A: PAT VAN PE

Toan hoc 1a mot mon khoa hoc tu nhién , toan hoc ¢6 mot vai tro rét

quan trong trong céc linh vuc khoa hoc , todn hoc nghién citu rat nhiéu va rat
da dang va phong phu , trong d6 cdc bai todn vé bat dang thic 12 nhitng bai
todn kho , d€ giai duoc cc bai todn vé bat dang thic, bén canh viéc nam viing
khdi niém va cdc tinh chat co ban clia bat dang thiic, con phai nim dugc cic
phuong phdp chiing minh bat déng thiic.

C6 nhiéu phuong phdp dé ching minh bit ding va ta phdi can ctt vio
dac thit cia moi bai todn ma s dung phuong phdp cho phit hop. Méi bai toan
chitng minh bat ding thic cé thé 4p dung dugc nhiéu phuong phép gidi khic
nhau , cling ¢6 bai phai phoi hgp nhiéu phuong phap moét cach hop 1i .

Bai toan chitng minh bat dang thitc duoc van dung nhiéu vao cic dang
bai toan giai va bién luan phuong trinh, bit phuong trinh, hé phuong trinh dac
biét , tim gid tri 16n nhat , nho nhét cha biéu thic ...va dugc st dung nhiéu
trong khi on tap , 6n thi ngoai khod ...Vi vay hoc sinh cn thiét phai ndm duoc
nhitng kién thitc co ban vé bat dang thic .

Trong thuc t€ giang day & truong THCS , hoc sinh gap nhiéu khé khan
khi gidi cdc bai todn lién quan vé bat dang thiic , vi cdc bai todn chitng minh
bat dang thitc thuong khong c6 cach giai miu , khong theo mot phuong phap
nhat dinh nén hoc sinh khong xac dinh dugc huéng giai bai toan . Mat khac vi
nhan thitc ctia hoc sinh THCS con ¢6 nhiéu han ché va kha nang tu duy chua
tot do d6 hoc sinh con ling ting nhiéu va khong biét van dung kién thiic vao
giai cac dang bai tap khac .

Trong ndi dung cuia dé tai xin dugc tap trung gidi thiéu mot s6 phuong
phdp hay duoc st dung khi chitng minh bat dang thic nhu : dung dinh nghia ,
bién déi twong duong , ding cdc bat ding thitic da biét , phuong phap phan
chdng ......va mot s6 bai tap van dung , nham gitip hoc sinh bét ling tdng khi
gip céc bai todn vé chitng minh hay van dung bat dang thiic , gidp hoc sinh c6
thé tu dinh huéng dugc phuong phap chitng minh va hitng thi hon khi hoc vé

bat dang thiic ndi riéng va bd mon Toan ndi chung .
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Qua dé tai ((mét so phuong phap chirng minh bat dang thic va itng dung
cua bat dang thitc )) t6i mu6n gilip hoc hoc sinh  ¢é thém mot s6 phuong
phdp chiing minh bat dang thitc d6 12 1y do t6i chon dé tai nay , khi nghién citu
khong tranh khoi con nhitng han ché€ rdt mong duoc su gop y clia cac thay co
gido dé dé tdi duoc hoan thién hon , t6i xin chan thanh cam on




B GIAI QUYET VAN PE
PHAN I: PIEU TRATHUC TRANG TRUGC KHI NGHIEN CUU
Khigidng day trén 16p gip mot so bai tap vé bat dang thiic toi thady hoc sinh

con rdt nhiéu ldng ting trong viéc 1am bai tap ,hay dinh huéng cich lam ,dac
biét 1a hoc sinh hoc & mic do trung binh
Thuc hién viéc kiém tra mot vai bai tap vé noi dung dé tai thiy

S6 lugng Diém gioi | Diém khd | Diém trung | Di€ém yéu | Diém
hoc sinh binh kém
30 0 5 6 13 6

Trudc van dé trén toi thiy viéc can thiét phai huéng dan hoc sinh mot s6
phuong phép chitng minh bat dang thitc va cic tng dung cia bat dang thic 12
mot viéc can thiét cho hoc sinh , dé gitp hoc sinh ¢6 thém kién thitc vé bat
dang thic , taodiéu kién cho hoc sinh khi 1am bai tap vé bat dang thiic

PHAN II: CAC PHUGNG PHAP NGHIEN CUU
Phuong phap diéu tra
Phuong phap doi ching
Phuong phap nghién cttu tai liéu
PHAN III: NOI DUNG CUA PE TAI

I:CAC KIEN THUC CANLUU Y

1, Dinh nghia bat dang thitc
+anhohonb,kihiéua<b
+alénhonb,kihiéua>b,

+ a nho hon hodc bang b , ki hiéu a < b,
+ a 16n hon hoac bang b , ki hitua>b,

2, Mot so tinh chat co ban cua bat dang thic :
a, Tinhchatl:a>b<=>b<a
b, Tinhchat2:a>bvab>c=>a>c




c, Tinhchat3:a>b <=>a+c>b+c
Héqua: a>b <=>a-c>b-c
a+c>b <=>a>b-c
d, Tinhchat4:a>cvab>d =>a+c>b+d
a>bvac<d =>a-c>b-d
e, Tinhchat5:a>bva ¢>0 => ac>bd
a>b vac<(0 => ac<bd
f, Tinhchat6:a>b>0 ;c>d>0 =>ac>bd
g, Tinhchat7:a>b>0 =>a">b"
a>b <=> a">b" véinlé.
h, Tinhchat8:a>b;ab>0 =>
3, Mot s6 bat dang thicc thong dung :
a, Bat dang thitc Cosi :
V6i2 s6 duong a,btaco: a—;bzx/%
DAu dang thic xay ra khi:a=b

b, Bit déng thitc Bunhiacopxki :
Véimoisda;b;x;ytacd : (ax +by)* < (a’ +b*)(x* + y?)

Déu dang thic xay ra <=> > = b
Xy
¢, Bat dang thic gid tri tuyét doi :
la + o] >|a +b|

Dau dang thic xay ra khi : ab > 0

IT : MOT SO PHUONG PHAP CHUNG MINH BAT PANG
THUC

1.Phuong phap 1 : Dung dinh nghia

- Kién thic : D€ chiing minh A > B, ta xét hiéu A - B r6i chiing minh
A-B >0.

