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Chwong I — KIEN THUC CO SO

Chirong dau tién danh dé trinh bay toan bo li thuyét va kzén thure co so duoc
nhom tac gia sw dung xuyén suot chuyén dé. Nhitng van dé vé li thuyét dwoc trinh
bay, chitng minh chi tiét va ¢é vi du minh hoa dé ndam viing Ii thuyét, cach ap
dung hon.

1.1. Bat ding thirc dang trung binh cin:

Ta c6 tinh chdt : “Tong cdc trung binh can I6n hon hodc bdng trung binh cdn
cua tong.”

Vidul: [4]
Vi a,b(i=1,m) 1a cac sb thuc duong bat ki, chirng minh ring:

. is|($a] <[54




Giai:

Ta s& ching minh bﬁpg phuong phap quy nap.
Ta chirng minh bat dang thirc dung véin = 2.
\/a12+b12 +\/a§+b22 2\/(a1+a2)2+(b1+b2)2 (1)
Binh phuong hai vé ta nhan duoc
(1) => J(a® +b})(a’ +b2) > a,a, +bb,
< (al +b)(a; +b)) > (a,a, +bb,)’
< (ab,—a,b)’ >0
Gia sir bat dang thuc ding véin =k.
\/af +b/ +\/a22 +b; +...+\/a,f +b, 2\/(a1 +a,+..+a) +(b +b,+..+b)

Ta chimg minh bat dang thic ding véin=k + 1.

k+1

k
Ta co > Jal+b =(Z\/af+bfj+\/a,f+l+b,f+l
i=1 i=1
k+1

Suyra » \a' +b > \/(i a’} +[ibij +ya’, +b.,  (theo gia thiét quy nap)
> J[zj {zbj (ap dung (1))(dpem)

Vidu2:[4]
V6i a,b,c e R(i =1,n). Ching minh ring

i«/af +b’+c’ > \/[2@}2 +(2bij2 +[2c1}2

Giai:

Chung minh bt dang thic ding véin =2

Jai 452+ c2 +\@ b+ 2 \(a,+a,) +(b+b,) +(c, +c, )

2 2 2 2 2 2 2
c:>(a1 +b +c )(a2 +b, +cz)2(ala2 +bb, +clcz)

= (alb2 —azbl)2 +(blc2 —bzcl)2 +(cla2 —-c,q, )2 >0
(hién nhién dung)
Gia su bat dang thuc ding véi n =k

e AR

Ta chimg minh bat dang thic ding véin=k + 1.
Ta co




k+1
Z«/af +bl.2 + 12 =
i=1 i

k
i=1

\/ai2 +bi2 + ci2 j + \/ali-l + bli—l + cli—l

Suy ra

gwlaf+bi2+cf 2\/[
2\/(?/11} +[kibij {kf‘cl} (dpcm)

Chung ta xét mot sd truong hop cu thé sau:

k 2 k 2 k 2
aij +[zsz +[zcij +\/alf+l +bk2+l +le+1
=1 i=1

i=l1

Vidu3:V6i a,b,ce R. Ching minh rﬁng
VI+d® +1+6% 441+ 2\/9+(a+b+c)2

Ta c6 bat dang thuc
\/)c2 +a’ +\/y2 +b +\/22 +c 2\/()c+y+z)2 +(a+b+c)
Chon x =y =z=1, ta c6 diéu can chimg minh.

Vidu4: V6i a,b,ce R. Ching minh rﬁng

V& +b> +¢* 414 > J(a+1) +(b+2) +(c+3)

Giai:
Ta c6 bat dang thurc
\/a2 +b* +c +\/x2 +y*+ 2 2\/(a+)c)2 +(b+y) +(c+z)

Chonx=1,y=2,z=3,tacod diéu phai chiing minh.

1.2. Bit ding thirc dang liiy thira:

Chiing ta goi bét ding thirc 1Y 4 2(12“@) (V6i mneN,a >0,i=1,n) 1a bt
n -

i=1

dang thire dang liy thira.

Vidu 1: [4] ’ ‘
Vi a, b 1a nhitng s6 thuc khong am. Chirng minh rang:

a"’+”+b"’+”2%(a’"+b’")(a”+b”) (mneN)

Giai:
Bat dang thirc da cho twong duong véi
am+n +bm+l’t 2 ambn + anbm

& (@ —b")d" —b")>0



(hién nhién dang vi 2 thira sé cing dwong khi ¢ >5>0, cing am khi 6> 4 >0)

Vidu 2: [4] ’ ‘
Vi a, b, ¢ 1a nhitng s6 thyc khong &m. Chirng minh rang :

a™tt b " Zé(a’" +b" +c’")(a” +b" +c”) (m,neN")

q Giai:
Bét dang thic da cho twong duong vai
2(a’"+” +b"" +c’"+”)2 a” (b” +c”)+b’" (c” +a”)+c’" (a” +b”)
o (a’" —b’")(a” —b”)+(b’" —c’")(b” —c”)+(c’" —a’")(c” —a”)Z 0
( hién nhién dung vi cac s6 hang luon duong )
St dung céc bat ding thirc co ban trén, ta d& dang giai dugc cac bai toan sau

Vi du 3: V6i a, b 13 nhitng s6 thuc khong 4m. Ching minh ring:
1 2
a0 a0 (a4 17)

Giai:

Ap dung vidu 1, taco

a4z (a8 )(a ') 2 (a 40" (a* 422

SN

Vi du 4: V6i a, b 1a nhiing s6 thuc khong 4m. Chimg minh rang

a +2b" > é(a6 +2b%)(a® +2b%)

Giai:

Ap dung vi du 2, ta co:
a'’ +2b" > %(a6 +2b%)(a* +2b)
> é(f +2b%)(a® +2b)*.

Vi du 5: Véi a, b, ¢ 1a nhitng s6 thyc dwong. Chimg minh rang

10 10 10 10 10 10
a +b b’ +c c +a
\/ +\/ +\/ —>a’+b +c’ (1)

a® +b° b +¢° ' +a

Ta co

10 10 10 10
a +b 1 a +b

— >—(a’+b’) & —
a’ +b 4 a’ +b




Tuong tu, ta co

b+ 1

b’ +c° _E(b2+cz)
" +a" ( AN
c®+a°

Cong vé theo vé cua cac bat dang thuc trén, ta thu dugc (1).
1.3. Bat dang thirc dang céng miu s0:
n 1 n2

Ching ta goi bt dang thic Y —>
-1 Aa.
i=1 “; zai

Véia; >0, i=1,n 1a bat ding thirc dang cong mau sd.

