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1 Kién thitc co ban

1.1 Dong du thic
Trong vanh s6 nguyén Z, cho n 14 mot s6 tu nhién, n # 0, a, b 14 nhiing s6 nguyen.

Dinh nghia 1.1. Ta néi rang a dong du vdi b theo modulo n néu trong phép chia

a va b cho n ta duge cung mot so du.

Khi a dong du vé6i b theo modulo n, ta ky hiéu: a = b (mod n), va goi dé 1a mot
dong du thiic.

Dinh 1y 1.1. Cdc diéu kién sau la tuong duong.
a) a =b(modn)
b) n|(a—b)

c) C6 mot s6 nguyén t sao cho a = b+ nt

1.2 Cac tinh chat ctia dong du thiic

1. Quan he dong du la mot quan hé tuong duong trong Z.
2. Ta c6 thé cong hodc trit ting vé nhiéu dong du thiic theo ciing mot modulo n

v6i nhau, cu thé 1a néu ta ¢
a; =b; (modn),i=1,2,...,k

thi ta cling c6

Zé‘iai Zsibi (mod n) Vvéi g; = £1.

i=1 i=1
3. Ta c6 thé nhan ting vé v6i nhiéu dong du thiic theo cling mot modulo n véi
nhau, cu thé 1a néu ta cé
a; = b (modn),i=1,2,... k
thi ta cling c6 )
Hai = H b; (mod n)

=1 i=1
4. Ta c6 thé chia hai vé ctia dong du thic cho mot uéc chung nguyen t6 véi

modulo, cu thé 1a néu cla, ¢|b vd (¢,n) =1 thi tit dong du thiic

a=b(mod n)



ta cling co
a

b
- dn).
. (mod n)

&
5. Ta c6 thé nhan hai vé ctia mot dong du thitc v modulo véi cling mot sd nguyen
duong, chia chia hai vé va modulo cho ciing mot s6 nguyén duong 1a wéc chung
ctia chiing, cu thé la néu

a =b(mod n)

thi v6i moi s6 nguyén duong ¢, ta ciing c6
ac = be (mod nc)

va véi moi s6 d nguyén duong, d|(a,b,n), ta ciing c6
b
a-2 (modﬁ)

6. Néu hai s6 dong du véi nhau theo nhiéu modulo thi ching cling dong du véi

nhau theo modulo 1 bdi chung nhé nhat ciia cac modulo da cho, cu thé la néu
a=b(modn;), i=1,2,...,k
va n = [ny,ng, ..., ni| thi ta ciing c6
a =b(mod n)

Dinh nghia 1.2. (Ham so Euler)
Cho n la s6 ty nhién khdc 0. Ta goi ¢ (n) la $6 cdc s6 nguyén duong khong vugt

qud n va nguyén to voi n.

Cac tinh chat ctia ham ¢ (n)
1. Ham s6 ¢ (n) c6 tinh chat nhan, tiic 1a: ¢ (nq) .0 (n1) = ¢ (n1.n2) v6i (n1,ns) =1
2. Néu p nguyén t6 thi ¢ (p) =p—1 va o (p®) =p* —p*~! (a>1)
3. Cong thitc tinh ¢ (n)

Néu s6 tu nhién n ¢6 dang phan tich tieu chuan n = p{*.ps2...p0* thi

@(n)zn(l_Pi) (1_1%2) (“zoik)

Dinh ly 1.2. Dinh ly Euler
Néu a,n € Z,n > 0, (a,n) =1 thi a?™ =1 (mod n)



Dinh ly 1.3. Dinh ly Fermat
Néu p la s6 nguyén to va a la s6 nguyén khong chia hét cho p thi ta c¢é aP~! =
1 (mod p)

Dinh ly 1.4. Dinh ly Wilson
Néu p la s6 nguyén to thi (p— 1)! = —1 (mod p)

2 CAap cta phan t&

Dinh nghia 2.1. Cho n € N*, (a,n) = 1, cap cta a theo modulo n la 56 nguyén
duong k mhé nhat sao cho a* = 1(modn), ta ki hiéu cip cia a theo modulo n la

ord,a.

Vi du 2.1. Cdp ctia 2 theo modulo 3 la 2, cap ctia 2 theo modulo 5 la 4, cap cia
4 theo modulo 5 la 2.

Dinh 1y 2.1. Cho s6 nguyén a c6 cap k theo modulo n. Khi dé o = 1 (mod n)

néu va chi néu k|h, dic biét ko (n).

Chiing minh. Gia st k|h thi ton tai j € Z sao cho h = k.j. Vi @ = 1(modn)
nén (a’“)j = Y (mod n) & a* = 1(modn) Ngudgc lai, gia sit h 12 s6 nguyén thda
man a” = 1 (modn). Theo thuat toin Euclide, ton tai cic s6 nguyén ¢, sao cho
h=qk+r0<r<k Khidéa" = (a?)".a". Tit d6 suy ra: " = 1(modn). Vi
0 <7 <k va k la sd nguyén duong nhé nhat sao cho ¢ = 1 (mod n) nén r = 0. Vay
hik. O

Vi du 2.2. Tinh cip ciia 2 theo modulo 185.
Vi ¢ (13) = 12 nén cap cla 2 phai 1a mot trong cac so: 1, 2, 3, 4, 6, 12. Ta co:
21 =222=422=8, 2" =3,20=12, 22 =1 (mod 13)
Khi d6 2 ¢6 cap 12 theo modulo 13.