-Luuy:A*>0v6imoi A; diu"="xdyrakhiA=0.
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-Vidu:

Bail.l:

V6imoi s6 : X, y, zching minh ring : x>+ y* +z> +3 > 2(x +y + 2)

Giai :

Taxéthicu: H=x*+y* + 22 +3-2(x +y +2)
=x*+y* + 77 +3-2x-2y-2z
=(xX*-2x+ D+ (y* -2y + 1) + (22 -2z + 1)
=(x-1)+(y -1+ (z-1)

Do (x-1)* > 0 véi moi x

(y-1)* >0 v6imoiy
(z-1)* =0 véimoiz
=>H > 0 v6imoix,y,z
Hay x> +y*+7z> +3 > 2(x+y +2z) v6imoi x, y, z.
D4u bang xdyra <=>x=y=z= 1.
Bail.2:
Cho a, b, ¢, d, e 1a cac s6 thuc :
Ching minh ring : a* +b* +c* +d*+e* > a(b+c+d +e)

Giai :

Xéthicu: H=a>+b*+c?+d*+e’-alb+c+d+e)

a a a 2 a 2

=(§—b)2+(§—c)2+(§—d) +(E_e)
Do(%—b)z > 0 véi moi a, b
Do(%—c)2 > 0 v6i moi a, ¢
Do(%—d)zzovéimgia,d

a e
Do (E—e)zz 0 véimoi a, e

=> H >0 v6imoia,b,c,d, e

Dau"="xayra <=> b=c=d=e

Il
N |

Bai 1.3 : Chitng minh bat déng thiic :

a?+b? >(a+bj2
2 B 2
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Giai :
2 2 2
Xét hieu : H= & *P —(‘”bj
2 2
_ 2(a’ +b*)—(a” +2ab+b?)
4
(2a2 + 207 -’ —b2—2ab)=%(a—b)2 >0 . Véimoia,b.

S L

Diau"="xayrakhi a=b.

2. Phuong phap 2 ; Dung phép bién doi tuong duong .
- Kién thifc : Bién ddi bat dang thiic can chitng minh tuong duong véi
bat dang thiic diing hodc bat dang thitc da dugc chitng minh 12 ding .
- Mot s6 bat ding thitc thudong ding :
(A+B)’=A24+2AB+B
(A-B)’=A2-2AB+B
(A+B+C)*=A*+B*+C*+2AB+2AC+2BC
(A+B)’=A’+3A2B+3AB B’
(A-B)’=A’-3A?B+3AB>-B’

Vi du :
Bai 2.1 : Cho a, b 12 hai s6 duong ¢6 tong bang 1 . Chiing minh rang :

Giai:
Dung phép bién ddi twong duong ;
3a+1+b+1)>4@+1)(b+1)
& 9>4@b+a+b+1) (via+b=1)
<> 9>4ab+8 < 1>4ab & (a+b) > 4ab
Bat dang thitc cudi ding . Suy ra diéu phai chitng minh .
Bai 2. 2: Cho a, b, cla cic s6 duong thoaman:a+b+c=4
Ching minh ring : (a + b)(b + ¢)(c + a) > a’b’c’
Giai:
Tir:(a+b)> > 4ab,(a+b+c)* = [@a+b)+c| >4(a+b)c
=>16 > 4(a+b)c => 16(a+b) > 4(a + b)’c > 16 abc
=>a+b > abc
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Tuong tu : b+ ¢ > abc
c+a > abc
=>(a+b)(b +c)(c +a) > a’b’c?

Bai 2.3 : Chiing minh bat dang thifc :

3 3 3
a erb zta;bj ;trongdéa>0;b>0

Giai :
Dung phép bién déi tuong duong : Véia>0;b>0=>a+b>0
a’+b° >[a+bj3

2 L2

o [aLb).(az —ab+b?)> (ibj(a—“’jz
2 2 2

2
& al-ab+ b’ > [a—;bj

& 4a% - 4ab + 4b” > a® + 2ab + b?
<> 3a’-6ab+3b* > 3(a’-2ab+b>) >0

3 3 3
Bat dang thifc cudi cling ding ; suy ra : a’+b > (a+ bj

2 2
Bai 2.4:
Cho2s6a,bthoAmina+b=1.CMR a’+b*+ab > %
Giai :
Tacé:a’+b*+ab > %<=>a3+b3+ab—% > (0

<=>(a+b)(a2—ab+b2)+ab—% >0

<=>a2+b2-%20 Via+b=1

<=>2a’+2b*-1>0

<=>2a+2(1-a)*-1>0 (vib=a-1)
<=>4a’-4a+12>0

<=>(2a-1)*20

Bat dang thiic cudi cung ding . Vay a’ + b’ + ab >

Défu":"xéyrakhiazb:%

3 3 3
Bai 2.5 : Chiing minh bét déng thic : 2 ;b Z(a;bj
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Trongd6:a>0,b>0.

Giai :
Voi a>0,b>0 =>a+b>0

3 3 3
Tacéd: a”+b 2(a;bj

2
<=> (—a+b].(a2 —ab+b2)2(a+bj(—a+bj
2 2 2
a+b)’
<=> az—ab+b22[ 5 j

<=>4a’ - 4ab + 4b> > a’ + 2ab + b’
<=>3(a’-2ab+b*)>0
<=>3(a-b)? > 0. Bat dang thitc nay ding

3 3 3
_. 2 +b >[a+bj

2 2
Dau"="xayrakhia=b.
Bai 2.6 : V6i a>0,b> 0. Chiing minh bat dang thifc :

a b
—_Ja > Jb-——
Jb Ja
Giai :
Dung phép bién doi tuong duong :
a b
2 _Ja>Jb-——
Vb Ja

< (aJa+bvb)—ab(a++b)> 0

& [(\/5)3+(\/B)3J—\/%(\/5+\/5)20

& (Va++/b)a-+ab+b)—vab(a++b)>0
< (Wa++b)a-2vab+b)>0

& (Wa+b)Wa-+b)=0

L a2 . a b
Bit dang thic cudi ding ; suyra: — —+Ja > +Jb——
s &S T /a

3. Phuong phap 3: dung bat dang thitc quen thudc .
- Kién thiic : Dung céc bat dang thic quen thudc nhu : Cosi |,
Bunhiacopxki , bat ding thic chita ddu gia tri tuyét doi dé bién doi va chiing

minh ,
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Mot s6 hé qua tir cdc bat ding thic trén : x* + y? > 2xy
Vé6ia,b>0, E+922
b a
Cacvidu:

