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MG dau

Tam thtic bac hai 1a chuyén dé co ban nhat déng vai tro nong cot trong cic kién
thiic toan bac trung hoc pho thong. Hau hét cac bai toan va vi du dudce khao sat trong
chuong trinh dai s6 vé phuong trinh, bat phuong trinh, hé phuong trinh, bat dang thc
va cac bai toan cyc tri,... v trong chuong trinh giai tich cac 16p cudi bac phd thong
nhu khao sat sy bién thién va vé do thi,... déu c6 gan véi cac ham sd bac nhat va bac
hai.

Tuy nhién, ciing c¢6 rat nhiéu dang toan lien quan dén cac bicu thitc vo ty (ting véi
lfiy thita khong nguyen) thi ta ngoai cac dang todn quy duge vé dang bac hai ta can
cac ky thuat khac nita. Chang han, bat ddng thitc Bernoulli

2 >ar+1—a, a>1, >0
khi o # 2 ¢6 nguon goc xuat xit tir tam thitc bac hai
:1:222x—1, reR

(ting v6i a = 2) nhung khong thé khéo sit bang phuong phap tam thitc bac hai dugce
nhat 14 khi o 13 mot s6 vo ty.

Cac bai toan cuc tri, bat ding thic, phuong trinh, bat phuong trinh,... khong quy
duge vé dang bac hai thuong 14 noi dung ciia cac dé thi hoc sinh gidi cac cap va cac
dé thi olympic toan khu vic va quoc té.

Noi dung chinh ctia luan van nay 14 nham thiyc hién nhiém vu do thay huéng dan

dat ra la khéo sat cac tam thic bac («, 5) dang
fa(@) = az® +ba’ + ¢, a>p>0, x>0,

trinh bay cac tinh chat co ban, xét cac dang toan lien quan va cac ting dung clia ching.
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Luan van gom phan md dau, ba chuong, phan két luan va danh muc tai lieu tham
khéo.
Chuong 1 trinh bay cac kién thiic co ban vé tam thiic bac hai va phuong phap tam

thitc bac hai, dinh nghia, cac tinh chat va vi du vé tam thitc bac (o, 3) dang
fiap(@) = az® + bz’ + e, a>F>0, >0

Tiép theo, khéo sat diéu kien dé tam thtc bac hai luén luon duong trén R.

Chuong 2 khéo sat céc bai toan lien quan dén tam thiic bac (a, 3) nhu bat ding
thitc Bernoulii, bat déng thitic AM-GM, phan thitc chinh quy va céc dang don diéu lién
tiép bac (1,2) dé tim gia tri 16n nhat, nhé nhat ciia mot biéu thitc.

Chuong 3 xét cac vi du ap dung trong phuong trinh, bat phuong trinh, bat déng

thtc va cac bai toan cuc tri.

Luan van duge hoan thanh duéi sy huéng dan trie tiép ctia GS. TSKH Nguyén Van
Mau. Tac giad xin bay t6 long biét on chan thanh va sau sic vé sy huéng dan nhiét
tinh, nghiém khic va nhitng 10i dong vién ctia Thay trong sudt qua trinh hoc tap va

thuc hién Luan vin.

Tac gid xin chan thanh cdm on TS. Nguyén Thi Thu Thuy vé sy nhiét tinh giap
dé va nhitng gép ¥ quy bau trong thoi gian tac gia hoan thanh luan van.

TAac gia xin chan thanh cam on quy Thay Co trong ban giam hiéu, Phong dao tao
Dai hoc va sau Dai hoc, Khoa Toan - Tin, Trung tam Hoc Liéu Truong Dai hoc Khoa
Hoc, Dai hoc Thai Nguyéen, ciing quy Thay Co tham gia gidang day khoa hoc da tao
moi diéu kien, gitp d& tac gia trong suét qua trinh hoc tap va nghien ciu dé tac gia

¢6 thé hoan thanh khoa hoc va Luan vin.

Trong khuon khé ctia mot Luan van, téc gia khong thé khai thac hét cac van dé ve
ting dung ctia tam thitc bac (a, 8). Mac du da c¢d gang rat nhicu nhung két qua dat
dugce trong Luan van con rat khiem toén va khong tranh khoi nhiing sai s6t. Vi vay tac
gid mong nhan dudce nhiéu ¥ kién, gép ¥ quy bau ciia quy Thay Co, cac anh chi va cac

dong nghiép dé Luan van dude hoan thien hon.

Thai Nguyén, 18 thang 09 nam 2010.
Ngudi thuc hién
Tran Thi Danh Tuyén
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Chuong 1

Tam thic bac («, )

Noi dung ctia chuong nay nham heé thong mot sé tinh chat co ban clia tam thic
bac hai. Tiép theo tac gia gi6i thieu tam thic bac (a, ) nham phuc vu cho viéc khéo

sat cac bai toan lien quan dén tam thitc bac («, 3) duge xét trong chuong 2.

1.1 Tam thic bac hai

Tam thitc bac hai 1a mot trong cac chuyén dé trong tam ctia chuong trinh dai s6 &
pho thong. Phan 16n cac phuong trinh, bat phuong trinh duge xét trong chuong trinh
toan bac pho thong déu duge dua vé dang phuong trinh, bat phuong trinh bac hai.
Tam thitc bac hai ciing 14 mot mo hinh quan trong nhiam gidi thiéu cho hoc sinh nhitng
kién thic toan hoc co ban vé tinh lien tuc, dong bién, nghich bién, 16i, 1om va ... clia
ham s6 . Nhitng kién thtic vé tam thic bac hai 1a nhitng kién thiic ma méi hoc sinh pho
thong déu phai nam viing vi ching dudc stt dung trong cac ki thi tét nghiep THPT,
tuyén sinh Dai hoc ciing nhu céc ki thi hoc sinh gidi qubc gia va Olympic qudc té (xem

1.1.1 Céac tinh chit co ban

Trong phan nay sé hé théng mot s6 tinh chat co ban ctia tam thic bac hai dé st
dung va so sanh véi cac tinh chat clia tam thite bac (a, 8) duge xét sau nay.
Biéu thiic

f(z) = az® + bx + ¢ véi a,b,c € R,a # 0, (1.1)

duge goi 1a tam thitc bac hai (ctia bién s6 ).
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Ham s6 tuong ng f(z) = az? + br + ¢ duge goi 1a ham s6 bac hai va phuong trinh
f(z):=ar* +br+c=0 (1.2)

duge goi la phuong trinh bac hai.

Céc bat phuong trinh dang f(z) > 0 (tuong ung f(z) < 0, f(z) >0, f(x) < 0)
dude goi chung 1a céc bat phuong trinh bac hai.

Bién déi tam thitc bac hai vé dang

2 2
f(zx) —a(x2+2-%x+%+§—%) —a[(x—l—i)Q—A},

trong d6 A := b? — 4ac dugce goi la biet thitc ciia f(x).

Néu b = 2b; thi

f(x)za(xz—l—Q-%lx—f—Z—z—l—g—Z—z) :a[<x+%>2—§—;],

trong d6 A’ := b2 — ac dudc goi la bigt thitc thu gon ctia f(x).

Dinh 1i 1.1 (Phéan tich tam thic bac hai thanh nhan ti).
Xét tam thiic bac hai f(x) = ax® + bx + c. Khi do:

i) Néu A <0 thi f(x) khong phan tich dugc thanh tich cdc nhan tid bac nhat.

g . . b \2
ii) Néeu A =0 thi f(x) :a<x+%) :

) b+ VA
iii) Neu A >0 thi f(z) = a(x — z1)(x — x2) vdi 12 = 2—\/_
a
Dac biét, diéu kien can va di dé f(x) 1a biéu thitc chinh phuong (14 binh phuong
ding ctia mot nhi thite) 1a dong thoi xdy ra a > 0, A = 0. Khi d6
b

o= [le+ )]

Dinh Ii 1.2 (Ve nghiém ctia phuong trinh bac hai).
i) Néu A <0 thi phuong trinh bac hai (1.2) vo nghiém.

. ) b
i1) Néu A = 0 thi phuong trinh bac hai (1.2) cé nghiém duy nhat v = ~5

ii) Néu A > 0 thi phuong trinh bac hai (1.2) ¢6 hai nghiém phan biét

—b—VA  —b+VA

1 < 9.
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Chu y 1.1. Trong trudng hgp tong quat, tic 1a a tuy ¥ thi f(z) = az? + bz + ¢ duge
goi 1a ham da thitc bac khong qua 2. Phuong trinh f(z) := ax? 4+ bx + ¢ = 0 khi d6
dugce goi 1a phuong trinh dai s6 bac khong qua 2. Khi a = 0, b # 0 ta thu duge da thiic

bac nhat quen thuoc.

Dinh 1i 1.3 (Dinh If thuan vé dau ctia tam thitc bac hai).
Cho tam thic bac hai f(x) = ax® +bx +c (a #0). Khi dé:

i) Néeu A <0 thi af(z) >0, Vo €R.

. P b
ii) Neu A =0 thi af(x) >0, Vz € R. Dau dang thic zday ra khi v = ~5g
a
iii) Neuw A >0 th
e af(x) >0 vdi moi x thod man diéu kién x < 1 hodc xo < .
e af(x) <0 vwdi moi x thod man dicu kién x1 < x < xa.

o f(x) =0 tai x =x1 hodc x = xa.

Dinh 1f 1.4 (Dinh If dio).
Dieu kién can va di dé phuong trinh bic hai f(x) = 0 c¢6 hai nghiém phan biét x1, o

(tiic la A > 0) la ton tai s6 o sao cho af(a) < 0. Khi dé x1 < a < xo.

Hé qua 1.1. Diéu kién can va di dé phuong trinh bac hai f(x) = 0 c¢6 hai nghiem
phan biét z1, 9, mot nghiém ndm trong (a, ), mot nghiem ndm ngoai doan [«, 3]
(véi a < B) la f(a) - f(B) <O.

Dinh 1i 1.5.

. ) b )
(i) Khi a > 0 thi tam thic bac hai f(x) dong bién trong [— %) +oo) va nghich bién
a

b
Y E—|
rong 00—
. ) b )
(i) Khi a < 0 thi tam thic bac hai f(x) dong bién trong (— 00; —2—} va nghich bién
a

b
trong [— —; —i—oo).

2a
N 2 . b 2 A e 2 < L ~ ~ .
T dang thic af(x) = (am + 5) - ta c6 the thiet 1ap duge hé thiic cho tam
b b
thitc bac hai f(———i—a:) :f(———a:), Vr € R.
2a 2a

R ) . b
Nhu vay do thi ham s6 y = az? + bz + ¢, (a # 0) nhan duong thing » = ~52 lam
a

truc doi xing.
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Dua vio tinh chét ciia ham s6 bac hai f(z) = ax? +bx+c, (a #0), xét trén (o, 3),
(a < Bva f(a) #0, f(B) #0) ta co két qua sau:

Gié st phuong trinh f(z) = 0 ¢6 hai nghiém z1, 9 v6i 21 < 2. Khi dé

Tinh chat 1.1. Phuong trinh f(z) = 0 ¢6 mot va chi mot nghiem 21 € («, 3) khi va

.. Jaf(a) >0
chi khi
{af (8) <0
Tinh chat 1.2. Phuong trinh f(z) = 0 c6 mot va chi mot nghiem 5 € (a, 3) khi va
... Jaf(a) <0
chi khi
{af (8)>0
Tinh chat 1.3. Phuong trinh f(z) = 0 c6 hai nghiém trong khoang («, 3) khi va chi
A>0
|af(e) >0
Khi g af(s) >0
a < ~%a <p

Nhitng tinh chat nay gitp ta gidi cdc bai toan “gidi va bién luan phuong trinh”

tuong ing mot cach dé dang.

