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MG dau

1. LY DO CHON DE TAI

Trong toan hoc phd thong méi bai toan vé phuong trinh ham 14 cac loai toan thuong
rat khé. Lién quan dén cidc dang toan nay la cac bai toan vé dic trung ham s6 va cac
tinh chat lien quan.

Dé téng quan cac phuong phép giai cac dang toan trén, can thiét phai hée théng
hoéa cac kién thiic co ban va nang cao vé cac dang phuong trinh ham cfing nhu cac tng
dung ctia ching.

Dé tai "Phwong trinh ham sinh bdi phép quay va mot s6 dp dung” nham dap tng mong
mudn ciia ban than vé mot dé tai phit hop ma sau nay cé thé phuc vu thiét thuc cho
viéc giang day clia minh trong nha truong pho thong.

Dé tai lien quan dén nhiéu chuyén de, trong d6 c6 cac dic trung tinh chat ciia ham so,
cac tinh chat ctia day s6, cac tinh chat ctia nhém cyclic (nhém quay vong) va nhiéu

kién thtic co ban khac.

2. MUC DICH NGHIEN CUU

Nham hé théng va tong quan céac bai toan vé phuong trinh ham va cho céc ting dung
khéc nhau trong toan pho thong.

Nim duge mot s6 ki thuat vé tinh toan trén bién ddi tuyén tinh va phan tuyén tinh,
ve dac trung ham s6, vé tinh chat co ban clia ham thyc va s6 phiic.

3. DOI TUONG VA PHAM VI NGHIEN CUU

Nghién cttu cac cac bai toan vé phuong trinh ham va xét cac ting dung lién quan.
Nghién cttu tir cac tai lieu, gido trinh cia GS - TSKH Nguyén Van Mau, cac tai liéu

boi dudng hoc sinh gidi, tii sach chuyén toan, Tap chi toan hoc va tudi tré,. ..

5. Y NGHIA KHOA HOC VA THUC TIEN CUA DE TAI

4
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Tao duge mot dé tai phit hop cho viéc gidng day, bdi dudng hoc sinh trung hoc phé
thong.
Dé tai déng gop thiét thuc cho viéc day va hoc cic chuyén dé toan trong truong THPT,

dem lai niem dam meé sang tao tit nhitng bai toan co ban nhat.

6. CAU TRUC CUA LUAN VAN

Ngoai phan mé dau va két luan, luan van gom 4 chuong

Chuong 1 : Dic trung cac bién doi cyclic.

Chuong 2: Phuong trinh ham sinh bdi phép d6i hop véi hé s6 hang.
Chuong 3: Phuong trinh ham sinh béi phép dbi hgp véi hé s6 bién thien.
Chuong 4: Mot s6 ap dung.

Qua day tac gid xin bay té long biét on dén GS.TSKH Nguyén Van Mau da tan
tinh gitup da, dinh huéng, dong vién va v an can chi bdo cho toi hoan thanh ban luan
van nay. Dong thoi tac gia cling xin chan thanh cadm on téi cac thay co trong hoi dong
khoa hoc thuoc Dai hoc Thai Nguyeén, cac thay, co gidng day 16p cao hoc Toan K2
truong Dai hoc khoa hoc-Dai hoc Thai Nguyén da tao diéu kién cho t6i duge hoc tap,
nghién cttu va dinh huéng cho t6i trong qua trinh hoc tap va nghién citu.

Tuy da c¢6 gang nghién ctu ki dé tai va viét luan van song khé tranh khoéi nhitng
sai sot. Tac gid rat mong nhan dudgc sit chi bio, huéng dan ciia cac thay co va sy déng
gop ¥ kién ciia cac ban be dong nghiép dé ban luan van ciia toi duge hoan chinh va c6

¥ nghia hon. T6i xin chan thanh cam on.

Thai nguyén, ngay 09.09.2010

D
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Chuong 1

Pic trung cac bién déi cyclic

1.1 Phép bién d6i phan tuyén tinh

1.1.1 Mb&bi lién hé gitta ham phan tuyén tinh va phuong trinh
bac hai

Trude hét ta khao sat phuong trinh bac hai véi hé s6 thie dang

m
=z, m#0. 1.1
T+ 7 (1.1)
Ta co
(L) e 2?4y —-—m=0, z#—7. (1.2)

Phuong trinh (1.2) c6 nghiém thic khi va chi khi A =~2 +4m > 0.

i, Néu A =0 thi (1.2) c6 nghiem kép zo = —%.

ii. Néu A >0 thi (1.2) ¢6 2 nghiém phan biét x12 = —= F

o] -2

o

) i/~
iii. Néu A < 0 thi (1.2) ¢6 2 nghiem phiic lien hop x5 = —% ¥ - T

Tiép theo ta chi ra cach dat an s6 phu dé dua phuong trinh dai sé tong quat sinh

b6i ham phan tuyén tinh w(z) dang

ar +

P =z, ay—[#0 (1.3)

vé phuong trinh dang (1.1). That vay ta st dung dong nhat thic sau

ar+ 3 p—ay
:a—|—
T+ T+
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va viét phuong trinh (1.3) dudi dang

I e NN ek =r—a+a
T+ (x—a)+ (v+ )
hay
M:t (1.4)
t+ (v + o)

trong d6 t = = — . R6 rang phuong trinh (1.4) ¢6 dang (1.1). Trong truong hop dac
biét khi v 4+ o = 0 thi phuong trinh (1.4) ¢6 dang don gidn hon

B+ a?
t

—t (1.5)

va ham phan tuyén tinh tuong ting c¢6 tinh chat dic biet: w(w(z)) = x titc 1a ham w(x)

c6 tinh chat d6i hgp (d6i hgp bac 2).
ar +b

Tu nhitng nhan xét trén ta thiy moi ham phan tuyén tinh w(z) = d déu dua
cx
X ax —"_ /B 2,0 [ N ~ N z X
ve dang w(z) = P v6i ad — By = 1 hodc ad — vy = —1 . Tu day bai toan ve
YT

phuong trinh ham sinh béi cac ham phan tuyén tinh déu cé thé dua vé phuong trinh
sinh bdi cac bién ddi dang (1.1) bang cic phép bién hinh so cip nhu phép tinh tién,
phép quay, phép dong dang va phép nghich dédo. Dong thai tit day ta c6 thé ding tat
ci céac bién dbi clia ham bac hai ap dung cho cac ham phan tuyén tinh.

Trong trudng hop phuong trinh (1.1) chi ¢6 nghiém phiic va ham w(z) khong phai
1a ham d6i hop bac 2 thi bai toan sé duge gidi quyét nhu thé nao? D6 1a nhiing van dé
phtic tap. vugt ra khoi khuon kho chuong trinh toan bac phd thong.

Van dé dat ra 1a lam thé ndo ma ta c6 thé chon duge ham w(z) théa man diéu kien
néu trén?

e Truong hgp 1: Xay dung ham w(x) sao cho phuong trinh w(z) = x ¢6 nghiém kép
x = x¢. Xuat phét tit dang thiic

2

(z—20)> =0= 2 —2zxg + 22 = 0= a(x — 2m0) = —22 = 0 = — 0

x— 20

Suy ra ham w(z)) can tim 1a

2
Lo

w(x) = . Sy

e Trudng hop 2: Xay dung ham w(z) sao cho phuong trinh w(x) = = ¢6 2 nghiém

phan biét © = z1;x = x9. Xuat phét tit ding thic
(x —z1)(x —22) =0 = 2 — z(z1 + x2) + 1122 = 0 = 2[r — (21 + 22)] = —2129

7
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12

o — (w1t a)
Suy ra ham w(z) can tim la

=T =

12

R )

Tiép theo ta khao sat mot s6 tinh chat ctia cic ham phan tuyén tinh tong quét trén

C.

1.1.2 Nhém cyclic cAc ham phan tuyén tinh

Xét cac ham phan tuyén tinh dang

ar +
= 1.6
wle) = 28 (1.6
khi d6 néu
[y(z) = 20
YT + 01
va
Lo(2) = @2 + Bo
Yo + 09

12 hai ham phan tuyén tinh tuy ¥ thi tich ctia ching duge ki hieu bdi Ly o La(2) va
dugce xac dinh nhu sau

aox + [

_|._
L(2) = Ly o Ly(z) = Mo T (wank bzt by + i,
1= a2z + [ (Y102 + 0172)2 + 7182 + 0102
N————+ 8
Yo + (52

RG rang L(z) ciing 1a mot ham phan tuyén tinh. Suy ra véi tich nay tap hop cac ham
phan tuyén tinh lap thanh mot nhom. Ta ki hieu nhém nay 1a G. Dé thay G 1a nhom
vo han va khong giao hoan.

V6i ham phan tuyén tinh

b
w(z) = ij—d v6i ad —be # 0 (1.7)

ta chia ca tit vi mau cho /| ad — bc | ta thu duge

az+ 08 .
= . — = +1 1.
w(z) o Vol ad — By : (1.8)

8
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do do6 ta luon co6 thé gia thiét ad — fy = 1 khi d6 ta c6 thé thiy G la nhém céc ham

i? véi ad — By = £1.

) az
phan tuyén tinh dang w(z) =
vz
V6i Vw € G ta viét

Khi do6 ta c6 cac nhan xét sau.
Nhan xét 1.1. Gia st wy va we thudc G thi ta co6

Ay = Aw,Awy - (1.9)
Nhan xét 1.2.

(2) 1z4+0 —12+0
e(z) = =
0z+1 0z—1

1a phan ti don vi ctia nhém G. Ta ki hieu I 1 phan t¢ don vi cia nhém G.

Nhan xét 1.3. Gid st w € G khi d6 w = I khi va chi khi A = F hoac A = —F, trong

dé E 1a ma tran don vi.

