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MG dau

Luong giac 1a chuyén dé quan trong trong chuong trinh toan phé thong.
Cac bai toan lugng giadc thudng xuyén xuat hién trong cac dé thi tuyen sinh
vao Dai hoc, Cao déng.

Viéc giang day lugng giac da duge dua vao chuong trinh tr 16p 10 bac
trung hoc pho thong, trong dé phan kién thic vé phuong trinh, bat phuong
trinh luong gidc chiém vai tro trong tam. Tuy nhién, do thoi gian han hep clia
chuong trinh pho thong, khong néu duge day du chi tiét tat cd cac dang bai
toan vé phuong trinh, bat phuong trinh lugng gidc. Vi vay hoc sinh thuong
gap nhicu khé khan khi gidi cac bai todn nang cao vé phuong trinh, bat
phuong trinh lugng giac trong cac dé thi tuyén sinh Dai hoc, Cao dang. Mic
dit da c6 nhiéu tai lieu tham khdo vé luong gidc vé6i cac noi dung khac nhau,
nhung chua c6 chuyén dé rieng khao sat vé phuong trinh va bat phuong trinh
mot cach hé théng.

Dic biet, nhieu dang toan vé dai s6 va luong gidc c¢6 quan hé chat ché,
khang khit véi nhau, khong thé tach roi duge. Nhiéu bai toan luong giac can
c6 su tro gitp cla dai so, giai tich va ngudc lai, ta c6 thé dung luong giac de
gidi mot s6 bai toan vé phuong trinh, bat phuong trinh va hé phuong trinh
trong dai s6 thong qua cach dat an phu la nhing ham luong giac.

Do d6, dé dap tng nhu cau vé gidng day, hoc tap va gép phan nhd bé
vao su nghiép gido duc, luan van "Mot s6 phuong phap gidi phuong trinh va
bat phuong trinh luong giac" nham heé théng cic kién thitc co ban ctia luong
giac vé phuong trinh, bat phuong trinh luong giac két hop véi kién thic dai
s6, giai tich dé tong hop, chon loc va phan loai cac phuong phap gidi phuong
trinh, bat phuong trinh luong giac va xay dung mot s6 16p bai todn méi.

Luan van dugc chia lam 3 chuong.

Chuong 1. M6t s6 hé thitc lugng giac co ban

- Nhic lai mot s6 tinh chat ctia ham s6 luong giac co ban: tinh chat tuan
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hoan, phan tuan hoan.
- Neu mot s6 ding thiic lugng giac va dong nhat thic dai sé tuong tng.
- Néu dinh nghia v& mot s6 tinh chat clia da thic lugng giac.

Chuong 2. Mot s6 phuong phap giai phuong trinh va bat phuong
trinh lugng giac

- Phan loai phuong phap gidi mot s6 dang phuong trinh va bat phuong
trinh lugng giac.

- Nhitng vi du minh hoa cho ting phuong phéap.

- Mot s6 bai tap ting dung.

Chuong 3. M6t s6 tng dung ctia luong giac trong dai s6

- Trinh bay tng dung clia lugng giac trong mot s6 dang toan dai so.

- Néu cac vi du minh hoa ddi vé6i tiing dang toan.

- Mot s6 bai tap tng dung.

Tac gid xin bay to long biét on sau sic déi véi Gido su - TSKH Nguyén
Van Mau, ngudi thay da truc tiép huéng dan, cung cap tai lieu va truyen dat
nhitng kinh nghiém nghién cttu cho toi.

T6i xin chan thanh cadm on cac thay, co gido trong khoa Toan - Tin, Phong
Dao tao trusng Dai hoc Khoa hoc - Dai hoc Thai Nguyén, truong Pho thong
Vung cao Viét Bac va ban be dong nghiép da giup da, tao dicu kién cho toi

hoan thanh ban luan van nay.

Thai Nguyén 2011
Lai Thi Quynh Nguyén
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Chuong 1

Mot s6 hé thic luong giac co ban

1.1 Mot s6 tinh chat ctia ham luogng giac co ban
1.1.1. Tinh tuan hoan, phan tuan hoan

Xét ham s6 f(x) véi tap xac dinh D(f) C R, tap gia tri R(f) C R.

Dinh nghia 1.1 (xem [1]). Ham s6 f(z) dugc goi 1a ham tuan hoan (cong
tinh) chu ky 7' (T > 0) tréen M néu M C D(f) va

VeeM =zxxTeM
fle+T) = f(x),VeeM

Pinh nghia 1.2 (xem [1]). Cho f(z) la ham tuan hoan trén M. Khi d6 sb

T (T > 0) duge goi 1a chu k¥ co s6 cia f(x) néu f(z) tuan hoan véi chu ky
T ma khong 1& ham tuan hoan véi bat ctt chu ky ndo bé hon T
Dinh nghia 1.3 (xem [1]). Ham s6 f(x) dugc goi 1a ham phan tuan hoan
(cong tinh) chu ky 7' (T" > 0) tréen M néu M C D(f) va

VeeM =axxTeM

fle+T) =—f(x),Vre M

Dinh nghia 1.4 (xem [1]). Cho f(x) la ham phéan tuan hoan trén M. Khi
d6 s6 T (T > 0) duge goi la chu k¥ co sé ctia f(x) néu f(x) la ham phan
tuan hoan véi chu ky 7' ma khong 14 ham phan tuan hoan véi bat cit chu ky
nao bé hon 7T trén M.

Vi du 1.1. Chiing minh réng 27 1a chu k¥ co s ctia ham s6 f(x) = cosz.

4
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Gidi. Tap xac dinh ctia ham s6 f(z) 1a D(f) = R. Khi do6
Ve e R= o X2m € R

va  f(x+2m) = cos(x + 27) = cosz = f(x).
Suy ra f(x) la ham tuan hoan véi chu ky 27 trén R.
Gia st ton tai 0 < T} < 27 sao cho

flx+Ty) = f(z) & cos(x +T1) = cosx

Chon x = 0 thi ta ¢6 cosT; = cosO0 = 1. (Mau thudn véi gia thiét
0 < Ty < 2m). Vay, 27 la chu k¥ co s6 ctia ham s6 f(x) = cosz.

Vi du 1.2 (IMO - 1968). Cho s6 thuc a va ham s6 f : R — R théa man

dieu kién

flx+a) ——+\/f > V& e R. (1.1)

Chitng minh rang f 1a ham s6 tuan hoan.
Gidi. Gia st ton tai ham s6 f(z) théa man yéu cau bai ra. Dé (1.1) c¢6

1
nghia, ta phai c¢6 5 < f(z) <1,V € R.

1 1
Dit g(z) = f(z) — 2 taco 0 < g(x) < 5 va khi d6 (1.1) tré thanh

1
ofa+a) = /2~ (o)
. p 9 1 2 1A R
Nhu vay, ta c6 [g(z + a)]* = 1 [g(x)]°. Lap luan tuong tu ta dugce

l9(z +20)]* = — — [g(z + a)]*.

4
Vi g(z) > 0,Vx € R, nén tix day ta c6: g(x + 2a) = g(z), tic 1a ta co

f(x 4 2a) = f(z).

Vay, f(x) 1a ham tuan hoan trén R véi chu ky 2a.
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1.1.2. Ham tuan hoan nhan tinh

Dinh nghia 1.5 (xem [1]). Ham f(x) dugce goi 1a ham tuan hoan nhan tinh
chuky a, 0 <a¢ {0,1} tren M néu M C D(f) va

Vie M =atlzeM
f(ax) = f(z),Vz € M.

Vi du 1.3. Xét f(x) = sin (27w logy z) . Khi d6 f(z) 1a ham tuan hoan nhan
tinh chu ky 2 tren R™.
That vay, ta c6: V6i moi z € R* thi 2¥'z € Rt va
f(2z) = sin [27 log, (27)]
= sin 27 (1 + log, )]
= sin (27 + 27 log, x)
= sin (2 logy x) = f(x),Vx € R,

Vi du 1.4. Cho vi duy vé ham s6 lién tuc va tuan hoan nhan tinh chu ky 5
f(bx) = f(x),Vx > 0.
Gidi. TacoVz € RY = 55z € R% va
logs(5z) = 1 + logs x < mwlogy(bx) = 7 + mlogs .

Dat f(x) = tan [rlogs ],V > 0, suy ra

f(bz) = tan [r logs (5x)] = tan |1 + 7 logs x|
= tan [7 logs x| = f(x).

Vay, ham s6 f(x) = tan (7 logs; ) 1a mot ham s6 tuan hoan nhan tinh chu
ky 5 trén RY.
1.2 Pang thic lugng gidc va dong nhat thic dai sb

Ta thiy ring déng thic luong giac co ban dé dan dén su phong phd ciia
hé théng cac dong nhat thitc luong giac 1a cong thic

sin?t 4 cos?t = 1,Vt € R. (1.2)
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Gan vdi he thic (1.2) 1a dong nhat thic Lagrange
(22)* 4+ (1 — 2*)? = (1 + 2%)*,Vz € R. (1.3)
Hai dong nhat thitc (1.2) va (1.3) 1a hai cach viét ctia cing mot hé thite. Nhu
vay la v6i moi cong thitc lugng giac sé c6 mot dong nhat thitc tuong tng.
1.2.1. Pong nhat thitc dai sé lién quan dén ham sé cosin
Ta ¢6 cong thic Euler

e =cosa+isina,a € R.

Khi doé _ )
eZOé _|_ efza
cosy = ——
2
. el _ gl
sina = -
21
e+ e @

Tt d6 suy ra cos(ia) = 5
) . 1 1 .
Nhu vay ham s6 cost la biéu thic c¢6 dang 3 (a + —) , cho nén, vé mat hinh
a

thiic ta sé c6 nhiéu bién ddi thu dudc tit cac cong thitc lien quan dén bién
x ¢ [—1;1] gidng nhu cong thitc d6i v6i ham s6 cos't.

Vi du 1.5. Dong nhat thitc dai s6 ting véi cong thiic

cos 2t = 2cos’t — 1

() B ()

Vi du 1.6. Dong nhat thitc dai s6 ttng véi cong thiic

chinh 1a cong thic

cos3t = 4cos®t — 3cost

chinh la cong thic

(2o o) )
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Vi du 1.7. Dong nhat thitc dai s6 ttng véi cong thiic
cos Ht 4 cost = 2 cos 3t cos 2t
chinh la cong thic
1/, 1 1 1 1/ 4 1 1/, 1
— — — —-1=2|= — — — 1.
3 (74) 3 () 2l () B (e 3).

Tt d6 st dung két qua khai trién cac ham lugng gidc cos 3t va cos 2t ta thu
dugc dong nhat thitc dai s6 sau

1 1
= <a5 + ;) = —m + 2(4m* — 3m)(2m* — 1),

2
1 n 1
m=—-(a+—-].
2 a
Vi du 1.8. Cho s6 thiyc m v6i [m| > 1. Tinh gi4 tri ctia biéu thric

M = 8z% — 6x,

trong do

trong do

x:%(\?’/er\/er\g/m—m).

Gidi. Vi|m| > 1 nén ton tai s6 thuc g dé c6 he thiic
15, 1
m= — — .
2 4 q3

q:\g/m—i—\/m2—1

Chon

thi ta dugc

1(q+3) :%({’/m+\/m+\3/m—m> -

2
Theo vi du 1.6 thi 42® — 3z = m nén M = 2m.
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1.2.2. Pong nhat thitc dai sé lién quan dén ham sbé sin
Tt cong thic Euler ta thu duge hé thic

ezt + e—zt

1sint =
2

Suy ra biéu thiic 7 sin(it) nhan gid tri thyc. Didu nay goi ¥ cho ta cach chuyén

doi cac dong nhat thic déi véi ham sb sin sang cac dong nhat thic dai sé.

Vi du 1.9. Xét cong thiic khai trién
sin3t = 3sint — 4sin’¢.
T day ta thu duge cong thiic
isin(3it) = 3(isinit) + 4(isinit)’.

Heé thitc dai s6 ng v6i cong thic trén 14 dong nhat thic

R R

Vi du 1.10. Xét cong thic bién doi
sin 5t + sint = 2sin 3t(1 — 2sin®t). (1.4)
Tu day ta thu dugc cong thiic
i sin(5it) + i sinit = 2isin(i3t)(1 + 2(4 sin it )?).

He thic dai s6 ing v6i cong thiic trén 14 dong nhat thic

(o-3) i) = b DI [ G-
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T d6 st dung két qua khai trién cac ham lugng gidc sin 3t va sin 2¢ ta thu
duge dong nhat thitc dai s6 sau

1 1
- <a5 _ —) - —m+2<4m3+3m> (2m2+ 1),

2 ad
(0)
m=—-|a——-]-
2 a

Vi du 1.11. Cho s6 thic m. Tinh gia tri ctia bicu thic

trong do

3
M:x3+1x,

trong do

o= 5 (Vs Vo e - Va4 1).

Gidi. Ta co véi moi m déu ton tai sé thuc g dé c¢6 he thic
1/, 1
m= — —
2 <q q3>

q:</m+\/m2+1

Chon

thi ta ducc

l(q—l):%<\3/m+\/m27-|-1+</m—\/m27-l-1>:$.

2 q

1
Theo vi du 1.9 thi 423 + 3z = m nén M = Zm

T nhitng két qua nhan dude, ta cé thé giai va bién luan duge nhiéu dang
phuong trinh dai sé bac cao v cong thiic tinh gia tri cia mot sé biéu thic
chtta can thrc.

Vi du 1.12. Giai va bién luan phuong trinh
423 — 3z =m,m € R.
Giazs.
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e V6i |m| <1:Ditm = cosa (= cos(a®27)). Sit dung dang thiic lugng
giac

B

cos 3 = 40033§ — 3COS§,

ta thu dugc 3 nghiém cta phuong trinh la

Q a £ 27
Irp = COS -, T23 = COS
3’ 3

1( 5, 1
m=—-{a"+—
2 as )’

azi’/mi\/mQ—l.

Ta viét phuong trinh da cho duéi dang

1 1
42 =3 == | a® + =
T T 2(@ +a3)’

e Véi |m| > 1: Dat

hay
42® — 3z = 4xy — 3y,

1 +1
Top = — - 1.
O2 a

Vay phuong trinh da cho c¢6 nghiém = = xy. Dé thay day 1a nghiém duy

trong do

nhat ctia phuong trinh.
That vay, phuong trinh da cho ¢6 nghiém xy véi xy ¢ [—1,1]. Do do6
2| > 1. Khi d6, tit he thitc

42° — 3z = 4xy — 3w
ta thu dugce
(z — x0)[42® + dwx + 423 — 3] = 0.
Ta thay phuong trinh 4% + dxzg + 422 —3=0c6 A’ = 12— 1222 < 0

nén vo nghiém.