Bat ddng thite coéng mau s6 la mét bat dang thire rdt don gian nhung thirong
dwoc sik dung & cdc budce bién doi trung gian. Ta chitng minh bdt dang thirc dang
nay o bai toan sau :

Vidu1: [4]
Véia; >0, (i=1n)lacac sd thyc dwong. Chimg minh rang:

Dau dang thirc xay ra khi nao?
Giai:

Taco D a Zn( aij , dau dang thtrc x4y ra khi va chi khia; =a, =...=a,
P |

Suy ra [Zaj(z J>n <:>z_>

i=1 lla a.

i
i=1

Dau déng thirc xay ra khi va chikhia; =a,==...=a, (dpcm)

*Luuy: a" =%a" (a#0)

St dung bat dang thirc trén , ta chirng minh cac bat dang thic sau:
Vidu 2: Véi a, b, ¢ >0, chirng minh rang:

1 1 1 ( 1 1 1 j
—+—+-23 + +
a b c a+2b b+2c c+2a

Giai
1 1. 1_ 9

. 1 2
TacoO —+==—+—+-2>
a b a b b a+2b




Tuong tu ta co :

Cong vé theo vé 3 bat dang thirc trén, ta c6 diéu phai ching minh.
Dang thirc xay ra khi va chikhia=b=c¢

Vidu3: Véia, b, c>0, ching minh rﬁng:

I 4 9 36

—+—+=2

a b ¢ a+b+c
Giai:
TaC(’):l+i+2:l % %4_14_14_1_ 5 b36 — 36 (dpcm)

a bea b DocC 0 0,0,6,8,8 atbic
2 2 3 3 3 2 2 3 33

Piang thirc xay ra khi va chikhiazgzg hay 6a =3b = 2c

Vidu4: Véia, b,c,d>0, chung minhrﬁng:
1 1 4 36 64
—_—t >
a b ¢ d a+b+c+d

Gigi Taco:l+i44,30, 4 416
a b ¢ d a+b ¢ d

16 16

> +—
a+b+c d
s 64
a+b+c+d

Piang thirc xay ra khi va chikhi a=b==% hay4a=4b=2c=d

c_d
2 4
1.4. Bat diing thirc dang phan thirc:

Ta ching minh céac két qua co béan sau :

Vidu 1: [4]
V6ix > 1 (i=1,n). Ching minh rang :

1 & 1 1
;;1+xi2 , %
1+(I1%j

i=1



Giai:

Chung ta chirng minh bat ding thirc bang phuong phép quy nap.
Bat dang thirc dung v61n = 2.
1 1 n
+ >
I+x, 1+x, l+\/x1x2
2+(x, +x,) .2

L+xx, +(x +x,) 1+ /xx,

& 24 (X + X))+ 2 xx, +(x, +x,) 45X, 224+2xx, +2(x, +x, )

& (5 +x5)(Vox —1)+2xx, (1-yxx, )20
& (Vo ~1)(yx —y%) 20 (hién nhién déng)

Ta chiig minh : Néu bat dang thic diing véi n thi cling ding véi 2n

ln 1 1 2n 1
That viy: —— i
a Vay Zl+x |: IZI:I-FX ni=n+11+xii|
1 1 1
> — 1+ 1
n n "
1+(Hxij 1+(ij
L i-1 i=n+1
1
2— (dpcm)
2

n 2n
1+ (H xij
i=1
Bét dang thirc dd cho sé& dugc chimg minh néu chiing ta chimg minh dugc khing
dinh sau '
Néu bat dang thuc ding vo1 n =k + 1 thi cling ding v61 n =k
1& 1 |
>

That vay :

Ap dung gia thiét quy nap ta suy ra :

P> k+1 _ k+1

i=1



Chirng minh tuong tu ta thu duogc :

Vidu?2: [4]
V61 0<x;<1 (i=Ln)thi:
S| |

ELD

I+x,
St dung bat dang thirc lz nlx, < m/— Zx , ta c6 duoc cac két qua sau :
i=1

I =

i=

i=1
Vi du 3: [4]

Voi0<x;<1 (i:ﬂ) ching minh rang :
1

P=— <
Z\/l+x = !

'</1+(| Ixijn
i=1
Giai:

. P<m—
Ta co : ﬂ/ ,11+x 1

o I <
Str dung bat dang thuec : " inm 2 (; inj
i=1 i=1

Véix >0, (i=1,n) ta thu dugc két qua sau day :

Vidu4:
Vé&ix > 1, (i=1,n) . Ching minh ring :
L S —
nig (1+xi)m L

1{1:[;@)"



1 1) ] ]
Ta co _: PZ(_Z jz IR

n'=31+x

1.5. Bat diing thirc dang trung binh nhén :

Vidu1: [4]
Véia, b (i=1,n)la nhﬁng sO thuc duong . Chirng minh rang :

[HJ [Hbj g[ﬁ @ +b,,)j”
Giai :
Bat dang thirc da cho twong duong voi :

1
noa ) b )
P= ! ! <1
[li_l[ai+bij +(1,»_1[ai+bij
Ap dung bat dang thirc AM- GM , ta ¢6 :

1 4 1 & )
pely_a 1y b :121:2:1
n‘Za+b nTa+b ng n

Vidu2: [4]

Voia;, by (i=Ln,j=1,m )lanhiing sb thuc duong. Chirng minh rﬁng :

1 1
it {15
J=1\Ui=1 i=1 Jj=1
Giai :

Bét dang thirc da cho twong duong voi :

n -1 j=
j=1 i=l i=1
Zau Zau

Tir hai bt dang thic tren ta cO the tom tat :



“ Tong cdc trung binh nhdn nhé hon hodc bang trung binh nhdn ciia tong

Tur két qua trén ta thu dugc cac hé qua sau :

Vi du 3: ( Bt dang thirc Cauchy dang tich )
Vi a, (i=1,n)la nhitng s6 thuc duong . Chirng minh rang :

]l[(1+al.)z 1+[f[al}n |

i=1 i=l1
Gidi :
Bat dang thirc da cho twong duong véi

(ﬁ@m,.)jéumaiji

i=l1

w11 Hﬁ jq

i 1+a i 1+a

Ap dung bét déng thirc Cauchy ta co

P<— 2 2 :—21———1 ( dpcm)

1+a nag

I+a,

Chung ta co thé mo rong vi du nhu sau :
Vidud: [4]

Cho a;, b; (i=1,7) la nhitng sé thuc duong . Chirng minh rang :

n

[T0+a-+5) [HJ {112

i=1
Gidi :
Bat dang thirc da cho twong duong véi
1 1

(ﬁmw)y21+ma9u(ﬁ@y

i=l1

1 1 1
n 1 n n a. n n b "
cP= * — |+ ’ <1
p {HHaﬁbJ {HHaﬁbJ {li_l[l+a,»+bij

Ap dung bat ding thirc Cauchy , ta co
P<—
z1+a+b nzl+a+b nzl+a+b
p<=Y1=_21 dpcm
© nZ =1 (dpem)