Bai 3.1 : Gid sir a, b, ¢ 1 cdc s6 duong , ching minh rang:
R e T
+ + > 2
b+c Vc+a Va+b
Giai
ap dung BDT Cauchy , tacoé :
a+(b+c)>2fabrc) © |2 > 28

b+c a+b+c

Tuong tu ta thu duoc :

b S 2b c o 2c
V\c+a a+b+c ~ Va+b a+b+c

Dau béng ctia ba BPT trén khong thé dong thoi xay ra , vi khi d6 ¢ :

a=b+c,b=c+a,c=a+bnéna+b+c=0(trdi vii gia thiét a, b, c déu
la s6 duong ).

Turdé suyra: \/ a +\/ b +\/ ¢ 52
b+c c+a a+b
Bai 3.2:
Cho x , y 1a 2 s6 thuc thoa man :
X2+ y?2 = xJ1-y? + ya1-x2
Ching minh rang : 3x + 4y < 5

Giai :
Ap dung bt ding thiic Bunhiacopxki ta c6 :
(K +y) = (xyl-y2 +yv1-x2 > (<1 Jy|<1)

<(xX2+yH)(A-y*+1-x%)
=x*+y* <1
Talaicé: Bx +4y)* < B*+4)(x* +y?) <25

=>3x+4y <5
X2 +y?=1 (3
Pang thifc xay ra < {x>0,y>0 & 2
X_y y=¢
3 4 S
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Diéu kién :

N | W

SXSE
2

Bai3.3: Choa,b,c>0;a+b+c=1.Ching minh rang :
a, Jva+b++b+c+c+a<+6
b, Ja+1l++/b+1++c+1<35

Giai
a, Ap dung bat dang thic Bunhiacopxki véi 2 bo 3 sd ta ¢6

(\/a+b.1+\/b+c.1+ \/c+a.1)£ (1+1+1)[(\/m>2 +(\/b+c)2 +(\/c+aﬂ

=> (\/a+b ++b+c +\/c+a)2 <3.(2a+2b+ac)=6
=> Ja+b+vb+c+/cra<6 .

Déiu”="xéyrakhi:a=b=c=%
b, Ap dung bt ding thic Cosi , ta c6 :
,/a+1<w=§+1
B 2 2
Tuongtu:\/b+1sg+1 ; \/c+1s§+1
Cong ting v€ clia 3 bat dang thic trén ta dugc :
\/a+1+\/b+1+\/c+1£a+b+c+3:3,5

DAu dang thic x4y ra khia=b =c =0 trdi v6i gid thi€t:a+b+c= 1
Vay : Ja+1++/b+1+/c+1<35
Bai 3.4 : Chociacsoduonga,b,c thoaman:a+b+c=1.

Chiing minh rang : 1+l+l29
a b c¢
Giai :
Tacé:9+9>0,a,b>0
b a
TaCé: £+l+1:(£+1+l).1 = (£+l+1).(a+b+c)
a b ¢ a b c a b c
=1+E+9+9+1+9+E+E+1
c a c a

=3 RS i3 42424229
b a~ ¢ b a c

=> —+—+l29
a b c
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Dﬁu"z"xéyrakhi:a=b=c=%

Bai 3.5
. . s 1 1 4
Cho x ,y >0 . Chiing minh rang : =+ = >
Xy X+y
Giai
Ap dung bat dang thic Cosi ta c6 : x+y > 2/xy
1,1, 2
Xy Xy

=> (x + y)( %%) > 4

1 1 4
=> —+— 2
Xy X+Yy

4. Phuong phap 4 ; Dung cac tinh chat cua bat dang thiic :

- Kién thiic : Dung cdc tinh chat da dugc hoc dé van dung vao giai cic
bai tap .
Cacvidu:
Bai4.1 : Cho 2s6 x,ythoa man di€ukién :x+y=2.
Chitng minh rang : x* + y* > 2
Giai
Theo tinh chat bac cAutacd: (x*-y*) > 0 & x* +y* > 2x7%y?
S2x*+yhH > (X2 +y)* (1)
Tacé: (x-y)* 20 & x*+y> > 2xy
@2+ y?) 2(x +y)
P2x*+y* )24 Viix+y=2
O xIT+yr>2 (2)
Te()va2)tacé: x* +y*>2
Dau"="xayrakhix=y=1.
Bai 4.2:
Cho O<a,b,c,d<1.Ching minh rang :
(1-a)1-b)1-c)1-d)>1-a-b-c-d.
Giai :
Tacéo:(1-a)(l-b)=1-a-b+ab
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Doa,b>0nénab>0 =>(1-a)(1-b)>1-a-b.
Doc<lInénl-c>0 =>(1-a)(l-b)(l-¢c)>{-a-b)(1-¢)
& ((1-a)(l-b)(l-c)>1-a-b-c+ac+bc.
Doa,b,c,d>0nénl-d>0;ac+bc>0;ad+bd+cd>0
—>(1-a)1-b)(1-c)>1-a-b-c
—>(1-a)1-b)1-0)(1-d)>(I-a-b-c)1-d)
=>(l1-a)1-b)(l-¢c)(1-dy>1-a-b-c-d+ad+bd+cd
—>(I-a)1-b)1-c)(1-d)>1-a-b-c-d.
Bai4.3: Cho0O<a,b,c<1.Ching minh ring :
2a° + 2b* + 2¢® < 3 + a’b + b’c + c’a
Giai :
Doa,b<1l =>a’<a’<a<1;b’<b’<b<1;tachd:
(1-a)(1-b)>0 => 1+a’b>a’+b
=>1+a’b>a’+b’haya’+b’<1+a’b.
Tuongtu: b’ +c*<1+bc;c+a’<1+c%a.
=>2a’+2b’ +2c* <3 +a’b + b’c + c’a
5.phuong phap 5 : Dung bat dang thitc tong quat chia luy thira cac so tu

nhién

Bai 5.1: Cho a>b>0 CMR:
a1996 _ b1996 al995 _ b1995
a1996 + b1996 a1995 + b1995

Giai :