Do vay phuong trinh da cho ¢6 mot nghiém duy nhat 1a

x:%(vm+M+%_M>.
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Vi du 1.13. Chitng minh réng véi moi s6 tu nhien n (n > 2) va véi moi a
ta co
—(1+a*)"<(2a0)"+ (1 —a®)" < (1 +a*)" (1.5)

Giai. Ta c6 (1.5) tuong duong véi

1 < 2a n+ 1—a? n<1
—\1+a? 1+a2) —

o . p
Data:tan§ vl —m < a < T, ta cod

2a ) 1 —a?
= sina; ——— = COS Q.
1+ a? ’

1+ a?
Khi do6 (1.5) c6 dang

—1 <sin"cosa + cos" o < 1.
That vay ta co
—1<sina<1= —sin’ o <sin"a < sin2a,Vn > 2.
Tuong ty ta ciing c6
—1<cosa<l= — cos® o <cos"a < cos2a,Vn > 2.

Do d6: —1 < sin"cosa + cos" o < 1.

1.3 Mbét s6 tinh chat cta da thic luong giac
Dinh nghia 1.6 (xem[3]). Biéu thtc

L,(z) =ap+ Z (ay, cos kx + by sin kx), (1.6)
k=1

trong d6 ag, ar, by € R (k =1,n);a2 + b # 0;n € N*, dugc goi 1a da thiic
luong giadc bac n (cap n) véi cac he s ag, ay, by.
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Dinh nghia 1.7 (xem[3]). Néu trong (1.6) tat ca cac by (k = 1,n) déu bang
0 thi ta c6 da thic lugng gidc cap n thuan cos.

Cn(z) = ap+ ajcosz + agcos2x + -+ - + a, cosnx  (a, # 0). (1.7)

Néu trong (1.6) tat cd cac ax (k = 1,n) déu bing 0 thi ta c6 da thiic
luong giac cap n thuan sin

Sp(x) = by + bysinx + bysin 2z + - - - + b, sinnz (b, # 0). (1.8)

Tinh chat 1.1 (xem[3]). Cho S, (z) va S () 1a hai da thiic lugng giac. Khi
do:

a) Sy(z) + S (x) 1a da thic bac k v6i k < max{n, m}.

a) Sp(x).S% (x) la da thic lugng gide bac n + m.

Tinh chat 1.2 (xem[3]). Da thic luong giac L,(x) v6i ag = 0 luon co it

nhat mot nghiém.

Tinh chat 1.3 (xem[3]). V6i moi da thiic lugng gidc L, (x) ludn ton tai cac
da thiic dai s6 P,(t) va Q,_1(t) sao cho

L, (z) = P,(cosx) + sinz@,_1(cos x).

Tinh chat 1.4 (xem[3]). V6i moi da thiic lugng gidc S, (x) ludn ton tai céac
da thiic dai s6 Q,,_1(t) sao cho L,(x) = by + sinz@,,_1(cos ).

Tinh chat 1.5 (xem[3]). C,(z) = P,(cosx) trong d6 P,(t) 14 da thiic bac
n d6i v6i ¢, c6 he s6 chinh 1a a,, = 2", Ngugc lai, véi moi da thiic P,(t) véi
hé s6 chinh bang 1 qua phép dit an phuy ¢ = cosz déu bién déi vé C,(z) véi
a, = 217",

Cac tinh chat tren 13 hién nhien.

Bai toan 1.1. Cho k,n € Z* va r 1a s6 thyc duong. Tinh
n—1
1. Cp(z) = > r¥coska.
k=0
13
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n—1
2. Sp(x) = > rFsinka.
k=0

Gidi. Dat z = r(cosx + isinz). Ta c6 s6 phiic

= — 1 —2"
Cot Sy =1+ ) rh(coska +isinkr) =) 2" = ——
k=1 k=0
B r"leos(n — 1)x — r"cosnz — rcosw + 1
B r2 —2rcosz + 1
n " sin(n — 1)z — r"sinnz — rsinx + 1
i .

r2 —2rcosx + 1

Tu do suy ra:

L - r"1cos(n — 1) — r" cosnx — rcosx + 1
R r?2 —2rcosx + 1
50 o r"lsin(n — 1) — r"sinne — rsinz + 1
e r2 —2rcosx + 1
Bai toan 1.2. Chitng minh rang
1
n sin (nt 1z sin(a + E)
1. Y sin(a+ kz) = 2 a 2
k=0 sin —
2
1
" sin (nt cos(a + %)
2. > cos(a+ kx) = 2 a 2
k=0 sin§

Gidi. Cach gii tuong ty nhu déi véi Bai toan 1.1.
Vi du 1.14. Cho « thoa man na = 2w v6in > k; n, k € Z va

k
f(z) =ag+ Z(aj cos jx + b;sin jx).
j=1

Chiing minh rang
flx+a)+ f(x +2a) + - + f(x + na) = nay.

14
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Gidi. Néu f(x) = ag thi hién nhién (1.10) ding.

Bo6 dé 1.1. Néu (1.10) diang v6i cac ham s6 fi(z) va fo(x) (fi(z) va fo()
c6 dang (1.9)) thi (1.10) cting ding véi cac ham s6 f(x) = ¢1 f1(x) + cafo(x)
(f(z) cing c6 dang (1.9)).

Ching minh: Ta co

Z flz +ia) = Z[le1<x +ia) + ca fo(x + i)

1=1

= Zfl(l’ +ia) + Cszz(x + ).
i=1 i=1

Tt d6 suy ra diéu phai chiing minh.

B6 dé 1.2. Véi a la géc tuy ¥, 3 1a géc khong chia hét cho 27 nhung n/3
chia hét cho 27 thi

n

n
Z cos(a + kB) = 0; Z sin(a + kB) = 0.
k=1 k=1

Ching minh. Van dung bai toan 1.2.

Trd lai vi du dang xét: Do bd dé 1.1 nén ta chi can chiing minh (1.10)
cho cdc ham s6 dang f(z) = cosmaz va f(x) = sinmx,
Nhan xét rang v6i 0 < m < n,na = 2w, mzx = a, 3 = ma thi 8 khong chia
hét cho 27 nhung nf chia hét cho 27 nén theo bai toan 1.2 ta duge (1.10)

dang v6i cac ham s néi trén. T d6 ta dude dieu phai chitng minh.

Vi du 1.15. Cho
Cu(x) = ag+ ajcosx + ag cos2x + - -+ + a, cosnz (a, # 0).

Chting minh ring

Cn(O)—Cn(%)—f—Cn(Q%)—Cn<3—7r)—|—'"—On<w> = 2na,. (1.11)

n n
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G1iaz.

Do cos (nk%) = cosknm = (—1)¥ nen C, <k%> =Ch1 (kz> + a,(—1)*.

n
Ap dung vi du 1.13 cho ham Cr_1(x) ta duge

—_

n—1

3

SERCOS e
n—1 n—1
P G (@) B — Cna (% + k%r) = (n — 1)ap.
Do do6
cin-a )+ (Z)-a (%) o (252

= (n—1)ag— (n—1)ag+ a1 — (=1)+ 1= (=1)+---+1—(=1)] = 2na,.

Suy ra diéu phai ching minh.
T két qud ciia vi du nay ta dudc:

(2n — 1)m

+ | Cn( )

> 2n |ay,) .

Tu d6 dé thay ton tai k dé

T
—)| >
Cn(kn)’ > lay) .

Hé qua 1.2. Do lech so véi 0 clia da thic lugng giac C),(x) khong nhoé hon

|an‘-

Hé qua 1.3. Do léch so v6i 0 cia da thiic quy chuan P,(x) trén doan [—1; 1]
khong nhé hon 21",

Hé qua 1.4. Da thiic quy chuan c¢6 do lech nhé nhét trén doan [—1;1] c6
dang
P,(cosa) = 2'"" cos na
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hay la
P,(z) = 27" cos(n arccos x)

va do leéch nhd nhat d6 1a 21—,

Vi du 1.16. Cho f(x) = by + by sinz + bysin 2z + - - - + b, sinnz, (b, # 0)
thoa man |f(z)| < [sinz|, Ve € R. Ching minh rang

‘bl + 2b9 + 3b3 + +nbn\ < 1. (1.12)
Giat. Ta co
by + 2by + 3by + - - + nby| = | F/(0)] = nnéw‘
< lim w‘: lim [LE)| S| g [ S@)
x—0 X z—0|SIn T s z—0[SIn T

Vi du 1.17. Cho trudc cac s6 thuc a,b, A, B. Xét da thiic luong giac
f(z)=1—acosx —bsinz — Acos2r — Bsin 2zx.
Chiing minh rang
Néu f(x) > 0,Vz € Rthia?+b0* <2va A2+ B2 < 1.
Gidi. Dit r? = a? + b?; R? = A? + B2. Khi d6 véi a, B chon thich hop, ta

co

a=rcosa,b=rsina,acosx + bsinz = rcos(r — «).
A =2Rcos283,B =2Rsin23, Acos2x + Bsin2x = Rcos2(z — ().
Suy ra
f(z) =1—=rcos(x —a) — Rcos2(z — [3).
Dat P = f(oz+%),@ = fla— %) Ta c6

PIl-%-RCOSQ(O&-ﬁ-{-%), QZl—%—RCOSQ(O&—ﬁ—%)'
™

Néur2>2th\11—%<0. HaigécQ(oz—ﬁ—l—g)va%oz—ﬂ—Z)cé

hiéu bang 7 nén cic cosin ciia ching trai dau. Béi vay, trong hai biéu thiic
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Rcos2(a— [+ %) va Rcos2(a — (3 — %) c6 mot biéu thiic khong am.
Tt d6 suy ra trong hai s6 P va (Q ¢6 mot s6 am. Vay it nhat mot trong hai
gid tri f(oz+£) va f(a—%) a6 am. D6 1 didu vo Iy (do f(z) > 0, Yz € R).
Vay r? < 2 & a? +1* < 2.
Tuong tu co

f(B)=1—rcos(f—a)— RcosO=1—rcos(f—a)— R,

f(B+m)=1—rcos(f—a+m)— R.
Néu R>1=1—R <0, vadohaigoc 8—a-+mva— «a co hiéu bang
7 nén tuong ty tren ta duge mot trong hai s6 f(5) va f(5+ ) 1a s6 am (vo
1y).
Vay A? + B? < 1.

Nhan xét 1.1. Vi du trén 1a truong hop dic biet ctia dinh 1y vé da thic
lugng gidc nhan gia tri khong am.
Néu f(z) =1+ zn:(akcoskx + by sinkzx) > 0,Vr € R thi
a? + b? <k?Vz' =1,n—1cona2+b <1.
Vi du 1.18. Ton tai hay khong da thiic
Py(z)=2" +a1z" ' + -+ a,_17 + a, € Rlz] (1.13)

va thoa man  |P,(z)| < 2,Vx € [-2,2].

Gidi. Xét P,(x) = 2cos(n arccos g) voi |z| < 2.
Ta chiing minh P, (z) la da thic ¢6 dang (1.13).

That vay: Py(z) =2, Pi(z) =z, Py(x)=2? — 2 déu c6 dang (1.13).
Gia st P,_1(x), P,(z) 1a cac da thic c6 dang (1.13). Khi d6, do

P,i1(z) = 2cos [(n + 1) arccos g} va P, 1(z) = 2cos [(n — 1) arccos %},
nén

Poi1(z)+P,—1(x) = 4cos (n arccos g) cos (arccos g) =2P,(x)= = zP,(x).

x
2
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Suy ra
Poii(z) = 2P, (z) — Po_1(x).
Vay, P,11(x) ciing c6 dang (1.13).
Theo nguyén 1y quy nap ta duge: P,(x) ¢6 dang (1.13) v6i moi n € N.
Ngoai ra, v6i |z| < 2 thi |P,(x)| < 2. Vay ton tai da thiic théa man yéu

cau dé bai, da thiic d6 cho bdi cong thiic P,(x) = 2 cos(n arccos g)

Vi du 1.19. Cho céc da thic P,(z),n € N* xac dinh nhu sau
Pi(z) = 2° — 2; Py(z) = P(Pi_1(2)), (k=2,3,...).
Chiing minh ring v6i moi n € N*, cdc nghiém ciia phuong trinh
P.(z)==x (1.14)
deu thuc va khac nhau.
Gidi. Dt x = 2cost,t € [—m, 7.
Béng phuong phap quy nap ta ching minh duge: P,(t) = 2cos 2"t va
P,(t) 1a da thtic c6 bac 1a 2™.

Do d6 (1.14) tr6é thanh
2 cos 2"t = 2 cost. (1.15)

Ta co
(1.15) & 2"t =t 4+ k27 hodc 2"t = —t + k2m.

o k2 hosic ¢ k2
= odc t = -
2n —1 ' 2n+1
Vay (1.14) ¢6 cac nghiém:
k2 —
Tp = COS o ﬂl (k=0,2n"1—1), (1.16)
Tj = COS J2m (7 =0,2""1) (1.17)
/ 1 0T |

Do ham s6 cos nghich bién trén [—7, 7] nén cac nghiém trong moéi nhém
(1.16) va (1.17) doi mot khac nhau. Do 2" —1 va 2" + 1 nguyén t6 ciing nhau
nén cac nghiém thudc hai nhém nghiém khac nhau ciing déi mot khac nhau.

Tom lai, (1.14) c6 2n=1pon=1 — 97 pghiem phan biét, thuoc R. Mt khac,
bac ctia (1.14) cling 1a 2" nén tit d6 suy ra moi nghiém ctia (1.14) déu thuc

va phan biét.
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Chuong 2

Mot s6 phuong phap giai phuong
trinh va bat phuong trinh luong giac

2.1 Phuong trinh luong giac dua veé dang phuong
trinh dai so

2.1.1. Phuong trinh ding cap d6i véi sinz va cosx

1. Phuong phap chung
Dang tong quat clia phuong trinh dang cap bac hai:

sin?x 4 bsinxcosx + ccos’x = d, (a®+ b* > 0). (2.1)

Phuong phap 1 (Lugng gidc)
Diing cong thiic ha bac dua vé phuong trinh bac nhat déi véi sin 2z va

cos 2x
.9 1 — cos 2z 9 1+cos2z . ,
sin“x = ———,cos”®x = —————, sinxcosz = —sin2z.
2 2 2
Khi do

(2.1) & (c—a)cos 2z + bsin2x = 2d — (a + ¢) (2.2)

14 phuong trinh bac nhat déi vé6i sin 2z va cos 2.
Phauong phdp 2 (Pai sbé hod)

e Néu cosz =0 ((z) x = g +km, k€ Z) thi (2.1) tré thanh
sin?z = d.
-Néuc=dthisin’z=1,suyraz = g—l—kﬂ,k € 7 la nghiem cta
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(2.1).
-Néuc#dthiz= g—l— km, k € Z khong phai la nghiém cua (2.1).

e Néu cosz # 0 <<:> x # g + km, k € Z> thi chia c hai vé cta (2.1)
cho cos? x # 0 ta dugc phuong trinh:

atan’z + btanz + ¢ = d(1 + tan® z)
& (a—d)tan*z + btanz + (¢ —d) = 0.

