot so ting dung bit dang thitc vé viéc tim gia tri 16n nhat va
nho nhét cia mot biéu thitc & muc 3.1, ching minh bat dang thifc trong hinh
so cap 6 muc 3.2, 4p dung giai phuong trinh va hé¢ phuong trinh véi nhiing
diéu kién nhat dinh & muc 3.3 .

Du da rat ¢6 gang, nhung chic chan noi dung dugc trinh bay trong luan
van khong tranh khoi nhitng thi€u x6t nhat dinh va tic gia rat mong nhan
duoc su gép y clia cac thay co gido va cac ban.

Luan van nay dugc hoan thanh dudi su huéng dan khoa hoc ctia PGS. TS.
Pam Van Nhi. Xin dugc t6 1ong cam on chan thanh nhit t6i thay. Tac gia
xin cam on chan thanh téi Truong Dai hoc Khoa Hoc Thai Nguyén, noi tac
gia da nhan duoc mot hoc van sau dai hoc can ban va cudi cung, Xin cam on
gia dinh, ban be, dong nghiép da cam thong, tng ho va giip dd trong suot
thoi gian trong thoi gian tac gia hoc Cao hoc va viét luan van.

Ha Noi, ngay 09 thang 09 nam 2011
Nguyén Tién Thanh
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Chuong 1

Bat dang thic

1.1 Khai niém va mot vai tinh chat cua bat dang thirc

Pinh nghia 1.1.1. Cho hai s6 thuc a va b. a duoc goi la lon hon b, Ky hiéu
a > b, néu hiéu a — b 1a mot s6 duong; a dugc goi 1a lon hon hodc bang b,
ky hiéu a > b, n€u hiéu a — b 12 mot s6 khong am; a dugc goi la nho hon
b, ky hiéu a < b, néu hiéu a — b 1a mot s6 am; a dugc goi la nho hon hodc
bang b, ky hiéu a < b, néu hiéu a — b 1a mot s6 khong duong.

akhia >0

Gid tri tuyét doi cua a 1a |a| = .
—a khia < 0.

Tinh chat 1.1.2. Vi cdc s6 thuc a,b, c va s6 tu nhién n luén cé tinh chdt:

a>b < a—-0b0>0
a>b < a+c>b+c
0> b = g2l s g2ntl
la| > |b| <= a®" > a*
azb = [
Voia>b, ¢c>0 < ac > bc
c<0 <= ac<bc.
a>bb>c = a>c.
la| < o <= @0
—a<a<a.

Khi chiitng minh bat dang thic, nhitng dong nhat thiic thudng duoc st dung:
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Meénh de 1.1.3. Vi cdc 5o thuc a,b, ¢, x,y, z va d # 0 c6 cdc dong nhdt thiic
sau day:

(i) (a+b)? = a® + 2ab + b* va (a — b)* = a* — 2ab + b*.

(i) (a+b+c)* =a®>+b* + * + 2(ab + be + ca).
(iii) (a +0)> = a® + 3ab(a +b) + b> va (a — b)> = a® — 3ab(a — b) — b°.
(iv) a®> —b* = (a — b)(a +b).

v) a® — b = (a —b)(a® + ab+ b?*) va a® + b = (a + b)(a* — ab + b?).
(vi) (a® +0?)(2* + v*) = (az + by)* + (ay — bx)*.
(vii) (a® +b* + ) (2?2 + y? + 22) = (az + by + c2)? + (ay — bx)? + (bz —

cy)? + (cx — az)?

(viii) |ab| = |a||b, |§\ - % va |a| = |b| khi va chi khi a = +b.

Ba bd dé duéi day trinh bay cdc bat dang thitc thudong dugc sir dung sau nay.
Bo dé 1.1.4. Vi cdc so thuc a,b,c,z,y,z va d # 0 cé cdc két qud sau.:
(i) a® + b* > 2ab.
(i) (a* +0?)(2* + y?) > (ax + by)*~.
(iii) (a? 4+ b* + ) (2? + y* + 2%) = (ax + by + c2)>.
(iv) [la] — [b]] < la+b] < af + [b].
Bai giai: (i) Boi vi (a — b)? > 0 nén a® + b* > 2ab. Diu = xay ra khi va chi
khi a = 0.
(i) Do béi (a? + b?)(2? + y?) = (ax + by)* + (ay — bx)* > (a:z: + by)? nén

(a® + b*) (2% + y?) > (ax + by)?. Dau = x4y ra khi va chi khi £ =2
r Yy
(iii) Do (a?+b*+c?) (a2 4+y*+2%) = (ax+by+cz)? (ay bz )%+ (bz—cy)*+

(cx—az)? > (ax+by+cz)? nén (a®>+b*+c2) (2% +y* +22) > (ax+by+cz)?.
Dau = x4y ra khi va chi khl ¢ _
2

(iv) Taluon ¢6 |a| > =+a, |b] > +b. Kh1 a+b > 0thi |a+b| = a+b < |a|+1b];
Con khi a+b < 0 thi = —a—>b < |a|+]|b|. Tém lai |a+b| < |a|+|b|. Boi
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vila| = |la+b+(=b)| < |a+b|4+|—0b] =|a+b|+|b| nén |a| — |b| < |a+1D|.

Tuong tu |b] = |a + b+ (—a)] < la+ b +|—a|] = |a+ b + |a| nén

0] — |a] < |a+ b|. Tom lai ||a] — |b]| < |a+b| < |a| + 0. O

B6 dé 1.1.5. Véi a,b,c,z,y, z,u,v,t > 0 luén cé cdc bdt dang thirc sau:
(i) a+ b+ c > 3vVabe.

(i) ¥/(a+z)(b+y)(c+ 2) = Vabe + YTyz.

(i) &/(a+z+u)(b+y+v)(c+z+t) = Vabc+ JTyz + Vuvt.

Bai giai: (i) Vi a+ b+ ¢+ vabe > 2vVab + 2v/ ev/abe > 4v/ abey/abe nén

a+b+c+m>4{7a_l)chaya+b+c>3m.

(i) Néu mot trong ba s6 a + x, b+ 1, ¢ + z bing 0, chang han a + x = 0, thi

a = x = 0 va bat dang thic hién nhién ding. Xét a + 2,0 +y,c+ 2z # 0 :
a b abc

+ + > 3¢
atx b4y cH+z \/(a+x)(b+y)(c+z) i

Theo (i) ta c6

s

at+r bt+y c+z T\ (a+2)(b+y)(c+2)
Vabe + /zyz

Va4 z)(b+y)(c+ 2)

(i) Vi /(a+z+u)b+y+v)c+z+t) = J(la+2)(b+y)(c+2)+

Vuvtnén i/ (a+z +u)(b+y+v)(c+ z + t) = Vabe+yzyz+v/uvt. O

B6 dé 1.1.6. Cho ba s6 thuc a,b, c > 0. Chitng minh cdc bdt ddng thitc sau:

cong vé theo vé duoc 3 > 3 . Tu day suy ra (ii).

1 1 2
1 > khi ab > 1
0 1+a2+1+62 T+ab ¢
1 1 1 3
> khi a,b,c > 1
W e e T e Trae M ohe
(iii) 1 n 1 S 1
iii > :
(1+a)> (145" 14ab
1 1 2
1 < khi ab <1
W AT T ar Sirm ™
1 1 1 3
(V) + + < khi a,b,c <1

(14+a)?2 (1402 (14+¢)? ~ 1+abc
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: 1 2 . 1 1
V1 vd -+ +
( )\/1+a2 V1+b? \/ a—|—b Vi+a? V141D
1 3 1
= khla,b,c>—.
V142 \/1+(a+b+c>2 V2
3

Bai giai: (i) Bat dang thic twong duong véi bat dang thic (ab—1)(a—0b)? >
1 1

0. Va > khi ab > 1

ay1+a2+1+b2 1%1—ab li 5

(

1+1a2+1Tb2/1J§ab 1+abc

Vv

(1) Via,b,c > 1 nén tir <

> = ta suy ra
14+bc ™ 1+ abe

N 2 < 2

\1+c23 1+a2” 1+ca” 1+ abc

+
1402 1+ 2
1 1

WV

1 1 1

+ + > :
lL+a? 140 1+c¢ 7 1+abc
(iii) Bat dang thiic tuong duong v6i bat dang thic (ab—1)2+ ab(a—b)? > 0.

1 1 1
Vi > .
YO0rar T O T 1r
(iv) 12 hién nhién qua quy dong hai Vé.
( 1 1 2 2

< <
(1—i—a)2+(1—|—b)2 l1+ab = 14 abc
R R T t
1+0)2 (1+c2 “I1+bc “1tabe
L1 22
L(1+¢)?2 (1+a)? 1+ca  1+abe
S SRR SRR
suy ra < )
T AT T T 1o S 1+abe
1

(v) Via,b,c < 1 nén tir <

(vi) Him s6 y = v6iz > 0coy = —x(1+2%) 732 < 0. Vay y don

V14 22 )
2¢° — 1
diéu giam. Ta lai ¢6 y” = 322(1 + 22) %2 — (1 + 2?)73/%2 = e >
(1 + x?)°
1 1

0khiz > — Vél nhu vay y la ham 106i. Vay

L ﬁm
M

) \/1—|—a2 \/1—|—b2 \/1—|—c2 \/ a—l—b+c>
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1
V2
Chia y 1.1.7. Khi ab > 1 sé khong co (iv). Thdt vdy, khi a = 2,b = 1 ¢6
1 1 1 1 2

! war U9 473 Tga M
2

1 1 112
9b=1coab=9>1va = ->—= .
coa O rar TAb? 100 1710 1tab

khi a,b,c > O

1.2 Mot vai phuong phap chitng minh don gian

St dung dinh nghia

Dé chiimg minh A > B ta ¢6 thé xét hieu A — B vachira A— B > 0.

Vi du 1.2.1. Vi ba s6 thuc a,b, c luén cé a®> + b> + ¢ > ab + be + ca.

Bai giai: Via?+0?+c2—ab—bc—ca = %[(a—b)2+(b—c)2+(c—a)2} >0
nén a® + b% + ¢ > ab + be + ca. O

Vi du 1.2.2. Vi 56 thuc a < 1 luon cé bdt ddng thiic

1
T:(1+a)(1+a2)(1+a4)...(1+a64)<1 .
—a
1—a)l 1+a®)(1+a?)...(1+a* 1—a!'?
Bai gii: Vi 7 — 421 L JUta). (A+adh) —
—a —a

1—&128 1
< )
1—a 1—a

Vi du 1.2.3. Gid sit a, b, c la do dai ba canh mot tam gidc. Khi dé ta co

O]

nén 7 =

a® +b* + ¢ < 2(ab + be + ca).

Bai giai: Via? > (b—c)%,0* > (c—a)’vac? > (a—b)?néna®>+b*+¢* >
(@ —b)*+ (b—c)*+ (c — a)? hay a® + b*> + % < 2(ab + bc + ca). O

Vi du 1.2.4. Gid si a,b, c la do dai ba canh mot tam gidc vuong véi a*> =
b2 + 2. Chitng minh rdng, néu hai so thuc x va y théa man bx + cy = a thi
2 +yt > 1.

Bai giai: Vi (0> + ¢?)(2* +9?) = (bx + cy)® = a® nén 2? + y* > 1. O

986 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



, 1 1, 9
Vi du 1.2.5. Vi hai s6 thuc a,b € [1;2] luén c6 (a+b)( 5) <3

Bai giai: Via,b,c € [1;2]nén (a — 1)(a—2) <0va(b—1)(b—2) <0.
2 2

Tfrdéysuyraa2+2<3a,b2+2<36haya+ 3vab+b<3 Do boi

2 2 2 2 1 1 9

6> (a+8)+(C+2) 22\/(a+b)(5+6) nen (a+0) () <2 o

a

Vi du 1.2.6. Véi ba s6 thuc a,b,c € [—2; 3] thoa mdan a + b+ ¢ = 0 luén cé
bdt dang thitc a® + b* + c? < 18.

Bai giai: Via,b,c € [-2;3] nén (a +2)(a — 3) < O(b—|—2)(b—3) 0 va
(c+2)(c—3)<0.Tuday suyraa®? —a < 6,6> —b < 6vac>—c<6. Do
bdi a + b+ ¢ = 0 nén sau khi cong ba bit dang thitc nay, vé theo v€, dugc
a* 4+ b* +* < 18. O

Vi du 1.2.7. Gid si a,b,c € [0;4] théa mdn a + b+ ¢ = 6. Khi do ta c6
a® + b? + ¢? < 20. Khi nao ddu bdng xdy ra.

Bai giai: Khong han ché€ c6 thé gia thiéta > b > c> 0. Khido 2 < a < 4.
Tacé a? +b*+c2 =a®+ (b+c)?> — 2bc < a®> + (6 — a)? = 2a% — 12a + 36.
Nhu vay a? +b* + ¢ < 2(a® — 6a+ 18) = 2[(a —2)(a — 4) + 10] < 20. Dau
bang xdy rakhia =4,b=2,¢= 0. O

Vidu 1.2.8. Véia > b > cluon cé a* + b* + c* > a?b+ bPc + Pa.

Bai gidi: Xét T = a* + b* + ¢* — a®b — b3c — ca. Bién ddi biéu thitc

T = a*(a—0b)+b*b—c)+c(c—a)
= a*(a—b) +b(b—c)—c[(a—b) + (b— )]
= (a=b)(a’ =)+ (b— )’ = ’) > 0.
Do d6 ¢6 bat dang thic a® + b + ¢* > a3b + bPc + a. O

Vi du 1.2.9. Vi cdc s6 thuc a,b,c > 0 ta luén cé bdt dang thitc

a b c a? b2 2

< .
b+c+c+a+a+b b2+62+02+a2+a2+b2
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T a a?(b+c)—alb*+2) .. ..
Bai giai: X¢ét hi¢u i biec = Prdbre) Khi dé6 ta c6
a’ a ab(a — b) + ac(a — )

— = . Tuong tu xét cac hiéu khac va
P& bt B2+ )b+ 0 g ey
nhu vay duogc

2 2

T_<a+b2+0)(a+b+c>
o2+ 24a? a2+ b2 b+c c+a a-+bd

1 1

= abla - b)[(bQ +)b+e) (& +a2><c+a>}
be(b — c)[ ! - ; }

* (¢ +a*)(c+a) (a®+0*)(a+b

1 1
+ cale—a) [(a2 T a+b B+ )b+ c)]

Néu a < b thi (2 + a®)(c+a) < (b? + ) (b+ ¢); con néu a > b thi
(2 +a*)(c+a) > (b¥+ ) (b+ c). Do d6 ta nhan duoc bat dang thiic

1 1
abla = b)[(b2 +)(b+c) (02—|—a2)(c—|—a)] > 0.

Tuong tu, hai s6 hang cdn lai trong tong ciing déu > 0. Dod6 T > 0. [

Vi du 1.2.10. Véi hai s6 thuc a va b théa man a + b > 0 ¢6 bdt ddng thitc

3 3 3
0 a’+ b S (a+b> .
2 2

(i) a> +b>+2>2ab+a+D.

54 p3 b3 3
Bai gidi: (i) Hieu 7 = ~ ; —(“; ) = Sla+b)a-b? >0
1
(ii)Tﬁ’(i)VéQab<§(a—|—b)2suyrahiéuT:a3—|—b3—|—2—2ab—a—b>
1 1 1
Z(a+b)3—§(a—|—b)2—(a—l—b)+2:Z(a+b—|—2)(a—l—b—2)2>O.Vay
at+b>+2>2ab+a+b. ]

Vi du 1.2.11. Vi cdc s6 thuc a,b,c > 0 ta luon cé bdt ding thitc dudi ddy:

a® + b3+ A + 3abe > a®b + b2a + VPe + P2b + Pa + d’e.
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a2>a>—(b—c)l=(a+b—-c)la—b+c)
—(c—a)*=(a+b—c)(—a+b+c)
A2 —(a=b?=(—a+b+c)a—b+c).
Néua+b—c < O0thia—b+c > 0, —a+b+c > 0. Nhuvay (a+b—c)(a—b+
¢)(—a+b+c) < 0 < abe. Tuong tu xét cac truong hgp khac. Néu a+b—c > 0,
a—b+c > 0va —a+b+c > 0thia?b?c? > (a+b—c)?*(a—b+c)*(—a+b+c)?.
Tu day suy ra abc > (a + b —¢)(a — b+ ¢)(—a + b+ ¢). Day chinh 1a bat
ding thitc can chitng minh. O

Bai giai: Hién nhién c6 ¢ % > b2
>

Vi du 1.2.12. [Vasilev Cirtoaje] Vi cdc s6 thuc a, b, c ta cé bdt ddang thirc
(a> + % + )2 = 3(a®b + b’c + Fa).

Bai gidi: Khi @ = b = ¢ = 0, bat dang thic hién nhién ding. Khi a,b,c
khong dong thoi bang 0, chiang han a # 0, dit b = za,c = ya. Bit ding
thic trd thanh (1 + 22 + 4?)% > 3(x + 23y + ).

4(a® 4 b* 4 ¢ — ab — bc — ca) ((a2 + b 4 *)? = 3(a’b + bic + CSa)>

2
= <(a3 + b + ) — 5(a*b + b*c + cta) + 4(ab® + bc® + caQ))

2
+ 3((@3 + b + ) — (a®b + bPc + c*a) — 2(ab® + bc* + ca?) + 6abc> > 0.

Dang thitc x4y ra khi a = b = c. O

Bién doi tuong duong

Diing phép bién ddi tuong duong, dua bat dang thiic cin chiing minh vé bat
dang thiic don gidn hon hodc da biét cdch chiing minh.

. 1 1 1
Vi du 1.2.13. Cho a,b,c > 0 thoa man diéu kién — + i +->a+b+c
a c
Khi dé ta cé bdt dang thitc a + b + ¢ > 3abce.

... 1 1T 1
Bai giai: Diéuklef:n——|—g—|—— > a + b+ c tuong duong ab + bc + ca >

a c
(a+b+c)abe. Vi (a+b+c)* = 3(ab+bc+ca) nén (a+b+c)? > 3(a+b+c)abe.
Vay a + b+ ¢ > 3abc. O
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Vi du 1.2.14. Véi ba s6 a, b, c > 0 ta luon cé bdt ddng thiic sau ddy:
v+ A+a® a’+ b
+ +
a b c

> 2(a+b+c)

Bai giai: Bat dang thic cin chitng minh tuong duong véi bat dang thifc sau

b + 2 A +a? a’® + b?
— tat— +b+ . +c>23(a+b+c)

1 1 1
hay 3(a2+b2+02)(5+5+2) > 9(a+b+c). Vid(a*+b?+c*) = (a+b+c)?

1 1 1 1 1 1
nén3(a2—|—b2+c2)(g+g+z) > (a+b—|—c)2(a—|—g—i—g) >9(a+b+c). O

Vi du 1.2.15. Gid sit a,b,c,d > 0. Chitng minh rdng

I 1
TT 1S T 1

1

1
a+g c d a+c+b+d

Bai giai: Bat dang thic cin chitng minh tuong duong véi bat dang thic

(a+c)(a+b)(b+d)(c+d)—(a+b+c+d)[(c+d)ab+ (a+b)ed] =0

hay (ad — bc)? > 0. Do vay bat dang thiic 1a dung. O
Vidu 1.2.16. Cho a,b,c,d > 0va a + b+ ¢+ d = 1. Chitng minh rdang
1
1+1+1+1<(a—|—c)(b+d).
a b ¢ d
1 1 1 b+d
Bai giai: Tu + < = lat )b+ )suy ra
Lot 1 1,1 at+btetd
. 1a b ¢ d a+c b+d
1+1+1+1<(a+c)(b+d). O
a b d

c
Vi du 1.2.17. Gid su |al, |b| < 1. Khi dé ta c6 bdt dang thiic

\/1—a2+\/1—b2<2\/1—(a+b)2.

2
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v N b
Bai giai: Vi hai v&€ déu duong nén v1 — a? + /1 — b2 < 2\/1 — (a—; )2

tuong duong bat déng thic /(1 — a2)(1 — b?) < 1 — ab. Bat dang thic cudi
cling nay tuong duong véi (1 — a2)(1 —b?) < (1 — ab)? hay (a — b)? > 0.

b
Vay bat dang thitc v1 — a2 + /1 2\/1— (a+ ’

) la ding. O
Vidu 1.2.18. Cho a,b,c € [1;2]. Chiing minh rdng a® + b> + ¢ < babe.

Bai giai: Khong han ch€ ¢6 thé coia > b > c. Via,b,c € [1;2] nén ta c6
(i) a® + 2 < 5a tuong duong (a — 2)(a® +2a — 1) < 0 : ding.

(i) ba + b® < bab + 1 twong duong (b — 1)(b* +b+ 1 —5a) < 0 : ding vi
V+b+1<a’+a+1<2a+a+1<5a.

(iii) Sabc+ ¢* < babe+ 1 tuwong duong (¢ — 1)(c* + ¢+ 1 —5ab) < 0 : ding
dobdi > +c+1<a*+a+1<5a< bab.

Cong v& 3 bat dang thiic trén ta c6 diéu phdi chiing minh. Diu bing x4y ra
khia=2b=c=1. O

Vi du 1.2.19. [Olympiad 30-4] Vi a, b, c € [1;2] ta ¢ bdt ddng thiic sau:

1 1 1
(a+b+o)(-+5+-) <10,
a b ¢

? b
Bai gidi: Bit déng thic tuong duong & + £+ 2 412 1 £ 4 g < 7. Khong
C a C a

b
lam mat tinh chat téng quat, c6 thé gia thiét a > b > c. Khi do6 ta s& c6:
b
(i) Tit (@ — b)(b— ¢) > 0 suy ra ab + be > b2+achay F1> Z+—.
c
9 c b
(i) T ab + bc > b+acsuyra—+1 b—|——.
a
a b c b a c a b ¢ b ¢ a a c
Do d6 —-+-+++— < —+—+2. Nhu vay —+—+—+—+—+—<2+2<—+—>.
b ¢ b a c a b ¢ a a b c 5 a
a
batz = —. Khidé 1 <z < 2. Vay (z —2)(x — 1) < 0 hay x + — < 3.
c T
1 1 2 . . 1 5 X
Vi—-<-—-nnz+—-+-<z+—-<3 Tudaycé z + — < =. Tom lai
2 T T 2 T T 2
a a b b ¢ ¢
-4+ —-+-+-4+-4+-<T. [l
b ¢ a ¢ a b
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Vi du 1.2.20. [Japan MO 2001] Vi cdc s thuc a,b,c luon cé bdt ding
thiic
(a+b—c)*(b+c—a)(cta—b)* > (a*+b*— ) (b*+c* —a?) (¢ +a* —b%).
Bai giai: Ta chi can xét bai todn véi a?, b?, ¢? 1a do dai ba canh clia mot tam
gidc, boi vi néu khong the thi bat dang thitc hién nhién ding. Bat dang thitc
can chitng minh tuong duong vé6i (b* — (a — ¢)?)(c? — (a — b)?)(a* — (b—¢)?)
> (—a® 4+ b* + A2)(a? — b + ) (a® + b? — ). Trude tien ching minh

(b = (a —c)H)?* = (—a® + b* + ) (a® + b* — &2).
That vay, bat dang thitc nay tuong duong véi

bt —20%(a —¢)* 4 (a—c)* = b* — (a* = *)? hay (a —c)*(a®> = b* + ) > 0.

Tuong tu c6 (¢ —(a—0)?)* > (2 —a*+b*)(*—b*+a?) va (a>— (b—c)*)* >
(a® — b* + *)(a* — ¢* + b?). Nhan cdc bét dang thic trén, v€ theo v€, nhan
duoc bat dang thifc can chitng minh. O

Vi du 1.2.21. [Viét Nam TST 2006] Chiing minh rang, voi cdc s6 thuc
a,b,c € [1;2] ta cé bdt dang thiic

1 1 1 a b c
(@+b+o)(-t5+-)26(— ).
a b c b+c c+a a+Dd
Bai giai: Dicu kién a, b, ¢ € [1; 2] tuong duong véi diéu kién a, b, ¢ 1a do dai
ba canh mot tam gidc, (k€ ca suy bién). Sir dung cic dang thiic
1 a—b)? b—c)? c—a)?
EETCEL T S CL)

(a+0b+ )(1+1+
¢ ¢ a b ¢ ab bc ca

a b c (a —b)? (b—c)? (c—a)?

6( +—— )—3 — + + .
b+c c+a a+bd (a+c)b+c) (b+a)(c+a) (c+0b)(a+b)
Vay bat dang thitc c6 thé viét lai du6i dang

Sa(b—c)? + Sy(c — a)* + S.(a — b)* > 0.

Trong d6 cac hé s6 S,, Sy, S. duoc xac dinh bai

SR
““be (a+b)(ate)
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o=t

“ ca (b+c)(b+a)
1

Sa = 5

T be (c+a)(c+b)
Khong mat tinh téng quat clia bai todn gid st ring a > b > ¢, khi do
Sy = Sp = S.. Ta s€ chiing minh S, + S, > 0, that vay

1,1 1 3 1 1
Sb—l_Sc:g(g—i_E)_b—|—c(a—|—b+a—|—c)20
tuong duong 1+1 ’ ( : + - )Doa b+ ¢ nén dé thiy
b b+c\a+b a+c
3 b+c b+c 3 3
VP<b+c<2b+c+20+b):26+c+2c+b'
Phan con lai cta bai toan ta chi can chiing minh
1 1 3 3
b7 e 2ot b
Nhung bit dang thitc trén hién nhién ding vi
L2 9
b ¢~ 2c+0b
1 2 9
c E>Qb+c'

Dods S, +S.>20= .5, > OVay
Sa(b—¢)? + Sylc —a)* + Se(a—b)* = (S, + S)(a—b)* >0
Pang thic xay rakhi @ = b = choiac a = 2,b = ¢ = 1 hoic cdc hodn vi. [
Vi du 1.2.22. Chitng minh rang, néu a,b,c > 0,a + b+ ¢ = 3, thi luén cé
2(a®b* + b*c® + c*a?) + 3 < 3(a® + b* + 7).
Bai giai: Khong 1am mat tinh chat tong quatcé thé gia thi€ta > b > ¢ > 0.

a—+0b a—>b
Y =

ab > ¢® nén 222 — 2¢? — y?> > 0. Do d6 ta c6

bat z = . Khidda=x4+yvab=x—y Via?—y? =

a’b* + 0’ + fa® = A(a® + V) + a’b® = (227 + 2¢°) + (2 — yP)?
= 2t +2c%% — y* (227 — 267 — o) < 2t + 205
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Mt khdc, hién nhién a® + b* 4 ¢ = 222 + 2% + ¢ > 222 + 2. Vay, dé ¢6
bt dang thic ta chi cin chiing minh 22 + 42%¢? + 3 < 3(22% + ¢2). Thay
c = 3 — 2z ta phdi chi ra 2z + 42%(3 — 22)% + 3 < 622 + 3(3 — 22)? hay
3zt — 823 + 322 + 62 — 4 < 0. Bat dang thifc nay tuong duong

(z —1)*(32* — 2z — 4) <0.