Dinh 1y 2.2. Néu so nguyén a cé cip k theo modulo n thi o' = o/ (mod n) néu va

chi néu i = j (modk).

Chitng minh. Gid st o' = o/ (modn), i > j. Vi a nguyén t6 cing nhau véi n nén

a7 =1 (mod n). Khi do, ta ¢6 k|(i — j), suy ra i = j (mod k).



Ngudgc lai, gid stt i = j (mod k). Khi d6 ton tai ¢ € Z sao cho i = j + kq. Do d6

a' = a/* = oJ (a*)? = o/ (mod n). Didu phai chitng minh. O

Hé qua 2.1. Néu a cé cap k theo modulo n thi cic s6 nguyén a,d?,...,a* khong

dong du vdi nhau tung doi mot theo modulo n.

Chitng minh. Gia st ngudc lai rang, o' = o’/ (modn), v6i 1 < i < j < k. Khi d6

theo dinh 1y trén, ta c6: i = j (mod k), suy ra i = j. Diéu phai chiing minh. O

Dinh 1y 2.3. Néu 56 nguyén a cé cap k theo modulo n va h > 0 thi a" ¢ cap la

(hL,k*) theo modulo n.

Chaing minh. Dat d = (h, k), khi d6 ton tai hy, k1 € Z sao cho h = hid, k = kid, véi
(hl, k‘l) = 1. Ta co:

(ah)kl = (ahld)g = (ak)h1 = 1(modn)

Gid stt a” c6 cap r theo modulo n. Khi d6: |k (1). Mt khac, vi a ¢6 cap k theo

modulo n nén tu:
a" = (a")" =1 (modn) = k|hr hay kid|hidr = ky |hyr.
Ma (h1, k1) = 1 nén ky |r (2). T (1) va (2) suy ra: k; = r. Diéu phai chiing minh. [
T dinh 1y trén ta c6 hé qua sau:

Hé qua 2.2. Néu s6 nguyén a cé cap k theo modulo n thi o™ ciing cé cap k néu

va chi néu (h,k) = 1.
Vi du 2.3. Cap ciia 2 va ldy thia cia 2 theo modulo 13

Ta c6 cap clia 2 theo modulo 13 1a 12 va cap clia 22 va 23 theo modulo 13 lan
lugt 13 6 va 4. Ta dé dang kiém tra: 6 = %, 4 = % Theo dinh 1y trén, cac sd
nguyéen la lily thita cia 2 ciing ¢6 cap 12 theo modulo 13 1a céc lity thita 2%, véi

(k,12) = 1, cu thé la: 21,25 27 va 2l

Dinh 1y 2.4. Néu a c6 cap h theo modulo n, b cé cap k theo modulo n va (h, k) =1
thi ab co cap hk theo modulo n.

Chiing minh. Gid st ab c6 cAp r theo modulo n. Do (ab)"* = (ah)k.(bk)h =

1 (mod n) nén r|hk. Vi vay, dé chitng minh » = hk ta phai chttng minh hk |r .



Ta c6: b = (a")"5" = (ab)™ =1 (mod n) nén k|rh. Vi (h,k) =1 nén k|r.

Hoan toan tuong tu, ta cing c6: h|r. Tu d6 va (h,k) = 1 suy ra hk|r. Vay

r = hk. ]
Nhan xét. Dinh Iy trén sé khong con dung néu thiéu gid thiét (b, k) = 1. Vi

du, 2 v 3 ¢6 cling cap 4 theo modulo 5 nhung 6 = 2.3 ¢6 cap 1(# 4.4) theo modulo

5.

Trong trudng hop (h, k) > 1, du khong suy ra duge cap clia ab 1a hk theo modulo

n nhung ta dé dang ching minh dugc r 1a wée cua hk.

Hé qua 2.3. Néu p la mot so nguyén to, a, n la cdic s6 nguyén duong théa man

(a,m) =1, a# 1(modn) va a? = 1 (modn) thi cap cia a theo modulo n la p.

Chitng minh. That vay, gid st h 14 cap clia a theo modulo n. Khi d6, ta co:
hlp, h# 1. Do p la s6 nguyén t6 nén h = p. O

T dinh 1y thing du Trung hoa ta c¢6 hé qua sau:

Hé qua 2.4. Neu a,m,n la cic so nguyén dot mot nguyén to cung nhau, a cé cap

h theo modulo m va cé cap k theo modulo n thi a cé cap [h, k] theo modulo mn.

Chatng minh. That vay, goi r 1a cap clia a theo modulo mn, ta co:
a”"=1(modm), a" =1 (modn)

Khi d6, h|r, k|r = [h, k] |r. Dé chiing minh r = [k, k], ta can chitng minh r |[h, k].
Gia st [h, k] = hky = hik. Ta co

ot = (a")™ = 1 (mod m),

k1 1
allkl = (ozk)h1 =1(modn).

k= 1 (mod mn), tit dé suy ra r|[h, k].
Vay r = [, k] 0

Theo dinh ly thang du Trung hoa suy ra a

Ta da biét cap cila mot s6 nguyén a theo modulo n luon 14 mot uwde s6 ciia
¢ (n). Trong nhi¢u trudng hop cu thé ctia n, ton tai nhitng s6 nguyén a sao cho

cap ciia a theo modulo n ding bang ¢ (n). Khi dé ta c6 thé bicu dién hé thang

{1,@,&2,...,@0(”)}

du thu gon dué6i dang sau



Biéu dién nay dem lai rat nhiéu thuan lgi khi xét tich cac phan ti trong hé thang
du thu gon, ta c6 thé quy phép nhan cac phan ti trong hé thing du thu gon trén
ve phép cong modulo ¢ (n). Cu thé hon, ta cé thé tuong ting phan tit ', o/ trong
he thang du vé6i cac phan ti i, 5 trong tap {1,2,...,¢ (n)}. Khi d6 tich a'.a/ dugc
tuong ng véi phan ti i + j.