Dat tanz = ¢, ta dua phuong trinh vé dang dai so:
(a—d)t* +bt +c—d=0.

e Chi y: C6 thé kiem tra x = km,k € Z c6 la nghiém ctia (2.1) hay
khong.
Véi & # km, chia ca hai vé clia (2.1) cho sin® x, dua vé phuong trinh:

(c —d)cot’x +beotx + (a —d) = 0.

e D6i v6i phuong trinh déng cap bac cao cach giai tuong tu nhu doi
v6i bac hai (phuong phap 2).

2. Cac vi du

Vi du 2.1. Giai phuong trinh

sin?x + 2sinz cosx + 3cos’ = 3 (2.3)
Giai. Ta c6
1— 2 1 2
(2.3) & # +sin2x+3$ =3

1
& sin2x + cos2x = 1 & sin (Qx—l—z) = —

TVANNG

A s s

2 — = — + k2.
a:+4 4+7T

& (keZ).

4
x:%jtkﬂ
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Vi du 2.2. Giai phuong trinh:
3sin®z + 8sinzcosx + 4cos’z =0 (2.4)
Gidi.
o V6i cosz = 0 (@ = g Yk ke Z) thi (2.4) tr6 thanh

3sinz = 0. (Vo ly)

Vay x = g + km, k € Z khong 1a nghiém ctia phuong trinh (2.4).
e Vi cosx # 0 (@ T # g + km, k€ Z) chia cé hai vé ctia (2.4) cho
cos?x # 0 ta duge phuong trinh:

3tan’z + 8tanz +4 =0

2 B 2 I
o | tanzr = —5 x—arctan<—§>—|— s (k7).
tanx = —2. r = arctan (—2) + km

Vi du 2.3. Tim m dé phuong trinh sau day c6 nghiém

(m + 3)sin®z + (m + 3)sinx cosx + cos® z = 0. (2.5)
Giai. Ta c6
(2.5) & mT—l_S(l — cost) + mts sin 2x + w =0
< (m+3)sin2z — (m + 2) cos 20 = —m — 4 (2.6)
Phuong trinh (2.5) ¢6 nghiém < phuong trinh (2.6) c6 nghiém.
& (m+3)2+ (m+2)2 > (m+4)?
emitom-3>0s [ MS 7
Vi du 2.4. Giai va bién luan phuong trinh
(m + 1) sin®2 — sin 2z + cos 2z = 0. (2.7)

Giaz. Ta co
(2.7) & msin*z — 2sinx cosx + cos’x = 0
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e V6i m = 0 : phuong trinh tré thanh

2

—2sinx cosx + cos”x = 0 < cosx(—2sinx + cosz) =0

cosz =0 x=Z+k7r
tanz = <. & ° (keZ).
anx—ﬁ. a:=arctan§—|—/<:7r

e V6i m # 0 : Ta thay cosz = 0 khong théa man phuong trinh
(2.7) = cosz # 0. Chia c& hai vé ctia phuong trinh (2.7) cho
cos® x, ta dudc

mtan’z — 2tanz +1 =0

Dat tanx = ¢, ta c6 phuong trinh:

f(t)=mt* —2t+1=0. (2.8)
(A =1-m
1
Xét (2.8) co: { = m
s ==
\ m

Ta lap bang sau:

m |A| P |S | Nghiém cta (2.8) Nghiém z cia (2.7)
+00
-+ T+ Vo6 nghiém Vo6 nghiém
1|0 Ho=ty=1 v=+hn
+ |+ |+ 0<t; <ty r=o1+km,x=ao+ km
1 T
0 |- t:§ r = —+ kmw,x = arctan - + k7
+ |- - thh <0<ty r=o1+km,x=aqao+ kT
—00

(trong d6 vy = arctan t1, g = arctan t).

Bai tap ap dung
1) Giai phuong trinh: 2sin? 22 — 2v/3 sin 2z cos 2z = 3.
2) Giai phuong trinh: 4sin®z — 3v/3sin 2z — 2cos’x = 4.

3) Giai va bién luan theo tham s6 m phuong trinh sau
(5m — 2) cos®z — (m + 1) sin 2z = —1.
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4) Tim m dé phuong trinh sau c¢6 nghiém
3sin?z — 6sinzcosx — 5cos>x +m = 0.

5) Giai phuong trinh: sin®z + cos®z = 2 (sin® z + cos® z) .
6) Tim m dé phuong trinh

2

sin®z + cos* x + stinllgc — (2m + 1)sin*z cos’ x = 0

¢6 hai nghiém phan biét thudoc khoang (%, g) :
2.1.2. Phuong trinh luong giac déi xing, phan déi xing déi véi
sinx va coszT

1. Phuong phap giai

e Phuong phap 1
Giai phuong trinh f(sinz £ cosx) =c¢ (1) bang 4 bude
- Bude 1: Kiém tra f(sinz;+cosx) = f(+cosz;sinz).

|t] <2

- Bu6c 2: Dat t =sinx +coszr = ) 2 —1
sinzcosx =+ 5 (2)

Bién doi (1) vé phuong trinh dai s6: f(t) = 0 (3), trong d6 (3)
1a phuong trinh c6 cach gidi cu theé.
- Bué6ce 3: Giai phuong trinh dai s6 (3) va gia st (3) ¢6 nghiem ¢
théa man (2).
- Bu6c 4: Dung cac tong dic biet

sinx + cosx = V2sin (:1: + %) = +v2cos (a: F %)
dé gidi mot trong cac phuong trinh lugng giac co ban

V2sin (x:l:%) = +v/2 cos (x:l:%) = {p.

ta sé c6 cac ho nghiem z( cta (1).

e Phuong phap 2
Giai phuong trinh f(sinx, cosx) = ¢ theo 4 budc
- Buée 1: Datx:y+£<:)y:x—%thitacé
™

sinz + cosx = V2 cos (x— Z) =V2cosy
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. ) 7 T
= SINZCOST = SIn <y+ Z) CoS <y+ Z>

1 1
= 50082y: 5(200823;— 1)

- Bude 2: f(sinz;cosz) = ¢ < g(cosy) =0 (1), trong d6 g(t) 1a
da thic bac n > 1.

<
- Bude 3: Dat cosy = t (%) thi (1) < {M =

1
, tim
g(t) =0 (3)
nghiém ¢, tit (3) théa man diéu kien (2).
T
- Bude 4: Tu (*) ta giai phuong trinh co ban cos <a: — Z) = 1.

Tim duge cac nghiém zy ctia phuong trinh f(sinz, cosx) = c.

e Nhan xét
- D6i v6i phuong trinh f(sinx, — cosz) = ¢ giai theo phuong phap
2 lam tuong ty véi viee dat x =y — g ta thu duge sinax — cosx =
—v/2cosy.
- Trong trucng hop dac biét
*) a(sinz + cosz) + bsinx cosx + ¢ = 0 duge goi 1a phuong trinh
do6i xting doi véi sinz va cos .
*)a(sinz —cosx) + bsinx cosx + ¢ = 0 duge goi 14 phuong trinh

phan déi xting doi v6i sinx va cos x.
2. Cac vi du

Vi du 2.5. Giai phuong trinh sin z cosz — v/2(sinx + cosx) + 1 = 0.

I <2

Giai. Dat t =sinx +cosz = ¢ 2 -1
Sinzcoss = -—
Khi d6 phuong trinh da cho tré thanh:
2 —1
s V2A+1=061 - 2V2+1=0

t=1+v2>+2 (loai)
t = —14+/2 (théa man)

Véit=—1++2taco

)-S5
R

sinx+cosx:—1+\/§<i>sin(x+£
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T
r = —— + arcsin + k2
< ! V2 (keZ).
3 . V2-1
I = — — arcsin + k27
4 \/i
Vi du 2.6. Giai phuong trinh
2
(1 —sinzcosx) (sinx 4 cosx) = g

Gidi. Datx:er%thiy:x—%va
sinx +cosxr = \/§cosy
1
sinzcosr = = 5 (2cos?y — 1)

Khi d6 phuong trinh da cho tré thanh

1 2
[1—5 (200523/— 1) \/écosy: g

&2cos’y —3cosy+1=0
< (cosy — 1) (2C082y—|—2cosy— 1) =0

[ cosy =1
_ —1 3
2 0 < 2
2cos*y+2cosy—1=0
I -1-v3 .
cosy = ———— (loai)
i 2
- 7
cos(x—%>:1 96214—/6277
= =
™ _ —1+V3 m v3-1
=" T = — % arccos + m2m
_Cos(x 4) 2 4 V2

2.1.3 Xay dung phuong trinh dai sé bac cao dua vao cac hé thiic
lugng giac

Vi du 2.7. Tu cong thiic

sin 5o = 16 sin® o« — 20 sin® a + 5sin a,

lay sin v = 2x ta dugdc

sin 5o = 5122° — 1602° + 10az.
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Chon ba = %, ta co

3
g — 5122° — 16023 + 102

& 10242° — 3202° + 202 — V3 = 0.

Ta dugce bal toan sau

Bai toan 2.1. Giai phuong trinh
10242° — 3202° + 202 — V3 = 0.

t
Giai. Dat ©x = 3 thay vao phuong trinh da cho ta duge

325 — 40t° + 10t = /3 < 16t° — 20t° + 5t = ~——. (2.9)

o[ %

Ta co
sSin b + sin v = 2 sin 3o cos 2«

& sinba = 2 (BSina — 4sin3a) (1 — 92sin? a) — sin «v
& sin ba = 2 (8sin5a —10sin® o + SSina) — sin«
& sinba = 16sin® a — 20sin® a + 5sin a. (2.10)

Tt cong thie (2.10) suy ra (2.9) ¢6 5 nghiém la

T 27
t = si — + k— k=0,1,2,3.4.
Sln<15+ 5)7 bt Mt Bl |

Vay phuong trinh da cho c6 cac nghiém la

1 s 2T
= —gin | — — =0,1,2,3,4.
x 281n<15+k5>, k=20,1,2,3,

Vi du 2.8. T cong thiic

cos ba = 16 cos® a — 20 cos® a + 5 cos a,

€T
dat cosa = ——= ta duoc
v 2\/§ v
162° 2023 5 g 5’ S
cos ba =

X
— + = — +
288v/3  24v/3  2v/3 183 6vV3 23

x® — 1523 + 45z

183
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Chon ba = %, ta dudce

V3 2’ —152% 4 452
2 18v/3

Ta c¢6 bai toan sau:

& 2° — 1523 + 452 — 27 = 0.

Bai toan 2.2. Giai phuong trinh
2° — 152° + 452 — 27 = 0.
Gidi. Diat x = 2v/3t, thay vao phuong trinh da cho ta duge
288V/3t° — 360v/3t* + 90V/3t — 27 =0
& 2 (165 — 20% 4 5t) = v/3 < 16t° — 206* + 5 = cos % (2.11)

Mat khac ta co

cos b + cos @ = 2 cos 3a cos 2x

<:>c085a:2(4cos3oz—3cosoz) (2c082a—1)—cosa 219
<:>cos5oz:2(8cos5oz—1OCos3a+BCosa)—cosoz (2.12)

& cosbha = 16 cos® a — 20 cos® o + 5 cos a.

Tt cong thic (2.12) suy ra (2.11) ¢6 5 nghiém la

T 27
t = — + k— k=20.1,23.4.
COS(SO+ 5)7 ) ) ) )

Vay phuong trinh da cho c¢6 5 nghiém la

s 2T
=2v3 — + k— k=0,1,2,3,4.
x \/—COS <30+ 5 )7 Y Y Y Y

Vi du 2.9. T cong thiic
cos 6 = 32 cos® v — 48 cos? v + 18 cos® o — 1,
dat cosa = x ta dugce
cos 6o = 3229 — 482 + 1822 — 1.
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Chon 6a = %, ta dugc

1
5= 3220 — 482 + 1822 — 1.

Ta c6 bai toan sau:

Bai toan 2.3. Giai phuong trinh
642° — 962" + 362> — 3 = 0.
Giai. Ta co
cosba = 2cos’3a —1 =2 (4cos3a — 3(:0504)2 —1

(2.13)
— 32cos® oo — 48 cos* o + 18 cos® o — 1.

