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MG dau

Phan thitc lién tuc va cidc van dé lien quan 14 huéng nghién ciu trong
toan so cap thu hut dude su quan tam ctia nhiéu nha toan hoc va da thu
dugc nhiéu két qua quan trong. Phan thic lién tuc duge xuat hién mot
cach kha tu nhién trong viéc chia cic s6 nguyén, trong viéc giai phuong
trinh, ... vd ngdy cang c6 nhiéu ting dung trong cac linh viic khac nhau
ctia toan hoc. Khi nghién cttu vé phan thtc lién tuc ching ta sé thay
mot s6 tinh chat ctia chudi s6, clia day Fibonaci, tinh chat clia s6 e, s6
7. Dong thoi cling dua trén phan thic lien tuc ching ta c6 thé tim xap
xi hitu ty ctia cac s6 thuc, c6 thé gidi duge mot s6 phuong trinh nghiem
nguyéen, phan tich mot sé sd6 nguyeén thanh tich cac thita sé nguyen to,
xay dung cac day sb truy hoi,.... Ngoai ra, phan thic lién tuc ciing c6
nhitng ting dung quan trong khac trong toan hoc nhu nghién ctu gia
thuyét ABC, cling c¢6 nhitng ting dung trong thyc tién: am nhac, lich
van niéen, ....

Véi muc dich gi6i thieu mot cach tuong doi he théong vé phan thic
lien tuc va mot so ing dung phan thic lién tuc, ching toi chon dé tai:
"Mot s6 van dé vé phan thtec lien tuc". Cu thé, trong dé tai nay ching
toi nghién citu vé phan thic lién tuc, sy hoi tu ctia phan thic lién tuc vo
han vd mot s6 ting dung ctia phan thic lién tuc trong toan hoc. Ngoai
phan M& dau, phan Két luan, luan vian gom 3 chuong: Chuong 1 trinh
bay mot sé khai niem vé phan thic lien tuc, phép bién doi phan thic
lien tuc, phan thic lién tuc clia mot vai s6 dac biét: e, 7 va quan hé
cua phan thic lién tuc v6i chudi. Chuong 2 danh cho viéc trinh bay cac
két quad nghién ctu vé sy hoi tu ciia phan thitc lién tuc vo han: cong
thiic truy hoi Wallis-Euler, thuat toan tim biéu dién phan thtc lién tuc
clia mot s6 vo ty va mot so6 dinh 1y vé sy hoi tu clia phan thiec lien tuc.
Trong Chuong 3, ching toi trinh bay vé mot s6 ting dung ciia phan thic
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lien tuc trong viéc tinh xap xi hitu ty clia mot s6 thuc, trong viéc gidi
phuong trinh nghiém nguyeén, viéc phan tich thita s6 nguyén to.

Luan van nay dugc hoan thanh véi sy huéng dan va chi bdo tan tinh
ctia TS. Ha Tran Phuong - Dai hoc Su pham - Dai hoc Thai nguyén. T
day long minh, em xin dudc bay té long biét on sau sac ddi véi sy quan
tam, dong vién va sy chi bado huéng dan ctia thay. Em xin tran trong
cAm on tdéi cac Thay Co trong Truong Dai Hoc Khoa Hoc - Dai Hoc
Thai Nguyeén, phong Dao Tao Truong Dai Hoc Khoa Hoc. Dong thoi toi
xin gii 16i cAm on t6i tap the 16p Cao Hoc Toan K3B, K3A Trusng Dai
Hoc Khoa Hoc da dong vién gitp dé toi trong qua trinh hoc tap va lam
luan van nay. T6i xin cam on t6i S& Giao duc - Dao tao Tinh Ha Giang,
Ban Giam hiéu, cac dong nghiép Truong THPT Tan Quang - Huyén Béc
Quang da tao diéu kién cho t6i hoc tap va hoan thanh ké hoach hoc tap.

Do day 1a lan dau tién thuc hién cong viéc nghién ctu, nén trong luan
van khong tranh khéi nhiing thiéu sot, em rat mong duge sy dong gop

¥ kién ctia cac Thay, Co va cac ban dé ban luan vin dugc hoan thién.
Thai Nguyén, ngay ...thang ... nam 2011

Tac gia

Pham Vi Dung
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Chuong 1
Phan thidc lién tuc

1.1. MSé dau ve phan thic lién tuc

1.1.1. Khai niém vé phan thic lién tuc
Su xuat hién ctia phan thic lién tuc
Phan thic lien tuc da xuat hién ti rat lau, tu khi sé6 hoc méi phat

trien. Hai vi du sau day cho thay su xuat hién ctia phan thic lién tuc.

Vi du 1.1. Ta thyc hién phép chia thong thuong 157 cho 68. Ta c6

157 _, 21
68 68
Nghich ddo phan s6 - = ., ta d
ghich ddo p anso@—@, a duoc
21
157 1
RS
21
Ta tiép tuc chia 68 cho 21
68 5 1
i SR A D
1 St Tt m
5)
Tiép tuc phan tich
21
e
5) T
cudi cuing ta duge
157 1
Al R R (1.1)
68 1
3+ —
A4 =
+5

C6 thé thay, qua trinh trén sé ding lai sau 3 1an thuc hién phép chia hai
s6 nguyén duong.
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Vi du 1.2. Tim nghiém duwong ctia phuong trinh
> —x—2=0. (1.2)

Ta viét lai phuong trinh trén duéi dang

> =x+ 2.

Do a,c trai dau nén phuong trinh c6 hai nghiém, mot nghiem am va
mot nghiem duong. C6 thé thay ring £ = 2 1a nghiém nguyén duong
duy nhat ctia phuong trinh.
Hién nhién « = 0 khong 1a nghiém ctia phuong trinh, chia hai vé ciia
phuong trinh cho x ta dugc:
2
r=1+—.
x

Do x = 2 1a nghiém cia phuong trinh (1.2) nén
2
R
T

« ; _ 2 .,
Thay x ¢ mau so cua dang thiic trén bdi 1 + — de duge
x

2=1 2
=1+ —.
142
x
Lap lai qua trinh trén nhiéu lan ta ducdc
2
2
2

2=1+ (1.3)

1+

1+

1+ ——7=
142
x
Lap lai qua trinh trén vo han lan ta dugc
2
2
2
2

2=1+

(1.4)

1+
1+
1+

2
1+ =
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Biéu dién (1.1) va (1.3) dugc goi 1a cac phan thic lién tuc hitu han
don gidn, (1.4) duge goi la céc phan thic lién tuc vo han don gian. Nhu
vay phan thic lién tuc xuat hien mot cach tu nhién trong qua trinh chia
cac s6 nguyén hodc tim nghiém ctia mot phuong trinh. Trong nhing
phan tiép theo ta nghién cttu mot cach can than hon vé phan thic lien
tuc. Ta bat dau v6i dinh nghia vé phan thic lién tuc hitu han.

Khai niém vé phan thic lién tuc
Cho hai day s6 thuc ag, a1, ..., an, b1, ba, ..., b,. Néu phan thic

by
by

ap + (15)

CL1+

b3

as +

as + -
b
an—1+ -
an

¢6 nghia, thi phan thitc d6 dudgc goi la moét phan thic lién tuc hiu han
c6 do dai n. Va ki hiéu la

b b b

ap +
a4+ ag ... ap
Néu b, = 1 véimoi k = 1,2,...,n va a; 1a cic sd6 nguyén, a; > 0 vdi
moi k£ > 1, thi phan thic lién tuc (1.5) duge goi 1a phan thic lien tuc
hitu han don gidn, hay con dugc goi 1a lién phan s6 hitu han (c6 do dai
bang n) va ki hieu la
lag; a, ..., ayl.

Néu ag = 0, ta viét [aq, ..., a,] thay cho [0;aq,...,a,].

Bay gio cho hai day s6 thuc vo han {a,},n = 0,1,... va {b,},n =
1,2.... Tong hinh thtc
b1

ba

ap + (16)

ai +

b3

ay + ————
as+ .
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dugc goi 1a phan thiic lién tuc (vo han). Dé cho don gian ta ki hi¢u phan
thic lien tuc (1.6) la

b1 by b3
ag+— — — ...
a1 4Aaz4 a3+
Gia st rang, v6i moi n € N*
by b b
Cn:a0+_ — —

a1+ a9 ... Ay

13 ton tai. Va néu ton tai gidi han

lim C,=a€cR

n—-—aoo
thi ta no6i phan thic lién tuc (1.6) hoi tu. Khi d6 ta viét
b1

ap + = Q.

by
b3

CL3+.'-

ai +

as +

Phéan thitc lién tuc htu han C,, dugc goi la gian phan thid n cia phan
thic lien tuc (1.6). Néu by, = 1 v6i moi k = 1,2,... va a & cac sd
nguyen, a; > 0 v6i moi k > 1, thi phan thic lién tuc (1.6) duge goi la
phan thic lién tuc don gian va ki hiéu la

lag; ai,az...].
Néu ag = 0, ta ciing viét [ay, as, . ..] thay cho [0;ay,as, .. .].
Chua y. 1. Néu b,, = 0 v6i m nao dé thi
b1 b1
ap + = Qg +
b2 b2
ai + b a1 +
. a2
a - by —
3+ Qo+ m—1
Am—1
nén phan thtc lién tuc sé hoi tu.
2. T dinh nghia trén ta c6
1

ag; ax, ..., an) = ag + —— :
lay; ag, ..., ap)
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3. Hién nhién, méi phan s6 lién tuc hitu han don gian 1a mot sé hitu

ty.
4. Ta thay, v6i moi phan thic lién tuc don gidn ta co
lag; ay,a9,...] = lim [ag; a1, a9, ..., a,)
n—--aoQ

néu gi6éi han ton tai.

Pinh 1y 1.1. M6i s6 hitu ty déu c6 thé biéu dién dudi dang mot phan
thitc lién tuc hitu han don gian.

Ching minh. Gia st x = % trong d6 a,b € Z va a > 0. Dat
ro=a,r; =b.

Ap dung thuat toan chia Oclit ta c6

ro = r1q1 + T2, 0<ryg <y
r1 = TroQs + T3, 0<ry <mr
n—2 = T'n—1qn—1 + Tn, 0< Tn < Tp-1

'n—1 = Tndn-

Khi do

;= @)

b q1;92,---5qn|-
Dinh 1y dugc chiing minh. ]
Vidu 1.3. Ta co

62 _ 2;1,2,3,2]

23 — ) Ty S .

Cht ¥ rang, biéu dién s6 hitu ty dudi dang lien phan s6 hitu han 13 khong
duy nhat, chang han

7
1= 0;1,1,1,3] =[0;1,1,1,2,1].
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1.1.2. Phép bién déi phan thic lién tuc

Dé thuan tién cho viéc tinh toan trén cac phan thic lién tuc, ching
t61 gi6i thitu mot quy tic bién ddi va goi 1a phép bién doi phan thic lien
tuc.

Cho p1, p2, p3 14 3 s6 thuc khong am. Gia st ta c6 phan thic lién tuc

httu han:
b1

€:a0+ bg )
b

a2-|-—3
as

ap +

trong d6 ay, by 1a cac s6 thuc cho trude. Nhan cé tit va mau s6 véi p; ta
dugce
p1b1

piby

§=ap+
pi1a1 +

3
a2+—
a3

Ta tiép tuc nhan ci ti va mau sb ctia phan s6 c6 tit s6 1a p1by véi ps ta
thu duogc
p1b1
pip2ba
p2bs

aops + —
as

£: ao—f‘
pia; +

Cudi cuing ta nhan ca t vA mau s6 clia phan s6 c6 ti s6 1& pabs v6i p3

ta co )
£ = ag+ P101
p1p2ba
pi1ai + b
P2p303
asp2 +
psasz
Nhu vay
by by b b b b
§:a0+—1 02 _3:a0+p11 P1P202 p2p33.
ay +ag +as piay + p2az + p3as

Lap luan tuong tu nhu trén, ta c¢6 dinh 1y sau

Dinh ly 1.2. V6i méi bo céac sb thuc ag, ai,as, ..., an; b1, ba, ..., b, sao
cho ton tai phan thiic lién tuc va cac hang so6 khéac khong pi1,pa, ..., Pn
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ta co:

by by b3 bn, p1bi  pip2ba  papsbs Pn—1Pnbn,
ag+— — — — =qaqg +
a; tas +ag+.-+a, piayr + pa2as + p3az +--+  PpQy

1.1.3. Quan hé gita chudi va phan thic lién tuc
Trong phan nay ching toi dé cap t6i hai tinh chat dong nhat gitta
chudi va phan thic lien tuc. Cho o, a9, as, ... 1a cac s6 thuc véi ay #

0, ap # a1 v6i moi k. Hién nhién

1 1 a2 — (1 1
(03] Q9 109 &
Qo —
1 1
= 7 — 7 -
aj(ae —aq) + of aj
ay+ ———
Qo — Qg —

Diéu d6 gai ¥ cho dinh 1y sau

Dinh 1y 1.3. Néu oy, as, a3, ... 1a cdc s6 thic khong am oy, # oj_1 Vi
moi k. Khi dé véin € N,

y e L BN

Q. «

k=1 o1 + 1 5

Qg

09 — (X +
Oénfl
Ay — Op—1
Dac biét khi n — oo, ta c6

o0 _
Z o ol Qg —o) Fag—qgtay—az+

k=1
néu mot trong hai vé (tir dé suy ra ca hai vé) ctia dang thiic nay ton tai.