Vidu5: [4]

b

10



( Mot cach mé rong bat dang thirc Buniakovski )
Véi a;, by, ¢ (i =1,m) la nhitng s thyc dwong. Chimg minh rang :

1) (Ha+Hbj Sfl[(“fm +b") (*)
z>(ﬁaﬂjbﬁﬁqygﬁ[(%uwﬁ[qmj (%)

Giai :
bat 4. =a";B, =b";C, =c"
1 1 1

Suyra a,=A4";b,=B";c, =Cr

1

m

Tacs () Q(mjn@j&jh(ﬁqyg(nwﬁqgi

i=l1

1 1 1
L A T B. O C m
< P= — | + — | + — | <1
(HAﬁBﬁCJ (HAﬁBﬁCJ (HAﬁBﬁCJ
Ap dung bt dang thirc Cauchy , ta ¢
PSLH Ai l Bi l Cz
miy A+B+C, m3 A+B+C, m 3 A+B +C,

& P<— =—=1 (dpcm
miy A+B+C  m ( P )
Bét dang thirc (*) chimg minh tuong tu.

Trong vai truong hop dac biét, ta cd cac bat dang thuce sau :

Il A4+B+C m
H -

Vidu 6: V&ia, b, c >0 . Chirng minh rang :

P=(1+a3 +b3)(1+b3 +c3)(1+c3 +a3)2(1+2ab0)3

Bat dang thirc da cho dugc suy ra truc tiép tu vi du 4:
P> (1+3/a3b3c3 +i/b3c3a3 )3 = (1 +2abc)3

Vidu7: Véia, b, ¢ 1a nhitng s6 thyc duong. Chtrng minh rang :
P=(1+8")(1+8")(1+8°) 2 (1+24")(1+2"*)(1+27*)
Giai :

Taco P=(1+8")(1+8") z(1+m)3 = (1+22)

Tuong tu ta co :(1+8”)(1+8")2 > (1 +2”*2")3

(1+8")(1+8“)2 > (142002 )3

Nhan vé theo vé cua cac bat dang trén, ta c6 dpcm

11



Chuong II — CHUNG MINH BAT PANG THUC BANG PHUONG
PHAP TONG QUAT
Doi khi co nhiéu bai todn bat dc;ng thitc c6 ciing mét cdu triic, ta c6 thé dwa
chung ve cung mot bat dang thirc goc. Nguoi ta goi phwong phap do la phwong
phap tong quat. Pdo lai, tir mot bat ding thirc ban dau, ta c6 thé phdt trién ra
nhiéu bai todn hay va khé. Sau ddy la mét sé dang todn va vmg dung co ban ciia

phwong phdp nay.

2.1. Chirng minh bit ding thirc cu thé tir bat ding thirc tong quat
Ta xét vi du dau tién.

Vi du 1:[ Toan hoc va tudi tré sé 271]
Cho cac sb thuc a,b thoa min o> +5* <1.
Chung minh rang:
(ac+bd -1 > (> +b* —1)(* +d* —-1)  v&i moi sb thuc c,d.
12



Ta xét bat dang thirc tong quéat hon:
“Cho céc s6 thuc a,b théa man o> +b> <m’.
Chung minh rang:
(ac+bd —mn)* >(a* +b* —m*)(c* +d* —n”) (1)
V&i moi s6 thue ¢,d,n.”
Chu ¥ rang néu o® +5* =m® thi (1) dung nén ta chi cAn xét voi a® +b> < m>.
Cach1l: (1) & (an-cm)’ +(bn—dm)’ > (ad —bc)’ 2)
Ap dung bt dang thirc Buniakovsky va gia thiét, ta c6:
m*((an—cm)’ +(bn—dm)*) >(b*> +(-a)’)(an—cm)’ + (bn—dm)*)
> (b(an—cm)—a(bn—dm))’ =m’(ad —bc)’
Tir d6 suy ra (2) ding.
Cach 2: Xét tam thirc bac hai:
f(x)=(a’>+b*—m*)x* +2(ac+bd —mn)x+(c* +d* —n”)

=(ax—c)’* +(bx —d)’ — (mx —n)’

Ta co:

S =@ ey (P ay =0
m m m

Suy ra (@’ +b> —m*) f(-2)<0
m

Nén phuong trinh f(x)=0 c6 nghiém ( theo dinh li dao vé diu cta tam thue béc

hat ).

Do do :

a'=(ac+bd —mn) —(a* +b* —m*)c* +d* —n*) >0

Tir d6 bat ding thie (1) duoc ching minh.

Ping thirc xay ra trong cac trudng hop sau:

1) @’ +b° =m® va ac+bd = mn.

2) @’ +b><m” va ad = bc.

Bai toan can chirg minh Gmg véim=n= 1.

Ghi chii: Ta con c6 thé phat biéu bai toan tong quat nhu sau:
Cho cac sb thuc a,,a,....a, thoa man: > a? <m’.

i=1

Chtrng minh rang :(Zn: ab,—mn)* > (> a2 —m*)( b} —n*) v&i moi s thyc by,b,,....b,.
i=1 i=1 i=1
Nhén xét : Tt vi du 1, ta c6 thé chirng minh dugc nhiéu bai toan khac :
1) Cho céc sb thuc a, b théa man o> +b> <4.
Ching minh rang:
(ac+bd —4) >(a* +b* —4)(* +d* - 4)
V&i moi s6 thue c.d.

2)  Cho cac so thuc q,,a,,a, théa man &’ +a; +a; <9.
Chiing minh rang :

13



(ab, +a,b, + ab, —9)’ > (a} +a; +a; —9)(b] +b; +b; —9)
v&i moi b thuc b,,b,.,b,.

Dy chinh la net dac sdc va hay nhat cua phuong phap nay: chimg minh mot
bat ding thuc 14 c¢6 thé ching minh dugc nhiéu bat ding thic cing dang.

Vi du 2: [Toan hoc va tudi tré so 267 |
Cho cac so thuc x, y, z thoa man

x +z =1
{yz +2y(x+2z)=6
Chung minh rang y(z-x)<4.
Ping thirc xay ra khi nao?