Dé chitng minh bat dang thiic trén , ta chiing minh bat dang thic trung gian
. a"-b™ _a"-b"

sau néu a>b>0 va m,n Ia hai s tw nhién ma m>n thi > (1)
i a"+b™ a"+b"

That vay ta dung phép bién déi tuong duong dé chitng minh

a"+b™-2b" a"+b"-2b"

(1) >
a"+b" a"+b"
2b"™ 2b" 2b™ 2b"
=t >1— o — >_

a"+b" a" +b" a"+b" a" +b"

b b*
<:>b<b<:>bm<bn<:>1<1<:>a—+1>a—+l
a"+b™ a"+b" a" b™ a" b" a" a" b™ b"

ot —4+1 —+1
b™ b™ b" b" b™ b"
moa a., A,
< <SE)">0)" ()
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Bat dang thitc (2) luon ding vi a>b>0 nén %>1 va m>n vay bat dang thitc (1)

luon ding

a"-b"™ a"-b"
>

a"+b™ a"+b"

m=1996, n=1995 thi bit dang thic phal ching minh luon ding

a1996 _ b1996 1995 b1995

a
a1996 +b1996 a1995 + b1995

6. phuong phap 6: Dung bat dang thitc vé 3 canh cua tam giac

vOi a>b>0 va m>n nén khi

Ap dung bt ding thic trung gian

a,b,c,la dodai bacanh cia tam gidc < a<b+c (1)
b<a+tc (2)
c<atb (3
Tir 3 bat dang thic vé téng ba canh cla tam gidc ta suy ra dugc 3 bat ding

thic vé hiéu hai canh
a<btc  (1)=|a-b/<c(4)

b<at+c (2)=|b-c/<a(d)
c<atb (3)=|c-a|<b(6)
Bai 6.1:
Cho tam giac ABCcé6chuvi 2p=a+b+c (a,b,cladodai cic canh ctua

tam giac ) . Ching minh rang :

1 1 1 1 11
+ + >2(=+—+-)
p-a p-b p-c a b c
Giai:
Tacé:p—a=b+(2:_a>0

Tuongtu:p-b>0; p-¢c>0;

p . 2 s 1 1 4 4
ap dung két qua bai tap (3.5) , ta duoc ; + > ==
p-a p-b (p-a)+(p-h) c
Tuong tu : + L zf
p-b p-c a
1 1 4
+ >—
p-a p-c b
=> 2( ! + 1 + 1 )24(1+1+l)
p-a p-Cc p-cC a b c

=> di€u phai chiing minh .
Dau"="xayrakhi:p-a=p-b=p-c&a=b=c.
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Khi d6 tam gidc ABC la tam giac déu .

Bai 6.2:
Cho a, b, ¢, 1a d6 dai ba canh cua mot tam giac CMR:

(a+b-c)(b+c-a)(c+a-b) <abc

Giai:

Bit déang thitc vé ba canh clia tam gidc cho ta viét
lb—c|<a=0<a’-(b-c)*<a’
lc-a|<b=0<b’—(c-a)*<b’

la-b|<c=0<c’—(a—b)*<c?

Tir d6 |a’ - (b—c)’||b* - (c—a)’||c* — (a—b)’| < a’b’c®

< (at+b-c)(a-b+c)(b-c+a)(b+c-a)(c-a+b)(c+a-b) <a?b’c?
< (a+b-c)*(b+c-a)*(c+a-b)* < a?h’c?
< (a+b-c)(b+c-a)(c+a-b)<abc
Vi a, b, ¢, 1a ba canh clia mot tam gidc nén

a+b-c>0

b+c-a>0

c+a-b>0 vaabc>0

Vay bat dang thitc da dugc ching minh

7. Phuong phap 7 : Chiing minh phan ching .

- Kién thic : Gia st phdi chitng minh bat diang thiic ndo d6 diing , ta hay
gia st bat dang thitc d6 sai , sau d6 van dung cdc kién thic da biét va gia thiét

cuia dé bai dé suy ra diéu vo ly .
Diéu vo 1y ¢ thé 1a trai v6i gia thiét , hodc 12 nhitng diéu trai nhuoc
nhau , tir d6 suy ra dang thiic can ching minh la ding .
Mot s6 hinh thitc chiing minh bat dang thic :
+ Dung ménh dé dao
+ Pht dinh r6i suy ra diéu trdi véGi gia thiét .
+ Phti dinh r6i suy ra trdi v6i dléu ding .
+ Phti dinh r6i suy ra hai dIéu tral ngugc nhau .
+ Phu dinh r6i suy ra két luan .

Cacvidu:
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Bai7.1:
Cho 0 < a,b,c,d <1 . Chting minh rang ; it nhat c6 mot bat dang thic sau 12 sai
2a(1-b) > 1
3b(1-¢c)>2
8c(1-d)> 1
32d(1 - a) > 3
Giai:
Gia st ngugc lai ¢ bon dang thic déu ding . Nhan ting vé ;
ta 6 : 2.3.8.32a(1 - b)b(1 - ¢)e(1 - d)yd(1 - a) > 2 3
= [ae-albe-vle-ole-dl> o O

Mat khdc , 4p dung bat dang thitc Cosi ta c6 :

1/a(l—a)s"j“r;_‘a:% => a(l-a) <

Tuong tu: b(1 - b)

IN
Al

c(l-c¢)

IA

d(1-d)

IA

Nhan timg vé cdc bat dang thiic ; ta c6 :
1
[aa-a]ba-b]ea-ofda-al> (2)
Tu (1) va(2) suyravoly.