Chiing minh. Ta ching minh (1.7) bang qui nap. Véi n = 1, (1.7)
hién nhien dang. Gia st (1.7) dtng v6i n, ta ching minh (1.7) cfing
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dang véi n 4+ 1. That vay, ta co

n+1 E—1 n—1 n
—1 1 1 —1 —1
() N N Gt A G,

Yk a1 Q2 Qp, Qi1

1 1 1 1
=———+...+(—1)"—1<—— )
ap  ap Op  Qpygl
1 1 n—1{ Cn+1 — Qp
- (e
aq 8%) UpQin41
1 1 1
e PR S () | L PR —
aq 042+ (=1 _ OOl
Opy1 — Oy

Ap dung cong thic téng cho truong hop n ta co

n+1 (_1)k—1 1 2 2 2

Z _ g @5 X1 (1.9)
— Q a . .
Q a1 g —Q + g — Qg et il
1 k 1T 1+t a3 2 — T a,
Opy1 — Qp
Vi
OOl 41 _ap(apg — o) oy,
—Op_1 = — Op—1
Opi1 Oy Onyl ap
o,
= Qp — Qp-1 +
Opi1 Qp
Thay thé vao (1.9) ta duge
n+1 k—1
3 D" 1 of o3 Oy
Q Qp Ty — Q1 + g — Qg Tt a,”
k=1 Qp — Qg+ —————
Qpt1 — Qp
Vay (1.7) ding v6i moi n € N*. Dinh 1y duge chiing minh. O

Vi du 1.4. Theo cong thiic khai trién Taylo ctia log(z + 1), ta c6

(-1 1o
log2=Y ~——~ = _ -4 -
o8 ;; K 17273

1
1 + ...
Ap dung (1.7) véi ap = k, ta co

1 12 22
log2 =—- — — ...
08 1+1+1+
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Nhu thé, ta c6 mot biéu dién dep ciia log 2 duéi dang lien phan so:
1
12
92
1+
Bing cach tuong tu ta c6 mot biéu dién ctia log(1 + z) dudi dang phan
thace lién tuc nhu sau

log2 =
1+
1+

T
log(x + 1) = 7
L+ 22y
2—1x + 33
3—2x +
4 —3x+ .

Cong thtic (1.8) cho ta mot dong nhat gitta chudi va phan thic lien
tuc. Tiép theo ta xem xét dong nhat thit hai gitta chung. Cho aq, as, as, ...
14 cac s6 thuc khac khong, khac 1. Dé thay

11 -1 1
R e
CYQ—l
Vi
Qo0 _041(042—1)+041_a a1
012—1— 012—1 o 042—1'
Neén
11 1
e g g !
042—1

Bang cach chiing minh qui nap giéng nhu trong chting minh ctia Dinh
ly 1.3 ta cling c6 két qua sau

Dinh 1y 1.4. V6i méi day sb thiic aq, ao, as, . . ., trong dé oy, # 0,1, ta
co
a109...0 oy + a1 a
as — 1+ 2

a3 — 1 + -Oén—l
Q-1+

O

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



13
Dac biét khi n — oo, ta c6

a0 g tag—1l+ag—1+-+a, -1+

e ey

f: (—1)k_1 o 1 a1 o)) Qp—1
k=1

néu mot trong hai vé (tir dé suy ra ca hai vé) ctia dang thiic nay ton tai.
1.2. Mot s6 phan thiic lién tuc dac biét

1.2.1. Phan thic lién tuc cho arctan va sé =

Trong phan nay, ching ta dung hai dinh 1y dong nhat gitta chudi va
phan thic lien tuc ¢ muc truée dé xay dung phan thic lien tuc cho
arctan va sd 7. Ta bat dau véi vi du tim biéu dién phan thic lien tuc
cla /4.

Vidu 1.5. Ta c6

11 1 1

o 4l _I4
4 1 3 5 7 7

Ap dung cong thite chudi trong Dinh Iy 1.3 v6i oy, = 2k — 1, ta ¢6

T 1
4 12
2+ =
2+ 3
2+
2+ .
Nghich d4o hai vé ctia phan thic trén ta cé
1 1+ L
T 32
2+ -
2+
2+ .

Phan thitc nay lan dau tién duge dua ra bdi nha toan hoc ngudi Anh,
Lord Brouncker (1620-1686), nhung 6ng khong chiing minh va duge ch
tich hiep hoi hoang gia Luan Don ghi lai. Tiép theo ta tim biéu dién
phan thiic lién tuc cho ham lugng giac ngugce arctan.
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Vi du 1.6. Ta biét rang

$3 33.5 $7 I.Qn—l
arctanx:x—g—i—g—7—1—...4—(—1)”’1271_1—|—....
. 1 3 5 2n — 1
Ap dung Dinh 1y 1.3 v6i ap = —, an = —5, 03 = =, .., 0y = % cho
x x x il
cong thic (1.8), ta ¢6
1 32 (277,— 3)2
_1 a2 22 (a2n-3)*
arctana:—T+3 .75 SR — | M 3.
plle Rl . T T

Bay gi¢ ta sit dung phép bién doi lien phan s6 dé dudc bieu thic rit gon
hon. Truéc tién ta nhic lai phép bién déi lien phan s

biobeo by be b pipaby papsbs pacapebn
ap +as +asg +...+ ap piai; + paao + p3asz +.-.+  ppap U
(6 day ta da rat gon ag 6 hai vé). Chon p; = x,ps = 23, ..., p, = 21,
ta co
1 32
1 22 22 @ z? 3222
1+3 1+5 3+ 1+3—22+5—3x2+""
x 2 x x5 ad
Nhu vay
x
arctanx = 5
x
1 + 321‘2
(3 —2a?) + =3
(5 — 322) +
(7 —5z2) 4 .

Dac biet néu x = 1 va nghich dao phan thic trén ta dude cong thic clia
Lord Brouncker:
— 14+

4 12
s 32

52
2+ .

2+
2+
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Bay git ta xem xét mot cach tinh toan khac dé co bicu dién phan thiic
lién tuc cho arctan. Ta c6

3 5 7 2n—1
x T x x
t =r——+—=———=+4... —1) 1 ..
arctanx = x 3+5 7+ + (—1) 2n—1+
1 3 5 2n — 1 e ¢
ChOIl a1 = E , Qg = ?,@3 = @...,Oén = m VGOl mol 7’L>2 Ap
dung cong thic chudi
1 1 1 1 o 6%
aq 109 10903 Oél+a2_1+053—1+..'7
trong Dinh 1y 1.4 ta dugc
3 2n — 1
- (2n = 3)”
arctanx = T.73 .75 I v | L
- —=-—1 —1 —— 1
r oz 322 (2n — 1)2?

Ap dung Dinh 1y 1.3 véi
p1=x,p = 22, p3 = 32%, py = a2, . pp = (2n — 3)x2

v6i n > 1 ta c6 biéu dién phan thic lien tuc ctia arctan x:

T
arctanx = 5

x
1+

3242
5212

(7 —5x2) +

(3 —2?) +
(5 —3a2) +

Vidu 1.7. Ap dung Dinh 1y 1.3 va Dinh 1y 1.4 cho téng Euler
T 1 1 1
o mtET

va lay nghich ddo ciia phan thic lién tuc ta ducc

— =0"+1

T 24

12 22 — o
22 432 —

44
42 + 5% —

32+42_
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Bay gio ching ta dé cap dén mot cach khac dé tim bicéu dién clia sb
7 duéi dang phan thtc lién tuc. Trude hét ta thay

oo

SO ) = (D) —
1 2

— n n—+1

Tt
T 1 1 1 1 = (=)t
e oo =1 Y
;-1 375 77 Zzn+1’

=3 ) - )

n n+1_2n+1

N (=
B 3+4; 2n(2n +1)(2n +2)°

bat o, = 2n(2n+ 1)(2n + 2), ta c6

ap — 1 =2n(2n+1)(2n +2) —2(n — 1)(2n — 1)(2n)
=4n[2n+1)(n+1) — (n—1)(2n — 1)]
= 4n[2n® +3n + 1 —2n* + 3n — 1]
= 4n.6n = 24n°.

Ap dung cong thite chudi
1 1 1 1 1 ol %

ar s Q3 oy g tay—op fag—aag
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trong Dinh 1y 1.3 v6i oy, = 2n(2n + 1)(2n + 2), ta c6

- 1)1 1 (234)° (4.5.6)
4y (=1 —4 (32) (562)
“— 2n(2n + 1)(2n + 2) 234+ 24.2° + 24.3° +

1 (2347 (4.5.6)°
23+ 2427 + 2437 477

Do do

1 (2.34)° (4.5.6)° ((2n — 2)(2n — 1)(2n))*
=3+ . - ; L
23+ 24.2° + 24.3% + 24.n +

Ta tiép tuc st dung phép bién doéi ctia phan thic lién tuc

bi by by by, ”.:plb1 p1p2ba  papsbs Pn—1Pnbn

aj + ag + ag ++ a, + piay + paas + psas +-+  pa, +

1
Chonplzlvapn:rvéin>2, ta co

n2
LR - DEn - e
. 12(n — n— n
Pn1Pnbn  4(n —1)? 4n? _2n—1
— T ==
DnQn
w24n2
Do do , ) )
3 5 2n — 1
T=34+- — — (2n )
+6+6+ + 6 +
Tuac 1a 1
T=3+ 22
6 +
6+ .

Chti y. Ngoai cach biéu dién sé m béi mot phan thic lien tuc nhu trén,
ta con c¢6 thé biéu dién sé 7 béi cac phan thic lien tuc khac khac nhu:
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4
T = 12
2 — 3
2_
hoéc
4
m =
12
1+ >
7+
94

1.2.2. Phan thiic lién tuc cho sb e

Trong phan nay ta sé tim bic¢u dién phan thiic lién tuc ctia s6 e. Trudc

hét ta co
1, (=1 11 1
—_ = — :1—— _— —
e © ; n T2 123
béi vay
6—1_1 I l—l- 1
e e 1 12 1.2
Ap dung cong thic
1 1 1 1 o 6%
—_— — + — .= —
a1 1009 109003 C)é1+()42—1+0[3—1+
vOl ay = k ta dudce
e—1 1
- 1
e
1+1+ 5
3
2+
34+ -
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Tu do

e 14 1
e—1 2
24+
34
Dieu do6 kéo theo
1 1
1 2
e—1 4 .
2+
34
Hon ntra
e—1=1+ )
3
2+—4
3+
4+ -,
Do d6 ta c6 bieu dién phan thic ctia s6 e 1a
2+ 2
e: .
3
S I
+4+...
Hay
_,, 2345
RN W S W SRR

Ngoai cach biéu dién nhu trén thi sé e con c6 nhiéu biéu dién khéc
nita, ¢ day ching toi dua ra cac cach khac bicu dién s e dé cho ban doc
tham khao nhu :

Lién phan thic

10+—1
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hay lién phan thic don gidn (b, =1, Vn)

e=1[21,2,1,1,4,1,1,6,1,1,8,1,1,..]