Giai:
Ta xét bai toan tong quat:
Cho a,b 1a cac s0 thuc duong; x, y, z 1a cic so thuc thdéa man:

X +z°=b
{yz +(a-b)y(x+z)=2ab’
Churng minh rﬁng y(z=x)<(a+b)b.
Ta s& chirng minh bat dang thirc trén.
Ap dung bat dang thirc Buniakovsky, ta co:
(¥(z=x))’ =((=x)(y +(a=b)z) +z((a=b)x+ y))’

(-0 +2) (0 (a-0)2) + (o (a-0)a)

2+22)

:2()62 +22){y2 +(a—b)y(x+z)+(a_b) gx
= 21{2ab2 +@} =b*(a+b)’

Do d6 y(y-z)<(a+b)b
Ping thirc xay ra khi va chi khi

14



X’ +z'=b
y(z=x)=(a+b)p

(y a—b) )+x(a—b)x+y=0

+

—a~b
Sy Feaveal ﬁ =bla+b)

Ciich 2: Tir gid thidt ta c6 y=0 va x+z=22 =0
(a—b)y
(=) =5 (2 )~ (2420
:y2 2b_w
(a—b) ¥
2b y (2ab y)
Suy ra -
(a b)
(0488 (a=8) [ -b(a +5°)
B (a—b)2
2_b 2 b2 2
NS G UL BT
(a—b)

Do d6 yz(z—x)2 <(a +b)2 b’
Ping thirc xay ra khi va chi khi
x’+z°=b

¥ +(a —b)y(x+z) =2ab’
¥’ =b(a2 +b2)

= (%)

y(z —x) >0
Bét dang thirc cAn ching minh tng véia =3 va b =1

15



Nhan xét: Bdi todn tuy hoi phirc tap nhung nho bat ddng thire tong qudt, ta da

gidi quyét bai todn 1 cdch nhanh chong.

Kinh nghi¢m gidi toan:

Pé rit ra dwoc bt dang thire tong qudt, ta phdi xdc dinh sé tham sé, thir nhiéu

truong hop va dat cdc tham $6 vao vi tri thich hop.

Vi du 3: [Toan hoc va tudi tré s6 268 |

Chtrng minh bat ding thtc sau v&i n nguyén duong:

1 2 3 n 3
Tt te YN
3 3 3 3 4

Giai:

Ta xét bat dang thiic tong quat hon:
“V61 n nguyén duong, a > 1 thi :
_ 1 2 i n a 29

Chirng minh: Ta co:

a.S:1+g+%+...+ —
a a a

Lay a.S trir di S, ta duoc:

(a—l).S:1+l+L2+...+
a a

bat: P:l+i+...+ !

2 n—1

a a a
Ta co: P.(l—l)z(l—l).(%+%+...+l)
a a a a a
11
a’ a
1.1
:P:a”_a:(i_l)_i
1_1 a" a l-a
a
Suy ra: S.(a—1)=1+P—in
a
_ a I n
a'(l-a) l-a a"
a n a a

Do d6 S<( al (dpcm).

a—
Tro lai bai toan:

16



Ap dung bat dang thirc trén v6i a=3, ta dugc:
1 2 3 n 3

—+ ottt <
3 3 3 3" 4
Bai toan da chirng minh xong.

Bai tip ap dung
1) [Toan hoc va tuoi tré so 253 |
Céc s6 duong x, v, z théa man x> + y* + z° = 1
ching minh rang : 2x ~+ 2y - 22 - 23\6
yit+zt oz 4x x+y 2

2) [To#n hoc va tudi tré s 286 |
Tong day so uy,uy,...,ux duge xac dinh nhu sau :
1 .
= voin=1;2;....k
() (n+2)(n+3)

batS=u+u + ...+ u

Chung minh rang :18 < % <24

3)  [Toan hoc va tudi tré sb 286 |
Chiing minh bat dang thuec :

\/a+b \/b+c \/c+a \/ c \/ a \/ b
+ + >2 + +
c a b a+b b+c c+a

Trong do a, b, c 1a cac s6 duong .
Dang thirc x4y ra khi nao ?

4) [Toan hoc va tudi tré s6 250 |
Cho a, b, ¢ 1a ba s6 thuc duong . Chirng minh rang :
1 a*+b*+c . _4a b c 1 ab+bc+ca

— > + 22——.2 —
2 ab+bc+ca b+c c+a a+b 2 a+b +c

5) [Toan hoc va tudi tré so 400 |

Chobdnsda, b, ¢, d thudc (Oﬂ Chirng minh rﬁng :

( a+b+c+d abced

4—a—b—c—dj *1-a)(1-6)(1-0)(1-d)

Huéng din va dap 4n:

1) Co thé tong quat theo 2 cach sau:
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b)

Véi aj,ay,..., a, 1a cic s0 duong théa man ) a’ =1 thi

i=1
a a a 2k +1
+ 22k+'"+1—c:2k2 oy X2k +1

n

Véinso duong a,a,,..., 8, (n >3) théaman » a"" =k >0 thi

i=l1

a 5 n
; k—a"" (n —1)”‘\1/%

2) Bai toan tong quat :
Day s0 uy,u,,...,ux duge xac dinh boi :

1 . .
- Sin=12;...kviteN
) (na 2) (i) o e VRS

batS=u+u + ...+ u

. |
Chirng minh rang : ¢!¢ <§ <(r+1)! Trongdo t!=1.23..1

3) Bai toan tong quat : cho n sé duong a,a,...., a, (n>2) vaS= Za,-

Khi d6 ta ¢ bat dang thic: Z $-a, Z(n—l)zn: 4
i=1

i=1

a, T \VS—a

1

Déng thirc xay ra khi va chikhiaj=a, ( Vi,z=12,..,n)

4) Ta c6 hai cach dé tong quat bai toan

Cho ne N',n>3 va cho n s0 thuc duong a,,a,,..., a,

Chung minh rang :

i a’ 2 ) Z a,a,

b)

n =
n—l+ z aa. o S—a n—1 (n—1)2 Zaiz

N 2
PR S
+

= S a > +1-— 1<i<z<n

n

I<i<z<n i=1

\%

\%

[\
|

n—1 za(S_ai) izlS—ai

L=
n 4 n

i=l1 i=1

5) Mau chét ctia bai toan 14 ching minh duoc bat dang thirc :

2
Véixy e (0;%} , k duong ta luoén c6 ( Xy j > a4

2k-x-y) (k—x)(k-y)

Tir d6 ta ching minh dugc bai toan tong quat:

Cho n sb X1, X2,...,Xp € (O;ﬂ (v6ik>0,n=2""mla $b tu nhién ),



X +x, 4. +X, XX,...X,

>
nk—xl—xz—...—xnj (k-1)(k-2)...(k-x,)
déng thirc xay ra khi va chi khi SOX|= X =..= X,.

thi ta c6 bat ding thuc : {

2.2. Tong quat hoéa bai toan tim gia tri 16n nhat, gia tri nhé nhat

Vidu 1: [Toan hgc va tuoi tré so 263 |
Tim gia tr1 nho nhat cua biéu thue :
x6 y6 Z6
3 3 + 3 3 + 3 3
X'+y  y+4+z z+x

Trong d6 x, y, z 14 cac s6 duong thoa min diéu kién : xy/xy + yzyz + z2xvzx =1.