3 Can nguyén thuy

Dinh nghia 3.1. Néu (a,n) =1 va a ¢6 cip ¢ (n) theo modulo n thi a la mot can

nguyén thiy cua so nguyén n.

Hay noi cach khac, n c6 a la mot can nguyen thiiy modulo n néu a?™ =

1 (mod n).
Vidu 3.1. 8 la mot can nguyén thiy cia 7 vi: 3' = 3,32 =2,33=6,3° = 1 (mod 7)

Ta c6 thé chitng minh cian nguyeén thiy ton tai véi bat ky modulo nguyén to
nao, va day la két qua quan trong co ban. Mac dit ¢6 thé c6 cian nguyén thiy cta
n v6i ci n khong phéi 1a s6 nguyen t6 ( vi dy, 2 14 mot can nguyén thiy ctia 9 vi
2909 = 26 = 1 (mod 9)). Ciing khong c6 1y do gi dé tin tuéng la moi s6 nguyen n
déu sé hitu 1 can nguyén thily, vi sif ton tai clia can nguyén thily phit thuoc vao

ting truong hgp dac biét hon la mot quy luat chung.

Vi du 3.2. Chiing té ring néu F, = 2% +1 vdin > 1, la mot s6 nguyén to thi 2

khong phdi la can nguyén thiy cia F,, (v6 rang 2 la can nguyén thiy cia 5 = F ).

Tir sy phan tich: 227 —1 = (22" —1) (22" +1), ta c6: 22" = 1(mod F,,). Tit
do6 suy ra, cap ctia 2 theo modulo F,, khong vuot qua 27!, Nhung véi gia thiét
F, 1a s6 nguyéen t6 thi

o(F) =F,—1=2%.
Bing quy nap don gidn d& dang nhan dugc 22" > 27! v6i n > 1. Do vay cap clia
2 theo modulo F, nhé hon ¢ (F,). Do d6, 2 khong thé 1a can nguyén thiy ciia F,.

Tt dinh nghia clia can nguyén thiy, ta dé dang cé cac két qua sau:

Dinh 1y 3.1. Néu a la mot cian nguyén thiy modulo n thi ¥ =1 (mod n) néu va

chi néu o (n) |k .



Dinh 1y 3.2. Néu a la mot can nguyén thiy modulo n thi {a,aQ,...,aw(”)} lap
thanh hé thang du thu gon modulo n.

Dinh 1y 3.3. Néu a la mot can nguyén thiy modulo n thi b ciing la can nguyén
thiy modulo n khi va chi khi b= a* (modn), (k,¢(n)) = 1.
Chiing minh. Diéu kién du ctia dinh 1y 1a hién nhien vi:

B g ordpa  p(n)
ord,b = ord,a” = orda 1)~ Gho(n)) v (n).

Véi dieéu kieén can, ta gid st b 1a mot cin nguyén thiy modulo n thi (b,n) = 1 hay b

nam trong hé thang du thu gon modulo n. Khi dé ton tai k sao cho b = a* (mod n).

Dong thoi

dna v (n)
n) = ord,b = ordnak o = )
o () (ordna ®) ~ (o () )

Suy ra (¢ (n),k) = 1. ]

Mot trong nhitng tinh chat quan trong clia cin nguyén thity ndm & dinh 1y sau:

Dinh 1y 3.4. Cho (a,n) =1 va a1, as,...,a la cdc s6 nguyén duong nhé hon n

¢(n)
va nguyén to cung nhau véi n thi

dong du theo modulo n vdi ai,as, ey Qp(n) theo mot tha tu nao do.

Chatng minh. Vi a nguyén t6 cling nhau v6i n nén cac lity thita clia a cling nguyén
t6 cting nhau v6i n. Do vay mdi o* dong du modulo véi mot s6 a; ndo do. Ma ta
da biét ¢ (n) s6 trong tap {a,a?, ...,a®™ } khong dong du véi nhau. Do vay céc liy
thita nay phai dong du (khong nhat thiét theo thit tuy xuat hién) cdc s6 nguyen
[]

ai, ag, ..., aw(n).

Hé qua 3.1. Néu n c6 mot can nguyén thiy thi né cé chinh xdc o (¢ (n)) can

nguyén thiy.

Ching minh. Gia st a la mot can nguyén thiy ctia n. Theo dinh 1y trén, cac
can nguyén thiy khac ctia n duge tim trong tap hop a,d?, ...,a?™. Nhung s6 cac
liiy thita ¢*,1 < k < ¢ (n) ma c6 cAp ¢ (n) bang v6i sd cac sd nguyén k sao cho
(k,o(n)) = 1. Ro rang c6 ¢ (¢ (n)) s6 k thoa man. Vay c6 ¢ (p(n)) can nguyén
thuy. ]



Két qua trén c6 thé giai thich qua truong hop a =2 van=9. Vi ¢ (9) = 6 nén
6 lily thita dau tién ctia 2 phai dong du theo modulo 9, theo mot thit tu nao dé
v6i cac s6 nguyen duong nhé hon 9 v nguyeén t6 ciing nhau véi 9. Cac sd6 nguyeén

duong nhé hon 9 va nguyén t6 ctiing nhau véi 9 1a: 1,2.4,5,7, 8 va khi do ta co:
20 =92922=42=82"=72=5,2°=1(mod9).