=2+
1+

2+
1+

1+
4+

1+

1+

1
1
1

8+

6+

1+
1+

hay
e=12;0,1,1,2,1,1,4,1,1,6,1,1,8,1,1, ...]

=1+

0+

1+

1+
2+

1+
1+

4+
1+

1+
6+

1+
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Chuong 2
Su hoi tu cua phan thuc lién tuc

Trong chuong ching to6i sé trinh bay mot s6 nghién citu vé s hoi tu
va cac van deé lien quan t6i su hoi tu ctia cac phan thic lien tuc. Dic
biét ching toi sé trinh bay ching minh moi phan thitc don gidn déu hoi
tu, trinh bay cach bicu dién méi s6 thuc dusi dang phan thic lien tuc
don gian thong qua mot thuat toan chuan. Cubi ciing ching toi néu ra
mot dinh 1y quan trong 1a mdi s6 thic 14 vo ty néu va chi néu phan thiic
lien tuc biéu dién né 1 voé han. Trude hét ta xem xét quan hé truy hoi
Wallis-Euler.

2.1. Coéng thitc quan hé truy héi Wallis-Euler

Cho phan thtc lién tuc
by by b3 by

ap + e (21)
ay +as +ag +.-+ay +

trong do6 a,,b, 1a cac s6 thuc. Néu a, > 0,b, >0 v6i Vn > 1 thi phan
thic lién tuc (2.1) duge goi 1a khong am.

Cho {a,}, {b,} 1a cac day s6 thuc, trong d6 a, > 0,b, > 0 véi moi
n > 0, ag tuy y. Cac day {p,}, {¢.} sau day dong gép vai tro quan trong
trong 1y thuyét phan thic lien tuc.

p-1:=1, po = ao, q-1:=0, qo:=1;
Pn i= P11+ bnpn—2,  Gn = angn-1 + bngn-o. (22)

Quan he truy hoi xay dung cac day {p,},{q.} trong (2.2) dugc goi la
cong thiic quan hé truy hoi Wallis - Euler. Dé thay

p1 = a1po + bip—1 = aiqo + by;
¢ = a1qo + big-1 = ay. (2.3)

Meénh dé 2.1. V6i cac ki hiéu nhu trén, g, > 0 vdi moin =0,1,2,. ...
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Chitng manh. Ta chitng minh bang quy nap theo n. Véin = 0, ¢y =
1 >0;,V6in =1, = a; > 0. Gid st rang ménh dée dang v6i moi
n=20,1,...,k — 1, ta chitng minh ménh dé dang v6i n = k. Tt b, > 0
v6l mol n, nén ta co
Gr = apqr_1 + brqr_o > 0.04+0=0.
Nhu vay ménh dé dang véi moi n. ]
Dé thay gian phan thi 0 cia phan thic lien tuc (2.1) 1a Cy = po/qo,
gian phan thi nhat
b aiay + b
01:a0+_1:L:72,
ai ai 41
Tinh chat quan trong ctia p, va ¢, 1a C, = p,/q, v6i moi n, dugc chiing
minh trong dinh 1y sau day.
Dinh 1y 2.2. Vi méi s6 thic , ta luon cé
ﬁ % @ bn . IPn—-1 + bnpn—Q

— = (2.4)
a; +as+as+.-+ T Tqn—1+ bpGn_2

ap +

véi méi n € N. Dac biét, néu chon x = a, va st dung dinh nghia cia
Pnsqn; ta co
bi by by

ap +as +ag+.+ap aqn

bn  Dn

vl moi n € N.
Chwtng minh. Ta chiing minh bang quy nap theo n. V6in =1 ta c6
ﬁ apx + bl . IPo + blp—l

ag + )
x qo + q-1

trong do6 pg = ag,p-1 = 1,90 = 1,q_1 = 0. Gia stt dinh 1y ding v6i n hay

an + ﬁ @ @ b_n _ TPn—1 + bnpn—2
’ ap +az +az .+ T Tqp—1 + bnqp—2

bay gid ta ching minh dinh 1y duing v6i n + 1 ¢6 nghia la chiing minh

ap + as + as +-+ ay, T Gy, + bni1Gn_1

ag + ﬁ @ % bn + bn+1 _ ITPn + bn+1pn—1
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Ta dat

by by b b b by by b b
a0+_1 22 _n+ n+1:a0+_1 2 2 n
ap +as +as+...+apy X a; t+as +ag+..+ Yy

b xa, +b . Y 2 .
suy ra y = a, + ntl _Zon T el Ap dung gid thuyet quy nap ta cé
x x

biobe by be b ypas b

ap +as + ag +.-+ ay z Yqn—1 + bpgn—2
(xan + bn+1

( )Qn—l + ann—Q

TapPp—-1 + bpy1Ppn—1 + xbypy_2
Tann—1+ bny1Gn-1 + Tongn—2
x(anpn—l + bnpn—2) + bn—l—lpn—l
x(anQn—l + ann—2) + bn+1Qn—1
TPn + bn—Hpn—l
Tqn + bn+1Qn—1

ao—f—

)pn—l + bnpn—Q

Tay, + gt

Vay dang thiic (2.4) ding v6i moi n.
Néu ta chon = = a,, khi do ta c6
bl % @ bn _ GpPp—1 + bnpn—Z _ ]ﬁ

a; + az +ag +..+ay ApQdn—1 + ann—Q dn

Dinh 1y dugc chiing minh. ]

Dinh 1y 2.3. [Cong thiic truy hoi co ban] V6i méi s6 nguyén n > 1, cac
dang thiic sau luon ding

Pndn—-1 — Pn—14n = (_1)n71b1b2 .. -bn; (25)
Pndn—2 — Pn—24n = (_1)nanblb2 <. bnfl; (26)
—1)"byby. .. b,
C,—Cpy = (D" by : (2.7)
qndn—1
—1)"a,biby...b,_
o O,y = () anbibo L (2.8)
qndn—2

Trong do6 (2.8) ding véi moi n > 2.
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Chitng minh. 1> Ta chitng minh quy nap theo n cho cong thic (2.5).
Vé6i n = 1 suy ra pigo — poq1 = (a1ag + by).1 — aga; = by vay dang thiic
ding véi n=1. Gid sit (2.5) ding v6i n, ta can chitng minh dang thic
ding v6i n + 1. Ta co

Prni1@n = Gni1Pn = (@n1Pn + bui1Pn—1)Gn — Po(@ny1n + bui1gn-1)
= bn11Pn-19n — bny1Gn-1Pn
= by 1(Pn-1Gn — Gn-1Pn)
= —byy1.(—=1)""Lbiby..by,
= (=1)"b1by...by11
Vay (2.5) dung v6i moi n > 1.
2>Ta ¢6

Prln—2 = Pn—2Gn = (@nPn—1 + 0pPp—2)@n—2 — Pn—2(an@n—1 + bpgn-—2)
= GpPp—19n—2 — AnGn—1Pn—2
= an(pn—1Qn—2 - C]n—lpn—z)
= a,(—1)".bibs...by_1
= (—=1)"anbibs...b, 1

Vay cong thic 2.6 dang v6i moi n > 1

3>Ta c6
C —C, =P Pot Prln-1 = GnPn-t
' . n  Gn-1 GnGn-1
ap dung 2.5 ta dugc
O _C = (—=1)"Lbiby ... by,
n - “n—1—

Gndn—1

4>Ta co
Pn Pn—2 _ Pndn—2 — nPn—2

dn Gn—2 dndn—2

ap dung 2.6 ta dugc
(—1)”anblb2 R bn—l
dnQn—2

Cn - Cn—2 -

Vay dinh 1y dugc ching minh. ]
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Hé qua 2.4. [Cong thiic truy hoi co ban cho phan thic lién tuc don
gidn] V6i mot phan thic lien tuc don gidn, véi moi s6 nguyén n > 1, néu

Pn = ApPp—1 + Pn—2, n = @nQn—1 + Qn—2,
po = ap, p1 = apa1 +1, qo=1,¢ = ay,

thi C, = pn/q, voi moi n > 0. Va véi moi x > 0, ta co

. _ XPn-1 + Pn—2
[a();alaa%"'va'n)x] - )
Tdn—1 + dn—2

Ngoali ra, véi moi n > 1, dong nhat sau Iuon ding

n=12,....

Pndn—1 — Pn—149n = (_1)n—1
Pndn—2 — Pn—24n = (_1)nan

va
-1 n—1
Cn - Cn—l - Q;
qnqn—1
_1 n n
c = TN
qn4n—2

trong dé cong thiic cudi cung ding véi moi n > 2.

(2.9)
(2.10)

(2.11)

(2.12)

Chitng minh. 1>Ta st dung quy nap véi n. truée tién ta thay vdi

n =1 thi pigo — poq1 = (apa; + 1) — apa; = 1 suy ra dang thiic ding véi

n = 1. Gia st dang thic ding véi n, ta chiing minh né ciing ding véi

n+1 hay Pn+149n — Pndn—1 = (_1)71 Xeét

VT = Pn+149n — Pndn+1 = [an—l—lpn + pn—l]Qn — Pn [an—I—IQn + Qn—l]

= Pn—14n — Pndn-1
= (=1)(¢a-1Pn — @uPn-1)
=(-1).(-1)""'=(-1)"=VP
Vay dang thiic trén dung véi moi n > 1
2> Ta ¢6

Pndn—2 — Pn—24n = (anpn—l + pn—Q)Qn—2 - pn—?(anQn—l + %1—2)

= QpPn—-149n—2 — QpPn—2Gn—1
— an(pn—IQn—2 - pn—2Qn—1)
— an(=1)"% = (=1)"an,
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3> Ta co
Pn Pn—1 _ Pndn—1 — Pn—14n

dn Gn—1 dndn—1

Ap dung 2.9 ta dugc

-1 n—1
o _c - U

dndn—1

4> Ta co
Cn . Cn—2 _ & . Pn—2 _ Pndn—2 — Pn—24n
4n qn—2 qndn—2

Ap dung 2.10 ta duge

—1)"a

Cn - Cn—2 — M

dndn—2

Vay dinh 1y dugc ching minh hoan toan. ]

Hé qua 2.5. Tat cé céac p,,q, cia mot phan thitc lién tuc don gian 1a
nguyén t6 cung nhau. T dé C,, = p,/q, toi gian.

Ching minh. Theo cong thiic 2.9 cia Hé qua 2.4 & trén ta co

Prndn—1 — Pn—14n = (_1)71—1

gid st (pn, qn) = k suy ra p, = k.q,, v6i k € Z, thé vao cong thitc 2.9 ta
dugc

k-QTLQn—l — Pn—14n = (_1)n_1
<~ Qn<an—1 _pn—l) - (_1)n—1

suy ra g, la uéc ctia 1. Ta cha § t6i cong thic truy hoi ctia g, 1a :

q =1

q = a1

Gn = Anqn—1 T Gn—2

do d6 ¢, 1a day s6 tang (g, > qn_1,Vn > 1) vay néu g, la udc cia 1 ta
suy ra ¢, = qo = 1 hay n = 0 diéu nay vo ly. C6 nghia 1a (p,,q,) = 1.
Tt day ta c6 C, = % 3 t6i gidn.

Dinh 1y dugc chiing minh.
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2.2. Su hoi tu cia phan thic lién tuc

Xét mot phan thiie lién tuc khong am
by by b3 b,

ap +
ap +as +azg +-+a, +

Trong d6 a,, b, 1a cac sb6 thuc, a, > 0,b, >0 véi moi n > 1. Cong thic
truy hoi Wallis-Euler
p-1 =1, po = ay, g-1=0, @ =1;
Pn = QpPp—-1 + bnpn—Za qn = QpQn—1 + ann—Q-
Khi do
p1 = a1po + bip—1 = arag + b1, ¢ = aiqo + big—1 = ax,
trong d6 ¢, > 0 v6i moi n. Theo Dinh 1y 2.2 ta c¢6

C, = &, vn.

dn
Theo Dinh 1y 2.3, v6i moi n > 1, cong thiic truy hoi téng quat cho ta

Prndn—1 — Pn—14n = (_l)n_1b1b2---bna

Pndn—2 — Pn—24n = (_1)nanblb2---bn—1

w (——1)”_1blb2“.bn
Cp—Cpo1 =
dnqn—1
O Oy (——1)”anblbzn.bn_17
nqn—2

trong d6 cong thitc cudi cling dung véi moi n > 2. Bay gio ta chiing minh
tinh chat don diéu ctua day C,,, day la mot trong nhitng tinh chat rat
quan trong dé nghién citu tinh hoi tu cta {C,}.
Dinh 1y 2.6. Cho b, > 0 v6i moi n. Khi dé day gian phan {C,} thoa
man bat ding thiic

Co< Oy <Oy <. <0y, <Cyp 1 <...< < O3 <O (2.13)
diing véi moin € N. Tt dé suy ra day {Cs,} 1a day tang ngat va {Cq,—1}
la day giam ngat.
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Ching minh. Ta co

(—1)"anb1b2...bn_1
ngn—2 .

