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5.1 Phudng trinh dong du tuyén tinh

Dinh nghia 5.1 Phuong trinh dong du dang ax = b (mod m) dugc goi
la phuong trinh dong du tuyén tinh véi a, b, m 1a cac s6 da biét.

xo 1a mot nghiém ciia phuong trinh khi va chi khi axg = b (mod m).
Néu o 1a mot nghiém ctia phuong trinh thi cdc phan tit thuoc 16p T
cting 14 nghiém. A

Vi du 5.1. Gidi phuong trinh dong du sau: 12x = 7 (mod 23)

L&i gidi. Do (12;23) = 1 nén phuong trinh luon cé nghiém duy nhat.
Ta tim mot s6 nguyén sao cho 7+ 23k chia hét cho 12. Chon k = 7
suy ra 12x = 7.24 (mod 23) = x = 14 (mod 23) |
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90 5.2. Phuong trinh dong du bac cao

Vi du 5.2. Gidi phuong trinh 5z =2 (mod 7) A
Loi gidi. Vi (5;2) = 1 nén ton tai s6 k = 4 sao cho 2 + 7k chia hét cho
5. Khi ay 5z = 2 + 6.7 (mod 7) ta dugc nghiem z = ? =6 (mod 7)
hay © =6 + 7k [ |

Vi du 5.3. Gidi phuong trinh: 5x =4 (mod 11) A
Loi gidi. Ta c6:

5z =4 (mod 11)

4=4 (mod 11)

Ap dung tinh chat bic cau ta c6: 5z =4 (mod 11) = 5z = 11t + 4
Ta c6 thé 1ay t = 1; 2 = 3. T d6 phuong trinh c6 nghiém duy nhat 1a
x =3 (mod 11) [ ]

Nhan zét. Cach xac dinh nghiém nay 1a don gian nhung chi dung dugce
trong truong hop a 14 mot sd6 nhé hoac dé thay ngay so k.

5.2 Phuong trinh dong du bac cao

Vi du 5.4. Gidi phuong trinh 223 +4 =0 (mod 5) A
Lai gidi. Ta thiy z = 2 suy ra 223 = —4 (mod 5).
Nén x = 2 1a nghiém duy nhat ciia phuong trinh da cho. |

5.3 Hé phuong trinh déng du bac nhit mét an

Dinh nghia 5.2 Hé phuong trinh c¢6 dang sau dugc goi la hé phuong
trinh dong du bac nhat mot an

x=b (mod my)
x =by (mod my)

x =br (mod my)

V6i m1; ma; ...my, 1a nhiitng s6 nguyén 16n hon 1 va by; by; ...; by, 1a nhiing
s6 nguyeén tiy y. A
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5.3. Heé phuong trinh dong du bac nhat mot an 91

Nhan xét. e Trong trudng hop tong quét, ching ta c6 thé ching
minh duge ring: Diéu kién can va dit dé hé phuong trinh (5.2) c6
nghiem 1a UCLN (m;;m;) chia hét b; —b; v6ii # j(1 <4,j < k).

e Gid stt m = p{pd?..p2* 1a phan tich tiéu chuan ctia m. Khi

dy phuong trinh dong du f(x) =0 (mod m) tuong duong véi he
phuong trinh dong du f(x) =0 (mod p¢t),i = 1,2,....k. T d6
suy ra rang néu x = b; (mod p¢!) 14 mot nghiém ctia phuong
trinh f(x) =0 (mod p;),7 = 1,2, ...,k thi nghiém ctia hé phuong
trinh ctia hé phuong trinh dong du

x = by (modpit)
x = by (modp5?)

x = by ('I‘?;lodpgk)

cho ta nghiém ctia phuong trinh f(z) = 0(modm).

Vay trong e Truong hop tong qudt gidi mot phuong trinh dong
du dan dén gidi hé trén. Vdi cdc module my, ma, ..., my doi mot
nguyén to cung nhau.