Phuong trinh da cho tuwong duong véi
1
320 — 482" + 182 — 1 = = & 320° — 482" + 182" — 1 = cos g (2.14)
Tt cong thic (2.13) suy ra (2.14) c6 6 nghiem la

T T
— cos (= k—) k=0,1,234.5
T cos<18+ 3) ,

2.2 Phuong trinh luong giac giai bang so sanh va uéc
lugng
2.2.1 Phuong phap

Stt dung tinh chat ctia cac ham sb luong giac va bat dang thitc dé danh

gia.
e Dang 1:
fle)y > M
g((w)) <M @{fg)) -
flx) =glx) T
e Dang 2:
fx <M
g((fc)) <N < {f(x) _ ]\N4
fo) +gt@) =y VO
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e Dang 3:

(| /()] <1 B
| fo(2)] <1 |fi(z)] =1
- N |fo(z)] =1
L A@) fala) . fu(z) =1 fu(z)] =1
2.2.2.Vi du 4p dung
Vi du 2.10. Giai phuong trinh
sin® z 4 cos® v = 2 — sin’ . (2.15)

Gidi. Taluon co |sinz| <1, |cosz| < 1,Vx nén

sin® z + cos® z < sinx + cos®x < 1

va 2 —sintx > 1.
Do do
.3 3 i3 3
sinx +cos’x =1 sinx +cos’x =1
(2'15)<:>{2—sin4x =1 <:>{sin4x =1

@sinleéx:ngk%r, keZ.
Vi du 2.11. Giai phuong trinh
sin®1% 2 + cos?™0z = 1. (2.16)

Gidi. Taluon c6 |sinx| <1, |cosx| < 1,Vx nén

. 2010 )
sin r <sin“x ) )
2010 - 5 = sin?! 2 + cos®™0 x < sin® x + cos’z = 1.
cos r < cos‘x
Do d6 (2.16) x4y ra < sin®% . =sin’x o sin® x (sir12008 T — 1) =0
. X r
y cos?M0 ¢ = cos? x cos? (cos2008 x — 1) =0
sinxz =0
. 2008 i
sin =1 sinx =0 ™
& oz — 0 {COM:O @x_kg,kez.
cos2008 o — 1
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Vi du 2.12. Giai phuong trinh

sin 2z sin 8r = 1. (2.17)
Gidi. Taluon c6 |sin2z] <1, [sin8z| < 1,Vzx € R nén
7r
sin2z =1 cos2x =0 2 = +km
(217) < 3. & & pA
sin8rz =1 cos8r =0 8¢ = —+Ir
2
e
& 4 l% (Hé vo nghiém).
r = E + g

Vay phuong trinh da cho vé nghiém.
Vi du 2.13. Giai phuong trinh

ST 3+ - 8 24 (2.18)
SIn- — COS™ — = — COS 4&T. .
2 sin?’% 2 cos?g 4

Gidi. Diéu kien z # k.
. 81 81
Ta thdy VP = Zcos2 4o < Z,Vaz c R.

snr16$—|—cosGE
VT:sin6£+COSG£+ 233 $2 + 4
2 2 sin® = cosb =
2 2
. 6517 635' 1
:4—|—<sm——|—cos —) 1+ = =
2 2 sin® = + cosf =
2 2
3 64
:4—1—(1——81112.1') <1—|— —5 >
4 sin” x
3 81
> 4 1—-1)(1+64) =—-
> +( 4>( + 64) 1
Do do
2 kﬂ
(2.18)@{9082 4z —1(:){81114:(: —O(:) 4
sin“z =1 cosr =0 T :§+l7r

T s
S = 5 +mm, m € Z (théa man dieu kién).
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Vi du 2.14. Giai phuong trinh
1 1

2 (sin*z + cos*z = 33. 2.19
( + ) * sin® * cos® x ( )
Giai. Ta co
. 4 4 1 1
VT:2(sm T 4+ cos a:)-i— —g -t ——
sinx  cos®x
2
> 4sin® z cos® & + — 1 n = P.
sin” x cos* x

DAu déng thitc x4y ra khi va chi khi sin? z = cos®>z = =-

1
Dit sin® x cos? & = t, (0 <t< Z) .

2
Ta c6: P(t):4t+t—2vap’(t):4—;ig:0<:>t:1.
) 1 1
Ta thay P'(t) < 0,Vt € <0; Z] ,do d6 P(t) > P (Z) = 33.

Vay ta luon c6 VT > 33. Suy ra dé dudgc phuong trinh ding thi dau dang
thitc xay ra khi va chi khi

RN sin®2z 1
4 4 4
&Scos2r =0 x=£+kg, kelZ
: T T
Vay phuong trinh (2.19) ¢6 nghiém 1ax:1+k§, keZ

2.3 Bat phuong trinh luong giac co ban

1. Dinh nghia
Bat phuong trinh lugng gidc co ban c6 mot trong cac dang:

sinx <k, cosx >k, tanxz >k, ...
2. Cach gidi. St dung tinh chat tuan hoan (cong tinh) ctia ham s6 lugng

giac.
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Vi du 2.15. Giai cac bat phuong trinh luong giac sau day
1
1. cosx > —-

2.sinx <

2
V3
2

Giai.
1. Ta bién do6i bat phuong trinh da cho vé dang nhu sau

1 T
cosxT > 5 & cosT > cosg

s
COS Ty > COS —
R 0<mp< T
- 7=3 r = +xo+ k27
r=xx9+ k27

2. Ta bién doi bat phuong trinh da cho vé dang nhu sau

N 3@ e
siny < — < sinzx < sin —
-2 - 3
(. . T
sinzg < sin — T T
0 —§§$0§§
__ < < =
& § 2=71=7 & [z =m0+ k2r
r=x9+ k27 r=7—x9+ k27
|z =7 —xo+ k27

Vi du 2.16. Giii cic bat phuong trinh luong giac sau day

1. 2cos?z — 1 <0.
2. 3tan’2x — 1 < 0.

Giai. Ta co

[

2
1. 2COS2I—1§O<=>—§§COSQES

3
= %—i—kwﬁxﬁf—i—kﬂ, k € Z.

2. Ta co 1
tan 2z < —
~ V3

1
Jtan?2r —1<0 & —— <
P— \/g_
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(:)—%-i—lmrSZxS%-l—lmr

—— k: < <— k:—k 2.
@12+ T 12+ , €

2.4 Cac bat phuong trinh luong giac hitu ti

Vi du 2.17. Giai bat phuong trinh cos z + cos 2z + cos 3z > 0.
Gidi. Bat phuong trinh da cho tuong duong véi

cos 2z + (cosx + cos 3z) > 0
< cos2x (1 +2cosx) >0

~ [ (cos2x >0
cos 2x >0 1
o 14+2cosz >0 N Cos T >_§
cos 2x <0 cos2x <0
1
| |1 +2cosz <0 oS 1 <_§
- T
——+k7r <r<—+4knr - -
{5 T i kor <z < ikon
— k2 <z < tk2n - 4,
S| (x 37T3 & | o +tR2r <z < —+ k27
—+k:7r <r<—+km 57T3 4774
4
<§L Aot —tkr <z < —4knm
—+k27r <x<——|—k:27r | 4 3
L L 3 3
, 1 — 4sin?
Vi du 2.18. Giai bat phuong trinh ST o)

cos 2z + cosx
Gidi. Bat phuong trinh da cho tuong duong véi

1 —4(1— cos? 20—
( COS%)—QﬁO@ 4cos*r — 3 _9<0
cos 2x + cos 2cos?x +cosx — 1
2cosr + 1 >0 o 2cosz + 1 >0
2cos?x 4+ cosz — 1 (2cosx — 1) (cosx + 1)
1 2 4
—1l<cose < —— j+k27r<:1:<£+k27r
& 2 s | 3
§<cosa:§1 —§+k277<:1:<§+k27r
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Vi du 2.19. Giai bat phuong trinh 5 4 2 cos 2z < 3|1 — 2sin x| .
Gidi. Bat phuong trinh da cho tuong duong véi

1—2sinz >0 hos 1—2sinz <0
5+2cos2r <3(1—2sinz) 00 15+2cos2c < 3(2sinz — 1)

{1—251nx >0 sin x <1
° ) RS - 2
5+2cos2z < 3(1—2sinz) 6sinx +2cos2x +2 <0

: 1 . 1
PN sinx §§@ sinx §§
2sin’z — 3sinz —2 >0 (sinz —2)(2sinz+1) >0
1 )
S sine < —§<:>—§+k27rgx§ —%—l—kQﬂ.

. 1—2sinz <0 o sin x >
5+2cos2rx < 3(2sinz—1) 6sine —2cos2x — 8 <

. 1 , 1
o )sinw > 5 o {sinz > 3
2sin’z + 3sinz —5 >0 (sinz — 1) (2sinz +5) >0
(:)sinleéx:g—l—k%r.
Vay, bat phuong trinh da cho c6 nghiem 13

5
x:g+k27r, —%+k2ﬂ§x§—g+k2ﬂ, ke Z.

2.5 Cac bat phuong trinh lugng gidc c6 chita tham
s6
) 1
Vi du 2.20. Cho bét phuong trinh v/3sin? z + 3 sin 22 > m.
1. Tim m dé bat phuong trinh vo nghieém.

. 1
2. Tim nghiém cua bat phuong trinh V3sin? z + 3 sin 2z > /3 thda man
diéu kien log (22 + z + 1) < 1.

Giaz.
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1. Bat phuong trinh da cho tuong duong véi

1— 2 1 3 1 3
V3. <ﬂ) +§sin2x2m®§cos2az—§sin2x§ g—m

2
3
<:>cos<2:1:+ﬁ> < £—m.
6 2
Bat phuong trinh vo nghiém khi va chi khi
V3 V3

—_— — < -1 > — 1.
5 m m 5 +

2. V6i m = /3, bat phuong trinh da cho tré thanh

3 5 7
cos<2x+z) §—£<:>—7T+k27r§23:+1§—ﬁ+k27r

6 > 76 6= 6
(:)g-l—k?rfxﬁg—l—lmr. (2.20)

Mat khac

log (" +z+1)<ler’+r+1<10e 2 +2—9<0

—1—+/37 -1+ V37
F << —
2 2
Tu (2.20) va (2.21) ta suy ra tap nghiem ctia bat phuong trinh da cho

(2.21)

la

Vi du 2.21. Tim m dé bat phuong trinh
3sin? z + 2m sin x cos x + cos® +m‘ <3

nghiém dang véi moi x € R.

Gidi. Bat phuong trinh da cho tuong duong véi
1 —cos2 1 2

3.% + msin 2x + w +m' <3

& |msin2z —cos2z +m + 2| < 3

@m(

sin 2x —

+m+2‘ < 3.

1
———Ccos 2x
vm?+1 )
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Dat cosa = sina = khi d6 ta c6 bat phuong trinh sau

m 1
Vm2+1 vm2+1
‘\/m2+1sin(2x—a)+m—|—2‘ <3
S—-—m-5<vm?+1lsin(2r—a)<1—m

— 5 1 —
Z D) i or—a) < =T
m?+ 1 m? + 1

Nhu vay, bai toan duge thoa man khi va chi khi

—(m+5) < 1
vmryl T L mAEd >vm?+1
l-m 1—-m >vm2+1
vm2+1
Lmm— =20 5 <m<1
5 0 >0 0 =M= 12
& me)g Sl e S0 e-—<m<o
= 10m > —24

(m+5)° >m?2+1

Vi du 2.22. Giai va bién luan bat phuong trinh

(m+ 1) cos2z +m (1 +sin2z) < 0. (2.22)
Gidi.
1. Xét cosz =02 = g + km = cos2x = —1,sin2x = 0.
Khi d6, bat phuong trinh (2.22) tré thanh: — (m +1)+m <0 (luon
dang).

2. Xétcosx%O@x%g—i—kﬂ.

Dat t = tanx = sin2z = EL cos 2T = eL ta duge bat phuong
trinh
(m+1) _t2+ 1+ ) <o
m m
1+¢? 1+ ¢?

Sm+1)(1-3)+mE+1)°<0

& (t+1)(—t+2m+1)<0. (2.23)

37
S6 héa boi Trung tam Hoc Liéu — Pai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



t=-—1

Dat f(t) = (t+ 1) (~t+2m+ ) =0 [1 250

e Néum > —1thit=2m+ 1> —1, khi d6 ta c6

T ™
| ——+]€7T<.CU<—1+]€7T

2.23 @[ < 2
(223) < | S om a+/m<x<g+lm,

trong d6 tana =2m + 1, a € <—g; g) :

e Néum = —1 thita co
x %—z-i—lmr

223) & (t+1)°>0at# -1 -
X #E—i—kﬂ'

e Néum < —1thi2m+1 < —1, khido

| —z+k7r<x<oz+k‘7r
(2-23)@[t<2m+1 & | f

—Z+k7r<x<g—l—k7r,
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Chuong 3

Mot s6 tng dung ctia ludong giac
trong dai s6

3.1 St dung luong giac dé ching minh dang thiic

Khi giai cac bai toan vé chiing minh dang thic va bat dang thic, trong
mot s6 trudng hop ta c6 thé chuyén ching thanh cac bai toan lugng giac dé
gidi khién cho viéc giadi bai toan duge dé dang hon, cong viéc nay dude goi

1a phuong phap lugng giac hoa.
Vidu 3.1. Choz > 0,y > 0,z > 0 thda man diéu kién sau

ry +yz+zr =1 (3.1)

Chiing minh rang

x\/(1+y2)(1+32)+y\/(1+22)(1+x2)+Z\/(1+x2)(1+y2)_2.

1+ a2 1+ y? 14 22
Giaza.
, s
biat x =tana,y =tan 3,z = tany véi a, 3,7 € [O, 5)
Khi d6 (3.1) c6 dang

tanatan § + tan ftany + tanytana = 1

& tana(tan § +tany) = 1 — tan Stany

1 —tan Ftan~y
< tana = = cot
tan 8 + tan -y (6+)
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T
Sa+pf+vy=—-+knm.

2
3 3 1
Doa+ﬁ+7€[0;§) nén0<g+k7r<§hay—§<k<1.

\ﬁkEZnénkzo.Vay:a+ﬁ+»y:g.
Ta co
1 (1 2 1 t 2 1 t 2
x\/( P2 g At A+ tan?)
1+ 22 1+ tan® «
cos o sin av cos(8 + )
= tan « = =
cosffcosy cosfcosy  cos3cosy
_cosffcosy — sin Bsiny
B cos 3 cos vy
=1—tanftany =1 — yz.
Tuong tu
1 2)(1 2
y\/( A+
1+ a2
1 2)(1 2
Z\/( +2%)( +y):1_xy.
1+ 22
Suy ra

x\/(1+y2)(1+22)+y\/(1+22)(1+x2)+Z\/(1+x2)(1+y2)

1+ 22 1+ y? 1+ 22
=3— (vy+yz+z2x)=2.

Vidu 3.2. Cho 0 < a,b,c <1 va
a’ 4+ b* + ¢* + 2abe = 1. (3.2)
Chiing minh rang
abc + 1 =c\/(1 —a2?)(1 —02) + /(1 = 02)(1 — ) + /(1 — 2)(1 — a?).

Giaz.

Vi0 < a,b,c<1,néntadita=cosa,b=cosf,c=cosyvéi0<a,plv<
i

2
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Khi d6 (3.2) trd thanh
cos® o + Coszﬂ + COSQ’}/ + 2cosacosFcosy =1

1 1
3 (1+cos 204) +§ (1+cos 25) +cos® v+ [cos(a+ﬁ)+cos(a—ﬁ)} cosy =1

=
& cos(a + ) cos(a — B) + cos? v + [cos(a + 3) + cos(a — 3)] cosy = 0
< cos(a+ f)[cos(a — B) + cosy] + cosy[cosy + cos(a — F)] =0
& [cos(a+ () + cos][cos(a — ) + cosy] =0
< cos(a+ ) +cosy =0 (do cos(a — ) + cosy > 0,Va, 3,7 € (O, g)
S a+fB=71—1.
Vay a4+ 3+ v =m.