Ménh dé 1.1. Gia st w(z) = jii? thudc G. Khi d6 véi Vn € N ta ¢
Al = Ay — M1 B (1.10)
trong d6 \g =0, Ay =1 va
Ae — (04 6)Ap_1 + Ag_g = 0 (1.11)

véik=1,2,...

Chitng minh. Theo quy nap véi n = 1 thi (1.10) hién nhién ding. Gia st ding véi
n = kkhido véin = k+1taco: AKT = AR A = (\pAL =M1 E) Ay, = MeA2 = A1 A,
= Me[(a+0)Ay — E]l = Ap_1Aw = [Me(a+0) = Ap_1]Aw — A E = A1 Aw — A\ E trong d6
Mer1 = Mp(a+8) — A\g_1. Bay gio ta xac dinh A\j, tt cong thic (1.11). Dé thay (1.11) 1a
phuong trinh vi phan tuyén tinh bac 2 c¢6 phuong trinh dac trung la t2 — (a+6)t+1 =0
v6i biet s6 A = (o + 6)? — 4. Vay ta co

9
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2+ 0 uoe G van € N. Khi d6
vz + 6

Nhan xét 1.4. Gia st w(z) =
eNéua+d=2thi )\, =n.
o Néu a+0 = —2thi \, = (—1)""In,
e Néu a+4d # +2thi \, = eil(x’f —zl) = i(:cg — z1') trong d6 61 va 62 1a can bac

0o
a+ 6+ 6 a+ 0+ 6

hai ctia (a +6)? —4 va 71 = 5 Ty = 5

Tit nhan xét trén ta thay dé A” = F thi diéu kien can va di la
A =0
>\n—1 =-1
Vay ta c6 thé phat bicu két qua nhan duge duéi dang
Meénh dé 1.2. Gid st w € G ¢6 dang (1.6) vi w # I. Khi d6 w™ = I khi va chi khi
km .
a+d=2cos— vii ke{l,2,...,n—1}.
n

Dinh 1y 1.1. Gid stt w € G cho trudc van € N, n > 2 co dinh. Khi dé w théa man

w" =
{wnil,m:m,g,,,,,n_l (1.12)

dieu kién

khi va chi khi

a+5:2005k—7r, ke{l,2,...,n—1}, (n,k)=1
n
ad—Py=1

Chaing minh. Theo ménh dé 1.2, ta c6

k
a+(5:2cos—7r,véik€ {1,2,...,n—1}.
n

k
) k 7" k
Néu (n,k) =1 > 1thia+d = 2 cos — = 2COSZT = 2c0s 1~ trong d6 n; =
n = ni
l
L < n. Theo ménh dé 1.2, ta c6 w™ = I, mau thudn vé6i gid thiét w™ # I véi

[
Ym e {1,2,...,n—1}. Vay nén (n, k) = 1.

k
Ngugce lai, gid st a4+ 0 = 2 cos L ting véi k € {1,2,...,n— 1} va (n,k) = 1. T
n
ménh dé 1.2, suy ra w”™ = I. Gid stt ton tai m € N, 2 < m < n sao cho w™ = I. Tu

. . k
ménh de 1.1, suy ra ton tai k; € {1,2,...,m — 1} sao cho a + ¢ = 2cos 2 Khi d6
n

10
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km kym km kym . . . e 1z .
COS — = cos —— = — = ——_ Didu nay mau thuén véi gia thiét (n,k) = 1. De ket
n m n m

thic, ta ching minh w # I. That vay, gia st w = [, tic la

az+ [
A )

=2,Vze C.

Y ez k
Theo nhan xét 1.3, ta c6 « = § = 1 hodic a = § = —1. Tt gia thiet suy ra cos g
n

k .
ho#c cos 8 = 1 tng v6i k € {1,2,...,n — 1}. Khong ton tai m nguyén. ]
n

Nhan xét 1.5. Néu w € G thda man diéu kién (1.12) thi w la phan t1t sinh clia nhém

cyclic bac m.

1.2 Mot sé nhém hitu han trén dudng tron
1.2.1 Nhoém cyclic trén duong tron don vi

Trong mit phing phiic mé rong, mot trong nhimg phép bién hinh tao nén nhém
cyclic trén duong tron dé la phép quay. Cu thé
Phép quay. Phép quay tam My(z) goc quay « la phép bién hinh bién diém M (z)
e % ——+
thanh diem M’'(z") sao cho MyM = MoM' va (MoM; MoM') = a( mod 27). Tt d6
biéu thiic ctia phép quay la

2 — 2=z — ).

Trong trusng hgp tam quay My trung véi gb toa do thi biéu thiic ctia phép quay
trd thanh:

2 =€ = z(cos 0 + isinb).

Dit w = cos @ +isin §. Trong mat phing phtic xét diém Aj(z1). Khi d6 qua phép quay
w = ei%r, ta duge

29 = Z1.W

23 — 2.W = 21.W
— — n _
Zn = Zpn—1.W =21.W = 21.

11
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Tit d6 suy ra céc s6 phitc {21, 22, 23, . . ., zp—1} lap thanh mot nhom hitu han. Néu biéu
dién cac diém 21, 29,23, ..., 2,1 trén mat phang phiic ta dugec mot (n — 1)- giac déu
noi tiép trong duong tron c6 tam 1a goc toa do va ban kinh bang |21] .

Trong truong hop dac biét § = 7 ta ¢6 phép phan xa.

1.2.2 Nhém cyclic cic ham sb phan tuyén tinh trén dudng
tron don vi

Gidst ' = {t € C: |[t| = 1} la duong tron don vi trong mit phang phitc C. Ta xac

dinh dang tong quat ctia ham phan tuyén tinh w(z) théa man diéu kién sau:
w)chw'=Lw"#Im=1,2,...,n—1, (1.13)

trong d6 n € N, n > 2 cho trudc.

Ta biét rdng ham phan tuyén tinh w(z) anh xa I' vao T khi va chi khi né6 c6 dang

eiGZ—Oé

w(z) = (1.14)

az—1
trong d6 6 € R, a 1a khong diém clia w(z) , i,e,a € C,w(a) = 0. Ta xét hai truong
hgp sau.

Truong hgp 1: o =oc0 . Tu (1.14), ta c6 w(z) = ei‘g% vi w? = I. Do d6, ta c6 thé
két luan

e Néun =2 thi w(z) = ew%.

e Néu n > 2 thi khong ton tai w(z).

Trudng hgp 2: a < oo. Tu diéu kién w(z) € I' nén Vz € T, suy ra [t] # 1. Ki
hiéu 0 13 mot gid tri ctia v/aa — 1. Chia ca tit vA mau ctia (1.14) cho ) = 6%81 ta thu

dugc.

20 60

€2 €2
—— —«

01 61
w(z> - —160 —10
e 2 e 2

az —

01 01

Theo dinh 1i 1.1, ta c6
0

—160

ez —e 2

k .
— + :2COS—7T, ung v6i k€ {1,2,...,n—1, (k,n) = 1. Vi rang
91 91 n
0 km
in— =160 —_— 1.15
sin o 1 COS " ( )
12
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e Néun =2thi k=1. Tu (1.15), ta ¢c6 0 = 2mm, ting véi m € Z. Khi dé ta c6

2mmi £ & Z—

w(z) =e azr—1 az—1

. . k
e Néu n > 2 thi tu dieu kién k£ € {1,2,...,n — 1}, (n,k) = 1, suy ra cos = # 0. Do
n

vay ta co
.0
sin —
2 _
= 0.
cos —
n

Suy ra ) la s6 thuc, do d6 |a| < 1. Vay nén |a| < 1 1a diéu kién can. Ta c¢6
cosf =1 —2(1 — aa) cos? ]%T
Do dé ta ching minh duge dinh 11 sau.
Dinh ly 1.2. Gid st w(z)la ham phan tuyén tinh théa man diéu kién

w)chw'=LWw"#£I,m=1,2,...,n—1,

trong dé n € N,n > 2 cho trudc.
1, Néu n =2 thi w cé dang
o1
wz)=¢e?=- 9eR
z

hodc
e
= — 1.
() = 2= o] £
2, Néun > 2 thi w c6 dang
i Z—
)= 8,

k
trong do |a] < 1,cos0 =1—-2(1—aa) cosQ—W, ing vdi k € {1,2,...,n—1}, (n, k) = 1.
n

Nhan xét 1.6. Gia st ham phan tuyén tinh w(z) thoa man (1.13) va bao toan hudng

cua I, tic la
wI)cl

wh =

wnZIm=12...,n—1.
w huéng duong cua I’

thi trong két luan ta can bd sung them dicéu kien |o| < 1. Khi d6, ta c6 thé két luan
rang
13
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e Néu n = 2 thi w c6 dang

az—1’
e Néu n > 2 thi w c6 dang

Y Z—
wiz) ="

k
trong d6 |a| < 1,cosf = 1—2(1—aa) cos? l, ting véi k € {1,2,...,n—1}, (n, k) = 1.
n

1.2.3 Nhém cyclic trén dudng thing thuc

Vé sau, ta chi xét cac dang phuong trinh ham trén truc thic nén can tim céc diéu

kign dé cdc ham tuyén tinh w(x) = ax + B va phan tuyén tinh w(z) = az i? v6i
a,B,7,0 € Rvaz € R c¢6 tinh chit w(x) = z. !

e VGi ham tuyén tinh w(x) = az + 3 ta co.

ww@) == alar+B)+B ==’z +(a+ 1) =z = {?azjll)ﬂzo

= a=1 hoac a=-—1
5=0 Vg eR

Do d6 ham tuyén tinh tdng quat c6 tinh chat phan xa la

wx)=p—=x
JANN . L ar+ B )
e V6i ham phan tuyén tinh w(z) = voi a, 3,7,0 € R ta co.
YT+ 9
ax +
ol T+ g] +
ww(z)] =z = 7 =r=a+0=0.
7[omc + ﬁ] 45
YT+ 0
a+0=0
Do d6 néu ham w(z) théa man § v # 0 thi wlw(z)] = =.
a0 — By #0
14
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Chuong 2

Phuong trinh ham sinh bdi phép
déi hop véi hé sé6 hang

Cho ham s6 w(z) xac dinh trén tap D . Xét day s6 wi(r) = w(w); wa(z) = w(wi(x));

oo wp(r) = w(wp—1(x)).