Giai : Ta xét bai toan tong quat :
“ Neuxy, X, ..., X, >0 théa man /xx, +./x,x; +...+/x x, =a
2 2

2

X X X a
Thi ——+——2—+  +——>— 7
X +x, Xx,+x x,+x 2

Chirng minh: Ap dung bat ding thirc Buniakovsky , ta c6 :
2

2 2
(xfrxz +x2xix3 +...+xnxjrxJ[(x1 3, )+ (3 ) et (3, ) ]2 (3 2+, )

(x, +x, +...+xn)2 XX, et X,
2(x, +x, +otx,) 2

Mat khac , vi (fo—@)z +(\/Z—\/Z)2 +...+(\/Z—\/x71)2 >0

Nén x +x,+...+x, 20X, +/x,X% +..+x,x, =a (2)

Tir (1) va (2) suy ra Q z%

SuyraQ > )

Ping thirc xay rakhi x, =x, =...=x =2

* Trd lai bai todn 6 trén :

bata= X ;b= y3; ¢ = 7’ thi biéu thie d3 cho trd thanh
2

2 2
Q = a4 b +-€ vOi ab ++/bc +Jca =1; a,b,c>0

a+b b+c c+a

T bai toan tong quét ta suy ra duoc Q 2%
: . 1 1
bang thuc xdyrakhi a=b=c=—-x=y=2z=—F
g y 3 y 7
VélyminQ=% dat duge khix =y =z= -
* Nhan xét:
Tw bai todan nay, ta co thé thay duoc tac dung to lon cua phuwong phap tong quat hoa.
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Vi du 2: [Toan hoc va tudi tré s6 399 |
Tim gié tri 16n nhat cta biéu thirc:
_ 232y° —x° N 783z° -8y’ N 29x° -277°
2xy+24y°  6yz+54z7° 3xz+6x°

, N . ~o geA 1A 1
Trong do x, y, z 1a cac s0 duong thoéa man di€u kién x+2y+3z= "

Giai :
batx=a; 2y=b; 3z=c.
Tir gia thiét suy ra a, b, ¢ 1a cac s6 duong va a+b+c =i
290° —a® 29¢ b 294’ -’

2 + 2 + 2
i ab+6b bc +6c¢ ca+6a
Do do6 ta xét bai todn tong quat :

Biéu thitc M c6 dang : M =

“ Tim gi4 tri 16n nhét cua biéu thic :
(-k-1)p’-a* (K -k-1)c’-p (K -k-1)a'-c’
ab + kb’ bc+ kc? ca+ka’
Trong d6 a, b, c 1a cac s6 duong théa man diéukién a+b+c=m;k va m 1a cic
s6 duong cho trude .”
Chirng minh : Ta c6 a’ + b’ = (a + b)(a® + b> — ab)
Maa’+b* > 2abnéna’ + b’ > ab(a + b)
Do d6 (k* -k -1)b’ —a’ = (k> —k)b’' —(a’ +b* ) <(k* =k )b’ —ab(a+b) =b(a+kb)(kb—a—b)

(kz—k—l)b3—a3

N:

S <(k-1)b-
uyra ab+ kb’ (k=1)b-a
T t (kz—k—l)c3—b3< ep-
uong bc + kc? _( - )c— ’
K —k-1)a’-¢
( )a2 ¢ S(k—l)a—c
ca+ka

= N<(k-2)(a+b+c)=(k-2)m

Déu € Xéy rakhl a:b:C:%

Tro lai bai toan, ap dung bai todn tong quat
a=b=c

1

Ms(6—2).i:1 . Vay max M = 1 khi | a=b=c=—.
4

at+tb+c= 12

Bay gio, ta xét mot dang toan khac: Tim hang sd k dé biéu thic c6 gia tri nho nhat
hay 16n nhét.

Vi du 3: [Toan hoc va tudi tré s6 404 |

Tim hang s k 16n nhat thoa man bat dang thirc
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2 2 2
a

L R
fc a 2 A)
Trong do a, b, ¢ 1a cac s6 thuc duong va c6 tong bang 1.
Giai:
Chona=b=c=% taco k<3.

Ta s& ching minh bat dang thire ding véi k = 3.
That vay

2 2 2
L 2 4 E 3@+ + D) (1)
b ¢ a

2 2 2
& {%—2a+bJ+(b——2b+cj+(c——2c+aj23(a2+b2+cz)—(a++b+c)2
C a

(Doa+b+c=1nén(a+b+cy=a+b+c)

G ;b)z G _c")z G _a“)z > (a—b) +(b—c) +(c—a)’ Q)
Doa+b+c=1,a>0,b>0,c>0néna<1,b<l1,c<]l.
Suy ra (a ;b)z >(a—b)
(b cC) >(b-c)’
(c—a)’ > (c—a)’
Do d6 bat ding thuc (2) dung.
Piang thirc xay ra khi va chikhia=b=c = %

Suy ra bat dang thirc (1) dung.
Vay k=3 1a gia tr1 can tim.

Vidu4: [Toan hoc va tudi tré s6 261 |

Xétténg:
SnszL ZE n—”vé’ineN*.
n+l 2n+l1 (n+Dn+1
Tim s6 thuc a 16n nhit théa min S, >a véimoi ne N”.
Giai:
Véimoisdn, k e N', ta ludn c6
k  k _k
kn+k Ikn+l kn
1 k 1
Ha —< <— 1
Y n+l kn+l n 1)
Trongd6 ——=—*_ khi va chikhik = 1.
n+l kn+l1

Tur (1) cho k chay tir 1 dén n+1 rdi cong n + 1 bat ding thire kép cung chiéu, ta duoc
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1<Sn<1+l,VneN* (2)
n

Suyra a>1. 3)
Xét so thuc ap > 1, ta c6 q,—1>0 nén chon dugc it nhat mdt s6 nguyén duong N

sao cho N> hay %<a0—1.

a, —
Két hop vdi (2), ta co:
S, <1+ % < a,, khong thoa min d& bai.
Suyra a<1.
Két hgp vé1 (3),tacoa=1.

Kinh nghiém giai toan: 7a can chon nhitng gid tri déc biét ciia bién, roi thay vao
bdt dang thirc dé cé thé dodn dwoc gid tri nhé nhat hay I6n nhat cia hang so.