Phuong phap chung dé giai:

e Truong hop 1: hé 2 phuong trinh

x=b (mod mq)
x =by (mod my)

V6i gid thiét d = (my, mg) chia hét cho by —by. Trudc tién ta nhan
xét rang, moi s6 x = by +mqt,t € Z la nghiém ctia phuong trinh
thit nhat. Sau d6 ta tim cach xac dinh t sao cho x nghiém ding
phuong trinh thi hai, nghia 1a hé hai phuong trinh trén tuong
duong v6i hé phuong trinh

x =by +mt
by + mit =be  (mod mg)
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5.3. He phuong trinh dong du bac nhat mot an

Vi du 5.5. Gidi hé phuong trinh:

Vi gi& thiét d = (my, mg) 1a wéc by — by nén phuong trinh: by +
mit = b (mod my) tuong duong véi phuong trinh:

mi b2 — b1 mo
—t= d —
d g (wod =)
Nhung (ﬂ:ll 722) = 1 nén phuong trinh dong du nay cho ta
nghiém ¢ =ty (mod n:i ), 1a tap hgp tat ca céc s6 nguyen

t—t0+duu€Z

Thay biéu thic ctia t vio biéu thite tinh x ta duge tap hop cac
gia tri clia x nghiém dung c hai phuong trinh dong du dang xét
la:

m
T = by +my(to + 7271) = b1 + mato + "2 u, hay = 29 +my

v6i g = by + mytg, m = BOCNN(my, mg).

Vay x = 2o (mod m) 1a nghiém ctia h¢ hai phuong trinh dong du
dang xét.

Truong hop 2: Hé gom n phuong trinh. Dau tién gidi hé hai
phuong trinh ndo dé ctia hé da cho, roi thay trong hé hai phuong
trinh da giai bang nghiém tim thiy, ta sé dugc mot hé gom n — 1
phuong trinh tuong duong véi véi he da cho. Tiép tuc nhu vay
sau n — 1 budc ta sé duge nghiém can tim.

x =26 (mod 36)
x =62 (mod 60)
x =92 (mod 150)
x =11 (mod 231)

Loi gidi. Heé hai phuong trinh:

x =26 (mod 36) x = 26 + 36t te7
=62 (mod 60) 26 + 36t = 62 '
26+ 36t = 62 (mod 60)
<36t = 36 (mod 60)
<t = 1 (modb)
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5.3. Heé phuong trinh dong du bac nhat mot an 93

Vay nghiém ctia hé 1a: x = 26+ 36.1 (mod 180) hay z = 62 (mod 180)
Do dé hé phuong trinh da cho twong duong véi hé:

x =62 (mod 180)
x =92 (mod 150)
x =11 (mod 231)

Vi du 5.6. Gidi hé phuong trinh

r =62 (mod 180) x =624 180t tez
=92 (mod 150) 62 4+ 180t =92 (mod 150)’ i
Loi giai. Ta co:
62 + 180t = 92 (mod 1)50)
<180t =30 (mod 150)
<6t=1 (mod5b) < t=1 (mod 5)

Vay nghiém ctia hé la:
x =624 180.(14) (mod 900) < x =242 (mod 900)
Hé da cho tuong duong véi:

x = 242 (mod900)
x =11 (mod231)

Hé nay ¢6 nghiem z = 242 (mod 69300) , va day cting la nghiém cta
hé da cho can tim. [ |

Vi du 5.7. Tum s6 nguyén duong nhé nhat théa tinh chat: chia 7 du 5,
chia 11 du 7 va chia 13 du 3. A
Loi gidi. Ta c6: ny = 7; Ny = 11.13 = 143;ny = 11; Ny = 7.13 =
91;n3 =13; N3 =711 =177.

Ta c¢6 N1by =3by =1 (mod 7) — by = —2. Tuong tu by = 4;b3 = —1
Vay a = 143(—2)5+ (91)(4)(7) + (77)(—1)(3) = —1430 + 2548 — 231 =
887 vay cac sd can tim c¢6 dang b = 877 + 1001k.

Vay 877 1a s6 can tim. [ |
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94 5.3. Heé phuong trinh dong du bac nhat mot an

Vi du 5.8 (Chon d6i tuyén KHTN). Xét hé dong du gom 3 phuong

trinh:
xy = —1 (mod z2) (5.1)
yz = 1 (mod x) .
zz = 1 (mod y) (5.3)

Héy tim s6 bo (z,y, z)nguyén duong phan biét vdil trong 3 s6 la 19./\
L&i gidi. Tt ba phuong trinh, theo tinh chat dong du ta lan lugt c6

xy + liz vi yz — iz vz — Ly
Suy ra

(xy +1)(yz — 1) (22 — 1):zy2
:>x2y2z2 - x2yz — a:yQZ + :Uyz2 +ay —yz — 2+ lizyz

=xy —yz — 2z + lizyz

Nhan thay do z,y, 2 nguyén duong cho nén xyz > 1. Suy ra zy — yz —
zx +1 < 2zyz

Mat khac yz 4+ zz —ay — 1 < 2z2yz = —(yz + 2 —zy — 1) > —2zy2
Do d6 ta c6 bat phuong trinh kép —2zyz < 2y —yz — 2o + 1 < 22yz

Ma zy—yz—zr+lizyz = xy—yz—za+1 = 2xyz, loyz, 0, —lryz, —2wy2
e Trudng hop 1: 2y —yz —zx + 1 =22yz = 2y = —1 (mod 2),yz =1
(mod z),zx =1 (mod y)

Cho nén ta chi can tim nghiém ctia zy — yz — 2o + 1 = 2xyz 1a xong.