3
Vi2e=a+b<3nénl<z< événhu’vayfﬂx?—Q:z:—éLg 0. Tém lai,
bt dang thitc da dugc chiing minh. Dau = xdy rakhia = b = ¢ = 1. O

Vi du 1.2.23. [Moldova TST 2006] Cho a,b,c la dé dai 3 canh cua mot
tam gidc. Chitng minh bdt ddng thirc

a2<9—1)+b2(5—1) A(3-1) >0
c a
Bai giai: Bat dang thiic twong duong a’b? + b3c? + 3a® > abe(a® + b* + ¢2).
Ta st dung dong nhat thitc sau day:
a?(b® — )+ 0*(* — a®) + A — ) = a*(b—c)* +b*(c—a)® + P (a—b)>.
Hieu T = 2(a3b* + b*c? + *a?) — 2abc(a® + b* + ¢*) biéu dién dugc thanh:
T = a*(b* —2bc+ ) + b3( 2 —2ca + a®) + (a* — 2ab + b?)
— a0’ =) = V(P —a’) = (a’ = V)
a 2+ (c—a)*+cE(a—b)? —a*(b—c)’
a)’ — *(a — by’
c)*(a—b+c)+b*(c—a)*(b—c+a)
+ Aa—b)?*(c—a+0b)>0.

Bit dang thitc hién nhién ding vi a, b, ¢ 1a do dai ba canh mot tam gidc. [

(b
3(b—c

— b2(

a*(b -

0 ; .
Vidu 1.2.24. Qui uoc 0 la mot so6 thuc duong tity y. Voi ba so thuc a,b,c > 0

ta luon cé bdt dang thitc sau ddy:

_a*b—c)+ b (c—a)+(a—D)
T = =g+ Ple—a+ @y >

(b—c)(c—a)(a—Db)(a+b+c)

Bai giai: Do boi T = = b e
ai giar: Do (b—c)(c—a)(a—b) a -+ 0+ cnén
T > 3v/ abc theo B6 dé 1.1.5(1). ]
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Vi du 1.2.25. Vi ba s6 thuc a,b,c > 0 ta luén cé bdt dang thitc sau ddy:

a3+b3 C3>a+b+c
¥ o3 37 b ¢ a
NG °e2 e < 3 3 b3 a b C
Bai giai: Vi (ﬁ )(1—|—1—I—1)(1—I—1—I—1)>E—I———I——theo
c a
3b3cglab63abc
Bodel15(111)nen§+—+—3>§(6+5+g) > o+ N
Vi du 1.2.26. Cho AABC. Chitng minh cdc bdt ddng thitc sau day:
Q) 1 n 1 n 1 - 3
1 X . . . .
(1+sin4)”  (14sinB)® (1+sinC)’  1+sinAsinBsinC
1 1 1
(ii) 0 khz > /A /B,
V1+4sin? A \/l—I—smB \/1+sm(] VT
T
L0 > —

Bai giai: (i) Suy ra tir Vi du 1.1.6(v).
inA+sinB+sinC /3
iy vi 22 SH; st f nén (i) ¢6 duoc it Vi du 1.1.6(vi). [

Vi du 1.2.27. Cho ba so thuc a,b,c > 0 va a + b+ ¢ < 3. Chiing minh bdt
ddng thitc sau day:

a n b n c o 1 N 1 N 1
1+a2 148 14+¢2 14a 1+b 14+¢

Bai gidi: Vi 1 + o> > 2a nén c6 bat dang thitc 1f 5 < 5. Tuong ty,
a
b c 1 a b c 3
2

+ b2
=1

. Nhu va < —. bat
Wit i 1 e S M8
14+c. Khidétacdéz,y,z >0vaxr+y—+ 2z <

\\J N | —
—_ < ~
| =

<
+

—t
+ %

KR =
m@@mam?

/N

6. Do dé <

N\

Cong cac bat dang thic, vé€ theo vé, duoc

—_
+ o+ o+
IN

7

—_
—_
—_

y z z x T Yy
z oz

—_

— + 4+ o+
o
_|_
I
_l_
I
+
I
+
I
+
I
I

VoRIRReg |

o
—~
I
I
[

> 9. Tu day suy ra

S
<
N
8
S
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Lot b L S 90 6 bat diing thie sau da

= -+ -+ - > _—vac n C sau :

1+a 14+b 1+c¢ x Yy z 2 8 Y
a b c 1 1 1

< T n . O

1+ 140 1+& ST1a 140 1+ec
Vi du 1.2.28. Cho ba s6 thuc a,b,c,d > 0. Chitng minh cdc bdt ddng thiic:
a b c 3

: >3
(Db+c+c+a+a+b 2

i e 4o,
b+c¢c c¢c+d d+a a+b”

(i) |/ —— + 1/ b oy
b+ c c+a a+b
Vb+ +d Vc+d+a Vd+a+b Va+b+c

Bai giai: (i) Bat dang thic tuong duong véi 2[1 + + 1+ + 1+
| f+c c+a
c
> 9 hay (b b > 9 : diang.
a+d ?(+w+c+a+a+)%+c+c+a+a+b) ting
(i1) Xét cac bicu thic v6i M + N = 4 sau day:
g a N b N c N d
 b4+c c+d d+a a+b
b c d a
M =
b+c+c+d+d+a+a+b
N - c d a b

b+c+c+d+d+a+a+b
Mat khéc, theo bat dang thitc Cauchy ta lai c6

b b d d
]W+S::a+ n +c+c+ n +a>4
b+c¢c c¢c+d d+a a+b

a+c b+d a+c b+d

b+c+c+d+d+a+a+b
at+c a+c b+d bH+d

b+c+a+d+c+d+a+b
4(a + c) 4b+d)
a+b+c+d a+b+c+d

N+S =

WV
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Vay M + N + 28 > 8 va tir day suy ra bat ding thic S > 2

b
GipBoivid |0 > % nen | —— 4/ —— 4,/ —— > 2
c+a a+b+c b+ c c+a a—+b

c 2c
>
a+b” a+b+c
Daubangxayrakhlvachlkhla—b+c,b a,c —a+b Khi d6

a = b = c =0 : mau thuan. Do dé6 a + 14/ + > 2.
b—|—c c+a a—|—b

\/b+c+d a+b+c+d

(iv) Tuong tu nhu trong (ii1) ta co < »c+d+a a+b+c+d nén suy

\/d+a+b a+b+c+d

\/a+b+c a+b+c+d

ra duoc L—f— L—{— + d > 2. Dau
' b+c+d Vet+d+a d+a+b Va+tb+e™ 7

bing x4y ra khi va chi khi @ = b+c+d, b = c+d+a, c = d+a+b,d = a+b+c.
Khidsa =b =c = d = 0 : mau thudn. Do d6 c6é ngay bat ding thic

a N b n c n d =9 -
b+c+d Ve+d+a d+a+b Va+b+c '

Vi du 1.2.29. Vi ba 56 thuc tity y a, b, ¢ ta luén cé bdt ddng thitc sau day:

a5+ 1568 4 Sab + 3atbict > 2(a® + B° + A)ath3e.
Bai giai: Néu a = 0 hay b = 0 hoic ¢ = 0 thi bat ding thitc diing 14 hién

b b
nhién. Xét abe # 0. Chia hai vé cho a'b*c* va dat z = = C .=

L1 1%, @ F
Bit dang thiic cin chiing minh tr& thanh — + = + = +3 > 2(z +y + 2)
22y 2
v6i zyz = 1. Vi zyz = 1 nén 2 trong ba s6 x, y, z phai ¢6 hai s6 ¢ cing mot
phia so v6i 1, ching han z,y. Khi d6 (z — 1)(y — 1) > 0. Vi bat dang thiic
1

(3-5) +2@=Dw=1)+ =17 >0

2086 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



20
1
luon ding va 2%y* = = nén — + — + = +3 > 2(z +y + 2). O

Vi du 1.2.30. Vi ba s6 thuc a,b,c > 0 ta luén cé bdt dang thitc sau day:

1 1 1 a b ¢ _3a+1)b+1)(c+1)
S M 22105 s _
3+(a+b+c)+(a+b+c)+(b+c+a)/ abc + 1

Bai giai: Patx = a+b+c,y = ab+bc+ca, z = abcvat = a’c+b*a+cb.
Bat dang thic tuong duong 3 + [zz 4+ y + t](2 + 1) = 3+ 3z(z + y) hay ta
c6 2% — 2wz +t + 2t — 2yz +y > 0. Vi bat dang thifc nay tuong duong

ab(b+ 1)(ca — 1)? 4+ be(c + 1)(ab — 1)* + ca(a + 1) (be — 1)? > 0. O
Vi du 1.2.31. [China 2004] Chb’ing minh rd{zg, néu cdclso”' thuc a, %, c,d >0
thoa man abed = 1 thi T = (1+a)2+ (1+b)2+ (1+c)2+ TEwIE > 1.
Bai giai: Vi ! + ! > ! : ! + ! > !
(I14+a)> (140> 1+ab (1+¢)? (A4d?~ 14cd
theo Vidu1.16nenT > — 4+ _abted®2 o

l+ab 14+cd (ab+1)(cd+1)
Vi du 1.2.32. Vi cdc s6 a, b, c > 0 ta luén luén cé bdt ddng thitc sau day:

20 +3b 2b+3c 2c+ 3a
+ + P
2c+3b  2a+3c 2b+ 3a

Bai giai: Quy dong va rit gon, bat dang thic trd thanh bit dang thc:
12(a® + b° + ¢*) + 12abe > 10(a®b + b%c + c2a) + 6(a’c + b + b*a).

Khong 1am mat tinh téng quat ¢6 thé coi ¢ = min{a, b, c}. Pata = c+u,b =
¢+ v v6i u,v > 0. Thay vao bat dang thic trén ta duoc

VT = 48¢° + 48(u + v)c® + (36u? + 36v* + 12uv)c + 12(u® + v¥)
VP = 48¢° +48(u + v)c® + 16(u + v)?c + 10u*v + 6uv?
VT —VP = 20(u®+v* —uv)c+ (12u° + 120° — 10u*v — 6uv?)

> 121’ +0v° — v — w?) = 12(u — v)*(u + v) = 0.

Dang thitc xay ra khi va chi khiw = v =0hay a = b = ¢ > 0. O
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Bat dang thiic co dién

Sir dung Bat ding thitc Cauchy hodc Bét dang thitc Bunhiakowski v6i 3 so
hang trong tong hoac tich, xem B6 dé 1.1.4 va B6 dé 1.1.5, d€ chiing minh
bat dang thic méi.
Vi du 1.2.33. Chiing minh rdng, véi a,b, ¢ > 0 ta luén cé bdt dang thirc sau:
1 1 1 9
>

b+c/a+b+c'

1 1 ,
Bai giai: Tacé a + b+ ¢ > 3vabe Va——f-g—l‘— o theo Bat dang
C aobc
1 1 1 9
thic Cauchy. Vay — + -+ - > —. O
€ AUy vay JrbJr a+b+c

Vi du 1.2.34. [Russia MO 2000] Chiing minh rang néu a, b, ¢ > 0 théa man
a+ b+ c =3 thi ta cé bdt ddng thitc \/a + /b + \/c > ab + bc + ca.

b 2 2_b2_2 9 — 2_b2_2
Bai giai: V1ab+bc+ca—(a+ +9) c_ ¢ 5 ‘

nén chi cin ching minh a? + 0% + ¢2 +2(\/_+\/_+ V) = 9. That vay, tur
a? +va+va > 3a, 0+ Vb+ Vb= 3b,?+ e+ e =3

suy ra a? + > + 2+ 2(va+ Vb +/c) = 3(a+b+c) = 9. Ddu = xdy ra
khivachikhia=b=c=1. O

Vi du 1.2.35. Gid sit a,b,c > 0. Khi d6 ta luén cé bdt ddang thitc dudi day:

a N b n o 9
(b+c)?2  (c+a)? (a+b)2" 4(a+b+ec)

Bai giai: Sir dung bt dang thitc Bunhiakowski ta c6 ngay bat dang thitc

(atb+o)( s+ b, ¢ )= (—+ b C)Q
(b+c)2 (c+a)? (a+b2) " \b+tc c+a a+bl’

b c a? b2 c2

a
Tuong tu, ta lai co + + = + +
(g : ')2 b+c a+c a+b ab+ac ba+bc ca-+cb
a+b+c 3 L . )
> —. Tu day suy ra bat dang thuc can chirng minh. O
2(ab+bc+ca) = 2 o & 8
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Vi du 1.2.36. Cho a,b,c > 0 théa man a + b+ ¢ = 3. Chitng minh rang
a’ b? c?

= =
a+2b2+b+202+c+2a2

Bai giai: Theo Bit dang thiic Bunhiakowski ta c6
[a®(a + 2b%) + b(b + 2¢%) + (¢ + 2a®)]T > (a® + b* + )~

(a® + b* + )2
a’ + % + A + 2(a?b? 4 b2 + ?a?)
(a®+ >+ c2)? = a + b3 + & + 2(a®b* + b*c® + ¢?a®) hay bét dang thic sau

Vay T > . Do d6 chi can chiing minh

A+ttt >+ + A

That vay, tir 3(a® +0° + %) = (a®* + V> + ) (a+b+¢) = (a®> +1* + *)? va
3(a?+b*+c*) > (a+b+c)?> =9suyraa®+0°+ > a® +b? + ¢ Do boi
(at+ b+ M (@ + 0P+ A) = (P + P+ P nenat + b+t > a® + 03+ .
Dang thitc xdy rakhia = b =c = 1. O
Vi du 1.2.37. Gia su a,b,c,d > 0 thoa man a + b+ ¢ + d = abc + bed +
cda + dab. Chitng minh bdt ddng thiic sau

241 b2+ 1 2+ d? 1
abc+bcd+cda+dab>\/a; \/ + + 4/ +

Bai glal Tu gia thi€t suy ra (a+b)(a+c)(a+d) = Ja+b+c+d).
_a®+1  (a+c)(a+d)
VY T T arbterd

a+1 V+1 A+1 d&+1 (a+b+c+d)?
+ + -+ =
a-+b b+ c c+d d+a a+b+c+d

q 241 P41 A4l Pt
Lai c6 bat dang thiic 2(a—i—b+c—i—d)(c; +b + b—lJ—rc +Cc—td + d—ja) =

(Va>+1+ V2 +1+VE+1+ V& + ? theo Bit dang thic Bunhi-

]_ b2 1 1 d2 1
akowski. Vay a+b+c+d > \/ + \/ + \/c + \/ +

Vi du 1.2.38. Chitng minh rang, vdi a,b,c,d > 0, abed = 1, ta luén cé

(a+b+c+d)b>2%a®+1)0* + 1)(+1)(d* + 1).

. Tuong tu c6 céac hé thic khic va suy ra dugc

=a+b+c+d.
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Bai giai: Pata =22, b=, c=22,d=t*véix,y,2,t > 0,zyrt = 1. Ta
s& chiing minh (22 + y? + 22 + %)% > 282 + D (y* + 1) (z* + 1)(#* + 1).
Vi zyzt = 1 nén bat dang thic nay tuong dwong (z2 + y* + 22 + 12)% >
28(23 + yzt) (y> + x2t) (23 + 2yt) (3 + zyz). Theo Bat dang thitc Cauchy c6

A’ +yzt) (v +azt) < (2P’ fazt+yat) = (v+y) (@ —ay+y+2t)°,

A8 +oy2) (2P +aoyt) < (PP Foyztaoyt)? = (241222 — 2t 2+ ay)’

Do boi 4(2? — zy + y* + 2t)(2* — 2t + 12 + vy) < (2* + > + 22+ 12)? va
(z +y)(z+1) =zz 4+ yt + at + yz < 2> + y> + 2% + ? nén tir 4 bét dang
thitc nay dé dang suy ra bat dang thitc cin ching minh. O

Vi du 1.2.39. [Mathlinks Contests] Véi a,b,c > 0,abc = 1, luén co

a—l—b+ b+c+ c—l—a>3
a+1 b1 Ver1 77

Bai giai: Theo Bat diang thitc Cauchy cho 3 s6 hang trén, chi can chitng minh

(a+b)(b+c)(c+a)=(a+1)(b+1)(c+1).
That vay, vé6i diéu kién abc = 1, bat dang thifc trén tuong duong véi
ab(a +b) + bc(b+¢) + ca(c+a) = a+ b+ ¢+ ab+ be + ca.
Theo Bat dang thitc Cauchy véi nhém 5 s6 hang ta c6 3 bat dang thitc sau:

a’b + a*b + a*c + a*c+be > ba
b a + b%a + b*c + b*c+ac > 5b
A+ b+ Fa+Fa+ab = 5

o

va suy ra 2[ab(a+b) +bc(b+c¢) +ca(c+a)] = 5(a+b+c) — (ab+ be+ca).
Tuong tu, theo Bat dang thitc Cauchy véi nhém 5 s6 hang c6 3 bat dang thiic

Va+bla+a’b+a*b+c¢ > bab
e+ bie+ b+ cb+a > bbe
=

a’c+ a’c+ Fa+Fa+b Hea

va suy ra 2[ab(a+b) 4+ be(b+c) +ca(c+a)] = 5(ab+bec+ca) — (a+b+c).
Cong hai bt dang thiic cudi c6 diéu phai chitng minh. O
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Vi du 1.2.40. Chiing minh rdng, néu a, b, c > 0 thi ¢ bdt dang thitc sau ddy:

1 1 1 9
> .
b(b+ a) +c(c+b) +a(a+c) ~ 2(ab+ be + ca)

cla+b)+ab alb+c)+bc blc+a)+ca < 9

Bai giai: Chi can chi > —
1 gial 1 can chira b(b+ a) + (c+D) + a(a+o 5
h +b+ + 24 ! TR ) Vi 5 tuong duong bat da
a > — vand at dan
- b bc a+b b+c c+a 2 1g5 8 8
thu’cc+ + —|—a+a—|—c+ c + + c > —. Theo Bt ding
b a bc a+b bb+c bc+a 2
a+ a +c ct+a c
thirc Cauchy ta c6 > 1, > 1, > 1.
¢ auC}Z;aco 4a Z_a—i—b b 4b +b—|—c 4c +c—|—a
Dode 24 4 L 2te, L9 € S 3 Mat khdc, con
; 4ab ba+b 4b %+c ; 4c c+a9
cé—(a+ + +C+C+a):—(3+—+9+9)>—.conghaiba’tdéng
4\ a b ,C 4 a b c 2
thic trén lai ta c6 bat dang thic can chiing minh. O

Vi du 1.2.41. Chitng minh rang, néu a,b,c > 0 thda man a + b + ¢ = 3 thi
ta c¢é bdt ddng thitc (a®> — ab + b?)(b? — be + 2)(c? — ca + a?) < 12.

Bai giai: Khong 1am maét tinh chét tong quat, c6 thé coi a > b > c. Khi d6
V> —be+c? <V, a®—ac+c? < (a+ce)? a’—ab+0? < (a+c)*—(a+c)b+b2.
Ta s& ching minh M = b?*(a+c)*((a+c)?— (a+c)b+1?) < 12. That vay, dat
—b b 3
v = GT“ > 0,5 = % = 5. Khi do M = (s* = #?)*(s* + 32).
L a2 3 3 4 N3
Theo Bat dang thiic Cauchy c6 5(32 — x2)5(32 —2%)(s* +32%) < (532) =
9 . ) C o g
27 va suy ra dugc ZM < 27 hay M < 12. Dau = xay ra khi va chi khi

c=0,52=922haya=2,b=1,c¢=0. O

Phuong phap danh gia

Pé chitng minh A < B, ta chon C va ddnh gid A < C. Sau dé chira C < B.

11 11
St ET T <y

1
Vidu 1.2.42. Cho s6 nguyénn > 1. Chitng minh 2—+3 e 1
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Bai giai: V6in = 2,n = 3, bit ding thic ding 1a hién nhién. Véin > 3 ¢6

T—1+1+1+ +1<1+1+1(1+ — )
33 43 nd 8 27 3.4 (n—1)n
o 1+1+1<1 1+1 1+ N 1 1><1+1+1
T8 24 4\3 4 4 5 n—1 n 8 24 12
1
Turday suyra T’ < 1 O

Vi du 1.2.43. Day (a,) dugc cho nhu sau: ay = 1,a1 = 3,a2 = 6,a3 =
10, a4 = 15, a5 = 21, .... Xdc dinh a,, theo n va chitng minh bdt dang thiic

P00 ) () <3k

Bai giai: Thra; =3 =a9p+2,a0=6=a1+3,a3 =10 =as+4, a4y = 15 =

as + 5,a5 =21 = a4+ 6 suy ra a, = a,_1 +n + 1 va dicu nay dé dang c6
(n+1)(n+2)

dugc qua quinap. Vay a, =1+2+3+---+n+n+1=

1 —1 k+1)(k+2)—2 k(k 4+ 3
Vésuyral——:ak :< T D(k+2) = (k+3) . Nhu
a ay (k+1)(k+2) (k+1)(k+2)
vay 1 L (1 ! )(1—|— ! )Vétac() duoc cac phép bién ddi sau:
ST kot 1 k+ 2 e cac phep '

P D00 D D )0t
= 2<1_§>(1_E)(1_§)"'<1_m)<1+n+2)
- 3 ) ) - (e ) 04 )

234°5%. .. (n—1n*(n+1)(n+2)(n+3) n+3

2324252 .. (n—1)2n%(n+1)2(n+2)  3(n+1)
- n+3 1 1
3n 3 n
1 2 ) 1 1
Tém lai a,, = (n+ )2(n+ )Vénhan duoc bat dang thfl’cT<§—I——. O
n
Vidul244. Cho0<a<b<c<dvaa+b+c+d< 1. Khidétaco

1> a?+ 30 + 56 4+ 7d°.
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Bai giai: Vil > (a+b+c+d)? =a®+b*+ &+ d* + 2ab + 2ac + 2ad +
2bc 4 2bd + 2cd < a> + 30> + 52 + 7d> nén 1 > a®> + 36 + 52 + 7d%. O

Vi du 1.2.45. Néiw a, b, c > 0 luén théa man a + b+ c = abe thi ¢é bdt ding

1 1 1
thiic a® +b* + ¢* + = StEt5 210
Bai giai: Tl abc = a + b + ¢ > 3v/abc, theo Bat ding thitic Cauchy, ta suy
1 1 1
rat=+/(abc)? 2 3. ViT=a>+ 0+ + — —l—b—l— 3(3(abc)2—|—
1 ) 1
—), theo Bat dang thic Cauchy, nén 7" > 3(75 + —) voi t > 3. Nhu
'/ (abc)? t

1
vay T > 3(t + Z) > 10 twong duong véi (t — 3)(3t — 1) > 0 : ding. O

Vi du 1.2.46. Gid sit cdc so thuc a,b, c luon théa man a®> + b*> + ¢ = 1.
Chitng minh rang T = abc 4+ 2(1 +a+ b+ ¢+ ab+ bc+ ca) > 0.

Bai giai: Do |al, |b|, |c| < 1, nén khi abc < 0thi T = 2(1 + a)(1 4+ b)(1 +
)—abc>0,conkh1abc>0th1T—( +b+c+1)%+ abc > 0. O

Vi du 1.2.47. Cho ba so thuc a,b,c > 0 va a + b+ ¢ < 3. Chiing minh bdt
ddng thitc sau day:

a-+b b+c c+a 2 2 2
2 5T 2 5T 2 2< + + :
24+a*+b4 24+b2+c* 24+ct+a 24+a+b 24+b+c 24+c+a
Ne e9e . ) 9 ) 9 . CL"‘b
Bai giai: Vi2+a"+b” = 1+a"+1+b° > 2(a+0b) nén ta dugc T <
+a
1 b+ c 1 c+a 1
—. Tuong tr, ———— < =, ———— < —. Nhu bat dang thi
2 B T 2 Sy a2 S o Nhuvay 6 bat dang thuc
a-+b b+c c+a

3

< -
2+aluﬂ+2+W+mf+2+§+a2 2
Data:— l4+a,y=1+bz=14c.Khidbéz,y,z > 0va2zr+2y+2z < 12.
1+y+z+z+x 12

r+y xT+y xT+Yy
Z+x+x+y 12

/N

Do dé { 1+ < Cong céc bat dang thitc, vé theo Ve,
T z
(NS SR AL AN Qi
\ z+x z+4+x Z+x

2786 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



27

1 1 1
duqc12( n n >>3+y—|—z+x—|—y z—l—x+x—|—y
r+y y+z z+zx ngy y+§ r+y 2Z+x
r+z y-+z .
> 9. Tu day suy ra =
y+z+az+z ~ it 2+a+b+2+b+c+2+c+a
2 2

3 a2 X :
+ + > — va c6 dugc bat dang thiic can chiing minh. [
r+y y+z z4+x 2

Vi du 1.2.48. Chiing minh rdng véi cdc so thuc a,b,c > 1 ¢6 bdt dang thiic
0 1 N 1 n 1 S 3 .
ab+1)  blc+1) cla+1)~ 14 abe
(i1) + + L > 5
ab+a+1 be+b+1 cat+c+1~ 2+abc
Bai giai: (i) Do a,b,¢c > 1 nén (a — 1)(b — 1)(c + 1) > 0 tuong duong
1+ abc > a+b— c+ ac+ bc — ab. Tuong tu, ta con co:

l+abc>b+c—a+ac+ab—bec,1+abc > c+a— b+ bc+ ab— ca.
Cong ba bat dang thitc, vé& theo vé, ta duoc

3+ 3abc = ab+ a + bec+ b+ ca + c.

. 1 1 1
Tu (3—1—3@60)( + + ) =
ab+a bc+b ca—+c

(b+ +be+b+ +>( SRR S — )>9
ab+ a + be ca+ c >
a(b+1) blc+1) cla+1)

ha 1 n 1 n 1 S 3
ya(b+1) blc+1) cla+1) " 1+abc

2+abcz2a+b—c+ac+bc—ab+1
(i) Nhu trén c6 < 2 +abc > b+c—a+ac+ab—bec+1 Cong ba bat
24+abc=>c+a—b+bc+ab—ca+ 1.

dang thiic, vé theo vé, ta dugc 6 + 3abe > ab+a + bc+ b+ ca +c+ 3. Vi

1 1 1
) )
< T b T arl herbrl fcaterd

(ab+a+1+bc+b+1+ca+c+1>

1 1 1
=9
(ab+a—|—1+bc—|—b—|—1+ca—|—c—|—1)
1 1 1 3

n > .
ab+a+1+bc—|—b+1+ca+c+1 2 + abc

né
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Phuong phap phan ching

Xét ménh dé (A) va chiing minh né 1a ding. Gia st (A) 1a sai. Ta chi ra mau
thuan. Vay (A) ddng.