Néu wy,(z) = z thi ham w(z) c¢6 tinh chat d6i hop bac n.

2.1 Phuong trinh ham tuyén tinh vA phan tuyén
tinh véi hé sé hing

Bai toan 2.1. X4c dinh tat cd caAc ham chin trén R théa man dieu kién
f(—z) = f(z), Vz e R. (2.1)

Giai. Ta co
1

(21) & f(a) = 5[f(@) + f(-2)] . Ve € R (2.2)

Ta chiing minh rang moi ham chin déu c6 dang

(&) = 3lo(e) + g(~2)] . Vo € R 2.3

trong d6 g(x) 1a ham tuy y. That vay tu (2.3) ta c6

1
f(=2) = Slg(=2) + g(2)] = f(2).
Nguge lai moi ham chén déu ¢6 dang (2.3) vi ham chén ¢6 dang (2.2) la truong hop
dac biét ctia dang (2.3).
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Nhan xét 2.1. Trong vi du trén ham s6 f(z) 1a ham s6 chn tai 0. Trong truong hop
tong quat ham s6 f(x) 1a ham s6 chin tai mot gia tri x¢ bat ki thi bicu thitc cia ham

s6 f(z) duge xac dinh nhu thé ndo? Ta cing xét bai toan sau

Bai toan 2.2. Xac dinh tat cd cac ham s6 trén R théa man dieu kién

f(x)=fla—z), VzeR. (2.4)
Giai. VéiVz € R, taco f(g+:c) - f(g —z). Goi g(z) = f(g+m) thi f(z) = g(m—g)

P 1
va g(z) la ham s6 chan trén R. Theo bai toan 2.1 thi Vo € R, g(x) = §[h($) + h(—x)].
Suy ra

f(ax) = glh(z — 5)+ h(~5 — o)

v6i h(x) 1a ham s6 bat ki.
Bai toan 2.3. Xac dinh tat ca cac ham 1é trén R thoa méan diéu kien
f(=z)=—f(x), Vx e R. (2.5)

Giai. Ta co
1

(25) & flz) = 5[f(2) = f(=2)] . Vo € R (2.6)

Ta ching minh rang moi ham 1é déu c¢6 dang

f() = 3lo(a) — g(~a)] Vo € R 2.7
trong d6 g(x) la ham tuy y. That vay tu (2.7) ta co
f(=2) = glo(~a) — g(x)] = ~3lo(x) — g(~x)] = ~f(x) , Vo € R

Ngugce lai moi ham 1¢ déu c¢6 dang (2.7) vi ham 1& ¢6 dang (2.6) 1a truong hop dic biet
cia dang (2.7)

Nhan xét 2.2. Trong vi du trén ham s6 f(x) 1a ham s6 18 tai 0. Trong truong hop
tong quat ham s f(x) 1a ham s6 1é tai mot gid tri 2o bat ki thi biéu thiic clia ham s6

f(z) duge x4c dinh nhu thé nao? Ta ciing xét bai toan sau
Bai toan 2.4. Xac dinh tat cd cac ham s6 trén R thoéa man dieu kién
flz)=—=fla—z), VzeR (2.8)
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a

Giai. VéiVe € R, taco f(g+x) = —f(%-2). Goiglz) = f(%+x) thi f(z) = g(z—2)

2 2
va g(z) 1a ham 6 1& tren R. Theo bai toan (2.3) thi Vo € R, g(x) = %[h(w) — h(—2)].
Suy ra
1 a a
fla) = 5lh(@ = 5) = h(=5 —2)]

v6i h(x) 1a ham s6 bat ki.
Bai toan 2.5. Xac dinh tat cd cac ham s6 trén R théa man dieu kién
flx)=2—f(—x), Vz €R (2.9)

Giai. V6i Vo € R, tit gid thiét ta ¢6 f(z) — 1 = —[f(—z) — 1]. Goi g(z) = f(z) — 1

thi f(x) = g(z) + 1 va g(x) 1a ham s6 18 tren R. Theo bai toan 2.3 thi Vo € R,
1

g(x) = 5[h(x) = h(=2)]. Suy ra

2
v6i h(x) 1a ham s6 bat ki.
Bai toan 2.6. Xac dinh tat ca cac ham s6 tréen R thoa man diéu kien
flx)=a—f(b—2x), VzeR (2.10)

Giai. V6i Vo € R, tur gia thiét ta co

b b b b
fG+a)=a—fG-2)e fe+z)—5=—[fcz+3) -3
Goi g(x) = f(xz + g) — g thi f(x) = g(x — g) + g va g(z) 1a ham s6 1¢ tren R. Theo
bai toan 2.3 thi Vo € R, g(x) = %[h(az) — h(—x)]. Suy ra
1 b b
f@) = 3lha = 3) = h(-z+ 2]+ 3.

v6i h(x) 1a ham s6 bat ki.

Bai toan 2.7. Xac dinh cac ham s6 f(x) théa man diéu kien

1
2—x

A ) =2f(x) (2.11)
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1
Nhan xét 2.3. Xét phuong trinh2—:x<:> -1’ =1 @-12=0r=1
— X

( 1a nghiém kép )

) -
Giai. Dat =t Khids { ty
r—1 =14 —
12 —x tl— 1 .
Thé vao (2.11) ta duge f(1+-—) = 2f(1+7) véi vt # 1, ¢ # 0. Dat f(1+2) = g(¢)

1
thi f(l + m) = g(t — 1) Ta duge

g(t — 1) = 29(0) (2.12)
Vol Vit # 1 vat #0. Dat g(z) = (%)xh(x) = 27".h(x). Thay vao (2.12) ta dugc
27D p(t—1) =227 h(t) & h(t — 1) = h(t) < h(t+ 1) = h(t).
Vay ham s6 can tim 1a
fz) = 2 s hG)
Trong d6 h(z) 1a ham tuan hoan chu k¥ 1 tuy ¥.

Nhan xét 2.4. Véi y tudng trén dé sang tac cac bai tap dang nay ta chi can xuat

phat tt mot ham phan tuyén tinh w(x) = axj:? v6i y(x) # 0 ma phuong trinh
v
w(z) = x c6 nghiem kép x = z¢. Chéng han ta xuat phat tit ding thic: (v + 2)? =
4
02?2 +4r+4=0%s2=———":Tudo ta xét bai toan:
r+4
Bai toan 2.8. Tim cac ham s6 f(z) théa mandiéu kien
4
2 1z - 4 AT Lo ]
Giai. Theo gia thiet phuong trinh ———— = z ¢6 nghiém kép x = —2. Dat =t.
r+4 T+ 2
Khi do 1
T=-2+4-
1 tQ +
a4 T T
t —
+ 2
. 1 1 1
Thé vao (2.13) ta duge f(—2 + —1) = —-3f(—-2+ ;) + 2 véi Vt # —3 t # 0. Dat
t+ -
1 1 2 1
f(=2+ ;) = g(t) thi f(=2+ —) = g(t + 5) Ta dugc
t+ -
2
1
gt + 5) = —3g(t) + 2. (2.14)
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1 1 1 1
bat g(z) = 5t h(x). Thay vao (2.14) ta duge h(t + 5) +-=-3(z+h(t)+2

2 2
1
& h(t+3) = =3h(t). (2.15)
1 1
Dat h(z) = 9%-p(z). Thay vao (2.15) ta dugc 972 - p(t+ 5) =-3-9'p(t) & p(t+§) =
1 1 1 N
—p(t). Ta c6 p(t + 1) = p((t + 5) + 5) = —p(t+ 5) = p(t). Suy ra p(t) 1a ham tuan
1
hoan véi chu ky 1. Mat khac thay © = —2 vao phuong trinh (2.13) ta duge f(—2) = 3
Vay ham s6 can tim 13
1 khi x = —2
f@=11 gz L ) ki P
p— x+2 . —_— P
5+ Pl o) khiz #

Trong p(x) 1& ham tuan hoan cong tinh chu ki 1 bat ki.

Nhan xét 2.5. Ta van xuat phat tit ding thiic: (z +2)% = 0. Nhung ta lyta chon phép

bién doi khac thi ta sé nhan dugc mot phuong trinh ham & dang khac nhung van c6 ciing

L 3r+4
dap s6. Vidunhu (z+42)? = 0 < 2?+da+4 =0 & w(z+1) = -3r—4 & v = — x—:—l .
T
Tu do6 ta co bai toan.
Bai toan 2.9. Tim céc ham s6 f(z) thoa man diéu kien
3 4
(= “”jl )= —3f(x) +2,Ve € R,z £ —1 (2.16)
T

Cach giai hoan toan tuong tu nhu cach giai trong bai toan 2.8

Nhan xét 2.6. Néu chon phép bién déi (z+2)? =0 22 +4dz+4 =0« 2(v+3) =
x+4
T+

—rz -4 =— . Tu do ta c6 bal toan:

Bai toan 2.10. Tim cac ham s6 f(z) thoa man diéu kien

r+4
z+3

f( )= —-3f(z)+2,Vx € R,z # -3 (2.17)
Cach giai hoan toan tuong tu nhu cach giai trong bai toan 2.8

Nhan xét 2.7. Ta c6 thé tong quét bai toan trong trudng hop nay nhu sau:

Cho ham 6 w(z) = ar j;?, v # 0, ad — v # 0 sao cho phuong trinh w(z) = x ¢6
v
nghiém kép = = . Tim tat ca cdc ham s6 f(z) thoa man diéu kien
J
af(w(x)) =bf(x) +c,Va,a,b,c € Rz # ——. (2.18)
Y
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Dén day ta da giai quyét xong truong hgp phuong trinh w(z) = x ¢6 nghiem kép.
Vay truong hgp phuong trinh w(x) = x ¢6 hai nghiém phan biét thi bai toan duge gidi

quyét nhu thé nao? Ta cting xét mot sd bai toan minh hoa

Bai toan 2.11. Tim céc ham s f(z) thoa man diéu kien

2
3—x

f=——)=2f(z) -3, Vz € R,z £ 3. (2.19)

2 2
Nhan xét 2.8. Phuong trinh Fy x ¢6 hai nghiém phéan biét x =1 va x = 2. De
—z
gidi phuong trinh dang nay ta can chuyén mot nghiém vé 0 con nghiém kia ra co. Van

dung tu tudéng nay ta co 1oi giai nhu sau.