Khi d6 dang thiic can chiing minh tré thanh
cosacos Fcosy + 1 = cosysinasin § + cos asin Fsiny + cos Jsin vy sin «
& cosycos(a+ ) —sin(a+ F)siny+1 =10
Scos(a+PB+7)+1=0
& cos(a+ B+ ) = —1, didu nay ding do a + 3+ v = 7.
Vay bai toan dugc chiing minh.

1 1 1 .
Vi du 3.3. Cho x # +——, +—, 2 # +——= va thoa man dieu kién
' RV ETT

r+y+z=u1xyz.
Chting minh ring

3 3 3 3

3r —x Jr3y—y3+32—z 33— 3y —vy> 32—z
1—322 1—-3y2 1—-322 1—322 1-—3y%2 1—322

G1iaz.

T
Diat x = tana,y = tan 3,z = tany véi o, 8,7 € (—

59
Do x 4+ y + 2 = zyz nén tan o + tan § + tan~y = tan atan Jtan .
Suy ra
tana + tan f = — tany(1 — tan o tan (3). (3.3)

Viz+y+ 2z =2xyz nén zy # 1.
That vay, gia st ngudc laizy =1tacor+y+2 =2 =2 +y =0 hay
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r=-ykhidoay=1< —22=1 (vo Iy).
Vay ry # 1 hay tanatan 3 # 1 nén dang thiic (3.3) tuong duong véi

tan(a + ) = —tan~y.

Do do6
a+B8+vy=kr, ke Z.
Suy ra
3a+ 30+ 3y =3knm, ke Z,
va vi vay
tan(3a + 33) = — tan 3.
hay

tan 3o 4 tan 33 + tan 3y = tan 3a tan 3 tan 3. (3.4)
Mat khéc , stt dung cong thic

3tant — tan’t

tan 3t =
1 — 3tan?t

thay vao (3.4), ta c6 ngay diéu phai ching minh.

3.2 S dung lugng giac dé chitng minh bat dang thiic
Vi du 3.4. Cho z,y,z € (0;1) va 2y + yz + zx = 1. Chiing minh réng

T . Y n z >3\/§
1—22 1—9y2 1-227 2

Giai. Diat r =tana, y =tan(, z =tan~.
Do x,y,z € (0,1) nén c6 thé chon

Of?ﬁaf}/ € <07%) (35)
Ta co

rxy+yz+ zx =14 tanatan 4 tan ftany 4+ tanytana = 1.
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< tan atan § + tanvy) = 1 — tan Ftany
tan § + tany 1
1 —tanfBtany tano

& tan(f + y) = cot a.
Tit (3.5) va (3.6) suyraa+ﬁ+’y:g:>2a+2ﬁ+27:7r

= tan 2a + tan 23 + tan 2y = tan 2a tan 23 tan 2.

Ta co

x Yy z
2<1 — + 2 + ] —22> = tan 2a + tan 23 4 tan 27.

Do a, 8,7 € <0, %) nen 2a, 28,2 € (0, g)
Suy ra tan 2«, tan 23, tan 2 1a cic s6 duong.
Theo bat dang thiic AM - GM ta c6

tan 2a + tan 200 + tan 2y > 3€/tan 2cctan 20 tan 2.
T (3.7) va (3.9) ta suy ra

tan 2a + tan 200 + tan 2y > 3{3/tan 2a0 4 tan 23 + tan 2

& (tan 2o 4 tan 23 + tan 2y)* > 27

& tan 2o 4 tan 20 + tan 2y > 3v/3.
Két hop (3.8) va (3.10) ta c¢6 diéu phai chiing minh.
Dau "=" Xéyra@a:ﬁ:fy@x:y:zzi-

V3
Vi du 3.5. Cho 22 + 3?> = 1,u% + v? = 1. Chiing minh ring
|z(u 4+ v) 4+ y(u —v)| < V2.
Giazs.
Tit 22 + 9% = 1, ta c6 thé dat o = cosa,y = sin .
Tuong tu tit u? + v? = 1, ta c6 thé dat v = cos 3,v = sin 3.
Khi do
z(u+v) + y(u — v) = cos a(sin 5 + cos ) + sin a(cos 3 — sin 3)
= cos(a + B) + sin(a + )
= V/2sin (oz—l—ﬁ—l—%)-
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Suy ra |z(u +v) + y(u —v)| < V2.
) T 7r
Dau "=" Xéyrakhioz+ﬁ+z:k:27r<:)oz+ﬁ:——+k27r.

2

o V2 o jrus —‘é
@cosacosﬁ—smozsmﬁ:—T(:) 242 =1
w+0? =1

Vi du 3.6. Cho tam thtic bac hai az? + bz + ¢ thda man diéu kien

Vl—xﬂax —|—bx—|—c‘

1,Vo € [-1;1].
Chting minh ring

1. |a] <4

2. |az® + bz + ¢| < 3,Vx € [-1;1].
Giaz.

1) Dat @ = cost, tit gia thiét ta co

|sint(acos®t + beost + c)| < 1, V4,

do do
3 bv/3
sin%(acong+bCOS%+c>‘§1<:> §+T\/_+§ <1
Sinz(CLCOSZE—FbCOSE—FC)’<1<:>|C|<1
2 2 2 - -
5 5 5 3 bv/'3
sin%(acoszngbcos%ch) <l&s @a_T\/_+§ <1
Ma
413 bv/3 3 bv/3
o= ABe V3 e Ba bVB e
318 4 2 8 4 2
4 (13 bv/3 3 bv/3
B I SR ECE I A
3 8 4 2 8 4 2
Do do6
|a\<%-3:4
— 3
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2)Néu§§x§lth1
ax +b:c—|—c—% %—F%—I—%)Mﬁ—i—%/gaz)éc@xz?))
Suy ra
ax2+bx+c’§% <%+¥+g> (42° + 2V/3x) +%‘c(4x2—3)’
3| (5 -0 5209

hay
1
’aa:2 + bx + c| < 3 ’4x2 + 23z + 422 — 3+ 42% — 2\/§x’

3
<:>‘ax2+bx+c‘ <4z’ —1<3Vze <§,1]

Tuong tu ta co

3
‘ax2+bx+c| <3,Vx € [—1,—§> .
Néu—\/T_g §§th S% Khi d6 ta c6

Vic@zf1-2=2> 0

Suy ra ‘ax —I—bx—l—c’ < 1—x2 <

Vay ‘ax + bx + c‘ < 3,Vax € [—1, 1], bai toan duge chiing minh.

Vi du 3.7. Cho bdn s6 duong ay, as, as, a;. Ching minh réang trong boén so
ay bao gio cing chon duge hai s6 a;,a; (i # j) sao cho

0< A <23
1+CL¢+CLJ'+2G2'CL]'
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Giazi. ]
bat b, =14+ — (i=1,2,3,4>. Do a; > 0 nén b; > 1.
a;

Dt b; = tan o; thi g < < g, (1=1,4).

T T ) N D . g
Nhu vay trong khoang (Z’ 5) c6 4 s0 aq, (g, (g, Oy, vay phai ton tai hai so

«, oj sao cho

1l /7 = T
0=y a<3<2 4) (3.11)

Tu (3.11) ta ¢

tan o, — tan
OStan(ozj—ozi)<tan1:2—\/§<:>O§ ana; —ana <23
12 1 + tan o; tan oy

b, — b, (1—!—%)—(1—!—%)
0< 2 2 «2-V3a0< d Yo<«2-43
() ()

e 0< i <23
1+ai +aj +2aiaj

3.3 St dung luong giac dé giai phuong trinh, bat
phuong trinh vaA hé phuong trinh dai sé

Phuong phap chung

Khi giai phuong trinh, bat phuong trinh, hé phuong trinh dai s6, nhiéu
khi ta gap phai cic phuong trinh, bat phuong trinh, hé phuong trinh rat kho
khan trong viéc tim ra nghiém ctia n6. Trong s6 d6 c6 nhitng bai toan ta
c6 thé chuyén vé bai toan lugng gidc thi cach giai sé don gian va dé dang
hon. Viéc chuyén tit phuong trinh, bat phuong trinh, hé phuong trinh dai s6
vé phuong trinh, bat phuong trinh, hé phuong trinh lugng giac duge goi 1a
"lugng giac hoéa" cac phuong trinh, bat phuong trinh, hé phuong trinh dai
SO.

Trong qua trinh nay ta thuong dung cac phép dat
r =sint,r = cost,r = tant,...

duge thé hién qua cac ménh dé sau:
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Ménh dé 3.1 (xem [2]). Néu —1 < 2 < 1 thi ¢c6 mot s6 o véi — < a <

ro |
bo|

sao cho sina = x va mot s6 5 vdi 0 < 3 < 7 sao cho cos 3 = x.

Meénh dé 3.2 (xem [2]). Néu 0 < x < 1 thi ¢6 mot s6 a va mot s6 3 vdi

T r i .
0§a§§,0§5§§sa0 cho sina = x,sin § = x.

Ménh dé 3.3 (xem [2]). Vdi moi s6 thic x c6 mot s6 o véi —— < a <

o]
o] =

sao cho tana = x.

Ménh dé 3.4 (xem [2]). Néu cdc s6 thuc x,y théa mdn hé thic x* + 3> = 1

thi c6 mot so o voi 0 < o < 27 sao cho x = cosa va y = sin a.

Nhan xét 3.1. Néu x € [a, b] thi c6 thé dit

b— b
Tr = acost+ﬂ voi 0<t<m
2 2
b— b
hosic # —-—%sint+ 2% i —L<i<Z
2 2 2 2
T
hoic © = (b—a)cos’t+a v610§t§§
hodac x = tant voi arctan a < t < arctan b.

Nhan xét 3.2. Cac dau hiéu nhan biét mot bai toan c6 thé giai duge bing

phuong phap lugng giac hoa
e Tap xac dinh clia bién s6 x 1a tap gia tri clia mot ham s6 lugng gidc nao
do.
e C6 mot trd ngai can khic phuc, chang han bac cao, can thiec, diéu kien

phtic tap, kho x1 1y.

e Trong deé bai (6 gid thiét hodc két luan) c6 mot bo phan tuong tu véi
mot cong thiic lugng giac nao do6. Vi du:
+) Bo phan 1 + 22 tuong tu véi cong thiic 1 + tan?t =

cos?t
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+) B0 phan 43 — 3 tuong tu véi cong thiic 4 cos®t — 3 cost = cos 3t.
+) Bo phan 222 — 1 tuong tu véi cong thic 2 cos?t — 1 = cos 2t.

2tant
+) Bo phan tuong tu véi cong thic tan 2t = ———
) Bo phan 75 tuong e voi cong 1 — tan’t
T+ . tan o + tan
+) Bo phan J tuong tu véi cong thic tan(a+p3) = B
1 —ay 1 —tanatan g

Cac vi du

Vi du 3.8. Giai phuong trinh

2° 4 /(1 — 22)3 = 2/2 — 222, (3.12)

Gidi. Dicukien 1 —2>>0& -1 <z <1
Dit x = cost,t € [0, 7] = sint > 0,Vt € [0, 7].
Khi d6 phuong trinh (3.12) tré thanh

cos®t + /(1 — cos?t)3 = cost\/2 — 2cos? t

& costt +sindt = \/§sintcost

& (sint 4 cost)(1 —sintcost) = V2sint cost. (3.13)

2_1
Dit 2 = sint + cost, z € [~1,v/2] vi t € [0,7] = sintcost = © :

Phuong trinh (3.13) tré thanh

2_1 2_1
z(l—z ):\/§Z

2 2

&2 4V22-32-V2=05 (- V2)(22+2V2+1) =0

z2=1/2
& zzl—\/§
z=—-1—-+v2< —1= loai.

sint + cost :\/§
o Véiz=+2taco < . 1

sintcost = —
2

1
Suy ra cost 1a nghiem ctia phuong trinh 22 — v/2z + 5= 0 x=

o[
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) sint + cost :1—\/§
Glz=1—+2taco
* Vi z V2 aco{sintcost =1-—2

Suy ra cost la nghiém ctia phuong trinh

x2(1\/§)x+1ﬂzO@leﬂi\/(?l)(ﬁ+3).

Vay, phuong trinh (3.12) ¢6 cac nghiém la

VE 1-V2E (V2o 1)(V2+3)

2 2
Vi du 3.9. Giai phuong trinh

1
4a° — 3z — 5 =0 (3.14)

1
Gidi. Dat f(x) = 42° — 3z — =, ta c6 f(x) xac dinh va lién tuc trén R.

Ta o6 f(—1) = —g,f(—%) _ %,f(()) _ —%,f(l) _ % nén theo tinh

chat cia ham s6 lién tuc phuong trinh (3.14) c6 it nhat 3 nghiém phan biét
1 1 .
5), (—5,0), (0,1) phuong trinh (3.14) ¢6 it nhat

mot nghiém ma ba khoang d6 tach roi nhau). Nhung (3.14) 1a phuong trinh

(trén moi khodng (—1, —

bac 3 nén né c¢6 nhiéu nhat 3 nghiem phan biét.
Do d6, phuong trinh (3.14) ¢6 3 nghiém phan biet déu thuoc khoang (- 1,
1).

Dat o = cost,t € (0,7), phuong trinh (3.14) tré thanh

1 1 3t = — + k2
4eos’t —3cost— = =0 cosdt = - & 37r
2 2 ?)t = —g + ]{727T
P L. 3. . . s 5% 7T
Két hop véi dieu kien ¢t € (0,7) ta ¢ t; = 5,152 = ?,tg =3
5 7
Vay, (3.14) ¢6 nghiém la: x; = cos g, To9 = COS g, XT3 = COS g
Vi du 3.10. Giai phuong trinh
PR — N5} (3.15)
x?—1
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S6 héa boi Trung tam Hoc Liéu — Pai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



Gidi. Diéu kien 2> — 1 > 0 & x € (—oo,—1) U (1, +00).
Mat khac phuong trinh (3.15) ¢6 nghiém khi va chi khi > 0, do d6 diéu
kién c¢6 nghiém cta (3.15) la = > 1.

N 1
V6i dieu kién nay ta dat x = ——, t € (0,
cost

/i

2)- Khi d6 phuong trinh (3.15)

tré thanh

1
1 1 1
+ 8L 9o e —+— =22
cost 1 cost sint
—1
cos?t

& sint + cost = Zﬂsintcost(:)sin (t—l— %) = sin 2t

T
t+ T ot 4 kor t=—7+k2m
< t+—_7T—2t+k27T<:> t—ﬂ%—kzﬂ
4 4 3

K&t hop vai dicu kien ¢ € (0, g) ta dugc t = % théa man, suy ra r = /2.
Vay phuong trinh da cho ¢6 nghiem 1a: z = /2.