Diéu vo ly d6 chiing td it nhat mot trong 4 bat dang thic cho trong dau bai 1a
sai .
Bai7.2:
( Phu dinh r6i suy ra hai di€u trdi nguoc nhau )
Chitng minh ring khong c6 3 s6 duong a, b, ¢ nao thod man cé ba bat dang
thuc sau : a+1<2 ; b+l<2 ; c+£<2
b c a
Giai
Gia st ton tai 3 s6 duong a, b, ¢ thod man c4 3 bat dang thic :

a+1<2; b+£<2; c+£<2
b c a

Cong theo ting vé ctia 3 bat dang thifc trén ta duoc :
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a+1+b+£+c+1<6
b C a

<3:¢>(a+1)+(b+l)+(c+1)<6 ()
a b C
Via,b,c>0 néntacé: (a+§)22 ; (b+%)22 ; (c+%)22

=> (a+ )+ (b+%) +(c+1)>6 Diéu niy mau thuin véi (1)
a C

Vay khong ton tai 3 s6 duong a, b, ¢ thod man c4 3 bat dang thiic néi
trén . => dpcm
Bai7.3:
Chitng minh ring khong c6 cic s6 duong a, b, ¢ thod man ca 3 bat dang thitc
sau :
4a(1-b)>1 ;4b(1-c)>1; 4c(1-a)>1.
Hudng dan : tuong tu nhu bai 2 :
Bai7.4:
( Phu dinh r6i suy ra trdi véi diéu ding )
Choa’+b’=2.Ching minhring:a+b < 2.
Giai :
Giastt :a+b>2=>(a+b)*>8
=>a’+b’+3ab(a+b)>8
=>2+3ab(a+b)>8 (Vi:a’+b’=2)
=>ab(a+b)>2
=>ab(a+b)>a’+b® (Vi:a’+b’=2)
Chia ca hai vé& cho s6 duong a, b ta duoc :
ab>a’-ab+b> =>0>(a-b)> Voly
Vay:a+b < 2
8. Phuong phap 8 : Péi bién so
- Kién thic : Thuc hién phuong phdp do6i bién s6 nhim dua bai todn da
cho v€ dang don gian hon , gon hon , dang nhiing bai todn da biét cach giai ...

Cacvidu:
Bai8. 1:
Ching minh rang : Néua,b,c >0 thi:
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a b C 3
o + > —
b+c c+a b+a 2
Giai:
bat:b+c=x,c+a=y,a+b=z
=>a+b+c=2Y*F?
== y+z—x’ _Z+X—y L c= X+y-—12
2 2
Khi d6 :
VT = a N b N c _ YHZ-X ZHX-y X+y-z
b+c c+a b+a 2X 2y 227

= E(l+§)+l(£+§)+1(£+¥)_§21+1+1_§:§
2'x y 2x 720 2y 7o 2

Bai 8.2 :
Chitng minh rang ; véi moi s6 thuc x, y ta ¢ bat dang thic :

C1_(x*-y)axty?) 1
47 (1+x3)2(1+y?)? 4

Giai:
2 2 2.,2
Pat:a= (1+>)<(2)—(1y+ : va b= 1_2X y -
y°) @+x7)A+y%)
—sap = K -YIA=XYY)
@+x*)*(@+y*)?

Thcédéﬂﬁywﬁnmi&btm:-n%@—bVSabs%@+bf

2 2
Ma:(a-b)=|1-
a:(a-b) [ x2+1}

@+bf:{r-f }

y +1

Suyra:- = <ab<

1
R

N

Bai8.3:

Choa,b,c>0;a+b+c < 1.Ching minh rang :
1 1 1
+ + >9
a’+2bc b®+2ca c®+2ab

Giai :

Pit:a’+2bc =x; b’+2ca=y;c*+2ab=z
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Khi d6 : x + y + z=a’ + 2bc + b* + 2ca + ¢* + 2ab
=(a+b+c)y <1
Bai toan trg thanh : Chox,y,z>0,x+y+z < 1.
Ctng minh rang :
1 1 1
—+—+—-2>9
X y z

Ta chitng minh dugc : (x +y + z)( E+1+£)29
X y z

Theo bat dang thiic Cosi

Ma:x+y+z < 1nénsuyra 1+£+129.
X y z

9.Phuong phap 9: Dung phép quy nap toan hoc .

- Kién thiic : D€ chiing minh mot bat dang thic ding v6i n > 1 bang
phuong phéap quy nap todn hoc , ta ti€n hanh :
+ Kiém tra bat dang thitc diing véin=1 (n = n,)
+ Gia st bat dang thic ding véin =k > 1 (k > n,)
+ Chitng minh bat dang thic ding véin =k + 1
+ K&t luan bat dang thitc ding véin > 1 (n > n,)
-Vidu:
Bai9.1:
Chdng minh rang v6i moi s6 nguyén duong n > 3 thi
2">2n+1 (%)
Giai :
+Véin=3,tac6:2"=2=8;2n+1=23+1=7;8>7.Vay dang
thitc (*) ding v6in=3.
+Giastr (*) ding véin=k (k e N; k > 3) , tic 1a: 2> 2k + 1
ta phi chiing minh : 2" > 2(k + 1) + 1
hay : 2! > 2k + 3 (%)
+ That vay : 2¢'=2.2% , ma 2* > 2k + 1 ( theo gia thiét quy nap )
dod6:2"">22k +1)=(2k+3) +(2k - 1) >2k +3 (Vi: 2k -1>0)
Vay (¥*) ding v6i moik > 3.
+ K&t luan : 2" > 2n + 1 v6i moi s6 nguyén duong n > 3 .
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Bai9.2 ..
Chitng minh rang :
1 35 2n-1 < 1

2°4°6°7 2n ~ 3n+1

(*) (n 1a s6 nguyén duong )

Giai :
+Vérin=1,tacé:VT=VP=%.Vay(*)dﬁngvéinzl.
+ Gia sir (*) ding véin=k > 1 tacé: 135 k-1 1

2°4°6° 2 J3K +1

Ta can chiing minh (*) ding véin=k + 1 , tic la:
2k -1 2k+1< 1 2k +1

2k 2k +1) ~ Bk+1 2(k+1)
1 2k+1 1

Jak+1 2(k+D) Bk +1)+1
diing phép bién doi twong duong , ta c6 :
2k + 123k +4) < (3k + 1Ak +1)2
& 12k% + 28k + 19k + 4 < 12k* + 28k* + 20k +4
k>0, =>**) ding véimoik > 1.
Vay (*) ding v4i moi s6 nguyén duong n .
10. Phuong phap 10 : Chitng minh bat dang thiic trong hinh hoc phang

135
2

do d6 chi can ching minh :

Bai 10.1 :CMR trong mot tam giac nhon thi téng cdc trung tuyén ctia nd 16n
hon 41an ban kinh duong tron ngoai ti€p