Cn - Cn—? -

Thay n bdi 2n ta dudc

—1)?"2a9,b1bs...boy, a2,b1b9...boy,—
CQn—CQn_QZ( ) 2nU1U2 2n1: 2nU1U2 2n1>0,
q2nq2n—1 q2nq2n—1

suy ra
Cop—g < Coy, Vn =1

Dieu do6 kéo theo
Oo <Oy <(Cy< ...

Tuong tu ta thay n béi 2n — 1 vao cong thic C,, — C,,_5 ta duge {Co, 1}
la day giam nghiém ngat, tic la

an_l < ... < 05 < Cg < 01.

Thay thé n béi 2n trong cong thic C, — C,,_1, ta c6
(—1)2n_1b1b2...b2n b1bs...byy,

Con — Cop—1 = = ——<0.
42n92n—1 42n492n—1
Diéu do6 suy ra
Con < Cop1.
Dinh ly dugc chiing minh. [l

Truong hgp phan thiic lién tuc la hitu han, tic la b, =0 v6i [ € N
nao d6, thi Dinh 1y 2.6 van con dung, nhung can cha § rang 2n < .
Theo tinh chat day don di¢u cia day {Co,} va {Co, 1}, ta c6 dé dang
chiing minh dugc
Dinh ly 2.7. Gidi han ctia day chin {Cy,} va day 1é {Cy, 1} déu ton

tal va

Co<(Cy<(Cy<...< lim Oy, < lim Cy,_1 < ... < Cy < C3 < (.
n—-aoQ n—~aoQ
(2.14)
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Tt dinh 1y trén ta ¢6 lim C), khi va chi khi lim Cy, = lim Cy, 1,
n—-aoQ

n—->00 n—->00
khi va chi khi

an — anfl == — 0 khi n — oQ.
Dinh 1y 2.8. Cho {a,} =, {bn} —, 1& hai ddy s6 sao cho a,,b, > 0 vdi

moin=>1va
o0
z : nan—i—l .

Khi dé phan thiic lien tuc

by by b3 by

ap +as +ag+..+a,+

hoi tu. Hon nita, véi méi j chén, k 1é bat ki ta sé c6

Co<(Cy<O<..<(0j<.. << <O <. <0 <03 < (.
(2.15)

Ching minh. Véin>1taco
dn = AnQqn—1 + ann 2 andn—1,

Vi by, ¢n—o = 0. Thay n bdi n — 1 trong cong thic trén, v6i n > 2 ta co

dn = AnQn—1 + bnqn —2 2 an(an—lCIn—Z) + ann—2 — Qn—Z(anan—l + bn)a
kéo theo

dn 2 Qn—2(anan—1 + bn)
Quy nap qua trinh trén ta c6 véin > 1,
Qon = Qon—2(a2na2n—1 + bap)
> qon—a(a2n—2a2—3 + bap—2).(a2na2n—1 + bay)

> ...
> qo(aza1 + ba)(agas + by)...(ag,a2,-1 + bay).

Lap luan tuong tu ta c6, v6i moi n > 2,

Gon—1 = q1(azaz + bs)(asay + bs)...(azn—1a2n,—2 + bapn—1).
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Nhu vay, v6i moi n > 2, ta co

Q2nQon—1 = qoq1(azar + be)(asag + b3)...(a2n—1a2n—2 + ban—1)(a2n,a2,-1 + bay).

Diéu dé kéo theo

asa a2n,A2p—

a
Q2nq2n—1 = qoq1b2.. an(1+—2 1)(1+
bS b2n

ba
suy ra
blb2...b2n< by — 1 .
_ n— ara
q2n92n—1 qoq1 H (1+ k k+1)

(2.16)

k=1 bk—H

(0.]
Ta biét rang chudi cac sd thuc duong > ay hoi tu néu va chi néu tich

k=1
" 2l g g+1 )
vo han [] (1 + ax) hoi tu. Nhu vay, tit diéu kién Z ; = 00 ta ¢d
k=1 k=1 Ok+1

ara
(1+ k k‘—i—l)

13

bi+1

e
I

1

do d6 vé phai ciia (2.16) sé bi triet tieu khi n — oo. Kéo theo

lim O, = hm Con-1,
n—aoo

tic 1a ton tai lim C,, nén phan thtc lien tuc hoi tu. Hon ntta, véi j, k
n—-aoo

trong gia thiét, tit Dinh 1y 2.7 ta c6
Co<(Cy <0< ... <(0j<..<E<..<(p<... <0< 03 <.

Dinh ly dugce chiitng minh hoan toan. [l

by b )
Dinh ly 2.9. a. Phan thiic lién tuc £ = ag + -+ =2 . .. hoi tu néu va

. ap + as +

. © (—1)"""b1by...b
chfnéuco—FZ( )" biba.. b
n=1 dnGn—1

thi

hoi tu. Dac biét, néu & = [ag; ay, as, ...]
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. by b
b. Néu € = ag+ — = ... hoi tu thi
ap +ag +
" (—=1)"apbibs...b, 1
§=co+
; dndn—2

) —1)""1b1by...b
Ching minh. a. Tacoéc, —c, 1 = (=1) 172 suy ra
gndn—1

i L (=1)" bbb
Z(Ck_ckz—l):z( L
1 1 Akqr—1
- (—1)nilb1b2...bk
qkdk—1

o (D) by by
T Z qrdk—1

(—1)n_1b1b2...bk
Tzt Z drqk—1

) < (=1)""1byby...b
Néu € hoi tu suy ra ¢, hoi tu hay co+ > (=1 G
n=1 qnqn—1

hop € = [ag; a1, as, ...], khi d6 cac b; = 1 v6i moi 7 nén ta co

" hoi tu. Truong

(—=1)"aubibs...by_1
qndn—2
by by

— ... hoi tu dé dang suy ra
ap +ag + ’ ’ & Y

b.Tuong tu v a ta c6 ¢, — ¢c,_0 = nén ta cé6 néu

§=ap+

= (—1)”anblbg...bn_1
£=co+
0 ; An4n—2
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Truong hop & = [ap; a1, as, ...], ta c6 b; = 1,V va ¢y = 1 nén
0
(—=1)"an
E=1+ ~ 7 "
; dnQdn—2

[]

Sau day chung ta hay xem xét mot hé qua quan trong cta dinh ly
trén trong truong hgp phan thic lién tuc don gian. Cho phéan thrc lién

tuc don gian [ag; a1, as, ...], b, = 1 v6i moi n. Khi do6
(0. ¢] o0
ApAn4-1
. g (pQpp1 = OO.
n=1 n+l n=1

Vi tat ca cac a, deéu la cac so6 nguyén duong. Tt Dinh 1y 2.3.1., ta c6

Hé qua 2.10. Mot phan thic lién tuc don gian luén hoi tu va néu & 1a
gidi han ctia phan thic lién tuc dé thi day gian phan {C,} ctia n6 thoa

main
Co<Cy<..<ly <..<€E< ... <Oy 1<...<C3< (.

Vi du 2.1. Xét phan thic lien tuc don gian ® = [1;1,1,...]. Ta biét
phan thitc nay hoi tu. Ta co

1 1
d=1+ —1 = 1+ 3
1+
1
1+ —
Diéu nay kéo theo
1
d=1+—.
T )
Ta cling c6 cach khac dé xay dung cong thic trén tit day gian phan. Ta
co ] !
Cp,=1+ i =1+ c
T
1
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Khi d6, néu ta dat ® = lim C, thi ta biét ® ton tai, nén khi cho

n—-:oo

n — 0o, tit dang thic trén ta c6

1
O=1+—.
+<I>

Nhu vay ®2 — ® — 1 = 0, gidi phuong trinh ta duge

1+45
2

)

day chinh 1 ti s6 vang.

Vi du 2.2. Cho phéan thiic lién tuc
f—34 4 4 4 4
T 6+6+6+.+6+
Day la mot phan thic lien tuc ma da duge nghién ctu bdéi Rafael
Bombelli (1526-1572) va 1a mot trong nhiing lien phan thic dau tién
duge nghien cttu. Ta thay

(0.¢] o0 2
yo 3R

b N 4 77
n=1 "+l n=1

Diéu d6 kéo theo phan thic lien tuc hoi tu. Bang lap luan tuong tu thi
phan thiec lién tuc

—6+4 !
= 6+6+
cting hoi tu. Ngoai ra, £ =1 — 3 va
4 1
77=6+—4:6+—.
6+ !
4
6+ —
Diéu d6 suy ra
77:6+_7
Ui
do do
n” —6n—1=0.
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Giai phuong trinh ta duge
n=3+v13.

Nhu vay

E=n—-3=v13.
2.3. Biéu dién phan thic lién tuc cta sé thuc

2.3.1. Thuat toan tim biéu dién phan thiic lién tuc ctia sé thuc
Bay gio ching ta sé tim khai trién duéi dang phan thiec lién tuc cia
s6 thuc. Trong chuong 1, ching ta da biét cach khai triéen duéi dang
phan thic lién tuc clia s6 hitu ty. Trong phan nay, trude tién ta xem xét
lai qué trinh nay, sau d6, bing phuong phap tuong tu, ta tim khai trien
phan thic lién tuc cho s6 vo ty.
Xét phan s6

157
2:3,4,5
o8 = 1% J-
Ta xem xét cach khai trién phan thic lién tuc ctia né. Bude mot ta dat
157 1 68
=24+ —,t dé > 1.
§o = S + g rong do6 & = o1
Dat
ap = 2= |_£0J )

(6 day |z, trong d6 x 1a mot s6 thuc, 1a ki hiéu phan nguyén 16n nhat
< x). Budce hai, ta biéu dién

68 21
=3+ —, t do & =— > 1.
&1 = 21 + 52 rong do6 & 5
Va co
ap=3=|&].
Buéc ba, ta biéu dién
21 1
o =— =4+ —, trong d6 &5 =5 > 1.
5 &3
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Va co
ap =4 = [&].

Cudi cing xét a3 = &3] = & = 5. Vi & 1a s6 nguyén nén ta diing qua
trinh trén 6 day. Nhu vay ta co

157 1 1 1 1
s Tty ity =2t =2
! 3+§— 3+ — 3+ —
2 44 — 4+ <
&3 s}
N . e e . o157
Ta vira xay dung song phan thitc lién tuc don gian cua so hitu ti e

Nhan thay riang, qua trinh chia két thic khi &3 = 5 > 1 1a mot s6 nguyeén.
Ta c6 thé téong quat né thanh mot thuat toan nhu sau: gia sit can tim
biéu dién phan thic lién tuc ctia mot s6 hitu ty khong nguyen & = p/q.
Bude 1 (bu6e phan tich). Viét
1

§:a+5

trong d6 a 1a mot s6 nguyen va & 14 mot s6 hitu ti 16n hon 1.

Budce 2 (budce lip). Néu & khong nguyen, ta lap lai thuc hien budc
phan tich véi s6 & = &. Ngudge lai, qua trinh phan tich két thic, ta sé
c6 biéu dién phan thic lién tuc clia mot s6 hitu ty.

Chi ¥ réng, do mau clia cadc phan s6 & 1a cac s6 nguyén duong va
gidm nghiém ngat nén sau mot sd hitu han budc noé sé bang 1, khi do &
14 s6 nguyén, qua trinh sé dung lai.