Theo hé qua trén ta c6 chinh xac ¢ (¢ (9)) = ¢ (6) = 2 can nguyén thiuy ctia 9 va

ching 13 cac s6 2 va 5.
Dinh 1y 3.5. Moi s6 nguyén duong cé dang p* vdi p la mot so nguyén to déu co
can nguyén thiy.

Chiing minh. Goi a 1a mot can nguyén thiy cta p. Dat ordpea = k thi of =
1 (modp2) nén af =1 (mod p), suy ra ord,a = p—1|k, hon ntta k ‘go (p2) =p(p—1).
Vaynén k=p—1hoack=p(p—1).

Néu k =p(p—1) = ¢ (p?) thi theo dinh nghia a 1a cén nguyen thiy cia p?.
Néuk=p—1thia? =1 (modp2) )

Dat b = a+p, ta ¢c6 b = a(mod p) nén ordyb = ord,a = p — 1. Lap luan tuong tu

nhu trén ta cting c6 ordeb € {p — 1;p(p — 1)}. Mat khac:
= (a+p)? Z 1aipp_1_i =a a2 p—-1)=1- aP? (modpQ) .

Vay néu ord,2b = p — 1 thl a2 = 0 (mod p?), mau thuén vi a 1a céin nguyen thity
ctia p nen (a,p) = 1. Do d6, ordeb = p(p—1) = ¢ (p?), ticlab = a+ p la cén
nguyén thiy cia p?.

Dinh 1y dugc chiing minh. O]

Dinh 1y 3.6. Moi s6 nguyén duong cé dang p* trong dé p la mot s6 nguyén to
con k nguyén duong bat ky déu cé can nguyén thiy.

Chitng minh. Goi a 13 mot can nguyén thiy ctia p?, ta sé chiing minh a ciing la
can nguyén thiy ctia p¥, véi moi k nguyeén duong. Dat m = ord,ka, ta c6 o™ =
1 (modpk) nén m ‘gp (pk) = p*1(p—1). Hon nita, o™ = (modp2> nén ¢ (pz) =
p(p—1)|m. Do d6, m = pt(p—1), véi 1 <t < k — 1. Dé chting minh dinh Iy, ta
chi cAn ching minh ring: p* fa?'®=D —1,vt < k — 2. Nhung

k—2—t

(apt(p—l))p —1

a1 _




Neén ta chi cAn ching minh p* /a? =1 — 1, vk € N*. Ta sé ding quy nap.
V6i k = 1 thi diéu Ay 1a hién nhien. Gia st p* fa? =D — 1, ta 6 ¢ (p*1) =

p=2(p—1) nén pF-! a? (1) 1 Tic 1a:
o =1 4 g1 (¢ 2 0 (mod p)) .
Tu do:
P o (1 + qpk_l)p —1= i C; (qpk_l)i —1=gf 0 (rnod pkﬂ) )
i=0
Theo nguyén 1y quy nap toan hoc, dinh 1y dugc chiing minh. ]

Dinh 1y 3.7. Cho p va q la hai s6 nguyén té sao cho (p —1):¢®, vdi a > 1. Khi
dé c6 ding q® — q** 10p thang du phan biét c¢é cap ¢© modulo p.

Chiing minh. Xét phuong trinh

@

x4 —1=0(modp).

Phuong trinh nay c6 ding ¢® nghiém phan biet modulo p. Vi ¢ 1a mot s6 nguyén
t6 nén mdi nghiem cho ta mot 16p thang du cé cap la ¢®, trong d6 £ 1a mot sb
nguyén nhé hon hodc bang . Nhu vay mot 16p thang du a ¢6 cap ¢® modulo p
néu no6 la nghiém ctia phuong trinh trén vd a?” ' # 1 (mod p), tic 1a n6 khong 1a
nghiém cta phuong trinh

a—1

x4 —1=0(modp)

M&bi nghiém trong s6 ¢! nghiém ctia phuong trinh dudi déu 1a nghiém ctia phuong
trinh trén. Do d6 s6 16p thang du phan biét c6 cap ¢® modulo p 1a ¢® — ¢®~ 1.
Dinh 1y dugc chiing minh. ]

Dinh 1y 3.8. Moi s6 nguyén duong cé dang 2pF, trong dé p la so nguyén to lé

con k la s6 nguyén duong bat ky déu co can nguyén thiy.

Chiing minh. Trude hét, néu p 1a s6 nguyen t6 1¢ thi ¢ (p*) = ¢ (20%) =p* 1 (p—1).
Goi @ 1a mot can nguyen thiy modulo p*, ta c6 a?(?") =1 (mod pk) . Dén day, ta
chia lam 2 kha nang;:

Néu a 1& thi ta c6: a?(?") = 1 (mod 2) va do d6 a?(?') =1 (mod ka) :

Néu a chén thi a + p* 1é nen (a +pk)¢(pk) = q#0") = 1 (mod p¥) , hon nita:

(a —l—pk)@(pk) = 1(mod 2) nén suy ra (a —|—pk)@(pk) =1 (mod 2pk)
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Miit khéc, néu c6 s6 nguyen duong m < ¢ (p¥) sao cho

a" =1 (mod ka) hoac (a +pk)m =1 (mod ka)
thi ta déu suy ra ™ = 1 (modp¥), diéu nay mau thudn véi gid thiét a 1a can
nguyén thiy modulo p*. Do vay, ton tai a’ sao cho ordy,ea’ = ¢ (2pF), tic la o’ 1a
can nguyén thiy modulo 2p*.

