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KI THUAT CONG MAU SO ENGEL CUA BAT PANG

THUC CHEBYCHEV
Nher cac lun da biét Bdt dang thic Chebychev 1a 6t cong @ manh dé gidi quyet
mgt 16p céac hit dang thic. Tredc khidén V6 bai viet nay téi xin nlic lazi mgt chit
bdt dang thic nay

I/ Bat ding thivc Chebychev 6 dién va Chebychev dang Engel

la. Bit ding thic Chebychev trén 2 daydon diéu cling chiéu:
Cho 2 day ftu han céc ¢ thuc aq, a,, ..., a, vaby, by, ..., b, , khido

, >a >.> <a <..<
Néuco = %= =% haic (=% == hitaco
b >b>..>h b <b <..<h
n(a, b, + a,b,+...+a,b,) = (a; + ay+...+a,)(by + b, ...+ by)

b=b=.=h
Bat dang thirc Chebychev suy éng:
al>a1+a2>” _atat.t3g

DAu bing »ay ra khi {

a+a _ _a+ta+.+3

al<

NéU N 2 - n th N 2 = N
n -2 n

n(a1b1 + a,b,+...+a,b,) = (a, + ay+...+a,)(by + by ...+ by)

1b. Bat ddng thirc Chebychev trén 2 dayion diéu nguoc chiéu:
Cho 2 day ftu han céc ¢ thuc aq, a,, ..., a, vaby, by, ..., b, , khidd

, >a >.> <a <..<
Néuco = %= =% haac (=% == hitaco
b <h <..<h b>b,>..>h
n(a, b, + a,b,+...+a,b,) < (a; + ay+...+a,)(by + b, ...+ by)

Q=a=..=4g
o b=b=..=h
Bat dang thirc Chebychev suy éng:
a1+a2 > . >ht&tT§

DAu bing »ay ra khi {

a1+a2§m§a1+a2+...+q

. |&Z - &< -
Néeu haic thi
bl<b1+2< <bl+b+ +h bl>b1+2> >bl+b+ +h
n n

n(a,b; + a;b,+...+a,b,) < (a; + ay+...+a,)(by + b, ...+ by,)

Viéc ching minh cac &t dang thrc trén I khaion gian. Cac lan c6 te tham khio tir
nhieu ngbn tai liéu khac nhau.

Bay gi tré lai véi chit dé chinh, du ta thay dayb,, b, ..., b, boi déy—xl ,—xl , ...,—xl thi
1 2 n
khi d6



>a,>..> <a<
2a.Néu co A=&=2b hoac A== thi ta co
<X << X X =X >
a, a, a 1 1 1
n<—+—+---+—)2(a1+a2+---+an)<—+—+---+—)
X1 X Xn X1 X2 Xn
>a,>..> <a<..<
2b. Néu c6 A=&=2G hoac A== % thi ta co
X 2> X 22X X <X <..< X
a a a 1 1 1
n(—1+—2+---+ ”><(a1+a2+ +an)( +— et )
X1 Xy X X1 Xy X

Tuy nhién trong rét sd treong hyp,ta khdng th danh gia theo 2 day nay. Khi sso ta c6
mot cach kkic phac, d6 la:

& a2> >N a & % <a_
3a.Néuco|x X X, haac {x X, %, thitaco
X=X 22X XSX <SS X

+a,++a,
&+2+..+a_gn<a1 % an )

X1 Xy Xn X+ x5+ 0+ X,
Chang minh. theo 1a, ta co

a a a a a
(1+—+~-+—n)(xl+x2+~-+xn)Sn(—1x1+—2x2+---+—nxn)
X1 X2 Xn X1 X2 Xn
=n(a; +a, +--+ay,)
Do do
a a na,+a, +---+a
R A R Gl n)
X1 Xy Xn X1 +x,+ -+ x,
T - P! 2% B
3b.Neuco{x X X, haic 1 x X %, thita co
X 2% =2 X, X 2% > X,
a a a na; +a, +---+a
R S S L C n)
X1 Xy Xn X+ x5+ o+ X,

Ching minh theo 1b, ta co
(al = 4 .. %) >n(ﬂx +—Zx _|_..._|__x)
x1+x2+ +xn g +x,+ 4+ x,) 2> ity % — n
=n(ay +a, +-+a,)
Do do
ﬁ+%+ +_n n(a, +a +-+a,)
X1 Xy Xn Xy +x, + o+ Xy
Mdc du 2 kit dang thic nayduwec phéat béu don gidn vaduwoc suy ra & bat dang thic
Chebychev & dién. Tuy nhién trong 6t 3 triong hpp, viéc danh gia theo 2a va 2b
khéng nay higu qui. Vi thé, 3a va 3b (& hop Wi viéc thém bén thich p lai tré nén
hiéu qui doi véi cac hit dang thic déi xirng 3 bén c6 chra phan thic. é lam rd diéu
nay ching ta#ng xétdén cac bai toan sau:




1I/ Ap d ung vao gii toan.