Giai. Thay z = 1 v © = 2 vao phuong trinh (2.19) ta duge f(1) = f(2) = 3.

—1
Xét truong hop © £ 1vai o £ 2. Dt ——— =t =Vt € R, z ¢ { 1,2,3}. Khi d6
:I; —
2 — 1 1 2 1
T=S—7 = 2+ 1 3-5 " 2+ E—_l Thay vao phuong trinh (2.19) ta duge
1 1 2 1
f2+ t—) =2f(2+ ﬁ) — 3. Dat g(t) = f(2+ ﬁ) ta dugc
- —1 - -
2
t
9(5) =29(t) =3 (2.20)

Voi Vi € Rt ¢ { 0,1,2). Dt g(t) = 3 + h(¢) thay vio (2.20) ta dude 3 + h(%) _
t
23+ h(t)) — 3 & h(z) = 2A(r) hay

h(2t) = %h(t) (2.21)
Dat h(t) = t~p(t) thay vao (2.21) ta dugc

p(2t) = p(t) (2.22)

Vvt e Rt ¢{0,1,2} Datt=2Y thi 2t = 2" thay vao(2.22) ta dugc p(2Y*1) = p(2Y),
véi Yy € R. Dit h(2Y) = ¢(y) thi p(2¥*!) = ¢(y + 1) suy ra phuong trinh (2.22) c6
dang

ply+1) = o(y) (2.23)

Suy ra ¢(y) 1a ham tuan hoan cong tinh chu ki 1.
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Vay nghiém ctia phuong trinh da cho la

3 khiz € { 1,2}
J@) = {3+t§fgo(1ogz($ — ;)) khi z ¢ { 1,2}

Trong d6 ¢(x) 1a ham tuan hoan cong tinh chu ki 1 bat k.

X

Nhan xét 2.9. Ta xuat phét tit dang thic (z —1)(z+1) =0 z(z—-2)=1-22 &
1—-2z

T = . Ta ¢6 bal toan

xr —

Bai toan 2.12. Tim cac ham s6 f(z) théa méan diéu kién sau

I —

Giai. Thay x = 1 v x = —1 vao phuong trinh (2.24) ta duge f(1) = f(—1) = 3.

1
x+1 —t=VteRa¢ {123} Khi do

)=2f(x) -3,V e R,z # 2. (2.24)

Xét truong hop = # 1va x # —1. Dat
w J—

t+1 1 1-2 2
T = e 1+ — R . Thay vao phuong trinh (2.24) ta dugc
t—1 t—1" -2 L
3
2 2 g 2
F+ =) =2f(1+ =) = 3. Dat g(t) = f(1+ ;—7)) ta duge
- —1 - -
3
t
o(2)=29() ~ 3, € Rt ¢ { 1,3). (2.25)

biat g(t) = 3+ h(t) thay vao (2.25) ta duge 3+ h(%) =23+h(t) -3 < h(%) = 2h(t)
hay
h(3t) = %h(t). (2.26)

Dit h(t) = t~1982p(t) thay vao (2.26) ta duge

p(3t) = plt). (2.27)
vt e Rt ¢ {1,3}.Datt=3Ythi 3t = 2Y"! thay vio (2.27) ta dugc p(3¥T1) = p(3Y)
, v6i Yy € R. Dat h(3Y) = ¢(y) thi p(3¥*1) = p(y + 1) suy ra phuong trinh (2.27) c6
dang

Py +1) = e(y). (2.28)
Suy ra ¢(y) 1a ham tuan hoan cong tinh chu ki 1. Vay nghiém ctia phuong trinh da

cho 1a

3 khi x = £1
— 1
/() 3+ 171083 25 (log (= i T))khi z # 1

xr —
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Trong d6 ¢(x) 1a ham tuan hoan cong tinh chu ki 1 bat k.

V6i ¥ tudng nhu trén ta hoan toan cé thé gidi duge bai toan tong quat sau. Cho
£ ar + .
ham s6 w(z) = —+§, v # 0, @d — By # 0 sao cho phuong trinh w(z) = x ¢6 hai
v
nghiém phan biét x1, z2. Tim tat cd cac ham s6 f(x)théa man dieu kien

flw(z)) =af(z)+bVr e Rz # 9 (2.29)
Y
Bai toan 2.13. Cho ham s6 w(z) = 2::__25. Tim tat ci cadc ham s6 f(x) théa man
diéu kien
flw(x) + f(x) =3V e R,z #£2 (2.30)

Giai. Dé thay phuong trinh w(z) = z khong c¢6 nghiém thyc va w(w(x)) = z. Dt
3 3 3

f(t) = 5 + g(t) thay vao phuong trinh (2.30) ta dugc 5 + g(w(z)) + 5 +g(x) =3«

g(w(z)) +g(z) =0

& gw(z) = —g(2). (2.31)
Ta ¢6 g(z) = %
1

dang g(z) = [h(w(z)) = h(z)] voi h(z

[g(w(z)) — g(z)]. Ta ching minh moi ham s6 théa méan (2.31) déu c¢6

~—

tuy ¥. Ngugc lai khi g(z) théa méan (2.31) thi

9(6(2)) = 5l (w(@))) ~ hew(w))] = 5h(x) ~ Alw(@))] = ~g(x). Vay ham s cin tim
1a
Fla) = 3+ glh(w(e) - h(z)

Trong dé6 h(x) la ham tuy ¥ xach dinh Vo € R, 2 # 2.

Nhan xét 2.10. Xét cac bai todn ma ham w(x) théa man diéu kién: Phuong trinh

w(z) = vo nghiem va w(w(w(z))) = .

Bai toan 2.14. Cho ham s6 w(x) =

1 Tim tat cd cac ham s6 f(z) thoa man dicu
x
kién

(ww(x))) + flw(z))+ f(z) =3Ve e R,z # -1, 2 #0 (2.32)
Giai. Dé thay phuong trinh w(z) = = khong c6 nghiém thuc va ta ¢ cac dang thiic

sau
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Tu (2.32) dé thay f(z) = 1 1a mot nghiém ctia bai toan. Dat f(x) = 1+ g(x) thay vao
phuong trinh (2.32) ta dugc

g(wa(2)) + g(w(z)) + g(z) = 0,V # —1,x # 0. (2.33)

Ta chitng minh moi nghiém ctia (2.33) déu c6 dang

() = 3[20(r) ~ h(eor(x)) — hw(a))] (2.34)

voi h(x) tly ¥ xéc dmh tren R\{—1,0}. That vay, khi g( ) ¢6 dang (2.34) thi g(wa(z))+
( (x)) +g(z) = 5[%(&12( ) — hw(z)) = h(z)] + g[Qh(W(ﬁ)) — h(z) = h(w2(z))] +
[ h(z) — h(wa(x)) — h(w(x))] = 0, Vo € R\{—1,0}. Ngugc lai, khi g(z) théa man
(2.33) thi ta chi viéc chon h(x) = g(x) sé c6 ngay cong thiic bieu dién (2.34).
Vay nghiem ciia phuong trinh d& cho 1a f(z) = 1, véi Vo € R\{~1,0} hoiic

—_

f(x) =1+ 2[2h(z) — h(wa(x)) — h(w(z)),

w

v6i h(z) 1a ham tuy § xac dinh tréen R\{—1,0}.

2.2 Phuong trinh ham véi vé phai 14 ham sb

Bai toan 2.15. Cho ham s6 p(x) xdc dinh trén R . Xac dinh tat cd cdc ham sb tren
R théa man diéu kién
fx) = f(—x) = p(x) , Yz € R. (2.35)
Giai. Voi Va € R, tur gia thiét ta ¢6 f(x) — f(—z) = ¢(z)la ham s6 1é.
e Néu p(z) khong phai 13 ham s6 18 thi phuong trinh vo nghiém.
e Néu p(z) 1a ham s6 1¢ thi ta c6 p(z) = 1[go(af:) — p(—x)] . Tt gia thiét ta dugc

2
F() = (=) + 3olw) ~ 3o(—2) & f(z) = 3(r) = f(~2) ~ ().
bat g(z) = f(x) — %go(x) thi g(z) 1a ham s6 chin theo bai toan 2.1 thi g(z) =
S1(x) + h(=a)]. Do o f(x) — z(r) = 5[h(x) + h(~)].
Vay
1 1
f(2) = 5(a) + 5lh(a) + h(~)

trong d6 g(x) 1a mot ham s6 bat ky.
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Bai toan 2.16. Cho ham s6 p(x) x4c dinh trén R . Xac dinh tat cd cdc ham s6 trén
R théa man dieu kién

f(x)+ f(—z) = p(x) , Vx € R. (2.36)

Giai. V6i Vz € R, tur gid thiét ta c6 f(z) + f(—z) = ¢(z)la ham s6 chén.
e Néu p(z) khong phai 1a ham s6 chén thi phuong trinh vo nghiém.