Dinh 1y dugc chiing minh. ]

Dinh 1y 3.9. Néu s6 nguyén duong n khong cé mot trong 4 dang: 2, 4, p*, 2pF,
trong doé p la so6 nguyén to 1€ va k la so nguyén duong nao dé thi n khong cé can

nguyén thay.
Chaing minh. Xét phan tich tieu chuan n = p.p52...p%, thé thi:
p(n)=ptps T (= 1) (2 = 1) e (ps = 1)
Gia st ton tai cin nguyeén thiy « ctia n. Ta co:
a?P) =1 (mod pfj‘) :

bat & = [gp (p‘f“) ,go(pg‘?) ,...,go(pg‘S)], ta co gp(pfi)“) |®,Vi = 1,2,...,s. nén a® =

1 (mod n). Nhung a la can nguyén thiy modulo n nén:

o .

ordpa = (n) =¢ (pi“) 2 (pSQ) o (P5°)
Tuc la:
o (11) @ (152) o (00) [ [ (017) 0 (952) s oes 0 (0)] -

Suy ra: (cp (pf‘) P (p;”)) = 1,Vi,j. Nhung diéu nay la khong thé vi n khong cé

dang 2; 4; p*; 2p*, hon nita p; —1 : 2, Vi. Mau thuan cho ta két luan ctia dinh ly. [

4 Mbt s6 vi du ap dung

Vidu 4.1. Cho a c¢6 cip 3 modulo p. Tim cdap ctia a+1 modulo p.
Gidi:
Ta c6: a #Z 1(mod p),a? # 1 (mod p) nén ti:
ad—1=(a—1) (a2—|—a+1) = 0 (mod p) suy ra: a+ 1= —a? (mod p).

2

Do a c6 cap 3 modulo p, —1 ¢6 cap 2 modulo p nén —a? c6 cap 6 modulo p. Vay

cap clia a + 1 modulo p 14 6.



11

Vi du 4.2. Xét s6 Fermat F, = 2*" + 1(n > 2). Chiing minh ring néu p la wdc
nguyen t6 cia F, thi p =1 (mod 2"t1) .

Giai:
Dat: k = ord,2. Ta c6: p|F, nén 22" = —1(mod p), suy ra ring 22" = 1 (mod p).
Theo tinh chat ctia cap thi & !2““, tuy nhién & f2", vi néu khong thi —1 = 2%" =
1 (mod p), suy ra 2|p, tic 1a p =2, vo Iy do F, 1a s6 1& véi n > 2.

Vay k= 2" Nhumg vi k = ordy2 nén k|(p — 1) , titc la p=1(mod 2"*1).

Bai toan dugc chitng minh.

Vidu 4.3. Chom,k € N*, klé. Gid st p=k.2™+1 la mot s6 nguyén to lé va ton

tai s6 nguyén duong n sao cho p|F, = 2% +1. Chiing minh ring B2 =1 (mod p) .
Giai:

Dit h = ordy2. Ta ¢6 p|F, nén 22" = —1 (mod p), suy ra 22" = 1 (mod p). Theo

tinh chét ctia cap thi 2°71h. Nhung néu A |27 thi 22" = 1 (mod p), vo ly. Cho nén

h|27TL va b 27, tit d6 h = 27t Tt vi du trén, suy ra p — 1 = k2™ 27T Vi g 1é

nén m >n-+ 1. Ta co:
e () () (0

Do p 1a uéc nguyen t6 ctia F, nén 22" = 1 (mod p). Nhan hai vé véi k2" ta c6:

2771,71 2m—1 2m—1

k

= (2k) (—1)

= 1(modp).
Bai toan dugc chitng minh.

Vi du 4.4. Ton tai hay khong cic so nguyén duong phan biét ai,as, ...,a, théa
man:
ap |2 —1;a2]2% — 1. 5ap—1 2 —1;a, 2 — 1.

Giai:
Ta c6 nhan xét sau: Goi p 1a uwéc nguyen t6 nho nhat ciia n, ¢ 1a wéc nguyen to
nhoé nhat cta 2" — 1. Khi dé: ¢ > p.

That vay, dat k = ordagq, ta c6 2™ = 1 (mod ¢) nén k |n, nhung vi p 1a u6c nguyén
t6 nhoé nhat clia n nén k > p. Hon nita, k|(¢—1) nén¢>k+1>p+1>p.

Goi p;, ¢; tuong ing 1a cac u6c nguyen t6 nhé nhat clia a;, 2% —1, Vi = 1,2, ..., n.