1.1.2 Phuong phap xét dau tam thiic bac hai

Tuy theo gid tri ciia bién s6  ma tam thiic bac hai f(z) = a2® + br + ¢, (a # 0)
c6 gia tri am, duong hay bing 0. Tuy nhién ta chi xét diéu kién dé tam thiic bac hai
luon duong (tidc 1a f(z) > 0) trén mot mien D (cu thé xét D = (a, 3). Céc bai todn
khac dugce rat ra theo cach tuong tu.

Ta c6 bai toan sau:

Bai toan 1.1. Cho f(z) = ax® +br +¢, (a #0) vamién D = (a, 3) C R. Tim diéu
kien dé f(z) > 0, Vz € (a, ).

Giai. Ta ¢6 f(z) > 0, Vo € (o, 3) khi va chi khi mot trong cac truong hop sau xay
ra:

e Truong hgp 1: Khi A < 0 thi suy ra a > 0, tic la {a >0

A <O
b

e Truong hop 2: Khi A =0 thi suy ra a > 0 va ~5a ¢ (a, B), tic la
a

a>0
A=0

b
_% ¢ (avﬁ)
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e Truong hgp 3: Xét A > 0. Ta c6 3 truong hgp can khéo sat :

a>0 a>0
A>0 A >0 A>0
af(B)>0 qaf(e)>0 3qa<0
b b <a< <
0 < —— —-— <« nsa<fs
2a 2a

V6i cach lam tuong tir nhu bai toan trén, ta c6 the dé dang gidi mot so bai toan

sau day.

Bai toan 1.2. Tim diéu kién clia tham s6 dé tam thic bac hai khong déi dau tren

mot mien da cho.
Vi du 1.1. Xac dinh m dé f(x) = 2% — (m +2)z +m? +1 >0, Vo > 0.

Bai toan 1.3. Ching minh phuong trinh va hé phuong trinh vé nghiém hoac luon
¢6 nghiém trong mot khoang.

ar’ +br+c=y
Vi du 1.2. Xét hé phuong trinh ¢ ay? + by +c = z

az? +bzt+c=x
trong d6 a # 0, (b—1)? —4ac < 0.

Chiing minh rang hé phuong trinh trén vo nghiem.
Giai. Khong mat tinh tong quat gia sit a > 0, (a < 0 duge xét mot cach tuong tu).
Gia sit he c6 nghiem (xg, yo, z0). Khi d6, cong cac phuong trinh ctia he vé theo vé
ta nhan dudgc:

f(zo) + f(yo) + f(20) = 0,

trong d6 f(t) = at®> + (b — 1)t +c.
Ta c6

A= (b—1)? —4ac < 0.

Do d6 f(t) >0, Vt € R, (do a > 0), nén ta thu duge diéu vo ly.

Vay hé phuong trinh da cho vo nghiém.

Vi du 1.3. Chitng minh ring phuong trinh m?(2? — 9) — z(z — 5) = 0, luon c6 nghiem

trong [—3, 5] v6i moi m.
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Giai. Truong hgp m = =£1 cho ta phuong trinh bac nhat c6 nghiém duy nhat x =
—g € [-3,5] 1 hién nhieén.
Xét m # +1, khi d6 ta thu duge phuong trinh véi vé phéi 1a tam thitc bac hai f(x).
Ta ching minh rang f(5)f(—3) <0, Vm.

That vay, ta ¢

nén suy ra

fB)f(=3) <0, Vm.

Vay phuong trinh da cho luén c¢6 nghiém trong [—3, 5] v6i moi m.

Vidul4. Chol<a<b<c<2va

s a*(b+c)+b*(c+a)+cP(a+b) a? 4+ b? + c?
— T+ abe.
a+b+c a+b+c

flx) =2

Chitng minh riang, phuong trinh f(x) = 0 luoén c6 hai nghiém trong khoang (1,4).

Giai. Ta ¢6 nhan xét sau: 1 < ab < ac < bc<4va

abc
f(ab) = m(c— a)(c—1b) >0,
flac) = —#&_C(b— a)(c—1b) <0,
abc
f(be) = m(b— a)(c—a) > 0.

Theo dinh 1f ddo vé dau clia tam thiic bac hai, phuong trinh da cho luon c¢6 hai nghiém
phan bigt nam trong khoang (ab, be).
Vay phuong trinh f(x) = 0 luén c¢6 hai nghiém trong khoang (1,4).

Bai toan 1.4. Tim diéu kién ctia tham s6 dé phuong trinh hoic hé phuong trinh

dang bac hai c6 nghiém trong mot khoang.

Vi du 1.5. Tim p dé phuong trinh sau c6 nghiém

4g2 . 2px
1+222+24  1+22

+1—p*=0.

2-1‘ N Y . 2 2 3
=t va cht y rang diéu kién ciia an phu thoa

Chi dan cach giai. Dat an ph
i dan céch gial. Dt an phy ;——;

man diéu kien [¢t| < 1.

86 héa boi Trung tam Hoc liéu - Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



Vi du 1.6. Tim m dé bat phuong trinh sau c¢6 nghiém trong khodng (O; g)

1+ sin 2z 1 —sin2x

1+ cos2x * 1 —cos2x —
cns s km
Giai. Dieu kién cos2z # +£1 &z # R ke Z.
Bién ddi bat phuong trinh da cho, ta cé:

2 —sindx . .
——— Sm<e2-—sindr < msin® 2z
sin” 2x

& msin® 2z + sin 4z > 2(sin® 2z + cos? 2z).
Do sin?2z > 0 (vi k # %T), nén cé thé chia ca hai vé cho sin® 2z.
Khi d6 bat phuong trinh tuong duong véi
m + 2cot 2z > 2(1 + cot? 2z). (1.3)
Dit cot 2z = t, bat phuong trinh (1.3) trd thanh

2% — 2t +2—m <0. (1.4)

Nhu vay, yéu cau ctia bai toan tuong duong véi viec tim m dé (1.4) c6 nghiem
t e (1,+00).
Ta c6 A’ = 2m — 3.

e Néu A’ < 0, ttic m < = thi vé trai ctia (1.4) luon duong, nén (1.4) vo nghiém.

LD | W

e Néu A’ = 0, ttic m = = thi bat phuong trinh (1.4) ¢6 nghiém

[\

t=—-¢ (1,+00), (loai).

N | —

. 3 .
e Néu A’ > 0, titc m > 3 thi bat phuong trinh (1.4) c6 nghiém

1—+v2m -3 1+v2m -3
—_— < —
2 - 2

Bét phuong trinh (1.4) ¢6 nghiém ¢ € (1, 400) khi va chi khi

1++v2m—3
2

>1em> 2.

Vay dé bat phuong trinh c6 nghiem thuoc khoang (O; g) thi m > 2.
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1.2 Tam thitc bac («a, )
1.2.1 Dinh nghia va cac tinh chit co ban

Dinh nghia 1.1 (xem [2],[6]). Biéu thiic
fa,p)(®) == azx® + ba® + ¢, 0 #a,bjceR, a>pF>0, >0 (1.5)
duogc goi la tam thic bac (o, 3).

Nhan xét rang, khi a, 3 € Z* thi tam thiic bac (o, 3) tuong ting duge xét ca doi
v6i s6 am nhu doi véi tam thitc bac hai thong thuong.

Tiép theo, ta sé& chi ra nhiéu tinh chat clia tam thitc bac («, §) nhu tinh dong bién,
nghich bién, 16i, 16m va céc bat ding thic lien quan dén né c6 nhiéu diém chung déi
v6i tam thic bac hai quen biét.

Bing cach dat an phu 27 = ¢, ta c6 thé chuyén tam thtc bac (a, 8) vé dang tam
thic bac (v, 1)

I(y1)(t) :=at? + bt +c, (1.6)

« )
trong d6 v = — > 1 va (1.6) dong vai tro nhu tam thic bac hai véi s6 2 duge thay béi

6
s6 v (y>1).

Tiép theo, ta khao sat tinh dong bién, nghich bién va tinh 16i, 16m ctia tam thic
bac («, ().
Dé x4c dinh, ta khao sat trusng hgp tng v6i a > 0 (trusng hgp khi a < 0 duge xét
tuong tu).
Gia st
f(@)=az®+bx’ +¢, a>p5>0, ©>0.

Ta c6

f(x) = aaz® ! + Bbz L.

Khi d6, néu b > 0 thi f/(z) > 0, Vo € R, ttic f(z) luon luon dong bién tren RT.
bs ) 1/(a=p)
ac '
Vay nén, trong khoang (0, z¢) thi f'(z) < 0 va trong khoéng (g, +o0) thi f'(z) > 0.

Néu b < 0 thi f/(z) = 0 ¢6 nghiem duy nhat z¢ = (

Ta tong két cac két qua khao sat ¢ phan trén dusi dang tinh chat sau.
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Tinh chat 1.4. Khi a > 0,b > 0 thi tam thitc bac (o, 3) dang
fap) (@) = azx® + bal + ¢

luon luon dong bién trén (0, +00).

Tinh chat 1.5. Khi a > 0,b < 0 thi tam thitc bac («, 3) dang

fap) (@) = azx® + b’ + ¢

B @)1/(61—5)'

nghich bién trong (0, zg) va dong bién trong (zg, +00), trong d6 zo = ( =

Hé qua 1.2. Khi a > 0 thi
c, néub>0

min{ f(a,5) (%)} = f<< b )1/(“5)), néu b > 0.

Tiép theo, ta xét tinh 16i, I6m ctia tam thiic bac («, 3). Vé sau, trong cac phan tiép
theo, ta sé chi ra mdi lien he sau sic gitta tinh 161, 16m ctia tam thiic bac («, 3) vdéi cac
bat ding thiic c6 dién quen biét nhu bat ding thiic Bernoulli, Karamata, Jensen , ...

Xét tam thic bac (a, ) dang
flap (@) ==az® + bz’ +¢, a>p>0.
Khi d6
f'(x) = aaz""" + pba’ !,
() = ala — )az®2 + B(3 — 1)baP 2,
Ta c6 mot s6 nhan xét sau day trong cac trudng hop dic biet clia a va f.

Tinh chat 1.6. Néu 3 =1thi a > 1 va af”(z) = a(a —1)a?z*2 > 0 trong (0, +-00),
tic 1a f(x) luon luon 16i trong (0, +00) ng véi a > 0 va luon luon 16m trong (0, +00)
ting véi a < 0.

Tinh chat 1.7. Néu o = 1 thi § < 1 va bf”(x) = 3(3 — 1)b*25~2 < 0 trong (0, +-00),
titc 1a f(z) luon luon 16i trong (0, +00) ting v6i b < 0 va luon luon 16m trong (0, +00)

ting véi b > 0.
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Gia st 0 < a, 8 # 1, khi d6

F(2) =04 ala—1)az* 2+ (3 — 1)bz"2 =0
bp(B—-1)

S = - :
v aofa—1)

b pB-1)

Nhan xét rang, néu ——

1 < 0 thi f”(x) khong c¢6 nghiém. Vay nén, ta c6
a ala—1)

Tinh chat 1.8.