e Néu p(z) 1a ham s6 chin thi ta c6

pla) = 3lp() +p(~o)]

Tt gid thiét ta duge

F(a) + F(~2) = 5lolw) + go(—a) & f(x) — 5p(a) = ~[f(~x) — sp(~2)]
bat g(z) = f(x) — %gp(w) thi g(z) la ham s6 1é theo bai toan 2.3 thi g(z) = %[h(m) —
A(=a)]. Do do f(x) ~ 3o(r) = 5[h(x) — h(~)].
Vay
1 1
£(2) = 3(a) + 5 lh(z) — h(-2)

trong d6 h(x) 1a mot ham s6 bat ky.
Nhan xét 2.11. Trong cac bai toan 2.13 va 2.14 ta thay ¢(x) béi nhiing ham s6 bat
ky ta duge mot 16p cac bai toan cu thé céc bai toan vé ham s6 chén, 18 v6i cach giai
téng quat nhu tren.
Bai toan 2.17. Xac dinh tat ca cac ham s6 tréen R théa man dieu kién
fle)=f2—-2)+2z—-1, VzeR (2.37)
Giai. V6i Vr € R, tur gia thiét ta co
x T
flx+1) :f(—x+1)—|—x<:)f(x+1)—§ :f(—x+1)+§.
. r .. r 1 s A s
Goi g(z) = f(x + 1) — B) thi f(z) =g(x — 1)+ 5 tgva g(x) 1a ham s6 chan trén R.
1
Theo bai toan 2.1 thi Vz € R, g(z) = §[h(:v) + h(—=x)]. Suy ra
1 z 1
f(z) = Q[h(m— 1)+ h(l—x)]+ 515

v6i h(x) 1a ham s6 bat ki.
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Bai toan 2.18. Xac dinh tat ca cac ham sé tréen R thoa man
2f (x) + f(1 — z) = 22 (2.38)
o o Lo » . 2 1
Nhan xét 2.12. Hai gia tri z va 1 — x doi xtng v6i nhau qua duong thang x = 3

Giai. Thay z bdi 1 — 2 ta duge 2f(1 — ) + 3f(z) = (1 — x)%. Két hgp véi gia thiét
ta dugc hé

{2f<a:> +f(1—2) =22 - {—4f<x> —2f(1 - z) = —22
2f(1 —z) + 3f(x) = (1 —x)? 2f(1 —x) +3f(x) = (1 —2)?

2
21 + 1 ,
S 3f(r) =+ 241 > flo) = ST L v € R Thit lai thay ham f(z) —

3
2
x“+2x+1 S 1ae s
B — théa man yéu cau bai toan.

Vay
2+ 20+ 1

fla) =

Bai toan 2.19. X4c dinh tat cd cac ham s trén R théa man
2f3—xz)+3f(x —1) =22z — 1. (2.39)
Nhan xét 2.13. Hai gid tri 3 — 2 va 2 — 1 ddi xiing v6i nhau qua duong théng z = 1

Giai. Thay x bdi 4 — x ta duge 2f(x — 1) +3f(3 — x) = 7 — 2x. Két hop vdi gia thiét

ta dugce hé

2f3—2)+3f(x—1) =22 -1 - 6f/3—2)+9f(x—1)=6x—3
2f(x—1)+3fB—2)=7-2z Af(x —1)+6f(3—x) =14 — 4x

S 5f(r—1) =100 — 17 = 5f(z—1) = 10(z — 1) =7 < f(z — 1) :2@;_1)_% |
Ve € R . Hay f(t) =2t —g , Vt € R. Thit lai thay ham f(x) = 2z — g thoa man yéu
cau bai toan. Vay

7
—9r— L
fla) =20 - L
Nhan xét 2.14. Bai toan trén la truong hgp ham s6 f(z) 1a ham s6 chén tai z = 1.

Ta c6 thé md rong bai toan 2.11 thanh bai toan tong quéat nhu sau.
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Bai toan 2.20. Cho ham s6 p(x) xac dinh trén R . Xac dinh tat cd cdc ham s6 trén

R théa man dieu kién

fx)+ fla—z) =¢(z), Ve e R. (2.40)
s 2 < N P4 N 2r — 5 N £ 2 N
Bai toan 2.21. Cho cac ham so h(z), v € R va w(z) = 5 Tim tat cd cac ham
I E—

s6 f(x) thoa man diéu kien
flw(x)) = f(z) + h(z), Ve € R,z # 2. (2.41)

Giai. Dé thay phuong trinh w(z) = x khong c¢6 nghiém thuc va w(w(z)) = x. Thay =
béi w(z) vao phuong trinh (2.41) ta duge

w(z) = —h(z). (2.42)

Vay diéu kién can dé (2.41) c6 nghiém la diéu kien (2.42) duge thda man. Gia st dicu

kién (2.42) duge théa man. Khi d6 h(z) = %[h(m) — h(w(x))].

Ta chiing minh moi ham dang

flz) = %[Q(W(x)) +g(x) = h(x)], véi g(x) tuy ¥ (2.43)

déu 1a nghiem ctia phuong trinh (2.41). That vay néu f(x) ¢6 dang (2.43) thi

Fll@) = 5lo(e) + g(e(w)) — hlw@)] = 3lo) + glwlx) + h(z)]
= 51o(2) + gl(z)) — h(x) + 2h(z)] = f(z) + h(a).

Ngugc lai khi f(x) thda man (2.41) thi chi can chon g(z) = f(z), ta c6 ngay biéu
didn (2.43).
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Chuong 3

Phuong trinh ham sinh bdi phép
déi hop vé6i hé sbé bién thién

3.1 Nghiém riéng cua phuong trinh ham

Mot trong nhitng phuong phap giai phuong trinh ham la xadc dinh mot nghiém riéng
ctia phuong trinh ham dé. Tit cac tinh chat clia nghiém riéng ta suy ra nghiém tong
quat ctia phuong trinh ham cfing c6 nhiing tinh chat dé. T d6 gitp ta c6 duge huéng
giai cho phuong trinh ham da cho. Thong thuong ta tim nghiém riéng trong l6p cac
ham s6 so cap. Dé xac dinh duge mot nghiém riéng clia mot phuong trinh ham nao dé
ta thuong can cit vao dic trung ciia cac ham s6 so cap. Sau day 1a mot so dic trung
clia mot s6 ham s6 so cap.

1. Ham sb6 hang : f(z) = f(y),Vz,y € Dy, trong d6 Dy la tap xéc dinh ctia ham s6
f@).
2. Ham bac nhat : f(z) = az + b,(a # 0,b # 0) c6 tinh chat f(

@)+ f@) vy € R
3. Ham tuyén tinh : f(z) = ax, (a # 0) c6 tinh chat f(z+y) = f(z)+f(y),Vz,y € R.
4. Ham mu : f(z) = a”,(a > 0,a # 1) ¢6 tinh chat f(z+y) = f(x)f(y),Vr,y e R .
5. Ham logarit : f(x) = logez,(a > 0,a # 1,z > 0) c¢6 tinh chat f(xy) =

f(@) + fy), Y,y > 0.

Tty
2

) =
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3.2 Nghiém ctia phuong trinh thuan nhat

Viéc gidi nhitng phuong trinh ham tuyén tinh va phan tuyén tinh véi hé s6 bién
thién 14 mot van dé rat phite tap. Do d6 ta chi khdo sat nhitng dang phuong trinh ham
tuyén tinh va phan tuyén tinh c6 dang diic biet ma cach giai ching dudc chuyen vé
phuong trinh ham tuyén tinh va phan tuyén tinh véi hé s6 hing. Sau day ta xét mot

s6 vi du cu thé.
Bai toan 3.1. Xac dinh tat ca cac ham s6 trén R\{—%} théa man
2z +1)f(z) — 2z —1)f(—z) = 0. (3.1)
Giai. Dbat g(z) = 2x+1)f(z) = g(—z) = (—2x+ 1) f(—=x) ta thu dugc phuong trinh
(@) + g(~2) = 0 & g(~1) = ~g(x) = gla) = 2[a(@) — g~

Do d6 ta duge

1 1—22
& (@) = 5[/(@) ~ 1 e f(-a)
. . s ) 1 1 -2z s e o
Ta chitng minh moi ham f(z) ¢6 dang f(z) = §[h(3:) 1T 2xh(—az)] déu théa méan
phuong trinh (3.1). That vay, thay vao phuong trinh (3.1) ta duge
1 20 — 1 20 — 1 20 +1
2% +1).= ) — ) _
(22 4 1) 5lh(e) + o h(=a)] ~ 2 () — 2 )] =0
2 1 20 — 1 20 — 1 2 1 :
)+ S h(—a) — () + ”’; h(z) = 0 < 0 = 0. Dng thic
luén ding.