Bai tip ap dung:
1) [Toan hoc va tudi tré sb 256 |
Xét cac s6 thuc duong a, b ,c théa man diéu kiéna+b+c=1.
Hay tim gi4 tri nho nhat ctia biéu thirc
1 1 1 1

P=—a——t—t—t—
a +b"+c° ab bc ca

2) [Toan hoc va tudi tré sb 276 |
Cho tam giac ABC.
Tim gia tri nho nhét cua biéu thic
J1+2cos* 4 N J1+2cos* B N J1+2cos* C
sin B sinC sin 4

3) [To4n hoc va tudi tré sé 405 |
Tim gia tri nho nhat cua biéu thuc

3 3 3
P:(5a+ 2 j+(5b+ 2 j+(5c+ 2 j
b+c c+a a+b

Trong do a, b, cla cac s6 thuc duong thoa man diéu kién a’+b’>+c*=3.

4) [Toan hoc va tudi tré s6 420 |
Tim s0 k 16n nhat sao cho
Ja+2b+3c +b+2c+3a +c+2a+3b > k(xa++/b ++/c)
dung véi moi sd thuc duonga , b, c.

5) [To4an hoc va tudi tré s6 414 |
Cho cac s6 thuc duong a , b. q
Tim hang s6 k 16n nhat thoa man bat dang thirc
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k +1+
a+b a’

> 16+ 4k
(a+b)3

1
b

Huéng din va dap 4n:

1) Bai toan tong quat:

ChoneN",n>2.Xétnsb thuc duong ay, a, ,..., a, ma Zai =1.
i=1
Hay tim gi4 tri nho nhat ctia biéu thirc
1 n 1

Zail 1<i<j<n 8,8 ;

i=l1

P=

3 2
, ) . — 2 .
Daép so: mmP:w, dat duoc khi aizl,Vi =1,2,...n
n

2)  Cho tam gidc ABC va sb k nguyén dwong. Tim gia trj nho nhat cua biéu
thirc

J1+kcos? 4 +\/1+kcosz B N J1+cos*C
sin B sinC sin 4

3)  Chiing minh rang

P P P p
(ma+ " j +(mb+ " j +(mc+ " j >3 m‘fEJrn\/g
b+c c+a a+b 3 2k

Trong d6 a, b, ¢ 1a cac s6 thyc duong va m, n, p .k (p>2) 1a cac s6 tu nhién thoa
man a’ +b>+c* =k.

4) k=6

5)k=38

2.3. Chirng minh cic bat diang thirc tong quat:

2.3.1. (APMO 1989)
Cho x,x,,....,x, 1a cac so thuc duong, dat
S==x+x, +...+x,

, . N s* s S”
Chiing minh rang: (1+x1)(1+x2)...(1+xn)£1+S+2—!+§+...+

n!

Gidi :
Theo BDT Cauchy, ta co :
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n n

${e( ]l

(1+xl)(1+x2).,_(1+xn)§{(”xl)+(1+x2)+..,+(1+xn)}” =(1+§jn )

: n(n—1)(n—2)...(n—r+1)(Sjr:l

pry r! n
W n(SY S
< —| — = — | =
B
2 3 n
:1+S+S—+S—+...+S
3! n!

Vay ta co dpcm. q
* Luu y: Ta c6 hang dang thirc sau :
(a+b) =Cla" +Cla" b +..+Cla""b +Cla"b"

2.3.2. (APMO 1991) ’
Cho a,a,,....,a,,b,b,,...,b, 1a cac s6 thuc duong sao cho

iak = ibk , chirng minh rang :
n 2 n
a akj
> Zk
225 )

Cich 1 : Theo bat dang thirc Cauchy- Schwarz, ta c6 :

Giai:

Cich2: Do (a-b)* >0 suy ra (a-b)* > 4ab, tir d6 abbsa:b
a+
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2.3.3. (APMO0 1995)
Xéc dinh tat ca ddy sé thuc @, a,,....,d,q,s thoa man diéu kién

2Ja,—(n-1)>a,, —(n-1) v6in=12,...,1994 va 2,/a,,—1994>aq, +1

Giai:
Day a, =n véimoin=12,...,1995 1a day duy nhat thoa man dé bai.
That vay , cOng cac bat dang thire da cho, ta c6 :

n=1

1995 1995

Suy ra 0> Z[a ~(n=1)+1-2a,~(n-1) |= 3| JJa, ~(n-1) —1}2

n=l1

Véin=1,2,...,1995, Ttr d6 ta duogc: \ja, —(n—-1)-1=0, hay a,=n
Cubi cung ta c6 thé kiém tra duoc rang ddy a, = n théa mén cac tinh chat doi hoi,
vi

2n—(n-1)=(n+1)=(n-1) véin=1,2,...,1994 va 21995-19941=1+1

Ta c6 dpcm.

2.3.4. (APMO 1996)
Cho cac s6 nguyén duong m va n sao cho n<m

Ching minh rang 2".n!< (m-+n) < <m2 + m)n
m—n)!

Giai:

m+n)!

(m—n)!

Trudc tién ta co: =(m+n)(m+n—1)...(m—n+2)(m—n+l)

“TT(m+1-i)(m+i)
i=1
Ngodi ra, 2n1=2"123..n=(2.1).(22)..(2n) =] [2!

i=1
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Va <m2 +m)n =<m2 +m)<m2 +m)...<m2 +m) = ll[<m2 +m)

i=1

Do d6 , cac bat dang thirc can chimg minh twong duong véi:
H2i£ H(m+l—i)(m+i) < I_I(m2 +m)
i=1 i=1 i=1
Tacod: 2i=i*+i-i*+i
<m*4+m—i’+i=(m+1-i)(m+i)
<m(m+)=m’+m
(viila sb nguyén nam giita 1 va n). Suy ra:
2i<(m+1-i)(m+i)<m’ +m
Do d¢, ta dugc :

sz < H(m+l N(m+i)< H(m +m)
Vay: Cac bat dang thirc da cho la ding.

2.3.5. (Singapore — National Team Selection Tests 1997 — 1998)
Cho @, >..a,>a,, =0 1a mot day cac so thuc.
Chung minh rang:

\}Zn:ak Siﬁ(\/a—\/a)
‘ Giai:
Ta can chirng minh:

/Zn:ak siﬁ(@—«/akq)unan (1)
Ta st dung phuong phap quy nap theo n.
Truong hop n= 1 da 0.

Gid st (1) ding v61 n>1. Taxét a,>..a,>a, >a, =0

+1 =
bit s = Zak va b=a, . Ta chi cin ching minh:
JS+b-+[s < \/_b+«/(n+1 (2)
Hién nhién (2) dtng khi b = 0.
Néu b > 0, chia hai vé ctia (2) cho /b va dit U = % , ta dugc bat dang thuc tuong

duong: JU+1-JU <Jn+1-n

1

< 1
RN T N N o g

Bét dang thirc sau cung nay ding vitacd b=a_, <>, dodd U=n.
l’l

Ta c6 diéu phai chirg minh.
2.3.6. (IMO 1999)
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Cho n 13 mot s6 nguyén duong cb dinh, n>2.
a) Hay tim hang so6 C bé nhat sao cho ta co:

le.xj(xf+xf)SC(in)4 (*)

i<j
v&1 moi sO thue khong am x,, x, ..., x, .
b) Véi hdang s6 C trén, khi nao dau bang xay ra?