Bai to4n 1.Cho céc 8 thyc dronga, b, ¢ sao cho
1 1 1

+ + =>1
. 1+a+b 1+b+c 1+c+a
Chizng minh einga + b+ c = ab + bc + ca

Italia 2007
L o1 gidi. Ta co
1 1 1 a b C

1+a-|;b+1?+b+c+1+c+a=a+ab+ac+b+bc+ba+c+ca+cb
Khong nat tinh bng quat, gista > b > cthia+ab+ac=>b+bc+ca =>c+

ca + cb va
a b c 1 1 1
> > = > >
a+ab+ac b+bc+ba c+ca+ch l1+a+b 14+b+c 14+c+a
o Sb+c<c+a<a+b
Bat dang thirc trén lubndang.
Tu do6 theo 3a thi

1 1 1 a b c
+ ¢ = + ¢
1+a+b 1+b+c 14c+a a+ab+ac b+bc+ba c+ca+ch
3(a+b+c)

<
) —a+b+c+2(ab+ bc+ca)
Két hop voi gia thiét ta suy ra
Sathto) >1=a+b+c>ab+bc+
=
a+b+c+2(ab+bc+ca) @ c=d €T
Vay ta cédieéu phai chirng minh.bang thrc xay ra khi va clhikhia = b = ¢ = 1.

Bai toan 2.Cho tam giac nén ABC . Ching minh eing
1 1 1 3

+ + <
1+tanA+tanB 1+ tanB +tanC 1+ tanC + tand ~ 1 + 2+/3

VIF

L oi giai. Theo nlr danh gia éa bai toan 1 thi
1 1 1

1+ tanA + tanB + 1+ tanB + tanC T 1+ tanC + tand
3(tanA + tanB + tanC)

<

~ tanA + tanB + tanC + 2(tanAtanB + tanBtanC + tanCtanA)
T bat dang thic ab + bc + ca > \/3abc(a + b + ¢) vading thic Y tanA = [[tan A
ta co

3(tanA + tanB + tanC)

tanA + tanB + tanC + 2(tanAtanB + tanBtanC + tanCtanA)
3

2(tanAtanB + tanBtanC + tanCtanA)
3tanA + tanB + tanC

1+

3

S = =
V3Tl tanA (T tanA) 3[[tanA 1+ 23
142 /—
1+2 Y tanA + Y. tanA




Vdy, ta codiéu phii chirng minh.dang thirc xdy ra khi va clikhi tam giacABC déu

Bai toan 3.Cho céc 8 thuc dronga, b, ¢ sao chaa + b + ¢ = 3. Ching minh ring
ab+% bc+% ca+% 13
+ + >—
ab+a+b bc+b+c ca+c+a 4

VIF

L &i giai. Khoéng miit tinh Hng quat, gi sta > b > c.
Tac6(a+1)(b—c) =0 nénab+a+ b =ac+a+c,tuong trtasuyraab + a +
b>ac+a+c=bc+b+c
Lai cé

ab+% - ca+%
o ab+a+b ca+c+a
Bat dang thrc trén luéndang
Tuong tr ta suy ra

@(b—c)(S—a)(a+%>20

9 9 9
ab+z ca+Z bC+Z

< <
ab+a+b ca+c+a bc+b+c

Tu do6 theo 3b thi

9 9 9 27
ab+z N bC+Z ca+yg - 3(ab+bc+ca+T)
ab+a+b bc+b+c ca+c+a ab+bc+ca+22(a+b+c)
_3(2ab+9)
"~ Yab+6

Ta cén ching minh
3(Yab+9) 13

>—oVYab <3
Sab+6 - & o 2ab=

Bét ding thic trénddng doab + be + ca < &2 _ 3
Viy, ta cédiéu phai chirng minh.bang thrc xay ra khi va chkhia=b = c = 1.

Bai toan 4.Cho cac 8 thuc dronga, b, ¢ sao chaa? + b? + ¢ = 1. Ching minh eng
a+b b+c c+a 9

+ + <
14ab 14+bc 1+4+ca™ 2(a+b+c)

L i g
Bat dang thirc twrong duong Wi
; 2(@a+b)(a+b+c) -0 a2+b2+3c2—ab—2ac—2bc>0
= =3
2 a’?+b%>+c?>+ab |~ 2 1+ ab
Khong mit tinh bng quat, gista 2 b =c=1+ab=1+ac=1+bc
Ta tiep tuc thiet 1ap
a2+b2+3c2—ab—2ac—2bc<a2+cz+3b2—ac—2ab—2bc
1+ab - 1+ac




& 2(b%>-c®)—ab—-c)+a3(b—c)—abc(b—c) +3alb®—c?) —2a?(b? — c?)