Vi du 1.2.49. Cho bon s6 thuc phdn biét a,b, c,d. Chitng minh rang trong 4
bdt dang thicc dudi day cé it nhdt hai bdt ddng thitc sai:

a>+30"—3cd < 0
¥ +3¢—3da < 0
& +3d*>—3ab < 0
d? 4+ 3a> —3bc < 0

Bai giai: Néu a® + 3b? — 3ed < 0 va ¢ + 3d? — 3ab < 0 12 ding thi ¢6 ngay
3 3 3 3
@436 —3ed+¢*+3d° ~3ab < 0 hay (a— )"+ 70+ (= 5d) 4+ 7 <0,
Tir day suyraa = b = ¢ = d = 0 : mau thuin. Do vay, trong hai bat dang
thi'c néu trén phai c6 it nhit mot bat dang thic sai. Tuong tu, trong so
b? +3c? — 3da < 0 va d? + 3a® — 3bc < 0 phai c6 it nhat mot bat dang thic
sai. Vay trong bon bat ding thifc da cho c6 it nhat hai bat dang thic sai. [

Vi du 1.2.50. Chitng minh rdang khong ton tai cdc sé duong a,b, c thda man

2a% + ab + b? < 32

20% + be + ¢ = 25

2¢2 + ca + a® > 86.
Bai giai: Gia st ton tai cic s6 duong a, b, ¢ thoa man dau bai. Khi do, tir
2a% + ab+ b> < 32 suy ra 2a® < 32 hay a < 4. Tt 2b%> + bc+ c® = 25 suy ra

c? < 25 hay ¢ < 5. Nhu vay 86 < 2c2 +ca +a® < 2.25+ 5.4+ 16 = 86 :
mau thuan. O

Vidu 1.2.51. Gid sit cdc s6'thuc a, b, ¢, d thoa man ab+2(b+c+d) = c(a+Db).
Chitng minh rdang trong so ba bdt phuong trinh dudi ddy it nhdt mot bdt
phuong trinh c¢6 nghiém:

2

r“—ar+b < 0
2> —br+c <0
2 —cx+d <0
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Bai giai: Gid sir c4 ba bat phuong trinh déu vo nghiém. Khi dé ta c6 22 —
ar +b> 0,22 —bx +c¢ > 0vaz?— cx +d > 0théa man véi moi x. Vay

a? —4b < 0,0> —4c < 0,¢% — 4d < 0. Cong ba bat dang thic nay duoc

2 P2 2 2 p2 L 2

2(b+c+d) > %.Vayab+2(b+c+d) > %wLab:
b 2 2

(o ; e > c(a+b). T day suyraab+2(b+c+d) > c(a+b) : mau

thuan. Di€u nay ching to di€u gia st sai. O

Vi du 1.2.52. [IMO 2001] Gia su cdc s duong ai,as,...,a, thoa man
aias . ..a, = 1. Chitng minh bdt ddang thiic

1 1 1
+ +oo > 1.
V1t+n2—1a; 1+ n2—1ay V1+ (n?—1)a,
1
Bai giai: Dat x; = v6ii=1,2,...,nvaP =x119...1,.

V1+ (n?—1)a
Tachirax)y +a29+---+x, >1.Giastz; +29+ -+, < 1. Khi dé

]_ ]_ 1-:132 . ~ A 2
a; = (P_l)'nz—l = (n2—1)x%’1: 1,2,...,n, vanhu vay ta c6 ngay

[T(1—2%) = (n?—1)"P% Do bdi > x; < 1 nén theo Bat déng thic Cauchy
' i-1

- | P
1—z; > —xj+2xi> (n—1)"% -
i=1 J

n
1+x; > ij—l‘ZZCi}(n—i—l)"H a;‘jP,jzl,Z,...,n.
i=1

Nhan v&€ v6i v€ ca tit ca cac bat dang thic trén ta duge [[(1 — z;) >

j=1

(n—1)"Pva [[(1+z;) > (n+1)"P vanhuthé [](1—z;5%) > (n*—1)"P?:
j=1 j=1

mau thuén. DE dang thdy, dau = xdy rakhia; = ay = -+ = a, = 1. O

Phuong phap hinh hoc
Ménh dé 1.2.53. Vi cdc diém A, B, C va cdc vécto T, 7, Z ta luon cé

(i) AB+ BC > AC.

3086 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



30
(i) |Z]|y] > |79 > Ty,
(i) |Z] + [g] > |7+ 4.
(i) [Z] + [g] +[2] = |7+ ¥+ 2]

(iv) Gid sit hai mién phdng (D,), (Ds) véi dién tich Sy va Sy tuong ting.
Néu (D) chita trong (D) thi S; < Ss.

Chitng minh: Hién nhién. O
Vidu 1.2.54. Cho |a + b+ c| > 1. Chiing minh bdt ddng thiic sau day:
Va2 +ab+ b2+ Vb2 +be+ 2+ +ca+a® > V3.

b v3b 3
Bai giai: Vorla—(cH—— L) (b+£;ﬁ),5:( +g \/_a) ta céd
27 2 2" 2 2’
L L3 V3 , -
a+b+c:(§(a+b+c);7(a+b+c)).Do|a]+|b\+\c7>\a+b+a
suyra\/a2+ab+62+\/b2+bc+c2—|—\/02—|—ca—|—a2>\/3. O
Vi du 1.2.55. Cho a, b, c théa mdn 0 < ¢ < a,0 < ¢ < b. Chitng minh rang

cla—c)++/c(b—c) \/E.

Bai giai: Bit ding thic hién nhién ding khi ¢ = 0. Khi ¢ > 0, dung hai tam
gidc vuong OAB va OAC cung vuong géc & O véi canh chung OC = /¢
va OA = v/b—¢,0B = y/a — ¢ & vé€ hai phia khdc nhau so véi OC. Khi
do BC = \/5, AC = \/E TU Soac + Sopc = Sapc suy ra c(a — C) +

C(b—C) = 2S54Bc < \/% []

Vi du 1.2.56. Véi a,b, c,d € [0;1] ta luén cé bdt dang thitc dudi day:
2006 4 2006 | 2006 | 72006 < o 4 2006, | 32006, 4 20067 4 72006,

Bai giai: Trén hinh vuong ABC D canh 1, lan luot 14y céc diém M, N, P va
() trén cac canh AB, BC,CD va DA sao cho AQ) = a, BM =b,CN =c¢
va DP = d. Khi d6

1 1 1 1

5&(1 — b) + éb(l — C) + 50(1 — d) + §d(1 — a)

= Syag + Snem + Seen + Sopp < Sapep = 1.
Vaya(l1—=0)+b(1—c¢)+c(1 —d)+d(1 —a) < 2. Do a,b,c,d € [0;1] nén
a(l—=b)+b(1—c)+c(l—d)+d(1—a) > a? %+ p?¢ + 20%6q 4 ¢20%q,
Vaya2006 | 2006 | (2006 4 2006 o 4 20067 4 2006, | (2006 | 2006,
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Phuong phap luong giac

Pua bat dang thic cin chitng minh vé bat dang thitc luong gidc dé st dung
nhiing tinh chat ctua cdc ham s6 luong gidc. Tat nhién, khong phai bai todn
nao ciling dung phuong phap nay. Sau day 1a mot s6 dau hiéu va phép luong
gidc hoa tuong ung thuong duoc str dung:

T = TCosq
Khi 2% + y? = r?,r > 0, thi ta dat { y = rsina
a € [0; 2.
T = racosa
Y
Khl—+§—r a,b,r > 0, thi tadat ¢ y = rbsin«
a € [0;27).
(1 = rcosa
2 2 =rsina
Neux——i—y—Q 1.a,b> 0, thi dat { 7
b a € [0;27)
\0<T<1.

Néu |z| < r thi dat x = rcosa v6i o € [0;7] hodc z = rsina Vi a €
T

)

Vi du 1.2.57. Véi hai s6 thuc a va b théa mdn a®> + b*> = 2 ta luén cé bdt

dang thitc 2(a® — b%) — 3(a — b) < 2

Bai gidi: Pat o = v/2cosu, b = v2sinu. Khi d6 2(a® — %) — 3(a — b) =

2 cos(3u — %) < 2. O

Vi du 1.2.58. Véi hai sé thuc a va b théa man o> + 40> < 6a + 16b ta luon

c6 bdt dang thitc 3a — 8b < 18,

Bai giai: T a® + 4b* < 6a + 160 suy ra (a — 3)? + 4(b — 2)? < 5°. Pat
1

a=3+rcosu,b =2+ §rsinu v6i r € [0;5]. Khi d6 3a — 8b = —T7 +

r(3cosu —4sinu) = =7+ brcos(u+ a) < =7+ 25 = 18. O

Vi du 1.2.59. Vi bon s6 thuc a,b, c va d bién thién théa man hé a® + b* =

c? 4+ d? = 1, hdy xdc dinh gid tri l6n nhdt ciia biéu thicc dudi day:

T=(1-a)l-c)+(1—b)1—ad).
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Bai giai: Dat a = cosu,b =sinu,c = cosv,d = sinv. Khi d6 ta c6
T:2—ﬂcos(u—%)—\/écos(v—%)—kcos(u—v)<3+2\/§.
5t
Nhu’vayTln—3—|—2\/_kh1U—v— 1 O

Vi du 1.2.60. Cho ba sé thuc phdn biét a, b, c. Chitng minh bdt dang thiic

1+ ab\?2 1+ bey 2 1+ ca\?2
)+ G=) (=0
b—c c—a

=

T —
(a—b
]Khldo

Bai giai: Dat o = tana,b = tan 3, c = tan, a ,676[—2 5

M = cot*(ac — ) + cot?(B — ) + cot?(y — a).
) = 0 nén cot(a — ) cot(S — ) + cot(f8 —
]

Do (o = ) + (8 =) +(
7v) cot(y — a) 4+ cot(y — a) cot(aw — ) = 1. Twdé suy ra T > 1.
. la—b c—d ad+bc
Vi du 1.2.61. Chil inh ra > V3.
L 18 T rans a+b+c+d ac — bd V3
—b —d ad+Db
Bai gidi: Dat M — Z+b+2+d+zcjb; . Xét céc trudng hop:
c
c—d c c 3_1 c
Khia =0thi M = |—1 + —=| = c Dbatr = -+41.
d
— 2 242 — 2
! ‘:x+ ’ f""”" 2 _5zo15 3
x

Taco M = |—:1: +
x
Khi ¢ = 0, hoan toan tuong tu nhu trén, ta ciing c6 M > /3
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b d
Khi a, c # 0, dat — = tan va — = tan 3, ta c6 ngay
a

c
1 tan — — t
b — - an — — tan «
r = ¢ = g: 4 T :tan(z—a)
at+b 1 Y 14tan=tana 4
T 1
a
d
c—d L1—= tanz—tanﬁ
c 4 d
14+ = 1+tanztan6
c
d+b
ad + bc c tan o + tan
: ac + bd 1_éc_i 1+ tanatan 8 an(a + 5)
ac

Do bai (%—a) - (%—B) +(a+p) = gnén xy+yz+zx = 1. K& hop véi

bat dang thic (z+y+2)? > 3(xy+yz+zx) suyra M = |z +y+ 2| > V3.
Vay bat dang thitc da cho dugc chitng minh. O

Vi du 1.2.62. Vi ba sé thuc a, b, ¢ ta luon cé bdt ddng thicc dudi day:
(ab+bc+ca —1)* < (a* + 1) (B> + 1)(c* + 1),

Bai giai: Diat ¢ = tanwu,b = tanv, ¢ = tanw v6i u, v, w € ( - — —). Khi
1 1 1
cos? 1 cos? v cos? w

ds (a*> +1)(1* +1)(*+1) = . Bét dang thiic tr& thanh

. . . . . . 2
(SlIl’LLSlIlUCOS’lU—|—SlIl'USlIlU)COSU—|—S111'lUSlIlUCOS’U —COSUCOSUCOS’U))

< 1 hay (sinvsin(u+ w) — cos v cos(u + w))2 =cos*(ut+v+w)<1. O
Vi du 1.2.63. Vi ba s6 thuc a,b,c > 0 thoa mdn a + b + ¢ = abe, hdy tim

gid tri nhd nhdt cua biéu thicc dudi ddy:

T_a\/(1+b2)(1+02)+b\/(1—|—02)(1+a2)+C\/(1+a2)(1+b2).
1+ a? 1 + b2 1+ c?
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. * e - 7.* ﬂ- * pe
Bai giai: Dat a = tanu, b = tanv, ¢ = tanw v6i u, v, w € (0; 5) Khi dé
tanu + tanv + tanw = tanu tan v tanw. D& dang suy ra u, v, w 1a s6 do
ba géc clia mot tam gidc nhon. Bién déi

Sin u sin v sin w
T = + + = 2tanu tan v tan w.
COSVUCOSW  COSUCOSW  COSUCOSV

Vi ham tanz,z € (O; g), la ham 16i nén T" > 2tan3g = 6v/3. Nhu vay
T = 6V3khia=b=c=+/3. O
Vi du 1.2.64. Vi ba 56 thuc a, b, ¢ luén cé bdt dang thitc dudi day:
I I o S o I
VI+a)(1+0?) 1+ (1+c2) " (1 +a?)(1+c?)

Bai giai: Pit a = tanu,b = tanv,c = tanw. Khi d6 bat dang thic trd
thanh |sin(u — v)| + |sin(v — w)| > |sin(u — w)|. T |sin(z + y)|
|sinz cosy + siny cos x| < |sinz| + |siny| dé dang suy ra |sin(u — w)| =
|sin(u — v+ v —w)| < |sin(u — v)| + | sin(v — w)]|. O

Vi du 1.2.65. Vi day s6 thuc ay = 1,aq,...,a,,an01 =0+ 1,n =1, co
- |CLZ' — CLZ'_|_1| 2n

S lneal
i—0 a2+ 1 a22+1+1 3(n +2)

Bai giai: V6iba s0 a,b, cta dat a = tanx,b = tany, ¢ = tan z. Khi dé bat
a4 b c—a
Ve +1IVE+1 VP+1VE+1 - VEF1Va? +1
duong |sin(z — y)| + |sin(y — 2)| > |sin(x — 2)|. Tu |sin(u + v)| =
|sinucosv + sinvcosu| < |sinu| + |sinv| ta suy ra bat dang thic sau:
|sin(z — z)| = |sin(z —y+y — 2)| < |sin(x —y)| + |sin(y — z)|. St dung
a1 — as)| |az — as| a1 — a3
\/a1+1\/a2+1 \/a2+1\/a3+1 ~ \/a1+1\/a3+1

— Q1] |ap — an+1]
0\ /a? +1,/a2+1+1 Vai+ 14/ n+1+1
n

V2n? +4n +4 g \/§(n+2) 3(n+2)

dang thic

tuong

két qua nay:

Quy nap theo n du’(jc
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Vi du 1.2.66. Vi s6 tu nhién n ta xét day ag = 0,a; > 0 vdi moi i =

n
1,2,...,n théa man " a; = 1. Chitng minh rdng
i=1

a;
1< <
Z.:Zl\/1+a0+-°-+ai_1\/ai+~-+an

ro |

Bai giai: Theo Bat dang thitc Cauchy ta c6 két qua sau day:

1
\/1+a,0+---+ai,1\/ai+---+an<5(1+a0+---+ai,1+ai+~--+an)
@; L a; 5
= 1. Va — = 1. bat u; =
yz¢1+ao+ +ai_1\/ai+ T+ an gl S
arcsin(ag + - -+ a;—1 +a;) v6ii = 0,1,...,n. Khi d6 c6 cic hé thic sau:
a; = (ap+---+a;—1+a;)—(ag+ -+ a;_1) =sinwu; —sinu;_;

coSU;_1 = \/l—sm ull—\/l—aoJr cta;-q)?

= V1l+tay+ - +a 1Va+Fani=1,....n
Vﬁy g — Z a; o Zsmui—smui_l

i1V1lt+tao+- +ai1va+ - +ay i=1 COS Uj—1
Ui + Wi—1 . U — Ui

n 2COS 5 sin 5 n Wi — U1
hay S = < Y 2sin————. Visinz <
ay Z:ZI pr—— ; sin 5 isinz
) ™ ” T
xkhix € (0;5) nén S < > (u; —uj—q) = 5 O
i=1

Vi du 1.2.67. Vi s6 tu nhién n ta xét day ag = 0,a; > 0 voi moi s6 i =

n
1,2,...,n,va théa man Y _ a; = 1. Chitng minh rang
i=1

a;
<
Z\/1+ (ap + - +ai—1>2\/1+(ao+~~—i—ai)2

Bai giai: Dat u; = arctan(ag + -+ -+ a;_1 +a;) v6ii = 0,1, ..., n. Khi d6
7r
cdc géc u; € [0; Z] va ¢6 cdc hé thic sau:

e

a; = (ag+---+a;1+a;)—(ap+ -+ a;_1) =tanwu; — tanu; 4
1
= V1+tan?u; = /14 (ap+---4a)%i=1,...,n. Vay S =
COS U;
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i a; B i tanu; — tanu;_
i:1\/1+(CL0+"-+a¢f1)2\/1+(ao+-~-+ai)2 i=1 1

COS Uj_1 COS U;
n

hay S = > sin(u; —wi—1) < D (u; — ui—1) = uy, = % O
i=1 i=1
Vi du 1.2.68. Vi moi tam gidc ABC' ta luén cé bdt ddng thirc sau.:
1 1 1 3
e+ s+ s
(1+sinA)?  (1+sinB)?  (1+4sinC) 1 + sin Asin BsinC
Bai giai: Suy ra tir Vi du 1.1.6. O

Vi du 1.2.69. Vi moi tam gidc nhon ABC ta luén cé bdt ddng thirc sau.:
tan Atan BtanC > 3v/3.

Bai giai: Boi vi T = tan Atan Btan C' = tan A + tan B + tan C nén ¢6
T > 3v/tan A tan B tan C. Nhu vay tan Atan Btan C' > 3v/3. O

Vi du 1.2.70. Vi moi tam gidc nhon ABC ta luén cé bdt dang thitc sau:

tan® A + tan® B + tan® C N
tan A + tan B + tan C'

e  tan® A + tan® B + tan® C tan® A + tan® B + tan® C'

Bai giai: Ta c6 =
tan A + tan B + tan C' tan A tan Btan C

Vi tan® A + tan® B + tan® C' > 3v/tan® A tan® B tan® C nén ta c6 ngay bt

tan® A + tan® B + tan® C' s
> 3vtan2 Atan? Btan?C' > 9. O
tanA+tan B +tanC -

dang thic

Vi du 1.2.71. Vi moi tam gidc ABC ta luén cé bdt ddng thitc sau:

A B C
tan? 5 + tan? 5 + tan? 5 > 1.

,. A B C A B B C
Bai giai: Tur tan? = + tan? — + tan® — > tan — tan — + tan — tan — +

2A 2 2 2 2 2
tangtanaz1suyratan2§+tan2§+tan2§21. O
) . A B C Ca
Vi du 1.2.72. Cho AABC. Pdt x = tan Y= tan 5 2= tan 3 Khi do

ta c6 cdc bdt dang thitc sau ddy:
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4 1 1 2
) (1+ v ><1+ Y ><1+ © ) 7(27x2y222+1)
y+z z+x r+y 2

3
(ii) (1+ i ><1+ 4y )(1+ 12 )><1+2{”/2—T).
y+z Z+x T +y R

Baigiai: (i) Dat a = 2 +y + 2,b = 2y +yz + 2x = 1,¢c = xyz va
4 4 4 3

T=(1+—)(1+ y)(1+—z):(a+ 2)(a +3y)lat3z)
y+z z+z T +y (a —z)(a—y)(a—2)
3 4 3aa® + 9b 27 4a3 + 9 27

VayT:a+aa+ a + C.XétT: a” +Ya + 2(c véi a > \/—
a® — aa? +ba — ¢ a—c

1
9——=2>9¢c > 0. Tacoi T laham cia a va a > 9¢ > 0. Do a > 1 nén ta c6
3v/3
T = 42a3 — 3a’c — 9c _ 4@2(2a —3¢) — 9c¢ S 415a20 —9c
(a—c)? (a—c)? (a — c)?

4.35¢3 +108¢ 36

27
vanhu vay 7' > T'(9¢) = 3 = EC +5 va ¢6 bat dang thic.
c

4 4 4 3
iy Laico T = (14— ) (14 —L) (14— > (1+4¢/ =) =
y—+z Z+x T4y a—c
(1+2,/27“) -
R

Néu coi T laham chac > 0thi 7, > 0vaco T > T(0) = 9 + 4a* > 21.
Tuy bi chan dudi, cling dé thdy T khong c6 gia tri nho nhat. Khi mot trong
cac goc tam giac tién t&i w va hai goc con lai tién té6i O thi a — +o00. Vay
T ciing khong c¢6 gid tri 16n nhat. Chd y ring, ta con c6 thé ching minh
T > 25, nhung viéc tim ra s6 25 hoan toan khong tu nhién.

>0

Phuong phap quy nap toan hoc

Ménh dé 1.2.73. [Cauchy] Vi cdc s6 thuc ay,as, ..., a, = 0 ta luén cé

ap+as+---+a
“ > Jajas...a, =1,

n
Chimg minh: Vé6i n = 1 bat déng thitc ding la hién nhién. V6in = 2 ta

6 a1-2|ra2 > \/aias vi (\/a_\/@f)o, Xét truong hop n > 2. Gia st

A, =
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Ap41 + (n - 1)An+1

dicé A, >T,.Khidé A = > /a1 AV =T theo

n n+1
e . A, + A X A
gia thi€t qui nap. Lai c6 A, = 5 > A,A > /I',I' va nhu vay
Ani1 = VI,T = X T Ar hay Ang > Do, u

Vi du 1.2.74. Cho a + b > 0. Chitng minh rang véi moi n € N ta déu cé

a +b" > (a+ b)n.
2 2

Bai giai: V6i n = 1, bat dang thiic luon ding. Gia st bat dang thitc ding
chon=keNk>1. Véin=Fk+1, theo gia thi€t quy nap s€ nhan dugc

(w+%m4_a+b(w+%k<a+bah+w_(a+mmh+w)

2 2 2 2 2 4
k+1 k+1 k k . k 1k
Xét hieu T = 2 ;b _(QM)ZL +0) _ (@ b)ia ") Do boi

vai trd ctia a va b nhu nhau nén cé thé gia thiét a > b. K&t hop véi gia thiét
a+b > 0hay a > —b ta nhan dugc a > |b|. Vay a* > [b|* > b* va suy

b k bk k+1 bk+1
ra (a — b)(a* — b*) > 0. Do dé (a+ )Zb i )ga —2’_ va nhu vay
by k+1 k+1 bk’Jrl ,
(a ; > < %. Tém lai bat dang thic ding véi moin > 0. [
Vi du 1.2.75. Cho cdc s6 a1, as, . ..,a, = 0 thoa man aias . ..a, = 1 va k
la mot hang so duong tity ¥ sao cho k > n — 1. Khi dé ta cé bdt ddng thirc
1 N 1 T 1 o n
k+a  k+ap k+a,  k+1

R 1 1 2
Bai giai: V6i n = 2 bat dang thic trd thanh <
g L 8 k+a1+k+a2\k+1
hay a; + ao = 2 vi ajas = 1. Tht ajas = 1 suy ra a; + ay = 2. Vay
bat dang thitc cin chiing minh ding v6i n = 2. Gia sir bat dang thifc cin

ching minh ding v6i n. Khong lam mat tinh chat tong quat, c¢6 thé coi
Ogalg---éanganﬂ.})a}tt:m,hzévébi:%vé’i
i=1,2,...,n. Khid6 bby...b, = 1. Biéu dién téng qua h va céc b, :

1 n 1 T 1 :1( 1 n 1 T 1 )
k+a k+as h+b h+b h+ b,

. k + ay t
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Vik>n+1—1:nvét<1nénh>%>n—1.Nhuv$1y,theogiéthié’t
S S WS SR
uy nap cé < . 0 suy ra
Y o, ™ ht by htb, S h+1 y
1 1 1 1 n n
<

k—l—a1+k+a2+'“+k+an\gh—klzk—l—t.

n 1 n—+1

+ <
K+t ktan S k+l
1 n+1 n " _m+l

n
< tuong duon <
Frt hran Skl onedene et e T T Sk
lwyk[:<k@+&)—%+1Dﬂ”L—Mn+LWH{n+Dt+%—n)20Wﬁ&
AJ::(t—l)Q(k0%+1)@”_L+--~+l>-—(k—kl)@"‘L+2ﬂ“Q—%.”—Fn)220.
Bat dang thitc nay hién nhién ding. O

Bay gio s€ chira

voit"an, 1 = aras ... any = 1.

That vay,
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Chuong 2

Mot vai phuong phap xay dung bat dang
thirc

Muc nay tap trung chitng minh lai mot s6 bat ding thiic qua ham sé hoic
hinh hoc. Bay gid ta chon mot ham s6 y = f(x) hoac mot hinh nao do. St
dung tinh tang-giam hay tinh 16i-16m hoac mot s6 két qua trong Hinh hoc
dé cé bat dang thitc. Van dé dat ra: Chon ham hodc hinh nao dé cé céc bat
dang thic?

2.1 Phuong phap ham so

Tam thirc bac hai

Ham dau tién dugc xét dén 1a mot tam thite bac hai f(z) = ax®+bx+c, a # 0.

Ménh dé 2.1.1. Gid sit 1, x5 la nghiém cua f(x) = 0. Khi dé c¢6 két qua:

(f(2) = a(z — 1) (x — z2)
b
§T1+ X2 =——
c a
T1X9 =— —.
\ a

Ménh dé 2.1.2. Gid si f(x) € Rlz] va A = b? — 4ac. Khi dé c6 cdc két qud:
a>0

(i) f(z) > 0vdi moi gid tri cua x khi va chi khi
A <O0.

a>0

i1 x) = 0 voi moi gid tri cua x khi va chi khi
(i) f(z) 0i gid 1r1 {Ago.