Vi du 3.11. Giai phuong trinh
8" + 15" = 17". (3.16)

Gidi. Chia cd hai vé clia phuong trinh cho 177, ta dudgc
8\" 15\"
° =)~
) (%)

Do (= 2+ n 2—1 én ton tai o € [0, 27] sao ch
= «
O 17 17 nen ton tal s Sa0 CNno

cosa =
sinae = —
Khi d6 ta c6 phuong trinh

cos” o +sin® o = 1.

Dé thiay = = 2 1a nghiém clia phuong trinh.
Ta chitng minh z = 2 14 nghiém duy nhat ctia phuong trinh.
That vay,
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sin”a > sin’a - -
" 9 = cos’a—+sin’a > 1.
cos” a > cos” «

Suy ra phuong trinh khong duge nghiém dung.

oNéuaz<2thitaCé{

sina < sin® a
cos* a < cos?«

Suy ra phuong trinh khong duge nghiém dung.

oNéu:L'>2th‘1taCé{ & cost a+sinfa < 1.

Vay, phuong trinh da cho ¢6 nghiém la x = 2.

Vi du 3.12. Chiing minh réng phuong trinh
162° — 202° + 52 +2 =0 (3.17)

c6 nghiem duy nhat. Tim nghiem d6.
Giazs.

o Xét x € [—1,1] : Dat « = cosa, @ € [0, 7], phuong trinh da cho tré
thanh
16 cos” v — 20 cos® a + 5cosa + 2 = 0 < cos 5a + 2 = 0 (V6 nghiem).

o Xétx ¢ [—1,1] & |z > 1:
R . 1 1
Khi d6 ton tai duy nhat gid tri a € R, |a| > 1 max:§ <a+—),gié
a
triadolars —vVa2—1néuar < —1;1a 2+ vVaz—1néuz > 1.

Lic do
VAR , 1 1
a’+—)+5|la+—=|+10{a+—
i a’ a’ a
.1 1\° 1
a+—=])+d5(a+—-) —dla+—
a a a

1
<a5 + —) + 202° — bz

162° =

N — N~

Suy ra phuong trinh da cho tuong duong véi

L 5+1 +2=0
—|a’+ — = 0.
20 ad®
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Dat t = a® thi ta sé ¢6 a® =23
Vay, phuong trinh (3.17) ¢6 nghiém thyc duy nhat 1a

/—2—/3 + V2 +/3

Vi du 3.13. Phuong trinh

82(1 — 22%)(8z* — 82 +1) = 1 (3.18)

¢6 bao nhiéu nghiém nam trong khoang (0, 1)?
Gidi. Ditz —sint, t € (o, g) . Phuong trinh da cho trd thanh

8sint(l — 2sin?t)(8sin*t — 8sin?t + 1) = 1 < 8sint cos 2t cos 4t = 1.
(3.19)

Vi0 <t < = nén cost # 0. Nhan hai vé ciia (3.19) véi cost ta dugc

8sintcostcos 2t cosdt = cost < sin 8 = cost < sin 8 = sin <§ —t)

8t =~ —t+ k2 t=— + k—
189

[ T S R A
2 7T

7 s <1
Vi 0 <t < — nén ta co cac gia tri thoa méan 1a

t_ﬂt_ﬂt_57rt_57r
72?10 14
Khi d6 phuong trinh (3.18) ¢6 cac nghiém la:
. . Y Y
T1 =SIN—, o =S1IN—., X9 =S1N1 —. g4 = S111 —-
! 187 * 147 3 187 4 14

Vay phuong trinh da cho ¢6 4 nghiém nam trong khoang (0, 1).

Vi du 3.14. Chtng minh réng phuong trinh

642° — 962* 4 362> —3 =0 (3.20)
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c6 nghiém x( théa man dieu kien

\/2+\/2+\/§<x ) V2 V23
2 ’ 2 '

Gidi. Ta tim nghiém thudc khoang (0, 1) ctia phuong trinh (3.20).
bat © =cost, 0 <t < g Ta dugc phuong trinh

64 cos® t — 96 cos* t + 36 cos’t —3 =0
& 2[2(16cos®t — 24 cos*t +9cos’t) — 1] =1
1 1
& 2(4cos’t —3cost)? —1 = 5 & 2cos?3t — 1 = 5
1 T T T
& bt=—-bt=t—+KRrst=+—+k—-
cos 5 3+ 7 18+ 3

T
Khi d6, nghiém ty = 8 théa man bai toan. That vay:

t
L+cosg  t 14cost

T cac cong thic COSQZ:T,COS 5 Tv610<t< g
] 1+ cost
. o t + 2 2+ V24 2cost
Ta co: cos 1= 5 = I .
t \/2+\/2+2(303t
Suy ra cos — = 5 :

s s
Vé6it=—vat=—, tadugc
4 6 '

T \/2—|—\/2—|-\/§
= c
2 Y

COS — =

16

s \/2—1—\/2—1-\/3.

OS — =

24 2

N ) N . e T ™ ~
Nhu vay dieu kién vé nghiém zy tuong duong véi 21 <x < 6 Theo lap

7T N .
ludn trén ta co ty = 8 thoa man de bai.

Vi du 3.15. Giai bat phuong trinh

1 3T
>

—1
1—22" V1—22
Gidi. Ditukienl — 22 >0 -1 <z < 1.

bat x = sint, t € <—g, g) = cost > 0.

(3.21)
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Bat phuong trinh (3.21) trd thanh
1 3sint

> _1
1 —sin®? 1 —sin’t
1 3sint
VRN > — 1< tan’t — 3tant +2 >0
cos?t cost
Tl
tant < 1 _§ Z
< [tant >2 <

T
arctan 2 <t < 5

Do do
sin (—E) < x < sin <I> \/§
(3.21) & 2 4 —l<rz<—

(el ]
sin (arctan 2) < x < sin (§> sin (arctan 22) <z <l

(Do ham s6 sin dong bién trén khoang (—g, g) .
t tan 2 2
Mat khac sin (arctan 2) = an(arctan 2) S ——
V/1+ tan?(arctan 2) V5

Vay bat phuong trinh (3.21) ¢6 nghiem la

2 2
—1<x<§ hoac — <z < 1.

V5

Vi du 3.16. Giai bat phuong trinh

Va? +a? < 207 3.22
$+G_$+\/ﬁ‘ ( )

Giai. Tap xac dinh D = R.
Diat x = |a| arctan a, « € (—g, g) . Khi d6 phuong trinh (3.22) c¢6 dang

|al 2a?
< |a|tana + — cos
COS (v |al

o 1<sina+2cos®a < 2sina —sina—1 <0
|al

7

1 1
@—EgsinaglﬁtaHQZ——@xZ

V3

Vay bat phuong trinh da cho c6 nghiém la: = >

Sl
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Vi du 3.17. Tim m dé bat phuong trinh sau c6 nghiem

VT++V1—x>mvr—a2+ 1.

Gidi. Diéu kien 0 < x < 1.
s P
Dit x = cos?t, t € [0, 5], ta thu duge bat phuong trinh

cost +sint > msintcost + 1. (3.23)
_ , , u? —1
Dit u = cost +sint, u € [1,1/2] = sintcost = 5
Khi d6 (3.23) trd thanh
2u > m(u? — 1) +2 e 2u—1) > m(u? —1). (3.24)

e Néu v = 1 thi (3.24) & 2.0 > m.0 (v0 ly). Suy ra BPT khong ¢6
nghiém v = 1.
e Néuu € (1;\/5] thitacou—1>0,u+1>0nén

2
(3.24) & m < Tl f(uw).

Bat phuong trinh da cho c¢6 nghiém khi va chi khi bat phuong trinh
(3.23) ¢6 nghiém t € |0, g] hay 12 (3.24) c6 nghiem u € [1,v/2].
Diéu kién can va di dé xay ra diéu d6 1a m < sup f(u).
(1.v2]
Vay bat phuong trinh da cho c¢6 nghiém khi va chi khi m < 1.

Bay gi¢ ta chuyén sang xét 16p phuong trinh vo ti xuat phat tit ding thic
lugng giac.

Vi du 3.18. Tu phuong trinh cos 3t = sint, ¢ € [0, 7], ta thidy phuong trinh
nay tuong duong véi

4cos’t —3cost = /1 — cos2t.

Dat x = cost ta duge bai toan sau
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Bai toan 3.1. Giai phuong trinh

4a® — 31z = /1 — 22

Gidi. Dieu kien —1 <z < 1.
Dat o = cost, t € [0,7] = sint > 0. Phuong trinh da cho tré thanh

T
4cos®t —3cost = sint < cos 3t = cos (5 —t)

3t == —t+k2m ="t ke
& 27T N 87T 2
3t =——=+t+ k27 t=——+kn
2 4
5 3
Vit € [0,7] nén ta co: t; = g, ty = %7 ty = Zﬂ
Vay, phuong trinh da cho c¢6 nghiém la:
T 5T 3T V2
T1 = COS—. Lo =COS—. L2 =CO0S— —= ——-
]- 87 2 8 9 3 4 2

Bai toan 3.2. Giai phuong trinh

42 — 1227 + 92 — 1 = /22 — 22
Gidi. Diéu kien 0 < x < 2. Phuong trinh da cho tuong duong véi
412 =3z —-1)=1—(z—1)2

Dat o — 1 = cost, t € [0,7] = sint > 0, phuong trinh (3.25) tr6é thanh

(3.25)

T
4cos®t —3cost = sint < cos 3t = cos (5 —t)

3= 2 _t 4 k2r t=" 4kl
= 27r PN 877 2
3t=——+t+K27 t=——+km
2 4
T 5% 3

Vit e |0, én ta co: t1 = —, to = —, 13 =
i [0, 7] nén 1=7¢ b2 g 13 1

Vay, phuong trinh da cho c6 nghiém la:
V2
2

5)
x1:1+cosz, x2:1+cos§7r, ZC3=1—|—COSZ=1—

26
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t .
Vi du 3.19. Tu phuong trinh cos 3t = cos ot t € [0,x], ta thay phuong
trinh nay tuong duong véi

8cos’t — 6cost = /2(1 + cost).

Dat = 2 cost, ta dugc bai toan sau

Bai toan 3.3. Giai phuong trinh

2 —3x =z +2 (3.26)

Gidi. Dieu kien x > —2. Néu x > 2 thi

2 —3r=a+x(@*—4)>r>V2r =V ta>Vr+2.

Vay, > 2 khong théa man phuong trinh (3.26).
Xét —2 <z < 2. bit « = 2cost, t € [0, 7], phuong trinh (3.26) tré thanh

t
8cos’t — 6 cost = /2(1 + cost) <> 4cos’t — 3cost = cos 5

t 4
y 3t = - + k27 = k=L
& cos 3t = cos = & 2t & 45
2 s
2 7
4 4
Vit € [0,7] nén ta c6: t1 =0, ty = 77T, ty = g
Vay, phuong trinh da cho ¢6 nghiém la:
47 47

r1 =2, xo =2c08—, T3 = 2c0S—-
1 2 - 3 5
Vi du 3.20. Tu phuong trinh sin 3t = cost, t € [0, 7], ta thay phuong trinh
nay tuong duong véi

3sint — 4sin’®t = cost < sint(3 — 4sin?t) = cost.

t
& /1 —cos?t(4cos’t — 1) = cost < /1 — cos?t = =0

dcost—1

Dat x = cost ta dugce bai toan sau
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Bai toan 3.4. Giai phuong trinh

N 1
Giai. Dieukien —1 <z <1,z 7é :|:§.

Dat © = cost, t € [0,7] \ { } = sint > 0. Phuong trinh da cho trd
thanh

V1 —cos?t = Lﬂ@ \/1—C082t(4(3082t— 1) = cost

4dcos?t —1
& Sint(3—4sm t) = cost < 3sint — 4sin®t = cost

& sin 3t = cost < sin 3t = sin (g —t)

3t =~ — ¢+ k2r i
= 2 T = § 2
dt=m——=+t+k2r t=—+km
2 4
Vite [0,7] non tacoi = &ty = O gy T
1 7T nen ta Co: = —
) 1 87 2 — 87 3 — 4

Vay, phuong trinh da cho ¢6 nghiém la:

T om 7 \/§

L1 = COS—, X9 =COS—, T3 =COS— = —-
8’ 8’ 4 2

Vi du 3.21. Tu phuong trinh sin 5t = cost, ¢ € [0, 7], ta thidy phuong trinh
nay tuong duong voi
16sin®t — 20sin®t + 5sint = cost
& sint(16sin? t — 20sin® ¢t + 5) = cost
&sint [16(1 —sin*¢)® — 12(1 — sin®¢) + 1] = cost
& sint(16cos*t — 12cos?t + 1) = cost

cost
&/ 1 —cos?t =

16costt — 12cos2t + 1

Dat x = cost, ta duge bai toan sau

Bai toan 3.5. Giai phuong trinh

V1—22= *

1624 — 1222 + 1
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Gidi. Dicu kien —1 <2 < 1,162% — 1222 + 1 # 0.
Dit o = cost, t € [0,7],16cos*t — 12cos?t + 1 # 0 = sint > 0.
Phuong trinh da cho tré thanh

cost
\/1—cos?t =

16 cos*t — 12cos?t + 1
&4/1 —cos?t (16 cos't —12cos’ t + 1) = cost
&sint [16(1 —sin’¢)® — 12(1 — sin®¢t) + 1] = cost
&sint (16 sin®t — 20sin®t + 5) = cost
&16sin’t — 20sin®t 4 5sint = cost < sin 5t = cost

I
@sin5t:sin<z—t>@ 12 3
2 t=— + k=
8 2
Vit € [0, 7] nén ta co:
t_7r t_ﬂt_57rt_57rt_97r
1_127 2_87 3_1274_87 5_12
Vay, phuong trinh da cho c6 nghiém la:
B s B s B o B o7 B 37
T1 = €08 7o, xg—COSS, Ty = COS 5, Ty = COS g Ty = €08

Vi du 3.22. Tu phuong trinh sin5¢t = cos3t, ¢t € [0, 7], ta thiy phuong
trinh nay tuong duong véi
16sin® ¢t — 20sin® ¢ + 5sint = cos 3t
&sint(16sin® ¢ — 20sin®t + 5) = 4cos®t — 3cost
& sint [16(1 — sin®¢)® — 12(1 —sin®¢) + 1] = 4 cos® ¢ — 3 cost
& sint(16cos* t — 12cos?t + 1) = 4cos® t — 3cost
ﬁm (16COS4t — 12cos’t + 1) — 4 cos®t — 3cost.

bat x = cost ta duge bai toan sau

Bai toan 3.6. Giai phuong trinh
V1 —a? (162" — 122% + 1) = 42° — 3.
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Gidi. Dieu kien —1 < z < 1.
Dat o = cost, t € [0,7] = sint > 0. Phuong trinh da cho tré thanh

m(16cos4t—120082t+1) = 4cos®t — 3cost
(:)sint(16cos4t—12cos2t—|—1) = 4cos®t — 3cost
& sint [16(1 —sin®¢)* — 12(1 — sin®t) + 1] = cos 3¢
&sint (16 sin?t — 20sin’t + 5) = cos 3t
&16sin’t — 20sin® ¢t 4+ 5sint = cos 3t < sin 5t = cos 3t

I
& sin 5t = sin <E—3t) & 0 4 (kenz)
2 t=—+km
4
Vit € [0, 7] nén ta co:
t_ﬂ-t_ﬂ-t_g)ﬂ-t_gﬂ-t_lgﬂ-
1_167 2_47 3_167 4_167 5 — 16
Vay, phuong trinh da cho c6 nghiém la:
T T O 97 137
L1 = COS—, To9 = COS—, T3 = COS—, T4 = COS—, XI5 = COS—-
! 16" ? 4 16" ! 167 7 16

Vi du 3.23. Tt phuong trinh sin (St - g) — sin (t + %) L te o], ta
thay phuong trinh nay tuong duong véi

sin 3t — cos 3t = sint 4+ cost
&3sint —4sin®t — 4 cos®t + 3cost = sint + cost
&2cost + 3sint —4sin®t = 4cos® t + sint
&2cost +sint(3 — 4sin®t) = 4cos’ t +sint

&2cost + /1 —coth(4coszt— 1) = 4cos’t + /1 — cos?t.