C

B1 Al

A B
(ox}

Giai:

Goi ma, mb, mc 1a d¢ dai ba dudong trung tuyén va R 1a ban kinh duong tron
ngoai ti€p A ABC, ta phai ching minh ma+ mb+mc>4R

Vi A ABC 1a mot tam gidc nhon nén tam dudng tron ngoai ti€p tam gidc nam
trong tam gidc ABCnéu G la trong tam tam gidc ABC thi tam 0 nam & mot
trong ba tam gidc tam gidc GAB, tam giac GAC ,tam gidc GBC . Gia su tam 0
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nam trong tam gidc GAB thi 0A +0B=2R va GA+ GB > 2R ma
GA=2 AA,=2ma GB=2BB, =2 mb
3 3 3 3

Nén GA+GB > 2R — % (ma+mb) >2R =>ma-+mb >3R

Ma trong tam gidc 0CC, c¢6 CC, >0C =mc >R

Do d6 ma+ mb+ mc > 3R+R=4R .

Vay ma+mb+ mc >4R

Bai 10. 2: Mot duong tron ti€p xuic véi hai canh clia mot tam giac vuong dinh
A tai hai diém B va C , ké mot ti€p tuyén vdi dudng tron cét cac canh AB va

AC tai M va N, chitng minh rang AB+AC <MB+NC< AB+AC

Giai

Goi I 12 ti€p di€ém cua tiép tuyén MN véi dudng tron
tam O tinh chat ti€p tuyén cho ta
MB=MI ,NC=NI
Tir d6 MN=MB+NC nhung tam gidc vuong AMN thi MN< AM+AN
Nén 2MN < AM+AN +BM+ CN =AB +AC

— MN< AB + AC

Ngoai ra trong tam gidc vuong AMN ta ciing ¢ canh huyén MN>AM va
MN> AN =2MN > AM+AN
Vi MN=BC+CN

Nén 3MN > AM+AN +BM+CN do d6 3MN > AB+AC = MN >
AB + AC

AB + AC

<MB+NC< AB+AC

Vay

11 . Ngoai ra con c6 mot s6 phuong phap khac dé ching minh bat dang
thitc nhu : Phuong phap lam troi , tam thitc bac hai ... ta phai can cir vao
dac thi cia moi bai toan ma sit dung phuong phap cho phu hop . Trong
pham vi nho cua dé tai nay khong hé théng ra nhirng phuong phap do .
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111 : UNG DUNG CUA BAT PANG THUC
1- Dung bat dang thirc dé tim cuc tri .
- Kién thitc : Néu f(x) > m thi f(x) c6 gia tri nho nhat lam .
Néu f(x) < M thi f(x) c6 gia tri 16n nhat la M .

Ta thudng hay 4p dung cdc bat ding thiic thong dung nhu : Cosi |,
Bunhiacopxki , bat dang thic chita dau gia tri tuyét doi .

Kiém tra trudng hop xdy ra dau dang thic dé tim cuc tri .

Tim cuc tri ciia mot biéu thic ¢6 dang 13 da thic , ta hay sit dung phuong
phdp bién déi tuong duong , d6i bién s6 , mot so bat dang thiic ...

Tim cuc tri cia mot biéu thifc c6 chia diu gid tri tuyét d6i , ta van dung céc
bat dang thiic chita diu gid tri tuyét doi

Chuy: |Al+|B|>|A+B]|
Xayradidu"="khi AB >0
|Al>0 Dau"="xdyrakhi A=0

Bai 1 : Tim gi4 tri nho nhét cta biéu thitc : B=2a’ + b*+ab; Chobiétavab
thoaman:a+b=1.
Giai

B=(a+Db)@@*-ab+b* +ab

=a’-ab+b’+ab=a’+b’
1

Tacé:2(@*+b>) > (a+b)>’=1 => a’+b*> > >

VayminB=% khia=b=%

Bai 2: a, Tim gia tri nho nhét cua biéu thiic :
A=xX+x)(x*+x-4)
b, Tim gia tri nho nhét ctia biéu thiic :
B=-x%-y>+xy+2x +2y

Giai

a, A=X+x)(x*+x-4) .bat:t=x*+x-2
=A=(t-2)(t+2)=t*-4>-4

Dau bang xayrakhi:t=0 & x*+x-2=0

x-2)x+2)=0&® x=-2;x=1.
=minA=-4khix=-2;x=1;
b, Tuong tu
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Bai 3 : Tim gi4 tri nho nhét cua biéu thic .
a, C=2x-3+[2x-1

b,D= ‘xz +x+3‘+‘x2 +x—6‘

¢, E=|x=1+|x—2+|x-3+|x -4
Giai :

a, Ap dung BDT : |Al+|B|>|A+B|

Dau"="xayrakhi AB > 0.
=>C = [2x-3+[1-2X > |2x-3+1-2X|=|-2| =2

Diu " =" xdy ra khi 2x - 3)(1-2x) > 0 < %sxs

N | W

Vay minC = 2 khi %stg

b, Twong ty : minD=9khi:-3 <x<?2

c, minE=4khi:2<x<3
Baid4:Choa<b<c<d,tim:

Minf(x) = |x—a| + [x—b|+|x—¢| + [x—d
Hudng dan : tuong tv : minf(x)=d+c-b-a khib<x <c¢

Bai 5 : Cho ba s6 duong x , y , z thoa man : L + ! + ! > 2
1+x  1+y 14z

Tim gia tri I6n nhat cta tich : P = xyz

Giai :
L osa- 2ty Y o4 sy
1+x 1+y 1+2 1+y  1+z @+y)d+2)
Tuo*ngtu:iz S, S

1+y @+x)@+2z)

i > 2 X
1+z @+x)L+y)
Turdosuyra: P=xyz < %

MaxP =  khi X=y=z=l
8 2

Bai 6 : Cho 3 s6 duong a, b, c thaioman : a+ b + ¢ =1 . Tim gia tri nho
nhat cta biéu thidc : F = (a+1)2 +(b+%)2 +(c+l)2
a c

27




Giai:

p 2 2 2 1 1 1
Taco:F=(a"+b +c)+(—2+b_2+_2)+6
Van dung bat dang thitc Bunhiacopxki , ta c6 :

(a.l1 +b.1+c2)* <3@*+b*+c?