40
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a<0

(iii) f(x) < 0 vdi moi gid tri cua x khi va chi khi
A <0.

a<0

iv) f(x) < 0 vdi moi gid tri cua x khi va chi khi
(iv) f(x) i gid 1r1 {Ago.

v) f(z) = co’ hai nghiém x1, xo va sé thuc x1 < o < x9 khi va chi khi

af(a) <

, b =6
Vi du 2.1.3. Gid su cdc s thuc a,b, c thoa mdan hé: arbre
ab + bc 4 ca = 9.
Chitng minh rang 0 < a, b, c < 4.

btc=6—

Bai gidi: Tir gid thict suy ra { ¢ va nhu vay b va ¢ I hai
bc=9—a(6—a)

nghiém cta phuong trinh: t2 — (6 — a)t + a> — 6a +9 = 0. Dod6 A > 0

hay 0 < a < 4. Tuong tu 0 < b, c < 4. O

Vi du 2.1.4. Gia st AABC' ¢6 d¢ dai cdc canh a, b, c va dién tich S. Chiing
minh rdng véi moi x > 0 ta luén cé bdt ddng thiic:

(22 — 1)a* + (% — )b + % > 4V38S.

Bai giai: Bt dang thic twong duong 2a?z%— (a>+b*—c*—4v/35) z42b* > 0
v6imoi z > 0. Xét A = [a®+b%>—c? —4v/3S+4ab][a®4+b> —c? —4+/3S —4ab)].
27 —a2—p 35 |

Tu1l > cos(C——) = + c6 a?+b%—c2—4+/3S+4ab > 0.
3 7?Lab ab

Tuong tu, tir 1 > cos(C' + 3) suy ra a® + b* — 2 — 438 — 4ab < 0. Vay

A < 0 va bat dang thic ding. O

=1
Vidu 2.1.5. Ddy (a,) xdc dinh béi: "
any1 = 6a, + /35a2 +2010,n > 0.

Chitng minh rang
2 — 2010
(i) na1 = 120, — Gy 1, Gy = ———— vGi moi n > 1.

ap—1

(ii) Day (ay) la day khong bi chdn trén.
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Bai giai: (i) Tu (anH — Gan)2 = 35a2 + 2010 ta suy ra phuong trinh sau
day: a2, —12a,a,41 + aZ — 2010 = 0 v6i moi n > 0. Th€ n+ 1 qua n dugc

aiq — 12a,a,—1 + afl — 2010 = 0. Nhu vay a,,_1 va a,1 la hai nghiém cua
phuong trinh 22 — 12a,z + a2 — 2010 = 0. Theo Pinh Iy Viét vé tdng va
2 _ 2010
tich hai nghiém suy ra dugc ngay a,1 = 12a, — a,_1, 0,11 = Gn — 2227
Qp—1

(i) Vi cdc a, > 0 VA ap41 = 6a, + /3502 + 2010 > 6a,, v6i moi n > 0
nén day (a,) la day don diéu tang. Néu (a,) la diy bi chan trén thi n6 cé
gi6i han hitu han. Gia st gi6i han cta day 1a a. T a, 10, 1 = a> — 2010
theo (i) ta suy ra a® = a® — 2010. Vay 2010 = 0 : vo ly. Do vay, (a,,) 1a day
tang khong bi chan trén. O

Vi du 2.1.6. Cho day s6 nguyén (a,) xdc dinh nhu sau: ag = 1,a; = 4 va
Apyo = 4,1 — a, voi n > 0. Chitng minh rang

2
a; — 1

@) any1 = ,n =1

an—1
(ii) Day (ay) la day khong bi chdn trén.
Bai giai: (i) Ta c6 a2 + a>_; — 4a,a,_1 — 1 = 0 v6i moi s6 nguyén n > 1.

Vay a,11 va a,_1 la hai nghiém cta phuong trinh 22 — 4a,z + a2 — 1 = 0.
2
a; — 1

Theo Dinh 1y Viét c6 a,,+1 = :
Qp—1
(i) Vi a0 = 4a, 41 — a, v6imoin > 0 va ag = 1, a; = 4 nén dé dang suy

ra day (a,) 1a ddy don diéu tang qua quy nap. Néu (a,,) la day bi chan trén thi
n6 c6 gi6i han hitu han. Gia st giéi han clia diy la a. T a,4 10, 1 = a? — 1
theo (i) ta suy ra a®> = a®> — 1. Vay 1 = 0 : vo ly. Do vay, (a,,) 12 day khong
bi chéan trén. O

Ménh dé 2.1.7. Gid sit day hitu han cdc s6 thuc (a;), (b;), (t;) thoa man
O<a<ai<A,O<b<b-<Bvdt->Ov0”im0iz’:1,...,n.Khid0’co’

ER
1 a ._ L
< . .>

(i1) [Cantorovic] (a;—j)Q < i tl-> i > ( Zn: tiai) < i 2—i> )

i=1
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b B Bb
Chitng minh: (i) Tam thic f(z) = 2% — (Z + —)m +0 c6 hai nghiém
a a
b BT b bi<Btasu ra bt dan thﬁcb?—(b+B>bi+Bb<0
A a A a;, = a y & a? A a Aa

b B Bb
hay b7 — <Z + —) bia; + A—a? <0v6ii=1,...,n. Cong tat ca lai dugc:
a a

(%+§);bm>;bf+%;a§ (Zb?)( Za).

=1

n n

2 N2
ow s 3 ) (G 2o 1
COT\WVAaB TV /) T1\aT Bb/(" _b_>2'

da
i—1
ey . . tiaA ..
) Vio < a < a; < Avat; > 0nén ta; + < (a + A)t; v6i
a;

n n tiCLA n o,
i=1,...,n,vatacod > tia;+ > < (a+A) > t;. Theo Bat dang thiic
i=1 i=1 @ i=1

n n n tl , )
Cauchy ta dugc (a + A)(D_t;) = 2,/ aA(D>_ tia;)(>_ —) hay bat dang thiic
i=1 i=1

i=1 @

e 4aA) (th) (i”‘)(i_) -

Vi du 2.1.8. Cho cdc s6 thitc ay, as, as, by, by, by véi a3 — a3 — a3 > 0. Khi
2
do (al — a3 — a3> (b% — b3 — b%) < <a11)1 — agby — agbg) :

Bai giai: Xét tam thiic f(x) = (a% —a3— a%) % —2 <albl — agby — agbg) T+

(b% . b§> — (@17 — b1)? — (a0 — by)? — (aza — by)?. Tir gid thiét suy
b ,

raa; # 0 va f(—l) < 0. Vay f(z) = 0 c6 nghiém va nhu thé A’ > 0. [
a1

Vi du 2.1.9. Cho tam giac ABC voéi do dai ba canh a,b,c,a+b+c = 2, va
. Lz 3
do dai ba duong cao la h,, hy, h.. Khi do co cdc bdt dang thiic 2+— > T =

V2

2hg,)  b(b—+2h 2h, 2 — b(2—-10 2 —
ot 2h) | b+ 2h) | clet 20y ral2—a) H2—0)  e2— o)
2—a 2—0b 2—c a+2h, b+2hy cH+ 2h,
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Bai giai: Via+2h, = b(cosC +sinC') + ¢(cos B+sin B) nén b+ ¢ < a+

2h, b+ 2h
2ha<\/§(b+c).Dod61<a2+ < V2. Tuong tu 1 < 2+ bbg\/ﬁ,
—a
2h.. .
1<62+ <\/§.V61a:1,A:\/§,t1=a,t2:b,t3:cvé
—c
2h, b+ 2h 2h, a2
a; = a;_ - Gy = 2+_ bb’a?) _ C;_ > ta co bat dang thiic 2+E > T
theo Ménh d¢ 2.1.7. O

Vi du 2.1.10. Chiing minh rdang véi moi s’ thuc x,y, z va moi tam gidc ABC
luén cé bdt ddng thiic % + y? + 22 > 2xycos C + 2yzcos A + 2zx cos B.
Tuw dé chi ra

(1) cos A+ cos B 4 cos C' <

l\DIoo

1 1 5)
(11)—cosA+ZcosB+gcosC 13

Bai giai: Vi tam thic f(z) = 22 —2z(y cos C+z cos B)+y*+22—2yz cos A
c6 A < 0nén f(x) > 0 v6i moi s6 thuc x,y, z va moi tam gidc ABC. Vé6i
8

6 10
r = :Z:1Céi.VGi:13:—, = va z = ta
Y » V6. 8110 Y \/16 .8.10 - v6.8.10
c6 ngay bat dang thic (ii): - cos A+ 1 cos B + = cos C' < o O

Vi du 2.1.11. Gid sit ba so a,b,c > 0 la do dai 3 canh mot tam gidc. Chiing
minh rang néu cdc so'thuc x,v, z théa man ax + by +cz = 0 thi ayz +bzx +
cxy < 0vayz+ zex +x2y < 0.

Bai giai: Tu ax + by + cz = O suy ra cz = —ax — by. Vi ¢ > 0 nén
ayz+bzx+cxy < 0 twong duong aycz +bezx+cxy < 0. Vay ta phai chi ra
ay(—ax—by)+bx(—ax—by)+czy < 0hay abz?+ (a*+b* — ) zy+aby? >
0. Xét f(z,y) = abx® + (a® + b* — ¢?)xy + aby? v6i ab > 0. Do boi

A=—(a+b+c)at+tb—c)a—b+c)(—a+b+c)y* <0

nén f(x,y) > 0 v6i moi x,y.
_ar + by
Viz =

by? > 0. DedangthayA 0. Vay yz + zx + xy < 0. O

nén yz + zx + xy < 0 twong duong az’® + (a+b—c)zvy +
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Da thirc bac ba

Da thiic tiép theo dugc xét dén 1a mot da thiic bac ba f(x) = 23 +ax®+bx+c
va mot s6 tinh chét ctia dudng cong bac ba (¢) : y = 23 + ax? + bz + ¢ twong
ting trong mat phang toa do (Oxy).

Phuong trinh 23 + ax? + bz + ¢ = 0 dugc dua vé dang g(x) = 23 +pr+q =0
qua viéc th€ x + % boi x.

—1 443

Ménh dé 2.1.12. Vdi € = 5

, phuong trinh g(x) = 0 ¢6 ba nghiém:

,
2 3 2 3
_ o4 K ST B Y O S
xl\/ 2+\/4+27+\/ > Vit
2 3 2 3
QP 4 P e 4 T P
2 6\/ AR T
2 3 2 3
I B SN A (NI B S S

2
Ménh dé 2.1.13. Gid sut x1, xo, x3 la ba nghiém cua f(x) = 0. Khi dé ta cé:

f(z) = (z —21)(x — 22) (2 — 23)

1+ T2+ T3 = —a

(

- N

T1To + Tox3 + x301 = b

\Il.CZZQ.CCg = —C.

Vi du 2.1.14. Gid sit x1, xo, x3 la ba nghiém ciia x* + px + q = 0. Tinh tich

D = (561 — $2)2($2 — $3)2(:133 — $1)2.

Bai giai: TU 2° + pr + g = (x — 21)(x — 22)(z — x3) ta suy ra cdc hé thic

333% +p= (lel — ZCQ)(.Il — 373)
31’% +p= (1‘2 — :1:1)(3:2 — .’L’3)

333% +p= (Ig — $1)(£U3 — 332).

Vay D = —(32% + p)(323 + p)(323 + p) = —4p> — 274> 0]
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Vi du 2.1.15. Cho AABC voi dé dai canh la a, b, c va ban kinh duong tron
ngoai tiép la R. Pdt x = sin A,y = sin B, z = sin C. Ta ¢é bdt ddng thiic
Ay +yz + 22) + (x+y +2) < 11 +6V3.
Bai giai: Vi, b, ¢, 1a nghiém cta z° — 2pz® + (p*> + 72+ 4Rr)x —4Rrp = 0
nén ab + bc + ca + (a + b+ ¢)R = 2R?* + 4pR + p* + r* + 4Rr. Vi
A B (C

a+b+c= 8Rcosacos§cos§ < 3v/3R nén ab+ be + ca + (a+b+c)R
< (114 6V3)R? hay 4(zy +yz + 22) + (z +y + 2) < 11+ 6/3. O
Vi du 2.1.16. Cho AABC vdi dé dai canh la a,b, c va ban kinh duong tron
noi, ngoai tiép la v, R. Khi dé ta cé bdt ddng thiic

39
ab+bc+ca+ (a+b+e)r+1r° < (Z+3\/§)R2'

Bai gidi: Via, b, c, 1a nghiém cta 2° — 2pz? + (p? +r2 +4Rr)x —4Rrp = 0
1 n 1 N I 322 — dpx + p?> +r® + 4Rr

A V6iz = —r 6
A L (x —a)(x —b)(z —¢) oz e
1 1 1 472 + dpr + p* + 4Rr
+ + = -
a+r b+r c+r (r+a)(r+0b)(r+c
39
| 1 (= +3V3)R?

z 2 1 4
T da bat déng th S
ay suy ra bat dang Ca+r+b+r+c+r (r+a)(r+b)(r+c)

39
hayab+bc+ca+(a+b+c)r+r2<(Z+3\/§)R2. O

Dinh ly Rolle, Pa thic bac n

B6 dé 2.1.17. [Rolle] Néu ham so'y = g(x) xdc dinh va lién tuc trén doan
[a; b], a < b, thda mdn g(a) = g(b) thi ton tai xy € (a;b) dé ¢'(x) = 0.

Vi du 2.1.18. Néu ham s6 f(x) xdc dinh va lién tuc trén doan [a;b], khd
vi trong khodng (a;b) thoa man f(a) = f(b) = 0 thi véi « € R sé ¢o
Ty € (CL; b) dé’ozf(:co) + f/(ZC()) = 0.

Bai giai: Xét ham h(z) = e* f(x) trén [a;b]. Ham nay thdéa man tat ca
cac diéu kién ctia Dinh 1y Rolle. Theo Bo dé 2.1.17, ton tai zq € (a;b)
théa man h'(zg) = 0 hay ae®™ f(xy) + e*™ f'(xy) = 0. Vi e*™ # (0 nén
af(xo) + f'(x0) = 0. -
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Vidu 2.1.19. Néu hai ham s6 f(x), g(x) xdc dinh va lién tuc trén doan |a; b],
khd vi trong khodng (a;b) thoa man f(a) = f(b) = 0 thi vdi a € R sé ¢6
o € (a;b) dé g'(x0) f(wo) + f'(w9) = 0.

Bai giai: Xét ham h(z) = 9% f(x) trén [a;b]. Ham nay thoa mén tit ca
cdc diéu kién cha Dinh 1y Rolle. Theo B6 dé 2.1.17, ton tai zy € (a;b) thoa
man h/(zg) = 0 hay ¢(xq)e?0) f(2) + e90) f'(z4) = 0. Vi 90 £ 0 nén
g'(xo) f (o) + f'(z0) = 0. O
Vi du 2.1.20. Gida thiét ba ham so' f(x), g(z), h(z) xdc dinh va lién tuc trén
doan [a; b], khd vi trong khodng (a;b). Khi dé ton tai xy € (a;b) thoa mdn

f'(@o) (o) h'(xo)
@ | fla) g(a) h(a) |=0.
f)  g(b)  h(b)

(i) f(b) = f(a) = (b—a)f'(x0).

f(x) g(x) h(z)
Bai giai: (i) Xét ham F(z) = | f(a) g(a) h(a) | trén doan [a;b]. Hién
f(b) g(b) h(b)
nhién F'(z) xac dinh va lién tuc trén doan [a; b], kha vi trong khoang (a; b),
f'(x) g'(x) W(x)
théa man F(a) = F(b) =0va F'(x) = | f(a) g(a) h(a) |. Theo Bo dé
f(0) g(b) h(d)
f'(@o) g'(x0) B (xo)
2.1.17,¢c6 xg € (a;b) dé F'(zg) =0hay | f(a) g(a) h(a) | =0.
f)  g(b)  h(d)
fl(xg) 10
(ii) V6i g(x) = x,h(x) = 1 khix € [g;b]tacd | f(a) a 1| = 0 hay
f) b1
f(b) = f(a) = (b—a)f'(xo). b

. b
Vidu 2.1.21. Gid st 0 < a < b. Chiing minh rang 1—% <Inb—Ina < ——1.
a

Bai giai: Xét ham f(z) = Inx trén [a;b]. Theo Vi du 2.1.20, ton tai ¢ €
b—a

b
(a;b) thbaman Inb —Ina = Via<c<bnénlnb—Ina < ——1va

Cc

mb—ma>1—%.
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Ham tiép theo dugc xét dén 1a mot da thic bac n > 2 véi n nghiém sau day:

flx) = (z—a))(z—as)...(x—a,) = 2" —o 2" o022 — - -+ (=1)"0,.
Ménh dé 2.1.22. Néu cdc a; > 0,i=1,...,n, thi ta cé cdc bdt ddng thiic

01 02 Ok On—1 o
> 2> o> k> s> s > af
DOVE T Ve T T V) T VG

Chitng minh: Quy nap theo n. V6i n = 1 két luan hién nhién ding. Gia su
két luan da diung cho n — 1 s6 thuc khong am. Véi n ta xét da thiic

flx)=(r—a))(x —az)...(x —ay,)
c6 n nghiém khong am ay,...,a, v6i a; < as < --- < a,. Theo B6 dé
2.1.17, da thic f'(x) = 0 c6 n — 1 nghiém khong am by, ..., b, 1 V6i a; <
b; < a;y1 cho moi 2. Vay da thiic

! n—1
T B n—1 B n—2 B -1
f( ):xn 1 O_lxn 2+ 0_2$n 3_"'+Q0’n—1
n n n n
7 7 pe /* ye 2 N n_l n - 2 _1 " 1 2
cO c4c da thiic doi xing co ban la o1, 09y .oy <—0n_1 cua
n n n

cac b;. Theo gia thié€t quy nap c6

hay 01 / 02 / Ok ce > ae 1/ . Bat dang thiic cu6i

CL16L2 Qp Cll a . Cll a2
n—1
cung o @2 On > vajas . ..a,. Bat
n
dang thic nay ding theo Bat dang thic Cauchy. O

Chi y 2.1.23. Cdc két qud trén van diing khi ¢ mot sé a; bang nhau.
Vi du 2.1.24. Vi cdc s6 duong a, b, c,d, e ta cé cdc bdt dang thitc sau day:

i \/ab+ac+ad+bc+bd+cd - \g/abc-l-abd—i—acd—i—bcd
6 - 4 '
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(i) \/ab+ac+ad+ae+bc+bd+be+cd+ce+de >
10
,/abc 4+ abd + abe + acd + ace + ade + bed + bee + bde + cde
i o |
Bai giai: Suy ratr Ménh dé 2.1.22 v6in = 4,n = 5va o, 03, tuong ting. [

Vi du 2.1.25. Chiing minh rdng néu f(x) = z* + ax® + bxr + ¢ € R[z] c6 4
nghiém thyc phdn biét thi ab < 0.

Bai giai: Khi f(x) = 0 ¢6 4 nghiém thuc phan biét thi g(z) = 42°+3az?+b
s& c6 3 nghiém thuc phan biét theo B6 dé 2.1.17. Piéu nay tuong duong véi
diéu kién ¢ ax.gmin < 0 hay ab < 0. O

Ham 16i
Tiép tuc, ta s& xét ham 16i va chitng minh Bét dang thitc Jensen va hé qua.
Pinh nghia 2.1.26. Ham s6 y = f(x) duogc goi 1a ham [0i, (xudéng phia dudi),
trong khoang (a;b) néu véi moi a < x1,29 < b vamoi a € (0;1) ludn cé
bt dang thiic:
af(z1) + (1 — a)f(ze) = f(az + (1 — a)zs).

Ménh deé 2.1.27. Gid siy = f(x) xdc dinh va lién tuc trong (a;b) vdi a < b.
Ham y = f(x) la l6i trong khodng (a;b) khi va chi khi f(z) = J{)

r— X

<

) — f@), | B Sl

hogc |1 x f(z) | = 0vdi moi x1,x,x9 € (a;b) thoa man
Lz f(x2)

To — X
Ty < x < To.
Chitng minh: Giastty = f(z)1aham 16i trong khoang (a; b). V6i z1, x, 9 €
(a;b), 11 < & < 9, ¢6 biéu dién

To — X xr— X

T9 — X Tr — I

r = 1+ w2, f(x) < flan) + f(x2).
Tro — I To — I o — I To — I
Nhu vay c6 bat dang thic (2o —x) f(x1) + (21 —22) f(2) + (2 —21) f(22) = 0
L 2 f(x1)
hay biéu diéndang | 1 = f(z) | > 0. Diéu nguoc lai 1a hién nhién. [
1 2y f(x2)
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Ménh deé 2.1.28. Gid siy = f(x) xdc dinh va lién tuc trong khodng (a;b)
va ¢o dao ham hitu han f'(z). Khi dé y = f(x) la ham 16i néu va chi néu
f'(x) la ham khong gidm trong (a;b).

Chiing minh: Giasty = f(x)1a ham 16i trong khoang (a; b). V6i z1, z, x9 €
To — T r— I

(a;b),z1 < x < 9, c6 hai biéu dién sau day: z = ] + 9
To — I o9 — I1
W L@ =) o) = fw) o ) )
r — T To — X T r — T

f(x2) = f(a1) fa2) — f(z)

< lim = f'(z2). Nhu vay f'(z1) < f'(22).
Ty — I T2 To — TI9

Nguoc lai, gia thiét f'(z) la ham khong giam trong (a;b). V6i x1,z, 20 €

(a;b), 11 < x < xytachd f(z) = J) = f'(a) va fz) = /(@) = f'(8),
Tr— X ro — T
trong d6 x; < o < x < ff < x9. Vi f'(a) < f/(B) suy ra f(xx) — i(ﬂfh) <
— I
f(x;) — ;”(a:) Vay y = f(z) la ham 16i theo Ménh dé 2.1.27. O
) —

Tir Ménh dé 2.1.28 suy ra ngay két qua duéi day:

Pinh ly 2.1.29. Gid thiét y = f(z) xdc dinh va lién tuc trong khodng I. Gid
st f(x) ¢6 dao ham f'(x) ciing lién tuc va c6 f”(x) hitu han trong khodng
I. Khi déy = f(x) la ham 10i néu va chi néu f”(x) > 0 trong 1.

Pinh 1y 2.1.30. [Jensen] Néu y = f(x) la ham [oi trong khodng (a; b) thi voi

moi ay, ..., a, € (a;b) va moi so thuc oy, ..., 20,> o =1,n > 2, ta
k=1
luoén cé bdt dang thiic dudi day:

arf(ay) +asf(az) + -+ anflan) = flanar + azas + -+ - + ayay).

Chitng minh: Quy nap theo n. V6i n = 2 két luan hién nhién diing theo dinh

nghia. Gia sir két luan da diung chon > 2. Xétn+1diémay, ..., a,, ape €
n+1
(a;b) va céc sO thuc aq,...,q,, ape1 = 0,> ap = 1 va a4 > 0. Dat
k=1
a a e e )
by = ———a, + ——a,.1 € (a;b). Theo gia thiét quy nap ta c6
G, + A1 a7 + ®n41
flarar + agag + -+ + p_1an_1 + @y + pi1an41)
= flapar +asas + -+ + ap_1a,-1 + (@ + api1)by)

> aif(ar) +oaf(a) + -+ ap-1f(an—1) + (o + ani1) f (0n).
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(7% (7% G J (A Op Qn
Oy + Ot Qp + Ot Qp + Qpt1 Qp + Oyl
n+1 n+1
nén > apf(ar) = > f(arag). Nhu vay dinh ly da duge chiing minh. O
k=1 k=1

Chu y 2.1.31. Poi véi cdc ham s6'lom ta cé ddau bdt dang thiic nguoc lai.
Vi du 2.1.32. Gid thiét s6 nguyén n > 2. Chitng minh bdt ddng thitc sau.:

R
paley 3k-1 S on  2n.3n/

Bai giai: Vi f(z) = Inz,x > 0, 1a ham 16i nén theo Pinh 1y 2.1.30 ¢6

S ) <[ 5] =35+ 530)

k
\ n —1 3 3 \"
Tir day ta suy ra bat dang thic k]_[l T < (3 - —+ ' ) : O

Hé qua 2.1.33. Vdi ay,...,an,b1,....bp, 1, ..., > 0,> ap = 1 va

n > 2, ta luén cé cdc bdt dang thitc dudi day:

(1) Eakak H

(1) H (ak + bk)o”c > H ag’“ + H bgk.

k=1 k=1 k=1

m m g m n
(i) [] (Z akj) > > [ a;f véi moi ay; > 0.

k=1 \j=1 j=1k=1

(iv) [Cauchy] > ar =npl[] ax.
=1 \/ k=1

Ching minh: (i) Xét ham 16m f(z) = Inz. Theo Pinh ly 2.1.30 ta cé
In < I ag’“) => arlna; <1In ( > ockak). Do d6 [] ay* < ) agas.
k=1 k=1 k=1 k=1

k=1
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k=1 ag + bk

k=1 k=1
theo (i) nén sau khi cong hai v€ dugc 1 > ﬁ ( O )ak+ ﬁ < O )ak.
f=1 \ag + b fe1 \ag + by
Quy dong duoc ﬁ (ag + by)™ > ﬁ at + ﬁ bk
k=1 k=1 k=1
(iii) St dung (ii) d€ quy nap theo m s& duoc (iii). V6i oy = - -+ = a,, = l,
tir (i) suy ra (iv). ‘G
Vidu 2.1.34. Gid thiét sé'nguyén n > 3. Chitng minh rang, néu ay,, by, c;, > 0

voik=1,2,...,n, thi

n

! H(ak+bk+0k)> ! Hak+ ku+
f—

k=1 k=1 1

Bai giai: Két qua duoc suy ra tir Hé qua 2.1.33 (iii). O

Vi du 2.1.35. Chiing minh a®> +b* + ¢ > a+ b+ c khi a,b,c > 0, abc = 1.

Pdc biét, khi v,y,z e Rz +y+2=0,c0 8 + 8 + 8 > 2% + 2¥ 4 27,
a*+14+1>3Va311=3a

Baigiai: Vi { 0> +1+1>3V0.1.1=3b theo He qua 2.1.33 (iv) nén
A +1+1>3VA 11 =3c

w3(a®+0+) =@+ 0+ )+ 2(a®+ 03 +3) = a®+ b+ ¢ + 6abe

tasuyraa® +b3+c >a+b+e ]

Vi du 2.1.36. Chitng minh rang néu a,b,c > 0 va a + b+ ¢ = abc thi

a b c 3
T = + + < 3
Voe(l+a?)  ea(l+0?)  Jab(l+¢?) 2
Bai giai: Ta c6 . - ¢ <1( ¢ .8 )
stat: be(1 + a?) \/(a—l—b)(a+c)) S 2\a+b  a+c/’
b 17 0 b c 1/ ¢ c
<—< + ), é—( + )theo
ca(l+02)  2\b+c b+a ab(L+c2)  2\c+a c+b
3
Hé qua 2.1.33. Cong ba bat dang thic lai, ta nhan duogc T < S5 O
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Vi du 2.1.37. Chitng minh rang néu a,b,c > 0vaa-+b > ¢, b+ c > a,
c+a > Db, thi

pP= (1+b;C)a.(H%)b.(Ha;b)cg 1.
|

Bai gidi: Theo Hé qua 2.1.33, ta suy ra ngay bat déng thic Pa+0b+ ¢ =

a b c

<1+b_c>a+b+c,<1+C;a>a+b+c,<1+a_b>a+b+c
a

<ﬁ[a(1+bgc>+b<1+%)+c(1+a;b)} — 1.