Vay nghiém ctia phuong trinh da cho la

trong d6 h(x) 1a mot ham sb tuy ¥.
. . 1
Bai toan 3.2. Xac dinh tat ca cdc ham so trén R\{g} théa mén
Bx—1)f(z)+ Bz +1)f(—z) =0. (3.2)
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Giai. Dat g(z) = 3z —1)f(z) = g(—z) = —(3x+ 1) f(—=x) ta thu dugc phuong trinh
g(—x) = —glx) = 9(x) = 3lolx) + o(~0)]
Do d6 ta duge

(35— 1)f(x) = 5132~ Vf (@) + (~3z 1) f(~a)]

1 3r +1
& (@) = L @)~ 2 ()
. : s ) 1 3z +1 s e
Ta chitng minh moi ham f(z) ¢6 dang f(z) = §[h(x) —3 1h(—x)] deu thoéa méan
w p—
phuong trinh (3.2). That vay, thay vao phuong trinh (3.2) ta duge
1 3r+1 1 —3r+1
1)~ [h(z) — - D= [h(—=) — — 0.
(3x )z[h(x) 3x—|—1h( x)] + (3x + )2[h( ) _3x_1h(x)]<:>0 0
Déng thitc luon ding. Vay nghiém ctia phuong trinh da cho la
1 3r +1
1) = L 1h(@) ~ 2 )

trong d6 h(z) 13 mot ham sb tuy ¥.
Bai toan 3.3. Xac dinh tat cd cdc ham s6 trén R\{—%} thoa man
2x+1)f(x)+ 2z —-3)f(1—2)=0 (3.3)
Giai. Dat g(z) = 2z + 1)f(z) = g(1 —x) = (3 — 22)f(1 — z) ta thu dugc phuong
trinh
o() = 9(1 — 2) = glx) = 5lo(x) + 91 — )]

Do d6 ta duge

(20 +1)f(x) = 5[ + () + (3~ 20)F(1 — )]

& flx) = %[f(x) - ;U__l_zif(l — z)]. Ta chiing minh moi ham f(z) c¢6 dang
1 3—2
f(@) = 5lh() = S—=7h(1 = o)

déu théa man phuong trinh (3.2). That vay, thay vao phuong trinh (3.2) ta thay thoa

1 3
man. Trong trucng hop x = —3 thi ta ¢c6 —4f(—=) = 0. Vay nghiém ctia phuong trinh

3
da cho la
() = 5lh(e) = S—2h(1 — o)

trong d6 h(r) 1a mot ham sb tuy ¥.
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3.3 Nghiém ctia phuong trinh khéng thuan nhat
14++/17
2

Bai toan 3.4. Xac dinh tat ca cac ham s6 tren R\ { } thda man
2f(l—2)+1=af(x) (3.4)

Giai. Thay z bdil — x ta duge 2f(z) +1 = (1 — z)f(1 — z). Ké hop véi gia thiét ta

f2f(1 =) +1=af(2)

duge he {Qf(x) +1=(1—-2)f(1-2x)

2(1_x>f<1—x)—|—<1—56) :$(1_$)f($)

4f(@) +2=201-2)f(1 - z)
(-l = - 35 f) = o e VT
Thit lai thiy ham f(z) = $2:C_—;3_4 théa man yéu cau bai toan.
Vay

x—3
fa) = ——.

Bai toan 3.5. Xac dinh tat cd caAc ham s6 trén R théa man
2f(z) + 3z f(—z) = 2 + 3x. (3.5)

Giai. Thay z boi—x ta duge 2f(—x) + 3f(x) = 2 — 3. Két hop vdi gia thiét ta duge
he 2f(z) + 3xf(—z) =2+ 3z
2f(—z) +3f(x) =2 —3x
Af(x) +6xf(—x) =4+ 62 9 9
4 =4 =1
< {6:17f(—x) + 922 f(x) = 62 — 922 = (449279 f(z) + 927 = f(@) ’
Vo € R. Thit lai thay ham f(z) = 1 théa man yéu cau bai toan. Vay

flz) =1

Nhan xét 3.1. Véi cach gidi nhu trén ta c6 thé giai bai toan tong quat sau:Xac dinh

tat cd cac ham s6 thoa méan

p()f(x) +¢(x)fla —2) = w(z) (3.6)
. . —27 £ v101

Bai toan 3.6. Xac dinh tat ca cdc ham so trén R\{%} théa mén
2f(x+ 1)+ 3zf(2—x) =1+ 2x. (3.7)
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Giai. Thay x bdi 1 —z ta duge 2f(2 — ) + 3z f(z +1) = 3 — z. Két hop véi gia thiét
)

J2f(x+ 1) +32f2—2) =142
h
ta duge e{2f(2—x)+3(1—x)f(x+1)=3—$
Af(x+1)+62f(2—2)=2+4x
6xf(2—x)+9z(1 —2)f(zr+1) =3x(3 —x)
51 — 3% — 2
:>(9x+9932—4)f(:n—|—21):5x—3x2—2:>f($+1)=92+9%
3(z+1)*+11(z+1)—10 =3z + 11z — 10
Je+l) =T s e nas /W= e s
—27 4 /1017 ) —32% + 11z — 10 \
bai toan. Vay
—32% 4+ 11z — 10
1) = 5o+ s

Nhan xét 3.2. Véi ¥ tudng nhu trén ta co thé giai bai toan tong quat nhu sau:

p()f(x —a) + () f(b - z) = w(z). (3.8)

Nhan xét 3.3. Trong mot s6 truong hgp ta gdp ham w(x) thoa man tinh chét

Wl (@) =2

~\~
n

thi dé cach trinh bay dd cong kénh ta thudng xét day s6 x1 = x; 141 = w(xy)

Bai toan 3.7. Tim cac ham s6 f(x) théa man diéu kien

r—1

2 =1),V -1 3.9
o)+ 2 (5 = 1),V # 3.9)
—1
Giai. V6i Vo # —1, xét day =1 = z; xpy1 = w(zy), trong d6 w(x) = : 1 Ta c6
x
—1 1 1 N
T =T T = L P X3 = —— Xy = Tt ; x5 = x. Suy ra day {z,} tuan hoan véi
r+1 x 1—x

chu ki 4. Thay x 1an lugt bdi x1, x2, T3, T4 vao phuong trinh (3.9) ta dugc

Giai he trén v6i an f(z1) ta duge
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4.213%—331—|—1

—_— —-1,0,1
5$1(l‘1—1)7x# )

f(x1) =

Cho z =0t (3.9) suy ra 2f(—1) =1= f(—-1) =
Cho = =1 tur (3.9) ta dugc f(1) 4+ 2f(0) = 1. Suy ra

N | —

( 2
4 —2+1 |
———  neé 0,1, -1
e p— neu x # 0, 1,
1

flx) =< §néux:—1

anéux =0

(1 —2a néux =1
(a = f(0)). Thit lai ta thay ham s6 vita tim théa man yéu cau bai toan.

Nhan xét 3.4. Trong mot s6 truong hop ta gap phuong trinh ham dang

a(x) f(h(x)) +b(x)f(9(x)) = c(x)

Trong d6 a(x), b(z), c(z), h(x), g(x) 1a nhing ham s6 da biét ta dat t = h(x) (t = g(z)
) néu phuong trinh nay cho biéu thitc nghiém don gian ching han o = d(t) (hogc ki

thuat bién ddi nao d6) ta cd gang dua phuong trinh trén vé dang quen thuoc

ar(t)f(t) + bi(t)gr(t) = e1(t)

Béang cach xét day nhu trén trong d6 g1(t) dong vai tro 1a g(x), néu day nhan duge

tuan hoan, 4p dung phuong phap trinh bay ¢ trén ta sé tim duge ham f(x).
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Chuong 4

Mot s6 ap dung

Méi day s6 u, v6i s6 hang tong quit u, = f(n) tuong tng v6i mot ham s6 f :
N — R . Do d6 bai toan xac dinh s6 hang tong quét ctia diy s6 vé ban chat chinh
12 bai toan phuong trinh ham trén tap s6 ti nhién. Sau day ta xét mot s6 a4p dung cu

thé ctia phuong trinh ham trong cac bai toan vé day sb.

4.1 Xac dinh day cap s6 dic biét

Dinh nghia 4.1. Day s6 {u,} dugc goi la mot day so tuan hoan (cong tinh) néu ton
tai s6 nguyén duong | sao cho U,y = up, Vn € N. S6 nguyén duong [ nhé nhat théa

man diéu kién trén dugc goi la chu ki co sé cua day.
Nhan xét 4.1. Day s6 tuan hoan chu ki 1 khi va chi khi day d6 1a mot day hang.

Dinh nghia 4.2. Day so {u,} duoc goi la mot day so tuan hoan nhan tinh néu ton
tai s6 nguyén duong s sao cho ug, = un, Vn € N. 86 nguyén duong s nhé nhat dugc

9ot la chu ki co sd cua day.

Bai toan 4.1. Chiing minh riang day {u,} tuan hoan (cong tinh) chu ki 2 khi va chi
khi day c6 dang

un:%[a—i—ﬁ—k(a—ﬁ)"], a, e R (4.1)

Giai. Gia st ug = Buir = a Va upt2 = uyn, Vn € N. Khi d6 ta thay ngay (bing quy
nap toan hoc) day {u,} c6 dang (4.1). Ngugc lai moi day s6 ¢6 dang (4.1) deu la day

s6 tuan hoan chu ki 2.
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Bai toan 4.2. Ching minh rang day {u,} tuan hoan nhan tinh chu ki 2 khi va chi
khi day c6 dang

", = {C véi C 1a hang so bat ki. (4.2)

Uggpr1 VOin=2"(2k+1), me N* keN.
Giai. Ching minh dugc suy truc tiép tit hé thiic truy hoi.

Dinh nghia 4.3. Day so {u,} dudc goi la mot day s6 phdn tuan hoan (cong tinh) néu
ton tai s6 nguyén duong | sao cho u,y; = —uy, Vn € N. S6 nguyén duong | nhé nhat

théa man dieu kién trén dudc goi la chu ki co sd ctia day.

Dinh nghia 4.4. Day s6 {u,} dugc goi la mot day sé phdn tuan hoan nhan tinh néu
ton tai s6 nguyén duong s sao cho us, = —up, Yn € N. §6 nguyén duong s nhé nhat

théa man dieu kién trén duoc goi la chu ki co sd cia day.