>0
& (b—c)(2b + 2c —a — a® — abc + 3ab? + 3abc + 3ac? — 2a?b
—2a%c) 20

& (b-c)2b(1 —a?®) + 2c(1 — a?) + 2abc + a® — a(a? + b? + ¢?)
+ 3ab? + 3ac?) =0
o & (b—c)(2(0 +c)(b* + c?) + 2abc + 2ab® + 2ac®) 2 0
Bat dang thirc trén lubndang. Thét Iap twong tr ta suy ra
a2+b2+3cz—ab—2ac—2bc<a2+cz+3b2—ac—2ab—2bc

1+ab B 1+ac
- (b% + ¢? + 3a® — bc — 2ab — 2ca)
- 1+ bc

Tur d6 theo 3b ta co
a? + b%? + 3c? — ab — 2ac — 2bc - 3Y(a? + b? + 3¢? — ab — 2ac — 2bc)

1+ab - 3+ Yab
2 _
_ 123 a* — Yab) >0
3+ Yab

Vay ta codiéu phii chung minh.ding thrc xay ra khi va cihkhia = b = ¢ = %
Nhdn xét. Néu ta mwn danh gia theo ku Chebychev&dién, trc 1a thiét 1ap thém
a’ + b? 4+ 3c? —ab — 2ac — 2bc < a® + ¢? + 3b* —ac — 2ab — 2bc
‘ ©((b-c@b+2c—-a)=0
Dieu nay thit kho gui quyet bai 2b + 2¢ — a la &m hay dong?.

Bai toan. Cho céc 8 thic x, y, z sao chax + y + z = 1. Ching minh ing
X y z 9

+ + < —
x24+1 y2+1 2241710

Poland 1992

L oi giai. Ta c6
X y z |x| |yl |z|
+ + < + +
x4l yr4+1 22417 x2+ 1 yEP+1 o z2+1
Nén ta clhcan chrng minh lat dang thrc voi x,y,z > 0
Khong mit tinh bng quat, gisix >y > zthix*> +12>2y* +1>2° +1
Tiép tuc ta co

X
>
x2+1 " y*+1
Dol=x+y+z>x+y>2/xy=xy<1nén thtding thic trén hén nhiénding
Tuong tr ta suy ra

©x-—y)(d-xy) =0

X y z
= =
x>+1  y2+1" z2+1

Tu do theo 3a ta co
X y z__ 3x+y+2) - 3 9

+ + < < =
x*+1 y*+1 z2+17 x*+y*+2z*+3

10

%(x +y+2)2+3
Viy, ta cédiéu phai chirng minh.bang thirc xay ra khi va chkhix =y = z = §



Bai to4n. Cho céac 8 thuc deonga, b, c sao cho
1 1 1

+ + >1
. 1+2ab 1+2bc 1+ 2ca
Chizng minh inga + b + ¢ = 3abc

VIF
L o1 gidi. Ta co
1 4 1 4 1 B a 4 b N c
1+2ab 1+4+2bc 1+2ca a+2abc b+2abc c+ 2abc
Khéng mit tinh bng quét, gi St a = b = c thia + 2abc = b + 2abc = ¢ + 2abc va
a b C 1 1
> > S = > < ab > ac
a+ 2abc — b+ 2abc — ¢ + 2abc 1+2ab 1+ 2ca ™ 1+ 2bc
> bc
Bat dang thic trén luébnddng Wi a = b > ¢
Tu do6 theo 3a, ta co
1 4 1 4 1 B a 4 b N c
14+2ab 1+2bc 1+4+2ca a+2abc b+ 2abc c+ 2abc

3(a+b+c)

) T a+b+c+6abc
Két hop vai gia thiét suy ra
3(a+b+c)

. a+b+c+ 6abc
Vay ta cédieéu phai chirng minh.bang thrc xay ra khi va chhkhia =b =c =1

>1=>a+b+c=>3abc

[1l/ Bai t ap &p dung.
Bai to4n 1.Cho céac 8 thuc dwonga, b, ¢ sao chaa + b + ¢ = 1. Ching minh
2 2 2
a+§ b +§ c +§

+ + >
2a+a?+2bc  2b+b%?+2ca 2c+c?+2ab
Bai todn 2.Cho céac 8 thuc dronga, b, c sao chaab + bc + ca = 1. Ching minh

a 33

<
) 2 V3+a2 3V/3+1
Bai toan 3.Cho cac 8 thuc dvonga, b, c sao chaab + bc + ca = 3. Ching minh
a 1
2 5+a2” 2 .
Bai toan 4.Choa, b, c la dé dai 3 nh aia mpt tam giac. Cking minh gng
vb+c—a
> <3
Vb ++ec—+a