Vay (1+b_c)a.(1+cga>b.(1+a_b)6<1. D

a C

C

Vi du 2.1.38. Chitng minh rang vdéi moi tam gidc ABC ta luén cé

(1) sin A +sin B +sinC < %

3v3
(ii) sin A sin Bsin C < Tf‘
Bai giai: Viy = sinx v6i 0 < < 7 1a ham 16i nén sin A +sin B+sin C' <
A+ B A+ B

+B+C = 3\/3, sin A sin Bsin C' < sin? +B+C = 3\/§.
3 2 3 8
Vi du 2.1.39. Cho tam gidgc ABC va diém tity y M. Ky hiéu khodng cdch tir
M dén ba canh la o, B,y vax = MA,y= MB,z= MC. Khi doé luén cé
B

: A : . C
(i) xs1n§+y81n§+zsm§ > a+[+7.

(i) zyz 2 (a+ B)(B+7) (v + o).
Bai giai: (i) Viy = sinx v6i 0 < z < 7 1a ham 16i nén 5 + v = x(sin A; +

3 sin

: A . B . C
sin Ay < 2xsin—. Tuong tu v + a < 2ysm5,a+ﬁ < 2zsm§. Vay

A . B . C
:L‘sm§+ysm5+zsm§>a+ﬁ—i—'y.

A B
(i) Vi (a+B)(B+v)(y+a) < 8xyzsin B sin B) < zyz theo Vi du 2.1.40

nén vyz > (a+ B)(B +7)(v + a). O
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Vi du 2.1.40. Chitng minh rang véi moi tam gidc ABC' ta luén cé

A B C
(1) smE +sm§ 4+ sin — < —.

A B . C 1

(i1) sin —sin —sin — < —.

2772779
03\f

(ii1) cos 5 + cos 5 + cos 5 5

[\D
DO o

oo

(1v) tang + tang + tan% > /3.

Bai giai: (i) Vi y = sinz v6i 0 < x < 7 1a ham 16i nén sin 3 + sin 5 +
sing < 3sin # = % (ii) suy tir (i) qua Bt déng thic Cauchy.
(1) Viy =cosx voi 0 < x < g la ham 16i nén cosé + cosE + cosg <

2 2
A+B+C 33

3 cos

6 2
. . . T oo a A B
(1V)V1y:tan$V010<x<5lahamlomnéntang—l—tang—|—tan§2
A+B+C
e L =

Vi du 2.1.41. Gid thiét cdc hdm fi(x), fo(x), ..., fulz) xdc dinh duong va
lién tuc trén doan [0; 1] vai ffk Ydx = ag voi k = 1,2,...,n. Chitng minh
rang cé diém xy € [0;1] dé fl(a:g)fg(:z:o) oo fu(xo) < araz .. ay.

fi()
ag
Theo Hé qua 2.1.33 (iv) c6

1
Bai giai: Dat g,(z) = . Khi d6 [gp(z)de = 1v6ik =1,2,....n
0

1

/\/91 ) go( /gl t ol —}—---—{—gn(x)dle'

0

Tur bat dang thic nay suy ra c6 g € [0; 1] dé /g1(z0)g2(20) - - - gn(zo) < 1
hay f1(zo) f2(20) - - . fu(20) < ;102 .. ay. O
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Hé qua 2.1.42. Cho moi ay, by, = 0 va oy, 5B, > 0, a5 + B = 1, voi k =
1 1

n —_ n n
1,...,n, ta luén cé bdt dang thitc Z arbr < Z ozka,?k + > Bkbkﬁk.
=1 k=1 k=1

Chirng minh: Theo Hé qua 2.1.33 (1) th€ a;* qua a; va bﬂ’c qua b; hay ag
1 1 1 1 1

qua akak va by qua b,?k ta duoc (ak ) bﬁk) < ozkakak + Bkbkﬁk va nhu

1 1
vay ¢6 apby < aga,F + Bkbgk .k =1,...,n. Cong tat ci c4c bat dang thiic
1 1
nay lai, ta duoc Z apb, < Z ozka,?k + > Bkbkﬁk. O
k=1 k=1 =1

DPinh 1y 2.1.43. Cho moi a;, b, > 0voik =1,...,n,vaa, > 0,a+ =1,
ta luén cé cdc bdt dang thiic

1 1
(i) [Cauchy-Holder] 3" axby < [i a,ﬂa. > b’ }ﬁ.
k=1

(ii) [Bunhiakowski] " asby < \/ [ 3 aﬂ . [ > bi]
k=1

k=1 k=1

1 1 1

Gii) Minkowskil [ > (a+b) @] < [ S af| "+ [ o) T as
k=1 k=1 k=1
1 1
Suy ra [Z (Zaik)a} < > [Z az%} voi moi a;, = 0 va s6
k=1 Ni=1 i=1 Lp=1
nguyén s > 1
ag

Chimg minh: (i) Thay cic o = «, [ = [ va a; qua

5686 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://www.lrc-tnu.edu.vn



56

1 1
bk . . , P n a « n 5 153
qua ——— vao Hé qua 2.1.42 ¢6 > agby < [Z ag } + [Z b, } do
- k=1 =
B
2]

=1

1 1
n b n 87 n b
k—1 - - k=1 S — k=1 —
S| [5e] s Y
k=1 k=1 k=1 k=1
1
(i) Véia = = 5 u (i) ta suy ra (ii).
1 1 1
n — n ——1 n —1
(ii1) Do Z (ak + bk> o = Z aj (ak + bk> o 4 Z by (CLkj + bk> &  nén
k=1 k=1 k=1
1 1 1 1
. — e 79 [ (—-1)718
Z(ak+bk)a < aka] -[Z(ak"‘bk)a B]
k=1 k=1 k=1
1 (1 )1
n —a n —Q1)— ﬁ
SRS )
k=1 k=1
1 1 (1 | 1
" T " THa " ——1)748
< aft | + byt (ak + bk> @ 6}
k=1 k=1 k=1
a- o a a — B
= at | + by (ak + bk> O‘}
k=1 k=1 k=1
1 1 1
Vay ta cé bat dang thiic [Z (a;ﬂrbk)@} < [Zako‘} +{Zb£‘} Qua
k=1 k=1 k=1
1 1
quy nap theo s suy ra [ 3 (Z aik) CY] <> [ > aﬁf} voi moi a, = 0
k=1 “Ni=1 i=1 Lg=1
va sO nguyén s > 1. O
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1 1
Chit § 2,144, Khi o > T1aco [ 3 (Lan)e| = 2 [ ag ] vai moi
k=1 “i=1 i=1

a;; = 0 va sé nguyén s > 1.

Vi du 2.1.45. Chiing minh rdng, véi a1, as, . . . ,a, # 0 ta cé bdt dang thiic

aj ay Uy a, - 2
(1+a2)(1+a—§)---(1+ a2 )(1+a—%) > ] (1 +ad).

k=1

4

Bai gidi: Dat a,,1 — ay. Boi vi (14 a2,,)(1+ = 1) > (14 a2)” theo
+

Pinh 1y 2.1.43 v6i k = 1,2, ..., n, nén sau khi nhan n bat dang thic nay ta
4 4 4 4 n

doge (1+ )1+ 2) e N+ > T (rad). O
a3 az n ay k=1

Ham tuy chon
Khao sit ham s6 f(x) = 2 — ax v6i cac két qua sau day:
Ménh dé 2.1.46. Vi v > 0 ta sé ¢ cdc bdt dang thitc sau day:

1) 2> ar+1—akhia > 1. Ddc biét, voi x = 1+ a = 0 co
(14+a)* > 1+ aa [Bernoulli].

1) z¢<ar+1—akhi0<a<l.
Vi du 2.1.47. Chitng minh rang, néu oy, as, a3 > 0 va o + an + a3 = 1 thi
VvOi moi 6 thuc uy, ua, u3 = 0 cé bdt dang thitc

ultuy?us® < aqug 4 aoug + agus.

Bai giai: Tu 2 < ax +1 — a khi 0 < o < 1, theo Ménh dé 2.1.46,
va thay x = P ta duge p®¢™ < ap + (1 — a)g, trong dé p,q > 0. Véi
q

f=1l—avaa,B>0,a+=1¢c6p"¢° <ap+pq. Véip=1u,a=ao
(6) 043

va ¢ = us’us®, an + az = [, duge uitustus® < aquy + Bus B 6 . Vi
Q2 Q3

6 5 < a2 a3 0lz ag <
< Eu 9 + Eu;», nén ul 9 Usz” K QU] + QU + Qi3ug. O
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Chu y 2.1.48. Xem chitng minh cho truong hop tong qudt trong Hé qud 2.1.33.

Vi du 2.1.49. Chiing minh, néu a > 0va 0 < b < 1 thi a® > 3
a

1 b\ ¢ b .
Bai giai: Dat c = i > 1. Khi d6 (1 + —) > 1 4 c.— theo Ménh d¢ 2.1.46.
a a

by 11 <a+ b) U1 at+b 1
a a a ac a a a
da b > : O
ang suy ra a’ > — 7
Vi du 2.1.50. Chitng minh rdang véi cdc s6 ay,...,a, € (0;1] ta luon cé
1 1 1
P=(14+a)®2(1+4a)---(1+a,)a > 2"
Bai giai: Theo Ménh dé2.1.46, P > (1+ )1+ 2) ... 1+ 2y > on. [
a as aj

Vidu2.1.51. Véicdc sday,...,a, >0,n>1,¢6T = (as+az+---+a,)"+
(a1 +az+ - +ap)?+--+ (a1 +as+ -+ ap_1)*™ >n — 1. Ddc biét,
voi a,b,c>0c6 (a+b)+ (b+ )"+ (c+a)’ > 2.

Bai giai: Néu c6 a; > 1, chinghana; > 1, thi (a1 +as+ -+ +a,)* > 1
voik=2,3,...,n.Dodd T >n— 1.

Néu 0 < ap < 1,Vk, thi theo Vidy 2,149, T > 021 d3F " Fdn
et . $1+a2+a3+'-~+an
ai + ag G Gata -1 _ -

a+as+az+---+ay, ap+as+azg+---+ay
Vi du 2.1.52. Vdi cdc s6 aq,...,a, >0,n>1,vaT =as+---+a, cé

< (1+VT)2

—+—+ o

AR

1
Bai giai: Bat dang thic tuong duong > a, k < 2v/T + T. Trong khoang

(0: +00), ham f(z) = it — o} 0;;(2 ):%x—%(zjfj—l)mdmg
suy ra f(x);, = f[(%)k} = 2k~ 5(1{ 2> = 2ay. Nhu vay ta cé
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1
1——
c4c bét dang thic a, k< o0 /ar + ap, v6i k = 2,...,n. Trdo6 suy ra

Vi S apag < 43 ag\/ S a; theo Dinh 1y 2.1.43 (ii) va con vi a? =
k=2 k=2 k=2

k=2 k:—2 k=21 1 1
—k _ .
k k—2) —(— @<ﬁ<_—1nen
1

n 1—— n

Zakk<2( _1 ak+2ak<2 ZakJrZak
k=2 k:2 k=2 k=2
Tomlal——l———l— 1—1—\/_

VR AR
Vi du 2.1.53. Chiing minh rdng véi cdc s6 thuc a,b,c > 1 ¢6 bdt dang thiic

a n b N c
b+c+1 c+a+1 a+b+1

+(1—a)(1—-0)(1—¢c) <1
Bai giai: Khong han ché€ ¢ thé gia thi€t 1 > a > b > ¢ > 0. Xét ham

. b
SOf(w):b+f+1+c+x+1er+:i+1 (1 =) =b){1 =)
véi f'(x) = b —(1—b(1-0) I

c
ham don diéu tang. Do d6 f(x) dat gia tri 16n nhat tai 0 hoac 1. Do vay

b+c+1 (c+x+1)2 (z+b+1)2

1 b c
< 1 1
fla) < max{f(1), f(0)}. Vi f(1) < T +1+C+b+1j§+1+1
b c 1+b+c+bc
a £(0) = 1—b)(1—-¢) = = 1 né
w0) =g gy T 00— = g nen
fla) < 1. -

Vi du 2.1.54. Chitng minh rang vdi cdc sé a,b,c,d € [0;1] luon cé

a b c

M bc+1+ca+1+ab+1\
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a n b n c n d <14 1
bed+2  cda+2 dab+2  abe+2 abed + 2

Bai giai: (i) Khong han ch€ c6 thé gid thiét 1 > a > b > ¢ > 0. Xét f(z) =

(i1)

T b L ¢ 6i f(x) 1 bc bc Khi
\ x) = — — . Khi
bce+1 cx+1 br+1 bce+1 (cx+1)2 (br+1)?
Sbh>e>006 2 < b £ % Nheva
r=z0=2cC2 X ; X . V.
(cx+1)2 = (be+1)?" (bx +1)2 = (bc+1)? Y
1 2bc 1 —bc
(z) > — = > 0.
F@) 2 T " er 1~ (et 1)
Ham s6 f(x) dong bién khi x > b. Tir d6 suy ra f(1) > f(a) hay
a N b n ¢ - 1 n b N c
bce+1 ca+1 ab+1 be+1 c+1 b+1
a b c 1 ¥+ +b+c
T < . Boi vi
Ay T Tt Tt Sherl ! Dy OV
b*+c+b+c
1—b6)(1—¢c)>20nénl+bc>0b a ta duo <
( J(1—¢) nénl-+bc>b+cvata 'Cbc+1+(c+1)(b+1)

1 b b b
$2ECHOTC ) Tém lai —— + <
be+1 2(b+¢)

< 2.
bc+ 1 ca+1+ab+1

(ii) Khong han ché c¢6 thé gia thi€t 1 > a > b > ¢ > d > 0. Xét ham s6

x b c
= 5i > b va c6 dao h?
/(@) bcd1+2+cdxb+d2+bdx—l—[2);bcx+2V[fldx va co cao ham
, C C C . .
_ _ _ _ Khiz > bt
S = S " 22 W+ 27 (cdn g2 KM@= btaco
F(z) > 1 3bcd _ 2 — 2bcd S0

“bed+2  (bed +2)2 (bed +2)2 7
Vay ham s6 f(z) dong bién khi > b. Tt d6 suy ra f(1) > f(a) hay

g _ a n b n c n d
" bed+2  cda+2  dab+2  abc+ 2
1 b c d

bcd+2+cd+2+db+2+bc+2
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g < 1 n b n c n d
S obed+2  c+d+1 b+d+1 b+e+1
o 1 b c d

bed 12 crdib dibic brexd

| 1
I S P
bed 2 S abedr2

) , a c d 1
Tom lai: bcd+2+cda+2+dab+2+abc—|—2 S 1+abcd+2'
Vi du 2.1.55. Chiing minh rdng véi cdc s6 thuc a,b,c > 1 ¢6 bdt dang thitc
X 1 1 1 3
O ) T oer ) T et D) Z T abe
(i1) + + ! > s
ab+a+1 be+b+1 cat+c+1~ 2+abc
Bai giai: (i) Do a,b,c¢ > 1 nén (a — 1)(b — 1)(c+ 1) > 0 va tir day suy ra
1+ abc > a+b—c+ ac+ bc — ab. Tuong tu, ta con co:

l+abc>2b+c—a+ac+ab—bec,1+abc > c+a— b+ bc+ ab— ca.
Cong ba bat dang thitc, vé theo vé, ta duoc

3+ 3abc = ab+ a4+ bec+ b+ ca+ c.

\ 1 1 1
T (3+3abc)( + + ) >
ab+a bc+b ca+c

1 L !
>
(ab+a+bc+b+ca+6>(a(b+1) +b(c—i—1) +c(a+1)) =Y

1 1 1 3
fa suy ra a(b+1) +b(c—|— 1) +c(a—|—1) > 1 4 abc’
24+abc>za+b—c+ac+bc—ab+1
(i) Nhutrén c6 < 2 +abc>b+c—a+ac+ab—bc+1 Cong ba bat
2+abc>c+a—b+bc+ ab— ca—+ 1.
dang thic, vé& theo vé, ta dugc 6 4 3abc > ab+a+bc+b+ca+c+ 3. Vi

1 1 1
o) )>
< +Jabe ab+a+1+bc—|—b+1+ca—|—c+1
(ab—l—a—l—l—i—bc—i—b—l—l—i—ca—i—c—l—l)

1 1
Z
(ab+a+1+bc+b+1+ca+c+1)
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1 1 1 3
é > .
nnab+a+1+bc—|—b—|—1+ca+c+1 2+ abe

Vi du 2.1.56. Chitng minh rdng vdi cdc so thic a > b > cva \/q++/r = \/D
c6 bdt ddng thirc

O]

qgla—=b)la—c)+pb—a)b—c)+r(c—a)(c—0) > 0.

a—c+ a—-c
r
qb—c a—b
a—c a—c

fla) = ¢—S 47 ¢6 f'(x) = m-@( Txy" q y>v&

r—c a—= (a — (x —c
a\/q + c\/r
Va+ T
cita f'(x) suy 1a f(8) > fun = f(w0) = (VG+ V)’ = p. s

. Xét ham so

Bai giai: Bat dang thic twong duong p <

a>x >c. f'(r) =0cénghiém xy = € (¢;a). Qua viéc ét dau

Vi du 2.1.57. Véi cdc s6 nguyén duong m,n, m > n, cé bdt dang thiic

(m+n)!

2"n! <
" (m —mn)!

< (m*+m)"

(m+n)!

Un—nﬂ:(m+nxm+n_1)“0n_n+1_

Bai giai: Tac6

c6 (m+x)(m+1—2z) < m(m+ 1), tu kiém tra, Nhu vay

(m+n)m+1—n)m+n—Dm+1—(n—-1))...> 2"l =

2.2 Bat dang thic vé6i day khong giam
Ménh dé 2.2.1. Cho hai day khong giam 0 < a1 < as < -+ < ap_1 < ay
va0 < b <by <+ < by <by,. Vi bdt ky phép hodn vi m € S,, ta cé

n n

Z arba(r) < Z ayby.

k=1 k=1
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Chimg minh: Quy nap theo n. Véin = 1, bat delmg thitc hién nhién diing.

Gia sir bat dang thiic di ding cho moi k < n — 1. Lay T € Sy tuy y va

7'('(2) = 1. Néu i = 1 thi Z akbﬂ(k) = Clel + Z S albl + Z akbk
k=1 =2 k=2

theo gia thi€t quy nap. Do vy > apbr() < > apby. N&u i > 1 ta bién doi
k=1 k=1

Z apbry = a1bray + a2br) + -+ + aibry + -0+ anba()
k=1

= (a1bz(1) + aib1) + (agbxi2) + -+ + anbrin))

< (aibr(r) + a1by) + (a2br) + -+ - + anbrin))

= a1by + (asdre) + -+ - + @by + - + Anbriny)

vi0 < by < by va0 < ap <a,. V6i phép hodn vi s € S, thdéa man s(k) =

1 khi k=1
’/T(]{I) khi k#41,k#¢ ta co azbﬂ(Q) + - 4 aibw(l) + -+ anbw(n) =
7(1) khi k=i
Y arbgry < Y agby theo gid thi€t quy nap. Tém lai, da chiing minh dugc
k=2
bat dellng thic Z akbﬂ(k) < Z arby. []
k=1 k=1

Vi du 2.2.2. Cho ba sé'thuc a,b,c > 0. Chitng minh bdt ddng thitc sau ddy:
a4+ b0+ > ab+ e+ Fa,ad + 0P+ E > d’c+ bPa+ A

Bai giai: Khong han ché c6 thé gia thiét 0 < a < b < ¢. Khi d6 0 < a? <
b> < % Theo Ménh dé 2.2.1 tacé a® + 6%+ ¢ = a’>.a+ bbb+ P.c >
a’b + b’c + Pa va a® + b3 + & = a’c + b%a + b. u

Vi du 2.2.3. Cho ba sé'thuc a, b, c > 0. Chitng minh bdt ddng thiic sau dady:
a(a —b)(a—c)+bb—c)(b—a)+clc—a)(c—0b) = 0.
Bai giai: Khong han ché, giathiéta > b > ¢ > 0. Khidé ¢(c—a)(c—b) > 0.

Talaicéd a(a —b)(a —c)+b(b—c)(b—a) = (a—b)(a ac — b + be) va
nhu vay a(a —b)(a —c¢) +b(b—c)(b—a) = (a —b)*(a+b—c) = 0. Do d6
ala—b)(a—c)+bb—c)(b—a)+clc—a)(c—0b) >0. O
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Vi du 2.2.4. Cho ba s6 thuc a,b, c. Chitng minh bdt ddng thiic sau ddy:

a® + 0% 4 & + 3a%b*c? > 2(a’b® + b’ + Pa?).
Bai gidi: Theo Vi du 2.2.3 ¢6 a®(a® — b%)(a® — %) + b?(b* — &) (b® — a®)+
2(? — a?)(c? — b?) > 0. Tix day ta nhan dugc ngay a® + b° + & + 3a?b%c?
> a'h? + a'c® + b1 + bla® + ta? + ct? = a?b?(a® + 1) + 2D + ) +
2a?(? +a?) = 2(a3h® + b33 + 3ad). O
Vi du 2.2.5. Cho ba 56 thuc a,b,c € [0;1]. Chitng minh bdt ddng thitc sau:

a N b n c <1+1
be+1 ca+1 ab+1 " 2abc’

Bai giai: Vi (1 —b)(1 —¢) >0nén 1+ bc >

a n b N c . _a n b n c
Cbet+1 0 ca+1 ab+1 " b+c ct+a a+b
Khong han ché cé thé gia thi€t 1 > a > b > ¢ > 0. Khi d6 ¢6 bat dang thic

Tir day dé dang suy ra

a N b N c - 1 N b n c 14
bc+1 ca+1 ab+1 b+ec c+b c+b b+c
1 1 1 a b c 1

Vi O

< < nén <1+ —.
1b+c 2vbe  2abc bc+1+ca+1+ab+1 +2abc

Vi du 2.2.6. Cho bon 6 thuc a,b,c,d € [0;1]. Chitng minh bdt dang thiic:
a d

bcékcd+1db+1+cd+da+ac+1+da+ab+bd+1+ab+bc+ca+1

< = .
\4+4abcd
Baigiai: Vi (1 -0)(1—¢)(1—d) > 0nénl+bc+cd+db>b+c—+
a a i
d + bed. Va < . Tur day dé dz
- bed. Vay boted+db 1 bt d bed i day de al;gsuyra
a c

bc—l—cd+db—|—1+cd—|—da—2ac—|—1+da—|—ab—|—bd—|—1+ab—|—bcc—i|—ca—|—1
a c

< .
b+c+d+bcd+qc+d+a+cda+d+a+b+dab+a+b+c+abc
Khong han ch€cothé giathiétl > a > b > ¢ > d > Ovadatp = a+b+c+d.
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Khi do6 ta cé

a b c d
p—a+bcd+p—b+cda+p—c+dab+p—d+abc
< 1 N b n c n d
S p—a+bed p—a+bed p—a-+bed p—a-+bed
1+ p-a _1 1 — bed o 1 3 1 3

LI Aol < S — 4°
p —a+ bed +b+c—|—d+bcd 4bcd+4 4abcd+4

1 — bed <1—bcd_
b+c+d+bed ~  4dbed

boi vi tit b+ ¢ + d > 3v/bed > 3bed suy ra

1 1 ) . : L s , :
Toed 1 Do d6 ta c6 bat dang thiic can chitng minh. Dau bang xay ra khi
c
a=b=c=d=1. O

Vi du 2.2.7. Sit dung ham 16i f(x) = xInx véi © > 0 dé chitng minh
(i) Vi cdc o, > 0,ap > 0,k =1,2,...,n,va Y. a > 0 ¢6 bdt ding thiic
k=1
1

n
n Z T > kT

(TTagm )= 25—
k=1 Z ag

k=1

(ii) Vdi cdc s6 thuc by, bo, . . . Z

k=1
1
n n n
D ATy, > gy, n > apzy > Qg
> (5 hay ([[a) = 25
> ag > ag k=1 > ag
k=1 k=1 k=1

66S6 héa boi Trung tam Hoc liéu — Pai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



66

1 noo1
(i) Thay ar = —,z = 1 + by c6 3 e .
s n

g H (1 —|—bk)

k=1

Vi du 2.2.8. S dung ham 16i f(x) = voi x > 0 dé chitng minh: Vi

+ et

cdc s thuc by, by, . .. >1co
) b2 kgll 1—}-”[)11)2

1 (" — 1
T céf”(x):M>OV01x>Onenf( )

(1+e?)?
. ) 1
1a ham 16i theo Dinh 1y 2.1.29. Do d6 > > -
k=1 1+ e S xp/n
1+ ew=t

) 1 n
e’ k=1,2,...,n, dugc bat dang thic > . O
gt S T 2 T by 0

Bai gii: Vi f(z) =

. Thay by, =

Vi du 2.2.9. Su dung ham 16i f(x) = 1 f voi x > 2 dé chitng minh: V éi
el’
b In [T bk
P (- N0 k=1
cdc s6 thue by, by, ... b, = €% co > :
o S 1+0 T 1+ /by by
Bai giai: Vi f(z) = *__ Ia ham 16i nén > RLIS =l . Thay
1—|—€ 11+€xk ng/n
1+ er=t
b In [T b
" In =
by = e, k=1,2,...,n,dugec 3 ——— > Al . N

= 1+by ~ 14 /Dby by
Vi du 2.2.10. Sit dung ham [6i f(z) =In (1+ ;) voi x > 2 dé chbmg minh:
H ar =1
Véicdc so'thic ay, . .., a,,01,...,0n, a1, ..., ap > 0thda man | H bt =

ZOékzl

[ k=1
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_— n e 1
ta co bdt dang thiic ] (ak + bk) ">14

h=1 > Il axbrai

1 . T
Bai giai: Vi f(z) = In (1 + —) l1a ham 161 nén ta c6 bat dang thic sau day:

8

n 1 1 n 1.a 1
Saylh(l+—)>m(l+5——)hay [ (1+—)" 214 ———
k= Lk S apzy k=1 Lk S o
k=1 k=1
by n 1\ 1
Thayxk:—,k:1,2,...,n,du’qcH(1+—) > 1+ ——— hayco
ag k=1 Ox - i
-k S ap—
ak k=1 Ok
2 n « 1
bat dang thic [] (ar + b)) > 1+ —— . O
k=l > 11 awbra;
k=1 i=1,i#k
2.3 Bat dang thic cua Karamata, Schur, Muirheard
Bo n s60 thuc (a) = (ay,as,...,a,) thba man a; > as > -+ > a, dugc goi

1a mot bo so khong tang. Dat |(a)| = ay +as+ - - - + a,. Trong tap hop tat ca
cac bo s6 khong tang A = {(a) = (ax)} ta dinh nghia quan hé tha tu: Gia
st (a) = (ag), (b) = (by) 1a hai bo s6 khong tang. Dinh nghia

(@) > (b) khivachikhi a;+---4+ar =>b+ -+ b, VE=1,2,...,n;
Con néu cé k d€ a; + -+ -+ ay > by + - - - + by, thi ta viét (a) > (D).