. -1 R
i) Neua(a—1) >0va —— - BB=1) < 0 thi f(z) la ham 16i tréen RT.
a ala—1)
) b —1
ii) Neua(a—1) <0va ——- AB-1) < 0 thi f(z) 1a ham 16m tren RT.
a ala—1)

b
Bay gio, ta xét tiép truong hgp — ( D > (. Khi d6
a ala—1)

Khi d6, néu a(a—1) > 0 thi f(z) ddi dau tir am sang duong qua zg. Néu a(a—1) < 0
thi f”(z) ddi dau tit duong sang am qua .

Vay nén ta c6 thé phéat biéu két qua trén dudi dang tinh chat sau.

Tinh chat 1.9.

BB —1)

. b
i) Neua(a—1) >0va ——- 1) > 0 thi f(x) la ham 16m trong khoang (0, xg) va

a ola—
16i trong khoang (g, +00).

BB-1)

. b N
ii) Néu a(a—1) <0 va —— D > 0 thi f(z) la ham 16i trong khoéng (0, z¢) va

a ofa—
16m trong khoéng (zg, +00).
Dinh 1i 1.6 (T.Popoviciu (xem [3])). Vdi moi ham o1 trén I(p, q) va vdi moi x,y, 2 €
I(p,q), ta déu cé bat dang thitc

F@)+ 1)+ 1) +3f () 2 op () w2 (L) w27 (). (47)

Nhan xét rang dinh 1If trén 1a mot md rong thyc sy clia cac két qua quen biét (bat

dang thitc Jensen) vé ham 16i. That vay, theo bat déng thiic Jensen, thi

@)+ 1+ 16 2 1 (50 + 1(50) + 1 (5.
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() <1 () () 1 (557)

Do vay, dinh 1i T.Popoviciu cho ta thuc hién phép cong trai chiéu.

Ching minh. Ta coi z > y > z. Khi d6 xay ra mot trong hai kha nang

rT+y+z

T > >y >z
Z 3 ZY =
hoac
xzyzwzz
3
r+y+=z

khi d6 ta chi can xét trudng hop x >y > > 2 1a du.
Khi d6 dé& dang kiém tra

>a:—|—y+z > rT+y+=z >x+y+z >

> 1.8
Y R s e (L8)
x+y2x+y2x+y2m+y2x+y2x+y. (1.9)

2 2 2 2 2 2

va

x+y—|—z> <x+y y+z z+x>

7 7)) =9 :

x+y+z+3( 3 5 +2 5

Ta thu duge day (1.8) gan déu hon (1.9). Theo dinh li Karamata, ta duge diéu phéi

chiing minh.

b BB
a

ala—1)
f(a,p)(x) tuong ting théa man diéu kien dinh ly T.Popoviciu va ta c6 bat dang thiic

Hé qua 1.3. Khi a(aw — 1) > 0 va < 0 thi tam thitc bac (a, 3) dang

tuong ty nhu (1.7) doi véi f(a, ) (2).

1.2.2 Mot s6 vi du vé tam thidc bac (o, 8) thudng gip

Vi du 1.7. Vi du dién hinh nhat ctia dang tam thitc bac («, 8) thusng duge quy vé
bac hai la dang tam thiic bac (4,2). D6 chinh 1a da thic trung phuong

f(x) = az® +ba® + c.

Bing phép dat an phu 22 = ¢, ta thu dugc tam thiic bac hai g(t) := at? + bt + ¢ xét

trén tap cac s6 khong am.
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Vi du 1.8. Cac da thiic bac ba
P(z) = az® 4+ ba* + cx + d

khuyét Iy thita bac 2 (b = 0) hodc khuyét liiy thita bac 1 (¢ = 0) cho ta cac dang tam
thic bac (3,1) va (3,2) tuong tung.

Dé y ring, bing cac phép bién doi hinh hoc don gidn nhu phép tinh tién (z = t+ ),
< 1 ~ 2
dong dang (z = At), nghich dao (z = ;), ta dé dang chuyén cac phuong trinh bac 3

tong quat vé cac dang tam thitc bac (3,1) va (3,2) tuong tng.

Vi du 1.9. Ham s6 G(2) = 2% — az + a — 1 véi a > 1 chinh 1a mot dang cu thé cia

tam thitc bac (a, 1) ¢6 tinh chat rat quan trong
G(z) >0, Yz > 0. (1.10)

Dau dang thiic x4y ra khi va chi khi z = 1.
Dé ¥ ring (1.10) chinh la bat dang thitc Bernoulli quen biét trong chuong trinh
toan bac phé thong.

Vi du 1.10. Déi véi cip s6 duong a, b va cip so thuc p, v sao cho ap + bv = 0, ta thu

duge mot dang cu thé ctia phan thic chinh quy
Q(z) = azt +ba" + ¢, x>0, (1.11)

6 tinh chat Q(z) > Q(1), Vx > 0.
Dé y ring (1.11) chinh 1a mot dang cu thé clia tam thitc bac (u, v) tong quét.

1.2.3 Diéu kién dé tam thiic bac (o, ) duong trén (0, +00)
Cho tam thic bac («, §) tuy y
fap(7) = az® +bx’ +ec,x>0,a>3>0.

Ta co

f('aﬂ) () = aaz®! + Bbz" 1 2 > 0.

Khi do f{a 5 (x) = 0 ¢6 nghiém khi va chi khi z = z, véi

mo_(_é.é)alﬂ,

a a
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Xét truong hgp a > 0, khi do
(i) Néu b > 0 thi f{, 5 () > 0. Khi d6 f(4 ) (z) 1a ham dong bién.

(a,8)
(ii) Néu b = 0 thi f(/aﬁ)(x) =0z = x.
Lap bang
T 0 Zo +00
f'() 0
C +00
f(x)

Vay f(a,ﬁ) (x) > f(a,ﬁ) (x0), Yz €[0,400).
Khi a < 0 thi ta c6 két qua nguogc lai

f(a,ﬂ) (ZL’) < f(a,ﬂ) (ZE()), Vo € [0, +OO).

Twong tu nhu truong hgp tam thic bac hai, ta ki hiéu:

Ay = -aftzo) = Cha)(1- D) (- 207 e

(0% a a

Hé qua 1.4. Phuong trinh f, 3)(7) = 0 c6 nghiém khi va chi khi A, gy > 0.
i) Néu A, 5 = 0 thi phuong trinh ¢6 mot nghiém trong [0, +00).
ii) Néu A, g) > 0 thi phuong trinh ¢6 hai nghiém trong [0, 4+-00).

H¢ qua 1.5. Néu ton tai z1 € (0,400) sao cho af(,, g (x1) < 0 thi tam thic f(, g (2)
c6 nghiém trong (0, 4+00).

Hé qua 1.6. (Bat ding thiic Bernoulli)
i) V6i moi a > 1

z*+a—1>azx, Vo € (0,+00).
HVeio < a <1

2+ a—1<ar, Ve e (0,+00).
Vi du 1.11. Giéi phuong trinh

al?l ol — 4z 42,
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Giai. Theo bat dang thiic Bernoulli, ta co:

t*+a—-1>at,Vt>1,a>1
t*+a—-1<at,Vt>1,0<a<1

Suy ra
2" >ax+1, 4" >3x+1 khi o >1,

2" <41, 4 <3x+1 khi 2 €[0,1).

Khi z < 0 thi vé trai nho hon vé phai.
Déng thitc xay ra khi va chi khi = 0 va o = 1, tit d6 suy ra phuong trinh c6 nghiém
r=0,r =1

Vay phuong trinh da cho ¢6 nghiém x =0,z = 1.
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Chuong 2

Cac bai toan lién quan dén tam
thitc bac («, §)

Trong chuong nay sé mo ta cac bat dang thiic Bernoulli, bat dang thic AM - GM
va mot s6 dang maé rong ctia ching doi véi bo sb c6 tong khong doi,... nhu 1a cac tng

dung tryc tiép tit cAc tinh chéat clia tam thic bac («, 3).

2.1 MBoéi lién hé gitta tam thitc bac hai, bac (a, 1) va
cac bat dang thic Bernoulli, bat dang thic AM
- GM

Ta c6 nhan xét ring bat dang thitc Cauchy dudi dang so dang
> +1>2z, VreR. (2.1)

Ta nhan thay (2.1) c6 thé xem nhu bat dang thic “tam thic bac (2,1)” (ing véi
luy thita 2 va luy thita 1 clia ) trong trudng hop dau dang thiic xay ra khi va chi khi
=1

Khi do, ta dé dang mé rong dang bat dang thiic cho tam thitc bac (o, 1); (a > 1),
dé thu duge bat ding thitc c6 dang tuong ty nhu (2.1) biang cach thay s6 2 béi a.

That vay, ta can thiét lap bat déng thic dang

4+ () > ar, VreRT, (2.2)

sao cho dau dang thitc vAn x4y ra khi va chi khi 2 = 1.

Thay x = 1 vao (2.2) ta nhan duge (?7) = a — 1, tiic la (2.2) ¢6 dang

™ +a—1>ar, VreRT. (2.3)
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Day chinh la bat dang thitc Bernoulli quen biét.
St dung dao ham, ta dé dang ching minh (2.3).

That vay, xét ham so
flz)=2+a—-1—azx,z>0.

Tacé f(1) =0va f/(z) = az® ! —a = a(z 1 - 1).
Suy ra f'(z) = 0 khi va chi khi z = 1 vA = = 1 1 cyc tiéu duy nhit cta f(z) trén R,
nen £(z) > F(1) = 0.

Bat dang thitc (2.3) c¢6 thé xem nhu bat dang thiic tam thitc bac (a, 1).

Nhan xét 2.1. Trong ap dung, dic biét trong cac dang toan xac dinh gia tri 16n nhat
hodc nhé nhét, bat dang thitc Bernoulli dang (2.3) chi dugc stt dung trong cac trudng
hop dam bao chic chin ring dau déng thic xay ra khi va chi khi z = 1.
Trong nhiing truong hop, néu dau dang thitc xay ra khi va chi khi = 29 > 0 cho
trude, ta can thay (2.3) béi bat dang thitc sau day.
T\ T n
(—) +a—-1>a—, VzeR". (2.4)
zo zo

Tiép theo, ta lai c6 nhan xét rang bat dang thic Cauchy duéi dang so ding
24+ 1>2, VreR, (2.5)

c6 thé xem nhu bat dang thiic tam thitc bac (2,1) (tng véi luy thita 2 va luy thita 1
clia x), trong trusng hop dau dang thitc x4y ra khi va chi khi z = 1.

Khi do, ta dé dang mé rong mot cach tu nhién cho tam thic bac («, 5) (o > 5 > 0)
dé c6 bat dang thiic tuong tuy nhu dang (2.5) bing cach thay luy thita 2 béi o va luy
thira 1 bdi 3.

That vay, ta can thiét lap bat dang thic dang

@+ (7) > ()2, Ve eRT. (2.6)

sao cho dau dang thitc vin x4y ra khi va chi khi z = 1.

Stt dung phép déi bién 2% =t vi = = 7, ta c6 thé dua (2.6) vé dang

@
B
T+ () >N, Vo eRT (2.7)
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So sanh véi (2.3), ta thay ngay can chon (?) =~ — 1 va (??) = 7. Vay nén
' +y—1>~t, VteR",

hay
aco‘—i-g—lzgxﬁ

5 g
dau déng thic x4y ra khi va chi khi z = 1.