4.1.1 Céap sb cong

Bai toan 4.3. X&c dinh s6 hang tong quat ctia mot cap sb cong

Ir1 = a
Nhan xét 4.2. Day la mot bai toan co ban trong chuong trinh phd thong. Néu nhin
theo huéng phuong trinh ham thi bai toan trd thanh bai toan sau: Xac dinh ham sb

trén N théa man
{f(n—I—l) = f(n) +d
f1)=a

Giai. Dat f(n) =d.n+g(n) taduscd(n+1)+g(n+1) =dn+gn)+d < gn+1) =
g(n). Suy ra g(n) la mot ham s6 tuan hoan tren N. Do d6 g(n) 1a ham héng. Két hop

v6i gia thiét ta duge g(n) = a. Vay s6 hang tdng quat clia cap s6 cong da cho la
Tpt1 = @+ n.d.

Nhan xét 4.3. Ta c6 thé tong quat bai toan trong vi du trén thanh bai toan sau:
Xéc dinh s6 hang tong quat clia tit ca céc cap sd cong ¢ cong sai d. Thuc chat van

dé chinh 1a xac dinh ta ca cdc ham s6 trén N théa man phuong trinh
fln+1)=f(n)+d
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4.1.2 Cép s6 nhan
Bai toan 4.4. Xac dinh s6 hang tong quat ctia mot cap s6 nhan

T4+l = q.Tn
T =a

Nhan xét 4.4. Day la mot bai toan co ban trong chuong trinh pho thong. Néu nhin

theo huéng phuong trinh ham thi bai toan tré thanh bai toan sau:

Xac dinh ham s6 tren N théa man

{f(n+ 1) =qf(n)
f()=a

Giai. Dit f(n) = ¢".g(n) ta dugc ¢"lg(n+1) = ¢.¢".g(n) < g(n + 1) = g(n). Suy
ra g(n) 1a mot ham s6 tuan hoan tren N. Do d6 g(n) 1a ham hang. Két hop véi gid

thiét ta duge g(n) = a. Vay s6 hang tdng quét clia cap s6 nhan da cho la
Tn+1 = a.q".

4.1.3 Cap sb tong quat

Nhan xét 4.5. Xét bai toan phuong trinh ham: X4c dinh cac ham s6 théa méan
flaz + B) = af(x) + b. Day la bai toan phuong trinh ham da dugc giai quyét trong
tat ca cac truong hop ciia cac s6 «, 3,a,b . Dya trén ¥ tudng giadi phuong trinh ham
nay cho ta mot phuong phap xac dinh s6 hang tong quét ctia mot day s6 tuyén tinh

bat ki. Sau day ta sé minh hoa diéu nay qua mot s6 vi du cu thé.
Bai toan 4.5. X4c dinh day s6 x, thoa man: z,.; = 2z, + 1.

Nhan xét 4.6. Nhin theo huéng phuong trinh ham thi day la bai toan xac dinh ham
s6 tren N thoa man f(n + 1) = 2f(n) + 1. Do d6 ta c6 13i giai nhu sau

Giai. Dat x, = —1+y, ta dudc ypi1 = 2.y,. Tiép tuc dit y, = 2".z, thi 2,11 = 2,.
Suy ra z, 1a mot day tuan hoan tréen N. Do d6 z, 1a day hang tic 1a 2, = C' . Vay s

hang tong quét ctia diy s6 da cho la
In+1 = -1+ C2n
Bai toan 4.6. Xac dinh diy s z,, thoéa man: x9, = 3z, — 2.

35
S6 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



Nhan xét 4.7. Néu van dung cac kién thtic vé sai phan dé giai phuong trinh nay thi
rat khé khan béi vi day chinh la phuong trinh sai phan cap n. Nhung néu ta nhin
bai toan theo huéng phuong trinh ham thi bai toan hoan toan c6 thé giai duge mot
cach thuan lgi. That vay day chinh 1a bai toan xac dinh ham s6 f(x) trén N thoéa man

f(2n) = 3f(n) — 2. Theo hudéng gidi quyét nay ta c6 10i gidi bai toan nay nhu sau:

log23

Giai. Dit z, = 1 +y, ta dudc y,11 = 3.y,. Tiép tuc dat y, = n vy, thi ve, = v,.

Vay day sb can tim ¢6 dang zo = 1 ; 2, = 14 n!9230,,. Trong d6 v, 1a day s6 théa man
von = vy. Tiép theo ta di xac dinh day v,. Dat n = 2™ v6i m € N ta dugc vy,a1 = vm
suy ra day vy, la day s6 tuan hoan chu ki 1 suy ra day v, 1a day hing . Vay day sb
can tim 1a

20 =1;:2, =1+ nlo93C
trong d6 C 1a hang s6 bat ki.
Bai toan 4.7. Xac dinh diy s z,, théa méan:
Tont+1 = —3Ty + 4. (4.3)
Nhan xét 4.8. v4i y tudng tuong tir bai toan trén ta cé 16i giai bai toan nhu sau
Gidi. Datn+1=m, m=1,2,... Khi dé c6 thé viét (4.3)dudi dang
Tom-1 = —3Tm_1 + 4,YVm € N* (4.4)

hay
Uom = —3Um +4 , Vm € N* (4.5)

VOL Uy, = Typ—1 - DL vy = 1+ Uy, Khi d6 (4.5) ¢6 dang
Vo = —3Upm, , Vm € N* (4.6)
Dit v, = m!°923y,, thi (4.6) ¢6 dang yom = —Ym, , Vm € N*. Suy ra day {ym,} 12 mot
day phan tuan hoan nhan tinh chu ki 2. Khi d6, ta c6
C v6i C 1a hang s6 tuy ¥.

Yn = { —Yaks1 VOin co dang 22" (2k + 1), m, k € N.
Yokl v6i n c6 dang 22™(2k 4+ 1), m, € N*, k € N.
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T d6 suy ra xy, = upms1 = 1+ (m + 1)10923ym+1 vOi

C véi C 1a hang s6 tuy .
Yn = < —Yort1 VOin c6 dang 227 (2 + 1), m, k € N.
Yokl v6i n c6 dang 22 (2k + 1), m, € N*, k € N.
Nhan xét 4.9. V6i tu tudng trén ta cé thé xac dinh duge tat ca cac diy sé dang

TantB = VTn +0

4.2 Xac dinh mot s6 day s6 phan tuyén tinh

Bai toan 4.8. Xac dinh diy s z,, théa man:

Tn
T = ix1 =a > 0.
n+1 To + 9 1
. ) 1
Giai. Ta thay z, > 0 v6i Vn € N . bat — = y,, ta dugc y,11 = 2y, + 1. Dat
T
Yn = —1 + up ta duge —1 + upy1 = 2(=1 + up) + 1 & upse1 = 2uy,. Tiép tuc dat

uy, = 2w, thi phuong trinh trén tré thanh w, 1 = w, suy ra day w, la diy s6 tuan

hoan chu ki 1 do dé6 day w, la day s6 hang. Két hop véi dicéu kien ban dau z1 = a

1 2n+1 1 2n71 |
néntadUchn_%. Suyraunzﬂéyn:—l—i—wj%:
} a
(a+ 1);1 —- Vay day s0 can tim la
a
I - .
" (CL + 1)2”—1 —a

Bai toan 4.9. Xac dinh s6 hang tong quat clia day s6 z, théa man:

rn=10p,=—""—"—.,YVn>2

1 3z,_1+4 3 1 1 y1=1
Gidi. Taco — =212 2 9 b Patyy = —, ta o6 3
Tn 2rp1 2 Tn—1 Tn Yn = 2Tp—1 + 5
5.2n—1 3 2
U= T W T o g
Vay day s6 can tim la
2
T s on—1 3

Bai toan 4.10. Xac dinh s6 hang tong quat clia day s6 z,, thda man:

20, + 1
Ty + 2

0 =2 ;Tpt1 = ;Vn > 1.
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Giai. Tacérpi1—1= = =1+ .bat y, = =y =1
ntl Ty + 2 Tpt1 — 1 Tn—1 In Tp— 1 %
3n+1 -1 )
Vay s6 hang tong quat ctia day sé da cho la
2
Tn =1+

Bai toan 4.11. Xac dinh s6 hang tong quét clia diy s6 z,, thda man:

—931‘n,1 —24
9 gy = L T2y >,
o It e 113

Nhan xét 4.10. Bai toan nay khong con don gian nhu bai toan trong vi du 4.9 va
4.10 vi & trén ti s6 con hé s6 tu do, do d6 ta tim cach dua vi du nay vé dang giong
nhu bai toan trong vi du 4.8. Mudn vay ta sit dung mot phép tinh tién phit hop.

—9rp—1 — 9t —24

Giai. Dit z, = y,+t. Thay vao he thitc truy hoi ta dugc v, +t = hr. 1 L5t 113

—9 — 5t)x,_1 — 512 — 22t — 24 t
( JTn 1 . Ta chon t théa mén: 5t2 + 22t +24 =0 =t =

n = BTn_1 + 5t + 13
Yn—1 1 3 1 11.37~1 —10
2=y =4=y=— = — =5+ = = =y, =
" 5yn—l +3 ynl Yn—1 Yn 4 "

4 —22.3" + 24 . ) .
TTa3n-1_10 =Ty =Yp — 2= Lan 1 —+1O . Vay s0 hang tong quat cia day so da
cho la

—22.3""1 4+ 24
Ty = )
113l 10

Nhan xét 4.11. V6i ¥ tudng nhu trén ta cé thé gidi duge bai toan tong quat nhu sau:

Cho day x,, théa man: x1 = a va z,41 =
TTp—1+ S8

PTn—-1 + pt + q
TTp—1+1t+ s

Giai. Dat x,, = y,,+t. Thay vao hé thiic truy hoi ctia day ta dugce z, 1 =

—rt)p_1 —1t2 + (p — )t + ,
Yp = (p JTn-1 (=) 9 Ta chon t théa man: rt2 + (s — p)t + ¢ = 0.
TTp—1+71t+ s
R 1 1 1
Khi do6 ta chuyén ve dang — = a . T day ta tim dugc —, suy ra x,.
Yn Tn—1 n