Pinh nghia 2.3.1. Gia st c6 hai b s6 khong tang (a) = (ay, as,...,a,) va
(b) = (b1, b2, ...,b,). BO (a) dugc goi la 1roi hon (b) néu céc diéu klen sau
ay+---+ CLk bl + e+ bk;
k=1,2,....,n— ;|(a)| = [()].
Ménh de 2.3.2. [Karamata] Gid sit y = f(z) la mot ham 10i trén khodng
(a;b) va cdc bo khong tdang (a), (b) vdi ag, by, € (a b) voi k = 1,2,.
Néu bo (a) tréi hon bo (b) thi cé bdt ddng thiic Z flag) > Z f(bk) con
k=1

day duoc thoa man:

khi y = f(2) la ham lom thi' S flar) < 3> F(br).

k=1 k=1
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) k=1,2,....n. Theo
Ménh dé 2.1.27, day (ck) la day don diéu giam bdi vi (a) va (b) la day khong

tang. DatAk—ZamBk—Zb VO'lA()—B()—Ok—lQ ,n. Tu
1
[(a)] = |(b )\suyraA = B,. Blend01hleu

Chfl’llg minh: bt ¢, = 5f(ak,bk) =

n

H = > flae) =D foe) =D (flaw) = f(br) =D cxlar — by)
k=1 k=1

k=1 k=1

3

n

= Z ci(Ag — Ag—1 — By, + Bi—1)

=1
= Z ck(Ap — By) — Z ci(Ag—1 — Br-1)
k=1 k=1
n—1 n—1 n—1
= > (A= Be) = ) crn(Ae — Bi) = ) (e — cri1) (A — By).
k=1 k=0 =1
ViAp, > Bpvac, <cpypqp Voimoik=1,2,...,n. Vay H < 0. O

Vi du 2.3.3. Vi cdc so thuc dwong a, b, c,d luén cé bdt dang thiic

! + ! + L + ! <i+i+i+i
a+b b+c c+d d+a " 2a 2b 2d
Bai giai: Khong han ché c6 thé gia thicta > b > ¢ > d > 0. Khi do
(2a>a+b
C]2a+20>a+b+b+c .
co < T day suy ra

20+2b+2c2a+b+b+c+c+d
\2a+2b+2c+2d=a+b+b+c+c+d+d+a.

1
(2a,2b,2c¢,2d) tréi hon bd (a +b,b+c,c+d,d+a). Viy=—véiz > 01la

ham 161 né '1+1+1+1 1+1+x1+ th

am 161 nén cé — 4+ — 4+ — theo
. a+b b+c c+d d—l—a 2b 2d

Ménh dé 2.3.2. ]

Vi du 2.3.4. Tim gid tri [6n nhdt cia tong T = 2?12 + 2012 22012 y5

x,y,z € [—1;1] tho’amdnx—ky—i—z:E.
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Bai gidi: Vi z,y,2,t binh dingnéncé6théchol > o >y > 2 >t >
—1. Him y = 2?°? ]a ham 16i (xuéng phia dudi) vi f7(x) > 0 trong
(—1;1) theo Dinh 1y 2.1.29. Ta xay dung bo troi cua (z,y, z,t) nhu sau:

1>x 1
1 1 Vay(1,=,—1) lamot bd troi cia (x,y, z). Theo
r+y=—2+-<-. 2
2 2
Ménh dé 2.32tacé T < 2 + 52012 Do d6 1y, = 2 + 52012 khi ta chon
1 )
T = 1,y:§,z: —1, chang han. O

Vi du 2.3.5. Gid sit a,b, c la do dai ba canh mot tam gidc. Chitng minh rang

i) Vatb—ct+vVa—btct+vV—at+tbt+c<Vat+ Vbt /e

(i) (a+b—c)+(a=b+c) '+ (—a+b+c) >a+1 + .

Bai giai: Khong han ché c6 thé gia thita > b >c¢c > 0. Via+b—c >
a,a+b—c+a—b+c>a+bvaa+b—c+a—b+c—a+b+c=a+b+c
nén (a +b—c,a—b+c,—a+b+c) = (a,b,c). Boi viy = /z v6i
x > 012 ham s6 16m va y = 2 v6i £ > 0 12 ham 16i nén theo Ménh dé

232tacéVa+b—c+vVa—b+c+vV—a+b+ce<Va+Vb+4/cva

(a+b—c)+(a—b+c)+ (—a+b+c) =a”+ b+ . O
Vi bo s6 khong am o = («;) va bd a = (aq, as, ..., a,),V a; = 0, s€ ky
hiu S(o,) = Sala) = > ;™ .. an™™.
TES,

Ménh de 2.3.6. [Schur] Voi Q, 5 >0 c¢o S(a+25,0’0) + S(aﬁﬁ) = ZS(a—&—ﬂﬁ,O)-

Chitng minh: Bit dang thic cian ching minh chinh 12 bat dang thic duéi
day: a® 2P b +20 4 228 L qobP P+ aPbe®) +aPbP e > aHPYP 4 a2 PP +
b+l 4 btBeP 4 catBal 4 c@tPbP (), véi a, b, c > 0. Khong han ché c6
thé gia thiét @ > b > ¢ > 0. Viét lai bat dang thiic (¥) thanh bat dang thic:

a®(a” — ") (a” — ) + b2 (07 — )V = d?) + (¢ — a”) (P =) > 0.

Vi c*(c® — a”)(c” — %) > 0 nén chi can chiing minh a®(a” — %) (a” — ) +
b (b% — ) (b° —a”) > 0 hay a®(a” — ) — b (b® — %) > 0, nhung bt dang
thiic nay 12 hién nhién. O
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Vidu 2.3.7. Gid sit a,b, c la do dai ba canh mot tam gidc. Chitng minh rdang
a’ + b + & + 3abc > a®b + a’c + b*c + b*a + 2a + b.
Bai giai: Bat dang thic trén duoc suy ra tit Ménh dé 2.3.6 véia = 3 =1. O

Vi du 2.3.8. Gid sit a,b,c la ba so thuc khong dm. Chitng minh bdt ddng
thitc a* + b* + ¢* + abc(a + b+ ¢) = a’b + a’c + b3c + bPa + 3a + 3b.

Bai giai: Bat dang thitc duoc suy ra tir Ménh dé 2.3.6 véia =2,8=1. O

Véi bo s6 khong am o = (a;) va bd a = (aq,as,...,a,),V ar > 0, s€ ky
1 o) o .

hieu Mo(a) = — a,"" . a,"™. Khi o = (n,0,...,0) thi M,(a) =
n. Tes,

af +as +---+a,

= Khiao = (1,1,...,1) thi M,(a) = ajasy...ay,; Con khi

n
11 1

a=(=,—,...,~) thi My(a) = yaraz - an.
n’'n n

Vé6i bo s6 khong am o = (aq,ae,..., ) va ¢ > 0, trong d6 i < j va

a; > a; > 0, ky hiéu cdc phép bién d6i tuyén tinh sau day:

(i) 7%, (o) = fthdbaman B, = a1 + ¢, 5, = a,, — ¢ = 0 va B, = ay V6i
moi k # 1,n.

(ii) Tfj(a) = B théaman 31 = a1 +c¢, B8 = aj — ¢ > a1 va B, = oy, VoI
moi k # 1,7 vaj <n.

(iii) 7% () = fthéaman o1 = f; = o+ ¢, B, = o, — ¢ = 0 va [, =
voi moi k # i,nvai > 1.

(iv) ﬂ?(a)zﬁthéamﬁnoq 12 B8i=a;+c,Bj=a;—c=0vap,=aq
VOimoi k #i,jval <i<j<n.

Gi6i han chi xét bo o € N". Khi d6 chon ¢ = 1 va viét T}5(«) qua Tj;(c).

Bo dé 2.3.9. Néu 3 = Tjj(«) thi ¢é bdt dang thitc Mg(a) > M,(a). Ddu
bdng chi xdy ra khi a1 = - - - = ay,.

Ching minh: V6i méi cap chi s6 h, k, h < k, hiéu Mgz(a) — M,(a) chia

s0 hang dang B = A(aﬁlagj —l—lahj a —ay ak — ahjazz) voi A > 1O Bilé”n déi
hiéu B = A1( afitla) 1+ agﬁl—ah a,’ —ay’al’) = Aay’a)’ (ap—
ar)(a;” " —a ") > 0. Do vay Mg(a) > M,(a). Ddu bing chi xdy
ra khiting B =0 hay a;, = a5 v6imoi h, k= 1,2,... =n. O
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B6 dé 2.3.10. Néu (8) > (o), (8) # (a) va |()] = |(8)], thi sau mot s&
hitu han phép bién doi tuyén tinh T;; sé€ chuyén (o) thanh ().

Chitng minh: Vi (3) # («) nén c¢6 chi s6 7 nho nhat dé 3; # «;. Do boi

(B8) = (a) nén B; > «;. T ()] = [(B)| suy ra > (Br — ax) = 0. Do
k=1

Bi > a;nén ton tai j 4 0 < B; < «; vai < j. Tac dong T;; vao («)

ta nhan dugc v = Tjj(a) v6i vy = o + 1,79 = a; — 1, con v, = o

v6i moi k # i,j. Nhu vay |8 — oy = |Bi — i + 1] = [Bi — 7| + 1 va
8, — aj| = |8 —v — 1] = |6; — v;] + 1. T hai h¢ thic nay suy ra

S 1Bk—vk| = 3 |8r—ax|—2. Do vay, khi tic dong T;; lam tdng > |, —au|
h=1 k=1 k=1

n

giam dugc 2 don vi. Vay, sau mot s6 hitu han budc, ta ¢6 > |Bx — 0| = 0

k=1
hay da chuyén dugc (o) thanh (3). O
Tir hai b8 dé trén ta suy ra ngay Bat dang thitc Muirheard du6i day:
Ménh dé 2.3.11. [Muirheard] Véi cdc sé duong ay,as, . .., a,, xdy ra bdt
dang thiic M, (a) > Mg(a) khi va chi khi o > 8 va |o| = |B|. Ddu bdang chi
xdyrakhiao=0Bvaa, =ay="--=a,.

Chi ¥ riang, khi van dung Bat dang thitc Muirheard ta phai chon bo troi
thé nao dé nhanh c6 két qua.
Vi du 2.3.12. [Yugoslav Federal Competition 1991] Vi ba s thuc duong
1 1 1 1
< —.
a’ + b + abc+b3 + 3+ abc+c3 + a3+ abc ~ abe

a, b, c cé bat dang thirc
Bai giai: Bat dang thic cin chitng minh tuong duong

abe|(a® + b° + abe) (b + ¢ + abc) + (b* + ¢ + abe)(¢® + a® + abe)+
(¢* +a® +abe)(a® +b* +abe)] < (a® 4+ b +abe) (b + ¢ +abe)(c* + a® + abe)
hay a%% + ab¢? + 6% + b0a® + Pa’ + 0P > 2[a’V?c? + a*b°c* + a*b*c?].

Bit dang thiic nay tuong duong bét dang thiic ding Mg 30)(a) = M2 (a)
theo Ménh d¢é 2.3.11. O

Vi du 2.3.13. [IMO 1995] Vi ba s6 thuc duong a, b, c,abc = 1, luon luon
1 1 3

= —.
a3(b+c) i b3(c+a) i A3la+b) ~ 2

c6 bdt dang thirc
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1 1
B0+ Pleta)

hay 2[b*c?(a+b)(a+c)+ca®(b+c)(b+a)+a’b3(c+

Bai giai: Bat dang thitc can chiing minh tuong duong
1 3
>

cAla+b) ~ 23/ (abc)?
a)(c+b)] = 3vVa*b3c®(a + b)(b + ¢)(c + a). Viét cach khdc, né try thanh
2M16/3,13/3,7/3) + M16/3,16/3,4/3) + M(13/3,13/3,10/3) = 3M(543) + M44.4)-
Bat dang thic nay ding vi 2M(16/313/37/3) = 2M54.3), M(16/3,16/3,4/3) =
3M(57473) va M(13/3713/3710/3> = M(474?4> theo Ménh de 2.3.11.

. 1 L.
C6 thé giai ngan gon hon: Pata = — b= —,c = - véiz,y,z > 0,xyz = 1.
x Y z
' o 72 o2 52 3
Khi d6 bat dang thic tré thanh T = + + > — Vol
y+z z+x  x+y 2

r,y,2 > 0,oyz = L. Vi(ly+z2+z2+ax+2+y)T > (x+y+ 2)? nén

3
D%%W;yz:g -

Vi du 2.3.14. [IMO 1984] Vi ba so thuc a,b,c > 0,a + b+ ¢ = 1, luon

v A 7
luon cé bdt dang thirc 0 < ab + bc + ca — 2abc < 77

Bai giai: Vi0 < a,b,c < 1nén ab, be, ca > abe, va ab+ be+ ca —2abe > 0.

7
Ta con phai chiing minh ab + bc + ca — 2abc < 77 hay ab + bc + ca — 2abc
= (ab+bc+ca)(a+b+c) —2abc = a*b+ a*c+b*c+b*a+c*a+c*b+abe <

7
2—7(a + b+ ¢)3. Nhu vay phai chi ra

7(a® 4+ b° + ¢*) 4 15abc > 6[a*b + a*c + b*c + b%a + c*a + c*b]

hay 12M(27170) < 7M(37070) —|—5M(17171). Theo Ménh dé2.3.6tach 10M(271’0) <
5M(37070) + 5M(1,171) va theo Ménh dé 2.3.11 ¢c6 2M(2’170) < 2M(37070). [

2.4 Bat dang thic Abel va danh gia tong

n oo
Xét tong > ay hodc > ax. Van dé dat ra: Ddnh gid cdc tong nay nhu thé
k=1 k=1
nao?
. noo1
Vi du 2.4.1. Vi s6 nguyén duong n cé 2/n > > I >2v/n+1—2.
k=1
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1 2 2
VE 2k VETT+ VR

Bai giai: Vi = 2VEk +1 — 2k nén co

é% i(zm 2[)_2W 2V17<2\/_ 2k —1
nén ta c 61<;Zn:1\/E<Z(2\/__2\/7)_2\/_ O

Bo dé 2.4.2. Gid sit voi s6 nguyén duong n cé hai day so thuc ay, . . ., a, va
bi,...,b,.Ddt Sy =a1+---+ag, k=1,2,...,n. Khi dé cé dong nhdt thiic

n n—1

Z apbr = Syb, + Z Sk(bk — bk+1).
k=1 k=1
Chitng minh: Ky hiéu S, = 0. Khi d6 c6 thé viét a;, = S — Sp_1 voi
k=1,2,...,n, va bién déi
Zakbk = Z(Sk — Sk—1)by, = Z Siby, — ZSk 10k
k=1 k=1
n—1
= Subu+ Y Sib — Z Sk-1bx — Soby
k=1 k=2
n—1 n n—1
= Subu+ Y Skbk— Y Sibrer = Subu+ Y Sk(by — ba).
= = k=1
n n—1
Toém lai Z apbr = S,b, + Z Sk(bk — bk+1)- []
=1 k=1
DPinh 1y 2.4.3. [BPT Abel] Gia sit vdi s6 nguyén duong n cé hai day so
thuc ay,...,a, va by,..., b,, trong do by > by > --- > b, > 0. Dat

Sp = ay+ -+ a,k = 1,2,....,nva M = max{Sy, S, ...,5,} va
m = min{Sy, Sy, ...,S,}. Khi dé c6 cdc bdt ding thiic
n

mby < Z apbr, < Mb;.
k=1

Chitng minh: Chi y b, <0vab, —by1 <O0v6ik=1,...,n—1. Theo B4

<

n n—1

dé 2.4.2 ta dugc hai bat dang thitc >° apby, < Mb,+M > (b,—bjy1) = Mby
=1 =1

n n—1
va Z apb, = mb, + m Z (bk — bk+1) = mb;. []
k=1 k=1
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Vi du 2.4.4. Gid su voi s6 nguyén duong n cé hai ddy so thuc ay, . .., a, va
bi,...,bp, trong do1>b >by>--->b, >0.Khidéo ton tai s6 nguyén r
T
vai r < n dé| Z apbr] <> a;|.
j=1

Bai giai: Vi M = maX{Sl,SQ,... S } néencé6r < ndé M = S,.. Theo

Dinh 1y 2.4.3, ta c6 Zakbk Mb; < O
=1

n n
Vi du 2.4.5. Vi méi s6 nguyén duong n cé e<2> <nl< en<2> .
e e

Bai giai: C4c bat dang thitc twong duong cc bt dang thiic sau day:

nlnn —(n—1) <zn:1nk< (n+1)Inn—(n—1).

k=1
lok+ 1l
Theo B6 dé 2.4.2 c6 déng nhét thic Zlnk—nlnn—Zkln . Vay
n n—1 1
Ink = — —
Y Ink=nln Zkln(lJrk)
k=1 k=1
Vi) < In(14+2) < ~nennl "fk<f1 k<nmn—S "
n(l+-) < —nénnlnn—>_ — n nlnn—>% ——
kE+1 k™ k = k =i k1k+1
haynlnn—(n—1) < Y Ink <nlnn—(n— 1)—|—Z Z—<
k=1
n—1 k_|_]_ n
Zln =Innnén ) Ink<(n+1)lnn—(n—1). O
k=1

Vi du 2.4.6. Gid sit ¢6 ddy cdc sO tu nhién (an) thoa man a, < a,y1 <
a, + 2010 vdi moi n > 1. V&i méi n ta viét tdt cd cdc udc nguyén to cua a,,.

Khi do tdp cdc udc nguyén té nhdn duoc la mot tdp vo han cdc sé nguyén to
khdac nhau.

Bai giai: Gia st ton tai day (a,) thoa man dau bai véi tap cac udc nguyén
t6 1a hiru han, chéng han {p{, ps,...,p,}. Khi d6 méi hang tl a,, déu c6
su biéu dién a, = p?lpg‘ L.p¥ v6ia; € Nvai = 1,...,r. Xét tap hop

= {p]'p5*. € N i = 1,...,r}. Xac dinh day (z,) thdoa man
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rp<ro<wg<---vaS={x,neN"} Viaj <ay <--- vamoia, € S
nén day (a,) la mot day con cua day (z,,). Vi a,11 < a, +2010,n > 1, nén

a, < a,-1+1.2010 < a,,_5+2.2010 < - - < a;+(n—1).2010 < n(a;+2010)

hay a,, < n(a; +2010). Ta ¢6 mau thuln gifta hai bét dang thiic sau:

>t >
n(a; + 2010) a1—|—2010 gt 0

1
Z aq, 02

Q.
01,025,020 pl p2 o .pr

1M
£~
\

£l
/N
(]
2| e
I

o0 (0. ¢]

1 1 1 1 D2 D
=D =) wm ) w = P 11'
a1=0 pl as=0 p2 OZTZO p?‘ p]- p2 pr

Vi vay tap cic udc nguyén to6 nhan duge 1a mot tap vo han cac s6 nguyén td
khéc nhau. O

Vi du 2.4.7. Vi hai s6 nguyén duong m,n,m < n, va s0 thuc « khong la
boi chdn ciia 7 luén cé bdt ddang thirc

"\ sinko 1
I -
et (m +1)]sin |
Bai giai: V6i k = 1,2,...,n — m, ky hiéu a, = sin[(k + m)al sin% va
1
b = e Theo Dinh 1y 2.4.3 ta c6 cdc bat dang thic sau day:
+m
Q
s n smkozsm— —m g
= sb1 < <Sh = ——,

trong d6 S, = a; +ag + -+ + ap, S = max{S;,S,...,5,} va s =
1
min{Sy, Ss, ..., S.}. Vi 2a; = 2sin[(i + m)a] sin% = cos(i+m - S)a -

, 1 1
cos(i +m + 5)04 nén 25, = 2a; + 2as + -+ + 2ax = cos(m + 5)04 —

1
cos(k:—l—m—i—?.Tfrdﬁy suy ra —2 < 25, < 2v6i k =1,2,...,n vanhu
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vay —1 < s < S < 1. Véi két qua trén ta duoc céc bat dang thitc dudi day:

1 n sink:ozsing 1
—:—bgbg( ‘ng <b = —— Vi
1 1 X SOy k:%;q i 1 L= ay

i k .
n S11n OéSll’lE 1 n SinkOé 1

2 - ‘ < - hay ‘ > ‘ < —. O
k=m-+1 m+ k=m+1 (m +1)|sin 5\

Vi du 2.4.8. Vi bdt ky s nguyén duong n va s thuc o ta cé bdt dang thiic

", sinka
> <2
k=1

Bai giai: Vi ham s6 y = |sinz| 1a ham tuan hoan chu ky 7 nén ta chi
can xét o € (0; ) v6i chi y bat dang thitc hién nhién diing cho o = 0. Xét

N A A A A 4 ~ m R
0 < a < 7 vachon s6 nguyén khong am m thoa man m < £ < m+1. Bi€u

«
. L sink ™ sin k n sink
dién\zsm Oé\ < |zsm a|+\ > = a\.Vi|sinka\ < ka nén
&k &k Tk
m k m ok 2
1> > a| <> " ma < \/7. Mt khéc, ta ciing ¢6 siny > “7 khi
=1k =1 Kk ™
N
9 n. sink 1
0<7<Z.Vaysing>—2:g.Vi > Sma< a
2 2 m™ 7 kemal K (m +1)| sin |
n sin ko 1 7 a T
theo Vi du 2.4.7, nén ’ < — < —=— = . Tom lai
' k%ﬂ k m+la = /ra VT '
ta da chi ra dugc | > smk a\ < 24/ 0
k=1
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Chuong 3

Mot so itng dung bat dang thic

3.1 Gia tri l6n nhat-nho nhat

Muc nay tap trung xét gid tri I6n nhat, nho nhat ctia biéu thiic chi yéu qua
ham s6 hoac qua hinh hoc. Bay gio ta chon mot ham s6 y = f(x) hoac mot
hinh nao d6. Sur dung tinh tang-giam hay tinh 16i-10m hoac mot s6 két qua
trong Hinh hoc dé c6 bat dang thiic va suy ra gid tri 16n nhit hoic nhd nhat.

Ham can
Vi du 3.1.1. Cho ba so thuc a,b,c > 0 bién thién thoa mdn a + b+ ¢ > 3.
a3 b3 A
+ +—
b+c c+a a+b

(Vs + VB + V)’

> th
2@+ b+ c) =0

(Vad + Vb + V)
2(a+b+c¢)

3 < 3 1
\/5—595 trén (0; +00). Dé dang chi ra \/ﬁ—ix > Ymin = y(1) = ~3- Nhu

3 1 3
vay V3 > §x—§.T1‘Idéy suy 1a Va3 +vVbh+/c3 > §(a—|—b—|—c—1) > 0. Ta

Tim gid tri nhd nhdt ciia biéu thitic T =

b+ct+c+a+a+d)T
2(a+b+c)

Bai giai: Vi T =

Bit dang thitc Bunhiakopxki nén T >

. Xét ham y =

9 b+c—1)> t—1)2
nhanduoe T > 20D hame = T it = atbre >
‘ , 8 a+b+c )

t-—1 . e 9(3—-1 3 :
3.Viz = > (0 nén z dong bién. Vay 7' > —( ) = —. Tém lai
5 {2 8 3 2
Tm:§khia:b:c:1. N

77
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Vi du 3.1.2. Si dung ham [0 f VT véi & > 0 dé tim gid tri nhé
c \7 d \7
hat cia T = § () v (G)
nhat ciia (i) \/c+d “V\ava)
a,b,c,d > 0.
d
Bai giai: Dat v = ,y—l—) = -, :—Khldosvy,zt>0xyzt—

a c
1, T = ,/ 1/ ﬂ/ \/ . Vi
va 1+:1: 1+y 1+z 1+t !

= v/27 v6i > 0 13 ham 16i va don diéu tang nén ta c6 bat dang thic

1 n 1 N 1 N L
3
sau day: T' > 4 (1+x 1+y4 1+2 1+t> Vol x,y, z,t > 0 va
e g 1 1 1 1 1 1
xyzt = 1. Bay gio tim gid tri nho nhat cua P = 1_1_%4—1 +y+1+z+1 T3
Vol z,y, z,t > 0 vaxyzt = 1. O

Vi du 3.1.3. Tim gid tri nho nhdt cua ham so duoi day:

y = /522 + 20-+1/522 — 322 + 64+/522 — 40z + 100++/522 — 8z + 16.

Bai giai: Xét @ = (5x;10),7 = (16 — 5x;8),w = (20 — 5x; 10), 7 = (bx —
4;8). Khi d6 /5y = || + |8] + |@| + |Z] > |@ + @| + |T + Z] va nhu thé
\/_y > 204/2 + 20. Do vay 4, = 4v/10 + 4/5 véi & = 2. O

Da thirc bac hai

Ménh dé 3.1.4. Xét da thitc f(x,y) = ax® + 2bzy + cy? + 2dx + 2ey + g €
R[z, ], trong dé a, b, c théa mdn a*+b*+c* # 0. Khi dé véi o, 3 € R ¢6 biéu
dién f(x,y) = au?+2buv+cv*+2(aa+bB+d)u+2(ba+cB+e)v+ f(a, B),
cdou=z—a,v=y—p.