Vi z, 9,z ¢6 mot s6 bang 19 nén ta thay 1an lugt vao.

Néuz =19 = 19y —yz — 192+ 1 = 38yz = 39yz — 19y + 192 = 1
= (39y + 19)(39z — 19) = —322 V6i y = 19 hoac z = 19 thi tuong tu.

e Truong hop 2,3,4,5: zy—yz—zx+1 = layz,0, —1lxyz, —2xyz lam hoan
toan tuong t, ta day dude vé phuong trinh c6 dang au+bv = ab+uv+z
véi x 14 hdng sb.

Dua vé (a — v)(b — u) = x va giai kiéu phuong trinh u6c sb6. Bai toan
hoan tat. [ |
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Nhan zét. Bai toan nay ma khong cho diéu kién mot s6 bang 19 thi
khong dua duge dang au + bv = ab+wv + z <> (a —v)(b—u) = x lic
d6 suy ra vo han nghiém.

5.4 Baic cia phuong trinh dong du

Dinh nghia 5.3 Xét phuong trinh dong du f(x) = 0 (mod m) vdi
f(x) =apz" + a1z '+ ... +an,a; €EN,i=0,1,....n

Néu ag khong dong dur 0 (mod m) thi ta néi n la bac ctia phuong trinh
dong dur. A

Vi du 5.9. Xdc dinh bac ctia phuong trinh 1525 —82* + 22 +6x+8 =0
(mod 3) A

L&i gidi. Ta thay 15 = 0 (mod 3) nén bac cta phuong trinh khong
phéi 1a bac 6. Phuong trinh trén tuong duong véi —8z + 22 +2 =0
(mod 3)

Vi —8 # 0 (mod 3) nén bac phuong trinh la n = 4. |

5.5 Bai tap

BA1 1. Giai cac phuong trinh sau: a) 7z = 6 (mod 13) b) (a + b)z =
a? +b? (mod ab) véi (a,b) =1 ¢) 17z = 13 (mod 11) d) 2? +
z—2=1 (mod 3)

z =1 (mod 3)
\ . U - =4 (mod 4)
BAI1 2. Giai cac hé phuong trinh: a) =2 (mod 7)
=9 (mod 11)
5z =1 (mod 12)
b) S5z =2 (mod 8)
7z =3 (mod 11)

BAI 3. Tim a nguyén dé hé phuong trinh sau c6 nghiém
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96 5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du

a)

e 1101
Q = = W

)

o

(oW

W
\]\_/\_/

8 8 8 8

2z = a (mod 3)
b) { 3z =4 (mod 10)

BA1 4. Mot 16p gom 40 hoc sinh ditng thanh vong tron va quay mit
va trong vong tron dé choi béng. Méi hoc sinh nhan dugce bong
phai ném qua méit 6 ban & bén tay trai minh. Chiing minh rang
tat ca hoc sinh trong 16p déu nhan dugc béng ném tdi minh
sau 40 lan ném bong lién tiép.

5.6 Ung dung dinh Iy Euler dé giai phuong trinh
dong du

Qua bai viét nay toi xin giéi thieu mot phuong phap dé giai phuong
trinh dong du bang cach khai thac dinh ly Euler

Trude hét, xin nhac lai vai kién thitc quen thuoc.

Dinh nghia 5.4 Ham Euler ¢(m) véi s6 nguyén duong m la cac sb tu
nhién nhé hon m la cc s6 nguyén to véi m. A

5.6.1 Dinh ly Euler.

DiNH 1Y 5.1 (EULER)— Cho m la s6 nguyén duong va (a,m) = 1 thi
a?™ =1 (mod m)

Ham ¢ c6 tinh chat sau:
o o(mn) = p(m)p(n) véi (m;n) =1

e Néu p nguyén t6 p(p) =p — L;p(p") =p" —p"(n > 1)
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e Néum = p?lpgz...pgk,pi 14 cac s6 nguyén to thi

st = (1) (1= 1) (1- 1)

Bay gio ta xét m = a.b trong d6 (a;b) = 1 thi c¢6 cac két qua sau

DiNH LY 5.2—
a?® + 2@ =1 (mod ab) (5.4)

Chirng minh. Theo dinh Iy Euler ta c6: a¥®) =1 (mod b) ma b¥(@ = 0
(mod b)

Neén a?® + b9 =1 (mod b).