Ta c6 p;|a; va a; [2%+ — 1 nén p; [2%+ — 1, nhung ¢; 41 14 wéc nguyen t6 nhd nhat
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cua 2%+ — 1 nén p; > ¢;+1. Mat khac, theo nhan xét trén thi ¢;.1 > p;11 nén p; >
pit1, Vi = 1,2,...,n, ¢ day ¢ dugc sit dung theo nghia modulo n, tic la ta coi:
Uptl = A1, Pntl = P1 VA Guy1 = g1 T d6 suy ra: p1 > p2 > ... > p, > p1 (VO 1y).
Vay khong ton tai cac s6 nguyén duong phan biét ay, as, ..., a, thda man yéu cau
bai toan.
Vidu 4.5. (VMO 2004)
Vi moi s6 tu nhién n, ta ki hiéu S(n) la tong cdc chit s6 trong biéu dién thap
phdn cua n.
Tim:
min S (n).
n t 2003

Giai:
Dé dang nhan thay ordsg310 = 1001. Hién nhién 10¥ khong la boi ctia 2003 véi
moi k.
Gia st ton tai k € N* théa man 10* + 1 = 0 (mod 2003), thé thi 10%* = 1 (mod 2003),
do d6 2k 11001, ttic 1a k1 1001, suy ra 10¥ = 1 (mod 2003), vo 1y. Vay nén khong
ton tai n sao cho n i 2003 va S (n) = 2.

Bay gio ta sé chiing minh rang ton tai: n : 2003 va S (n) = 3.
Goi a;,b; tuong tng 1a s6 du trong phép chia 10° va — 10° — 1 cho 2003, i =
1,2,...,1001. Ro rang 1a a;,b; ¢ {0,2002} nén a;,b; chi c6 thé nhan cac gia tri:
1,2,...,2001. Theo nguyén Iy Dirichlet thi ton tai hai s6 ndo dé trong 2002 sb a;, b;
bang nhau. Hon ntta, ordag3l0 = 1001 nén a; # a; va b; # b;j v6i moi i # j. Vay
ton tai i, j sao cho a; = bj, hay 10" + 107 + 1 : 2003.

Cha y rang S (10° + 107 + 1) = 3 nén gié tri can tim 1a 3.
Vi du 4.6. Cho a € N* va p la mot udec nguyén té ciua a. Chiing minh ring so
a” —1 ¢6 ude nguyén té 1én hon kpFlog,p.

Giai:
Ta xét s6 M xac dinh béi:

k
_ - - al —1
M= D) b 0D g p = T
RO rang M a” —1.Tasé chitng minh M ¢6 u6c nguyén té ¢ > kp*Flog,p. That vay,

gid stt ¢ 1a mot ude nguyen t6 ctia M. Dt h = ord,a. Ta c6 o =1 (mod g) nén h ’pk

Y
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k—1

nhung néu i < p*=! thi h[pF~!, do d6 @” ™ = 1(mod q), v6i m nguyén duong,
diéu nay dan dén M = p(mod q)

(voly do ¢|M mnén q fa, tiic 1a (¢,p) = 1). Vay nén h = p¥ va theo tinh chat cia
cap clia s6 nguyén thi p¥ |(¢ — 1) . Nhu vay, moi u6c nguyén t6 ctia M déu c6 dang
oF ki 41, v6i k; € N* nao do.

Gia stt két luan ctia bai toan 1a sai, titc 1a moi u6c nguyén té ctia M déu khong

16n hon kp*log,p. Xét phan tich tieu chuan ctia M nhu sau:

M = an’ = H p .ki+1)ai
=1

Ta c6: ¢ = p*.k; + 1 < kpFlog,p nén 1 < k; < klog,p, v6i moi i = 1,2, ..., s. Suy ra:

pk > k Zaz
a >M=]]E"k+1)" > (" +1)5
1=1

Logarithm hai vé ta dugc:

S S S
pk > log, (p]C + 1) Z a; > klog,p. Z a; > Z a;.k;
i=1 i=1 i=1

Mat khac, ta lai co:
a;

(pk.ki + 1) Z Ct (pk.ki)t = pk.aik’i +1 (mod p%)

t=0
Suy ra:
S S
M:Hpk—l—l .EHpaZk—l- —kaaZk%—l(modp%)
i=1 i=1 i=1

Nhung pla nén M =a?" @D 4 o702 4 4 ¢#"" 41 =1(mod p) nén ta co:

S
1=pF Z aik; +1 (mod p%)
i=1
hay
S
Pk Z aik; =0 (mod p%)
i=1

S
Diéu nay 1a vo 1y vi ta ¢6 > a;k; < p*. Tt d6 suy ra diéu phai chiing minh.

i=1

Vidu 4.7. Cho n la mot s6 nguyén duong cé can nguyén thiy. Chiing minh rang:

H a = —1(modn)

(a,n)=1
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Giaa:
Gia stt 13 mot can nguyen thiy ctia n, khi d6 r,r2,...,7¢( lap thanh hé thing
du day dt modulo n. Ta coé:

sa(n) (

@(n)

I1 a—H W DL S W:(T(w(n)ﬂ)) R

(a,n)=1
Phuong trinh dong du 22 = 1(modn) chi c¢6 dung hai nghiem modulo n 13 1
va —1, trong d6 7™ = 1(modn) va vi r la can nguyén thiy modulo n nén

p(n)

s £ 1(modn). Vay r"z = —1(mod n)
Vi du 4.8. Cho p la s6 nguyén to 16. Ching minh rang a la can nguyén thiy
modulo p khi va chi khi o7 # 1 (mod p) , vdi moi wdc nguyén té q ciia p-1.

Giai:
Néu a 1 cin nguyén thiiy modulo p thi ordya = p — 1 nén két luan clia ta 1a hién
nhién.
Nguge lai, giad st a'v ;72 1 (mod p), vé6i moi u6c nguyén to ¢ cia p — 1. Ta dat
k = ordya, thé thi k[p —1, nhung vi a’ T §é 1 (mod p) nén k AL, v6i moi uGe

nguyén t6 ¢ ciia p. Vi thé ta ¢6 k= p — 1. Vay orda =p — 1.