Cho x,=x,=1va x,=x,=..=x,=0, ta co:
inxj(xl?+xf)=C(in)4
i<j

Nén ¢ = é Do d6, s6 C bé nhét cin tim khong thé bé hon é .

Mat khac, vé1 moi so thye khong am  x,, x,,...,x, , ta co:

(3x) = (fo +22xl.xjj2 > 4(2)@?)[22)@.)@} =83 (xx, > 7)

i<j i<j i<j

>8) xx, (xl.2 +xj2,)

i<j
Dau bang & bat dang thirc thir hai x4y ra khi va chi khi (n —2) cac x, con lai bang 0
Luc d6, dé bat dang thirc thi nhat trd thanh dang thirc, ta phai co
XX =2xX, S X =X,.

Tom lai, ta c6 két qua C =%, dang thirc xay ra khi ¢ 2 sb trong x,x,,..,x, bang

nhau, dong thoi nhitng s con lai déu bang 0.

Chuong 111 - CHUNG MINH BAT PANG THUC
BANG GHEP POI XUNG
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Théng thwong doi véi mét sé bai todn bdt dang thirc (BDT) phuee tap co tinh
doi xiung va hoan vi vong quanh thi chung ta co rat nhiéu cach phan tich va bién
doi dé dwa nhitng BPT nay vé nhitng dang quen thudc hay dé hon. Sau day t6i xin
dwa ra mot phwong phdp giup cho viéc nhdan xét va giai cdc bai toan BPT mot
cdach dé dang hon, qua cdac vi du sau déy:

3.1. Ghép d6i xirng dang 1:

Vidul: Chox,y,z>0,thbamanx+y+z=1
Churng minh \/x+yz+\/y+xz+\/z+xy21+\/E+\/;+\/;
Giai : BDT duoc viét lai Jrtyz+yrxz+zay 2 x+Jyz+y+dez+z+
Nhin vao BDT, ta nghi BDT s€ dugc chirng minh xong néu ta ching minh dugec :
Y e o
\/y-l-i)CZZy+x/x72
Ta cung xem xét nhan xét nay. Ta co
W2x+\/;c>x+y22x2+2x\/;+yz
Sx2X +2xyz 12 x+2yz
c>x+y+22x+2\/;c>y+z—2\/;20
o (Vr—z) 20 (9
(*) ding, nén x+yz>x+./yz
WZ)ML\/)TZ
iy
Suy ra \/x+yz+\/y+xz+\/z+xy2x+y+z+\/y—z+\/x—z+\/5
<:>\/x+yz+\/y+xz+\/z+xy21+\/y—z+\/x—z+\/5

Nhéan xét : V§i mot cach nhin nhan don gian ta c6 thé chimg minh bai toan trén
mot cach dé dang ma khong can dung dén mdt BDT hay m{t phép bién d61 nao
phtic tap.

Churng minh tuong ty dugc :

Vidu 2: Cho x, y, z>0. Chiing minh:
\/x2 +xy+y° +\/y2 +yz+2 AN Hxz+ 2 >3(x+y+2)
Gidi:

Ta viét lai BDT
2\/)c2 +xy+y’ +2\/y2 +yz+2° +2\/)c2 +xz+2° 2\/§(2x+2y+2z)
@2\/x2 +xy+y’ +2\/y2 +yz+2° +2\/)c2 +xz+2° 2\/§(x+y)+\/§(y+z)+\/§(x+z)(*)
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Ta cod 2{x" +xy+)° 2\/5()64‘)/) (**)

That vay  (**) c:>4(x2+)cy+)/2)23()c+)/)2
S X -2xy+y" >0
c:>()c—y)2 >0 , ding .

Suy ra (**) ding

Nén  2x’ +xp+)° 2\/5()64‘)/)

Churng minh tuong ty dugc:

2y +yz+2’ Zx/g(ywtz)

2\/m2\/§(x+z)

Cong vé duoc:

2\/)c2 +xy+y° +2\/y2 +yz+2° +2\/)c2 +xz+2° 2\/§(x+y)+\/§(y+z)+\/§(x+z)

Vay (*) dung, ta co diéu phai chirng minh.

Vidu3:Chox,y,z>0vax +y +z = 1.

Chiing minh : ——+—_+ 2223\6
I-x 1-y° 1-z 2

Giai: Voigia thiét X’ +y*+2° =1,

3333
2 2

ta dé lién tuong dén viéc ghép ddi xing, ta phan tich: (x*+ +27)

Viéc ching minh bai todn luc ndy don gidn hon nhiéu, ta chi can chiing minh:

xzzif (1)
1-x 2
Y z%f @)

zZ 3\/_ 2
>— 3
1-z? 2 z G

T 2%)& c>2x23\/§x2 (l—xz)
—-Xx

<:>223\/§x(1—x2)©2+3\/§x3 >33x (%)

Ap dung BPT AM-GM : l+l+(\/§x)3 >33x < 2+33x° 233x, suy ra (*) ding

Churng minh tuong tu (2) va (3)

Vay bai toan dugc chirng minh xong

*Nhan xét:

Qua cac VD1,VD2,VD3 ta théy déu co dang: A+B+C2>2X+Y+Z
Ta c6 cach ching minh tong quat: A= X, B>2Y, C2>Z

Taco :

3.2. Ghép d6i xirng dang 2:
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Vidu 4: Cho a, b, ¢ > 0; chiing minh

abcz(a+b—c)(b+c—a)(c+a—b)
Giii: Thoat nhin ta lién nghi ngay dén viéc sa dung BDT AM - GM trong viéc
chig minh bai toan ndy, nhung néu xét ki thi ta thdya+b-c; b+c-a; a+c-b
chua chic 14 nhitng sé duong .Bay gio phuong phap ta nghi dén 13 ghép dbi xing.
Ta chi can chirng minh »* > (a+b-c)(b+c—a) (*)

2
Ap dung BDT : xyé@, Vx, y

Dé dang ching minh duoc (*)

Chirng minh tuong ty ta cling 6 a* >(a+b—-c)(a+c—b)
¢ >(c+a-b)(c+b-a)

Suyra a’ 2cz2(a+b—c)2(b+c—a)2(c+a—b)2

Viay abe>(a+b-c)(b+c—a)(c+a-b)