1
=>a’+b*+c?> 3

1 1 1 1 1 1
Tuongtu: (=+=+-) < 3(—+—+—
gty (a+b+c) (2+b2+c2)

Matkhécz1+1+£=(£+l+1).1:(1+1+1)(a+b+c)
a b c a b c a b c

=3+ S (CiBy 342424229
b a c b a ¢

=> E+l+1 >9
a b c

=> (£+l+1)2 > 81
a b c
1 1 1
F> % +27+6 =33

Dau "="xayrakhi :a=b=c=

Wl Wik

VayMinF=33% khi :a=b=c=

Bi 7 Cho G = Yz X =1+ 27Xy =2 + xy"/z -3
Xyz

Tim gia tri 16n nhét cta G :
Giai : Tapxacdinh:x>1 ; y>2;2z>3
Taco: G= 'Xx_l yyY=2 ) y2-3

Yy YA
Theo BPT Cosi ta co : \/x—lsx_zlﬂ = vx-1 s%
X

Jy-2 1 z—-3 1

Tuong tu : < ; <

e y 22 z 2.3

1 1 1

=G < “4+—— 4+~
2 2J2 23

1 1 1 .
Vay MaxG = =+ —+— datduockhix=2;y=2;z=6
Y 2"202 28 ’
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Bai 8 a, Tim gia tri nho nhat cua H = vol x> 1.

X
Jx-1
b. Tim gid trj 16n nhat ctia K = [{/1-x*
HD : 4p dung bat dang thitic Cosi va 1am tuong tu nhu bai 5 :
2 - Dung bat dang thire dé giai phuong trinh .
- Kién thiic : Nhd vao cdc tinh chat clia bat dang thic , ciac phuong
phdp ching minh bat dang thic , ta bién ddi hai v& ( VT , VP ) clia phuong
trinh sau d6 suy luan dé chi ra nghiém ctia phuong trinh .

Néu VT = VP tai mot hodc mot s6 gid tri ndo d6 cta 4n ( thoa man
TXD)
=> phuong trinh c6 nghiém .
Néu VT > VP hoiac VT < VP tai moi gia tri ciia 4n .
=> phuong trinh vo nghiém .
-Cacvidu:
Bai 1 : Giai phuong trinh :
13Vx-1 +9/x+1 = 16x
Giai:
Diéukién : x > 1 (¥)
Céch 1 : 4p dung bat dang thitc Cosi tacé: 13+/x—1 +9/x+1
= 13.2.%\/x_—1 + 3.2%\/x_+1

s13(x—1+%)+3(x+1+%)=16x

Diu " =" xay ra
=R

N % < x = > thod min (¥)
A X+ :E 4

Phuong trinh (1) cé nghiém < dau " =" & (2) xay ra
Vay (1) c6 nghiém x = % .

Bai 2: a, Tim gid tri 16n nhat cha L = v2x-3 + J/5-2x
b. Gidi phuong trinh : v2x-3 + +5-2x -x*+4x -6 =0 (*¥)
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Giai :

a. Tom tat : (V/2x—3 + V/5-2x)* <2(2x-3+5-2x)=4
& J2x-3 + V5-2x <2

=>MaxL=2khix=2.

b.TXD: S<x<®
2 2

(¥) & J2x-3 + /5-2x =x*>-4x+6

VP=(x-2+2>2,dau"="xdyrakhix=2.
=> v6i x = 2 ( thod min TXD ) thi VT = VP =2
=> phuong trinh (*) c6 nghiém x =2 .
Bai 3 : Giai phuong trinh :

V6—x + Jx+2 =x*-6x+13

Giai : TXD:-2 <x <6.
VP=(x-3)?+4>4.Dau"="xdyrakhi x=3.
V2= (V6-x.1+Vx+2.1)><6-x+x+2)(1+1)=16

=>VT <4,dau"="xdyrakhi J6-x = Jx+2 & x=2.

=> khong c6 gid tri nao ctia x & VT = VP => Phuong trinh v6 nghiém
Bai 4 : Giai phuong trinh :

V3x? —12x+16 + [y’ —4y+13 =5

HD : V3x* -12x+16 > 2; /y? —4y+13>3 =>VT > 5.
X-2=0 X=2
y—2=0 @ {y=2

Dau " =" xay ra khi : {

=> phuong trinh c6 nghiém : x=2;y=2.

3 - Dung bat dang thire dé giai hé phuong trinh :
- Kién thitc : Dung bat dang thitc dé bién ddi tiing phuong trinh clia hé , suy
luan va két luan nghiém .
Luu ¥ : Mot s6 tinh chat : a, a* + b* > 2ap
b.a+c<;c>0 =>a<b

a .
C. B>1 nfua>b>0.

-Cacvidu:
Bai 1 : Giai hé phuong trinh :
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x*+2y? -4y +3=0
x? +x°y? -2y =0
(HS xX*=-1-2(y-12 & xX*<-1 @x<-1. (%)

2) & nglfi’lz <1 (Vil+y’22y) @ 1<x21 (%)

Tu (*) va (**) =>x=-1.Thay x=-1vao(2)tacdé:y=1.
=> Hé phuong trinh ¢6 nghiém duy nhat : x =-1;y=1.
- Kién thic : Bién d6i mot phuong trinh ciia hé , sau do so séanh vé6i phuong
trinh con lai , luu y diing c4c bat dang thitc quen thudc .
Bai 2 : Giai hé phuong trinh :
X+y+z=1
{x“ +yt+2* =xyz
Giai :
Ap dung : BDT : A>+ B? > 2AB déu "=" x4y rakhi A=B
Tacod:x*+y* > 2x%* ;y'+7' > 2y?7 ; 2t +x* > 2% .
=x'+y'+7' > Xy +y 2 + 22 (%)
Mit khac :  x*y* + y*zZ* > 2x’yz
yZ' +7°x* > 2xy’z
Xy + 2’x* > 2xyz’
=>2(xX*y* +y*Z* + 2’x* ) > 2xyz(X +y +z) =2xyz.
=> Xy’ +y*Z + 2’x> > Xyz. (¥%)
T (%) va (¥%) => x* +y* + 2z > xyz