VzeR"; a>p>0 (2.8)

Ta nhan duge bat dang thiic Bernoulli déi véi tam thiic bac (a, 3) tng vdi trudng
hop dau déng thic x4y ra khi va chi khi 2 = 1.

Dé stt dung bat ding thitc Bernoulli cho trudng hop dam béao chic chin ring dau
dang thitc xdy ra khi va chi khi # = 29 > 0 cho trudc, ta chi can thay bdi bat dang

thic sau day.

Dinh i 2.1. Gid si cho trudc xo > 0 va cip s6 (o, 3) thod man dicu kién o > 3 > 0.
Khi do

a 8
<£> +9—1>9<1) . V& eR*.
Zo

Déu dang thic xdy ra khi va chi khi x = .
Sau day ta sé xét mot s6 ing dung ctia cac bat ding thic vita néu tréen.
Vi du 2.1. Cho a,b> 0. Chitng minh rang
@V 4 V2 > 21_\/§[ab(a +b)] V2

Giai. Bat dang thitc can chiing minh tuong duong véi

aV? X bv2 > 9l-v2

[ab(a + b)] V2 [ab(a + b)] v2

a V2 V2 B
@[ b(a—l—b)}2 2 [ a(stb)}2 2221 =

Ap dung bat ding thitc Bernoulli dang (2.8), ta c6

Vi vz valve

b(a+b)

[ﬂ%f@ﬁ_lzﬂ[ﬁ%f.

a+b)
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Cong hai bat ding thic tren vé theo vé, ta dudc

(- (§+b)]m+ W—@] RPN, P

- \/5<[\/§ b(z—l— b)rJr [\/5 a(2+b)r)

. [x/EL]MZ [\/EL]NZL 22— 2

b(a + b) a(a+b)
> 2205 )
o] ﬁf%[ﬁﬁf N P Ll A
& [V2 b(ZM)}mﬂﬁ\/ﬁ}MH\f—zzz\/ﬁ
o [\/ﬁﬁ]m n [ﬂﬁ}m >0
o[ ] 22

Vay ta c6 diéu phai chting minh.
Déng thitc xay ra khi va chi khi a = b.

Vi du 2.2. Cho tam gidac ABC. Chting minh rang
1\V2 /1\V2Z /1\V2 S g( L V2
() (h_b) () 23(5)
trong d6 r 1a ban kinh duong tron noi tiép, he, hy, he 1an luct 1a do dai duong cao ha

tit cac dinh A, B, C' cia tam giac ABC.
Giai. Ap dung bat ding thiic Bernoulli dang (2.8), ta c6

(&i)ﬁ +V2 1> \/5(3rhia>,
<3rh—b> V212> \/_(3ri>

(3rh—c> +v2-1> ﬁ(?ﬂ“h—c)
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Cong ba bat déng thic trén vé theo vé, ta dugc

(3r>ﬁ[(i)ﬂ+ ( ! )ﬂ+ (i)ﬂ} +3vV2-3> 3r\/§(hi+ 1.1

hq hy he hy,
Ta lai ¢o
11 1y S b b
Gt i) = Gstastag) =gy =t
Do dé6
(3r)ﬁ[(i>ﬁ+ (hib)ﬁ+ (%)ﬁ] +3v2 3> 3V2.
hay

1\V2  /1\VZ 1 \V2 1\V2
it — — >3 =)
(ha> * (hb> + (h() = 3<3r>
Diang thitc xay ra khi va chi khi tam giac ABC déu.

Vidu 2.3. Cho z € (0; g) Chting minh rang

(2 + sinz)?T0% > (3 4 tan ) TS0,

Giai. Data=1+sinz, b=2+ tanz.
Do x € <O; g) nén 0 < a < b. Bat déng thic tré thanh
(14a)® > (140b)"
Theo bat dang thiic Bernoulli, ta c6
(1+a)s>1+bs (1+a)P > (1+b)"
Ta dugc diéu phai chitng minh.
Vidu 2.4. Cho 0 < x1,29,...,7, < 1. Chiing minh rang

1
x

(14 21)72 (14 29)7 -« (1 + )71 > 27,

, 1 )
Giai. Theo gia thuyet, tacé — >1véiVi=1,2,...,n.
T
Ap dung bat ding thitc Bernoulli dang (2.8), ta c6
1
(14+z1)=2 > 1+x—,

1
(I+x)m >1+—,
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Nhan céc bat dang thic trén theo ting vé, ta dudc

1
x

(14 21)7 (1 + 22)75 - - (1 + 2)71 > (1+ﬂ)--.<1+x—”> > on.
Z2

Suy ra diéu phai ching minh.
Tiép theo, ta néu vi du 4p dung tam thiic bac (n, 1) dé chiing minh bat dang thtc
AM - GM.

Vi du 2.5. (Xem [2]). Gi& st z1,29,..., 2y, ... 1a cac s6 khong am.

bat
_.771+$2+"'—|-xn

A, - , Gp = V129 1py.
Chitng minh rang
—1
An - Gn > t (An—l - Gn—1)> n > 1.

Giai. Ta c6 dong nhat thiic (Jacobsthal) sau

= S -t ('] 2

Theo bat dang thiic
t"+n—1>nt, YVt >0, ne N,

thi

(Gi“)n > n i”l +1-n (2.10)

Tu (2.9) va (2.10), ta thu dugc

Gn—l An—l n
> — — _
A, > . [(n 1)Gn—l (n—1)+n n_l],
hay
—1
An - Gn > i (An—l - Gn—l)a n > 1.

Ta dude diéu phai chitng minh.

n—1

Hé qua 2.1. Tu A, — G, >
AM - GM quen biét.

(A1 — Gp_1), n > 1 ta thu dugc bat dang thiic

That vay, ta co

—1 —1 -2
o (An—l - Gn—l) Z n n

An - Gn Z (An—Q - Gn—Z)

n n—1
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v
V

n n_l---i(Al—Gl):O,(dOAl—Glz()).

Tiép theo, ta xét dang tam thitc bac (a, () : f(z) = az® + bz” + ¢ véi diéu kien
a>0,8>0vaax+b8=Fk>0.
Truong hgp riéng, khi £ = 0, ta thu duge dang phan thiic chinh quy va sé duge xét

chi tiét & muc tiép theo.
Dinh 1i 2.2. Tam thic bac («, 3) dang
flz) = az® + b’ + ¢,
trong dé a,b >0, a>0> 3 va ac+b3 =k >0 cé tinh chat sau
flz) > f(1),Vz > 1.
Chitng minh. Dé ¥ ring
f(x) = aaz® ! + Bbz’ !
va trong khoang (0, +00), ta c6 f'(x) = 0 khi va chi khi
xr = xq, trong d6 xg = 1—ﬁ <1
ac

Do vay, f(z) dong bién trong [1,+00), nén

f(z) > f(1),Vx > 1.

2.2 Tam thic bac («,3) va phan thic chinh quy

Khi cic hé s6 duong ta c6 thé xét sy md rong clia tam thitc bac («, 3) thanh phan
thitc chinh quy v6i luy thita tuy y.

Tam thitc bac (a, 3) ta c6 thé md rong cho biéu thitc dang
flz) = az® + b’ + ca?, x> 0.

Ta xét truong hop didc biet khi a,b,¢ > 0 v aa+ b3 + ¢y = 0 thi f(x) duge goi la
phan thitc chinh quy bién .

Tuong ti, ta c6 thé dinh nghia cac phan thiic chinh quy 2 bién va nhiéu bién.
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Xét ham s6 dang
hz,y) = az®y® + by + ey 2> 0,y >0

théa man dicu kién a,b,c > 0 va

acy +bB1 +cy1 =0
aag + b0+ cyp =0

thi h(z,y) duge goi 1a phan thitc chinh quy hai bién x, y.
Dinh 1i 2.3. Phan thic chinh quy dang:

flz) = az® + ba’ + ca?,
trong dé a,b,c > 0 va ac + b3 + ¢y = 0 ¢6 tinh chat:

min f(z) = f(1).

x>0
Ching minh. Ta co
b
/() = 4 gey 2P + -
a+b+c a+b+c a+b+c a+b+c
> (a7 (2f)iw (a7)me. (2.11)

Bién ddi vé phai ctia (2.11), ta dugc

(‘%a)a-&-?)-&-c (xﬂ) a+llj;+c <x7>ﬁ = xaaa—:blﬁ{—-‘—cc,y g ajo et 1’

do aa + b3 4 ¢y = 0.
Suy ra
flx)>a+b+c= f(1).
Vay
min f(z) = f(1).
Dinh 1i 2.4. Phan thic chinh quy dang

h(z,y) = ax®y** + bxﬁlyﬂ2 +exy”? x>0,y >0

trong do a,b,c > 0 va
aay + b6y +cy1 =0
aag +bBs + ¢y =0

co tinh chat sau

a:>I{)l,1yn>0 h(z,y) = h(1,1).
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Ching minh. Ta co

h(ZL‘, y) a Qi , Qo b 51,02 ¢ V1,72
at+btc atbte Y +a+b—|—cx 4 +a—|—b—|—cx 4
> (xalyaz)ﬁ (xﬁlylﬁ)ﬁ (x71y72)m, (2.12)

Bién do6i vé phai cia (2.12), ta dugc
(20 )arire (z0)arire (ﬂl)riﬂ} [(xaz)ﬁ (z)aTore (212)eFome

aa]+bB1+eyg acg+bBg+cyg 0.0
= a+b+c y a+b+c =T ’y e ]_7

do aay + bB1 + c¢y1 = 0 va aag + bfs + c¢y2 = 0.
Suy ra
h(z,y) > a+b+c=h(1,1).

Vay

L0 h(z,y) = h(1,1).

Vi du 2.6. Chon bo s6 1,2,3 va chon a, 3, khong nguyeén dé
lo+ 26 + 3y = 0.

3=

Giai. Taco a =

Khi do

Y = —2.

DO | —

1
37
23 + 3t5 + 1
_ 1 1 2 3
f(t)=t"2+2t2 + 35 =
_ o (DTN . 1x. a2 .
Vay ta duge tam thiic bac (5, §> va ta c¢6 bat dang thic
fl)>f(1),vt>0< f(t) >6
5 7 2
& 2t2 4+ 3t3 + 1 > 6t°.

Tong quat: Gid st a,b,c > 0, > > 0 thi f(t) = at® + bt + c.
Xét
f(@)

= at® N L otP A et

Chon A sao cho:
ala—=X)+b(B—A)—cA=0
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b
@aa+bﬁz(a+b+c))‘®)‘:M'
a+b+c
Nén ta co
t oa— a(B—a
{a(+25Za'tb“(“f“)+b't$_0t2a+b+c’w>o'
ta,+b+c
Vay
] ac + bf
t) > b th, Vol A= ————.
f(t) 2 (a+b+o)t?, vei a+b+c

2.3 Mot sé6 dang tam thitc bac (o, ) cé6 tinh don
diéu lién tiép bac (1,2)

Tiép theo, ta xét 16p ham don diéu lien tiép bac (1,2) va mot s6 tinh chat co ban
ctia chiing. D6 1a 16p ham dong thoi c6 dao ham bac nhéat va bac hai khong doi dau
trén I(p, q) (xem [5]).

Ta coi ham 16i 1a don diéu tang (thuc su) bac hai khi va chi khi ¢”(x) > 0. Ham
dong bién 1a don dieu tang (thyc sy) bac mot khi va chi khi ¢/ (x) > 0.

