Céc bd dé hinh hoc

I. CAC BO PE VOI CAC YEU TO PAC BIET CUA TAM GIAC:

1. Néu 1 tam giac vudéng c6 mot canh géc vudng bang nira canh huyén hodc mot canh
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goécvudng bang canh huyén nhan - hodc canh huyén bang mdét canh géc vuong nhan
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- thi tam giac vudng ay c6 1 géc bang 30° va 1 géc bang 60°.

2. Cho AABC nhon, 3 dwong cao AD, BE, CF dong quy tai H.
2.1. Hla giao diém 3 dwong phan gidc cia ADEF.

2.2. Trong cac tam giac ma cac dinh 1an lwot thudc canh cia AABC, ADEF ¢6 chu
vi bé nhit. (Dinh Iy Fagnano).

2.3. Vi tri ctia A, H d6i nhau néu A > 90°. Khi d6 A 1a giao diém 3 dwong phan
giac cia ADEF.
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3. Cho tam gidc ABC c6 cac dwong cao AD, BE, CF. Néu M, N Ian lwot la doi xtrng cia D
qua AB, AC thi M, N, F thang hang.
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4. Cho tam giac ABC c6 trung tuyén AM:

\

( BC .

AM>7<:>A<90°
BC -

4.1.<AM<7<:>A>90°

BC
AM=7<:>A=90°

) {AB<AC<:>MAB> MAC
" (AB < AC © AMB < AMC

4.3.Néu E € AB,F € AC,EF//BC thi AM qua trung diém N cua EF.

5.Cho tam giadc ABC. L4y D nam giita B va C, E nam trén dwong thang BC nhung khong

nam gitra B, C.
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AC thi AD la dwong phan gidc trong ctia tam giac ABC.

AB
E thi AE la dwong phan giac ngoai ctia tam giac ABC.

e Néu AD, AE lan lwot la dwong phan giac trong va phan gidc ngoai, m la dwong
thang bat ki khong qua A cat AB, AC, AD, AE Ian lwot tai M, N, P, Q thi
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6. Cho tam giac ABC ndi tiép (O;R) c6 H la trwc tAm, G la trong tAm. M, N, P lan lwot 1a
trung diém cua BC, CA, AB.

e AH =20M; BH = 20N; CH = 20P
e H, G, Othanghang va GH=2GO

7. Goi 0 1a tAm dwong tron ngoai tiép tam gidc ABC.

e Onam trong tam gidc & AABCnhon
e 0 nim trong géc BAC va nam ngoai tam giac & A > 90°

8. Cho tam giac ABC. E, F lan lwot 1a trung diém cua AB, AC. M, N 1a hinh chiéu cia A
1én cac phan gidc ngoai va trong tai dinh B. P, Q 1a hinh chiéu ctia A 1én cac phan giac
trong va ngoai tai dinh C. Ta c6 M, N, P, Q, E, F thang hang.




10. Cho tam gidc ABC. Goi M, N, P la cic tAm dwong tron bang ti€p cia tam giac, I 1a
tam dwong tron noi tiép.

e [latryctim tam giac MNP
e (Ir),(M;ry),(N;r,), (P; rp) lan lwot la cac dwong tron ndi ti€p va bang ti€p ctia
tam giac ABC.D, E, F 1a cAc tiép diém cta I véi BC, CA, AB. H, ], K1a cAc tiép diém
cia (M) véiBC, AB, AC. Ta co
{ZAE = 2AF=AB+ AC—BC
2A] = 2AK=AB+ AC+ BC

m Hé qua 1: Cho tam gidc ABC vudng tai A c6 dwong cao AH var, ry,r, la ban kinh cac

dwong tron noi ti€p AABC,AHAB,AHAC. R,R{,R, lan lwot la ban kinh cac dwong tron
bang ti€p trong gbc vudng ctia cic tam giac ABC, ABH, ACH. Ta cé:

° r1+r2+r=AH.
e R+R,+R,=AB+BC+CA+AH

m Hé qud 2: Néu tam giac ABC vudéng & A c¢6 BC cd dinh thi:

e max(r+r; +r,) =B7C<:)AB=AC

BC(3+2V2)
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e max(R; +R,+R) = < AB = AC

I1. CAC BO DE VE TU GIAC:
1. Trung diém cac canh ctia 1 tir gidc la cac dinh cGa 1 hinh binh hanh hodc trung diém

2 canh ddi va 2 dwong chéo 1a 4 dinh ctia 1 hinh binh hanh. (néu ching khong thang
hang).