Tiép theo ta st dung thuat toan trén dé tim khai trién dudi dang
phan thrc lién tuc cho mot s6 vo ty. Gia st £ 14 s6 vo ty. Dau tien ta dit

§o=E vaag = |&] € Z.

Khi d6 0 < & —ag <1 va & # ag vi & 1a s6 vo ty. Chung ta viét

1
50 =ag + 0
&1
, 1 X s - > N A ~ 2 N A
trong d6 & = > 1. Can chi y rang & la so vo ty vi neu ngudc
0 — Qg

lai thi dan dén &, 1a s6 hitu ty, dieu nay trai véi gia thiét.
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Tiép theo ta dit a1 = [&] € N, khi d6 0 < & —a; < 1 va ta c6 thé
viét

1 1
§1 = a1 + —, trong do & =
&2 §1—

Chi § & ciing 12 s6 vo ty.
Bude 3. Ta dat ay = |&] € N, khi d6 0 < & — ay < 1 va ta lai ¢6
thé viét

> 1.

1

fQ—Clz

1
&9 = as + — trong do6 &3 = > 1.
3

Tuong tir nhu trén, & 14 s6 vo ty.

Thuyc hién vo han lan qua trinh trén ta sé dugce céc day: day {&,}, .
goi 1a day thuong day di cia &, trong d6 &, 1a cac s6 thuc va &, > 0 véi
moi n > 1 va day {a,},,, goi 1a day thuong riéng cta £, véi a, 1a céac
s6 nguyen, a, > 0,Vn > 1. Sao cho

1
En=0a,+—, n=0,1,2,3,....

fnJrl
Nhu vay
1 1
foo:ao+£—:a0—l— T =
1
ay + —
G
1
= ag+ 1 (2.17)
ag + —
as+ .

Véi thuat toan trén, ta chua chitng minh dude £ bang véi phan thiic lien
tuc & vé phai (cudi cling), dinh ly trong muc sau sé lam sang t6 van de
nay. Phan thiic lién tuc trong (2.17) dugc goi 1a biéu dién phan thitc lien
tuc (don gidn) chinh tdac cia sd vo ty &.

Dinh 1y 2.11. Cho &, &1, &, ... 1a cac s6 thie bat ki véi &, > 0,Vn > 1
va gia sit cac &, cho bdi cong thiic

bn+1

En = ap + n=0,1,2 ..,

£n+1 ,
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trong dé cac day so thuc {an},~q,{bn}req VOi apn, by, > 0,0 > 1 théa man

%)
ApQp+1

n—1 bn—l—l

Khi dé &, bang véi phan thic lién tuc

by b an
fo=ag+— — a

ap + ag +o+ by, +
Dic biét, véi méi s6 thuc €, biéu dién phan thiic lien tuc chinh tic cia
né hoi tu ve €.

Chiing minh. Theo Hé qua 2.10, ta ¢6 phan thiic lién tuc

hoi tu. Ki hiéu {Ck } la day gian phan ctia phan thic lién tuc trén
dk

va € > 0. Khi d6 4p dung Dinh 1y suy ra: ton tai s6 nguyén N sao cho

v6i moi n > N,

b1bs...b,
C — Cpy| = —25 < e
dndn—1

C6 dinh n > N, ta xét phan thtec lién tuc hitu han thu dude trong cong
thitc (2.17) khi biéu dién &) lay dén lan thi n, tic 1a
b1 by bn—1 by

f=aot~ 2
ap+ag +.+ap—1+ ay

/

Ki hiéu {C/{C = &} la day gian phan ctia phan thic lién tuc hitu han
k

nay. Hién nhien p, = p. va qr = q. v6i k<n —1va C) = &. Bdi vay,

theo tinh chat clia quan hé truy hoi ta c6
b1ba...b,  b1by...by,

E0—Coal=1|C" —C" 1< -
S0 = Cha] = 1G5 = Gy Gdo 1 oG

Theo quan hé Wallis - Euler, ta c6

b1

6 I)QR 1+anH 2>anQTL 1+anTL 2 = ({n
n+

q;@ = gnq;—l + bnq;—Q = (an +
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Do do

b1bs...D b1bs...D

1/2 n < 102 n < ¢

qn4dn—1 qndn—1

Vie > 0latuy y, nén ta c6 § = lim C,,_; = £ Dinh ly dugc chiing
n——:oo

minh. ]

‘SO — Cn—l‘ <

2.3.2. Mot sé vi du
Vi du 2.3. Xét & = V3 = 1,73025.... Trong trudng hop nay ay =
&) =1, do d6

11 1+3
o—ap V/3-1 2

suy ra a; = [&1] = 1. Do d6

&1

= 1,36602...,

1 1
— — =143 =2,73205...,
< §1— a 1++/3 1
2
suy ra as = |&| = 2. Do do
1 1 1 3
&3 _ o V3 = 1,36602...

& —ay V3-1 0 2
suy ra az = |&3] = 1. Chu y ring & = & va ag = a1. Bdi vay
1 1

_53—603_51—661

54 :€2:1+\/§7

do d6 ay = |&] = |&]| = 2. Nhu vay day {a;} sé lap va qua trinh lap
nhusau 1,2,1,2,.... Do d6

V3=1[1:2,1,2,1,2,..].

hay

1
V3=1+ :

2+ .
Vay phan thitc lien tuc don gidn € = /3 = [1;2,1,2,...] 1a hai tu.

1+
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Vi du 2.4. Xét & = V23 = 4,7958315.... Trong trucng hgp nay ag =
6] = 4, do d6

1 1 V2 4
§1 = = _vya+e_ 1,2565473...,
§o—ap 23 —4 7
suy ra a; = [&1| = 1. Do d6
1 1 2
§2 = = = V2343 = 3,8979157...,
§1— a1 \/23+4_1 2
7
suy ra as = |[&] = 3. Do d6
1 1 V2
&3 = = _ VB 1,1136902...
f—a V2343 7
2
suy ra ag = &3] = 1. Do d6
1 1
_ _ — /23 + 4 = 8, 7958315...
2 §3—a3 /2343 1
7
suy ra ay = |[&] = 8. Do d6
1 1 V2 4
& — _ VTR 9565473

G- a V23-4 T
suy ra az = |&] = 1. Chu y rang & = & va a; = a1. Bdi vay

11 _g_@qts
& —as S —a ? 2

€6

do d6 ag = |&| = |&2] = as = 3. Tuong tu nhu vay thi
1 1

§6 — ag N §o — ay
1 1

_57—617_53—613

& =

=&,=>ar=a3=1

£

:§4,$a8:a4:8
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Nhu vay day {a;} sé lap va qué trinh lap nhu sau 4;1,3,1,8,1,3, 1,8, ....
Do do6
V23 =[4;1,3,1,8,1,3,1,8, ...].

hay

1+
34

Twong tu nhu Vi du 3 thi phan thic lién tuc don gian & =
4:1,3,1,8,1,3,1,8,...] 14 hoi tu.
Vi du 2.5. Ta xem xét cac day s6 Fiboncci va Lucas. Dau tién ta xem

2 + X . > £ 2 @ ?
xét bieu dien phan thic lién tuc cua so vo ty £y = —, trong d6 @ la ti

V5
) 1 5
SO vang: ® = +2\/_. Ta c6
) 1 5
& = _ o7 V5 = 0, 72360679...,
V5 2v5

suy ra ag = |&] = 0.

1 1 245

_ _ — 1,3819660...,
o fo—a & 1+5
suy ra a3 = [&| = 1. Do d6
1 1 1 5
§o = = _ 7 V5 = 2,6180339...,
&1 —a 25 V5 —1
—1
1+5
suy ra ag = |&] = 2. Nhu thé
1 1 —1
£ = = = V5 = 1,2360679...
fo—az  1++/5 3-V5
— 2
VvE—1
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suy ra ag = |&3] = 1. Diéu do kéo theo

1 1 3—vV5  1++5

_ _ _ _ — 1,6180339....
S g—a3 -1 25 — 4 2
—1
3—+5
suy ra ay = [&] =1 va & = ®. Lap lai lan ntta, ta co
b — 1 1 2 _1+¢%_¢
T G—ar 1+45 . V-1 2 ’
2

suy ra as = a4 = 1. Tiép tuc qua trinh nay ta dudc &, = ® va a, = 1
véi Vn > 4. Dieu d6 kéo theo

®
— =10;1,2,1,1,1,1,...].

V5
Day gian phan ctia phan thitc lién tuc nay c6 nhiéu tinh chat tha vi.
Ta nhic lai rang day Fiboncci {F,} (day nay duge dat tén theo Leonardo
Pisano Fiboncci (1170-1250)), duge xac dinh nhu sau

Fo=0, Fi=1, F,,=F, 1+ F, 2, Vn=>2.
N6 cho ta day sb
0,1,1,2,3,5,8,13,21, 34,5589, ...

Day s6 Lucas {L,} (tén dugc dit theo tén cia nha toan hoc Francois
Lucas (1842-1891)), dugc xac dinh nhu sau

LO = 2, L1 = 1, Ln = Ln—l + Ln_g,Vn = 2.
N6 cho ta day sb
2.1,3,4,7,11,18, 29, 47, 76,123, ...

Ta sé ¢c6 mot quan hé tha vi sau day: goi C), la gian phan tht n cua

o
phan thic lién tuc — =[0;1,2,1,1,1,1,...], khi d6

V5
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Chuong 3
Mot s6 tng dung ctia phan thiic
lién tuc

Trong chuong nay chiing toi sé trinh bay mot s6 tng dung ctia phan
thtic lién tuc tinh gan dung, gidi phuong trinh nghiém nguyén Diophan-
time va tng dung phan tich s6 thanh thia sé nguyeén to.

3.1. Tinh gan ding bang phan thic lién tuc

Cho € 1a mot s6 thuc, viec tim ra mot s6 hitu ty 1a xap xi clia s6 thuc
€ 1a rat can thiét trong thuc té. Trong phan nay ta nghién ctu o vé van
dé d6. Ta bat dau v6i mot s6 dinh nghia
Dinh nghia 3.1. Véi mot s6 thuyc &, ta néi xap xi L € t6t hon b

q 41
néu
p P1
€ == <& ==
q 41

S6 hitu ty P duge goi 1a zdp 2f tot ctia s6 thie € néu v6i moi s6 hitu ty
q

a
— ]—jvalgbgqchﬁngtacé
b

q

p a
\5—5| < |f—g|- (3.1)

.3 ) ) 4
Vi du 3.1. Ta thay 1 la xap xi tot hon cta 7 so véi 1 Vi

3 4
m— = 0,141502... < |7 — | = 0,858407...

7 L . .3 3
Phan thtc 3 khong phai la xap xi tot hon ctia s0 7 so véi I Vi 1 co

mau s6 bé hon 3 va gan 7 hon:

3 7
m— 71 =0,141502... < |r — 2| = 0,358407....
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Dé thay rang, véi mdi mot s6 nguyén duong ¢, luon ton tai mot so p
sao cho phan thitc p/q 1a xap xi ctia s6 £ to6t hon cac phan thiic p;/q voi
moi s6 nguyén p;. Chang han véi € =71, ¢g=1, p=3;q=2, p = 6;
q=3,q¢q=9q=4,p=13,...

13‘
m — — =
4

3 ) ) .
Vi du 3.2. Phan thic R la xap xi tot cua so 7w bdi vi
0, 108407...,

3 6 9 13
7= Sl =lm =5l = |7 = 5| = 0,141502... > |7 — —*| = 0, 108407...

) ) ) 13
va khong c6 phan so6 dang % ma la xap xi cua 7 tot hon 1

Bay gio ta xem xét khai niem xap xi t6i uu ctia mot s6 thuc. Véi s6

Z o 2 N a’ o X .~
thuc £ va cac phan thic xap xi cua 7 la —, P dieu kién
q

P a
€= 2<le- 3l

tuong duong véi

€ —p, |b§—d

| | < T
q

g€ —p

Ta thay néu p/q cang gan £ thi | cang nho. Nhu thé ¢ — p cang
gan 0 thi cang tot. Dieu nay lam xuat hién khai niem xap xi t6t nhat.
Dinh nghia 3.2. Cho s6 hitu ty ‘g dugce goi 1a zdp i toi vu (con goi 13
xdp i tot nhat) cia s6 thuc € néu véi moi s6 hitu ty % £ ]2, 1<b<q,
ta co !
g€ — pl < |b€ —a (3.2)

Vi du 3.3. Ta thay g = % gan s6 m hon % = % Tuy nhién

4o — 13] = 0,433629... > |17 — 3| = 0, 141592....

do do T la xap x1 tot ctia sO m, nhung 7 khong phai la xap xi toi nhat.
Menh dé sau cho thay moi quan hé ctia xap xi t6i nhat va xap xi tot cla
mot s6 thue £.