Dat x = cost ta duge bai toan sau
Bai toan 3.7. Giai phuong trinh

21 + (42 — 1)1 — 22 = 42° + /1 — 22,
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Gidi. Dieu kien —1 < z < 1.
Dat o = cost, t € [0,7] = sint > 0. Phuong trinh da cho tré thanh

2008t+(4cos2t—1)m:4cosgt+m
&2cost +sint [4(1 — sin’t) — 1] = 4cos®t +sint
&2cost + sint(3 — 4sin?t) = 4cos®t + sint
&3sint —4sin®t —4cos®t + 3cost =sint + cost
& sindt — cos 3t = sint 4 cost < sin (315—%) = sin (t—l—%)

= 4k
& sin Ht = sin (z — 3t) & %6 4
2 t=—+knm
4
Vit € [0, 7] nén ta co:
; 7Tt_7rt_57rt_97rt_137r
1 167 2 47 3_167 4_167 5 — 16
Vay, phuong trinh da cho ¢6 nghiém la:
m s oT 97 137
T1 = COS—, Xy =COS—, T3 = COS—, Ty = COS—, T5= COS—:
! T TR 16" T 16
Vi du 3.24. Giai hé phuong trinh
2r+ 2y =y
2y +y*z ==z (3.27)
22+ 2%r =2
Giazi.
Néu x? = 1 thi tit phuong trinh dau ctia hé ta c6 2 = 0 (vo 1¥).
Vay 22 # 1.
Tuong tu ta ciing c¢6 y> # 1, 22 # 1. Do d6
(2
Jo= 1 5 372
327 & {z = (3.28)
-y
2z
€T =
\ 1 — 22
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Dit z = tant, ¢ € (—f, g) \ {i%}, khi d6 (3.28) trd thanh

2

( 2tant tan 9t
= ———— — tan

y 1 — tan?t
< 2tan 2t tan 4t

z = ———— =tan

1 — tan22t
2 tan 4t tan 8 (*)

r =-——F— =tan

\ 1 — tan? 4t

7T
Tuw xz = tant va tu (*) ta c¢6 tan8t:tant¢>8t:t+k7r<:)t:k?

Vite (—g g) \ {i%} nen ta duoc k € {£3,£2, +1,0} .
Vay hé phuong trinh da cho c6 7 nghiém la
( ‘ k
r =tan—
@
Qy :tanTW, ke {£3,+2 +1,0}.
.y k4
\Z = anT

Vi du 3.25. Giai hé phuong trinh

1 1 1
zy+yz+zx =1
Giazi.
Nhan xét rang néu (x,y, z) 1a mot nghiém ctia he thi (—z, —y, —z) cing la

nghiém va x,y, 2 phai cing dau.
Gid st rang x > 0,y > 0,2z > 0. T (3.29) ta suy ra

2+1 24+1 2+1
5 T+ _y y°+ 5 z° 4+ '
2x 2y 2z
Dat z = tan%,y = tang,:c = tan%, (e, B,y € (0,7)).

Ta co
1 2241 1 41 1 22+1

sinae 2z 'sinB 2y ’'siny 2z
Suy ra
3 4 5

= = . 3.30
sina  sinf3  sinvy (3:30)
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Ta chiing minh ring néu tanatanbd + tanbtanc + tanctana = 1 thi
tan(a 4+ b + ¢) khong xac dinh.
That vay, ta co

tan(a + b) + tanc
1 —tan(a + b) tanc
tan(a + b) + tanc
tana + tan b

~ 1—tanatanb
[tan(a + b) + tanc| (1 — tan a tan b)

T 1- [tan a tan b + tan a tan ¢ + tan btan ¢

tan(a +b+c) =

1 tan c

Vi tanatanb + tanbtanc + tanctana = 1 nén tan(a + b + ¢) khong xéc
dinh.

Ap dung diéu nay ta c6 zy + yz + zo = 1 nén tan (%M) khong xéac
dinh.

Via, 3,7 € (0,7) ta suy ra a + 3+ v = 7 hay ching la 3 géc cia mot tam
giac.

Theo (3.30) va theo dinh 1y sin ta c6 thé gid thiét 3 canh clia tam giac d6 1a
3.4,5. Tit d6

4
a 1—cosa 1_5 1
r=tan - = - = = -
sin « 3 3
5
3
; 6  1—cosf 1_5 1
= fan — = = _— —
Y 2~ sinp [
5
1— 1-0
z:tanzz ,COS’Y: =1
2 sin 7y 1

11 1 1
Vay hé phuong trinh da cho c6 nghiém la (5, o 1) va <_§’ —5 —1) :

Vi du 3.26. Tim m dé hé phuong trinh sau c6 nghiém

?2+y? =m
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Gidi. Tu phuong trinh (1) ta cé |z| <1, |y| < 1. Do d6 ta cé thé dat

2| = sint, |y| = cos*t.

Khi d6 phuong trinh (1) tré thanh: sin®t + cos’t = 1 (luon ding véi moi

t € R).
T d6 ta ¢6 hé phuong trinh (3.31) tuong duong véi:

sin*t + cos’t =m (2)

= (sinzt + cos? t)2 — 2sin’tcos’t = m
1

& 1—§.sin22t:

& cosdt=4m—3 (3)

Hé da cho c¢6 nghiém < Phuong trinh (3) ¢6 nghiém < —1 < 4m — 3 < 1.

1

Baa tap tuong tu:

Bai 1: Gidi cac phuong trinh va bat phuong trinh sau
1) V1+vV1—22=z(1+2V1—22).

2) V6r +1=8x3—4x — 1.

3) (1 —m?)*+ (2m)* = (1 +m?)*, (0<m < 1).

1) (3+2v2)" = (V2-1)" +3.
)
6)

3x3+x+2 + ( —3r+ 1).32:5—:53 — gdz+l

1
Vi—z+x>—
v 73
Bai 2: Giai cac hé phuong trinh sau
{x3(1 +3y) =38
1)
(y*—1) =6

ot

’

w3 —3xr =y(l - 32?%)
2) < 3—3y = 2(1 — 3y?)
\23 —3z =uz(1-32%

(
1
(2% + zy)(y + 22) =3
3
3)<x2+y2+3xy+4a:z+2yz =-7 (z <0 <y,2).
Tty +=z =0
64
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rT—— =2y
f

z2—=- =2

\ z

3.4 Su dung lugng giac trong bai toan cuc tri

Thuong gip trong viec giai cac bai toan v6i ham nhiéu an & dang

"Tim gia tri 16n nhat va gia tri nhé nhat cia ham s6 v = f(z,y) biét
72 + y2 = 1."
: ) = t
Khi dé6 ta lua chon viéc dat {x oS , t€]0,2m).
y =sint

Céac buée thuc hién:
e Luong gidc hoéa ham sob.
e Thuyc hién tim gia tri 16n nhat va gia tri nhé nhat ctia ham sé lugng
giac.
o Két luan

Vi du 3.27 (Dé thi Tuyén sinh DH, CD - 2008B). Cho z, la hai s6 thuc
thoa man 22 + y? = 1. Tim gia tri 16n nhat va gia tri nhé nhat ctia biéu thiic
_ 2(2® + 6ay)

1+ 22y + 292

Gidi. Viz?+ y?> =1 nén dit x =sint,y = cost, t € [0,2n). Khi dé
(Y

B 2(sin2t+6sintcost) _1—0082t+6sin2t
1+ 2sintcost + 2cos2t  cos 2t + sin 2t + 2

2

Goi yo 1a mot gia tri tuy ¥ ctia P. Diéu d6 c6 nghia 1a phuong trinh sau (an
la t) c6 nghiém

1 —cos2t + 6sin 2t

cos 2t 4 sin 2t + 2

< (6 —yo)sin2t — (yo + 1) cos 2t = 2y — 1. (3.32)

= Yo

Vi (3.32) ¢6 nghiém nén ta phai cé:
(6 —40)* + (yo +1)* = (250 — 1)’
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& P43y —-18>0e —6<y <3

Vay: max P = 3 va min P = —6.

Vi du 3.28. Cho 2% + y? = 1. Tim gi4 tri 16n nhét ctia biéu thiic
A=z\/1+y+yvl+uz.
Gidi. Vixz?+y? =1nén dit o = cost,y =sint, t € [0,2m). Khi dé ta c6

A =costv]1+sint +sintv/1 + cost.

Suy ra

2
A% = (COS tv1+sint +sintv1 + cos t)

< (cos*t +sin®t) (1 4 sint + 1 4 cost)

<:>A2§2+sint+cost:2+\/§sin(t+%) :>A§\/2+\/§.

v1+sint 1+ cost
Taco: A=+V2+V2< C(stﬂ N sint St =
sin

T
1
/ —) —1
3

(vi0<t<2m),

2

tfrelésint:cost:7haya::y:g.
2
Vay:maXA:\/Q—i—\/?(:)x:y:g.

Vi du 3.29. Xét cac s6 thuc a, b, ¢ théa man diéu kién abc + a + ¢ = b. Tim
gia tri 16n nhat cia biéu thiic
2 2 3
a?+1 +1 A+1

Gidi. Tacéabc+a+c=bsa+c=0b(1— ac).
Néuac=1thia+c=0&a=—c=a’>= -1 (voly). Vay, ac # 1.

Khi d6 ta c6 b= ¢
— ac
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Dit a =tana,c =tan§ = b =tan(a + (), véi o, 3,7y > 0va a4+ 3 < g
Khi do

b 2 2 3
tan’a+ 1 tan’B 41 tan?y +1
= 2cos? a — 2 cos?(a + 3) + 3 cos? 3
= cos2a + 1 — cos[2(ar+ B)] — 1 + 3cos® 3
= 2sin @sin(2a + B) + 3(1 — sin® B)
10 1 2 10
ZE—Slsinﬁ—gsin(Qa—i—ﬁ)] —§COS2(QOJ+5)§§’
Dau "=" x4y ra < sin o §Sm(2& +58) = %
cos(2a+ () =0 sinf = 3
2v/2 V2 V2

1
Visinﬁ:§néncosﬁ:Titanﬁzficzj.

2t
Lai c6 tan 2a = tan <g—ﬁ) =cotB=2V2= L(; = 2V2

1 —tan®«
2 2
:>tana=§:>a=§; b:tan(onrﬂ):tan(g—oz):cotoz:\@.
10 2 2
Vay:maXP:§khia:§, b=+/2, C:%-

Vi du 3.30. Xét cac so6 thyc duong a, b, ¢ théa man diéu kien
2006ac + ab + bc = 2006.
Tim gia tri 16n nhat ctia biéu thic
2 2 3

P= — :
a? +1 b2+20062+c2+1

Gidi. T gid thiét suy ra

ab N bc _
2006 2006
Vi a,b,c > 0 nén ton tai A, B,C € (0,7) sao cho A+ B+ C = .

Va vi:

1

ac +

ab bc
tan —tan — +tan—tan— +tan —tan— =1 =
an2 an2 + an2 an2 + an2 an2 ac+2006+2006
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, A b B
nén neudata = —, —— = —, c¢= — thitaco
2 2006 2 2
2 2 3
Pe=—3—"—1 "¢
tan* —+1 ———  tan*— +1
2 , B 2
tan g—l—l
A B
:200825—281n25+3008202
., C
=cosA+cosB+3—3sin 5
C C A—B
:—381n2§+2sin§cos 5 + 3
o[, €1 A—B]? L2 A-B 10 10
= —3 |sin — — — cos — —sin — < —
2 3 2 3 2 3 3
C 1 A—-B
sin — = —cos A =B
Dau "=" xay ra < _B 3 2 &< C 1
sin 5 =0 sm; 3
v 1 C 2\/52>t C V2
isin — = — nén cos — = — an — = — = c.
3 3 2~ 4 ¢
2tanA
C C o
Mat khéc: tan A = tan r_- zcot—:2\/§<:>—2:2\/§
2 2 2 LA
1 — tan® —
2
A 2 B
itangzgza:>622006tan5:1003\/§.
10 2 2
VaymaXP:—khiazi, b= 1003v2, c:i-
3 2 4
Vi du 3.31. Trong cac nghiém (x,y) ctia bat phuong trinh
I2+y2($+y)21. (3.33)

Hay tim cac nghiém sao cho (x + y) dat gia tri 16n nhat.
Giai. Ta xét hai truong hgp

e Néu 22 + 32 > 1 thi ta c6
(3.33) & o +y > 2% + 3
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A T ] (3.34)
r— = — = —- .
2 i =3
? 1
Mat khac (:C — —) ( — E) = - la phuong trinh dudng tron
] 11 J’
tam [ 55 , ban kinh R = ——- Vi vay tap hop cac diém M (z;y) 1

11
nghiém ctia bat phuong trinh x4y > z?+y? 1a hinh tron tam / < )

272
2
ban kinh R = %
1
r——= =1Tcosy
Dit 7 . veir >0 va 0< o<

y—§ =rsing
1
Khi d6 (3.34) tré thanh: r < 3 va 0 < ¢ < 2,
dong thoi © +y =1+ r(cosg +sinp) = 1 4+ rv/2sin (gp—k%)

1
suyraz+y < 1++v2.—=.1=2.