4.3 Phuong trinh ham trén tap sé tu nhién

Thong thuong dé xac dinh sé hang tong quat cia mot day sb ta thudng si dung

cac kién thiic vé sai phan. Tuy nhién trong mot s6 truong hop néu van dung sai phan
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dé giai bai toan xac dinh s6 hang tong quét ctia day s6 thi bai toan tré nén rat cong
kénh va kho giai. Khi d6 ta c6 thé st dung cac kién thiic vé phuong trinh ham dé giai
bai toan vi mdi ham s6 f : N — R dugc tuong ting v6i mot day sé {x,} v6i s6 hang
tong quat z,, = f(n) nén nhiéu bai toan xac dinh s6 hang téng quat ctia day s6 dugc

dua vé gidi bai toan vé phuong trinh ham trén tap s6 tu nhien N
Bai toan 4.12. Xac dinh s6 hang tong quat clia diy s6 z,, thda man:

Tant+s = ATy + b. (4.7)

VéiVa,B,ne N, a#1,a,b#0va 16

Nhan xét 4.12. Ban chat ctia bai toan 1a tim tat ci cdc ham s6 f : N — R thoa
man

c .

flan+pB) =af(n)+bVa,B8,n € Nya#1,a,b#0 va . P

Do dé st dung cac ki thuat giai phuong trinh ham ta c6 16i giai cho bai toan nay nhu

Sau

- b el . 9
Giai. Dbit z, =y, + T Khi d6 (4.7) c6 dang Yan+s = ayn. Dat Ybim = Zm ta
ducce

Zom = AZm.- (4.8)

Dit 2z, = m'9=? v, thi (4.8) c6 dang vma = vm. Vi ¥m € N ta c6 thé viet m = ok
Vi (k,s) = 1,5 € Nnén vpg = vy < Vgst1 = Vgsk. Dit tg = vask ta duge teq = ts.

Suy ra day ts 1a ddy s6 hing. Vay khi m + 1i = a’.k, v6i (k,s) =1 thi

b

T, = ﬁ )logaa.ts

—l—(n—l_a

trong d6 ts € R tuy ¥.

Bai toan 4.13. Xac dinh s6 hang tong quat ciia day s6 z, théa man:

Ty + Tp m-+n
Tmin = ————, Ym,n,
2 2 2

e N*. (4.9)
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T3+ 1
2
23 — « . Tiép tuc qua trinh nhu vay, ta duge x3 = T4 =

2

.Suy ra x3 = 2x0 — 1] =
T4+ X2

2
203 — 19 = 2(28 — a) — f = 38 — 2a. Béng phuong phap quy nap, ta thu dugce

T, =(n—1)8—(n—2)a, Vn € N*. Vay

{xn:(ﬁ—a)n—i-%c—ﬁ

Giai. Diat 21 = o, 19 = [ ta ¢6 v9 = T311 =
2

. Suy ra x4 =

.fl:Oé,xQ:ﬁ

Dit f — a = a,2a — B = b thi s6 hang tong quét clia day s6 da cho la
T, = an + b.
Vé6i a,b tuy y.

Bai toan 4.14. Xac dinh s6 hang tong quét clia day sb z,, théa man:

2
Tmin :M, m,n,m+n e N* (4.10)
2 T + T, 2
2zmx 2 1
Giai. Taco Tmin = — =" & Tmin = . bat — = y,, thi phuong trinh da
S B T S
Tm Tn
_Ym + Un

cho tuong duong véi Ymin .Theo bai toan 4.13 thi y, = an+ b véi a,b > 0,

2
a+b>0. Vay s6 hang tong quat ctia diy s6 da cho la

B 1
Can+b

Tn
Trong d6 a,b > 0,a+ b > 0.

Bai toan 4.15. Xac dinh s6 hang tong quat clia diy s6 z,, thda man:

m+n
2

Giai. Taco z, = Tngn = \/Tnln = V/[zn)? > 0. Dat 21 = a, 29 = B, (a > 0,8 > 0).
a, Néu o = 0, thi z,, = Titanos = VT1ZTon—1 = 0,Vn € N*. Vay z, = 0 1a nghiém
duy nhat cia (4.11)
b, Néua >0va =0 thiz, = Taizm—s = \/TpTon—3 = 0,Vn > 2. Suy ra

e N*. (4.11)

Tmin = /Ty, VYm, n,
2
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13 day s6 can tim.
¢, Néu a > 0 va B > 0. Gia s ton tai ng > 3 sao cho x,, = 0. Thé thi z,,_1 =
Tnging-2 = § /TngTno—2 = 0. Chon ng = 3 thi x,,—1 = z2 = 0, hay f = 0, mau thuan. Do

2 2
2 .9 « £ > L, .:C
d6 c6 the gia thiét rang x, > 0,Vn € N* . Ta ¢ 19 = x341 = /T371 = 23 = 2= B
Il &
2 3
x
Mat khac x3 = Tag2 = \/T473. Suy ra x4 = x_z = % Bang phuong phap quy nap, ta
chiing minh dugc rang
6n—1
Tp = = —,Vn > 3.
Ta co
5n—1 ﬁn
— = (= )( —)
Q b7«
o? g
Dat E:a ~ =bthix, =ab"vé6ia>0,b>0.Vay diy sé can tim la
a
. a néun=1 (> 0)
" 0 néu n > ’
Hoac xp, = a.b” v6ia > 0,b>0 .
Bai toan 4.16. Xac dinh s6 hang tong quét clia day sb z, théa man:
x%l + 13,21 m+n *
Tmin =\ ——2, Ym,n, eN (4.12)
2 2 2
) x? + 12 5 e
Giai. Ta ¢6 Zmin = Tnin = T:\/:Un:]anO,VEN .Dit 21 =a >0,

[2 2
i
:ﬁZO.Tacéx2:x3;r1: %.Suyra

x%sz%—x%z?ﬁQ—az

nén r3 = /282 — a2, (a < $v/2). Tuong tu 3 = Tagz = Vx4+x2 Suy ra 2% =

2x§—x%:2(62—042)—52:362—2&2.Dod(’)x4— 332 —2&2, 04<B\/> ). Bing

quy nap toan hoc ta chiing minh dugc hé thic

T =/(n—1)82 — (n — 2)a? = /(8% — a?)n + 222 — 32,¥n > 3.
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Dat 82 — a? = a,2a? — % = b thi ta duge z, = Van+b,a > 0,a+b > 0 . Vay sb

hang tong quét ctia day s6 da cho la
xn:m,azo,awzo.
Bai toan 4.17. Xac dinh s6 hang tong quat clia diy s6 z,, thda man:
Tmtn + Tnom = T3n (4.13)
Vm,n € N van >m.

Giai.

+ V6i m = 0 ta ¢6 2z, = 3x3y,

+ Véim =n =0 ta dudgc 220 =29 = 29 =0 .

+V6i m = n ta duge x9, = 35, Vn € N* (a)

Tu (a) suy ra Tam = Tem = T2.3m = T3.3m = Tom,Vm € N*. Mt khéc thay n = 3m

vao (4.11) ta dugc Tam + Tom = Tom = Tom = 0 ,¥Ym € N*. Cudi cing v6i Vm € N* ta
1 1

cO Ty, = §x3m = §x2m = 0. Dé thay z,, = 0,¥n € N* thoa man yéu cau bai toan.

Bai toan 4.18. Xac dinh s6 hang tong quét clia day sb z,, théa man:
1
1 =1, Tman + Tmn = 5[:62” + x9y],Vm,n € Nym > n. (4.14)
Vm,n € N van>m.

1
Giai. Chom =n=0ta dugc zg =0. Chom =1,n =0 thi 21 + x1 = §[x2+x0].

Suy ra x9 = 4 = 22, Bang quy nap ta ching minh duge z, = n?. That vay, do

1 1
T+ = 5[3:% +20] nén ta c6 ngay wg, = 4k%. Tuong tu, do xp 1 +2p_1 = §[x2k+xz]

nén ta c6 T4 = 502k +2 — w1 = (k+ 1) Vay s6 hang téng quét ctia day sb can
tim la

T, = n-.
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Két luan

Tt nhitng van dé da trinh bay c6 thé rit ra mot s6 két luan nhu sau:

Phuong trinh ham 134 mot trong nhitng chii dé toan hoc khé trong chuong trinh
Toan trung hoc pho thong, dong thoi cac dang toan vé phuong trinh ham ciing rat da
dang. Tuy nhién trong khuon khd ctia luan van nay chi nghién ctu vé mot mang nho
trong cac dang toan vé phuong trinh ham. Luan vian da hé thong dude mot s6 dang
toan vé phuong trinh ham lien quan dén cac phép bién déi tuyén tinh va phan tuyén
tinh c6 tinh chat d6i hop. Qua luan vin ciing cho thay dude méi quan hé giita phuong
trinh ham véi cac phép bién hinh trong mit phing thuc v mit phing phtc dic biet
la phép quay.

Luan van con lam ré mdi quan hé gitta phuong trinh ham va day s6 tit do cho ta
them mot phuong phép dé giai quyét kha hieu qua cac bai toan xac dinh cap s6 va
mot s6 diy so dic biet.

Nhitng két qua thu dude tit luan van giiap cho ta c6 duge mot cach hé thong cac
phuong phap giai bai toan phuong trinh ham sinh bdi phép quay, dong thoi dua ra
mot s6 phuong phap dé thiét lap cac bai toan phuong trinh ham xudt phat tu nhiing
truong hop cu thé.

Hy vong luan vin c6 thé ding lam tai lieu tham khao cho gido vien trong cac trudng

trung hoc pho thong trong viéc giang day va bdi dudng hoc sinh gioi.
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Luan van: "Phuong trinh ham sinh béi phép quay va mot so6 ap dung" ctia hoc vién
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