Néu ham ¢(z) tren (p, q) ¢6 tinh chat {(p/(:c) >0

¢"(x) >0

lien tiép bac (1,2) tren khoang (p,q). Vi ¢'(x) > 0 dugc coi 1a ham don diéu tang bac

dugce goi la ham don diéu tang

mot va ¢ (z) > 0 (ham 16i) coi 1a ham don diéu tang bac hai.

/
¢'(z) <0
T
uong t, {@//(I) <0

khoang (p, q). Vi ¢'(x) < 0 dugc coi 1a ham don di¢u gidm bac mot va ¢ (z) < 0 (ham

duge goi 1a ham don dieu giam lien tiép bac (1,2) trén

16m) coi 1& ham don diéu gidm béac hai.

{90’(96) <0
¢"(z) >0

{90’(1’) >0
¢"(x) <0

duge goi 1a ham don di¢u gidm - tang lien tiép bac (1,2) tren (p, q).
duge goi 1a ham don di¢u tang - gidm lien tiép bac (1,2) tren (p, q).

Dinh nghia 2.1. Ham s6 p(x) c¢6 mot trong bon tinh chat trén dugc goi la ham don

diéu lien tiép bac (1,2).

Dinh 1i 2.5 (xem [5]). Gid st ¢'(z) > 0,¢"(x) > 0 trén [p,q] va z,y,z,21,y1,21 €
[p,q|, trong dé6 v +y+ z=x1 +y1 + z1. Khi dé

or) | wly) | elz) o n n

¢ (r1)  ¢'(y1)  #(21)
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Chitng minh. Khai trién Taylor téi cap hai, ta c6

o(w) = o) + L 0y L 2 (2.13)
Vi ¢’ (x1) > 0 trén [p, ¢], nén Hé!xl) (x—21)2>0

Tt (2.13)suy ra
p(r) = p(a1) + ¢'(z1)(z — 1)

Stt dung tinh 16i cia ham s6 ¢(z) trén [p, q], ta c6

o(r) _ p(r)

> + (r — 71),
P > Py T
oy) _ ely)

2 _I_ y_y )
) = Py T
SO(Z) 90(21)

= +(z—2
P = Py T

Cong ba bat dang thiic trén vé theo vé, ta duge

p(x) p(z1)

(@)  'yn) (=) = Jx) o) (=) +r+y+z—(z1+y+21)

2
go(y1)+90( 1)+x+y+z—(x1+y1+zl)::;( "

o (z1)  ¢'(y1) ¢ (21)

oly)  wlz) _ olr) o)
Ja) o) P P o) o)

Dinh 1i 2.6 (xem [5]). Gid st ¢'(z) < 0,¢"(x) > 0 trén [p,q] va z,y,z,21,y1,21 €
[p,q|, trong dé6 v +y+ z=x1 +y1 + z1. Khi do

o)  oly) | plz) _ wlr) | e) | el2)
J) T e S |

Chitng minh. St dung tinh 16i ctia ham s6 p(x) trén [p, g|, ta c6

(:E - 1'1),

AS)

o@) _ plar)

) = )

o(y) < o(y1) N
= )

¢ (1) ~ ¢ =),
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p(2) _ pla1)
¢'(z1) ~ ¢'(21)
Cong ba bat déng thtic trén vé theo vé, ta dugc

+ (2 — 21).

#(z) 2(y) 2 (2) < olay) | oly) + plat) trty+z—(z+y+2)

(@) Py)  P(z) T () @) (=)

Dox+y+z=x1+y1 + 21, nén

o(71) o(y1) ©(21)
o (x1)  ¢'(y1) ¢ (21)

Vay

trt+ytz—(r1+y+21)= :;( +

o) | el) | o) ) el | el

P'(z1) W) () T @) ) ()
Nhan xét 2.2. Bing phuong phap da trinh bay & trén doi véi ¢”(z) < 0 ta cling nhan

duge nhiing két qué tuong t.
Tiép theo, ta xét mot so truong hop dic biet ciia tam thitc bac («, 3) ¢6 tinh chat
don diéu lien tiép bac (1,2) tréen RT.
Bai toan 2.1. Choa > 0,b > 0,a > 3 > 1. Chiing minh ring, tam thitc bac («, 3)
dang
fap) (T) = ar® + ba® + ¢
13 dong bién bac mot va dong bién bac hai trén RY.

That vay, ta phai ching minh f(, g (z) = az® + bxP + ¢ 6
f'(z) >0, f(x) >0, Vo > 0.
Ta c6
f'(z) = aaz®™! + 8z’ >0 v a> 8> 1.
(@) = ala—1)az® 2+ (B —1)bz’ 2 >0 vi > > 1.
Vay f'(z) >0, f"(x) >0, Vo > 0.

Theo dinh 1f 2.5 ta c6 thé phat biéu dinh 1i déi véi tam thiic bac (o, 3) trong trudng
hopa>0,b>0,a>3>1.
Dinh li 2.7. Gid st a > 0,b > 0, > (6 > 1, x,y,2,21,y1,21 > 0 cox+y+ 2z =
x1 +y1 + 21. Khi do, vdi moi ham f(o g)(x) don diéu tang liéen tiép bac (1,2) ta co

f(z) fy) . flz) _ flzr) | fly)  f(=1)
) T ) T ) ) o) )

(2.14)
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Chiing minh. T tinh chat 1.6 va tinh chat 1.8 thi f(, 3 (z) dong bién va 16i trong
RT.
Suy ra (2.14) la trudng hop riéng cia dinh i 2.5.

Hé qua 2.2. Giasta > 0,b>0,a >3 > 1,21,y1, 21 > 0 cho truée. Khi do, v6i moi

bo s6 z,y,2 > 0sao cho x +y+ 2z = 1 +y1 + 21 thi

min{ flx) S S }> fley) | ) | f(a)

fllw)  fy)  fe)) = @) f) o fa)
Bai toan 2.2. Choa > 0,0 > 0,1 > a > 3 > 0. Chting minh rang, tam thtc bac
(a,3) dang

fap) (@) = ax® + b’ + ¢
13 dong bién bac mot va nghich bién bac hai trén RT.
That vay, ta phai chiing minh f(, 5)(7) = az® + baB + ¢ co
f'(z) >0, f(x) <0, Vo > 0.
Ta co
fl(x) = aaz® t + b’ 1 >0 v 1>a> 3> 0.
(@) = ala—1)az* 2+ BB - 1)bz’ 2 <0vi 1>a>3>0.
Vay f'(x) >0, f"(z) <0, Vx> 0.
Dinh i 2.8. Gidad sta>0,b>0,1>a>0>0,z,y,2,21,y1,21 >0 cor+y+ 2 =
x1+y1+ 21. Khi do

f@) ), f&) _ fe) | f) | (=) (2.15)

+ < .
) = f'ly) o f'() = () o filyn) o f'(=)
Chiing minh.Ti tinh chat 1.4 va tinh chat 1.7 thi f(, g)(x) dong bién va 16i trong
RT.

Suy ra (2.15) la trudng hop riéng cia dinh i 2.6.

Nhan xét 2.3. Trong trudng hop tong quat ta c6 thé Iga chon khodng (p, ¢) dé tam
thitc bac (a, 8) ¢6 tinh chat don dieu trén khoang do.
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Bai toan 2.3. Choa > 0,b < 0,a > 1 > 8 > 0. Chitng minh ring, tam thtic bac

(o, B) dang fia,8) (x) = az® + bz + ¢ 1a nghich bién bac mot vd ddng bién bac hai
b > 1/(a—p)
ao '
That vay, ta phai ching minh f, g)(z) = az® + bz? + ¢ trong khoang (0, xg) c6

F(z) <0, f"(z) > 0.

Ta co

trong khoang (0, zp), véi xg = <

fl(z) =aaz* t+ b’ L <0via>1>p8>0.
fx) =ala—1)az* 2+ BB -1’ 2>0via>1>3>0.
Vay f'(z) >0, f"(x) >0, Vx € (0,z0).

Bai toan 2.4. Choa > 0,b < 0,a > 1 > 8 > 0. Chitng minh réng, tam thic bac

(a, B) dang f(a,p)(2) = az® + ba? + ¢ 1 ddng bién bac mot va ddng bién bac hai trong
bs ) 1/(a=p)
ac '
That vay, ta phii ching minh f(, g)(7) = az® + bz® + ¢ trong khoang (g, +00) c6

J(@) > 0, f"(x) > 0.

Ta cb

khoang (zg,+00), véi zg = (

f'(z) = aaz®! + 8z’ P >0via>1>03>0.
(@) = ala—1)az* 2+ (B - 1oz’ 2 >0 vi a>1>3>0.

Vay f'(z) >0, f"(z) >0, V& € (xg,+00).
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Chuong 3

P

Mot so ap dung

3.1 Bai toan cuc tri va bat dang thic

Vi du 3.1. Cho a > 1. Xét a,b,c la do dai cac canh cila mot tam giac. Tim gia tri

nhé nhat ciia biéu thic

M= (ﬁ)a+ (lﬂr;;—a>a+ (ﬁ)a-

Giai. Ta phai chiing minh, M > 3 v6i moi tam gidc ABC. Dau dang thitc xay ra khi
va chi khi tam gidc ABC' déu.
That vay, ta co

<a+2—c>a+a_12a<a+lc)—c>’
[0
(b—i—:—a) +a_12a<b+2—a>’

() ra-1za()

Cong ba bat déng thiic trén vé theo vé, ta dugc

c a b
—1) > )
M +3(a 1)_a(a+b—c+b+c—a+c+a—b)

Tiép theo, ta phai chiing minh

c a b
P = > 3.
a+b—c+b+c—a+c+a—b_
Dat
C_x+y
at+b—c=z - %
z+x
bt+c—a=2x =b=
c+a—b=y a_y%z
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Nén ta co N N N
x z ZTX
P:Ty+yT+ 2 :1<$+y+y+z+2+x>
z T Y 2 z x Y
l/x =z lry = 1ry m)
= (Z+Z (Z24+Z2 (Z24+Z2) >3
2<z+a:> 2(z+y> 2(Jz+y
Vi
LEe D)o L2y oy, L2a D)5,
2\z =z 2\z vy 2\z vy
Suy ra

M+3a—-1)>3a< M > 3.

Dau dang thitc xay ra khia = b= c.

Két luan: Gié tri nhé nhéat cia biéu thic 14 min M = 3.
Vi du 3.2. Cho a > 1. Xét a,b,c la do dai cac canh ciia mot tam giac. Tim gia tri
nhé nhét ctia biéu thitc
3a a 3b a 3¢ o
M= (g72a) *aras) Harmd)
2b+2c—a + 2c+2a—b + 2a +2b—c¢
Giai. Ta phai chitng minh, M > 3 v6i moi tam gidc ABC. Dau dang thitc x4y ra khi

va chi khi tam giac ABC' déu.
That vay, ta co6

v

3a o 3a
<Qb+20—a> ta-l O‘(zb+2c—a>’

3b @ 3b
(20+2a—b) ra—l a<2c+2a—b>’

< 3¢ )a L 1> ( 3¢ >
_— a— af ————).
2a+2b—c ~ \2a+2b—c
Cong ba bat déng thiic trén vé theo vé, ta dugc

3a . 3b . 3c >
20+2c—a 2c+2a—b 2a+4+2b—c/°

v

M+3(oz—1)2a<

Tiép theo, ta chiing minh

p_ 3a n 3b N 3c
C 24+2c—a  2c+2a—-b 2a+2b—c

> 3.