Vi du 4.9. Tim cdc s6 nguyén p, q théa man diéu kién: a®? = a (mod 3pq) , Va €
N*

Giaa:
Ta c6: a4 = (a?)*! = ¢37 (modp) nén a3 = a(mod p), Va € N*. Xét a = r 1 mot

can nguyeén thily modulo p, ta c6: r3¢—1

1 (mod p) nén 3¢ — 1 : ord,r hay 3¢ —
1:p—1 Tuong tuthi3p—1:q—1.
Khong mat tinh tong quat, ta gia st p >¢. Vi3¢—1:p— 1 nén:

p—1<3¢g—1<3p—-1

Vay L {1,2,3,4}. Xét cac truong hop:

1. 3];1_ =1.Tacé:3g—1=p—1, tudOp:3q(v61y)
2.?;1 = 2. Ta co: 3q—2p—1hayq— . Talaicé: 3¢ —1:p—1nén
.2p—1 .
-1 = 1eop-3ip—4

Suy ra 9p — 3:p — 2. Mat khédc 9p—3 = 9(p—2) + 15 nén 15: p — 2. Do do

p—2 € {1,3,515}, suy ra p € {3,5,7,17}. Hon nita, ¢ = 271 € N* nén ta c6
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p=2(mod3). Vay (p.q) € {(5,3),(17,11)}.
3. ?gf—fzwh‘l 3g—1=3(p—1)3 (voly).
4. 3};1%11:4th14(p—1):3q—1§3p—1nénpgg.
Vay ta c6 cac két qua (p,q) € {(3,3),(5,3),(17,11)}. Tuy nhién khong phai ca 3
két qua déu chap nhan duge. That vay, xét a = 3, ta c6 3% -3 =3 (3% - 1) #
0(mod 27) va 3%—3 =3 (3" — 1) # 0 (mod 45), do d6 cac két qua (p,q) = (5,3) va (p.q) =
(3,3) bi loai.
Vi (p,q) = (17,11), ta c6: 3.11.17 = 561. Ta kiém tra thay a°%° = 1 (mod 561) ,Va €
N*.
Vay (p,q) € {(17,11),, (11,17)}
Vidu 4.10. Cho p la mot s6 nguyén to, a, n la cdc s6 nguyén duong, (a,n)=1.Ching
minh rang:
a) Phuong trinh 2" = a (mod p) hodc ¢é (n,p — 1) nghiém hodc vo nghiém tuy theo
aGr D = 1 (mod p) hay khong.

b) Néu (n,p—1) =1 thi phuong trinh " = a (mod p) cé diing mot nghiém.

Gidi:
a) Gia st g 1a mot can nguyen thiy ctia p, g¥ = a (mod p). Néu ton tai s6 nguyéen
x sao cho 2" = a (mod p) thi (x,p) = 1. Do d6, ton tai s nguyén duong u sao cho
g" = x (mod p). Khi do,

nu

g™ = ¢* (mod p) hay nu =k (modp — 1)

Dit d = (n,p — 1), khi d6 phuong trinh nu = k (mod p — 1) ¢6 d nghiém néu & : d
va vo nghiém néu k [ d.
Néu & : d thi @ = 0(mod p — 1) nén

p—1 kE(p—1)

ad =g 4 = (gp_l)g = 1 (mod p).

Néu k7 d thi ¥ = 0 (mod p — 1) nen

p—1 k(p—1)

ad =g 4 #1(modp).

Diéu phai chiing minh.
b) Day la truong hgp riéng cta a) véi (n,p— 1) = 1.
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Vidu 4.11. (Balkan 1999)
Cho p la mot s6 nguyén to cé dang 31 + 2. Dat
S={y*—2®—1|z,y la cic s0 nguyén duong ,0 <z,y <p-1}

Chitng minh rdang cé nhiéu nhat p phan tii trong S chia hét cho p.

Giai:
Trude hét, ta c6 nhan xét sau: Néu p 1a mot s6 nguyen to, k, z,y 1a cac sd nguyen
duong théa man (k,p —1) = 1 va 2% = y¥ (mod p) thi 2 = y (mod p).
Theo gia thiét ta co: (3,p—1) =1 nen {1%,2% .. p3} lap thanh mot he thang du
day dt modulo p. Do d6, v6i mdi 0 < y < p — 1 ton tai duy nhat sé6 nguyén z,
0 <z <p-1sao cho 2? = y? — 1(mod p). Ttic 1a trong tap S c6 nhiéu nhat p s6
chia hét cho p. Diéu phai chitng minh.

Vi du 4.12. Cho g la mot can nguyén thiy cia s6 nguyén to p, s6 nguyén duong
a = ¢g¥ (modp) ¢é ciap h modulo p va a.a = 1 (mod p). Chitng minh ring a ciing cé
cap h modulo p va a = gP~'=* (mod p)

Giai:
Hién nhién aa = ¢*a =1 = ¢?~!' (mod p) nén a = ¢g?~' % (mod p). Goi k 1a cap clia
a modulo p.

Vi a" = 1 (mod p) nén @ = (a.a)" = 1 (mod p), tit d6 suy ra h k.

Vi af = 1 (mod p) nén a* = (a.a)" = 1 (mod p), tit d6 suy ra k * h.
Khi d6 h = k, ttc 1a cap clia @ 1a h. Dieu phai ching minh.