Tuong tu ta c6:a?® + 9@ =1 (mod a)

Theo tinh chat dong du thi : a®® + 9@ = 1 (mod ab) ]

DINH LY 5.3~ Gid st ¢6 k(k > 2) s6 nguyén duong mq;ma;...my va
chiing nguyén té vdi nhau tung doi mot. Dat M = my.ma...my = mst;
voi1=1,2,3...,k ta cé

£ geme) g2 = (mod M) (5.5)

Chitng minh. Tu gia thiét ta c6 (m;,t;) =1 v6imdii =1,2,...,k nén
theo dinh ly Euler thi

t‘f(ml) =1 (mod my) (5.6)

Mat khéac véi i;j thuoe tap 1;2;...:k va ¢ # j thi ¢; chia hét cho m;
nén (t;;m;) = m; hay

t;‘-}(mi) =0 (mod my) (5.7)
Dat § = 170" 4 450m2) o qgplme)
T (5.6) va (5.7) c6 S =t =1 (mod m;)
Vi my;ma;. .. my nguyén to6 v6i nhau titng doi mot, nén theo tinh chat
dong du thiic co
S —1=0 (mod mi.my..mi) < S =1 (mod M), tiic 1la c6 (5.5). MW
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98 5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du

Khi mé rong (5.4) theo huéng nang lén liy thita cac s6 hang ta c6 két
qué sau.

DINH LY 5.4— Vdi (a,b) =1 va n,v la hai s6 nguyén duong nao dé thi
a™?®) 4 pv2(@) =1 (mod ab) (5.8)

Chiéng minh. Dé tien lap luan dat z = a®®.

Theo dinh 1y Euler thi z = a¥® =1 (mod b) & 2z —1 =0 (mod b)
Dong thoi z = a¥® =0 (mod a).

T décoz(x—1) =0 (mod a) vaz(z—1) =0 (mod b) nén z(x—1) =0
(mod ab)

Tt d6 22 = 2%2.2 = 2.2 = 22 = = (mod ab) va cit 1ap luan nhu thé co
2" =z (mod ab) hay a™® = a#®) (mod ab)

Tuong tu ta co: b*7(@) = b¥(@ (mod ab) nén theo (5.4) c6 a™(®) +
boe(@) = pe(@) 4 q#() =1 (mod ab).

(5.8) duge chitng minh. [

2

HE QUA 5.1- Vdi (a;b) =1 thi a™® + b4 =1 (mod ab) O

Hé qué nay c6 thé ching minh trye tiép khi nang hai vé ciia hé thic
(5.4) len lity thita bac n (stt dung khi trién nhi thitc Newton) va chi y
rang ab = 0 (mod ab). Nén luu ¥ réng trong dong du thic thi a # 0
(mod ab)!

V6i ki hieu nhu 6 dinh 1y 5.3 ta c6 ¢;.t; = 0 (mod M) v6i i khac j va moi
i;j thuoc tap 1,2,...k (nhung ¢t Z 0 (mod M) véi moi i = 1,2,3,...k)
Tu d6 khi nang hai vé ctia (5.5) lén iy thita bac n ta c6 két qua sau.
DINH LY 5.5~ Vdi cdc gid thiét nhu dinh lij 5.3 ta co:
gretma) g gnetma) oy @) = 1 (mod M) (5.9)
Véi céc ki hiéu nhu trén ta dat a = m; va b = t; thi theo (5.4) c6
m?‘p(ti) + t;w(mi) =1 (mod M) (5.10)

Cong timg vé ciia k dong thitc dang (5.10) va st dung (5.5) ta duge
két qua sau:
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5.6. Ung dung dinh 1y Euler dé giai phuong trinh dong du 99

DINH LY 5.6— Vdi cdc gid thiét & dinh ly 5.5 ta co:
mf(tl) + mg(tz) + ..+ m;“p(tk) =k—1 (mod M) (5.11)
Khi nhan 2 vé caa (77?) véi m; ta dugc

L+(t;)

my + mi.tf(mi)+ =m; (mod M) (5.12)