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



44

Meénh dé 3.1. Xap xi t6i uu la xap xi tot, dieu nguoc lai 1a khong diing.

Chitng minh. Vi du § trén cho thay xap xi tot chua chic 1a xap xi
t6i wu. Nguge lai, néu Poa xap xi t6i wu clia € thi né 1a xap xi tot vi véi

a
moi phan thiic g#]—?, 1 <b<gq, taco
q

p,_4§—p, 6§ —al _[b§—al a
T e |
q q q
Diéu nay chiing to Pra xap xi téi uu. O
q

Bay gio, ta xem mot tinh chit quan trong ciia xap xi to6i wu. Trude
tién ta chiing minh dinh 1y sau
Dinh 1y 3.2. (Dinh 1§ xip xi co ban). Cho € 1a mot s6 vo ty va C, = L=

dn
la day gian phan ctia biéu dién phan thic lién tuc don gian ctia € thi céc

bat ding thiic sau luon diing

1
€ = Cul < , (3.3)
ndn+1
|€ - Cn+1| < ’f - Cn’; (34)
|Qn+1€ - er—l‘ < |Qn£ _pn" (35)

Néu ¢ la s6 hitu ty va gian phan {C,, 1} dinh nghia duogc (tiic 1a € # C),)
thi cac bat dang thiic trén van ding.

Chitng minh. Ta xem xét trong truong hgp £ 1a sd vo ty, trudng hop
¢ 1a s6 hitu ty duge ching minh tuong tu. Ta chi can mot trong hai bat
déng thic

C, <Cha << Cpyr hoac O << Chya <y

tuy theo n la chan hay 1é. Tt Hé qué 2.1 ta c¢6

_1)»
Cn—l—l_Cn:u

qndn+1

(_1)nan+2

dndn+2

Cn—|—2 - Cn =
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Tit d6 dé dang suy ra bat dang thic (1.3):

—1)" 1
€= Ol < | = G = 122 = L
QnQnJrl QnQTL+1

Bay gio ta ching minh bat ding thic

|QTA—|—1€ _pn—i—l‘ < |Qn£ _pn’-

Ta co
Pn+1
Qn+1|€ - = ‘ = qn+1|£ - C17”H—1| < Qn+1|Cn+1 - Cn‘
dn+1
1 1
= dn+1 = .
qn+19n+2 qn+2
Va

p
|Qn£ _pn‘ - ing - q_n‘ - Qn‘f - Cn‘ > Qn|Cn+2 - Cn‘
n

Ant+2 Gp42
= q, —
AnQn+2 dn+2
1
/ .
qn+2

Diéu nay chiing to
|@n+1€ — Prs1| < |gn€ — pnl.
Cudi cling ta c6 :
In+1 = An1qn + Gn—1 2 A + Gn—-1 > G,

kéo theo

1 1
< —.
dn+1 dn

Tu do ta co

Pn+1 1 1 1
|§_Cn+1‘ = |€_ dax | = |Qn+1€_pn+1| < —‘an_pn‘ < q_‘%lf_pn‘;
n

n+1 qn+1 qn+1
suy ra
1 Pn
’f - Cn+1’ < _‘an _pn| - ’f - | = |£ - Cn|
dn dn
hay
|€ — Cn+1| < ‘5 _ Cn‘
Dinh 1y dugc chiing minh. ]
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Chd ¥ rang, trong dinh 1§ trén ta phai diing khai trién phan thic lién
tuc don gian, dinh 1§ c6 thé khong con ding néu khong st dung khai
trién nay. Ta xem xét vi du sau day dé thay ré hon.

. 5 .
Vi du 3.4. Xét so hitu ty & = 3 c6 khai trien phan thic lién tuc don
gian la
1
—=[1;1,2] :1+—1.

14 =
+2

Ta xem xét mot biéu dién phan thic lien tuc khong phai dang don gian

cua & nhu sau

1
= 1,1,1) =1+

1+
1

—_

1

1
i) )

,O3 =& = —=. Do do ta

+
3
2’ 3

il )

1
Cac gian phan cta & la Cy = I’Cl =—,Cy =

2

co
1

5) 5)
| =22 =3 =2 = 1.2 — 2| = |gu€ —
’q2€2 pQ‘ | 3 ‘ 3 ‘ 3 ’ ‘q1€ pll?
ro rang [g2€s — po| khong nhé hon i€ — pil.

Dinh ly 3.3. (Dinh 1y xap xi t6i wu) Méi xap xi t6i uu ctia mot sb
thite ¢ (hitu ty hay vo ty) la mot gidn phan ciia biéu dién phan thiic
lien tuc don gian ciia &, ngugc lai moi phan thitc trong day gian phan
C1, Cy, Cs, ... clia biéu dién phan thic lien tuc don gidn ctia & déu la

mot xap xi toi uu ctia no.

Viéc chitng minh dinh 1y nay la kh& phiic tap, nén t6i khong trinh
bay chiing minh ¢ day. T Dinh 1y xap xi t6i uu suy ra day cac xap xi
toi uu ctia s6 thuyc € 1a hoi tu va tit Dinh 1y xap xi co ban ching ta c6
u6c lugng do sai s6

1
suy ra [ — pal <
qndn+1 qn+1

|€_Cn| <

Diéu nay ching té g, cang 16n thi ta c6 xap xi toi wu tét hon va ¢, dudc
xac dinh béi phép truy hoi: ¢, = angn_1 + ¢n_o. Hién nhién néu a, cang

S6 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



47

16n thi g, cang 16n va nhu thé sai s6 gitta £ véi C,, cang nhd. Va nhu thé
ta sé c6 mot xap xi hitu ty ctia mot phan thic lién tuc. Bay gio xem xét
mot vi du cu thé.

Vi du 3.5. V6i € = 7, ta c6 biéu dién phan thic lien tuc don gian cla
T
T =1[3,7,15,1,292,1,1,1,2,1, ...

Dé thay, phan thtc lién tuc nay hoi tu va

29 333 355 103993
Co=3,01="20y="0 Cy=2 Cp= —2 .
O T T 1060 0 T 1137 T 33102
Ta thay
Iy < —— = — X (,000.000.267
TS g T 11333102 P

. 355 L, . e
kha nho, vi vay c6 the coi C5 = 13 la xap xi hitu ty s0 7 v6i mau so

khong 16n hon 113 va c6 sai s6 1 1076,
3.2. Giai phuong trinh Diophantine

Trong phan nay ching toi sé trinh bay tng dung ctia phan thic lién
tuc trong viéc giai phuong trinh nghiém nguyén Diophantime.

3.2.1. Phuong trinh bac nhét hai an Az + By = C

Ching ta da biét phuong trinh Az + By = C c¢6 nghiém khi va chi
khi d = (A, B) thi d cling la uéc ctia C. Gia st A = ad, B =bd,C = cd,
v6i (a,b) = 1 thi phuong trinh da cho tuong duong véi

ax + by = c. (3.6)

Néu (zg,%0) 1a mot nghiem cia (3.6) thi tat ci cac nghiém cta (3.6)

duge bicu dién dusi dang
x=x9+ bt
Y=Y — CLt,

trong d6 ¢ 1& mot sd nguyen. Nhu vay dé gidi phuong trinh (3.6) thi
chiing ta chi can di tim 1 nghiém cta (xg,yo) clia no.
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Xét phuong trinh
ax + by = 1. (3.7)

Néu (g, o) 1& mot nghiem ctia (3.7) thi (cxg, cyo) sé 1a nghiem ctia (3.6),
nhu vay ta chi can xét bai toan: Cho (a,b) = 1 hay tim mot nghiem cta
phuong trinh ax + by = 1. Dé giai bai toan nay ta lam nhu sau:

Dau tién ta bieu dién phan s6 — thanh phan thic lién tuc don gian

|b]

httu han:

S [ag, a1, a ap]

‘b| 0, &1, U2y ...y Un |-
Goi C,_1 = Pt o C, = Pn 13 hai gidn phan cudi ciing ctia phan thic

Gn—1 dn

lien tuc nay. Ta c6 ‘%' =~ (a,b) = 1,(qn,pn) = 1 nén a = p,, |b| = q,.

dn
Mat khac

Putn—1 — @uPn1 = (=1)"""

suy ra

adn—1 — ‘b|pn—1 = (_1)7171-
Dieu do6 kéo theo
a(—1)""guo1 + [0](=1)" ' pp_y = 1.

Do do6
+ Néu b > 0 thi phuong trinh (3.7) ¢6 nghiém la

L= (_1)71_1(]71*1
y=(=1)"pp-1.

+ Néu b < 0 thi phuong trinh (3.7) ¢6 nghiém 1a
L= (_1)n_1an1
y=(=1)""po1.

Vi du 3.6. Giai phuong trinh

6387 — 372y = 24
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Giai. Vi (638,372) = 2 = 638z — 372y = 24 < 319z — 186y = 12

. .. 319
Chii ¥ a (319,186) = 1. Bay giv ta biéu dién T = [1:1,2,1,1,26] va
12

ta co n = 5,@ = Do b = —186 < 0 nén mot nghiém cta phuong
44
trinh 3192z — 186y =1 la
x=17
y = 12.
Vay mot nghiém cua phuong trinh 3192 — 186y = 12 la

r=712=84
y=12.12 = 144.

Do d6 nghiém téng quét clia phuong trinh 319z — 186y = 12 1a

z = 84 + 186t
y = 144 + 319¢
teZ.

3.2.2. Phuong trinh Pell dang: 2> — dy® = +1

Dinh nghia 3.3. Ta goi phan thic lién tuc don gian vo han [ag; a1, as, ...]
I3 tuan hoan néu day {a,} 1 tuan hoan ké tit mot chi s6 nao doé nghia
13 : Ton tai s6 nguyén duong m va k v6i moi n > m ta cb a, = ay,p, SO
nguyen duong k& nay dugce goi 1a chu ky. Trong truong hop doé ta viét

[CLOQ a1, 02,043, ..., Am—1, Amy Am41y -5 am—i—k—l]

Van dé dat ra la co6 phai tat ca cac sé vo ty déu biéu dién duge dudi
dang mot phan thic lien tuc vo han tuan hoan hay khong? Dé tra 10,
trudc hét ta c6 khai niem sau:

Dinh nghia 3.4. S6 vo ty « goi 1a s6 vo ty bac hai néu né 14 nghiem
clia mot tam thitc bac hai véi hé s6 nguyen.

Vi du 3.7. S6 vo t§ a = 1++/5 14 s6 vo t¥ bac hai vi n6 la nghiem ctia
phuong trinh 22 — 22 —4 =0
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Bo6 dé 3.4. Sé thuc a la s6 vo ty bac hai néu va chi néu ton tai cc s6
nguyén a,b,c voi b > 0 va khong chinh phuong, ¢ # 0 sao cho

a+\/5

C

o =

Chitng minh. Gid st o 1a s6 vo ty bac hai. Khi d6 ton tai cac s6
nguyén A, B, C sao cho a 1a nghiém ctia phuong trinh Az?+ Bx+C = 0.