2. Néu tir giac ¢6 2 canh ddi bang nhau thi trung diém 2 canh con lai va trung diém 2
dwong chéo la 4 dinh ctia 1 hinh thoi.

3. Trong hinh thang c6 2 canh bén khong song song, giao diém 2 dwong thang chira 2
canh bén, giao diém 2 dwong chéo vatrung diém 2 day cing nam trén 1 dwong thang,
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4. Trong t giac 16i, tich do dai 2 dwong chéo bé hon hoic bang tdng cac tich 2 canh
doi (bat dang thirc Ptolemy). Pang thirc xay ra <> Tt gidc ndi tiép

5. Trong tir giac 16i, tong dai d6 dai 2 dwong chéo bé hon chu vi va lén hon nira chu
vi tit giac ay.

6. Trong ti giac 10i, tong d6 dai 2 canh ddi 16n hon hodc bang 2 1an doan thang ndi
trung di€ém 2 canh con lai. Pang thirc xay ra <> 2 canh ddi 4y song song.

7. Néu 1t giac ndi ti€p vaco 2 dwong chéo vudng gdc tai | thi 1 dwong thang qua J sé
vuong goc vGi 1 canh khi va chi khi dwong thang 4y qua trung diém canh déi dién
(dinh ly Brahma Gupta)

8. Tir gidc diéu hoa: T\ gidc nodi ti€p c6 tich cac cip canh ddi bang nhau goi la tir gidc
diéu hoa.

8.1. Cho tx giAc ABCD n0i tiép.



e DPuong phan giac cia 2 géc BAD; CAD di qua 1 diém trén BD < AB.CD =
AD.BC

e Hé qua: Néu phan giac cac géc BAD; CAD di qua 1 diém trén BD thi phan giac
cac goc ABD,ACD di qua 1 diém trén AC.

8.2. Cho tir giAc ABCD noi tiép (0) c6 dwong chéo AC khong di qua tim O.

e Tiép tuyén véi (0) tai A, C va BD dong quy < AB.CD = AD.BC
e Hé qua: Néu AC, BD khoéng qua tAm O thi tiép tuyén véi (0) tai A, C va BD dong
quy < tiép tuyén véi (0) tai B, D va AC dong quy

8.3.GoiM, N, P Ian lwot 1a hinh chiéu cia D trén AB, BC, CA. Ta c6 M la trung diém cta
PN <& AB.CD = AD.BC

8.4. Goi K 1a trung diém cua AC.

e ACIlaphan giac goc BKD <& AB.CD = AD.BC
e Hé qua: Ila trung diém cta BD. AC la phén giadc géc BKD <> BD la phan giac goc
ATC.

8.5. 11a trung diém cia dwong chéo BD. AC, AM déi xirng nhau qua phan giac cia goc
BAD <> AB.CD = AD.BC

I11. CAC BO DE VE PUONG TRON
1. Cho (O;R) va diém M khong thudc duwong tron. Qua M vé dwong thang cit (0) tai 2
diém A, B. Khi d6 tich MA.MB khong phu thudc vi tri cat tuyén MAB.



e M &trong (O;R): MA.MB = R? — OM?
e M &ngoii (O;R): MA.MB = OM2 — R? = MT?( MT la tiép tuyén t&i (0)).