Chitng minh: Kiém tra dé dang qua khai trién vé€ phai. O
b =0

Bay gio, xét hé atcfte v6i D = b?> — ac, D1 = ae — bd va
ac+bB+d=0

Dy = ¢d — be. Khi D # 0, hé phuong trinh chi ¢6 mot nghiém (v, ) va c6
thé biéu dién f(z,y) = au® + 2buv + cv® + f(a, B). Xét cdc trudng hop:
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(i) Trudng hop ac —b*> > 0 : Khia > 0 thi ¢ > 0 va f(z,y) — f(a, B) =
1 1
—[a*u?+2abuv + acv?] = = [(au~+bv)? + (ac—b*)v?]. Véiv = 0,u —
a a
00, thi f(z,y) — +oova f(z,y)um = f(a, 8) khiv =0,au+ bv = 0.
1
Khia < 0thic<0va f(z,y)— f(o, 8) = = [a*u® + 2abuv + acv?]| =
a
1
—[(au+bv)*+(ac—b*)v?]. Véiv = 0 vachou — oo thi f(z,y) — —o0
a
va f(x,y)m = fla, 8) khi v =0, au + bv = 0.
(ii) Truong hop ac — b* < 0 : Khi a,¢ > 0ta cé f(z,y) — f(a,B) =
1 1
= [a*u®+ 2abuv + acv?] = =[(au+bv)? + (ac — b*)v?]. V6i au+bv =
a a
0,0 — oo, thi f(z,y) - —oco vavéiv = 0,u — oo, thi f(z,y) —

+00.
1

Khia < 0,¢ < 0,va f(z,y) — f(a, B) = —[a2u2 + 2abuv + acvﬂ =
a

1

E[(au + bv)? + (ac — b*)v?]. Vi v = 0,u — oo, thi f(z,y) — —o0
va v6i au + bv = 0,v — oo, thi f(z,y) — +oo.
Khi ac < 0 hoac ac = 0 dugc xét twong tu va f(z,y) khong c6 gia tri
16n nhat ciing nhu nho nhat.

(iii) Truong hop ac — b? = 0 : Khi d6 a va c khong thé dong thoi bang 0.
Khong han ché ¢6 thé coi a # 0. Vay ¢ = %2. Ta c6

ae — bd

a

f(:c,y)=a(az+gy)2+2d(x+gy)+2 y+g.

Néu D; = ae — bd = 0 thi f(x,y) = at?> + 2dt + g. Khi a > 0 thi
f(z,y) khong c6 gia tri 16n nhit, nhung c6 gia tri nho nhat; Khi a < 0
thi f(x,y) c6 gid tri 16n nhat, nhung khong c6 gid tri nhd nhat. Néu
Dy = ae — bd # 0 thi f(x,y) = at®> + 2dt + g + 2
f(z,y) khong c6 gia tri 16n nhat, nhd nhét.

Tém lai, ching ta c6 két qua dudi day:

Ménh dé 3.1.5. Xét da thitc f(x,y) = ax® + 2bzy + cy® + 2dx + 2ey + g €
R[z, ], trong dé a, b, c thda mdn a* + b* + ¢ # 0. Khi dé
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(i) Néu ac — b* > 0 thi f(x,y) khong cé gid tri [6n nhdt, cé gid tri nhd
nhdt f(x,y)nn = f(a, B) khi a > 0; con khi a < 0 thi f(z,y) khong cé
gid tri nho nhdt va co gid tri lom nhdt f(z,y)m = f(a, B).

(i) Néu ac — b* < 0 thi f(x,y) khong cé gid tri I6n nhdt va gid tri nhd
nhdt.

(iii) Néu ac—b*> = 0: Khi Dy = ae —bd = 0va a > 0 thi f(x,y) khong cé
gid tri lon nhdt, nhung cé gid tri nho nhdt;, Khi D1 = ae — bd = 0 va
a < 0 thi f(x,y) cé gid tri lon nhdt, nhung khong cé gid tri nho nhat.
Khi Dy = ae — bd # 0 thi f(z,y) khong co gid tri lon nhdt, nho nhdt.

Vi du 3.1.6. Tim gid tri [6n nhdt, nho nhdt (néu cé) cia da thiic dudi day:
f(z,y) = 2* — 4y + 3y* — 4x + 6y — 20.

Bai giai: Vi ac — v*> = —1 < 0 nén theo Ménh dé 3.1.5 da thiic f(x,y)
khong c6 gid tri 16n nhat va gia tri nho nhat. O

Vi du 3.1.7. Tim gid tri [6n nhdt, nho nhdt (néu cé) cia da thiic dudi day:
f(z,y) = 2* + 6y + 14y* — 4 + 8y — 12.

Bai giai: Vi ac—b*> =5 > 0 nén theo Ménh dé 3.1.5 da thic f(z,y) khong
304+ 148 +4=0

c6 gid tri 16n nhat, nhung cé gid tri nho nhat. hé¢ co
a+38—-2=0

nghiém o = 8, 8 = —2. Khi d6 f(z,y) — f(8, —2) = u® + 6uv + 14v* > 0

theo Ménh deé 3.1.4. Vay f(z,y)nn = f(8,—2) = —36. O

Vi du 3.1.8. Vdi > ai > 0 hdy xdc dinh gid tri nhd nhdt ciia da thiic
k=1

flz,y) = é(akl’ + bry + cx).

Bai giai: Biéu dién f(z,y) = ax? + 2bzy + cy® + 2dx + 2ey + g € Rz, y],
n n n n n
trongdéa= > a2 >0,b=> apbp,c= > b3, d= > apck, e = Y bcy,
k=1 k=1 k=1 k=1 =1

vig= Y ¢} > 0. Nhu trén, bi€u dién f(z,y) = au? +2buv+cv? + f(a, B).
k=1
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Vi ac — b? = (k;ag)(z b2) — (k;akbw? >0vaa>0neén f(z,y)um =

ba+cB+e=0
a, (), trong d6 «, B 1a nghiém cua hé O
fle ), rong 46 a, 5 12 ng {aa+bﬁ+d:0.

Vi du 3.1.9. Tim gid tri l6n nhdt va nho nhdt ciia biéu thitc T = a + 2b + 1
biét hai s6 a, b bién thién, nhung luon luon thoa mdn phuong trinh:

a? + 4ab + 10b* + 8a + 16b + 15 = 0.
Bai giai: Hién nhién (a+20+3)(a+2b+5)+60*> = 0. Vay (a+2b+3)(a+

20+3 <0

2b+5) < 0 hay @+t Terdésuyra —4<a-+2b+1< -2
a+2b+5>0.

Vay T, = —4khia=—-5b=0;1T;, = —2khia = —-3,0 = 0. O

Mot vai biéu thiic tuy y

Vi du 3.1.10. SiZ dung f(z) = V222 véi x > 0 dé tim gid tri nhd nhdt clia
1~ 2012 1~ 2012 1~ 2012 1~ 2012

T=y (a+—) + ¢ <b+—> + ¢ (c+—> + ¢ (d+—> khi
a b c d

a,b,c,d>0vaa+b+c+d=1.

Bai gidi: Vi f(z) = V22912 véi x > 0 1a ham 16i va don diéu ting nén c6 bat

1 1 1 1
i 3 a+—+b+6+0+—+d+g 2012 1772012
dangthfrc;T>4\[ a s ] >43{—} .
4 4
1772012
Vay T, = 4y {4 khia=b=c=d= O

1
4
Vi du 3.1.11. St dung ham 16i f(x) = 2 véi x > 0 dé tim gid tri nhd nhdt

cuaT:(aib>4+(berc>4 <c+d> > khi a,b,c,d > 0.
)
=

a

. ) 1
Bai giai: Hién nhién 7' = ( ) <
1+

Hw) +(1%t)4
).

voi u,v,w,t > 0 va uvvwt = 1. V61 1 =

1 2 1 2
— _— 3 — _— t
3 (1+w> va (1+t) a.co

T:x%+x§+x§+xi>4[

14w

331—1—11;‘24—[133—1—334}2
1 .
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1 1 1 1
Ota? Ox02 (xwp (1+t)2]2

NhuvaycéT>4[ hay T >

1 1

+ 2 1 1
4[”“”4”“] = D0 d6 Ty = Khia=b=c=d>0. 0

\ 1 N8 1 \8 . I
Vidu 3.1.12. Chitng minh rang'T' = {’/(1 +a) +</(_1+b> +</<1 +c>

> i khi a,b,c > 1.

\3/{1+\/@]8

Bai giai: Vi f(z) = V28 la ham don diéu tang, 16i va a, b, ¢ > 1 nén c6 bat

1 1 1
, ’ 8 3
dang thic: T > 3 [1_'_@ 123”) 1+C} > O

Q/[HMTI

1 - 9 « 2
Vi du 3.1.13. Gid sit a,b,c € [%, V/2]. Xdc dinh gid tri l6n nhdt ciia biéu

Q b c
S R L NS R
() = 12
ai gidi y L (1 23)2 .
Bai gidi: Ham 56 f(z) = 7575 <6 b la don dieu
x° 41 ” B ox (x _2)
1 ; )
gidm va 16m trén [%5 V2]. Nhu vay T’ < 3f(%+c). Vi %ﬂ >

1

1
Vabe > —nen T < V4. Vay Ty, = VA4 khia=b=c = . O
Vi du 3.1.14. Gid su ddy cdc so thuc ay,as,...,a, > 0 thoa mdn a; <
asV/3, as < CL3\/§, e Oy < an\/g, a, < a;V/3. Xdc dinh gid tri nho nhdt
3 3

ayp a
R S toa
a, +a,_a, aj-+a;aq

3 3
a as
3 2 3 2
as +ajaz  aj+ azas

@) (&) () ()
as as 4t Qp + a1

2 2 2 2°
1+ (@) 1+ (@) 1+ (anl) 1+ <%)
as as A, aj

ciia biéu thire T =

Bai giai: 7 =
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322 + 2t
) —
L 2 @ = Gy \
Ham s6 f(z) = voi x> 0 cé 5y la don
(14 22)3
ap ~ az an
diéu tang va 16i trén (0;v/3]. Nhu vay 7' > nf(a2 a3 al). Vi
n

CL1+CL2+ +an
92 093 %W >1nenT > -Véfl}’Tln=gkhia1:a2
n

Ap—1 = ap > 0. []

Vi du 3.1.15. Sz dung ham 16i f(z) = V2012 véi © > 0 dé tim gid

o, , a \2012 b \2012 c N 2012
tri nho nhat cua T = ( ) -+ (—) + ( ) 4
a+1 b+ 1 c+1

d N 2012
{’/( ) khi a,b,c,d € (0;1) va abcd =

NS

d+1 100°
i 1 2012 1 2012 1 2012
Bai giic BiéndsiT = | (— ) +,(—) +.(—5) +
1+ — 1+ - 14+ =
a b c
1 2012 1 1 1 1
; (—) batzy = — 9o = 23 = —, x4y = —. Khidétaco T =
1 1 a b c d
T

1T 2012 1T 2012 1T 2012 1T\ 2012
/() =) Gs) hes)
1+ 2 1+ 29 1+ 23 1+ x4

11297374 = 100, 21, 2o, 13,24 = 1. Vi f(2) = V22012 v6i 2 > 0 1a ham 16i
va don diéu tang nén c6 cdc bat dang thic sau day:

1 1 1 1
’ _1—|—.’L‘1+1+ZE’2+1—|—J}3+1—|—£L’4 2012
> 0\ :
2 n 2
. 43 11 Joim 1+\/m}2012>43[ 1 2012
~ \ 4 - 1+ Yri@mowszal

4
Vay T, = khia=b=c=d=

\3/(1 4 \/E) 2012

=)
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Vi du 3.1.16. Gid su ddy cdc sO thuc aq,as, ..., a, > 0 vdi ajas . =1.
NG NG N
1+a2 1+ a3 1+an 1+a1
Bai gidi: ViT(1+as+1+as+-+1+a,+1+a) > (\/_+\/ +

(VA + V@ +-+ Jag_ +vag)’ S

2
/a4 4/a) nénT >
n—1 77,) = n+a1+"'+axn

ham s6 y = 2" — g:c v6i > 0. D€ dang chi ra \/a" > g:c +1— g Nhu
2

n n

Vay\/a?+\/a_’2‘+---+\/a;‘_1+\/@>§(a1+a2+---+an)—?+n.

(g(t—n)—i—n)2
n+t

Tim gid tri nho nhdt cia T =

Vit=a;+ay+---+a, >naiay...a, =nnén 1 >

2
n? (t—n+2)° it > nvly_(t—n+2)
4 n+t n+t

biénnén T > y,m—y():§.Vami:§khia1:---:an:1. O

Vi du 3.1.17. Gid su ddy cdc s6 thuc a1, as, ... ,a, > 0vdi aias . ..a, = 1.
2 2 2
ay 3 2

+ -+ +
, l4+as+a3 1+as3+ay 14+a,1+a,
2

n—1 a, ﬁ

+ > —.
1+a,+a 1—|—a1—|—a2/3

Bai giai: ViT(1+as+as+14+az+ag+---+1+ap1+a,+14+a,+a1+
(a1 +as+ - +a,)°

hay T > vGi t > n la dong

Chitng minh rang T =

a

I+ar+as) > (a1+as+---+a,) nenT > . Xét
n+2(a1+a2+-~-+an)
. , 22 222 4 6
ham s6 y = véiz=a;+as+---+a, =>ncéy = — > 0.
2z +n (2x+3)
Dé dang chiray > g Dau bing xdy rakhia; = --- = a,, = 1. O

Vi du 3.1.18. Gid su ba so thuc a,b, c € [0;2] thoa man a + b+ ¢ = 4. Tim
gid tri nhd nhdt cia biéu thiic T = 4(ab + bc + ca) — 3abe.

Bai giai: Vi vai trd a, b, c binh dang nén c6 thé coia > b > c. Vay 2>

4 b

3 Bicu dién 7" = 4a(b+c) + bc(4 — 3a) > 4a(b+c) + (b+c) (4 — 3a) hay
4 — a)? 3 16

T}4a(4—a)+%(4—3a) Xét ham s6 y = 4= )(4@ L )
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4 3a — 4)? . L s
2>a>gvéy’:—g<O.DédéngchiraT>y>14.Daube“1ng
xdyrakhia=2,b=c=1.Témlai T, = 14khia = 2,b =c = 1. O

Vi du 3.1.19. Gid su ¢6 9 s6 thuc a;j va A = (ai;) la matrdn vuong cdp 3.

Khi dé ta c¢6 | det(A \/H 0@1 +aj, + azS)

Bai giai: V6iba vécto a; = (a;1; ain; ai3),i = 1,2,3,tacod (A)| chinh la
thé tich hinh hop do ba vécto dy, @3, d3 tao thanh. Vi thé tich hinh hop khong

16n hon tich d¢ dai cac canh nén | det(A \/ [T (a% + a% + a%). O

Vi du 3.1.20. Gid su ¢6 9 s6 thuc a;; € [—a;a] voi a > 0va A = (a;;) la
matrdn vuong cdp 3. Khi dé ta cé (A)| < 3v3a>.

Bai giai: suy ra tir Vi du 3.1.19. ]

Vi du 3.1.21. Gid sir cdc s thuc xq, xo, T3, Y1, Yo, Y3 thoa man hé sau:

— 4z +yi — 2y +4=0
—dxo+ys —2p +4 =0
— 4wz +y3 —2y3 +4 = 0.

Tim gid tri lon nhdt cia S = x1(yo — y3) + x2(3—y1) + 3(y1 — y2).

Bai giai: Hién nhién ba diém A(z1; 1), B(xs; y2), C(x3; y3) ndm trén dudng

3v'3 3
tron (z —2)*+ (y—1)2=1va = 2S4pc < \2/_ Sln:T\/_kh
tam gidc ABC déu va dinh huéng ngugc chiéu quay kim dong ho. O

Vi du 3.1.22. Gid sit cdc s thuc x1, X2, T3, Y1, Y2, Y3 thoa mdn hé sau day:

—4x1+y%—4y1—1:0
—dxo+ys —4y; — 1 =0
—dx3+y3 —4ys — 1 =0.

Tim gid tri 16n nhdt ciia biéu thicc T = /(x1 — x2)* + (y1 — y2)>+

\/(562 —x3)% + (Y2 —y3)* + \/($3 —21)? + (y3 — 11)*
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Bai giai: Hién nhién ba diém A(z1;y1), B(x2;y2), C(x3; y3) ndm trén dudng
9v3
tron (x —2)>+ (y—2)>*=9vaT =AB+ BC+CAnénT < T\/_.Vay

9v3 .
Ty, = T\/_ khi tam gidc ABC' déu. O

Vi du 3.1.23. Gia sit cdc so thuc a,b,c > 0 bién thién thoa man abc = 1.
Tim gid tri nhd nhdt ciia biéu thiic
GRS N v+ c? N A+ a?
a4 ab+b2 B4+be+c2 E+ca+a?
3 3 b3 3 b3 3 3 3 3
@0) S gy, SO e ST
a2+ab—[|)—b2 b2 + be + 2 2 + ca + a?
2
(0+b+¢) o abe. Vay T, = 2khia=b=c=1. O

Bai giai: Vi

ct+anénTl >
Vi du 3.1.24. Gid sit cdc so thuc a,b, c > 1. Chitng minh bdt dang thitc sau
1 1 3
+ + P
ab+a+1 bc+b1+1 ca+cl+1 2+ablc
cua biéu thitc T =

va tim gid tri lon nhdt

day:

ab+a+1+bc+b+1+ca+c—|—1'

Bai giai: Via,b,c > 1néntacéd (a—1)(b—1)(c+1) > 0. Nhu vay 2+abc >
a+b—c+ac+bc—ab+1. Tuong tu 24 abc > —a+b+c+ac+ab—bc+1
va2+abc > a—b+c+ ab+ bc — ac + 1. Cong ba bat dang thic duoc
6+ 3abc >3 +a~+b+ c+ ab+ bc + ca. Bién doéi

1
T =
(6 + 3abc) (6+3abc)(ab+a+1+bc+b+1+ca+c+1

= [(ab+a+1)+ (bc+b+1)+ (ca+c+1)]

1 1
> 9.
[ab+a—|—1+bc+b—|—1+ca—|—c—l—1]

)

Tir day suyra T > b .Hiénnhiénab+a+1>3,bc+b+1>3va
abc
ca+c+1>23 VayT <1.Khidé7Tj,,=1khia=b=c=1. N

Vi du 3.1.25. Gid sit cdc so thuc a,b,c € [1;2]. Chitng minh bdt ddang thiic
1 1 1 3

+ + =
4+a—ab 4—|—b—1bc 4—|—c—lca 3—i—abc1
nhdt cua biéu thite T =

va tim gid tri nho

sau ddy:

4—|—a—ab+4—i—b—bc+4—|—c—ca'
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Bai giai: Via,b,c > 1néntacé (a—1)(b+1)(c+1) > 0. Nhu vay 3+abc >
—a+b+c+bc—ab—ca+4. Tuong tu 3+ abc > a—b+c+ca—ab—bc+4
va3d+abc > a+b—c+ ab— bc — ca + 4. Cong ba bat dang thic duoc
9+3abc>124+a+ b+ c— ab — bc — ca. Bién d6i

1 1
94+ 3abc)T = (94 3ab
(9 + 3abe) 9+ ac)(4+a—ab+4+b—bc+4+c—ca

= [d4+a—ab)+(44+b—bc)+ (44 c— ca)]

)

1
> 0.
[4+a—ab+4+b—bc+4+c—ca]
1
Tfrdily suy ra? > 5 abe Boi vi 2 < 42@(1—6) < 4nén31 <
—— < —. Tu da - < T < =. Nhu vay 7,,, = - khi
bta—ab > 2 Zysuyra4 2 vey g
a:b:czlvéTm:§khia:b:c:2. O

Vi du 3.1.26. Gid sut cdc s6 thuc duong bién thién a,b, c thoa mdn abc = 1.
L, o b
Tim gid tri nho nhdt cua biéu thiic T = (% + c) (— + a) (E + b).
c a

Bai giai: Dé dang chi ra, néu x,y, z,u,v,t > 0thi (z+u)(y+v)(z+1t) >
(Yzyz + \B/UUt)?). Vay T > (1 + \S/abc)3 = 8. Nhu vay 7, = 8 khi
a=b=c=1. O
Vi du 3.1.27. Gid sit cdc s6 thuc bién thién a, b, c théa man a> +b* + c* = 2.
Tim gid tri I6n nhdt cua biéu thitc T = a + b+ ¢ — abe.

Bai gidi: Vi2 =a®> + 0>+ > 2bcnén 1 > be. T (a + b+ ¢ — abc)? =
[(b+¢) +a(l —be)]? < [a® + (b+ ¢)?][1 + (1 — bc)?] suy ra bat dang thiic
T? < [2 4+ 2bc][2 — 2bc + b7c?] = 4 — 2b%c*(1 — be) < 4.

Do vay T' < 2 va thdy ngay T}, = 2khi b = ¢ = 1,a = 0, chang han. [

Vi du 3.1.28. Cho a,b,c,d > 0. Tim gid tri nhd nhdt cua biéu thiic
a b c d
T - 3 + 3 + 3 + 3 :
vad 4+ 63bcd Vb3 4+ 63cda /3 +63dab  v/d3 + 63abc
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a a®

, = ha
JB+63bed b+ +d D
(as + 0"+ + ds)3 > a3 (a3 + 63bcd) = 0% 4 63a>3bed. Lai cé

Bai giai: Ta chon s6 thuc s sao cho

(as Ny SRR —|—d5)3 . CLSS
0+ +d)[(@° +0 + ¢ +d) +a* (@ + 6+ + &) + a¥]
> 3V hesds 21 Va0 is — 63055/ Tp10s/21,165/21 16s/21

21 a CL21/16
Chon s = 16 dugc 2 1 63bed Z Q21/16 1 p21/16  21/16 4 J21/16° Tuong
tu chitng minh cho ba s6 hang con lai. Tir d6 suy ra 7' > 1. Do nhu vay
T,,=1lkhia=b=c=d=1. O
Phan thuc

Vi du 3.1.29. Gid sit ba s6 a,b, c € [g, 3]. Tim gid tri nho nhdt cia biéu thiic

a b &
= - - .
a+b b+c cHa

Bai giai: Ta chi can xét hoac a > b > choac a > ¢ > b.
>

Néua >b>ctas€echiraT Dau bang xdy rakhia = b = ¢ =

-
1 e [%3] That vay, ham s6 y = aj—b+ bjx—kxia,b Z r = é,
c6y = EZ;Z))(J(;ZD:LZI))) 0. Vay ham y don diéu giam. Do d6 y(c) >
aj—b+bib+bja:§hayT>g ,

Baygieygiéthiéto;>c>b.Xéty:mib+b+c+cjx,3>x>c,
6y = EZ;;))%C;;? < 0. Vay ham y don diéu giam. Khi d6 y(a) >
y(3) = Sib + b2+c+ c+3 = f(b). Khao sat ham f(b) theo 4n b. Ta c6
ro) = I 0z e o> g Ny ala) > 0(3) -
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1 9 1 c 7
b) > f(=) = — bién déi tuong duong. Do dé
/() 7f(3; 10+1—|—3c+c+? 5 dua bien GoLTHong chiong. Ho €0
Tnn:g<§khla:3,c:l,b:§ []
Vi du 3.1.30. [VMO 1982] Gia sir a va z la nhimg sO thuc, n la s6 nguyén
k n k
A7 N nl al 1_0/
duong. Néu 0 < a < 1va a"™ < z+a’<nlm'

Tir do suy ra gid tri lon nhdt cua T(z) = H ) khi a"!' < 2 < 1.

z + ak
Bai giai: Néu ¢ = 1 thi z = 1 va bat dang thic ding vi hai vé déu bing
0. Néu a = 0 thi ca hai v&€ déu biang 1 va bat dang thic ciing ding. Xét

0<a<1.\ﬁ1>a>a2--->a”>0vaa”+1<z<1néncés6
Z—a

nguyén duong r dé o' < z < a’. Vay’ k‘ = - khi k& > r va
. i Z+a Z+a
| = - ki k< Taco
zZ+a zZ+a
_ k 1 — k _ k 1 — k 2 k -1
‘z a‘_ a’ _ z—a" a’ _ a"(z —1) <0 k>r
z+akl  1+adF z+akb  1+4+a* (14 ad¥)(z+ a*)
i 1 — k i 1 — k 2 r+1 _
‘z a’| a> _d—z a’ _ (a z) <0 ki<r
z4+a'l 14a* z4+a 1+df (14d¥)(z+a)

va chon i + k = r + 1. Tir cac bat dang thiic trén suy ra hai bat dang thiic

ro1z—a r1—a* noz—a" n 1 —ak
sau: < va ‘ ‘ < . Do dé
H Z‘i‘@k)\klll‘f‘ak k:1;I+1 z +ak \k=1;[+11+ak
ta nhan duoc ﬁ z_ak) < ﬁ o Tu day suy ra gid tri I6n nhét cta
: u ia tri u
. 0 ke Z—l—CLk ~ h 11+ k y y g .
no1z—aP n a”
T(z) = ban tai 2 = 1. O
(Z) kl;ll zZ 4+ ak 8 kl:Il 1 k Az
z A 7z p(x) 1 " x+&k 1 7’
Vidu3.1.31. Ta [ ; = —— —p(0), ¢ d
idu alusncd — 5 klx_akp(cvk)+2p( ), trong do
km . km . ) y
a = cos — + zsm— k=1,2,...,n,va da thitc p(x) cé degp(x) < n.
n
n 7 k n k k
Twr do suy ra > cot 2 cos - = 0 va > cot —~ sin —~ = .
=1 n n =1 2n n
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Bai giai: Hién nhien 22 _ 3~ _pl(o"“) _ L awp(an)
"+ 1 pSinap (z— ay) ng=1 T
J L , p(z) 1
=0cop0) =— . Khi do ta c6 — —p(0) =
£ =066 p(0) = % 3" plan). Kni d6 ta 06 L2~ 2000
1 2ozkp ay) 1 "+ Qy,
on T — Qp Zp T — ozkp(ak>
1 "=
_ plz) 1 & z+ oy 1
Do va = —— + =p(0).
W T T T e akp(ozk) 5P(0)
1 21 < P
Khichonp(zx) =zvar=1tacé - = —— T akozk. Dé dang bién doi
2 2n k=1 1— (677
1 k k km n k k
duoc 1 j_L Z:ozk = jcot %(cos% + ¢sin 7) Vay Z cot %cos% =0
n k k
VaZCot—Wsin—W:n. O
=1 2n n

1 1
Vi du 3.1.32. Ta luén cé p(z) _ oy akp(ozk) — —p(0), trong do
" —1 2n [T — oy 2

k k
ay = (:082—7T + z'sinz—ﬁ,k: =1,2,...,n,va da thitcc p(z) co degp(z) < n.
n n
km km
o n 2COS——C082—
Tw day suy ra => L n
2n — 1 1 km
D — COS —
2n
n 1
Bai giai: Hién nhién () = > _pl(ozk) =—> axp(a) Ch
" — minag (T —ap) Mmoo
z=0c6p(0)=— Zn: (o). Khi d6 ta c6 p(z) + 1p(() =
n j—1 -1 2
1 2akp o) "\ x+ ay
n —~ r— oy Zn Zp ) ; x — Ozkp(%)'
_ plz) 1 X z+ o 1
D = — p(0).
ovey " =1 2n-1x — ozkp(ak) 2p( )
r 1 Z o