Dau"="xayrakhi:x=y=z ma x+y+z=1nén:x=y=2z=

Wl

Vay hé phuong trinh c6 nghiém : x =y =z=

Wl

Cach 2: ap dung BDT Cosi ;
- Kién thiic : Dung phuong phép thé
Bai 3 : Giai hé phuong trinh
x+y’+2°=14
1 1 z (v6ix,y,z>0)

1 X 'y
—+—+—)(=+=+2)=1
(2x 3y 62)(2 3 6)

Giai :
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ap dung : Néua,b >0 thi: E+922
b a

2) & (§+E+1)(3x+2y+z):36
X Yy z
6+ N3+ H2d+hH=22
y X z X z y
Mat khéc : vi X, y, Z>nén 6(§+X)212
y X
3%+H>6 25+ Y4
z X y z
D13+ He2d + H > 22
y X z X zy

Ddu " =" xay rakhi x =y =z , thay vao (1) ta dugc :
X+x+x =14 <=> (x-2)(x*+3x+7)=0
<=>x-2=0 <=>x=12.

Vay hé phuong trinh ¢6 nghiém duy nhat: x =y=z=2.
4. Dung bat dang thitc dé giai phuong trinh nghiém nguyén
Ngoai ra con c6 mot s6 nhitng tng dung khdc cta bat dang thic , doi hdi hoc
sinh phai linh hoat va sdng tao trong khi giai , hoc sinh phai nim chéic dugc
céc kién thic vé bat dang thic thi méi van dung duoc .
Vi du : Dung bét dang thitc dé giai phuong trinh nghiém nguyén .
Bai 1 : Tim nghiém nguyén duong cua phuong trinh :

1,11 5
Xy z
Giai :
Khong mat tinh tong quét , ta gia st x >y >z, taco:
2= %+%+% < g =>27 < 3, maznguyén duong

Vay z=1. Thay z =1 vao phuong trinh ta dugc :

14_&:]_
Xy
Theo giasu,x >y,nén 1 = 1.1 .2
Xy y

Y nguyén duongnény =1hoacy =2.
V6iy = 1 khong thich hgp
Véiy=2taco:x=2.

Vay (2; 2 ; 1) 1a mdt nghiém cua phuong trinh .
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Hoan vi cac so trén , ta duoc nghiém cua phuong trinh 1a :
2;2;D) 5 2;1;2)5 (15252
IV:BAI TAP AP DUNG

Bai 1: Cho hai s6 x vay ma x+y=1 CMR:

a) x> +y° 2%

b) x*+y* 2%

Bai 2: Cho a,b, ¢, d ,e la cac s6 thuc CMR
a’+b*+c’+d*+e’=a(b+c+d+e)

Bai 3: Cho hai s6 duong x,y va x’+y’ =x-y CMR: x> +y* <1

3

3
Bai 4: Cho hai s6 duong x,y CMR : XY 5 X ¥y
2 2

1 1 2

Bai 5: Cho ab>1 CMR: =+ >
1+a° 1+b- 1+ab

Bai 6 : Cho 3 s6 x,y,z khong 4m sao cho x+y+z=a
CMR: (a-x)(a-y)(a-z)>8xyz

Bai7: Choa>0,b>0,c>0
CMR: a*+b*+c*>abc(a+b+c)

Bai 8: Cho x*+4y°=1 CMR: |x-y|< ?

Bai 9: CMR: Néu |a| <1;|b| <1 thi

a+b|<[1+ab|

Bai 10: CMRv6i moi s6 nguyén duong n>3thi 2" > 2n+1

Bai 11: Cho a,b,c 1a do dai cac canh cuia mot tam giac .
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CMR:

a-b b-c c—a| 1
+ + <

a+b b+c c+a| 8

V : KET QUA PAT PUQC

Qua viéc ap dung kinh nghiém trén vao giang day cho hoc sinh t6i thiy hoc

sinh da xdc dinh dugc loai toan va cach lam ,nhi€éu em hoc sinh da lam duoc

céc bai tap vé bat dang thic va di c¢6 huéng thi hon khi hoc todn

Két qua kiém tra sau khi 4p dung dé tai

S6 lugng Diém Gioi | Piémkha | Diém trung | Piém yéu | Diém kém
hoc sinh binh
30 5 8 12 5 0

VI:BAI HOC KINH NGHIEM

Qua viéc huéng dan hoc sinh 1am bai tap cho thdy phan kién thic vé dé tai la
phan kién thitc m& do gido vién dua vao cudi cac gio luyén tap , hoac gio tu
chon nén noi dung doi véi hoc sinh con phic tap , khé hinh dung , vi vay can
dua kién thiic cho hoc sinh can lam tir dé dén kho ,két hop on tap , giao bai tap
vé nha , kiém tra hoc sinh ...

Sau khi huéng dan xong ndi dung chuyén dé can chi cho hoc sinh nhiing kién
thic can thiét , dong thoi rén luyén nhitng k§ nang lam bai tap cho hoc sinh
Can dua n6i dung vao gio day cho pht hop ,tranh don ép hoc sinh ti€p nhan
kién thitc mot cach thu dong ma dat két qua khong mong mudn
VII: PHAM VI AP DUNG PE TAI
Chuyén dé ((mét so6 phuong phap chimg minh bat dang thitc va ing dung
cua bat dang thiic )) duoc 4p dung cho hoc sinh 16p 8, 9 thich hop nhat 1a hoc
sinhlép 9 va véi doi tuong 1a hoc sinh kha gioi

C: KET LUAN
C4c bai tap vé bat dang thiic thudng 12 tuong doi khé doi véi hoc sinh
nhung khi huéng dan hoc sinh xong dé tai ((mot so6 phuong phap chiing
minh bat dang thic va iing dung cua bat dang thiic )), hoc sinh sé thay
ring viéc lam bai todn vé bat dang thiic sé ré hon . Pong thoi ding trudc bai
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toan kho cho du & dang bai tap nao hoc sinh cling ¢6 hudng suy nghi va tap
suy luan , cac em s€ c6 tu tin hon .
Chuyén dé con c6 thé con nhiéu thi€u sét , rat mongduoc su ting ho cua cic
thay co gido dé dé tai ngdy cang hoan thién hon .
Toi xin chan thanh cam on

Théng 2 nam 2008.

MUC LUC
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