Vidu 4.13. Cho p, q la hai s6 nguyén to lé théa man p = 2q+1. Chitng minh rang
—a? luon la mot can nguyén thiy modulo p vdi moi s6 nguyén duong a, 1 < a < q.
Giai:

Gid stt ¢ = 2k + 1, suy ra p = 2¢ + 1 = 4k + 3 nén —1 khong phai 14 mot s6 chinh
phuong modulo p. Goi g 1a mot can nguyén thity modulo p, khi d6 ton tai cic s6
nguyén duong 1 < s,t < p— 1 sao cho —1 = ¢°,a = ¢’ (mod p). Do —1 khong 14 s6
chinh phuong modulo p nén s 1&, do d6 (s + 2t) ¢ 1a mot s6 1¢ va khong chia hét
cho p — 1. Tu do,

(_GZ)QE (gngt) Egs+2t il(modp)
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Mat khac, vi 1 < a < ¢ nén a? # 1 (mod p), do d6

(—a2)2 =a’# 1 (modp).

Goi cap ctia —a® modulo p 1a h. Khi d6 h|(p — 1) nén & chi ¢6 thé nhan cac gia tri
14 2, ¢ hodic 2¢. T chitng minh trén ta suy ra h = 2¢ = p — 1. Vay —a? 13 mot can
nguyén thity modulo p. Diéu phai chting minh.

Vi du 4.14. Chitng minh rang:

a) Néu a.a’ la hai can nguyén thiy phdan biét modulo p thi a.a’ khong phdi la mot
can nguyén thiy.

b) Néu a la mot can nguyén thiy modulo p* thi a la mot can nguyén thiy modulo
p.

c) Hay ching minh dinh lyj Wilson dua vao can nguyén thuy.

Giai
a) Gid stt o’ = a” (mod p). Do @’ 13 mot can nguyeén thiy nén (k,p — 1) = 1, suy ra
k12 mot 6 1¢. Do k 16 nén k4112 va EEED 0 4 iy 46 ta co:

p—1 1 (pfl)
(a.a') = (ak;) =a”! =1 (modp).

T do suy ra a.a’ khong 1a mot can nguyén thiy.
b) Goi cap clia a modulo p 14 h, khi d6 2 |p — 1. Do a" = 1 (mod p) nén ton tai s6
nguyén duong ¢ sao cho a” = pg + 1. Ta c6:

A" = (pq + 1) = (pg)’ + C2H(pa)’ ™" + CP 2 (pg)’ " + ... + CE(pa)” + C (pg) + 1

Do C’; =pnéna’ =1 (modp2). T do, ph : (p2), ticla:ph:p(p—1) hay h: p—
1. Vi h ‘p —1mnén h=p—1, suy ra a la mot can nguyén thiy ctia p. Diéu phéi
chitng minh.

c) Vial,a?,...,aP~1 1a mot he thing du thu gon modulo p nén

(p—=ad® . .a"t=a

=a 2z =—1(modp)

p(p—1) p—1
2

Diéu phai chiing minh.
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5 Bai tap

Bai 1. Cho p,q 1a cac s6 nguyén t6 khac nhau sao cho ton tai mot s6 nguyén
duwong b thoa man

(T 1) ip
Chitng minh rang: p = 1 (mod q).
Bai 2. Cho b 14 mot s6 nguyén. Chiing minh réng ton tai vo sd cip sd nguyén
(p, q) thoa man

-1
17 ° e Z, b la lay thtta bac £ modulo p.
p

Bai 3. Cho b,t, k 14 cac s6 nguyén duong 16n hon 1. Chiing minh rang diéu kién
can va du dé ton tai mot so6 nguyen duong n théa man
bl <n < ¥, nF=n (mod bt)

1& mot trong hai diéu kién sau xdy ra:
i) b khong 13 liy thita cia mot s6 nguyén t0,

i) (k—1,¢(b")) > 1.

Bai 4. Tim tat ci cac so6 nguyén n > 1 sao cho:

P —ain,VaelZt.

Bai 5. Tim tat ca cac cip s6 nguyéen to p, ¢ sao cho:

p (5P —27) (57 = 21) .

Bai 6. Tim tat ci cac cap s6 nguyén t6 p, ¢ théa man:
a*P? = a (mod 3pq) , Va € Z.

Bai 7. Tim tat c& cac s6 nguyén n > 1 sao cho 2+L 14 mot s6 nguyen.
n

Bai 8. V6i moi s6 nguyen a, dit:

ng = 101la — 100.2%.
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Chting minh rang néu 0 < a,b,c,d < 99,n4 + ny = n. + ng (mod 10100) thi {a,b} =
{c,d}.
Bai 9. Cho b 1a mot s6 nguyen duong théa man b+ 1 = ¢ 1a mot s6 nguyen t6. Véi
moi s6 nguyéen y, ki hieu 7 (y) 1& uéc s6 nguyén t6 nho nhat ctia y. Chiing minh
rang néu ton tai mot sé nguyén duong y va mot s6 nguyen t6 p < 7 (y) sao cho bY+
1:pthip=gq.
Bai 10. Cho b 1a mot sd nguyen duong théa man b+ 1 = ¢ > 5 1a sd nguyén to.
Goi p 1a u6c s6 nguyéen t6 16n nhat cia bY + 1, ¢ 14 u6c s6 nguyén té nhé nhat clia
y. Chiing minh rang:

p=q+2