Do mi.tf(mi) = mi.ti.tf(mi)_l = M.tgmi)_1 nén

1 t
mi+<P( 1) —

m; (mod M),i =1k (5.13)
Cong ting vé k dong thic dang (5.13) ta dugc két qua sau:
DINH LY 5.7— Véi cdc gid thiét nhu dinh lij 5.3 ta co:

Lrelte) =) o mg 4 .+ my, (mod M)
(5.14)

m}‘i“P(tl) _|_m§+<P(t2) fomy

Khi nhan 2 vé ctia (5.10) v6i t; ta duge

m}wm) + mi**"t?’ +...+ mzlcw(tk) =mi+mg+...+mg (mod M)
(5.15)
= t%‘“"(mi) =t; (mod M),i=1,k (5.16)

Cong ting vé clia k dong du dang (5.16) ta dugc két qua sau
DINH LY 5.8~ Vdi cdc gid thiét nhu dinh lij 5.3 ta co:
prelm) i telme) g e =y oty (mod M) (5.17)

Cha ¢ réng t;.t; = 0 (mod M) nén khi nang lén liy thia bac n cla
tong t1 + to + ... + 3, ta c6 két qua sau.

DINH LY 5.9~ Véi cdc gid thiét nhu dinh lij 5.3 ta co:

T +ty + ...+t =t +ta+ ... +t)" (mod M) (5.18)
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Kha niang tim ra cac hé thic dong du mdi chua phai da hét maoi ban
doc nghién citu thém. Dé nim 16 dudc nhitng phan trén ta tim hiéu
qua mot s6 vi du sau day.

Vi du 5.10. Tum it nhdt bon nghiém clia phuong trinh dong du:
22 +9y7=1 (mod 30) (5.19)
1

L&i gidi. Do 30 = 5.6 va (6;5) = 1 nén theo (5.4) c6 57(0) + 6¥0) =
(mod 30)

Vi (6) = ¢(2).0(3) = 2 va p(5) = 4;6% = 6 (mod 30).

Tuong tu ta c6: 257 = 25 (mod 30) va 63 = 6 (mod 30) nén 63+ 257 =
2646 =1 (mod 30)

Néu phan tich 30 = 3.10 véi (3; 10) = 1 thi theo (5.4) ¢6 3910 410¥() =
1 (mod 30). Tinh toan twong ty nhu trén ta c6 3* +10%2 = 1 (mod 30).
Vi 3% = 81 = 21 (mod 30) va 102 = 10 (mod 30) nén theo (5.8) c6
(393 +(10%)" = 1 (mod 30) va (3*)7 + (10%)> =1 (mod 30)

Suy ra phuong trinh trén c6 it nhat bén nghiem (z;y) 1a (25;6); (6;25);
(21;10); (10;21). [ |

Vi du 5.11. Chiing minh rang phuong trinh dong du sau cé nghiém
(x;y; 2;t) khac (0;0;0;0):

syt + 2+t =143 (mod 60).

Loi giai. 60 = 3.4.5 va (5;3) = 1;(5;4) = 1;(3;4) = 1 nén ddt m; =
3;me = 4;mg = 5yt = 15;t9 = 1;t3 = 20 theo (5.18)

15 412" 420" = (15 +20+12)* =1 (mod 60)

Vi du 5.12. Tum it nhat mot nghiém cia phuong trinh dong du x'7 +

y¥ =1 (mod 35) A
L&i gidi. Ta c6: 35 = 5.7 ma (5;7) = 1 nén theo (5.4): 5" + 79" =1
(mod 35))

Vi ¢o(5) = 4;(7) = 6 nén 5* + 7 =1 (mod 35)
Theo (5.8): 1417 +30'9 = 144+ 30 = 1 (mod 35)
Vay phuong trinh dong du ¢6 it nhat mot nghiem (z;y) = (14;30) MW
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5.7 Bai tap

BA1 1. Chitng minh réang phuong trinh dong du sau c6 nghiém (z;y; 2; t)
khéc (0;0;0;0):
a) 2% +y3 + 22 =13 (mod 210)
b) 2% 4+ y° + 25 =5 (mod 1155)

BAI 2. Tim it nhat mot nghiém ciia phuong trinh dong du sau:

498 =1 (mod 45)

BAI 3. Chitng t6é rdng moi phuong trinh sau c6 nghiém nguyén duong.
a) 2% +3Y +5° + 7' = 3 (mod 210)

b) 3% +5Y + 77 = 2 (mod 105)
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