2. Hé qua:

2.1. Cho t gidc ABCD ¢6 2 dwong chéo cat nhau tai N. AB, CD cat nhau tai M.
a) Néu MA.MB = MC.MD hodc NA.NC = NB.ND thi ABCD ndi tiép.

b) Néu ABCD noi ti€p thi MA.MB = MC.MD; NB.ND = NA. NC.

2.2. Cho tam gidc ABC. Néu M thudc tia d6i ctia tia BC ma MB.MC = MA? thi MA 1a tiép
tuyén dwong tron (ABC).

3. Truc dang phwong:

e Truc dang phwong cia 2 dwong tron (O;R) va (0’;R”) 1a tAp hop nhirng diém c6
cung phwong tich véi 2 dwong tron dy:
H={M/OM2—R?=0'M2—R'2}

e Truc dang phwong cla 2 dwong tron 1a 1 dwong thang vudng goc véi duwong
thang qua 2 tam.

e Néu (0), (0") cit nhau tai A, B thi dwong thiang AB 1a truc dang phwong ctia (0)
va (0)

e N&u (0), (O) tiép xtic nhau thi truc dang phwong 12 tiép tuyén trong chung cia
2 duong tron.
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Néu (0), (0") khéng c6 di€ém chung, vé (1) cat (0) tai A, B; cat (0’) tai C, D va AB,
CD cit nhau & M. DPwong thiang qua M vudng goc véi dwdng ndi tAm 00’ 14 truc
dang phwong ctia (0) va (0").




4. Cho (O;R) va (O;R) (R=R’). Pat 00’ = d. Goi m 1a truc dang phwong cta (0) va
(0). m cat 00’ tai H.

41R>R < OH > 0O'H
4.2.0H = l(cl2 +R2 —R'?)
2d

5. Truc dang phwong di qua trung diém cac doan tiép tuyén chung clia 2 dwong tron
(suy ra cé thé vé truc dang phwong bang cach ndi trung diém cac doan tiép tuyén
chung cia 2 dwong tron)

mHé qua: Néu xem 1 diém 1a dwong tron c6 ban kinh 13 0, ta ¢6 truc dang phwong clia
(0; R) va dwong tron diém A 1a dwong thang qua trung diém 2 tiép tuyén AB, AC cla

(0).

6.Cho (O;R) va (0’; R) ¢6 truc dang phwong m. Néu tir 1 diém M vé tiép tuyén MN, cat
tuyén MAB t&i (0), ti€p tuyén MP, cat tuyén MCD téi (0) thi tam giac MNP can tai M
va A, B, C, D cung thudc 1 dwong tron.
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7. Tam dang phwong: Cho (04;R,); (05;R,); (03;R3). Goi m;,m,, m; lan lwot 12 truc
dang phwong cia 3 cip dwong tron trén.

e Né&uO0,,0,,0, thinghangthim, // m, // m.,.
e Né&u 04,0,,0; khong thang hang thi m;,m,, m; dong quy tai 1 diém P. P goi la
tAm dang phwong va c6 cuing phwong tich véi 3 dwong tron trén.

8. Tiép tuyén ctia dwong tron: Cho A nam ngoai (0; R). V& tiép tuyén AB, AC t6i (0)
(A, Blatiép diém). LAy M trén doan AB, N trén doan AC.

e AABCdéu < 0A=2R< AB=RY3

e ABOC lahinhvuéng & OA = RV2 & AB =R

e OA cat (0) tai [, K (Al < AK) thi I, KI4n lwot 1a tAim dwong tron ndi ti€p va bang
tiép AABC.

e MN 1 tiép tuyén cia (0) < MN=MB+NC < AM + MN + AN = 2AB &
MON = 50C .

e Néu MN tiép xic (0) tai I: Pyppy min & S,y Max < [1a diém chinh gitta cung
BC.

9. Prong tron ngoai ti€p: Cho tam gidc ABC nhon ndi tiép (0; R). 3 dwong cao AD, BE,
CF dong quy tai H. I, J, K Ian lwot l1a trung diém ctua HA, HB, HC. M, N, P lan lwotla
trung diém cua BC, CA, AB.

e 9diém D, E, F, I ], K, M, N, P thudc dwong tron (Q; g) (dwong tron Euler, tam Q
la trung diém cua OH).
e Cacdiém A’, B, C’ d6i xirng H qua BC, CA, AB thuéc (0).