Dat

20 +2z—x
a=———

26+2c—a==x
2c+2a—b:y = b:%
20 +2b—c=z¢ 2x+8y—z
c= ———

9
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Nén ta co
2y+2z—x 20+2z—y 2r4+2y—=z
T Y z
1/2y+2z2—2 20+ 22— 20 +2y — 2
_ _( y N o y )
3 x Y z

_2<y+x>+2<z+x)+2(z+y> 1
S 3\z oy 3\x =z 3\y =z

>2x2+2x2+2x2 1=3
— 3 3 3 e

Dau déng thic x4y ra khi a = b = c.

Két luan: Gia tri nhé nhét cia biéu thic 14 min M = 3.

Vi du 3.3. Cho a > 2 va xét tam gidc ABC c6 chu vi bang 3.

Tim gi4 tri 16n nhat clia biéu thiic

b\ @ b « «
M=2<C“L ) +2( +C> +2(C+a) s
2 2 2
b
Giai. Gid st a > b > ¢. Khi d6 luon luon céaz%ZC

Khi d6 xay ra mot trong hai truong hop

b b
a—+ +Czbhoac a+3—|—c§b'
. s b
Ta chi can ching minh a > b > % > c.

That vay, ta co

0> b a+b~|—c> a+b~|—c> a~|—b+c>c7

3 - 3 - 3 -

a+b>a~|—b>a+c>a+c>b~l—c>b+c‘

2 - 2 - 2 - 2 = 2 = 2
a+b+c _o a+b b+c a+c

3 )_ ( > T T >
Ap dung dinh 1 T.Popoviciu, ta dugc

a“+bo‘+3(—a+b+c)a+c‘”>2(a+b>a+2<a+c>a+2(b+c)a
3 - 2 2 2 /)

Nhat xét ring, a+b+c+3<

Theo gia thiét a + b+ ¢ = 3, nén suy ra

b\ o a b e
2(@3 ) +2(“"2”) +2< ;C> - <3,

Dau dang thitc xay ra khia = b= c.

Vay gia tri 16n nhat ctia biéu thitc 1a max M = 3.
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Vi du 3.4. (xem [2]). Cho a,b,c,p >0 va n € N. Ching minh rang
a" P 4 P - P > 31 (g b o)

Giai. Ap dung bat ding thic Bernoulli, ta ¢6

+
(3—a )np+n+p—1>"+p<3 - )n

a+b+c n ~ n a+b+c

(3 b )n+P+n+p_1>n+p(3 b )TL,

at+b+c n - n at+b+c
Jr
(3;)n p+n—|—p_12n+p<3 c )"
a+b+c n n a+b+c

Cong ba bat dang thiic trén vé theo vé, ta duge

n—+p b n+p c n+p 3p
o) o) a1t
a+b-+c * a+b+c + a+b+c +n

>y () () )
n a+b+c a+b+c a+b+c
b
S +p 3n 3< a+%+c + oo T a+§+c>”
- n 3
n—+p 1 3p
> 3. =3+ —.
~ n 3n—1 +n
Vay
() ) () ) e
a+b+tc a+b+c a+b+c
hay

an+p + bn+p + Cn+p > 317n—p(a +bh+ C)ner_
Déng thitc xay ra khi va chi khi a =b=c.
Vi du 3.5. (xem [2]). Cho b céc s6 duong a, b, c, o, 3 v6i a > 3. Chitng minh
a\“ b\« c\ @ a\b b\ A c\ P
G) @) @) =G G Q)
b c a b c a
Giai. Ap dung bat ding thic Bernoulli, ta ¢6
(a)a N a .
b B g

HRTRE

o

=)
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(51250
a 3 al
Cong ba bat déng thiic trén vé theo vé, ta dugc
DRCRCRE R ORNORCY
b c a 6] —p '
Mat khac
« a\ B b\ B c\ P o
- = Z = >3(=—-1).
NG O+ ()20
Cong (3.1)va (3.2) ta dugc
a\ ™ by« c\ @ a\ P b\ B c\B
Z Z ) > (2 Z )
G+ B (= )+ () )
Ta dugc diéu phai chitng minh.
Vi du 3.6. Cho z,y, z > 0 thod man diéu kién 2 + y + z = 6.
Chtng minh rang

x2+y3+ 24 S 23
2 12 108 — 12

Giai. Xét ham s6 f(z) = 22, g(y) =3, h(z) = 2* Khi dé
fl(x) =22 >0,va f"(x) =2>0, Vo >0,
F'y) =3y>>0,va f"(y) =6y >0, Vy >0,

fl(z) =422 >0,va f'(2) =122 >0, Vz> 0.

Vay nén, ta thu duge cac bat dang thiic d6i véi tam thiic bac (a, 3) cu thé

9 2?1
x21+2(x—1)<:>325+x—1,
3 v 2
>84+12(y—2) e >4y —2
24
A >814108(2—3) & —

Cong ba bat dang thiic trén vé theo vé, ta dudc

2 3 4

x—+y—+z—2—+x+y+z—6,
2 12~ 108 12
hay
22 P 24 >23
PICRBTEST
do

r+y+z2—6=0.
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Vi du 3.7. Cho y, z > 0 thod méan diéu kien z +y + 2 = 5.
Chitng minh rang
S

e +48+12_'

Giai. Xét ham s6 f(z) = e* va g(t) = 3. Khi d6

fl(x)=¢">0, f'(x)=¢" >0, Vaz,
g (t)=3t2>0, ¢'(t) =6t >0, Vt>0.

Vay nén, theo bat dang thitc Bernoulli va tam thiic bac (a, 3) ta thu dude cac bat

déng thic

exzé+é(x+1):>ex“21+x+1,
3 v 4
(] Z&Lw@@—4%¢152§+y—&
z328+12(2—2):>2—322—|—z—2.
12 = 3
Cong ba bat déng thiic trén vé theo vé, ta dugc
ex+1+i—z+§23+x+y+z—5,
hay
e$+1+y—3+z—3z3, (do z+y+2—5=0).
48 12

Vi du 3.8. Cho z,y > 0 thod man diéu kien x +y = 5.

Chting minh rang
$2010 N y2008 50233
2010 - 22009~ 2008 - 32007 = 2018040

Giai. Xét ham s6 f(z) = 22°10 va g(y) = y?°%8. Khi d6

f'(z) = 2010 z2°% >0, f"(x) = 4038090 z?°%® >0, Vz >0,

d(y) = 2008 y*7 >0, ¢"(y) = 4030056 3?°° >0, ¥y > 0.

Vay nén, ta thu dugde cac bat dang thitc déi véi tam thitc bac («, 8) cu thé

2010
2010 2010 2009 T
> 2 2010 -2 —-2) = > -2
o= + (z=2) = 5109700 = 510 T ¢ 7 2
2008 208 2007 y2008 3
>3 2008 - 3 —-3) = > — 3.
yum et (*=3) = 3008 3207 = 3908 ¥
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Cong hai bat ding thic tren vé theo vé, ta dugc

12010 yQOOS 2 3
> _5
2010 22000 1 500832007 = 2010 T 2008 (T TY T
hay
1'2010 y2008 50233

> d _5=0).
2010 27009 2008 32907 = 3018040” (9° T Y )

Vi du 3.9. Chiing minh rang
229y — 622y3 + 3y > —1, Va,y > 0. (3.3)
Giai. Ta chuyén bai todn vé dang phan thic chinh quy dé ap dung céc tinh chat ctia
no.
Chia c4 hai vé ctia (3.3) cho 22y3 ta dugc
20ty + 3072y 272y 3 > 6.

Nhan xét rang vé trai 1d phan thic chinh quy hai bién vi

{2><4+3><(—2)+1><(—2):

0
2x34+3x(-1)+1x(-3)=0

Ap dung dinh 1i 2.4 cho phan thic chinh quy
h(z,y) := 2zt + 3072y L4 272y

ta thu duoce

h(z,y) > h(1,1) = 6.

T day suy ra
24590 — 622y + 3y? > —1, Va,y > 0.

Vi du 3.10. Chitng minh ring
Az 01 4 5292 — 1725972 > =8, Vz,y > 0. (3.4)

Giai. Ta chuyén bai toan vé dang phan thiic chinh quy dé ap dung céc tinh chat cla
no.

Chia ca hai vé ctia (3.4) cho 2°y~2 ta dugc

4x5y79 + 5x4y4 + 8x*5y2 > 17, Va,y > 0.
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Nhan xét rang vé trai la phan thitc chinh quy hai bién vi

4x5+5x4+8x(=5)=0
4x(-9)+5x4+8x2=0

Ap dung dinh 1i 2.4 cho phan thic chinh quy
hi(x,y) = 42y~ + saty? 4+ 82 70y>

ta thu ducc
hl(x,y) > hl(l, 1) = 17.
Tu day suy ra

40y~ 4 5% — 172%y72 > =8, Va,y > 0.

3.2 Khao sat phuong trinh va bat phuong trinh

Trong muc nay ta xét moéi quan he giita tam thitc bac (a, 8) v6i phuong trinh bac

ba va phan thiic chinh quy.

3.2.1 Tam thic bac (3,1)

Nhan xét rang moi da thitc bac ba khuyét bac mot hosic bac hai déu 1a truong hop
rieng clia tam thic bac (a, 3). Déc biét, da thic bac ba khuyét bac hai déng vai tro
quan trong trong khao sat phuong trinh va bat phuong trinh bac ba tong quat. Khi
do, da thic bac ba chinh la tam thic bac (3,1) dang

fen(z) = axd +br+¢, a#0, (3.5)
Tiép theo, ta khdo sat chi tiét cdc tinh chat ctia tam thiic bac (3,1) dang:
fen(@) = ax® +br+c, a#0

va xét cac tng dung ctia ching.

Ta chitng minh cac két qua sau day.
Dinh 1i 3.1. Moi da thic bac 3 dang

g(t) = at® + Bt + 4t + 6, a #£0,

deu dua dugc vé tam thiic bac (3,1) dang (3.5) bang phép bién doi tinh tiént = x— 3£
a
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Chitng minh. That vay, dat ¢t = z — 3£ Khi dé ta c6 thé viét:
«

5
— 2+l -

2
— o ﬁ__> 26
az+<3a 7$+27a2

B2

Dy -2

o) =a(r 3

—)+4

+ 0.

Vay ta thu dugce

fa)(@) == g(x — %) = az® + bz + ¢,
trong d6 p 28 s
rong d6a =a,b="— —7v,c= —— + 0.
s ’ 3a 2702

Tiép theo, ta chiing minh rdng moi tam thiic bac (3,1) dang (3.5) déu dua duge ve
tam thitc bac (3,1) ¢6 mot trong cac dang sau
hizy(y) = 4y° — 3y +m,
hesy(y) = 4y® + 3y + m,
bing phép bién ddi dong dang x = Ay, véi cach chon A thich hop.

Dinh 1i 3.2. Moi tam thiic bac (3,1) dang (3.5) déu dua dugc vé tam thic bac (3,1)
dang sau

hiay(y) =4y = 3y +m,
khi ab < 0 va

e (y) = 49° + 3y +m,

[—b /b
khi ab > 0 bing phép bién doi lan lugt la © = 2 3. yvaxr =2 34 Y.