Vay
_ —b+VB?—-4AC
- 2A

07

b
Déta:—B,b:BQ—ZlAC’,c:QAtasécéoz:a+\/_
c

a + b £ 2 N , N . 2 ~ .
vb thi a 1a so vo ty va no la nghiém cua phuong trinh bac hai

c
2r? — 2acx +a®> —b=0. O

. Nguoc lai néu

o =

Bo6 dé 3.5. Cho « la s6 vo ty bac hai va r,s,t,u la cdc s6 nguyén thi
ro—+ s

ciing 1a s6 vo ty bac hai.
ta +u

a+\/5

C

Ching minh. Gia st a = khi do6 ta co

ra+s  (ar +cs)(at + cu) — rtb+ (r(at + cu) — t(ar + ¢s))Vb

ta+u (at + cu)? — th? ’
roa+s ) .
kéo theo i la sO vo ty bac hai. []
ta+u

Dinh nghia 3.5. S6 vo ty

S
+
S

duge goi 1a lién hop cua a =
Dé ching minh duge

Bb6 dé 3.6. Néu s6 vo ty bac hai o la nghiém ciia phuong trinh Az* +
Bx + C' =0 thi lién hop cua no ciing la nghiém cua phuong trinh do.
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Bo dé 3.7. Ta ¢6 cac heé thiic sau

(0B =o'+ 6

(a.B) =d'.p
o, g’
(E) - B/

Sau day chiing to6i trinh bay mot dinh 1y quan trong, duge chiitng minh
bdi Lagrange, dé tra 15i bai toan dat ra & trén.

Pinh 1y 3.8. S6 vo ty o biéu dién duoc dudi dang mot phan thiic lién
tuc tuan hoan khi va chi khi né la s6 vo ty bac hai.

Chitng minh. Trudc hét ta chiing minh rang néu a c6 biéu dién phan
thic lien tuc tuan hoan thi né 1a s6 vo ty bac hai. Gia st

a = [ag; a1, 2,3, oy A1, Ty G ds -vs Gtk

Dat

B = [@m, i1y s Gtk -

Khi d6 8 = [am, @m1s - Gty 8] do d6

_ Bk A+ pea
Bar + qr—1’
. Pk o Pk—1 ~ PN .
trong d6 — v —— & hai gidn phan cudi cung cla [am, Gty - s k)
dk dk

tur cong thic trén ta co

@B + (qr—1 — pi)B — pr1 =0
vay s0 (3 1a 86 vo ty bac hai. Ta lai ¢6 a = [ag; a1, as, ..., ay_1, 8] do do6

_ BPm-1+ DPm
o =
BGm-1+ Gm-1

Theo Bo dé 3.5 thi o 1a s6 v6 ty bac hai. Dé chitng minh phan ngugc lai
ta can bo dé sau
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Bé dé 3.9. Néu « la s6 vo ty bac hai thi né c6 thé biéu dién dudi dang

P+Vd
- Q

trong dé P,Q,d la cac s6 nguyén sao cho Q|(d — P?).

a+\/a

C

«

Ching minh. Ta co a = . Nhan ca tit v mau véi |¢| ta duge

/d 2
a = a|0|+| | < Dit P = alc|,d = be?, Q = c|¢| = £¢2. -
C|C

Ta tiép tuc ching minh dinh 1y. Gi4 stt a = o 1a s6 v ty bac hai. Ta
xay dung day {ag, a;.as, ...} nhu sau: theo Bo dé 3.9 ta c6 cac sd nguyén
Py, Qy, d sao cho

o — Py+d
Qo
Qol(d = Fy).
Ta dat ag = [ap] va xéc dinh
Py =apQo — Py, Q1 = d_POQ,Oq:M-
Qo @1

Tiép tuc dat a; = [a1]. Mot cach tong quat néu cé

P d
o = L\/_ﬂk = [ov]
Qr
Ta sé dat )
d— P
Prpr = apQr — Py, Q1= Tkﬂ
Py1 +Vd
Ap+1 = T; Qg1 = [Qi1]
_|_
Khi do ta c6
d— P?

Qr+1 = + 2a, P, — a;Qy,

Qr
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do d6 Qs1 € Z vavi QuarQr = d— P2y nen Qpy|(d—P2,,).  C6 thé
chitng minh dugc ring

a = [ag, aj.az, ...|
va hon nita day {a,} xac dinh nhu trén 1a tuan hoan. O

Vi du 3.8. Tim s6 vo ty = biét z = [3;1,2].
Gidi. Ta c¢6 = [3;y] v6i y = [1,2] suy ra y = [1,2,y] vay

1 dy+1
y=lr—g =97
24—
Y
1 3 1
suy ra 2y —2y —1=0. Viy >0 nén y = +2\/_.\ﬁx:3+—nénta
Y
tim dugc
2 44 2+/3
r =3+ _ 27 \/_:2—|—\/§.
1+/3 2

Vi du sau cho chiing ta thay cach tim s6 vo ty bac hai khi biét bieu
dién phan thic lién tuc tuan hoan ctia né.

. . 6+ v28
Vi du 3.9. Khai trien phan thtc lién tuc ctia s6 a = +T
Gidi. Ta c6 P —0 = 6,Qp = 4,d = 28,4/(28 — 6> = —8),ap =
6+ v28 .
—— a9 = |ag] — 2 va
4
28 — 22 2+ v28
P1:2.4—6:2,Q1:(4—):6,041:+T,alzLalj:1
28 — 42 4 4 /28
P2:1.6—2:4,Q2:%:2,052:_{—7,@2:LOKQJ:4
28 — 42 4 + /28
P3:4.2—4:4,Q3:%:6,043:%,@3:Lozgj:1
28 — 22 2+ /28
P4:1.6—4=2,Q4=%:4,044:%@4:Loz4j:1
28 — 22 2+ v28
P5:1.4—2:2,Q5:%:4,045:%,@5:\_045J:1
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Ta thay P, = P5,Q1 = Q5 do d6 a; = as vay day tuan hoan chu ky 4.

Khi do ta ¢o
6 + /28 o
+T = [2:1,4,1,1,1]

Tiép theo ching ta di tim diéu kién dé s6 vo t§ bac hai bieu dién lien
phan thic vo han tuan hoan ngay tit dau, tic la diéu kién dé ton tai sd
nguyén duong k sao cho a, = a,; v6i moi n > 0. Ta thia nhan dinh 1y
sau

Pinh 1y 3.10. S6 vo ty bac hai a biéu dién tuan hoan ngay tir dau néu
va chinéua >1va -1 <d <0.

Bay gi ta sé xac dinh cach biéu dién lien phan thic cta Vd.
Xét 86 o = Vd+ [Vd]. Ta c6 o/ = [Vd] —+/d do d6 o > 1 va

—1 < o/ < 0 suy ra a c6 biéu dién tuan hoan ngay tit dau. S6 hang dau

tien ag = [V/d + [V/d]] = 2[V/d] = 2a v6i a = [V/d]. Ta c6
Vd+a=Vd+[Vd = [2a; a1, az, .., a,)

= [2a; a1, as, ..., an, 2a; ay, as, ..., G,

Suy ra

Vd = la; ay, as, ..., ap, 2a

Phan tich can than hon ta c¢6 thé chitng minh duge
a1 = ap, 02 = Ap—1, ---

Tic 1a day {ay, as, ..., a,} ddi xiing hay

Vd = la; ay, as, ..., a9, a1, 2a)

trong d6 a = {\/ZlJ , Sau day ching t6i sé xét mot vi du cu theé:
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Vi du 3.10. Xét & = V23 = 4,7958315.... Trong trucng hgp nay ag =
(6] = 4, do d6

1 1 V2 4
§1 = = _vya+e_ 1,2565473...,
§o—ap 23 —4 7
suy ra a; = [&1| = 1. Do d6
1 1 2
§2 = = = V2343 = 3,8979157...,
§1— a1 \/23+4_1 2
7
suy ra as = |[&] = 3. Do d6
1 1 V2
&3 = = _ VB 1,1136902...
f—a V2343 7
2
suy ra ag = &3] = 1. Do d6
1 1
_ _ — /23 + 4 = 8, 7958315...
2 §3—a3 /2343 1
7
suy ra ay = |[&] = 8. Do d6
1 1 V2 4
& — _ VTR 9565473

G- a V23-4 T
suy ra az = |&] = 1. Chu y rang & = & va a; = a1. Bdi vay

11 _g_@qts
& —as S —a ? 2

€6

do d6 ag = |&| = |&2] = as = 3. Tuong tu nhu vay thi
1 1

§6 — ag N §o — ay
1 1

_57—617_53—613

& =

=&,=>ar=a3=1

£

:§4,$a8:a4:8
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Nhu vay day {a;} sé lap va qué trinh lap nhu sau 4;1,3,1,8,1,3, 1,8, ....
Do do6
V23 = [4:1,3,1,8,1,3,1,8,..] = [4:1,3,1,9].

hay

1
V23 =4+
1+

1
1
1
1
1

34

3+
1+

8 +
1+

Tiép theo ching toi dua ra mot vai vi du bicu dién s6 vo ty thong
qua mot phan thic lién tuc vo han "tuan hoan" dé ban doc tham khao
va tit kiém chiing

i. V29=1[52,1,1,2,10 =5+ 11
2 + 1
1+ 1
1+ i
2 +
10 +
24+ -
ii. /31=1[51,1,3,5,3,1,1,10) =5 + 11
1+ :
1+ 1
3+ :
5+
3+ !
1+

iii. V16 =1[6:1,2,1,1,2,6,2,1,1,2,1,12] = ...

. V76 =[8;1,2,1,1,5,4,5,1,1,2,1,16] = ....

v. VO7=1[9:1,5,1,1,1,1,1,1,5,1,18] = ....
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Bai tap dé nghi

Bai 1. Biéu dién cdc can thic sav dudi dang mot lién phan thic tudn
hoan.

a. V35

b. V41

Bai 2. Tum sb vo ty biéu dién phan thic lién tuc sau.

a. £ =[8;1,2,1,1,5,4,5,1,1,2, 1, 16]
b.£=16;1,2,1,1,2,6,2,1,1,2,1,12]

Cudi cung ching téi nghién ciu cdch gidi phwong trinh
Pell dang :

z? — dy* = +1

Bé dé 3.11. Cho d la s6 khong chinh phuong. Gi sit Py, Q, g, ax 14
cac so xac dinh trong viéc tim khai trién phan thic lién tuc ctia Vd

(P — k+Vd)

ap = Or , A = [Oék]
d — P2
Py =arQr — Pr, Qpe1 = Tkﬂ
Pi + \/C_l
U1 = T, Ap41 = [@k+1]
_|_

Gig sit 2 13 gign phan thit k cta Vd. Khi d6
qk

pi - dqi = (_1)k_1Qk+1

Ching minh. Vi Vid = oy = lag; a1, as, ..., ag, ag. 1] Nén theo dinh 1y

3.8 ta co
Vi = o = 1Pk + Pr-1
—_— O —

Q19K + qr—1

_ Pi + \/a
Qrt1

Vi qy, nén ta co

Vi = (Prt1 + Vd)pr + Qrr1pr—1
(Pry1 + \/E)Qk + Qrr1qk—1
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Do d6
g, = (P + Quirti-1)Vd = (Peapy + Qrrpir) + prvd
Tit d6 suy ra ( do vVd ¢ Q)
nqy = Peyipr + Qrepr-1, (1)

Peyigr + Qriqe—1 = pr, (2)
Nhéan phuong trinh (1) v6i g va phuong trinh hai véi py sau dé trir cho
nhau ta dugc

Pr — dgi = (PrGe-1 — Pr1ae) Qi1 = (—1)" ' Qry.
H
Dinh 1y 3.12. Gid sit chu ky ciia biéu dién phan thic lién tuc ctia Vd
la r. Goi Pk gidn phan thit k ctia vVd. Néu r chin thi x = py,_1,y =

dk
Gr—1,(t = 1,2,...) Ia nghiém ctia phuong trinh Pell : z* — dy? = 1.

Ching minh. ViVd= O—Ir@ nén Qp=1suyraQp =Qy=1 Vk.
Theo bo dé 3.11 ta c6
Prr—1 — i,y = (=) 2 Qp = (-1)"".
Vay néu r chén thi p; | —dgl,_ , =1 Vk €& N néur 1é thi
pgtr—l - dqgtr—l =1,(t=12..)
[]

B6 dé 3.13. Q; #1véimoii=1,2, ... va Qp = 1 khi va chi khi k chia
hét cho r.

Ching minh. Gia st ton tai i sao cho Q; = —1 suy ra a; = — P, —/d.
Vi a; ¢6 biéu dién phan thic lién tuc tuan hoan ngay tit dau nén —1 <
a;:—H+\/E<Ovaai:—Pi—\/c_l>1vay

\/§<PZ~<—1—\/3
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diéu nay vo 1y, nén ta co
Gia stt k = tr. véi ag = [V/d] ta c6

Vd = [ag; ay, as, ..., a1, ax] = [ap; a1, ag, ., a,, 2aq).