Vi du 5: Chirng minh v&1 moi s6 duong a, b, ¢ ta co

a+b N b+c N a+c 23%/2 (1)
%/a3+abc %/b3+abc i/c3+abc

Giai:
, b)3 (b+c)3 (a+c)3
Tacod : (1) 97 i/ : > 334
aco ()c>\/a3+abc+ b3+abc+ ¢’ +abc \/_

Ap dung BPT : AM-GM

\/(a+b)3 \/(b+c)3 \/(a+c)3 (a+b) (b+c) (a+c)
s +{|-5 +{|-5 >3.33
a +abc b’ + abc ¢ +abc abc(a2 +bc)(b2 +ac)(c2 +ab)
(a +b)3 (b+c)3 (a+c)3
abc(a2 +bc)(b2 +ac)(c2 +ab)
& (a +b)3 (b +c)3 (a +c)3 > 64abc(a2 +bc)(b2 +ac)(c2 +ab)
V&i BPT bac 9 nay ta khong thé chimg minh bang cach binh thuong, ta nghi dén

phuong phap d6i ximg nhung khong phai c6 thé ap dung d& dang . Ta phai bién doi
thém:

> 64

BDT tuong duong

(a +b)4 (b +c)4 (a +c)4 > 64abc(a+b)(b+c)(a +c)(a2 +bc)(b2 +ac)(c2 + ab) (*)
Va bay gio ta chi cn viéc chimg minh

(a+b)*(a+c)’ =4a(b+c)a’+bc)

Ta co: (a+b)’(a+c) =((a’> +bc)+a(b+c))’
>4a(b+c)(a’ +bc)
Va véi viéc chiing minh tuong ty, ta dugc:
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(b+c)’(a+b) >4b(a+c)b” +ac)
(b+c)(a+c) =4c(a+b)(c” +ab)
Vay (*) dugc chimg minh xong.
Do do6 bat dang thirc & dau bai da dugc chirng minh xong.

*Nhan xét:
Qua hai VD4, VD5, ta nhdn thdy 2 bat dang thirc trén c6 dang
ABC > XYZ
Va ta ¢é cach chitng minh tong quat:
A > XY
B*>YZ
C’>ZXx

3.3.Chuan héa cac bai toan bat ding thirc d6i xirng ba bién:

Vi du 6: (Japan MO 2002)

Chung minh rang véi moi a, b , ¢ khong 4m ta c6 bt dang thirc:

(b+c—a) N (c+a-b)’ N (a+b-c) >§
(b+cy +a* (c+a) +b (a+b)’+c* 5

Giai:
Ta chudn hoa a + b + ¢ = 3 va xét riéng timg s6 hang cua biéu thuc :
(b+c—a) _ (3-2a)' _9-12a+4d’ _, 9
(b+c) +a> (B-a)+a’ 9-6a+2d’ 2a* —6a+9
Ta phai chirng minh
1 1 1 3

2 o2 to2 <<
2a°—6a+9 2b°-6b+9 2¢"—6¢c+9 5

Ta lam theo phuong phap tim s6 thuc k sao cho

1 1
— < tk(a-1
i 2a° —6a+9 ) 5 ( ) )
bé tim dugc so k, ta hay chu y dén phép tinh sau:
5 _2a’-6a+4 2(a-1)(a-2)

2°—6a+9  2a°—6a+9 2a>—6a+9
Khia =1 thi biéu thitc — "2 ¢6 gid trj bing .
ga —-6a+9 5
Vay nén ta sé du doan rang
2(a—-1)(a-2) S —2(a-1)
o 2a° —6a+9 5
Bat dang thirc trén dugc chirng minh nhu sau
(a—1)(5(a—2)+2a* —6a+9)>0
& (a-D)R2a’ —a—-1)>0
< (a-1Q2a+1)=0
( dng theo gia thiét )
Tur do suy ra
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1 1 2
< Z(a-1
2@ —6ar9 5 257V

Thay a boi b, ¢ rdi cong theo vé cac bat dang thic, ta duoc diéu phai chirng minh.

Vidu7: (USA M’O %003)
Chtrng minh bat dang thuec:
Qa+b+c) (2b+c+a) (2c+a+b) <3
2a° +(b+c)’ 2b°+(c+a) 2" +(a+b)

Giai:
Ta chuan hoa a + b + ¢ = 3 dé rat gon cac sd hang vé trai trd thanh cac biéu thirc
don gidn hon ddi véi mot bién cta a, b, c.
Bét dang thic ban dau tuong duong véi
2 2 2
2(3_a) > T 2(3_b) > T 2(3_0) 2£8
2a°+(—-a) 20°+(3-b)] 2c7+(3-c)
Chuy diéu kiéna + b + ¢ = 3, ta s& tim mot sb thuc k sao cho
2
% <8 ka1
2a°+(3—-a) 3
Khi d6 bat dang thirc s& dugc chimg minh vi
VT <8+k(a+b+c—-3)=8

Ta co
33+a)’ a’+6a+9 8a+6 8a+6
2 272 =1+ 2 s1+
2a°+(3—-a) a —-2a+3 (a-1)"+2

=4a+4

Vay k =§ va bét dang thirc dugc chirg minh xong.

Sau day 1a mot s6 bai tap ap dung:
1) Cho a, b, ¢ duong. Chirng minh:

2 2 2
“ b e 2£(\/d2+b2+\/b2+cz+\/cz+a2)
a+b b+c c+a 4

2) Cho a, b, ¢ duong théa man ab + bc + ca = 3. Chirng minh:
i/1+3a2+i/1+3b2+%/1+3c222(i/ a +i/ b +i/ ¢ j
b+c c+a a+b

3) Cho a, b,c duong. Chtrng minh:

a’b’ +b*c* +a’c® > abc(a+b+c)

4) Cho a, b, ¢ duong. Chirng minh:
(a+b)b+c)c+a) S (@’ +b*)b* + ) +a?)
8abc "~ (a® +bc)(b” +ca)(c” +ab)

5) Cho a, b, ¢ duong. Chirng minh:
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(a+b—-c)(b+c—a)(c+a—b)Y>(a’ +b =’ )b +c” —a’)c* +a’> —b*)

6) (Poland 1991)
Gia su cac so thuc x, y, z théa man x* +)° +z° =2.
Chung minh x+y+z<2+xyz

7) (Poland 1997)
Céc s6 thuc a, b, c théa man a, b, ¢ 2—% va a+b+c=1.

a b c . i

+ + <
l+a*> 1+4b* 1+ 10

Chung minh rang :

8) (Math Changelles)
Chirng minh v&é1 moia, b, ¢ >0 thi
33/abc +|a—b|+|b—c|+|c—a| >a+b+c.

9) (Mathlinks Contests)
Chirng minh rang néu a, b, ¢ 1a cac s6 thuc duong co tich bang 1 thi

\/a+b \/b+c \/c+a
+ + >3
a+1 b+1 c+1
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