/b
Chting minh. That vay, véi x = 2 g y khi do6 ta dugc
a

FyL ) = ol 0) (L o)+

., 3V3a \/: o 3cv/3a
v f(z y>—4y 3+ o

Vay ta thu dugce

3v/3a b
h(y) == ™~ -f(Z\/% y) = 4y® 4+ 3y +m,
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36\/@
20vb

. —b
Twong tu, doi v6i z = 2 e y khi do6 ta dugc:
a

(50 0) =57 ) g o) e

trong d6 m =

Vay ta thu dugce

3v3a —b
) 3cv 3a
trong d6 m = STV

3.2.2 Khao sat phuong trinh bac ba

Trude hét ta xét phuong trinh bac ba day du trong mot s6 truong hop dic biet
(xem [6]).

Bai toan 3.1. Giai phuong trinh
ar® +br? +cx+d=0, a#0 (3.6)
khi biét mot nghiem x = xg.
Giai. Theo gia thiét thi
ary 4+ brd 4 crg +d = 0.

Ta c6

(3.6) & ax® + bx® + cx 4+ d = axy + baf + cxo +d
& a(x® —23) + b(z? — 22) +c(z —29) =0
& (v — wo)[az”® + (azg + b)x + axd + brg + ] = 0.

Xét phuong trinh
ar® + (azg + b)z + axd + brg + ¢ = 0.

Ta co

A = (azg + b)? — da(azd + bxg + ¢).

i) Néu A < 0 thi phuong trinh (3.6) ¢6 nghiem duy nhat z = .
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ii) Néu A > 0 thi phuong trinh (3.6) c6 cic nghiém

r =X

—(azg +b) £VA
2a

T19 =
Vay phuong trinh (3.6) ¢6 ba nghiém 1a xg, x1 va xs.

Hé qua 3.1. 1) Néu zg la nghiém ctia (3.6) thi diéu kién can v di dé phuong trinh
(3.6) c6 ba nghiém phan bigt la

ax? + (axg + b)x + ax + brg + ¢ # 0
A = (axg + b)? — da(axd + bz +¢) > 0

2) Néu z( la nghiém ctia (3.6) thi c6 thé phan tich
axd + b2 + cx +d = (x — x0) f(2) (3.7)

trong d6 f(x) la mot tam thiic bac hai xéc dinh.

3) Néu 1, 9, x3 1a nghiem cta (3.6) thi
ax® + ba? + cx +d = a(z — x1)(x — 22)(x — x3),
va c6 cong thitc Vi-ét
b
1 +x2 +2x3=——,
a
c
T1T9 + Xxox3 + X301 = 5,
d
12,3 = —.
a

Bai toan 3.2. Giai phuong trinh

axd + bzl +cx+d=0, a#0, (3.8)

acd = db® (a #0, d#0). (3.9)

(Khi d6 phuong trinh (3.8) - (3.9) ¢6 tén goi: Phuong trinh hoi quy bac hai).

Giai. Tu (3.9) suy ra
d

DNéuec=0=b=0va(38) ar’+d=0s2=1/——.
a
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£ < d C 3
) Néuc£0=b#0va (3.8) & = (5) .
a
Dat g = —xg thi c = —bxg, d= —aa:%.
Thé vao (3.8), ta dugc

ax® + ba? — bror — azd =0
s a(x® — 23) + ba(x — 20) =0
& (x — x0)[az® + (azo + b)x + axd] = 0.
Vay x = zg = _[E) la mot nghiém.
Néu A = (azg + b)? — 4a%z% > 0 thi phuong trinh con c¢6 nghiem

—(azp +b) £ VA
2a '

Bai toan 3.3. Tim heé thic lién hé gitta cidc hé s6 ctia phuong trinh
B tar+br+c=0

biét rang phuong trinh nay c6 ba nghiém ma mot nghiem bing tong hai nghiem con
lai.
Giai. Giad st x1 + 19 = x3.

Theo dinh 1 Vi-ét déi véi phuong trinh bac ba, ta c6

1+ T2+ 23 =—a
r1T9 + xox3 + 1301 = b
T1T42T3 = —cC

Thay x1 + 22 = x3 vao phuong trinh thi nhat ctia hé ta duge

:L’1+:E2=J}3:—%. (3.10)

Két hgp (3.10) v6i phuong trinh thit hai ciia hé ta c6

a2

1T = b— Z (3.11)

Tu (3.10), (3.11) va phuong trinh thi ba ctia hé ta suy ra hé thic

a’ — 4ab+ 8¢ = 0. (3.12)

Van dé ngugc lai 1a néu phuong trinh bac ba 2® + ax? + bx + ¢ = 0 ¢6 cac he
s6 thod man he thic (3.12) va c¢6 ba nghiem thi lieu ba nghiem d6 c6 thod man

T+ x9 =23 = —g khong?
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Bai toan 3.4. Néu phuong trinh

4+ ax? +br+c=0, (3.13)
c6 cac hé s6 thod man hé thic
a® —4ab + 8¢ = 0, (3.14)
thi c6 it nhat mot nghiem 14 o = —g.
a a?
Giai. Tu (3.14) tacé ¢ = 3 (b — Z)
Bién doi
Srarttbare= (ot )+ oo 3) + (- e+ 5(0- %)
x° + ax r+c=a(x+ = —zlx+ = ——Jz+=(b——).
2 2 2 4 2 4

Nhu vay néu phuong trinh (3.13) thod man (3.14) thi ¢6 mot nghiem 1a z; = —% va
(i) Néu A = 5a? — 16b < 0 thi phuong trinh chi c6 mot nghiem thuc z = —g.
(ii) Néu A = 5a% — 16b > 0 thi phuong trinh c6 thém hai nghiém nita.

(iii) Néu A = 5a® — 16b = 0 thi phuong trinh c6 thém mot nghiem kép.
a

Trong hai trudng hop (ii) va (iil) thi 21 + x9 = x3 = —5

Vi du 3.11. Giai phuong trinh
362% — 1222 — 50+ 1 =0.

Giai. Chuyén phuong trinh vé dang

1 bt 1
-2’ — o4 —==0

3 36 36

Nhan xét thiy cac heé sb ctia hé phuong trinh thod méan hé thitc a® — 4ab+ 8¢ =0,

nén phuong trinh c6 it nhat mot nghiem 1a

_a 1
Tl = B 6.

Bién doi vé trai ctia phuong trinh trén ta dugc

3 14 5 1 1 9 1 1
T — - ——x+—:<x——><x ——(17——).
3 36 36 6 6
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1 1
Giai phuong trinh 22 — gw —5= 0 ta tim duge hai nghiém 1a

Vay phuong trinh da cho c¢6 ba nghiém phan biét

1 1
ry =—7,T2 = §7I3 = 5

6 3
Vi du 3.12. Cho a # 0. Khai trién biéu thtic

(1+aya)s + (1 - al/a)’

ta duge mot da thitc bac ba theo bién z, ki hi¢u da thitc d6 1a P(z).
Giéi phuong trinh P(z) = 0.

Giai. St dung cong thitc khai trién nhi thic va dit e’z = t ta duge da thitc bac ba

theo t.
Qz) =12 +15t> + 15t + 1 =0
S+ +14t+1) =0
o= —1t=—-T+V48
Vay
1 —7+ V48
Ty = _paxl?) = 2

l& cac nghiém cta phuong trinh P(x) = 0.
Sau day la phuong phap giai phuong trinh bac ba véi hé s6 thic tuy ¥, khong st

dung s6 phiic. V6i phuong phap nay cé thé giai dudge moi phuong trinh bac ba.

Nhan xét 3.1. Phuong trinh bac ba day du tdng quat ta dua duge vé phuong trinh
khuyét bac hai tic 1a duge tam thic bac (3,1).

Bai toan 3.5. (xem [6]). Gidi phuong trinh
423 — 3z =m véi |m| < 1.

Giai. Vi |m| <1, Dat m = cos~y = cos(y £+ 2m), véi v € [0, 7).
Khi do
g

COS 7Y = COS (3 . %) = 4C083%—3COS 3
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Nén
423 — 3z = 4 cos® % — 3cos %
Vay phuong trinh c¢6 ba nghiém
v £ 27

1 = COS %; T2,3 = COS .

3
Bai toan 3.6. (xem [6]). Giai phuong trinh

423 — 32 = m véi |m| > 1.

1 1
Giai. Vi|m|>1, Dit m = §(d3+$>, VG 3 = m 4 Vim? — 1.

Khi d6 phuong trinh tré thanh
1 1
3 _ 3
dz° — 3 = §<d +$)
Suy ra phuong trinh da cho ¢6 nghiém la
1 1 1
T = §<d+3) = 5(</m+\/m2—1+ i/m— \/m2—1>.

Ta chiing minh x 14 nghiém duy nhat cia phuong trinh.

That vay, vi o la nghiém ciia phuong trinh 423 — 32 = m, nén ta cé
4.%8 — 3x9 = m.

Suy ra

4a3 — 3z = 4:{;8 — 3o

e 4xd —xd) =3 —20) =0
& (x — x0)(42® + 4xwo + 422 — 3) = 0,

Vi phuong trinh 422 + 42 - zg + 4:5% —3=0co

A = 4z} — 4(422 - 3),
hay

A =12 1223 = 12(1 — 23) <0, (do |zo| > 1).

Nén phuong trinh khong c¢6 nghiém.
Suy ra z = zg la nghiém duy nhat.

Vay phuong trinh 422 — 3z = m chi ¢c6 mot nghiem duy nhét 1a

v= (a4 ) = s (Ymr V2 =14 -2 1),

2
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Bai toan 3.7. (xem [6]). Giai phuong trinh
423 + 3x = m.

1 1
Giai. Dit m — §<d3 _ ﬁ), VG & = m + vVm2 + 1.
Khi d6 phuong trinh tré thanh

1 1
3 — = — 3 _ —
4x 3z 5 (d d3>‘

Suy ra phuong trinh da cho ¢6 nghiém la
1 1 1
xz—(d—a> :§<:\3/m+\/m2—|—1+</m— \/m2—|—1>.

Ta chiing minh xy 14 nghiém duy nhat ctia phuong trinh.

That vay, xét ham s6 f(z) = 423 + 3.
Ta c6 f'(z) = 1222 +3 > 0,Vr € R.

Vi vay f(x) la ham s6 dong bién trén R, nén g 1 nghiém duy nhét ctia phuong trinh.
Bai toan 3.8. (xem [6]). Giai va bién luan phuong trinh
t* +at? + bt +c = 0.

Giai. Datt =y — % Khi d6 c6 thé viét phuong trinh da cho duéi dang

(-8 o) ool oo

sy —py =g,
» a? 203 ab
V(51p:§—b,(]:—2—7 E—C.

1) Néu p = 0 thi phuong trinh da cho ¢6 nghiem duy nhat y = NGB

2) Néup>O.Daty—2\/§ .

Khi d6 ta dugc phuong trinh

3v/3¢q
2p\/p

423 — 3z =m v6i m =

a) Néu |m| <1, Dat m = cosy = cos(y + 27).

Khi d6
COS 7Y = COS (3 . %) = 4 cos® % — 3008%.
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Do vay phuong trinh c6 ba nghiém

¥ v+ 27
X1 = COS —; 23 = COS .
1 3 123 3

. 1 1
b) Néu |m| > 1, Datm:§<d3+ﬁ), v6i d3 =m 4 vm? — 1.