Suy ra

o, = [2a9, a1, as, ..., a;| =ag + [ag; a, az, ..., ar, 2ag]

P d
=CLO—|—\/E:%\/_
k

& Qrag+ QpVd = P, +Vd & Qp = 1,a9 = P

Déo lai néu Q = 1. Ta ¢6 ap = P +Vd > P, Vi oy = [ag, Gpst, -] 12
tuan hoan ngay tir daunén —1 < o, = P,—Vd < 0 = Vd—1 < P, < Vd
do d6 [Vd] = P, = ay. Suy ra

ap = P, +Vd= [\/E] +Vd= [2a9, a1, as, ..., a,).

Ta co
Vd=a= ag; a1, as, ..., ap—1, o]
= laop;, a1, ..., ag_1, 200, a1, ..., Ay
= lag; a1, ay, .., ar, 2a,]
Suy ra k phai la boi ctia chu ky 7. ]

Dé ching minh day 1a tat ca cac nghiém ctia phuong trinh Pell ta can
cac bo dé sau.

i ~ Z 7” £ 4 e 2 Z,°
Bo6 dé 3.14. Cho « la mot so vo ty va — la so hitu ty toi gian véi r > 0

s
va

a-l< L

&__ [

s 22

r
Khi do — phai la mot gian phan cua .
S

Chitng minh. Trudc tién ta thita nhan bo dé sau
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Bo6 dé 3.15. Cho a = [ay; as, as, ...] 1a mot s6 vo ty. Goi &, (j=1,2,...)

j
la cac gian phan ctia a. Khi dé néu r, s la cac so nguyén vdi s > 0 thoa

man
s — 7| < |qrer — py]

thi s > qpq1.

r .
Gia st — khong la gian phan ctia « khi d6 ton tai k sao cho
s

k<5 < Q- (3.8)

Theo b dé 3.15 ta co

r 1
gk — pi| < |sa—r| =sla— | < —
S 2s
1
& la— &l < —
Qe 25Gy
Do |spr — rqix| = 1 nén ta c6
1 spr —rae|  |pr T
< _|gr L
Sqk Sqk xS
r
< o5 ‘oz — —‘
4k S
- 1 n 1
2sqr 282
~ 1 2 ~ PN N ~ = Z,2
Vay —— < — suy ra 2sq; > 2s” vay q; > s diéu nay mau thuan véi
2sq, 282
r
(3.8) do d6 — 1a gidn phan cta a. O
S
2 s £ r £ Lo .o .-
Bo6 dé 3.16. Cho « la mot so vo ty va — la so hitu ty toi gian voi r > 0
s
va
-] < 5
a——| < —.
s 282

r
Khi dé — la gian phan cia a.
s
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. .2 2 r ~ N e 2 ~ el . e X .
Ching mainh. Gia st — khong la gian phan ctia « khi d6 ton tai &k sao
S
cho ¢; < s < gu11. Theo bd dé 3.15 ta co

1
lgrae — pi| < |sa — 7| —s\oz——\ < — 5
s
1
suy ra |a — —] < —— mat khac |spy — rqx| > 1 nén ta c6
Q. 25qk
< [spr —rqrl _ |k T
Sqk Sqk ak S
Dk r 1 1
< la—2t —1—‘04——’ <t
h ‘ . s 2sq. 252
1
Vay Gy < 742 & 2sqr > 257 & q > s tral v6i gia su. Vay bo dé dugce
Sqk
chiing minh. H

Bé dé 3.17. Gia sit ¢,y la cac s6 nguyen duong sao cho z*> — dy* = n
va |n| < v/d. Khi dé T mot gian phan ctia V/d.
Y

Ching minh. Xét truong hop n > 0 ta c¢6
(z + yVd)(z — yVd) =n:>x>y\/c_lz>§—\/g.

Ta lai co
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Theo bé dé 3.16 thi = 14 mot gian phan ctia vVd
Y
Xét truong hgp n < 0 khio do

1 —n
2 L o _ TN
R R
To oo =% > 0, =™ < L \ay theo truong hop tren thi ¥ 1a mot gié
a cO — —— < —= vay theo truon rén thi = 14 mot gian
1 r 1 1
phan ctia —. Nhung khi d6 = = — 14 mot gidn phan cia — = v/d. [
Vd y Y 1
T \/C_Z

Dinh ly 3.18. Cho phuong trinh Pell
v*—dyf =1

Goi r 1a chu ky biéu dién ciia phan thic lién tuc clia v/d.
Néu r chén thi tat ca cac nghiém ciia phuong trinh Pell 13

LT = Pkr-1,Y = qkr—1
Néu r 18 thi tat ca cac nghiém ciia phuong trinh Pell 13
T = Pour-1,Y = Qarr—1,t € N™.

Chitng minh. Gia sit (z,y) 13 nghiém ctia phuong trinh Pell. Theo b
dé 3.17 thi ton tai i dé z = p;,y = ¢;. Tt d6 ta co

pi —dg} = 1.

Tt bo dé 3.11 rat ra (—1)'Qi1 =1 = Qip1 = £1. VI Qpy1 # —1 nén
Qi41 = 1 vii 1é. Theo bo dé 3.13 ta c6: ton tai k sao cho i +1 = kr =
i = kr — 1 va kr 1& chn. Do d6 néu r 1é thi k chén, k = 2t.

Vi du 3.11. Giai phuong trinh :

a, x*—23y =1 (3.9)
b, 2229 =1 (3.10)
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Gidi. a. Ta c6 /23 = [4;1, 3,1, 8] vay chu ky biéu dién ctia v/23 1a r = 4.
Do do6 cac nghiém cta 3.9 c6 dang :

{x:p‘l’“ k=1,2,3
y:q4k_1 Y Y ) Y

Trong d6 (par_1, qur_1) = (24, 5), (1151, 240), (55224, 11515), ...
b. Ta c6 /29 = [5;2,1,1,2,10] suy ra chu ky bic¢u dién ctia v/29 1a r = 5.
Do r 1é nén phuong trinh 3.10 ¢6 nghiém va cac nghiém cua 3.10 c6 dang:

{ T = Potr—1 = P1ot—1 Ct=1,2,..
Y = Qotr—1 = q10t—1

Trong d6 (pror_1, qror—1) = (9801, 1820), (73997555, 13741001), ...

Xét phuong trinh
v —dy® = —1 (3.11)
Ta c6 két qua sau:

Dinh 1y 3.19. Phuong trinh x> —dy* = —1 c6 nghiém khi va chi khi chu
ky r ctia biéu dién phan thiic lién tuc cia s6 vd 1a s6 16. Trong truong
hop ay céac nghiém ciia phuong trinh la x = P@tr—r—1),Y = q@2tr—r—1) VOI
t=1,2,..

Chitng minh. Tu dinh 1y 3.18 d& thay néu chu ky r ctia biéu dién
phan thic lien tuc ctia sd Vd 1a sb6 1& thi z = Ptr—r—1) d(2tr—r—1) VO
t=1,2,... l]a nghiém.

Gia sit (x,y) 1a nghiém ctia phuong trinh 3.11 theo bo dé 3.17 ton tai
idéex=p;,y=gq. Tudo

p; —dg} = —1.

Tt bo dé 3.11 rat ra (—1)7'Qi = —1suyra Qi = £1. Vi Qg # —1
nén ;11 = 1 va i chin. Theo dinh 1y 3.18 ton tai k € N sao choi+1 = kr
suy ra i = kr — 1 va kr 13 1é. Thanh thit néu r chn thi kr luon chin do
d6 phuong trinh vo nghiém.
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Trong truong hgp r 1é lap luan tuwong tu nhu trong truong hop

phuong trinh Pell 2?2 — dy? = 1 tat cd cac nhiém phai c6 dang
{ ST N T I
Y = Qkr—1
Trong d6 kr 1é tic la khi k£ 1é thi cac ngiém 3.11 dang:
{ S e I Y [
Y= Qtr—r—1
Vi du 3.12. Giai phuong trinh:
a, 2°—29°=—1 (3.12)
b, x*—31y*=—1 (3.13)

Gidi. a. Ta c6 /29 = [5;2,1,1,2,10] suy ra chu ky biéu dién ctia v/29 1a
r = 5. Do r 1é nén phuong trinh 3.12 ¢6 nghiém va cac nghiém cua 3.12
c6 dang:

{ L = P2tr—r—1 = P10t—6 Ct=1,2,..

Y = Q2tr—r—1 = q10t—6

Trong d6 (pror—1, qroe—1) = (70, 13), (1372210, 254813), ...
b. Ta c6 /31 = [5;1,1,3,5,3,1, 1, 10] suy ra chu ky biéu dién ctia /31
la 7 = 8. Do r chén nén phuong trinh 3.13 vo nghiém.

3.3. Phan tich mot sé ra thira sé

Cho s6 nguyén duong n. Ta c6 nhan xét sau:

Néu tim dugc hai s6 nguyén duong z, y thda man 22 = y*( mod n) vdéi
r—1y va x+y khong chia hét chon. Khi d6 u = (x—y,n) viv = (z+y,n)
la cac u6c khong tam thuong . That vay ta ¢6 (z — y)(z + y) chia hét
cho n. Vi x — y khong chia hét cho n nén v # n, néu u =1 suy rax +y
chia hét cho n, trai gia thiét. Tuong tu v # 1.

Gia st pi, g, P, Q1 1 cac s6 c6 duge khi tinh cac gidn phan clia s6
v/d. Theo dinh 1y ta c6

(=1 'Qp1( mod n).

Néu ta tim dudc k 18 va Q1 = s? 14 s6 chinh phuong thi ta c6 thé ding
hai 86 u = (pr — s,n),v = (pr + s,n) 14 cic wéc ciia n néu ching khac 1

P}

va khac n nhu vay thuat toan dugce biéu dién nhu sau:
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-Trong day Q; v6i k chan ta nhat ra cac s6 chinh phuong.

-Gia st Qi = s%, v6i k chin : xét cac s6 pr_1 # s. Kiém tra xem so
nao chia hét cho n khong.

-Néu ching khong chia hét cho n thi ta dung thuat toan Oclit dé tim

u= (px+s,n),v=(pr —s,n). Khi d6 u,v chinh la cac thita s6 ctia n.

Vi du 3.13. Phan tich s6 1037 ra thita s6. Ta c6 Q1 = 13, Qs = 49 = 72,
Khi d6 ta c6 p; = (—1)2Q2( mod n),p; = 129 vay u = (129—7,1037) =
(122,1037) = 61 va v = (129 + 7,1037) = (136, 1037) = 17 vay

1037 = 61.17

Vi du 3.14. Phan tich s6 1000009 ra thita so.

Ta 6 Q) = 9, Qy — 445, Q3 — 873, Q4 — 81 — 92,
Tuy nhién ps+9 = 2000009 + 9 chia hét cho 1000009. Ta lai tiép tuc tim
cac s6 @Q; chinh phuong véi k chin, két qua ta tim dude Qg5 = 16 = 42,
Khi d6 p17 = 494881 va u = (494881 — 4, 1000009) = 293, v = (494881 +
4,1000009) = 3413. Vay ta c6

1000009 = 293.3413
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Két luan

Luan van da trinh bay va dat duge mot s6 két qui sau

1. Trinh bay mot s6 khai niém co ban ctia phan thic lién tuc, phan
thitc lien tuc hitu han, vo6 han, don gidn, day gidn phan, phép bién doéi
phan thic lién tuc, hai tinh chat dong nhat gitta chudi va phan thic lien
tuc. Phan thiic lien tuc ciia mot s6 va ham dic biét.

2. Trinh bay mot s6 két qua nghién cttu vé sy hoi tu ctia phan thic
lien tuc, cong thitc truy hoi Wallis-Euler, thuat toan tim biéu dién phan
thitc lien tuc chinh tic ciia mot sb6 thuc va dua ra mot sb6 vi du cu thé.

3. Trinh bay mot s6 nghién citu vé ting dung ctia phan thitc lién tuc
dé tim xap xi t6t ctia mot s6 vo ty, giai phuong trinh nghiém nguyéen va
phan tich thita s6 nguyén to.
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