V2
Ta co
1
r = —
r+y=2<%& - V2
= -1
Sln(gp—|—4)
1
ro=-= 1
5 T
& _{@{y _ 1
L

e NeuO<a?+9y2<1thi(333)20<a+y<a?+i2
R0 rang véi moi cap (z,y) thoa man diéu kién trén ta déu co
rHy <24yt <L
Vay max(zx +y) =2khiz =1,y = 1.
Vi du 3.32. Trong tat cd cac nghiém cia he

2 +y? =16
2+t =9
xt+yz > 12 ()
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hay tim nghiem (x,y, z,t) sao cho (z + z) dat gia tri 16n nhat.
Giai. Theo bai ra ta co

|7t + Yz > 12
z
f = COS (v — :C085
Dit < 4 L v 0<a<2rval ., vai 0< B <2,
1 = sin « 3 = sin 3

Khi d6 (*) tré thanh cosasin f + sinacos § > 1 < sin(a + §) > 1
suy rasinfa+ ) =1 a4+ [ = g
Ta co

|z + z| = |4cosa + 3cos B = |[4dcosa + 3sina| = [5sin(p + a)| < 5,

Gi i 4 3
véisingp = —, cosp = —-
Tfrdéz+x:5khisin(gp+a):1:>g0+oz:§<:>a:§—g0.
16 12
éx:4cosoz:4singp:€, y:4sinoz:4cosg0:€7
9 12
z:3cosﬁ:3coscp:g, t:3sin6:331n¢:€.
16 1 9 12
V3 —Skhiz= — y=-2 =2 ¢4 2%.
ay max(x + 2) ix 5,y 5,2 2 :

Bai tap tuong tu
Bai 1: Tim gi4 tri 16n nhét va gié tri nhé nhat cia ham sd u = 2z +3v/3y +2
v6i 4a? + 9y? = 16.
Bai 2: Gia st x, y la cac s6 thay doi théaman z >0, y >0vax +y = 1.
Tim gia tri nhé nhat ctia bicu thic

P=——_4+ %

vVi—z 1—y

Bai 3: Cho x,y, z 14 cac s6 duong va théa man zy + yz + zzx = 1. Tim gia

tri 16n nhat cia biéu thic

A=2(1—9y)1 =22 +y(l — 221 —2%) + 2(1 — 2D (1 — 3.
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Bai 4: Cho céc s6 thuc a, b, ¢ duong thdéa man
a® 4+ b* + ¢ + 2abe = 1.
Tinh gia tri nhé nhat ciia bicu thic

_— 1 N 1 N 1
S l—a2 1-02 1-—¢2

— (a* + 0>+ )

3.5 St dung luong giac trong cac bai toan vé day sb

Luong giac déng vai tro quan trong trong toan diy so, khong nhing 1a
mot dang toan khé ma 1a con 14 mot phuong phap giai. Phuong phép ta dé
cap dén trong phan nay chinh 14 phuong phap lugng gidc hoéa cic bai toan.
Phuong phap nay khong hé c6 co sd hay dinh 1y r6 rang ndo ma can nhiéu s
khéo 1éo ciing nhu tat ca cic kién thic gidi tich va lugng gidc. Do vay thong
qua ting bai toan ching ta sé tim dugce 16i di rieng cho ban than.

Vi du 3.33. Cho hai day s6 {a,}, {b,} nhu sau: v6i a < b cho trudc,
b
a; = a;r ; b1 = Vaa;

+b
as = 4 L by = v azby

2

1. Tim lim b,.

n—oo

2. Tim lim a,,.
n—oo

Giaz.

a T
1. Pat :—,(0< <—)-
at cos a 7 « 5

a; = bcos? @
Ta c6 a2
by = bcos 5
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Khi do
_a + b b « Q Q
as . L= COS2——|—COS —) = bcos — cos® —
2 22
Q Q
b Vash, = OS2—0082 = bcos — cos —
> = Vah \/ 22 222
Bang quy nap ta dé dang c6
¢ bsi (07
o o o , sin a cos on
a, = bcos—cos—...co8s——cos®— = a2
2 22" on—1 2n M g —
\ , on
b —bcosgcosg COSLCOSE— bsina
" 2 22" on—1 2n M gin o
\ on
Q
bsin « on  bsin « b sin «
Vay b, = a = Qna = lim b, =
2ngin —  sin — @ =00 o
AL n
) Q bsin «
lim cos — = .
n—00 n Qa

o
2. Ta cung ¢6 a,, = b, cos — = lim a, = lim b,.
2 n—oo n—oo

Vi du 3.34 (Dé thi HSG Qudc Gia - 1993). Cho ag = 2,by = 1. Lap hai day
. theo quy téc sau

s6 {an},{by} v6in=0,1,2
2a,b,,
s bn1 = /g1y

An+1 =
a, + b,

Chitng minh rang cac day {a,}, {b,} c6 cing mot giéi han khi n — oo. Tim

gidi han do?
Giai. Ta co

1 1
aOZQZT 7T7b0_17
— COS —
92 3
2&060 2 2 1
al = = = pr
ap + bo i 1 T 1 2 T
o + 4 coS 3 + cos 5
1
b1 =V aiby = T
COS —
6
72
http://'www.lrc-tnu.edu.vn

S6 héa boi Trung tdm Hoc Liéu — Dai hoc Thai Nguyén



Tt d6, bang quy nap ta chitng minh rang:

( T T T g )—1
a, = | cos — cos —— ... cos cos
2.3 22.3 2n—13 2.3
~1
b, = (COSLCOSL...COS " CoS 7 ) , Vn > 1.
2.3 22.3 2n—-13 2".3
Mat khac:
L
sin —
7 70 7 7 3
COS 55 €08 g -+ COS 2 COS o = i T ,Vn > 1.
2".3
Khi d6
T
2" Smﬂ
Un =~ T
sin — cos
3 2n.3
s
2" sin ——
bn — —. 72_(_713 .
Slng
Tu (3.35) va (3.36) ta suy ra ton tai lim a, va lim b,.
Ngoai ra
on gin T 70
sin —— —
n 2v3
nli_)rgloan:nlggo — 2 %r _ .37r _ \/9_77'7
sin —. cos sin —
3 2n.3 3
T 231
lim b, = li o 1 = :
e On = I e OS5 T Ty

Vay, hai day {a,},{b,} c6 cing mot giéi han khi n — oo la 5

Vi du 3.35. Cho day {u,} xac dinh bdi

2 8 -
U = 2up = .
{ ! T va S, = g arccot u?.

Uy = 4Up_1 — Up_2 -
1=

Tim lim S,,?7

n—oo

Gidi. Ta can biét

x
arctan < Y ) — arctan x + arctan vy,
1 —ay
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1+ xy
arccot | ——— | = arccot x — arccot y.
y—x

Ta sé chiing minh: u2 — u, U, 1 = 4,Vn > 2.
That vay:
un(4un71) = un71(4un>
= Uy (Up + Un—2) = Up—1 (Uns1 + Un—1)

2 2 2
= Uy — Upp1Up—1 = U, | — UpUp_9g = -+ = U5 — Uy = 4.

Ta co:

4u Uy, (Upt1 + Up—
arccot ufl = arccot [un <_”>] — arccot [ ”< n+l n 1)]

4 U2 — Upy1Up—1
Up+1
e+ 1
Uy "L Un+1 Unp,
= arccot U o | = arccot — arccot
n__ 2t Unp, Up—1
Up—1 U,
= 2 2 | v 2
Suy ra: Y arccot uj = arccot uj + »_ arccot u;.
=1 =2
~ P . N Up—-1 , .. PN Up—1
Ta sé ching minh rang c6 gi6i han bdi vi 0 < uy, 1 < u,, =
U
n n
~ s u'n_l N ~ *? . un_l
Mat khac { } 1a day gidm, suy ra lim <1.
Unp, n—0o0  Up
N Unp—1 Up—2 Unp—1 Up—2 Up—1
Ma u, = 4,1 —Up_0o=1=4 — =1=4 — . .
Unp, Up Unp, Up—1 Up

Up—1

thi ta co

Néu dit £ = lim
n—oo Uy,

ledr—22 =2 =243 = lim 2L — 94+ /3.

n—oo Uy

Vay: lim S, = arccot (2 + \/§)

. T
n—00 12

Vi du 3.36. Cho day {u,} xac dinh nhu sau

U1 = 6\/§
U Ve (Vn = 2)
Up+1-Up—1 = Un3
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Q| =

<u,<e VneZzr.
1

b. Lap day so {v,} biét: v, = (u1u2un)ﬁ . Tim lim v,,?

a. Chitng minh rang:

n—oo
Giazt.
a. Ta ching minh u, > 0,Vn € Z*.
ne
That vay: u; > 0,ue > 0. Gia st ug > 0,Vk > 3. Ta ¢6 up1 = = >0.
Uk—1
Vay: u, > 0,Vn € Z*.
Ta lai c6:
V3 s
eV3 =e% =%,
1 ginz
\/E = e2 =€ 6 .
Gid st u,, = e°®% ,Vn € Z*.
Ta co
wyd  eV3OSE s
un+1 — — =D e 6
Up_1 eCoS 5
Vay u, = fcos?,Vn YA
Talai c6: — < €% < e vala ham dong bién tren R. Suy ra diéu phai ching
) e
minh.
b. Ta co:
v, = m _ 6%(cos Tcos 2T +-+cos %)
— eZnsiln 1‘“——2 (Sin (2nl+21)7T —sin %) .
1 . (n+D)7 . nw
o, = 6nsin%.cos Sy
(n+ D7 . nm
-1 COS T S11 E 1
Mat khac ta lai co: — < — < —
nsin — nsin — nsin —
12 12 12
T —1 ) 1
Ma: lim ——— = lim ———— = 0.
" nsin— " nsin—
12 12
Vay lim v, =€’ = 1.
n—od
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Vidu 3.37 (Dé thi HSG Qudc Gia - 1990). Cho day s6 {z,,},n € N, |z1] < 1
dugce xac dinh béi hé thice

—Zn + /3 — 322
5 :

a. Can c6 them dicu kien gi déi v6i x; dé day s6 toan duong ?

Tp+l =

b. Dy s6 nay c6 tuan hoan khong? Tai sao?
Giazs.
a. Dé x,, > 0, trudc hét ta phai c6 1 > 0 va z9 > 0.

3
Nhung w5 > 0 tife 1a /3 — 3w > @1 & 2] < -

3
Suy ra: 0 < 1 < BN

. 3 . . .
Nguge lai, neu 0 < z1 < % thi ton tai o € (O, g) sao cho sina = 7. Khi
doé

V3 1. i (7‘(‘ ) O<7T <7T
X9 =—cCOsa — —sina =sin ( - — « ——a< =
T2 2 ’ 3 3
. 3 s 1 . /r ,
Ta lai ¢6: 3 = — cos (— —a) — —sin <— —oz) = sin a.
2 3 2 3
Tuw dosuy ra: vy =x3 =--- =sina > 0.

V3

Vay diéu kien 12 0 < 71 < Eh
b. Xét hai truong hop déi véi zy :

e Truong hop x1 > 0 :
- Néu x9 > 0 thi tuong ty phan a) ta c6: x3 > 0,24 > 0 va

1 =T33 = ..., g =T4 = ...

- Néu z9 < 0 thi 23 > 0 va cling c6 x3 = 7.
That vay:

— /3 — 32°
Ty = a2 S 5 x1<:>\/3—3x%:2332+x1 (3.37)

= 3 — 322 = (20, + 12)°. (3.38)
Do (3.37) ta c¢6 2x1 + x9 > 0. Suy ra:

23?1+$2:3?1+($1+372)>$1—$2>0 ($120,$2<0).
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) — /3 — 323
Vi thé tit (3.38) ta c6: x1 = 2t > Y2

Tuong tu xo = x4 = ...

xs.

Vay ta ¢6 {x,} 1a day tuan hoan.

e Truong hgp 1 < 0 :
Khi d6 x5 > 0 v& theo truong hop 1 suy ra {x,} ké tit s6 hang thi 2
trd di 1a day tuan hoan.
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Két luan

Muc tiéu ciia luan vian "Mot s6 phuong phap gidi phuong trinh va bat
phuong trinh luong giac" nham hé thong cac kién thic co ban clia luong giac
vé phuong trinh, bat phuong trinh luong gidc két hop véi kién thitc dai so,
giai tich dé tong hop, chon loc va phan loai cdc phuong phap gidi phuong
trinh, bat phuong trinh lugng giac va xay dung mot s6 16p bai toan mdi.
Luan van da dat dugc mot s6 két qua chinh nhu sau:

1. Khéo sat tinh tuan hoan va phan tuan hoan (cong tinh va nhan tinh)
ctia ham sb luong giac va trinh bay cac vi du va bai tap minh hoa.

2. He théng mot s6 phuong phap giai phuong trinh va bat phuong trinh
lugng giac thuong gap.

3. Dua ra mot so6 cach xay dung phuong trinh da thitc bac cao, phuong
trinh vo ti giai duge dya vao cac hé thic va phuong trinh lugng giac co ban.

4. Phan cudi ctia luan van, tac gid dua ra mot s6 dang toan ciia dai s6 va
gidi tich dugc gidi bang phuong phap lugng giac héa va dude minh hoa biang
mot s6 bai tap tieu bieu duge lua chon tit cac dé thi Olimpic toan khu vuec

va Qudc té. Moi bai tap déu c6 huéng dan cach giai.

Mic du da hét stic c6 gang va nghiém ttc trong qua trinh hoc tap va
nghién cttu khoa hoc nhung do thai gian va kha ning c¢6 han, chic chan luan
van nay con c¢6 nhing thiéu sét. Tac gid mong nhan dugc nhiéu y kién dong
gép clia quy thay gido, cd gido va cac ban dong nghieép dé luan vin dugc
hoan thién hon.
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