Khi d6 phuong trinh c6 nghiém duy nhat

v= (a4 5) = s (Ymr V2 =14 -2 1),

3) Néup < 0. Dat y = 24/ —?p x, ta sé dugc phuong trinh
423 + 3z = m.

1 1
Détm:§<d3—l—$>, Vol d® =m +vm? + 1.

Khi d6 phuong trinh c¢6 nghiém duy nhat
= (a2 = S (fmt VT - V).

Tt nghiém z ta tinh dugc nghiém y va tit dé suy ra nghiém ¢ la
t:\/—7§<€/m+\/m27+1+ %-M) -

Vi du 3.13. Giai phuong trinh

a
3 .

43 +2v2)" = (V2 —1)" +3.
Giai. Nhan xét
V2-1)(V2+1) =1,
3+2v2=(vV2+1)%

Suy ra
(V2-1)" =(V2+1)7",
(34 2v2)* = [(V2+ 1)
Dit (v2 +1)% = 2t,t > 0, ta duge phuong trinh

1
42 = — +3
T
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1
o4t — 3t = > (3.15)

1 5 7
Vi §:coszzcos§:cos§.

Suy ra (3.15) c6 3 nghiem

y T . 5 y 7T
:COS—; :COS—; = COS —.
1 9 2 g’ 3 9

Nghiém t5, t3 khong thod man diéu kien ¢ > 0.
Vay ta co
T T
(V2+ l)x:2cos§<:)x:10g\/§+1 <2(ZOS§>. (3.16)

Két luan: phuong trinh da cho ¢6 nghiém duy nhat duge xéc dinh theo (3.16).

Vi du 3.14. Phuong trinh 423 — 3z = v/1 — 22 ¢6 bao nhiéu nghiem?
Giai. bicukien1—2%2>0hay —1 <z < 1.

Dit 2 = cost (t € [0,7]), ta c6 V1 — 22 =sint.

Phuong trinh da cho tré thanh

4dcos®t — 3cost = sint < cos 3t = sin t.

Do d6 ta co
T km o T
t:§—i—7 hodc t——Z—HW (k,l € Z).

k 5
+) Xéttz%%—;, do t € [0, 7] nént:ghoactzg,
T o1
suy ra & = cos o hoac:z::cosg.

3 3
+) Xétt:—%—klw, do t € [0, 7] néntz%,suyrax:cosf.

Vay phuong trinh da cho c¢6 ba nghiém phan biét

T 5% 3T
x:cosg, T =C0S—, T = COS—.

8 4

Vi du 3.15. Giai phuong trinh y3 4 3y = 24.
Giai. Dat y = 2x, ta dugc
423 + 3z = 12.

, 1 1
Ta viét 12 = §<d3 . ﬁ), vGi d = 12 + /145, ta duge
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1, 1y 1
z= 5(d— Zz> - 5(\3/12+ V145 + /12 — \/145>.
|
Vay y = 2z véi x:§<\3/12+\/145—|— 12 — V1 5).

Vi du 3.16. Giai phuong trinh

823 4 2427 — 62 — 10 — 3v/6 = 0. (3.17)
Giai. Ta co
3 10 + 3v6
(317) & 23 + 322 + S2 — 10+3V6 _ 0.
4 8
bat x =y — 1. Khi d6 ta dugc phuong trinh
9 36
3
——y———=0. 3.18
v YT g (3.18)
Dat y = v/3 t. Khi d6 ta dude phuong trinh
2
43 — 3t = ‘/7_ (3.19)
Vi V2 T 9m T
] — = —_ = _— = _—
5 = COS 7 = oS- =cos—
Suy ra phuong trinh (3.19) ¢6 ba nghiém la
P L 3 b ™
1 =cos o, ta=cos—-, f3=cos .
Suy ra phuong trinh (3.18) ¢6 ba nghiém la
=3 cos — =3 cos3—7r =3 cos7—7T
Y1 = 12 Y2 = 4 Y3 = 12°

Vay phuong trinh (3.17) ¢6 ba nghiém la
T =V3 cosi—l 9 =V3 cosg—ﬂ—l T3 =3 cos7—7r—1
L 2 I 12
Vi du 3.17. Giai bat phuong trinh

1623 4+ 122(x 4+ 1)% > 3(z + 1)3. (3.20)

Giai. Nhan xét rang r = —1 khong 13 nghiém ctia bat phuong trinh da cho.
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1) Xét 2 > —1. Khi d6

(3.20)<:>4(%H)3+3( z )2%

z+1
Dat
v t & t<1
o Qj = —
r+1 11—t
Khi d6 ta c6 bat phuong trinh
3
43 4 3t > e

Nhan xét rang vé trai 1a ham s6 dong bién va

Bt 1) o[l LY B (ea L

1 2\" 73 2 ) T2 )
Suy ra
1/, 1
(323)<:>t2—(\/§——)
2 /2
Két hop véi (3.22) ! 6'1<{“7§ 1)
€ 1 . Ssuy ra r = 1 — — =

2) Tuong tu ta xét x < —1, ta duge

T 3 T 3
3.20 4( ) 3( )<—.
(820) = 4{ =) +3(;77) =3

Ta dugc

3 1 1
4¢3 3t<—<:>t<—(32——>.
+3 <T@t < g V2 %

Két hop vdi (3.24) suy ra (3.20) khong c¢6 nghiém trong khodng (—oo, —1).

Két luan: Bat phuong trinh da cho c6 nghiem

t 1/, 1
— " Gi - 2——><t<1.
T “2([ i) =
Vi du 3.18. Giai va bién luan phuong trinh
t+ (20— Da? +a®> —1=0.

Giai. Dbt 22 =¢,¢t > 0 ta duge phuong trinh

f)=t*+2a—1t+a*—1=0,t>0.
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1) Néu f(0) = a®> — 1 hay a = +1.

a) V6i a = 1 thi phuong trinh (3.25) ¢6 nghiém ¢t = 0 va t = —1 (loai).
Vay x = 0.

b) V6i a = —1 thi phuong trinh (3.25) ¢6 nghiém ¢ = 0 va ¢t = 3.
Vay x =0,x = +/3.

2) Néu a # £1.
a) Diéu kien dé f(¢) c6 mot nghiem 16n hon 0 1a

1£(0) =a* -1 <0.

Tu dé6 ta duge —1 < a < 1.
Khi d6

T

2:1—2a—|—\/—4a—|—5®$:i\/1—2a+\/—4a+5
2 2 '

b) Diéu kién dé f(t) c6 hai nghiém 16n hon 0 1a

1f(0)=a*>—-1>0
A=—4a+5>0
1—2a>0

2

Giai hé nay ta dugc a < —1. Khi dé

i_\/1—2a$\/—4a—|—5
xr = .
2

Két luan:

i) Néu a < —1 thi phuong trinh da cho c6 bon nghiém

i\/l—Za:F\/—éla—l—S
x = .
2

ii) Néu a = —1 thi phuong trinh da cho ¢6 ba nghiem z = 0,2 = ++/3.

iii) Néu —1 < a < 1 thi phuong trinh da cho c¢6 hai nghiem

j:\/1—2a—i-\/—4a+5
T = )
2
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iv) Néu a = 1 thi phuong trinh da cho c6 mot nghiem z = 0.

v) Néu @ > 1 thi phuong trinh da cho vo nghiém.

Vi du 3.19. Cho bo s6 m,n,p € R. Giai phuong trinh

933~|—m3+:1:3+n3 x3+p3_3+3 r—m T —n a:—p_o (3.26)
(x+m)3  (z4+n)3 (z4+p)3 2 2 x24+m x+n x+p '

Giai. Nhan xét ring
B+md 1 3 (z—m)?

(x+m)? 4 4 (z+m)?
Vi vay phuong trinh (3.26) tuong duong véi phuong trinh

3 (x—m)? 1 3 (z—n)? 1 3.(1'—]7)2

4 (:E+m)2+1+é_l. (x+n)2+1+1 (x + p)?

-
4

3 3 x—m xz—n x—0p

. . =0
2 2 x4+m xz4+n x+0p

rT—m :v—n_b_ T—p
r+Dp

C.

CL; - Y

r+m x+n
V6i chi ¥ rang
, 1 3 1 3 5, 3

3
Lo TR st 2 labe=0.

3
Tty 17 272

1
4
C6 thé bién doi duge vé dang
A+ + P+ 2abc+1=0
& (ab+ ) = (1—a®)(1 - V7). (3.27)

Thay cac gia tri a, b, ¢ theo bién x, m,n,p ta dudc

2

s _ Ale* + (mn — mp — np)al

(ab+c) (x +m)2(x +n)2(x+p)?2’
dmx
(1-a%) = T m?
dnx
(1-0%) = Er

Vay (3.27) c¢6 dang

2222 + 2(z + p)v/mn + mn — mp — np|[z® — 2(x + p)v/mn + mn — mp — np] = 0.
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Giai ra ta dugc cac nghiém ctia phuong trinh la
r1 =29 =0,

w34 = £(y/mp — /np) — v/mn,
5,6 = Vmn £ (ymp + /np).

Vi du 3.20. Xac dinh tat ca cac gia tri a va b sao cho
a<sin'Vz+2cos’x < b,Vx.
Giai. Dat sin?z = ¢ thi ¢ nhan moi gia tri trong doan [0, 1]. Xét tam thic

fO)y=t"—2t+2,0<t<1.

Ta co
f(t) =5t* -2
2
f/(t):0<:>t: ¢ 5
Lap bang
42
t 0 5 1
f’(t) — 0 +
2
f(t) !
b>2 b>2
Bai toan da cho < 2 & 2\ 1
1({3) z e e<2-£(5)

Vi du 3.21. Xac dinh cac gia tri a dé bat phuong trinh

lw

224+ (1-2%)2 >a.

¢6 nghiém.
Giai. Dieu kien —1 <z < 1.

bat (1 — x2)% =t thi ¢ nhan moi gia tri trong doan [0, 1].
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Khidéaz?=1—1t3 vaa?+ (1 —2%)2=1—1t3 +1

Vay can xac dinh cac gia tri a dé f(t) =1 — 15+t > a c¢6 nghiém trong doan [0, 1].

> a. 2
& r[ré’aﬁif(t) >a (3.28)
Ta co
) =127
3
243
/ — — —
Fli)=0et= (3)
Lap bang

WW%%ﬂﬂzl
Suy ra (3.28) & a < 1.

Két luan: Bat phuong trinh da cho c¢6 nghiem < a < 1.
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Két luan

Luan van Tam thic bac (o, 3) va tng dung da giai quyét duge nhing van

dé sau:
1. Tong quan cac tinh chat co ban va phuong phap tam thitc bac hai.
2. He thong cac tinh chat co ban va phuong phap tam thiic bac («, 3).

3. Trinh bay cac bai toan lien quan dén tam thiic bac (o, 3) nhu bat dang
thitc Bernoulli, bat ding thitic AM-GM, phan thiic chinh quy va céc dang
bat dang thitc d6i véi ham sé don dieu lien tiép bac (1,2) dé tim gia tri l6n

nhat, nhé nhat ctia mot biéu thrc.

4. Xét cac vi du ap dung trong phuong trinh, bat phuong trinh, bat dang

thitc va cac bai toan cuc tri.

Két qua clia Luan van gép phan nang cao chat lugng day va hoc Toan & trusng pho

thong trong giai doan hién nay.
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