Khi chon p(z) = x ta c6 . Cho z = 2 ta nhan duoc

" —1 nj—1 T — Qy
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k km
9 1 2 o n 2C0S — — COS o
=—3 Tu’daysuyra =3 n noO
m—1 ni2- on = ke
5 — Ccos —
2n
. o p(a)(x —a)+1 pi(z)(z—b)+1
Vi du 3.1.33. Gia su f(x) = va g(x) =
D= ime—a1 Y T G+
vai p(z),p1(x),q(z), q1(x) € Rlz] va a < b. Neu f(x) va g(x) khong triét
o N f'(xo) — g'(wo)
tiéu trén |a; b thi ton tai xo € (a;b) thoa man = .
;) 0 € (a:D) f(xo) g9(xo)
Bai giai: Xét ¢(z) = % Khi d6 ¢(a) = ¢(b). Theo Dinh 1y Rolle ton
g(x

tai o € (a b) dé ¢'(zo) = 0 hay f'(x¢)g(zo) — ¢'(x0)f(z) = 0. Do vay
Fleo) _ g'a) ’
f(xo)  glwo)
Vi du 3.1.34. Gid su cdc phdn thitc hitu ty fi.(x), gx(x) xdc dinh trén [a; b
vd gr(a) # gk( Yyvoi k = 1,2,...,n. Khi dé ton tai xy € (a;b) thoa mdn

Z Flag) =3 g;f(xo)fk(b) — fula)

=1 9x(b) — gr(a)
e ere s n fe(b) — fr(a) .
Bai giai: Xét = — Khi dé
gl X6 0) = 57 |e) = (o)~ @) o gy
gb( ) = &(b). Theo Dmh ly Roll ton tai xy € (a;b) d€ ¢/(zy) = 0 hay
4 Jr(b) = fila)
Z f(wo) = Z 1 (20) O
= 9r(b) — gi(a)
Vi du 3.1.35. Gid sit x1,x9, 23, -+ ,Too11 la 2011 nghiém cua phuong trinh
2010 o 2011 2010 2
+x+d=0.Pdt f(x) = [[ (x—x). Tinh tong T = Z K
=1 T — aj k=1 =1 flax)
2010
Bai giai: Taco ) - +x—|—d:m&. O
—x—a
k=1 k T (x — ax)
k=1

Gia stz = (r1,x9,...,2,) Vay = (Y1, Y2, - - -, Yn). Khi d6 ta ky hiéu

Tty = ($1+917$2+927~-~7$n+yn)

op(z) = Z T\ T, .. Tiy, Ni(x Zazk

1< <1 << <n
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Vidu 3.1.36. Gid sita = (a1, a9, . ..,a,),b = (bl, bo, ..., by) E R" vdi tdt ca
cdc ay, b, > 0vacécdpi,jdé a;, b; 7é0 Khi do %(a+ ) (a)+52(b)'
d1(a + ) d1(a) = 61(b)
Bai giai: Xét hieu H = ala+b) () 52(1)). Khi d6 ta c6 biéu dién
51( +b) o1(a 51(5)
S2(a + b)61(a)d1(b) — d1(a + b) (da( ) + 02(b)d1(a))

)
5a +b)(51( 16,00 ) . Can chi ra
P = &y(a+b)d1(a)di(b) — 61(a+b)(2(a)d1(b) + d2(b)d1(a)) > 0. That vay

2P = 20(a+ b)d1(a)dr(b) — 261 (a + b)(02(a)d1(b) + d2(b)d1(a))
= [01(a+b)* = Na(a) — Na(b)]d1(a)d1 (D)
— di(a+D)[(51(a)’ — Na(a))d1 (D) + (81(b)* — No(b))d1(a)]
= [=Na(a) = Na(b)]01(a)d1(b) + 61(a + b)[N2(a)di(b) + N2(b)d1(a)]
= Na(a)dy(0)* + Na(b)dr(a)* = 0

. B . da(a+b) _ daa)  da(b)
vid1(a+b) = 61(a)+61(b). Nhuvay P > 0 va 5 (@t D) > 51(@)4—51([)).
)

Vi du 3.1.37. Gid sit a = (a1, as,...,a,),0 = (b1, ba,...,b,) € R" vdi moi
ar, by = 0va cé cdp i,j dé a;,b; # 0. Vi moi s6 nguyén r > 2 luon cé
or(a+b) or(a) 0, (D)
> .
5r71(a + b) 57,,1(a) 5r71(b)
Bai giai: Truong hop r = 2, bat dang thitc da dugc chiing minh. Xét trudng
hop r > 2. Ky hiéu & = (21,22, ..., Th_1, Thi1, - - -, Tp). DE dang Ki€ém tra
duoc T(ST( ) Z Tp0p— 1($Ek) va 9, ( ) = 210, l(ik) + 5r(j7k) Tu hé thic
cudi suy ra no, ( ) Z k01 (Zk)+ Z 0p(21) = rép(x)+ > 0, (2). Talai

k=1
con co 57~($)—5 (xk) = l’k(sr 1($k‘) va (57« 1( ) 6r 1($k) = :L’kér_g(fk). Nhu
vay 0.(z) — 0,(21) = xy, (5T_1(x) — :L‘kér_g(fck)) = 2p0,_1(x) — 220, _2(Ty).

n

Lay téng nd,(x) — > 6.(2%) = Y. xdr_1(x) — > 230, 2(i) hay hé thic
k=1 k=1 k=1

Zxk(sr 1 Zxkér 2
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Vay r = 01(z) — > a7 = 0 (x) — E__ Béi vi
Viaw M TE L YT 5w
) 5r—2(£k) )
Or1(z) O 1(Tp . O0x(x) n T
T = — — —~ nén cO r = 1(x) — -
Or—a(ir)  Or—a(@n) o -y 2 4 (@)
) 5r—2(£k)
2 S n b
Bat dang thic can chimg minh 61(a +0) — > (ak; ) - >
1t by D)
Or—2((a + b))
() = 3 ) - S oy
a)— = - =
! k=1, 0,1 (ay) ! =1 Or—1(bx)
S by + -
r—20e) b-(r)
Z”: a; +Z”: b o\ (ar, + by)
d,_1(a b i
k=1 aj + 1(6}165 k=1 bk 4+ 57"—1(?]6) k=1 ap + bk 4 r 1((CL -Ai— b)k;)
r—2(Gk r—2(bk) r—o((a+0),)
Bat dang thiic Orlatd) > o(a) - 0:(0) duoc chiing minh bing

(57«_1(@ + b) - 57~_1(a)? 57~_1(b) ,
phuong phdp quy nap. V6i r = 2, bat dang thic ding. Gia su bét dang thiic
dr_1((a+b Sr—1(ar)  0r—1(b

et b)) o Oralln)  Oralbe)
5 a(a+ b)) Oral@) " 5, y(by)
a% b% B (ak + bk)Q N a% n bz _
ar +up  bp + v ak+bk+xk/ak—i—uk br. + Vi

ding v6i r—1. Khi d6 x;, =

v6i moi k. Boi vi
(ak + bk)Q
ar + b + up + v
i G +§n: e 2271: (b
=1 Oralin) = aalby) i d,—1((a+ b))
ar + 5 - b + — ar + by + _
) br-a(b) S a((a b))

d,(a +b) or(a) o, (b)
> +
(5r_1(a + b) 57«_1(0,) 57«_1(b)
Vi du 3.1.38. Gid sit da thicc f(z) = 2" + 612" 1+ -+ 6, € R[z] cd n
(n—i+1)(i+1)
: : 0i—10i+1
i(n —1)

> ( nén bat dang thitc dudi day 1a ding:

Do do

ding véi moi s6 nguyén r > 2. [

nghiém thuc phdn biét. Chiing minh rdang 6? >
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voiir=1,...,n—1.

Bai giai: Dat p(y) = y"f(y~!). Khi d6 cdc nghiém clia p(y) cling thuc va
phan biét. Da thuc bac hai

p" D (y) = (n—2)(n—3)....43.(n(n—1)8,y* +2(n—1)8,_1y+20,_2) = 0

c6 hai nghiém thuc phan biét theo Pinh 1y Rolle. Vay A > 0 hay §2_; >

2
B 5, 6, Dt
n—1

PV (y) = boa oyt - b2 b b

, 21+ 1
Theo bat dang thiic trén c6 b? > (i + )

bi_1b;11. Vi cac hé so thoa man

bi—l = (n—i—1)(71—2'—2)....2.152‘,1
by = (n—i)(n—i—1)....3.29;
bi+1 = (TL —1+ 1)(n — ’L) R 4362+1

(n—i+1)(i+1)

nén ta nhan dll’(_)’C (522 > ; ; 5i—15i+1 vl 1 = 1,...,n—1. O
i(n —1)
Vidu 3.1.39. Véi ay, ... ,a, € (0;1) va cdc s6 thuc duong oy, . . ., «, thoa
n

madn diéu kién >_ oy = 1 ta luon cé bdt dang thiic dudi day:
k=1

1
BMgﬁhX&MMm6y:M(TiE)wﬁxéakniﬁmydmdﬁu@g
—x
va 16i trén (0; 1) nén theo Bt déng thic Jensen ta c6

1+ Zozkak n n
= 1 1 a
In =1 <Zakln( +ak>:lnH( +ak> '
1 " 1 — Qf l—ak
— > agag k=1 k=1
k=1
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n
1+ Z QLA
N A L 1oxe 32 p k=1 d I+ g\ “*
va nhu vay ta c6 bat dang thic — < J1 (1 ) : O
1 — z LG k=1 — dk
k=1

Vidu 3.1.40. Véi a, . .., a, € (0;1) ta luén cé bdt dang thitc dudi day:

I1(1—ax) [1(1+ ar)
[Z(l—ak)] [2(14‘%)}
N e *2e Z, 2 N Pl z,* 1
Bai giai: K&t qua dugc suyratr Vidu3.1.39véiay =---=a, =—. 0O
n
e z,. 1 \ z z ?
Vidu 3.1.41. Véi ay, ..., a, € (0; 5] va cdc soO thuc duong oy, . . ., o, thoa

n
madn diéu kién > oy = 1 ta luén cé bdt ddng thiic dudi ddy:
k=1
n
> Qay, n
k=1
& H (1 — ak>

1= > agap k=1

k=1
n
> apay
Tw ddy suy ra gid tri nho nhdt cia T = m k=l — - —
k
(1= 2 o) I (725)
k=1 =1 M —ag

1
Bai gidi: Xét ham s6 y = In ( ) v6i & € (0;5]. Ham y don diéu tang

1—2

1 e . .
va 1om trén (0; 5] nén theo Bat dang thiic Jensen ta c6

> agag n n o e
k=1 k
ln( L ) Zakln( —ak):mH(l—ak>

1= > agay k=1 k=1
k=1
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n

> agag

va nhu vay ta c6 bt ding thic —=L > 11 (1 il ) *. Nhu vay
1-— Z Qe k=1 — k
k=1 |
T}1.Déiub§1ngx§yrakhia1:---:an:§.Dod(’)Tnn:1. ]

1 I
Vidu 3.1.42. Véi ay, ... ,a, € (0; 5] ta luon co bdt dang thitc duci day:

knzl n< knzl -
Ta] [ X0-w)

L.
Bai giai: Két qua dugc suy ra tr Vidu 3.1.41 v6i oy = --- = o, = —. Hién
n
1
nhiénT<1V51Tln:1khia1:---:an:§. O

3.2 Mot vai bat dang thic trong hinh so cap

Muc nay gi6i thieu mot phuong phép phét hién ra cdc bat dang thiic trong
tam gidc qua phuong trinh da thic bac ba.

Cho AABC v6i do dai canh 1a a, b, ¢, ban kinh cdc duong tron ndi, ngoai ti€p
lar, R, ban kinh cac duong tron bang ti€p la rq, 79, r3, ntta chu vi p va dién tich
S. Ta s€ chiraa, b, c1a banghiém cta x3—2px®+(p*+r2+4Rr)x—4Rrp = 0
va 71, 79,73 12 ba nghiém ctia 2% — (4R + r)a? + p*z — p*r = 0.

Ménh dé 3.2.1. Cho AABC vdi dé dai ba canh BC = a,CA =b, AB = c.
Ky hiéu p la nita chu vi, v va R la bdn kinh cdc duong tron noi, ngoai tiép.
Khi do a,b,c, la ba nghiém cua phuong trinh

2 — 2px* + (p* 4+ 1r* + 4Rr)x — 4Rrp = 0.
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A r 2tan 5
Chung minh: Tutan 3= vaa =2Rsin Asuyraq = 2R——=—

p—a 1—|—tan2§

r

p—a b—a
hay a 4R1+( 7 )2 4Rrr2+(p—a)
—a
a(a®—2pa+p*+1r?) = 4Rr(p—a) hay a® —2pa®+ (p*+1r?+4Rr)a—4Rrp =
0. Do d6 a la mot nghiém cua z3 — 2px?® + (p? + r* + 4Rr)x — 4Rrp = 0.
Tuong tu, b va ¢ cling la nghiém cua phuong trinh nay. O

5. Nhu vay, ta c6 quan hé

Ménh dé 3.2.2. Cho AABC vdi nita chu vi p, bdn kinh cdc duong tron noi,
ngoai tiép r, R va bdn kinh cdc duong tron bang tiép la ry,rs,r3. Khi do
r1,79.73 la ba nghiém ciia phuong trinh ¥ — (4R + r)a® + p*x — p*r = 0.

A 2tan§
Chung minh: Tu tana = —vaa = 2RsinAsuyraa = 2R
p 1+ tan? =
2
r1
hay a = 4R—L 5 = 4Rr12L. Boi vi 1(p —a) = S = rp nén ta cé
i ri + p?
1+ -1
P2
(ri —7)p p
h¢ — =a=4Rri————h — 2 2) = 4Rr?. D
quan hé - a T1T%+p2 ay (r1 —r)(r{ + p°) ri. Do

d6 r; 1a mot nghiém cta 2% — (4R + r)a? + p*x — p*r = 0. Tuong tu, 75 va

r3 cling la nghiém ctia phuong trinh nay. O

Vi du 3.2.3. Cho AABC véi bdn kinh cdc duong tron bang tiép ri,rs, 13.

Khi dé cé bdt dang thiic:

27“1—7“7°g—r7“3—r T —TTry—7T To—TT3—7T T3—7T —7T - 11
ri4+rro+rrs+r ri+rro+r rod+rrs+r rg+rr+r 100

Bai giai: r, 79, r3 1a ba nghiém cta 2 — (4R + r)2? + p*x — p*r = 0, (1).
r(y+1)

Xét phép bién déi y = x—;r Dé thiy y # 1 vz = . Thay  vao
T+
phuong trinh (1) ta nhan dugc phuong trinh da thic bac ba sau day

(r* + 2Rr + p*)y® + (2r* + 2Rr — 2p*)y* + (r* — 2Rr + p*)y — 2Rr = 0.
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Goi y1,y92,ys la ba nghiém cua phuong trinh nay. Khi dé ta cé hé thic
ARr +1r* —2Rr +p* _ 11
r2+2Rr+p> 10
Vidu 3.2.4. Cho AABC véi d¢ dai ba canh a,b,c va ban kinh cac duong
tron noi, ngoai tiép la v, R. Khi dé ta cé bdt dang thiic

29192y3 + Y1y + Yous + ysy1 =

(i) (a* +2Rr)(b* + 2Rr)(c* + 2Rr) < R*(ab + bc + ca — 2Rr)?,
i) (a® + 2Rr)(02 + 2Rr)(® + 2Rr) < 64R°,

Bai giai: (i) a, b, c1a banghiém ctia 23 —2px*+ (p* +4Rr+r?)z—4Rrp = 0.
Xét phép bién déi y = x> + 2Rr. Pat T = p? + 2Rr + 2. Khtt x dé duoc
phuong trinh da thitc bac ba sau day

y? — (4p* +2Rr — 2T)y* + (T* — 2Rr)y — 2RrT* = 0.

Goi y1, y2, y3 12 ba nghiém cua phuong trinh nay. Vi ab+bc+ca = T+ 2Rr
nén y1y0y3 = 2RrT? = 2Rr(ab+be+ca—2Rr)* < R*(ab+be+ca—2Rr)?.
(ii) Bat P = (a® + 2Rr)(b* + 2Rr)(c* + 2Rr). Vi 4p® > 3(ab+ bc + ca) va
4p* < 27TR* nén P < 2Rr(9R* — 2Rr)?. Nhu vay P < R3.2r(9R — 2r)%.
Xéthams6y =2(9R —2)?v6i0 <z < R. Viy >0nény < 64R3. [

Vidu 3.2.5. Ky hiéu ri, 19,13 la bdn kinh cdc duong tron bang tiép tam gidc

L e 27R?
ABC. Khi doé ta co bdt dang thiic riry + ror3 + 1311 < 1

Bai giai: Vi 71, 79,73 la ba nghiém cta x* — (4R + r)z? + p*x — p*r

Al

0 nén 77y + ror3 + r3r; = p>. Vi p = R(sin A + sin B + sin C)
A+B+C 3vV3R 27R?
3R sin ro = V3 nén riry + rorg + r3r; < ) O
3 2 4
b
Vidu 3.2.6. Cho AABC' véi do dai ba canh la a,b,c,p = %Jrc va ban

kinh duong tron noi tiép r. Hdy chitng minh cdc két qud sau dady:
(i) (a* —be)(b? — ca)(c® — ab) = 8p*abc — (p? + 9r?)3.

(a —b)? N (b—c)? N (c—a)? < 27R? + 412 B
ab be ca SRr

(ii) 7
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Bai gidi: Ta biét, néu z1, z», x3 12 ba nghiém ctia 23 + a12% + asx + as thi
2 2 2 3 3
(2] — wows) (x5 — x321) (25 — X122) = ajag — a;

(1 — x9) n (x9 — x3) I (23 — 1) _ a2 9, (tu chiing minh).
T1T2 ToT3 L311 a3

Vi a, b, ¢, 1a ba nghiém cta 2° — 2pz? + (p? + r* + 4Rr)x — 4Rrp = 0 nén
(i) (a® = be)(b* — ca)(c® —ab) = 32p*Rr — (p*> +r* +4Rr)3. Vi4Rrp = abc
va R > 2r nén (a® — be)(b* — ca)(c® — ab) < 8piabe — (p* + 9r?)3.

(a — b)? N (b—c)? N (c—a)*  2p(p*+r*+4Rr)

ii) Tir hé thuc tré -9
(it) Turhé thic trén ab bc ca 4Rrp
(a—b)? (b—-c)? (c—a)? p*+r? 27R? + 412
_ Y P
Sy Ta ab + bc * ca 2Rr SRr

Vi du 3.2.7. Cho AABC vdéi bdn kinh cdc duong tron ngoai tiép la R, bdn
kinh cdc duong tron bang tiép la 1,1, 13, nita chu vi p. Chitng minh rdang

2 2 2
T )<r2 ) (fr ) 64
—+1)(=+1 1

<p2 + p? + p? + 27

Bai giai: 1,79, r3 la ba nghiém cta 23 — (4R + r)2? + p*z — p*r = 0. Xdc
dinh phuong trinh nhan y; = 72 + p* yo = r3 + p?,y3 = r5 + p* lam ba
3 — (4R +r)z* + p’x — p*r =0
2+ p?—y=0.

3 — (4R +r)x* + p’x — p*r =0

23 4 p’r —yxr =0
phuong trinh (4R +7r)(y — p*) —yx + p*r = 0. Pat T = 4R + r. Khi d6
T ARp? Ty — 4Rp?)?

p=Y p p Véfly( Y - P°) +p?—y=0hay 43— (T2 + p?)y? +
SRTp*y — 16R2p4 = 0. Phu’o‘ng trinh ndy c6 ba nghiém 13 1, y», y3. Do dé

(rf +p2)( 33 +p%) _ yipys | 16R%p!
P° A
R (T r? r? 16R? _ 64
dong nhat thic <2¥ + 1) (? + 1) <]¥ + 1) = > 77
Vidu 3.2.8. Cho AABC vdéi bdn kinh cdc duong tron néi, ngoai tiép la r, R,
ban kinh cdc duong tron bang tiép la vy, 72, r3. Khi dé ta luon cé bdt ddng
thiic thite duoi day:

1 .\ 1 .\ 1 11
(r—r)(r—mry) (r—mr)(r—m3) (r—rs)(r—r) 12 R

nghiém. Khir z tir hé Ta c6 ngay hé

va (4R + r)z? — yx + p*r = 0 hay

. T hé thic cudi suy ra

[]
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Bai giai: Vi ry, 7y, r3 12 ba nghiém cta 2° — (4R + r)2? + p?x — p*r = 0
nén f(x) = 2° — (4R+r)x* + p?x — p*r = (x —r1)(x —r2)(x — r3). Ldy hai
lan dao ham dugc 3z —4R—r = (x —ry) + (x —r2) + (x —r3). T day duoc

3r —4R —r B 1 N 1 N 1
f(z) C(@—r)@—ry)  (x—r)(x—r3)  (z—r3)(z—r1)
Cho = = 7 c6 ! + L n L _

(r—mr)(r —re) (r —mro)(r —r3) (r —rsg)(r —r)
2R —r 1
<

2Rr2 2 R
Chu y 3.2.9. Cho dén nay chua c6 da thiic bdc 4 voi hé tiw la cdc da thiic
cua bdn kinh mdt cau noi, ngoai tiép r, R cua tir dién ABC D nhdn bdn kinh
cdc mdt cdu bang tiép r1,79,73, 74 lam nghiém va bdt ddng thiic lién quan
giita chung.

[]

3.3 Phuong trinh va hé phuong trinh

Vi du 3.3.1. Phuong trinh 122%°1! + 1825 — 523 — 7o — 1 = 0 ¢6 bao nhiéu

nghiém duong.

Bai giai: Vi f(2) = 12229 +182° — 523 — 7o — 1 ¢6 f(0) = —1 < 0 va

f(1) =17 > 0nén f(x) = 0 c6 it nhat mot nghiém duong xy € (0; 1). Khi

x> 0 viet 122* + 182% = 5 + — + —. Vi v€ trdi 1a ham déng bién, con
x

v€ phai 1a ham nghich bién nén f(x) = 0 c¢6 ding mot nghiém duong. [

Vidu3.3.2. Véia,b,c > 0, hdy gidi phuong trinh an/x2 — b*> — 2+bv/a? — 2 — a’+
Vw2 —a?—b? =a®+ b+ A

Bai giai: x = +va? + b2 + 2. O
(x2+xy+y2 =25

y:+yz+ 22 =49
24+ zr+ 22 =121

Vi du 3.3.3. Gidai hé phuong trinh <

\x,y,z}().

Bai giai: Tu cac phuong trinsuyra 0 < x < 5va0 < 2z < 7. Vay 121 =
22 4 2o+ 2% < 25 + 35 4+ 49 = 109 < 121 : mau thudn. Do d6, hé vo
nghiém. O
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Vidu 3.3.4. Gidi phuong trinh /22 + xy + 12 +\/y2 + yz + 22 = V22 + 20 + 22,

3 -
Bai gidi: VGi @ = (y + gx) vab

— 3

& : ° f(f’;+z>). Bdi vi
@ + |b] = |@ — b| hay @.b = 0. Nhu vay, hodc 2 = y = 0,z € R hoic
r=2=0y€ Rhoicy =2 =0,2 € Rhoicx =y = 0,2 € R hoac
2% + 2y + yz — 2z = 0. O

3 nd
E;—gz) tacod—0b =

(y +

[\

a@| + |b| > |@ — b| nén tir phuong trinh suy ra

Vi du 3.3.5. Xdc dinh x,y biét tan® x + tan®y + cot?(z +y) = 1.

1 —tanxtany B
nén ta co

Bai giai: Vi cot(z +y) = tanz 1 tany

tanxtany + tany cot(z + y) + tanx cot(x +y) =1

va n6 bang tan®z + tan®y + cot?(z + y). T d6 suy ra tanz = tany =

cot(z + y). Vay tanx = tany = +—. Do d6 ¢6 z, y. O

V3

3r+ Ty =20,z >0

Vi du 3.3.6. Gidgi hé phuong trinh x> 1
(2x+\/4x2+y2)3 16
Ar3 costsin® t 1

Bai giai: V6i x = rcost,y = 2rsint co —, trong

(2r cost + \/47“2)3 16
d6 r > 0. Vay 8cost(1 —cost) = (cost+ 1)% hay 9cos’t —6cost+1 = 0.

1 22 28+/2
Giéiracost:gvésint::I:T\/_.ViZ():Sx—I—?y:r(l:I: ?:/—)nén
( 20
Tr =
28+/2
%0 3(1+—f)
du’qcr:12—8\/§béiv‘1x>0.Nhu’vay<y_ 40\/53 0
_|_— — .
28v/2
: s(1+557)
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(21 + 22)M = 1
(z0 + x3)?M =1y
Vi du 3.3.7. Gidi hé phuong trinh < . ..

(xn—l + Zy
)2011 —_

)20 — gy

(2, + 21 T.

Bai giai: Dé dang ki€ém tra, néu bo (ay,as,...,a,) 1a nghiém cua hé thi
(g, Qks1y- -5 Qp,a, ..., a,_1) cling 12 nghiém cua hé. Khong han ché cé
thé gia thi€t a; = max{ay, as, ..., a,}. Khi dé ay = (a, +a1)*™! > (a,_1+
)2 = @y. Vay ay = a;. Hoan toan tuong tu suy ra a, = a, | = -+ =
2011 — ;. Gidi ra hoic a; = 0 hoac a; =

A 1 . ] 1 1
+ o omTT H¢ da cho ¢6 3 nghiém (0,0, ...,0), (—QOW, Cee —QOW)
1 1

Vél (_20— ..,_—)- D

19/92011 e 2019/92011

Vi du 3.3.8. Gid sit ba s6 a,b,c > 0. Hdy gidi hé phuong trinh sau:

Qn
a3 = ay = aj. Nhu Vﬁy (CL1 + CL1)

r+y+z=a+b+c
4ayz = abe + a’x + b2y + 2z
x,y,z = 0.

abe a? b2 2 a

2./yz’
. Tt hé thic duéi day suy ra A, B, C' 1a ba

Bai giai: Hién nhiéncé 1 = +—4 +—.Diatcos A =
dxyz  4dyz  dzx  4dxy

b
cosC = ¢

2\/zx’ 2./1Yy
cos’ A+ cos®? B+ cos?C 4+ 2cos Acos BeosC =1
0 < cosA,cos B,cosC' < 1.

Tha+b+c=x+y+zsuyraz+y+ z=2/yzcos A+ 2y/zxcos B +
2/TycosC < x + y+ 2 theo Vi du 2.1.10. Do vay ddu = phai xay ra hay

sinA sinB sinC y sinA  sin?B  sin?C’
b+ec c+a a+b
Y = 2= )
2 2 2

cos B =

goc mot tam giac: {

Tir day dé dang suy ra © =
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