Cac tinh chat trén vin ding khi BAC > 90°.



m Cin phin 9 diém trén thanh 3 nhom:

a. Nhém trung diém cac canh ctia tam giac.

b. Nhém cac chan dwong cao

c. Nhém trung diém cac doan néi truc tm véi cac dinh.

Trong thuc té it khi dé bai yéu ciu chitrng minh ca 9 diém thudc dwong tron (vi dai
nhung ... dé!). P6i khi chon moi nhém 1 diém va ddi cach phat biéu, tw nhién ta thdy
la va khé. VD:

e Chirng minh JFKN noi tiép
e Cho B, C c6 dinh. A di ddng sao cho BAC > 90°. Chirng minh duwdng tron ngoai
tiép tam gidc JFN ludn di qua 1 diém co dinh.

10. Cho tam giac ABC noi tiép (0O). D, E, F lan lwot la diém chinh gitta cac cung
BC,CA,AB nhé. Ta c6 cac dwong tron tim D qua A, B; tAm E qua B, C; tAm F qua C, A
dong quy tai tAim tdm I cia dwong tron noi ti€p tam giac ABC.



11. Cho tam giac ABC ndi ti€p (0). M la diém bat ki trén (0) (M khéng trung A, B, C).
Goi H, I, K1an lwotla hinh chiéu ciia M 1én BC, CA, AB. M;,M,, M; lan lwot d6i xirng véi
M qua AB, BC, CA. L la tryc tAm tam giac ABC.

e H, I Kthianghang (duwongthang Simpson).
e M,;,M,,M;,L thang hang. (dwong thing Steiner)

12. Cho tam gidc ABC ndi tiép (0):

e A, Ccd dinh, B di dong trén cung AC thi chu vi va dién tich tam gidc ABC 16m
nhat <> B 1a diém chinh giita cung AC.

e Suy ra: T giac 161 ABCD noi ti€p (0) c6 dwong chéo AC co dinh c6 chu vi va
dién tich 16n nhat < B, D 13 cac diém chinh gitta 2 cung AC.

e Trong cic tam giac ndi ti€p (0), tam giac déu cé chu vi va dién tich 16n nhit.

e Trong cac ti giac 16i noi ti€p (0), hinh vuoéng cé chu vi va dién tich 16n nhat.



13. Cho tam giac ABC déu néi tiép (0; R). M € BC, AM cit BC tai D.

e MB+ MC=MA

1 1 1
« — 4+ —=
MB MC MD

14. Téng quat hon:

e Cho tam gidc ABC can & A, ndi tiép (O;R) va BC > 120°. AM cit BC & D thi:
a) MB+ MC > MA
b 1 1 - 1
) MB + MC — MD
e Cho tam giac ABC cin & A, noi tiép (O;R) va BC < 120°. AM c4t BC & D thi:
a) MB + MC < MA

b +1<1
)MB MC ™ MD
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15. Cac cung dac biét va do dai day tinh theo R:

S& do cung BC P6 dai day BC
180° BC = 2R
150° BczR(\/é;ﬁ)
120° BC = RV3
90° BC = Rv2
60° BC = R
300 BC = R(\/az—\/i)

16. DPuong tron ndi tiép:




16.1. Tt giac ABCD ngoai tiép (0) <> AB + CD = AD + BC

16.2. Cho tam gidc ABC noi tiép (O; R) va c6 dwong tron noi tiép (I; r). Goi M, N, P l4n
lwotla di€ém chinh gitra cc cung BC,CA,AB. Ta c6:

M la tAm dwong tron ngoai ti€p tam giac BIC
Tam cac dwong tron ngoai tiép (AIB), (BIC), (CIA) thudc (0)

ol = /R(R— 2r)

R =>2r




